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(Dated: July 30, 2021)

The first measurements of differential branching fractions of inclusive semileptonic B → Xu `
+ ν`

decays are performed using the full Belle data set of 711 fb−1 of integrated luminosity at the Υ(4S)
resonance and for ` = e, µ. Differential branching fractions are reported as a function of the lepton
momentum, the four-momentum-transfer squared, light-cone momenta, the hadronic mass, and
the hadronic mass squared. They are obtained by subtracting the backgrounds from semileptonic
B → Xc `

+ ν` decays and other processes, and corrected for resolution and acceptance effects.
The measured distributions are compared to predictions from inclusive and hybrid B → Xu `

+ ν`
calculations.

PACS numbers: 12.15.Hh, 13.20.-v, 14.40.Nd

In this Letter we present measurements of the dif-
ferential branching fractions of inclusive semileptonic
B → Xu `

+ ν` decays1, obtained from analyzing the full
Belle data set of 711 fb−1 of integrated luminosity at
the Υ(4S) resonance and for ` = e, µ. The measured
distributions can be used for future studies of the non-
perturbative decay dynamics of B → Xu `

+ ν` transi-
tions, and novel determinations of the b-quark mass mb

and of the CKM matrix element |Vub|. The presented
measurements use the same collision events that were
analyzed in Ref. [1]. Therein, partial branching frac-
tions of charmless semileptonic decays were reported us-
ing an analysis technique relying on the full reconstruc-
tion of the second B meson of the e+ e− → Υ(4S)→ BB̄
process. This approach allows for the direct reconstruc-
tion of the four-momentum of the hadronic X system of
the B → Xu `

+ ν` process and other kinematic quanti-
ties of interest. The analysis strategy of the presented
measurements follows Ref. [1] closely, but additional se-
lection criteria are applied to improve the resolution
of key variables and further suppress backgrounds from
B → Xc `

+ ν` decays and other processes.
Differential branching fractions are reported as a func-

tion of the lepton energy in the signal B rest frame EB
` ,

the invariant mass MX and mass squared M2
X of the

hadronic X system, the four-momentum-transfer squared
q2 = (pB − pX)

2
of the B to the lepton and neutrino sys-

tem, and the two light-cone momenta P± = (EX ∓ |pX |)
with EX and pX in the signal B rest frame. Mea-
surements of these distributions are of great interest as
they allow for the study of non-perturbative shape func-
tions [2]. Shape functions describes the Fermi motion of
the b quark inside the B meson, and enter in the calcula-
tion of the dynamics of B → Xu `

+ ν` decays. Currently,
properties of the leading-order ΛQCD/mb shape function
can only be studied using the photon energy spectrum
of B → Xs γ decays and moments of the lepton energy
or hadronic invariant mass in charmed semileptonic B
decays [3–5]. The modeling of both the leading and sub-
leading shape functions introduce large theory uncertain-

1 Charge conjugation is implied and B → Xu `+ ν` is defined as
the average branching fraction of B+ and B0 meson decays.

ties on predictions of the B → Xu `
+ ν` decay rate, and

hence on the determination of |Vub|. With the presented
differential branching fractions, we provide the neces-
sary experimental input for future model-independent
approaches, whose aim is to reduce this model depen-
dence by directly measuring the shape function [6, 7].

We analyze (772± 10)× 106 B meson pairs recorded
at the Υ(4S) resonance energy and 79 fb−1 of collision
events recorded 60 MeV below the Υ(4S) peak, which
were both recorded at the KEKB e+e− collider [8] by the
Belle detector. Belle is a large-solid-angle magnetic spec-
trometer and a detailed description of its sub-detectors
and performance can be found in Ref. [9]. Monte Carlo
(MC) samples of B meson decays and continuum pro-
cesses (e+e− → qq̄ with q = u, d, s, c) are simulated using
the EvtGen generator [10] and a detailed description of
all samples and models is given in Ref. [1]. The simulated
samples are used for the background subtraction and to
correct for detector resolution, selection, and acceptance
effects. The sample sizes used correspond to approxi-
mately ten and five times, respectively, the Belle colli-
sion data for B meson production and continuum pro-
cesses. Semileptonic B → Xu `

+ ν` decays are modeled
as a mixture of specific exclusive modes and non-resonant

TABLE I. Semileptonic B → Xu `
+ ν` decays are modeled

as a mixture of specific exclusive modes and non-resonant
contributions. The branching fractions are from the world
averages from Ref. [11] and the models and form factors (FFs)
used are listed. We use natural units (~ = c = 1).

B Value B+ Value B0

B → π `+ ν`
a,e (7.8± 0.3)× 10−5 (1.5± 0.06)× 10−4

B → η `+ ν`
b,e (3.9± 0.5)× 10−5 -

B → η′ `+ ν`
b,e (2.3± 0.8)× 10−5 -

B → ω `+ ν`
c,e (1.2± 0.1)× 10−4 -

B → ρ `+ ν`
c,e (1.6± 0.1)× 10−4 (2.9± 0.2)× 10−4

B → Xu `
+ ν`

d,e (2.2± 0.3)× 10−3 (2.0± 0.3)× 10−3

a BCL FFs [12] from fit to LQCD [13] and Ref. [14]
b Pole FFs from LCSR [15]
c BSZ FFs fit [16] to LCSR [17] and Refs. [18–20]
d DFN [21] (mKN

b = (4.66± 0.04) GeV, aKN = 1.3± 0.5)
or BLNP model [22] (mSF

b = 4.61 GeV, µ2 SF
π = 0.20 GeV2)

e Incl. and excl. decays are mixed using hybrid approach [23]
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contributions using a so-called ‘hybrid’ approach [23], fol-
lowing closely the implementation of [24, 25]. In the hy-
brid approach, the triple differential rate of the inclusive
and combined exclusive predictions are combined such
that partial rates of the inclusive prediction are recov-
ered. This is achieved by assigning three dimensional
weights to the inclusive contribution as a function of the
generator-level q2, EB

` , and MX . For the inclusive contri-
bution we use two different calculations [21, 22] and treat
their difference as a systematic uncertainty. The simu-
lated inclusive B → Xu `

+ ν` events are hadronized with
the JETSET algorithm [26] into final states with two or
more mesons. A summary of the used B → Xu `

+ ν`
branching fractions and decay models is given in Ta-
ble I. Semileptonic B → Xc `

+ ν` decays are dominated
by B → D `+ ν` and B → D∗ `+ ν` decays, which are
simulated with form factor parametrizations discussed in
Refs. [27–29] and values determined by Refs. [30, 31]. The
remaining B → Xc `

+ ν` decays are simulated as a mix
of resonant and non-resonant modes, using Ref. [32] for
the modeling of B → D∗∗ `+ ν` form factors. The known
difference between inclusive and the sum of measured
exclusive B → Xc `

+ ν` is filled with B → D(∗) η `+ν`
decays.

Collision events are reconstructed using the multi-
variate algorithm of Ref. [33], in which one of the
two B mesons is fully reconstructed in hadronic final
states (labeled as Btag). Signal candidates are recon-
structed by identifying an electron or muon candidate
with EB

` = |pB
` | > 1 GeV in the signal B rest frame,

and by reconstructing the hadronic X system of the
B → Xu `

+ ν` semileptonic process using charged parti-
cles and neutral energy depositions of the collision event
not used in the reconstruction of the Btag candidate. The
largest background after the reconstruction is from the
CKM-favored B → Xc `

+ ν` process, which possesses a
very similar decay signature, completely dominating the
selected candidate events. To identify B → Xu `

+ ν` can-
didates, eleven distinguishing features are combined into
a single discriminant using a multivariate classifier in the
form of boosted decision trees (BDTs) using the imple-
mentation of Ref. [34]. The most discriminating vari-
ables are the reconstructed neutrino mass, M2

miss, the
vertex fit probability of the X` decay vertex, and the
number of identified K± and K0

S in the X system. To
improve the resolution on the reconstructed variables or
the signal to background ratio, additional selections are
applied. For the measurements involving the hadronic
X system (MX , M2

X , q2, P±), we demand the missing
energy, Emiss, and the magnitude of the missing momen-
tum,

∣∣pmiss

∣∣, of the collision to be consistent with each

other by requiring
∣∣Emiss − |pmiss|

∣∣ < 0.1 GeV. This im-
proves the resolution by 21-37%, depending on the ob-
servable, and removes poorly reconstructed events. The
signal efficiency after the BDT selection and this addi-
tional requirement is 8% whilst rejecting 99.5% of all
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FIG. 1. The reconstructed MX distributions after the BDT
selection without (top) and with (bottom) the requirement of∣∣Emiss − |pmiss|

∣∣ < 0.1 GeV are shown. The arrows indicate
the coarse binning used in the background subtraction fit for
the different variables. Removing the MX > 2.4 GeV events
improves the signal to background ratio for EB` , q2, and P±,
but is not necessary for measurements of MX and M2

X .

B → Xc `
+ ν` background events, as defined with respect

to all selected signal or B → Xc `
+ ν` events after success-

fully identifying a suitable Btag candidate. To reduce the
contamination of B → Xc `

+ ν` and other backgrounds,
for the measurements of q2 and the light-cone momenta
P±, an additional requirement of MX < 2.4 GeV is im-
posed: this selection, mostly targeting poorly understood
high-mass Xc states, removes in addition background
from secondary leptons and reduces the B → Xc `

+ ν`
contamination by an additional 20%. The reconstruc-
tion resolution of the lepton energy is excellent, thus
no requirement on the missing energy and the magni-
tude of the missing momentum of the event is imposed,
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but to reduce background contributions we also require
MX < 2.4 GeV. This results in a signal efficiency of 17%
and 99% of B → Xc `

+ ν` background events are rejected
as defined with respect to all events after the Btag selec-
tion.

The differential branching fractions are extracted
by subtracting the remaining background contributions
from B → Xc `

+ ν` and other sources in the measured
distributions. This is implemented in a four-step proce-
dure: first a binned likelihood fit to the MX distribu-
tion is carried out to estimate the number of background
events. The MX fit takes the shape of signal and back-
ground from MC simulations and includes as nuisance pa-
rameters systematic effects that can impact the template
shapes. To reduce the dependence on the precise model-
ing of the B → Xu `

+ ν` process, a coarse binning is used.
In particular, the resonance region (MX ∈ [0, 1.5] GeV)
is described by a single bin. The analyzed hadronic in-
variant mass spectra with and without the selection on∣∣Emiss − |pmiss|

∣∣ < 0.1 GeV and the used binning for the
different fits are shown in Figure 1.

In the second step, the background is subtracted us-
ing the estimated normalization from the corresponding
MX fit in the kinematic variable under study. The back-
ground shape is taken from MC simulation. The statisti-
cal uncertainty on the background subtracted yields are
determined using a bootstrapping procedure [35, 36] to
properly incorporate the correlation from the MX fit as
the same data events are analyzed. The same method
is used to determine the statistical correlations between
all bins of all measured distributions. The systematic
uncertainties associated with modeling the background
shape and normalization are also propagated into the
uncertainties of the estimated signal yields. In the third
step, the signal yields are unfolded using the SVD algo-
rithm from Ref. [37] with the implementation of Ref. [38].
The regularization parameter of the unfolding method
was carefully tuned with simulated samples to minimize
the dependence on mb, the shape function modeling, and
the composition of the B → Xu `

+ ν` signal. In the fi-
nal step the unfolded yields are corrected for efficiency
and acceptance effects to the partial phase space de-
fined by EB

` > 1 GeV, also correcting for QED final-
state radiation. The full analysis procedure was vali-
dated with independent MC samples and ensembles of
pseudo-experiments and no biases of central values or
uncertainties were observed.

Systematic uncertainties from the background subtrac-
tion, the modeling of the detector response for B →
Xu `

+ ν`, and uncertainties entering the total normal-
ization are consistently propagated through the back-
ground subtraction, unfolding, and efficiency correction
procedure. For the background subtraction we evaluate
B → Xu `

+ ν` and B → Xc `
+ ν` modeling (FFs, non-

perturbative parameters and composition) and detector
related systematic uncertainties. The largest systematic
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FIG. 2. The relative systematic uncertainties on the unfolded
differential branching fraction as a function of MX and q2 are
shown. The different uncertainty sources are color coded.

uncertainties are typically from the assumptions enter-
ing the modeling of the B → Xu `

+ ν` signal composi-
tion, but depending on the region of phase space also the
background subtraction uncertainty can be a dominant
source of uncertainty. Figure 2 shows the relative uncer-
tainties on the unfolded differential branching fractions
as a function of MX and q2. The total systematic uncer-
tainties range from 9 to 130% in relative error, and the
background uncertainty is the dominant source of error in
regions of phase space that are enriched in B → Xc `

+ ν`
(e.g. above MX ≈ mD0 = 1.86 GeV). The exclusive
B → Xu `

+ ν` modeling errors only contribute signifi-
cantly in the resonance region at low MX or high q2.
The full systematic and statistical correlations between
all measured distributions is determined to allow for a fu-
ture simultaneous analysis of all measured distributions,
and is provided with the full systematic uncertainties of
all measured distributions in Ref. [39].

The measured differential branching fractions as a
function of EB

` , q2, MX , M2
X , P−, and P+ are shown

in Figure 3 and the numerical values with full correla-
tions can be found in Ref. [39]. The distributions are
compared to the B → Xu `

+ ν` hybrid MC and the fully
inclusive DFN [21] and BLNP [40] predictions with model
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FIG. 3. The measured differential B → Xu `
+ ν` branching fractions are shown: the lepton energy in the B rest frame (EB` ),

the four-momentum-transfer squared of the B to the Xu system (q2 = (pB − pX)2), the invariant hadronic mass and mass
squared of the Xu system (MX , M2

X), and the light-cone momenta of the hadronic Xu system (P± = (EX ∓|pX |)). The hybrid
MC prediction and two inclusive calculations are also shown and scaled to ∆B = 1.59× 10−3.

parameters listed in Table I. All predictions are scaled to
match the B → Xu `

+ ν` partial branching fraction (∆B)
with EB

` > 1 GeV of ∆B = 1.59 × 10−3 from Ref. [1].
The uncertainty band of the hybrid prediction includes
variations on the composition, form factors, and the in-
clusive modeling, whose central value is based on the
DFN prediction but includes the difference to BLNP as
an additional uncertainty. The agreement between the
measured and predicted distributions is fair overall, with
differences occurring for the fully inclusive predictions in

the resonance region of, e.g., low MX , and near the end-
point of q2 and EB

` . There the hybrid MC describes the
B → Xu `

+ ν` process more adequatly due to the explicit
inclusion of resonant contributions. The largest discrep-
ancy is observed in EB

` , but the data points ranging of
EB

` ∈ [1 − 1.8] GeV exhibit strong correlations and are
only weakly correlated or anti-correlated with the other
bins of the spectrum.

In conclusion, this Letter presents the first measure-
ments of differential branching fractions of inclusive
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semileptonic B → Xu `
+ ν` decays as a function of EB

` ,
q2, MX , M2

X , P−, and P+ (a first preliminary measure-
ment of the shape of the spectrum of M2

X was presented
in Ref. [41] and Ref. [42] reported a differential branching
fraction measurement as a function EB

e , but without pro-
viding the full experimental uncertainties). The measure-
ments use the full Belle data set of 711 fb−1 of integrated
luminosity at the Υ(4S) resonance and for ` = e, µ in
which one of the two B mesons was fully reconstructed in
hadronic modes. The differential branching fractions are
obtained by subtracting B → Xc `

+ ν` and other back-
grounds with the normalization determined by a fit to
the MX distribution of the hadronic X system. The re-
sulting distributions are corrected for detector resolution
and efficiency effects and unfolded to the phase space of
the lepton energy of EB

` > 1 GeV in the rest frame of the
signal B meson. The measurements are, depending on
the region of phase space, statistically or systematically
limited, and show fair agreement to hybrid and inclusive
predictions of B → Xu `

+ ν` decays. The measured dis-
tributions are sensitive to the shape-function governing
the non-perturbative dynamics of the b → u transition
and will allow future direct determinations of the shape-
function and |Vub|, as proposed by Refs. [6, 7].
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SUPPLEMENTAL MATERIAL

HEPDATA and Forward-Folding

The results will be made fully available in HEPData (https://www.hepdata.net), including the background sub-
tracted yields, migration matrices, and efficiency curves. This will allow interested parties to also forward-fold
B → Xu `

+ ν` theory predictions and directly compare such with the background subtracted Belle data.

Systematic Uncertainties

Figure 4 displays the systematic uncertainties of EB
` , M2

X , P± shown as relative errors with respect to the measured
differential branching fraction. The low EB

` region is dominated by uncertainties from the modeling of the inclusive
B → Xu `

+ ν` and the background subtraction uncertainties. The endpoint of the EB
` spectrum is dominated by

contributions from resonant B → Xu `
+ ν` decays. The systematic uncertainties for large M2

X are fully dominated by
the background subtraction error. The systematic errors for P− show three distinct regions: the intermediate region
is dominated by the background subtraction uncertainties, whereas the low and high P− region are dominated by
exclusive and inclusive B → Xu `

+ ν` modeling uncertainties. The uncertainties at large P+ values are fully dominated
by the modeling of the inclusive parts of the B → Xu `

+ ν` hybrid.
Systematic uncertainties are consistently propagated through the entire analysis procedure, including the unfolding

and efficiency correction. Tables II-VII provide a full summary of all the considered systematic uncertainties. A brief
summary on the most significant uncertainties follows (note that they are evaluated in the same manner as described
in Ref. [1]):

- The uncertainty on the tracking efficiency is evaluated by assigning an error of 0.35% per charged track on the
B → Xu `

+ ν` signal side.

- The tagging calibration uncertainties are evaluated by producing different sets of calibration factors, which take
into account the correlation structure from common systematic uncertainties and that individual channels and
ranges of the output classifier are statistically independent. The uncertainty on the calibration factors is about
3.6% and only a negligible dependence on the studied kinematic distributions is observed.

- The uncertainties on the composition of the used B → Xu `
+ ν` MC is evaluated by variations of the B → π `+ ν`,

B → ρ `+ ν`, B → ω `+ ν`, B → η `+ ν`, B → η′ `+ ν` branching fractions and form factors. Semileptonic
B → π `+ ν` decays are simulated using the Bourrely-Caprini-Lellouch (BCL) parametrization [12] with form
factor central values and uncertainties from the global fit carried out by Ref. [13]. The processes of B → ρ `+ ν`
and B → ω `+ ν` are modeled using the BCL form factor parametrization. We use the fit of Ref. [16], that
combines the measurements of Refs. [18–20] with the light-cone sum rule predictions of Ref. [17] to determine a
set of form factor central values and uncertainties. The processes of B → η `+ ν` and B → η′ `+ ν` are modeled
using the LCSR calculation of Ref. [15]. The uncertainty on non-resonant B → Xu `

+ ν` contributions in the
used hybrid model is estimated by changing the underlying model from that of DFN [21] to that of BLNP [40].
In addition, the uncertainty on the used DFN parameters mKN

b = (4.66± 0.04) GeV and aKN = 1.3± 0.5 from
Ref. [43] are incorporated. For each of these variations, new hybrid weights are calculated to propagate the
uncertainties into the full analysis procedure in a consistent way.

- The uncertainties of Xu fragmentation into ss̄ quark pairs is evaluated by variations of the corresponding
JETSET parameter γs [26]. We vary the ss̄ production probability within γs = 0.30± 0.09, with an uncertainty
covering the range of the direct measurements of Refs. [44, 45] of γs = 0.35± 0.05 and γs = 0.27± 0.06.

- The Xu system of the non-resonant signal component is hadronized by JETSET into final states with two or
more pions. We assign an uncertainty on the multiplicity modeling by changing the pion multiplicity of non-
resonant B → Xu `

+ ν` to the distribution observed in data in the signal enriched region of MX < 1.7 GeV,
identical to the approach adopted in Ref. [1].

- The uncertainties on the modeling of B → D `+ ν` B → D∗ `+ ν` and B → D∗∗ `+ ν` are evaluated by
variations of the BGL parameters and heavy quark form factors within their uncertainties. The B → D `+ ν`
decays are modeled using the Boyd-Grinstein-Lebed (BGL) parametrization [27] with form factor central values
and uncertainties taken from the fit in Ref. [30]. For B → D∗ `+ ν` we use the BGL implementation proposed
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by Refs. [28, 29] with form factor central values and uncertainties from the fit to the measurement of Ref. [31].
Both backgrounds are normalized to the average branching fraction of Ref. [14] assuming isospin symmetry.
Semileptonic B → D∗∗ `+ ν` decays with D∗∗ = {D∗0 , D∗1 , D1, D

∗
2} denoting the four orbitally excited charmed

mesons are modeled using the heavy-quark-symmetry-based form factors proposed in Ref. [32]. In addition, the
branching fraction uncertainties are included and the uncertainties on the B → Xc `

+ ν` gap branching fractions
are taken to be large enough to account for the difference between the sum of all exclusive branching fractions
measured and the inclusive branching fraction measured.

- The impact on the efficiency of the lepton- and hadron-identification uncertainties is evaluated by producing
replicas of the simulated samples with new corrections weights sampled from the measured corrections, that
parametrize the difference between simulated and recorded collision event efficiencies on the identification effi-
ciency as a function of the laboratory momentum and polar angle of the charged particle in question.

- The slow pion and K0
S reconstruction efficiencies are also evaluated using replicas of simulated samples, by

producing sets of new correction weights, that parametrize the difference in the reconstruction efficiency between
simulated and recorded collision event efficiencies.
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FIG. 4. The systematic uncertainties on the differential B → Xu `
+ ν` branching fractions as a function of EB` , M2

X , and P±
are shown. They are separated into systematic uncertainties associated to the modeling of the inclusive and exclusive parts of
the B → Xu `

+ ν` signal, the background subtraction, and other sources.

Migration Matrices

The migration matrices of all studied distributions, defined as the conditional probability

Mij = P (event reconstructed in bin i | event generated in bin j) , (1)
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MX [GeV] 0-0.3 0.3-0.6 0.6-0.9 0.9-1.2 1.2-1.5 1.5-1.8 1.8-2.1 2.1-4.0

Tracking efficiency 0.55 0.56 0.82 0.86 0.95 1.05 1.15 1.19

Tagging calibration 3.69 3.69 3.65 3.64 3.64 3.57 3.79 3.66

Slow pion efficiency 0.00 0.07 0.04 0.05 0.04 0.04 0.06 0.04

K0
S 0.04 0.05 0.04 0.02 0.04 0.03 0.02 0.05

eID 0.72 0.83 0.74 0.69 0.73 0.74 0.94 1.22

µID 1.59 1.25 1.34 1.29 1.44 1.35 1.09 0.70

K/π ID 0.39 0.67 0.68 0.74 0.81 1.02 1.27 1.24

B(B → Xu`ν) 0.18 0.44 0.07 0.59 0.82 0.69 0.73 0.46

B(B → π`ν) 0.42 0.45 0.45 0.14 0.05 0.04 0.05 0.05

B(B → ρ`ν) 0.42 1.00 0.61 0.56 0.33 0.16 0.22 0.15

B(B → ω`ν) 0.42 0.39 0.65 0.12 0.11 0.06 0.11 0.10

B(B → η`ν) 0.41 1.16 0.46 0.11 0.06 0.03 0.03 0.14

B(B → η′`ν) 0.42 0.39 0.46 0.24 0.30 0.03 0.14 0.11

B → π`ν FF 0.98 3.08 1.52 0.53 1.05 0.37 0.36 0.38

B → ρ`ν FF 2.77 8.54 3.96 2.94 1.65 0.59 0.83 0.89

B → ω`ν FF 2.40 9.71 1.10 0.90 1.41 0.70 0.65 1.32

B → η`ν FF 0.71 3.58 0.09 0.09 0.51 0.28 0.27 0.07

B → η′`ν FF 0.69 3.65 0.16 0.27 0.48 0.29 0.32 0.15

Hybrid model 0.21 5.86 5.08 4.01 0.50 1.97 2.02 6.13

DFN parameters 0.18 3.66 1.01 1.38 1.64 0.87 0.50 1.35

γs 0.47 4.17 2.36 3.98 3.08 4.10 9.31 3.60

π+ multiplicity modeling 0.57 0.42 0.45 4.15 7.98 4.78 3.98 2.34

NBB̄ 1.25 1.25 1.25 1.25 1.25 1.25 1.25 1.25

Background subtraction 5.97 26.93 8.23 25.15 29.65 16.80 73.36 126.64

MC stat. (migration matrix) 4.04 11.22 3.54 6.85 4.30 4.71 6.85 8.22

Total syst. uncertainty 9.36 33.77 12.32 27.56 31.62 19.21 74.55 127.23

Total stat. uncertainty 11.11 32.64 10.77 24.99 21.88 16.54 46.24 66.76

Total uncertainty 14.53 46.97 16.36 37.20 38.45 25.35 87.73 143.68

TABLE II. The relative uncertainties (%) of the measured differential branching fraction of MX are shown.

are shown in Figure 5. The binning of the measured distributions was chosen, such that the purity Mii is at least
50%. The statistical uncertainty of the migration matrices due to the limited MC size is considered as a systematic
uncertainty, cf. Tables II-VII.

Efficiency Correction Factors

The unfolded signal yields νi of a given bin i are corrected for selection efficiency, acceptance and phase-space effects,
and normalized to the total number of recored B-meson pairs, NBB̄ = (771.58± 9.78) × 106, to obtain differential
branching fractions:

∆Bi =
1

4NBB̄

× νi × (εtag × εsel)
−1 × ε∆B(EB

` >1 GeV) . (2)

The factor of 4 is due to NBB̄ and that we average over electron and muon final states. Further, εtag and εsel denote
the tagging and selection efficiencies, respectively, and ε∆B(EB

` >1 GeV) maps the branching fraction to the partial phase

space with EB
` > 1 GeV in the B rest frame. Figure 6 shows the product of (εtag × εsel)

−1 × ε∆B(EB
` >1 GeV) for all

studied differential variables, including the full systematic uncertainties. The bottom panel shows the phase space
acceptance ε∆B(EB

` >1 GeV).
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M2
X [GeV2] 0-1 1-2 2-3 3-4 4-14

Tracking efficiency 0.69 0.96 1.01 1.20 1.16

Tagging calibration 3.67 3.62 3.60 3.72 3.73

Slow pion efficiency 0.03 0.05 0.05 0.05 0.03

K0
S 0.04 0.02 0.04 0.04 0.04

eID 0.74 0.70 0.74 0.96 1.12

µID 1.42 1.33 1.37 0.99 0.89

K/π ID 0.55 0.89 0.92 1.22 1.24

B(B → Xu`ν) 0.77 0.11 0.08 2.15 0.12

B(B → π`ν) 0.67 0.43 0.07 0.23 0.04

B(B → ρ`ν) 0.37 0.49 0.07 0.28 0.10

B(B → ω`ν) 0.45 0.07 0.03 0.16 0.05

B(B → η`ν) 0.36 0.10 0.03 0.14 0.16

B(B → η′`ν) 0.56 0.47 0.18 0.09 0.06

B → π`ν FF 1.24 1.87 0.09 1.08 0.95

B → ρ`ν FF 2.14 3.03 0.41 1.03 1.01

B → ω`ν FF 2.88 3.10 0.38 1.08 1.08

B → η`ν FF 0.88 1.18 0.02 0.54 0.36

B → η′`ν FF 0.91 1.30 0.03 0.53 0.49

Hybrid model 6.25 0.37 1.95 3.16 6.71

DFN parameters 1.25 0.56 1.18 1.90 1.13

γs 0.90 3.76 2.63 9.53 7.82

π+ multiplicity 0.24 8.89 6.56 7.71 1.98

NBB̄ 1.25 1.25 1.25 1.25 1.25

Background subtraction 4.86 20.19 14.45 81.67 99.28

MC stat. (migration matrix) 2.12 4.29 3.99 8.41 7.19

Total syst. uncertainty 10.30 23.76 17.29 83.27 100.22

Total stat. uncertainty 5.66 15.88 14.97 58.02 46.97

Total uncertainty 11.75 28.58 22.88 101.49 110.68

TABLE III. The relative uncertainties (%) of the measured differential branching fraction of M2
X are shown.

Experimental Correlations of the Differential Branching Fractions

The statistical and full experimental correlations of the measured distributions are shown in Figures 7 and 8. The
statistical correlations were obtained using a bootstrapping procedure: ensembles of the selected data events after the
initial selection were created and the full analysis was repeated (binned likelihood fit in MX , background subtraction
in the variable of interest, unfolding, efficiency correction). From the obtained central values of these ensembles, the
statistical correlations between observables were estimated using the Pearson correlation coefficient.

Total Partial Branching Fractions and Comparison to Ref. [1]

The left panel of Figure 9 shows the partial branching fractions for EB
` > 1 GeV as calculated when summing

the individual bins of the differential measurements of MX , M2
X , EB

` , q2, and P±. The values agree with the value
reported in Ref. [1], which uses the same analysis strategy but less strict selection criteria. To further study the
compatibility, we evaluate the ratios of the partial branching fractions with respect to the partial branching fraction
obtained from the MX distribution, taking into account the full statistical and systematic correlations. We find good
overall agreement and the largest discrepancy is from the ratio of P+, which agrees with unity to within 0.9 standard
deviation. The right panel of Figure 9 shows the experimental correlation of the partial branching fractions obtained
by summing the individually measured bins.
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FIG. 7. The statistical correlations of the differential branching fractions are shown.
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FIG. 8. The full experimental (statistical and systematical) correlations of the differential branching fractions are shown.
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FIG. 9. (Left) The total partial branching fraction with EB` > 1 GeV as calculated by each differential measurement is
compared to the result of Ref. [1], which is based on the 2D fit of MX : q2 and obtained with a looser selection. The ratio
compares the total partial branching fractions to the result obtained by summing the measured MX distribution and the
uncertainty takes into account the full statistical and systematic correlations between the different results. (Right) The full
experimental correlations between the total partial branching fractions from summing the individual bins are shown.
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