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Abstract

We have computed the four lowest even-N moments of all four splitting functions for the evolution
of flavour-singlet parton densities of hadrons at the fourth order in the strong coupling constant .
The perturbative expansion of these moments, and hence of the splitting functions for momentum
fractions x 2 0.1, is found to be well behaved with relative o,-coefficients of order one and sub-
percent effects on the scale derivatives of the quark and gluon distributions at o < 0.2. More
intricate computations, including other approaches such as the operator-product expansion, are
required to cover the full x-range relevant to LHC analyses. Our results are presented analytically
for a general gauge group for detailed checks and validations of such future calculations.



Fully consistent analyses of hard processes with initial-state hadrons at the (next-to)"-leading
order (N"LO) of renormalization-group improved perturbative QCD require parton distributions
functions (PDFs) evolved with the (n+1)-loop splitting functions. Over the past years, N>LO
(= NNLO) has become the standard approximation for many processes. Following pioneering
computations of their lowest integer-N Mellin moments in refs. [1, 2], the corresponding 3-loop
splitting functions were obtained in refs. [3,4].

For certain benchmark cases, in particular Higgs-boson production at the LHC [5], N’LO
calculations are not sufficiently accurate, hence the 4-loop splitting functions need to be calculated.
These have been determined for the flavour non-singlet quark-quark case in ref. [6] — analytically
in the limit of a large number of colours n., and numerically for the remaining contributions — and
for the (next-to-)leading contributions for a large number of flavours ng in ref. [7].

Here we present, as a first significant step towards at least approximate expressions for the
4-loop singlet splitting functions for use in phenomenological analyses, their lowest four even
moments N =2 ..., 8 in the standard MS scheme, thus extending the computations of ref. [2] by
one order in the strong coupling o. Following the approach of refs. [2, 4] our calculations are
performed via physical quantities in deep-inelastic scattering, i.e., instead of working with 4-loop
off-shell flavour-singlet operator matrix elements (OMESs) which, at this point, is still theoretically
challenging. Our present results, obtained analytically for a general gauge group, should also be
useful for checking and validating future OME computations of these quantities.

The evolution equations for the flavour-singlet quark and gluon PDFs of hadrons,

ny
qs(x,117) Z qi(x,u7) + Gi(x,uf)]  and  g(x,uf) (1)

()= (5 B)e()
dlnugy \ 8 Poq Py 8

Here ® represents the Mellin convolution in the momentum variable, and My is the factorization
scale. For the determination of the splitting functions Pjx, the renormalization scale can be identi-

fied with u y without loss of information. The even-N moments of splitting functions in eq. (2) are
identical to the anomalous dimensions of twist-2 spin-N operators up to a conventional sign,

arc

1
YNV, a) = — /0 dx VU Py (x,00) 3)
Their perturbative expansions can be written as
n . ot (17)
Yie (N, ) = Zoag+1y§k)(x) with ag = —g- . )
n—=

The quark-quark entry in eq. (3) can be expressed as Yqq = Yy + Yps in terms of the non-singlet
anomalous dimension Y for quark-antiquark sums addressed at four loops in ref. [6] and a pure-
singlet contribution Y, which is suppressed at N > 1. At asymptotically large N the diagonal MS
entries Yk (N) in eq. (2) are governed by the (lightlike) cusp anomalous dimensions Ag [8], viz
Yk (N) = Axln N 4 O(1), which are now fully known at four loops [9, 10].
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The 4-loop contributions to the pure-singlet anomalous dimensions in eq. (4) at N =2, 4, 6 are
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The complete gq entries are obtained by adding the non-singlet contributions in app. B of ref. [6].



The corresponding results for the off-diagonal splitting functions are given by
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Finally the lowest three even moments (3) of the four-loop gluon-gluon splitting function read
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For brevity, we here write down the results at N = 8 only numerically for the case of QCD:
YW(N=8) = —24.014550n,+3.2351935n7 —0.0078892n} , (17)
Y (N=8) =  294.58768n,— 135.37676n} —3.6097756n} , (18)
Yo (N=8) = —2803.6441+436.393057n,+ 181494627 +0.0735886n7 ,  (19)
Y (N=8) =  62279.744 — 17150.6967n,+785.88061 n7 + 1.8933103n} . (20)



In egs. (5) - (16) Cr and C, are the standard colour factors with Cr =4 /3 and C4 = n. =3 in
QCD. The terms with the quartic group invariants djb“l djb“l ,d ﬁde d Xb“l and d,“eb“l d,“eb“l agree
with the results of ref. [11] where these particular contributions were obtained to much higher
values of N using OME calculations. All coefficients of the Riemann-{ value {4 = ©t*/90 agree
with the all-N predictions in eqgs. (9) — (12) of ref. [12] based on the ‘no-m’ conjecture of ref. [13].
The n; contributions to all four anomalous dimension are known for all N [7], see also refs. [14].

The above results lead to the numerical expansions

Yqq(2,3) = 0.2829420 (1+0.736828 0, +0.5172550.2 +0.75697201 + ...) |
Ygq(2,4) = 0.2829420 (1+0.621883 0, +0.146133 0 +0.362201 o) +...) ,  (21)
Yoq(4,3) = 0.555274 0 (1+0.75620206+0.672283 0.2 +0.701628 a1 + ...) |
Yoq(44) = 05552740 (140.680253 01 +0.427783 07 +0.345861 o) +...) ,  (22)
Yqq(6,3) = 0.716450 0 (1+0.725387 0is+0.685289 07 4 0.663440 01 + ...)
Yqq(6:4) = 0.716450 0 (1+0.648931 0,5+ 0.426442 017 +0.324781 a0+ ...) ,  (23)
Yqq(8,3) = 0.832237ct (140.710075 0t +0.650750 ot +0.643336 01 + ...) |
Yoq(8,4) = 0.832237at (140.6328240,+0.423498 017 +0.3121390 +...) (24
and
Yqe(2,3) = —0.159155a (1+0.900404 0t +0.01221507 — 0.0559700 + ...
Yee(2:4) = —0.212207 o (140.900404 0 —0.102840 a1y — 0.236731 0,0 +...) ,  (25)
Yee(4,3) = —0.087535a; (1—0.280121 0t —0.893969 a1 — 0.022754 0 + ...)
Yee(4,4) = —0.116714 0 (1—0.280121 0t — 0.998634 0,2 +0.129659 a1 + ...) ,  (26)
Yqe(6,3) = —0.062525 01 (1 —0.838938 05 — 1.064575 01 +0.1455720 + ...
Yqe(6,4) = —0.083367ai (1—0.8389380,— 1.15011302 +0.441744 01+ ...) ,  (27)
Yee(8,3) = —0.049728ay (1—1.2558450, — 1.091729 0 +0.3530990,) + ...) |
Yee(8,4) = —0.0654300 (1—1.25584501— 1.1602880,7 +0.7469290 + ...)  (28)

for the upper row of the anomalous-dimension matrix, where the arguments of y;; are N and ne
the values for ne = 5 have been suppressed for brevity. The independent lower-row expansions —
the values at N = 2 are fixed by the momentum sum-rule relations (11) and (14) — are given by

Yeq(4,3) = —0.0778090t (1+1.165483 a1+ 1.163066 02 + 1.474368 .l + ...
Yeq(4,4) = —0.0778090t (1+ 1.115164 a1 +0.823447 0l +0.883269 010 +...) , (29)
Veq(6,3) = —0.0444620t (1+1.314556 a1+ 13609700 + 1.726679 013 + ...
VTeq(6:4) = —0.0444620 (141.301901 0+ 1.051619 0 +1.1269550 +...) , (30)
Yeq(8,3) = —0.031157 0t (1+1.416509 ats + 1.468523 0 +1.899893 a1l + ...
VTgq(8:4) = —0.031157a (1+1.430863 s+ 1.183046 07 +1.3183700 +...)  (31)
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and

Vee(4,3) = 116183104 (1+0.475446 0,5 +0.333272 02 +0.478025 05 + ...
Vee(4,4) = 1.21488204 (1+0.3835360, +0.121966 a2 +0.2404690,) + ...) ,  (32)
Vee(6,3) = 15744970 (1+0.489287 05 +0.380902 02 +0.429696 0 + ... |
Vee(6,:4) = 1.6275490 (1+0.393705 0 +0.169676 0,7 +0.190156 0 + ...) ,  (33)
Vee(8,3) = 1.851503 04 (1+0.497734 0, +0.404644 0 +0.3987790 + ...) |
Vee(8,4) = 19045540, (1+0.401746 0t +0.194306 0.2 +0.157133 00 + ...) . (34)

Except for vy, and y,, at N = 8 these numerical expansions have been presented before in ref. [15].

The results for the gq and gg cases at asymptotically (and unphysically) large values of N read
Yoa(N:3) = asy$ (N,3) (1+0.726574 0 +0.734054 02 4 0.6647300.]) |

Yoo(N.4) = a5y (N,4) (1+0.638154 0 +0.509978 02 4 0.316848 01 (35)

and
Yee(N,3) = asy% (N,3) (1+0.726574 0 +0.734054 0,2 4 0.4156090) |
Yee(N,4) = asyR (N,4) (1+0.638154 05 +0.509978 02 4 0.064476 01 (36)

due to their relation to the cusp anomalous dimensions Ax. The quark and gluon results are identical
up to the ‘Casimir scaling’ of the prefactors, y((l?]) (N,n;) = 4Cr and yg;) (N,ny) = 4Cy, to three
loops and are related by a generalized (not numerical, except in the large-n. limit, due to the
presence of the quartic group invariants) Casimir scaling [11, 16] at four loops.

The relative size of the N2LO and N3LO contributions in egs. (21) — (36) is illustrated in fig. 1
for ne = 4 at oy = 0.2: The N3LO corrections amount to less than 1%, and less than 0.5% of the
NLO results except for Py, the quantity with the lowest leading-order values, at N > 4. Unlike in
the quark case, see also ref. [17] where also a first estimate of the five-loop contribution to Aq has
been obtained, the N?LO and N3LO large-N limits in the gluon case do not, in general, roughly
agree with values in the range 4 < N < 8 normalized as in eqgs. (21) — (34).

The resulting low-N expansion for the evolution (2) of the singlet quark and gluon PDFs is
illustrated in fig. 2 for the schematic but sufficiently realistic order-independent model input [4]
xqs(0,u3) = 0.6x03(1—x)* (1 —l—5.0x0'8) ,
xg(nug) = 1.6x73(1—x)* (1-0.6x77) (37)
with 0 (,ug) =0.2 and n, = 4. The N3LO corrections are very small at the standard choice u, =
My = Ho of the renormalization scale. They lead to a reduction of the scale dependence to about
1% (full width) at N > 4 for the conventional range % ,u]% <u?<4 ,uj%.
To summarize, we have employed the theoretical framework of refs. [1-4] together with an
optimized in-house version of the FORM [18] program FORCER for 4-loop propagator integrals
[19] to compute the moments N = 2, 4, 6, and 8 of all N°LO flavour-singlet splitting functions.

The numerical effect of these contributions is small, but more work is needed to arrive at sufficient
‘data’ for a N’LO analogue of the earlier approximate N>LO splitting functions of ref. [20].
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Figure 1: Moments of the splitting functions (2) at NNLO (lines) and N3LO (even-N points) at
os = 0.2 and ne= 4, normalized to the NLO results. Also shown are the gg and gg large-N limits.
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Figure 2: The dependence of the logarithmic factorization-scale derivatives of the singlet PDFs
on the renormalization scale u, at N = 2 (where the very small scaling violations of g, and g are
related by the momentum sum rule), N = 4 and N = 6 for the initial distributions (37).
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