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We present the measurement of the first to fourth order moments of the four-momentum transfer
squared, q2, of inclusive B → Xc `

+ ν` decays using the full Belle data set of 711 fb−1 of integrated
luminosity at the Υ(4S) resonance where ` = e, µ. The determination of these moments and their
systematic uncertainties open new pathways to determine the absolute value of the CKM matrix
element Vcb using a reduced set of matrix elements of the heavy quark expansion. In order to
identify and reconstruct the Xc system, we reconstruct one of the two B-mesons using machine
learning techniques in fully hadronic decay modes. The moments are measured with progressively
increasing threshold selections on q2 starting with a lower value of 3.0 GeV2 in steps of 0.5 GeV2 up
to a value of 10.0 GeV2. The measured moments are further unfolded, correcting for reconstruction
and selection effects as well as QED final state radiation. We report the moments separately for
electron and muon final states and observe no lepton flavor universality violating effects.

PACS numbers: 12.15.Hh, 13.20.-v, 14.40.Nd

I. INTRODUCTION

Precise measurements of the absolute value of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element Vcb
are important to deepen our understanding of the Stan-
dard Model of Particle Physics (SM) [1, 2]. The CKM
matrix is a 3 × 3 unitary matrix, whose complex phase
is responsible for all known charge-parity (CP) violating
effects in the quark sector [3] through the KM mecha-
nism [2]. There exists evidence for conceptually similar
CP-violating processes to be present in the neutrino sec-
tor [4]. The quark sector associated CP violation is not
sufficient to explain the matter dominance present in the
universe today, and it is also unclear if the CP violation
in the neutrino sector can produce a baryon asymme-
try of the required size. This motivates searches for new
CP-violating phenomena e.g. in the form of processes in-
volving heavy exotic particles. If such new exotic states
interact with quarks in some notable form, their existence
might alter the properties of measurements constraining
the unitarity property of the CKM matrix [5]. Precise
measurements of |Vub|, |Vcb|, and the CKM angle γ = φ3
are imperative to isolate such effects. These quantities
can be measured using tree-level dominated processes,
which are expected to remain unaffected by new physics
contributions in most models. Thus combining their re-
sults one can obtain an unbiased measure for the amount
of CP violation in the SM quark sector.

Semileptonic B → Xc `
+ ν` decays offer a theoretically

9. The Decay B æ Xu¸‹

The B meson, being the lightest meson containing a b quark, can only decay via the weak
interaction. In the following I discuss the semileptonic decay B æ Xu¸‹, where the final
state consists of a hadronic (Xu) and a leptonic (¸‹) system.

At the energy scale of the B meson mass the propagator term of the virtual W± boson
can be integrated out and the weak interaction is described by the e�ective coupling GF
together with the corresponding CKM matrix elements. However, at this energy scale
the bound state of the two quarks, of which the B meson is composed, is described by
non-perturbative QCD. In case the virtual W± boson decays into a lepton and neutrino
pair there exists no strong interaction between the decay products of the W± and the
hadronic system Xu. Therefore it is possible to factorize the strong and weak interaction
contributions and treat them separately.

The e�ective Standard Model (SM) Lagrangian describing these decays is given by

Le� = ≠4GFÔ
2

Vub(u“µPLb)(‹“µPL¸) + h.c., (9.1)

with Fermi’s constant GF, the CKM matrix element Vub and the projection operator
PL = (1 ≠ “5)/2. The decay B æ fi¸‹ is shown at parton level and as an e�ective diagram
in Figure 9.1.

b u

d d

⌫

`+

W+

B0 ⇡�

(a) Parton level Feynman diagram.

B0 ⌫

`+

⇡�

(b) E�ective Feynman diagram.

Figure 9.1.: One possible parton level Feynman diagram (a) and the e�ective Feynman
diagram (b). In the e�ective Feynman diagram, the propagator of the W is
integrated out, i.e. the weak interaction is point-like, and the gluon interactions
are described by the blob.
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FIG. 1. The inclusive B → Xc `
+ ν` semileptonic processes

for a B+ (left) or a B0 (right) meson decay.

∗ vantonder@physik.uni-bonn.de
† florian.bernlochner@uni-bonn.de

clean avenue to determine |Vcb| and Fig. 1 depicts the pro-
cesses involving B+ and B0-meson decays1. Due to the
factorization (up to small known electroweak corrections,
cf. [6]) of the hadronic and lepton-neutrino final states,
these processes are theoretically better understood than
hadronic transitions involving Vcb. Furthermore, until
future lepton colliders will provide clean samples of Bc
decays, measurements involving the theoretically better
understood purely leptonic decays are not feasible [7]
even with the large samples of Bc mesons recorded at
the LHC. The existing |Vcb| determinations either fo-
cus on exclusive final states, with B → D∗ `+ ν` and
B → D `+ ν` transitions providing the most precise val-
ues to date [8], or on the study of inclusive B → Xc `

+ ν`
decay. First measurements using Bs → D∗s `

+ ν` and
Bs → Ds `

+ ν` decays were recently reported by Ref. [9],
indicating that in the future such channels will play a
prominent role in the precision determination of |Vcb|
from exclusive final states. To translate measured (dif-
ferential or partial) branching fractions of exclusive de-
cays into values of |Vcb|, information regarding the nor-
malization and dynamics of the non-perturbative form
factors is needed. Recent studies indicate that the un-
derlying assumptions employed to simplify form factor
parametrizations should be re-evaluated, since the use of
more generalised and model-independent forms hint at
higher values of |Vcb|, see. e.g. Refs. [10–13]. Inclusive
determinations of |Vcb| exploit the fact that the total de-
cay rate can be expanded into a manageable number of
non-perturbative matrix elements using the heavy quark
expansion (HQE). For instance, the total rate of the
semileptonic transition can be represented in the HQE
in a series of terms proportional to the inverse bottom
quark mass times the QCD scale parameter, ΛQCD/mb,
of increasing powers and corrections proportional to the
strong coupling constant, αs(mb), can be systematically
included. This approach is independent from the con-
siderations that enter exclusive determinations involving
form factors and therefore provide complementary infor-
mation. Spectral moments such as the moments of the

1 Charge conjugation is implied and B → Xc `+ ν` is defined as
the average branching fraction of B+ and B0 meson decays and
` = e or µ.

mailto:vantonder@physik.uni-bonn.de
mailto:florian.bernlochner@uni-bonn.de
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lepton energy, hadronic mass or hadronic energy spec-
tra, can be expressed in the same way as the total rate
using the HQE. The expressions describing these observ-
ables have been calculated to next-to-next-to-leading or-
der precision in αs and at leading order in the HQE, at
next-to-leading order in αs and for HQE up to O(1/m2

b),
and up to the HQE of order O(1/m5

b) at tree-level with
respect to the strong interaction [14–21]. With measure-
ments of the total B → Xc `

+ ν` branching fraction, the
energy and the hadronic mass moments [22–28], the non-
perturbative parameters and |Vcb| can be determined us-
ing combined fits of all the relevant inputs [29, 30]. A
comprehensive review of this approach can be found in
Refs. [29, 31].

The world averages of |Vcb| from exclusive and inclusive
determinations are [8]:

|V excl.
cb | = (39.25± 0.56)× 10−3 , (1)

|V incl.
cb | = (42.19± 0.78)× 10−3 . (2)

Here the uncertainties are the sum from experiment and
theory. Both world averages exhibit a disagreement of
about 3 standard deviations. It is noteworthy that newer
measurements of exclusive |Vcb| tend to agree better with
the inclusive value, but these also have larger uncertain-
ties. The total ca. 2% uncertainty in the inclusive de-
termination is dominated by theory errors, mainly to
cover uncertainties from missing higher-order contribu-
tions [32, 33]. This disagreement from both measure-
ments is limiting the reach of present-day searches for
loop-level new physics in the CKM sector of the SM, see
e.g. Ref. [34] for a recent analysis.

In Ref. [35] a novel and alternative approach to de-
termine |Vcb| from inclusive decays was outlined: by ex-
ploiting reparametrization invariance the authors could
demonstrate that the full set of 13 non-perturbative ma-
trix elements present in the total rate can be reduced
to a set of only 8 parameters at the order of O(1/m4

b).
This reduction eases the proliferation of new parameters
when considering higher orders of the HQE. New mea-
surements are needed to determine this reduced set of
8 parameters, as the key prerequisite that gives rise to
the reparametrization invariance in the total rate is vio-
lated in measurements of moments of lepton momentum,
hadronic mass, and hadronic energy spectra. The au-
thors of Ref. [35] thus propose a systematic measurement
of moments of the four-momentum transfer squared, q2,
of the B meson system to the Xc system with progres-
sively increasing requirements on q2 itself. These mea-
surements either require the identification and explicit
reconstruction of the Xc system or the reconstruction
of the missing neutrino three momentum. In this pa-
per the former approach is used in combination with the
full reconstruction of the second B meson produced in
the collision event. This is achieved efficiently with the
use of neural networks. We report measurements of the
first to fourth moments, 〈q2〉, 〈q4〉, 〈q6〉, 〈q8〉 using a set

of threshold selections2 q2sel ∈ [3.0, 10.0] GeV2. The first
measurement of the first moment of the q2 spectrum was
reported in Ref. [23] with a lepton energy requirement of
1 GeV. In this paper a first systematic study is reported
with progressively increasing threshold selections on q2.
Furthermore, the third and fourth order q2 moments are
reported for the first time. Due to the relationship of q2
with the lepton momentum, we will restrict our measure-
ment to moments with a minimum threshold selection
on q2 of 3 GeV2, to ensure that the Belle detector can
still reliably reconstruct and identify the lepton from the
B → Xc `

+ ν` decay.
The remainder of this paper is organized as follows:

Section II introduces the data set and simulated event
samples, as well as the applied corrections to the sim-
ulated samples. In Section III the employed analysis
strategy is outlined and the reconstruction of the Xc

system and q2, and the background subtraction are dis-
cussed. Section IV discusses the calibration procedure
used to reverse detector resolution, selection, and accep-
tance effects of the measured moments of q2. In Sec-
tion V the systematic uncertainties affecting the moment
measurements are discussed, while Section VI reports the
measured moments and compares them to the expecta-
tion from simulated B → Xc `

+ ν` decays. Finally, Sec-
tion VII summarizes our findings and presents our con-
clusions.

II. DATA SET AND SIMULATED SAMPLES

The results are based on an analysis of the full Belle
data set of (772± 10)× 106 B meson pairs, which were
produced at the KEKB accelerator complex [36] with a
center-of-mass energy of

√
s = 10.58 GeV corresponding

to the Υ(4S) resonance. An additional 79 fb−1 of collision
events recorded 60 MeV below the Υ(4S) resonance peak
is used to derive corrections and for cross-checks.

The Belle detector is a large-solid-angle magnetic spec-
trometer. The detector consists of several sub-detectors:
a silicon vertex detector, a 50-layer central drift chamber
(CDC), an array of aerogel threshold Cherenkov counters
(ACC), a barrel-like arrangement of time-of-flight scintil-
lation counters (TOF), and an electromagnetic calorime-
ter composed of CsI(Tl) crystals (ECL) located inside a
superconducting solenoid coil that provides a 1.5 T mag-
netic field. An iron flux return located outside of the
coil is instrumented to detect K0

L mesons and to identify
muons (KLM). More details about the detector layout
and performance can be found in Ref. [37] and in refer-
ences therein.

We identify charged tracks as electron or muon can-
didates by combining the information of multiple subde-
tectors into a lepton identification likelihood ratio, LLID.

2 We use natural units: ~ = c = 1.
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The most important identifying features for electrons are
the ratio of the energy deposition in the ECL with respect
to the reconstructed track momentum, the energy loss in
the CDC, the shower shape in the ECL, the quality of the
geometrical matching of the track to the shower position
in the ECL, and the photon yield in the ACC [38]. We
identify muon candidates from charged track trajectories
extrapolated to the outer detector. The most important
identifying features are the difference between expected
and measured penetration depth as well as the trans-
verse deviation of KLM hits from the extrapolated trajec-
tory [39]. Electron and muon candidates are required to
have a minimum transverse momentum of 300 MeV and
600 MeV, respectively, in the laboratory frame of Belle.
We further identify charged tracks as pions or kaons using
a likelihood ratio LK/π ID = LK ID/ (LK ID + Lπ ID). The
most important identifying features of the kaon (LK ID)
and pion (Lπ ID) likelihoods for low momentum particles
with transverse momentum below 1 GeV in the labora-
tory frame are the recorded energy loss by ionization,
dE/dx, in the CDC, and the time of flight information
from the TOF. Higher-momentum kaon and pion clas-
sification relies on the Cherenkov light recorded in the
ACC. In order to avoid the difficulties in understanding
the efficiencies of reconstructing K0

L mesons, they are not
explicitly reconstructed or used in this measurement.

We identify photons as energy depositions in the
ECL, vetoing clusters to which an associated track can
be assigned. Only photons with an energy deposi-
tion of Eγ > 100MeV, 150MeV, and 50MeV in the for-
ward endcap, and backward endcap and barrel part of
the calorimeter, respectively, are selected. We recon-
struct π0 candidates from photon candidates and re-
quire the invariant mass to fall into a window of mγγ ∈
[0.12, 0.15]GeV, corresponding to about 2.5 times the π0

mass resolution.
Monte Carlo (MC) samples of B meson decays and

continuum processes (e+e− → qq̄ with q = u, d, s, c)
are simulated using the EvtGen generator [40]. These
samples are used to evaluate reconstruction efficiencies
and acceptance, and to estimate background contami-
nations. The sample sizes correspond to approximately
three times the Belle collision data for B meson and
continuum decays. The interactions of particles travers-
ing the detector are simulated using Geant3 [41]. Elec-
tromagnetic final-state radiation is simulated using the
PHOTOS [42] software package for all charged final-state
particles. The efficiencies in the MC are corrected using
data-driven methods to account for, e.g., differences in
identification and reconstruction efficiencies.

Inclusive semileptonic B → Xc `
+ ν` decays are dom-

inated by B → D `+ ν` and B → D∗ `+ ν` transi-
tions. We model the B → D `+ ν` decays using the
BGL parametrization [43] with form factor central val-
ues and uncertainties taken from the fit in Ref. [44].
For B → D∗ `+ ν` we use the BGL implementation
proposed by Refs. [11, 45] with form factor central val-
ues and uncertainties from the fit to the measurement

of Ref. [46]. Both processes are normalized to the av-
erage branching fraction of Ref. [8] assuming isospin
symmetry. Semileptonic B → D∗∗ `+ ν` decays with
D∗∗ = {D∗0 , D∗1 , D1, D

∗
2} denoting the four orbitally ex-

cited charmed mesons are modeled using the heavy-
quark-symmetry-based form factors proposed in Ref. [47].
The D∗∗ decays are simulated using masses and widths
from Ref. [48]. For the branching fractions the values of
Ref. [8] are adopted and we correct them to account for
missing isospin-conjugated and other established decay
modes, following the prescription given in Ref. [47]. To
correct for the fact that all measurements were targeting
the D∗∗ 0 → D(∗)+ π− decay modes, we correct for the
missing isospin modes with a factor of

fπ =
B(D∗∗ 0 → D(∗)−π+)

B(D∗∗ 0 → D(∗)π)
=

2

3
. (3)

The measurement of the B → D∗2 `ν̄` in Ref. [8] are con-
verted to be respective to the D∗ 02 → D∗−π+ final states
only. To also account for D∗ 02 → D−π+ contributions, a
factor of [48]

fD∗
2

=
B(D∗ 02 → D−π+)

B(D∗ 02 → D∗−π+)
= 1.54± 0.15 , (4)

is applied. The world average of B → D∗1 `ν̄` given in
Ref. [8] combines measurements, which show very poor
agreement, and the resulting probability of the com-
bination is below 0.01%. Notably, the measurement
of Ref. [49] is in conflict with the measured branching
fractions of Refs. [24, 50] and with the expectation of
B(B → D∗1 `ν̄`) being of similar size than B(B → D0 `ν̄`)
[51, 52]. We perform our own average excluding the con-
flicting measurement and use

B(B+ → D∗ 01 (→ D∗−π+) `+ν`) = (0.28± 0.06)× 10−2 .
(5)

This slightly deviates from the treatment in Ref. [48] that
omits the measurements of Refs. [24, 49]. The world av-
erage of B → D1 `ν̄` does not account for contributions
from three-body decays of the form D1 → Dππ. We
account for these using a factor [53]

fD1 =
B(D0

1 → D∗−π+)

B(D0
1 → D0π+π−)

= 2.32± 0.54 . (6)

We subtract the contribution of D1 → Dππ from the
measured non-resonant plus resonant B → Dππ`ν̄`
branching fraction of Ref. [54]. To account for missing
isospin-conjugated modes of the three-hadron final states
we adopt the prescription from Ref. [54], which quotes an
average isospin correction factor of

fππ =
B(D∗∗ 0 → D(∗) 0π+π−)

B(D∗∗ 0 → D(∗)ππ)
=

1

2
± 1

6
. (7)

The uncertainty quoted here takes into account the full
spread of final states (f0(500)→ ππ or ρ→ ππ result in
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fππ = 2/3 and 1/3, respectively) and the non-resonant
three-body decays (fππ = 3/7). We further make the
implicit assumption that

B(D∗2 → Dπ) + B(D∗2 → D∗π) = 1 ,

B(D1 → D∗π) + B(D1 → Dππ) = 1 ,

B(D∗1 → D∗π) = 1 , and B(D0 → Dπ) = 1 . (8)

For the remaining B → D(∗) π π `+ ν` contributions we
use the measured value of Ref. [54]. The remaining ‘gap’
between the sum of all considered exclusive modes and
the inclusive B → Xc `

+ ν` branching fraction is filled
in equal parts with B → Dη `+ ν` and B → D∗ η `+ ν`
and for both we assume a 100% uncertainty. We simu-
late B → D(∗) π π `+ν` and B → D(∗) η `+ν` final states
assuming that they are produced by the decay of two
broad resonant states D∗∗gap with masses and widths iden-
tical to D∗1 and D∗0 . Although there is currently no ex-
perimental evidence for decays of charm 1P states into
these final states or the existence of such an additional
broad state (e.g. a 2S) in semileptonic transitions, this
description provides a better kinematic description of the
initial three-body decay, B → D∗∗gap `ν̄`, than e.g. a model
based on the equidistribution of all final-state particles
in phase-space. For the form factors we adapt Ref. [47].
In what follows, we will associate this component with a
100% uncertainty.

Semileptonic B → Xu `
+ ν` decays are modeled as

a mixture of specific exclusive modes and non-resonant
contributions. They are mixed using a ‘hybrid’ approach
proposed by Ref. [55] and our modeling is identical to the
approach detailed in Ref. [56].

In Table I we summarize the branching fractions and
uncertainties for the signal B → Xc `

+ ν` processes that
we use.

III. ANALYSIS STRATEGY, X
RECONSTRUCTION, AND BACKGROUND

SUBTRACTION

A. Neutral Network Based Tag Side
Reconstruction

The collision events are reconstructed using the
hadronic full reconstruction algorithm detailed in
Ref. [57]. The algorithm reconstructs one of the two
B mesons produced in the collision event fully using
hadronic decay channels. This allows for the explicit
identification of the constituents of the hadronic X sys-
tem of the B → Xc `

+ ν` process of interest and we label
the reconstructed B mesons reconstructed in hadronic
modes in the following as Btag. Instead of attempting
to reconstruct as many B meson decay cascades as pos-
sible, the full reconstruction algorithm employs a hier-
archical approach in four sequential stages: at the first
stage, neural networks are trained to identify charged

TABLE I. Branching fractions for B → Xc `
+ ν` signal and

B → Xu `
+ ν` signal processes that were used are listed. More

details on the applied corrections can be found in the text.

B Value B+ Value B0

B → Xc `
+ ν`

B → D `+ ν` (2.5± 0.1)× 10−2 (2.3± 0.1)× 10−2

B → D∗ `+ ν` (5.4± 0.1)× 10−2 (5.1± 0.1)× 10−2

B → D∗0 `
+ ν` (4.2± 0.8)× 10−3 (3.9± 0.7)× 10−3

(↪→ Dπ)
B → D∗1 `

+ ν` (4.2± 0.8)× 10−3 (3.9± 0.8)× 10−3

(↪→ D∗π)
B → D1 `

+ ν` (4.2± 0.3)× 10−3 (3.9± 0.3)× 10−3

(↪→ D∗π)
B → D∗2 `

+ ν` (1.2± 0.1)× 10−3 (1.1± 0.1)× 10−3

(↪→ D∗π)
B → D∗2 `

+ ν` (1.8± 0.2)× 10−3 (1.7± 0.2)× 10−3

(↪→ Dπ)
B → D1 `

+ ν` (2.4± 1.0)× 10−3 (2.3± 0.9)× 10−3

(↪→ Dππ)
B → Dππ `+ ν` (0.6± 0.6)× 10−3 (0.6± 0.6)× 10−3

B → D∗ππ `+ ν` (2.2± 1.0)× 10−3 (2.0± 1.0)× 10−3

B → Dη `+ ν` (4.0± 4.0)× 10−3 (4.0± 4.0)× 10−3

B → D∗η `+ ν` (4.0± 4.0)× 10−3 (4.0± 4.0)× 10−3

B → Xc `
+ ν` (10.8± 0.4)× 10−2 (10.1± 0.4)× 10−2

B → Xu `
+ ν` (2.2± 0.3)× 10−3 (2.0± 0.3)× 10−3

tracks and neutral energy depositions as detector sta-
ble particles (e+, µ+,K+, π+, γ), neutral π0 candidates,
or K0

S candidates. These candidate particles are then
combined during a second stage into heavier meson can-
didates (J/ψ,D0, D+, Ds). For each target final state a
neural network is trained to identify probable candidate
combinations. The input variables for these neural net-
works are the output classifiers from the first reconstruc-
tion stage, vertex fit probabilities of the candidate combi-
nations, and the four-momenta of all the particles used to
reconstruct the composite particle in question. The third
stage forms candidates for D∗ 0, D∗+, and D∗s mesons,
and for each a separate neural network is trained to iden-
tify viable combinations. The input layer aggregates the
output classifiers from all previous reconstruction stages
and additional information such as four-momenta of the
combined particles. In the final stage the information
from all previous stages is used to form Btag candidates.
The viability of such combinations is again assessed by a
dedicated neural network that was trained to recognize
correctly reconstructed candidates from incorrect combi-
nations and whose output classifier score we denote by
OFR. In total 1104 decay cascades are reconstructed in
this way. This results in an efficiency of 0.28% and 0.18%
for charged and neutral B meson pairs [58], respectively.
As a final step, the output of this classifier is used as an
input and combined with a range of event shape variables
to train a neural network to distinguish reconstructed B
meson candidates from continuum processes. The output
classifier score of this neural network is denoted as OCont.
Both classifier scores are mapped to a range of [0, 1) sig-
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nifying the estimated reconstruction quality from poor
to excellent candidates. For the analysis we select Btag

candidates that show at least moderate agreement based
on these two outputs, and require that OFR > 10−4 and
OCont > 10−4.

We use the charges and four momenta of the decay con-
stituents in combination with the known beam-energy to
infer the flavor and four-momentum of the Btag candi-
date. We require the Btag candidates to have at least a
beam-constrained mass of

Mbc =
√
E2

beam − |ptag|2 > 5.27GeV . (9)

Here ptag denotes the three-momentum of the Btag can-
didate in the center-of-mass frame of the colliding e+e−-
pair. Furthermore, Ebeam =

√
s/2 denotes half the

center-of-mass energy of the colliding e+e−-pair. The
energy difference

∆E = Etag − Ebeam , (10)

is already used in the input layer of the neural network
trained in the final stage of the reconstruction, so no
further requirements are imposed. Additionally, Etag de-
notes the energy of the Btag candidate in the center-of-
mass frame of the colliding e+e−-pair. In each event a
single Btag candidate is then selected according to the
highest OFR score value. After the reconstruction of the
Btag candidate, all remaining tracks and clusters are used
to define and reconstruct the signal side.

B. Signal Side Reconstruction

The signal side of the event is reconstructed by iden-
tifying a well-reconstructed lepton using the likelihood
described in Section II. The signal B rest frame is calcu-
lated with the momentum of the Btag candidate via

psig = pe+ e− −
(√

m2
B + |ptag|2,ptag

)
, (11)

with pe+e− denoting the four-momentum of the colliding
electron-positron pair.

If multiple lepton candidates are present on the signal
side, the event is discarded to avoid additional neutri-
nos on the signal-side, since multiple leptons are likely to
originate from a double semileptonic b→ c→ s cascade.
For charged Btag candidates, we demand that the charge
assignment of the signal-side lepton be opposite to that of
the Btag charge. The hadronic X system is reconstructed
from the remaining unassigned charged particles and neu-
tral energy depositions. Its four-momentum is calculated
as

pX =
∑
i

(√
m2
π + |pi|2,pi

)
+
∑
j

(Ej ,kj) , (12)

with Ej = |kj| the energy of the neutral energy depo-
sitions and all charged particles with momentum pi as-
sumed to be pions. With the X system reconstructed,
we can also reconstruct the missing four-momentum,

Pmiss = (Emiss,pmiss) = psig − pX − p` , (13)

which estimates the four-momentum of the neutrino
in the event. Here Emiss and pmiss denote the miss-
ing energy and momentum, respectively. For cor-
rectly reconstructed semileptonic B → Xc `

+ ν` decays
Emiss ≈ |pmiss| and we require

−0.5 GeV < Emiss − |pmiss| < 0.5 GeV . (14)

The hadronic mass of the X system is later used to dis-
criminate B → Xc `

+ ν` decays from backgrounds. It is
reconstructed using

MX =
√

(pX)
µ

(pX)µ , (15)

and exhibits a distinct peak at ≈ 2 GeV. We re-
quire the total observed charge of the event to be
|Qtot| = |QBtag

+QX +Q`| ≤ 1, allowing for charge im-
balance in events with low-momentum tracks. Finally,
we reconstruct the four-momentum transfer squared q2

as

q2 = (psig − pX)
2
. (16)

The resolution of both variables for B → Xc `
+ ν` is

shown in Fig. 2 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.45GeV and ex-
hibits a tail towards negative values of the residuals from
not reconstructed constituents of the hadronic X system.
The small peak at 0 GeV is from B+ → D0 `+ ν` with
D0 → K+π− and other low-multiplicity final states com-
prising only charged pions. The four-momentum transfer
squared q2 exhibits a large resolution, which is caused
by a combination of the tag-side B and the X recon-
struction. The RMS deviation for q2 is 3.35GeV2. The
core resolution is dominated by the tagging resolution,
whereas the large positive tail is dominated from the res-
olution of the reconstruction of the X system.

In the following we analyze only the events with
q2 > 3.0 GeV2, corresponding to a lepton momentum of
at least 300 MeV in the B rest frame. This corresponds
also to the region of phase space in the laboratory frame
at which the Belle detector operates efficiently in the
identification and reconstruction of leptons. The region
of phase space below 3.0 GeV2 is dominated by processes
other than B → Xc `

+ ν`: secondary leptons from cas-
cade decays and fake lepton candidates make up a promi-
nent fraction of the selected event candidates.

Fig. 3 compares the selected events with the expec-
tation from simulation: the small continuum contribu-
tion is normalized using the off-resonance event sample,
while the remaining simulated events are normalized to
the number of reconstructed events from Υ(4S) → BB̄.
In the following, we separate the electron and muon can-
didates and analyze them separately.
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FIG. 2. The resolution of the reconstructed MX and q2 values for B → Xc `
+ ν` signal is shown as a residual with respect to
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FIG. 3. The reconstructed MX and q2 distributions are
shown. The error band of the simulated samples incorporates
the full set of systematic uncertainties discussed in Section V.

C. Background Subtraction

In order to subtract background events, we carry out
a two-step procedure. First a binned likelihood fit of
the MX distribution determines the number of expected
signal and background events. For this fit we construct a
likelihood function L as the product of individual Poisson
distributions P,

L =

bins∏
i

P(ni; νi) ×
∏
k

Gk × Pcont , (17)

where ni denotes the number of observed data events
and νi is the total number of expected signal and back-
ground events in a given bin i. Furthermore, the Gk de-
note nuisance-parameter (NP) constraints, whose role is
to incorporate systematic uncertainties on e.g. signal and
background shapes directly into the fit procedure, with
the index k labelling a given uncertainty source. More
details of this procedure will be given in Section V. The
Poisson term Pcont constrains the normalization of the
continuum contribution to its expectation as determined
from off-resonance collision events. The number of ex-
pected signal and background events in a given bin, νi,
is estimated using simulated collision events and is given
by

νi = ηsigf sigi + ηB bkgfB bkg
i + ηcontf conti . (18)

Here, ηsig is the total number of B → Xc `
+ ν` sig-

nal events. Furthermore, ηB bkg denotes the back-
ground events stemming from double semileptonic cas-
cades, B → Xu `

+ ν` decays, and from hadrons misiden-
tified as leptons originating from B meson decays. The
number of continuum events is denoted as ηcont. Fur-
thermore, fi denotes the fraction of events being recon-
structed in a bin i with shapes as determined by the
MC simulation for a given event category. Eq. 17 is nu-
merically maximized to determine both the total num-
ber of B → Xc `

+ ν` and background events from the
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FIG. 4. The reconstructed q2 distributions with an example q2 threshold selection of 3.0 GeV2 (top) for electron (left) and
muon (right) candidates and the determined binned signal probabilities (bottom) are shown. The background contributions
are scaled to their estimated values using the fit described in the text. The binned signal probabilities are obtained by a fit of
a polynomial of a given order n (red curve).

observed event yields. This is done using the sequen-
tial least squares programming method implementation
of Ref. [59, 60]. The fit is carried out in 20 equidistant
bins of MX ranging from 0 to 3.5 GeV to determine the
number of background events for each studied threshold
selection on q2, taking into account systematic uncertain-
ties on the composition of B → Xc `

+ ν` and background
templates (more details about these will be discussed in
Section V). The continuum constraint Pcont is adjusted
to reflect the number of continuum events for a given q2
selection value.

In a second step, the determined number of back-
ground (η̂bkg) and continuum (η̂cont) events are used to
construct binned signal probabilities as a function of q2,
which is defined as

wi = 1− η̂bkgf̃ bkg
i + η̂contf̃ cont

i

ni
. (19)

Here, f̃i denotes the estimated fractions of events being
reconstructed in a bin i of q2 for a given background
category. Fig. 4 shows the q2 spectrum for electron and
muon candidates and the wi distribution for the thresh-
old selection with q2 > 3.0 GeV2. To avoid dependence
on binning effects, we fit the binned signal probabilities

for each q2 selection with a polynomial function of a given
order n to determine event-by-event weights, w(q2), by
performing a χ2 minimization. The order of the polyno-
mial is determined using a nested hypothesis test and we
accept a polynomial of order n over n− 1 if the improve-
ment in χ2 is larger than one. Furthermore, the χ2 takes
into account the full experimental covariance of the back-
ground shapes. The resulting polynomial, w(q2), allows
for an unbinned background subtraction and is required
to have positive or zero event weights. We set all weights
with negative values to zero. The matching figures for
other q2 threshold selections can be found in Appendix
A.

IV. MOMENT CALIBRATION MASTER
FORMULA

The reconstructed q2 values are distorted by the recon-
struction of theXc system and selection criteria. To mea-
sure the first to the fourth moment of the B → Xc `

+ ν`
q2 spectrum, we need to correct for these effects. This is
done in three sequential steps:

- First, a calibration function is applied event-by-
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FIG. 5. The generator-level, 〈q2mtrue〉, and reconstructed, 〈q2mreco〉, B → Xc `
+ ν` moments are shown for the first to fourth q2

moment for electrons. The different markers represent different threshold selections on the generator-level and reconstructed
q2 and the relation between the moments can be described with a linear parametrization of the form am + 〈q2mtrue〉 · bm = 〈q2mreco〉.
The corresponding plots for muons can be found in Appendix B.

event as a function of the reconstructed q2 value to
correct for resolution distortions. This linear cor-
rection is determined separately for each order of
the moment we wish to measure. For a given event
i, we denote the calibrated q2 value in the following
as q2mcal i with m being the order of the moment.

- In a second step we correct for any residual bias
not captured by the linear calibration function for
a given moment using a global correction factor,
which we denote as Ccal.

- Thirdly, we correct for acceptance and selection ef-
fects by applying a global correction factor, Cacc.
This correction is calculated for each q2 threshold
selection as well as each order of moment.

The linear calibration functions and the two correc-
tion factors are determined using simulated event sam-
ples, which are statistically independent from the simu-
lated samples used in the background subtraction pro-
cedure. The calibration function is determined by com-
paring the reconstructed and generator-level moments.
Fig. 5 shows the first to fourth generator-level and re-
constructed B → Xc `

+ ν` moments with different selec-
tions on the generator-level and reconstructed q2 value
for electrons. There exists a strong linear relationship
for the studied order of moments, and we determine a

linear calibration function of the form,

q2mcal i =
q2mi − am

bm
. (20)

with am and bm denoting the offset and slope for mo-
ments of the order m. The corresponding figures for
muons can be found in Appendix B and show the same
linear behavior. The residual bias correction factor Ccal is
determined by comparing simulated samples of the cali-
brated and generator-level moments for each q2 threshold
selection and order of moment under study. Lastly, since
different selection efficiencies are observed for different
B → Xc `

+ ν` processes, we determine an additional fac-
tor accounting for selection and acceptance effects. The
correction factor, Cacc, is calculated by comparing the
moments of the generator-level simulated events with
a sample without any selection criteria applied. Fig. 6
shows the size of both calibration factors for the first to
fourth q2 moment for electrons. Both factors are close to
unity and the corresponding factors for muons, displaying
a similar behavior, are found in Appendix B. In addition,
selection and acceptance efficiencies for generator-level
simulated B → Xc `

+ ν` samples are shown in Appendix
C.

The q2 moments are then given by

〈q2m〉 =
Ccal · Cacc∑events
i w(q2i )

×
events∑
i

w(q2i ) · q2mcal i . (21)
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FIG. 6. The residual bias and acceptance correction factors, denoted as Ccal (circles) and Cacc (diamonds), respectively, are
shown for the first to fourth q2 moment for electrons. The corresponding plots for muons can be found in Appendix B.

Here the sums run over all selected events and q2i denotes
the measured four-momentum transfer squared of a given
event i with a corresponding calibrated four-momentum
transfer squared q2mcal i to the power of m. The continuous
signal probability w(q2i ) is calculated for each event, while

the calculated moments are normalized by the sum of sig-
nal probabilities. The full background subtraction and
calibration procedure was tested on ensembles of statis-
tically independent simulated samples and no statistical
significant biases in the unfolded moments are observed.

V. SYSTEMATIC UNCERTAINTIES

A. Overview

Several systematic uncertainties affect the measured q2
moments. Tables II and III summarize the relative sta-
tistical and systematic uncertainties on the measured q2
moments for electron and muon final states, given in per-
mille. The most important sources of systematic uncer-
tainty are associated with the assumed composition of the
B → Xc `

+ ν` process: the decays involving the higher
mass states beyond the 1S D and D∗ meson are poorly
known and the composition affects the background sub-
traction as well as the calibration of the measured mo-
ments. We evaluate the uncertainties on the background
subtraction by considering various sources of systematic
uncertainty included as NP constraints in the binned like-
lihood fits (labeled “Bkg. subtraction” in Tables II and
III). We consider signal modeling uncertainties by varia-
tions of the BGL parameters and heavy quark form fac-
tors of B → D `+ ν`, B → D∗ `+ ν`, and B → D∗∗ `+ ν`
within their uncertainties. In addition, we propagate the
branching fraction uncertainties, cf. Table I. The un-
certainties on the B → Xc `

+ ν` gap branching fractions

are taken to be large enough to account for the differ-
ence between the sum of all exclusive branching frac-
tions measured and the inclusive branching fraction mea-
sured. We also evaluate the impact on the efficiency of
the lepton- and hadron-identification uncertainties, and
the overall tracking efficiency uncertainty. The statisti-
cal uncertainty on all generated MC samples is also eval-
uated and propagated into the systematic errors. The
B → Xu `

+ ν` background component is varied within
its branching fraction uncertainty (“B → Xu`ν BF”).

For the calibration we change the composition of the
assumed B → Xc `

+ ν` process and redetermine the cal-
ibration function as well as the bias and acceptance cor-
rection factors (“B → Xc`ν BF”). For the B → D∗∗ `+ ν`
and gap contributions, we redetermine these factors by
completely removing their respective contributions, to
account for the poor knowledge of their precise decay
processes. We vary the B → D `+ ν` and B → D∗ `+ ν`
within their respective branching fractions. In addition,
we evaluate the impact of the modeling of non-resonant
decays by replacing the model described in Section II
with a model based on the equidistribution of all final-
state particles in phase-space (“Non-resonant model”).
The signal modeling is evaluated in a similar manner
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TABLE II. Summary of statistical and systematic uncertainties for the moments 〈q2,4,6,8〉 for the electron channel. The values
are given as the relative error in permille.

q2 selection in GeV2 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0
〈q2〉 in GeV2 6.21 6.51 6.81 7.10 7.41 7.71 8.01 8.30 8.60 8.88 9.19 9.48 9.78 10.07 10.38
Stat. error (data) 1.416 1.360 1.312 1.271 1.235 1.206 1.185 1.170 1.163 1.163 1.172 1.189 1.215 1.249 1.290
Bkg. subtraction 1.057 0.764 0.568 0.404 0.372 0.405 0.478 0.551 0.598 0.635 0.670 0.705 0.775 0.829 0.908
B → Xu`ν BF 1.805 1.663 1.517 1.095 0.783 0.566 0.415 0.291 0.233 0.186 0.156 0.132 0.122 0.147 0.103
B → Xc`ν BF 4.942 4.719 4.898 4.546 4.469 4.295 3.773 3.467 3.281 2.988 2.491 1.963 1.413 1.273 1.164
Non-resonant model 13.198 11.539 10.140 8.328 6.932 5.780 4.498 3.542 2.764 2.214 1.626 1.241 0.812 0.772 0.663
B → Xc`ν FF 1.632 1.466 1.271 1.101 0.936 0.839 0.788 0.746 0.685 0.632 0.558 0.493 0.424 0.402 0.367
Ntracks res. 4.665 4.397 4.167 3.910 3.717 3.500 3.314 3.134 2.955 2.825 2.659 2.500 2.400 2.243 2.132
Nγ res. 0.423 0.414 0.367 0.361 0.335 0.290 0.277 0.273 0.273 0.258 0.245 0.232 0.235 0.238 0.226
MC non-closure 0.064 0.092 0.029 0.014 0.014 0.026 0.025 0.012 0.012 0.011 0.000 0.032 0.000 0.010 0.000
Cal. function 0.135 0.079 0.026 0.025 0.076 0.124 0.171 0.216 0.259 0.299 0.341 0.380 0.418 0.455 0.490
Stat. bias corr. 1.223 1.182 1.145 1.112 1.085 1.061 1.043 1.029 1.021 1.019 1.022 1.032 1.049 1.072 1.102
PID eff. 0.174 0.156 0.144 0.133 0.127 0.108 0.101 0.088 0.090 0.085 0.081 0.077 0.067 0.055 0.047
Track eff. 0.416 0.386 0.361 0.335 0.313 0.290 0.271 0.253 0.233 0.219 0.204 0.188 0.177 0.161 0.151
Sys. error (total) 15.143 13.491 12.248 10.458 9.213 8.162 6.910 6.048 5.409 4.888 4.239 3.702 3.252 3.092 2.973
Total rel. error in h 15.209 13.559 12.318 10.535 9.295 8.250 7.011 6.161 5.533 5.025 4.398 3.889 3.472 3.335 3.241
〈q4〉 in GeV4 43.01 46.28 49.74 53.42 57.42 61.64 65.96 70.45 75.16 79.92 85.18 90.50 96.05 101.71 108.10
Stat. error (data) 3.229 3.133 3.043 2.959 2.883 2.817 2.771 2.739 2.722 2.722 2.738 2.778 2.840 2.918 3.007
Bkg. subtraction 1.775 1.346 1.138 0.986 1.061 1.168 1.334 1.492 1.580 1.646 1.713 1.776 1.929 2.048 2.226
B → Xu`ν BF 3.841 3.524 3.156 2.287 1.642 1.212 0.895 0.634 0.525 0.431 0.366 0.314 0.290 0.341 0.240
B → Xc`ν BF 9.447 9.452 9.934 9.479 9.409 9.102 8.134 7.537 7.106 6.449 5.404 4.307 3.183 2.875 2.622
Non-resonant model 25.190 22.358 19.837 16.571 13.952 11.720 9.247 7.364 5.805 4.678 3.487 2.693 1.825 1.725 1.492
B → Xc`ν FF 3.132 2.840 2.506 2.218 1.953 1.805 1.719 1.637 1.518 1.409 1.255 1.121 0.979 0.925 0.846
Ntracks res. 10.437 9.946 9.493 8.980 8.560 8.088 7.670 7.256 6.842 6.521 6.126 5.747 5.484 5.114 4.837
Nγ res. 0.970 0.949 0.868 0.850 0.798 0.712 0.684 0.672 0.668 0.633 0.605 0.575 0.579 0.580 0.556
MC non-closure 0.028 0.013 0.014 0.011 0.009 0.011 0.014 0.009 0.009 0.010 0.004 0.011 0.002 0.003 0.004
Cal. function 0.269 0.149 0.030 0.084 0.201 0.312 0.417 0.517 0.613 0.702 0.792 0.876 0.955 1.028 1.097
Stat. bias corr. 2.684 2.626 2.571 2.519 2.472 2.431 2.396 2.370 2.355 2.347 2.351 2.370 2.401 2.447 2.504
PID eff. 0.364 0.335 0.312 0.290 0.278 0.241 0.225 0.199 0.200 0.187 0.178 0.166 0.144 0.119 0.101
Track eff. 0.904 0.850 0.803 0.751 0.706 0.657 0.616 0.575 0.531 0.498 0.464 0.427 0.400 0.364 0.340
Sys. error (total) 29.489 26.816 24.657 21.539 19.273 17.284 14.928 13.256 11.949 10.842 9.503 8.382 7.450 7.077 6.793
Total rel. error in h 29.665 26.999 24.844 21.742 19.487 17.512 15.183 13.536 12.255 11.179 9.890 8.831 7.972 7.655 7.428
〈q6〉 in GeV6 326.35 355.59 387.60 423.96 465.18 510.57 558.68 610.83 668.01 728.17 797.42 870.56 948.71 1031.66 1128.53
Stat. error (data) 5.835 5.695 5.555 5.403 5.258 5.125 5.031 4.959 4.908 4.889 4.891 4.938 5.027 5.145 5.270
Bkg. subtraction 2.552 2.175 2.199 2.137 2.380 2.544 2.808 3.048 3.138 3.217 3.298 3.374 3.616 3.806 4.108
B → Xu`ν BF 6.434 5.824 5.072 3.656 2.622 1.968 1.454 1.039 0.884 0.744 0.646 0.554 0.511 0.589 0.417
B → Xc`ν BF 13.833 14.413 15.245 14.805 14.753 14.317 12.966 12.087 11.373 10.312 8.699 7.013 5.315 4.811 4.378
Non-resonant model 35.926 32.230 28.839 24.431 20.788 17.602 14.080 11.342 9.036 7.329 5.546 4.331 3.032 2.853 2.482
B → Xc`ν FF 4.422 4.101 3.733 3.410 3.119 2.956 2.841 2.717 2.536 2.359 2.119 1.905 1.682 1.579 1.443
Ntracks res. 17.448 16.759 16.094 15.315 14.632 13.866 13.166 12.460 11.747 11.158 10.462 9.786 9.284 8.632 8.122
Nγ res. 1.698 1.665 1.556 1.522 1.443 1.317 1.269 1.242 1.224 1.165 1.114 1.062 1.060 1.054 1.012
MC non-closure 0.007 0.000 0.004 0.003 0.003 0.002 0.003 0.001 0.001 0.002 0.001 0.002 0.001 0.000 0.001
Cal. function 0.421 0.220 0.022 0.178 0.379 0.572 0.753 0.924 1.087 1.239 1.388 1.527 1.654 1.768 1.874
Stat. bias corr. 4.681 4.600 4.519 4.440 4.364 4.293 4.229 4.177 4.139 4.113 4.102 4.115 4.146 4.200 4.273
PID eff. 0.571 0.532 0.500 0.468 0.448 0.395 0.369 0.330 0.328 0.305 0.288 0.266 0.229 0.190 0.160
Track eff. 1.468 1.395 1.327 1.251 1.181 1.105 1.038 0.971 0.899 0.841 0.781 0.718 0.670 0.609 0.565
Sys. error (total) 43.374 40.113 37.316 33.227 30.150 27.350 24.063 21.648 19.666 17.935 15.885 14.142 12.702 12.058 11.557
Total rel. error in h 43.765 40.515 37.727 33.664 30.605 27.826 24.583 22.209 20.270 18.589 16.621 14.980 13.660 13.110 12.702
〈q8〉 in GeV8 2664.70 2914.93 3192.31 3531.36 3925.00 4374.90 4862.59 5411.82 6037.81 6721.98 7539.01 8441.07 9424.26 10507.43 11816.35
Stat. error (data) 9.768 9.579 9.382 9.110 8.845 8.583 8.395 8.230 8.093 8.000 7.932 7.933 8.012 8.133 8.249
Bkg. subtraction 4.024 3.885 4.315 4.242 4.674 4.850 5.204 5.519 5.514 5.582 5.647 5.705 6.046 6.313 6.768
B → Xu`ν BF 9.951 8.850 7.469 5.319 3.786 2.872 2.111 1.517 1.321 1.135 1.009 0.866 0.797 0.905 0.638
B → Xc`ν BF 19.150 20.111 21.080 20.543 20.401 19.775 18.077 16.927 15.922 14.460 12.294 10.031 7.782 7.060 6.419
Non-resonant model 45.701 41.230 37.105 31.734 27.222 23.213 18.805 15.314 12.331 10.077 7.733 6.107 4.404 4.130 3.613
B → Xc`ν FF 5.568 5.325 5.032 4.751 4.488 4.329 4.188 4.012 3.759 3.502 3.162 2.854 2.538 2.369 2.158
Ntracks res. 25.809 24.892 23.999 22.905 21.906 20.796 19.767 18.715 17.642 16.715 15.643 14.598 13.779 12.781 11.972
Nγ res. 2.675 2.625 2.488 2.430 2.317 2.148 2.073 2.022 1.980 1.887 1.806 1.722 1.704 1.680 1.612
MC non-closure 0.001 0.000 0.001 0.000 0.001 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Cal. function 0.621 0.311 0.012 0.308 0.624 0.926 1.205 1.469 1.720 1.951 2.178 2.387 2.572 2.736 2.886
Stat. bias corr. 7.594 7.452 7.307 7.164 7.024 6.890 6.761 6.650 6.560 6.482 6.426 6.403 6.405 6.442 6.507
PID eff. 0.792 0.744 0.704 0.661 0.632 0.564 0.527 0.475 0.467 0.432 0.405 0.371 0.320 0.265 0.224
Track eff. 2.113 2.020 1.932 1.829 1.730 1.624 1.529 1.433 1.329 1.242 1.152 1.058 0.982 0.892 0.825
Sys. error (total) 57.775 53.971 50.603 45.647 41.857 38.325 34.268 31.191 28.548 26.189 23.438 21.056 19.106 18.145 17.391
Total rel. error in h 58.595 54.815 51.465 46.547 42.781 39.274 35.281 32.259 29.673 27.383 24.744 22.501 20.718 19.884 19.248
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TABLE III. Summary of statistical and systematic uncertainties for the moments 〈q2,4,6,8〉 for the muon channel. The values
are given as the relative error in permille.

q2 selection in GeV2 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0
〈q2〉 in GeV2 6.26 6.54 6.84 7.13 7.42 7.72 8.02 8.32 8.61 8.91 9.21 9.51 9.80 10.09 10.41
Stat. error (data) 1.511 1.447 1.390 1.341 1.300 1.267 1.239 1.219 1.207 1.202 1.205 1.215 1.234 1.257 1.289
Bkg. subtraction 1.337 1.121 0.900 0.714 0.594 0.529 0.486 0.491 0.570 0.626 0.649 0.704 0.758 0.768 0.818
B → Xu`ν BF 2.182 2.044 1.753 1.483 1.352 1.036 0.755 0.540 0.383 0.290 0.189 0.162 0.119 0.053 0.048
B → Xc`ν BF 4.817 5.017 5.142 5.141 5.048 4.999 4.672 4.049 3.511 3.111 2.656 2.206 1.755 1.363 1.157
Non-resonant model 14.247 12.717 11.040 9.284 7.825 6.624 5.416 3.997 3.019 2.281 1.646 1.425 1.041 0.858 0.778
B → Xc`ν FF 1.433 1.300 1.158 1.029 0.914 0.846 0.820 0.743 0.687 0.622 0.540 0.481 0.425 0.388 0.355
Ntracks res. 5.658 5.313 4.958 4.654 4.361 4.061 3.777 3.519 3.288 3.055 2.853 2.660 2.508 2.381 2.197
Nγ res. 0.293 0.277 0.258 0.234 0.227 0.214 0.213 0.209 0.205 0.186 0.184 0.157 0.151 0.150 0.161
MC non-closure 0.192 0.107 0.117 0.112 0.108 0.052 0.050 0.060 0.081 0.067 0.109 0.042 0.041 0.059 0.019
Cal. function 0.133 0.082 0.029 0.022 0.072 0.121 0.169 0.217 0.262 0.306 0.352 0.394 0.435 0.474 0.511
Stat. bias corr. 1.321 1.274 1.229 1.190 1.156 1.125 1.100 1.081 1.067 1.059 1.057 1.061 1.072 1.089 1.112
PID eff. 0.157 0.141 0.135 0.126 0.128 0.116 0.108 0.103 0.095 0.099 0.091 0.082 0.081 0.072 0.062
Track eff. 0.444 0.415 0.387 0.363 0.338 0.312 0.289 0.268 0.248 0.230 0.212 0.195 0.181 0.169 0.154
Sys. error (total) 16.399 14.972 13.412 11.819 10.501 9.427 8.264 6.869 5.876 5.138 4.471 4.010 3.553 3.237 3.020
Total rel. error in h 16.468 15.042 13.484 11.895 10.582 9.512 8.356 6.976 5.998 5.277 4.631 4.190 3.762 3.473 3.283
〈q4〉 in GeV4 43.58 46.75 50.20 53.86 57.70 61.77 66.14 70.71 75.42 80.37 85.59 91.00 96.40 102.29 108.60
Stat. error (data) 3.453 3.331 3.220 3.117 3.027 2.950 2.885 2.832 2.803 2.788 2.792 2.815 2.858 2.908 2.975
Bkg. subtraction 2.410 2.097 1.765 1.479 1.358 1.338 1.302 1.339 1.527 1.646 1.673 1.804 1.897 1.899 2.001
B → Xu`ν BF 4.657 4.389 3.803 3.198 2.898 2.225 1.609 1.144 0.811 0.610 0.390 0.337 0.256 0.106 0.096
B → Xc`ν BF 9.548 10.302 10.678 10.776 10.674 10.504 9.839 8.632 7.523 6.669 5.690 4.730 3.784 2.968 2.522
Non-resonant model 27.340 24.667 21.669 18.477 15.721 13.364 10.997 8.235 6.299 4.817 3.533 3.049 2.267 1.877 1.691
B → Xc`ν FF 2.729 2.514 2.287 2.077 1.897 1.796 1.751 1.606 1.495 1.362 1.197 1.071 0.952 0.869 0.792
Ntracks res. 12.449 11.812 11.129 10.508 9.892 9.247 8.627 8.044 7.513 6.978 6.495 6.038 5.664 5.337 4.903
Nγ res. 0.679 0.649 0.613 0.568 0.550 0.523 0.515 0.503 0.490 0.450 0.440 0.384 0.371 0.367 0.387
MC non-closure 0.055 0.036 0.038 0.033 0.031 0.019 0.018 0.018 0.027 0.020 0.029 0.013 0.009 0.012 0.007
Cal. function 0.268 0.156 0.040 0.075 0.187 0.300 0.409 0.516 0.615 0.713 0.811 0.900 0.983 1.062 1.135
Stat. bias corr. 2.920 2.845 2.771 2.702 2.638 2.577 2.526 2.483 2.450 2.428 2.416 2.417 2.431 2.457 2.495
PID eff. 0.346 0.318 0.306 0.289 0.289 0.264 0.246 0.233 0.217 0.220 0.201 0.181 0.176 0.156 0.134
Track eff. 0.966 0.914 0.860 0.810 0.758 0.705 0.654 0.607 0.563 0.520 0.479 0.440 0.406 0.376 0.342
Sys. error (total) 32.229 29.893 27.187 24.353 21.926 19.799 17.516 14.826 12.843 11.324 9.919 8.926 7.957 7.256 6.760
Total rel. error in h 32.413 30.078 27.377 24.551 22.134 20.017 17.752 15.095 13.145 11.662 10.304 9.359 8.455 7.817 7.386
〈q6〉 in GeV6 332.46 360.82 393.33 429.39 468.40 512.19 561.28 614.68 671.93 734.16 803.00 876.94 953.08 1041.01 1137.25
Stat. error (data) 6.223 6.029 5.845 5.660 5.494 5.340 5.204 5.083 5.011 4.961 4.939 4.960 5.016 5.075 5.156
Bkg. subtraction 3.615 3.280 2.944 2.667 2.667 2.767 2.710 2.769 3.084 3.256 3.244 3.484 3.566 3.524 3.678
B → Xu`ν BF 7.775 7.301 6.340 5.260 4.735 3.623 2.571 1.807 1.273 0.952 0.594 0.515 0.413 0.154 0.136
B → Xc`ν BF 14.817 16.142 16.677 16.806 16.674 16.299 15.287 13.537 11.864 10.535 8.996 7.496 6.036 4.776 4.063
Non-resonant model 39.151 35.583 31.544 27.197 23.346 19.947 16.529 12.551 9.719 7.518 5.593 4.818 3.640 3.023 2.708
B → Xc`ν FF 3.864 3.649 3.418 3.189 2.996 2.883 2.820 2.608 2.438 2.232 1.978 1.775 1.582 1.439 1.305
Ntracks res. 20.450 19.543 18.546 17.594 16.629 15.592 14.582 13.603 12.703 11.789 10.934 10.136 9.458 8.849 8.097
Nγ res. 1.194 1.150 1.097 1.031 0.999 0.953 0.932 0.904 0.878 0.812 0.787 0.700 0.675 0.663 0.686
MC non-closure 0.008 0.006 0.007 0.006 0.006 0.003 0.003 0.003 0.006 0.005 0.007 0.004 0.003 0.003 0.002
Cal. function 0.424 0.236 0.040 0.155 0.346 0.541 0.727 0.911 1.078 1.241 1.404 1.547 1.679 1.803 1.915
Stat. bias corr. 5.096 4.981 4.863 4.748 4.638 4.528 4.429 4.344 4.270 4.212 4.169 4.146 4.144 4.158 4.192
PID eff. 0.566 0.528 0.510 0.484 0.480 0.442 0.413 0.389 0.362 0.361 0.329 0.294 0.283 0.249 0.213
Track eff. 1.569 1.496 1.417 1.341 1.262 1.176 1.094 1.016 0.942 0.870 0.799 0.732 0.673 0.620 0.561
Sys. error (total) 47.847 44.886 41.289 37.447 34.096 30.968 27.638 23.776 20.853 18.542 16.349 14.778 13.248 12.091 11.257
Total rel. error in h 48.250 45.289 41.701 37.872 34.536 31.425 28.124 24.313 21.446 19.194 17.078 15.588 14.166 13.113 12.382
〈q8〉 in GeV8 2726.97 2969.47 3260.51 3593.17 3958.00 4390.97 4895.15 5460.63 6089.21 6791.52 7606.31 8511.15 9470.48 10648.37 11956.19
Stat. error (data) 10.350 10.068 9.785 9.475 9.189 8.893 8.626 8.360 8.191 8.052 7.936 7.910 7.939 7.946 7.988
Bkg. subtraction 5.566 5.251 4.985 4.802 4.991 5.227 5.022 5.056 5.510 5.707 5.583 5.998 5.959 5.813 6.017
B → Xu`ν BF 11.940 11.101 9.606 7.821 6.997 5.308 3.661 2.528 1.757 1.305 0.787 0.694 0.591 0.196 0.157
B → Xc`ν BF 21.509 22.912 23.239 23.142 22.841 22.135 20.758 18.498 16.308 14.526 12.432 10.401 8.438 6.736 5.742
Non-resonant model 49.931 45.521 40.561 35.221 30.447 26.127 21.796 16.749 13.122 10.264 7.729 6.656 5.104 4.252 3.791
B → Xc`ν FF 4.908 4.764 4.596 4.403 4.235 4.120 4.033 3.755 3.520 3.234 2.883 2.592 2.312 2.093 1.889
Ntracks res. 29.723 28.505 27.155 25.823 24.475 22.985 21.536 20.089 18.761 17.405 16.092 14.887 13.834 12.863 11.732
Nγ res. 1.877 1.814 1.740 1.649 1.598 1.526 1.485 1.434 1.386 1.289 1.241 1.118 1.075 1.048 1.067
MC non-closure 0.002 0.002 0.002 0.002 0.002 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.000 0.000 0.000
Cal. function 0.631 0.342 0.042 0.261 0.552 0.856 1.140 1.424 1.676 1.920 2.166 2.374 2.564 2.742 2.898
Stat. bias corr. 8.211 8.005 7.793 7.585 7.385 7.180 6.994 6.825 6.671 6.541 6.428 6.347 6.294 6.265 6.268
PID eff. 0.814 0.766 0.740 0.704 0.693 0.642 0.600 0.564 0.523 0.515 0.467 0.417 0.396 0.347 0.296
Track eff. 2.253 2.156 2.050 1.946 1.836 1.716 1.600 1.486 1.378 1.272 1.164 1.065 0.977 0.894 0.807
Sys. error (total) 64.139 60.464 55.941 51.099 46.912 42.794 38.471 33.549 29.788 26.721 23.716 21.581 19.450 17.774 16.563
Total rel. error in h 64.969 61.296 56.790 51.970 47.804 43.708 39.426 34.575 30.894 27.908 25.009 22.985 21.008 19.469 18.389
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0.97 0.93 0.89 0.83 0.78 0.73 0.69 0.63 0.57 0.52 0.47 0.41 0.37 0.29 0.27

0.96 0.98 0.93 0.87 0.81 0.77 0.72 0.67 0.61 0.55 0.5 0.44 0.38 0.31 0.28

0.94 0.96 0.98 0.92 0.86 0.82 0.78 0.71 0.65 0.59 0.52 0.46 0.41 0.34 0.3

0.9 0.92 0.95 0.98 0.92 0.87 0.82 0.75 0.69 0.63 0.56 0.5 0.45 0.38 0.34

0.87 0.89 0.92 0.95 0.98 0.93 0.87 0.8 0.75 0.68 0.61 0.55 0.49 0.42 0.38

0.84 0.86 0.89 0.92 0.95 0.98 0.92 0.84 0.78 0.7 0.65 0.58 0.51 0.43 0.39
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FIG. 7. Statistical correlations between the first and the second, third, and fourth moment for the electron final state.

as described above by using the variations of the BGL
parameters and heavy quark form factors (“B → Xc`ν
FF”). We correct the number of charged particles and
neutral clusters in the X system to the number observed
in the recorded collision events to estimate an uncertainty
associated with the modeling of the resolution (“Ntracks
res.” & “Nγ res.”). The additional remaining bias due to
the moment extraction method is estimated by making
use of the ensemble tests described in Section IV (“MC
non-closure”). We propagate the statistical uncertainty
due to the determination of the linear calibration func-
tions by determining orthogonal variations for each of
the parameters of the fitted curves and extracting new,
varied sets of moments (“Cal. function”). Additionally,
we estimate the statistical uncertainty due to the bias
and acceptance correction factors by varying the correc-
tion factors within one standard deviation and repeat-
ing the moment calculation (“Stat. bias corr.”). Lastly,
the impact of the efficiency of the lepton- and hadron-
identification uncertainties (“PID eff.”), and the overall
track finding efficiency uncertainty (“Track eff.”), on the
calibration curves are estimated by deriving varied cali-
brations for each efficiency uncertainty under considera-

tion.

The dominant systematic uncertainties stem from the
uncertainty associated with the modeling of the B →
Xc `

+ ν` composition, especially the non-resonant con-
tributions. The estimated uncertainties associated with
these sources for the first moment, with a minimum
threshold selection of q2 > 3.0 GeV2 for the electron fi-
nal state, are found to be 0.49% and 1.32%, respectively.
This is followed by the uncertainty associated with the
modeling of the number of charged particles in the X
system, which remains a leading systematic uncertainty
across all q2 selections for both the muon and electron fi-
nal states. On the other hand, the uncertainty due to the
modeling of the B → Xu `

+ ν` background component is
found to be a leading systematic uncertainty mainly for
low q2 selections. While the statistical uncertainties due
to the additional correction factors and the determina-
tion of the linear calibration functions are small contribu-
tions to the overall systematic error for low q2 selections,
these sources increase as the selection criteria progress to
higher values of q2 and the number of events gradually
decrease. Conversely, the uncertainties involving the effi-
ciency of the lepton- and hadron-identification, the over-
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all tracking efficiency and the modeling of the number of
neutral clusters in the X system are relatively small for
the first selections and gradually decrease as tighter q2
threshold selections are imposed. The smallest source of
systematic error across all q2 selections is the estimated
residual bias due to the extraction method.

B. Statistical Correlations

The statistical correlation of the measured moments
is determined using a bootstrapping approach [61, 62]:
replicas of the measured collision data sets are created
using sampling by replacement and the entire analysis
procedure is repeated to estimate the statistical corre-
lations between the different moments. An example for
the electron final state is shown in Fig. 7. Typically mo-
ments of the same order with similar q2 threshold se-
lections are highly correlated. The moments of higher
order with identical q2 threshold selections contain more
independent information the higher the difference in the
order. We similarly estimate the covariance from the
efficiency of lepton- and hadron-identification. For the
remaining systematic uncertainties, we fully correlate or
anti-correlate identical sources across bins. The full sys-
tematic covariance matrix is then determined by com-
bining the statistical and all the individual systematic
covariance matrices. These correlation matrices for the
moments for both the electron and muon final states are
given in Appendix D.

VI. RESULTS

The measured q2 moments for electrons and muons
along with a detailed breakdown of the systematic uncer-
tainties are given in Tables II and III. A determination
of |Vcb| from the measured moments is beyond the scope
of this paper and left for future work, as the method pro-
posed in Ref. [35] has not yet been fully implemented and
no public code exists. Furthermore, the treatment of the-
oretical uncertainties on the extraction of |Vcb| is central
due to the high precision of the measured q2 moments.

The first moment with the loosest threshold selection
of q2 > 3.0 GeV2 is about one standard deviation higher
in data than in our simulated samples. Fig. 8 shows
the comparison for both the electron and muon measure-
ment for this and higher selection criteria on q2 and also
for higher moments. The generator-level moments in-
clude uncertainties on the B → Xc `

+ ν` composition and
form factor variations. The higher the threshold selection
on q2, the better the agreement becomes. This picture
is consistent between the electron and muon channels
and also for higher moments. This indicates that the
B → Xc `

+ ν` composition used tends to overestimate
the number of signal events at low q2 values, which also
has been reported by Ref. [63]: there the inclusive lepton
spectrum is analyzed using a B → Xc `

+ ν` model similar

to the one used in this measurement. The data prefer to
increase the B → Xc `

+ ν` constituents that produce a
more energetic lepton momentum spectrum, resulting in
a higher value of the first moment of q2. Similar observa-
tions have been reported by Ref. [64], in which the mo-
ments of the lepton energy, hadronic mass, and hadronic
energy spectra were analyzed to determine the exclusive
composition of B → Xc `

+ ν`. The direct measurement
of the q2 moments reported here support this picture.

We test the expectation of lepton flavor universality of
identical moments. Figure 8 compares the measured mo-
ments for electrons and muons. In the shown ratio many
of the systematic uncertainties cancel and we observe no
deviation from the expectation of unity. In addition, we
estimate a qualitative measure to test the agreement be-
tween the electron and muon moment measurement by
calculating the χ2 for each order of measured q2 mo-
ments. The calculated values range between 2.53 and
5.23 with corresponding p-values of 0.99 and 0.98, re-
spectively.

We also extract the central, or normalized moments.
The central moments have the advantage of becoming
slightly less correlated with respect to the correlations
of the nominal moments, especially for the higher mo-
ments. To calculate the central moments directly from
the nominal measured moments, the following non-linear
transformations are applied:〈q

2〉
〈q4〉
〈q6〉
〈q8〉

 →

 〈q2〉
〈(q2 − 〈q2〉)2〉
〈(q2 − 〈q2〉)3〉
〈(q2 − 〈q2〉)4〉

 . (22)

The new systematic covariance matrix C′ for the vector
of central moments is determined by making use of the
Jacobian matrix J for the transformation, together with
the initial systematic covariance matrix C describing the
nominal moments, such that

C′ = J CJ T . (23)

This approximation for the uncertainties of the central
moments yields the same results as Gaussian error prop-
agation. Not only are slightly lower correlations between
threshold selections observed for central moments of the
same order, but also negative correlations between differ-
ent orders of moments. Appendix E compares the second,
third and fourth measured central moments for electrons
and muons.

VII. SUMMARY AND CONCLUSIONS

In this paper we report the first systematic study of
the first to the fourth moment of the B → Xc `

+ ν` q
2

spectra with progressively increasing threshold selections
on q2. The measured moments are crucial experimen-
tal inputs for a novel and alternative approach deter-
mining |Vcb| from inclusive decays, which was outlined
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in Ref. [35]: using reparametrization invariance the set
of non-perturbative matrix elements can be strongly re-
duced. As no public code is available to determine |Vcb|,
this is left for future work. The reported measurement
uses the full Belle data set and employs a neural network
assisted hadronic tag reconstruction. Explicit reconstruc-
tion of the tag B meson allows for the explicit reconstruc-
tion of the hadronic X system of the semileptonic decay,
and thus the reconstruction of the four-momentum trans-
fer squared q2. Background from other processes is sub-
tracted using the reconstructed hadronic mass spectrum
MX in an unbinned approach using event-weights. The
reconstructed moments are then calibrated in a three step
procedure to account for the finite detector resolution and
acceptance effects. The background subtraction and cal-
ibration procedure introduces systematic uncertainties,
most dominantly from the assumed B → Xc `

+ ν` com-
position. The moments are measured separately for elec-
tron and muon B → Xc `

+ ν` final states. This allows
for testing of lepton flavor universality in inclusive pro-
cesses involving electrons and muons, and no deviation
in the measured moments from the expectation of unity
are observed. In addition to measuring the nominal q2
moments, a non-linear transformation is applied to ex-
tract the central moments, which are slightly less cor-
related compared to the statistical and systematic cor-
relations of the nominal moments. The measured mo-
ments are also compared to the expectation from the ex-
clusive make-up of B → Xc `

+ ν`. Here, contributions
from heavier charmed final states and high multiplic-
ity decays are poorly constrained by current measure-
ments. The measured q2 spectrum has higher moments
than the generator-level B → Xc `

+ ν` model for low q2

threshold selections. As the B → Xc `
+ ν` decay gets

increasingly dominated at high q2 by the well measured
D and D∗ final states, this points towards a problem in
the modeling of the other components. Similar observa-
tions have been reported by Refs. [63, 64]. One of the
leading sources of systematics for low q2 threshold selec-
tions is observed to be the modeling of the B → Xu `

+ ν`
decays. Events originating from this background compo-
nent are first rejected by imposing selection criteria on
decay kinematics, after which the remaining component
is further suppressed by making use of the background
subtraction procedure. A possible future improvement
of the analysis strategy as well as the overall precision
of the measurement is outlined in Ref. [65]. Rather than
subtracting the B → Xu `

+ ν` component, the authors
suggest measuring the full B → X `+ ν` spectrum and
obtaining the B → Xu `

+ ν` contribution precisely from
within the HQE. This strategy has the potential to re-
duce the uncertainty on the measured value of |Vcb| deter-
mined from the q2 moments even further. The numerical
values and full covariance matrices of the measured mo-
ments and central moments will be made available on
HEPData (https://www.hepdata.net).
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APPENDIX A. BACKGROUND SUBTRACTION FITS

The determined background in the q2 spectrum, after obtaining the expected background yields from the fit to the
MX spectrum, and the signal probability weights are shown in Fig. 9, 10, 11, and 12.
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FIG. 9. The determined background in the q2 spectrum, after obtaining the expected background yields from the fit to the
MX spectrum, for different q2 threshold selections for electrons are shown.
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FIG. 10. The determined signal probabilities for different q2 threshold selections for electrons are shown.
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FIG. 11. The determined background in the q2 spectrum, after obtaining the expected background yields from the fit to the
MX spectrum, for different q2 threshold selections for muons are shown.
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FIG. 12. The determined signal probabilities for different q2 threshold selections for muons are shown.
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APPENDIX B. CALIBRATION CURVES AND CALIBRATION FACTORS FOR MUONS

Fig. 13 shows the calibration curves, the bias and acceptance calibration factors, Ccal and Cacc, for muons for the
various selections on q2.
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FIG. 13. The calibration curves, bias and acceptance calibration factors for the first to the fourth moment of q2 for muons.
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APPENDIX C. SELECTION EFFICIENCY OF B → Xc `
+ ν` COMPONENTS

Selection efficiencies for different B → Xc `
+ ν` components are shown in Fig. 14 in bins of q2. Events are required

to pass basic transverse momentum and angular acceptance selection criteria. Different selection and acceptance
efficiencies are observed in the low q2 region for different B → Xc `

+ ν` processes, especially for the non-resonant
component.
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FIG. 14. Selection efficiencies of different B → Xc `
+ ν` components for electron (left) and muon (right) final states with basic

transverse momentum and angular acceptance requirements in bins of q2.
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APPENDIX D. EXPERIMENTAL CORRELATION MATRICES

The full systematic correlation matrices that are determined by combining the statistical and systematic covariance
matrices are shown in Fig. 15 and 16 for electrons and muons, respectively.
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FIG. 15. Color map of the systematic correlation coefficients determined for the moments for the electron final state.
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FIG. 16. Color map of the systematic correlation coefficients determined for the moments for the muon final state.
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APPENDIX E. CENTRAL MOMENTS

The measured central q2 moments, discussed in Section VI, are shown for both the electron and muon final states
in Fig. 17.
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FIG. 17. The measured second (left), third (right), and fourth (bottom) central q2 moments for both the electron and muon
final states.


	Measurements of q2 Moments of Inclusive B Xc  +  Decays with Hadronic Tagging
	Abstract
	I introduction
	II Data Set and Simulated Samples
	III Analysis Strategy, X reconstruction, and Background Subtraction
	A Neutral Network Based Tag Side Reconstruction
	B Signal Side Reconstruction
	C Background Subtraction

	IV Moment Calibration Master Formula
	V Systematic Uncertainties
	A Overview
	B Statistical Correlations

	VI Results
	VII Summary and Conclusions
	 Acknowledgments
	 References
	 Appendix A. Background Subtraction Fits
	 Appendix B. Calibration Curves and Calibration Factors for Muons
	 Appendix C. Selection efficiency of B Xc  +  components
	 Appendix D. Experimental Correlation Matrices
	 Appendix E. Central moments


