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Abstract: We present in this article a phase retrieval framework to recover amplitude and
phase of an object’s transmission rather than the complex wave-field behind the object. This
avoids the common phase unwrapping problem. It is straightforward to integrate the refractive
framework into conventional iterative phase retrieval algorithms. As examples, we introduce
refractive algorithms for ptychography, holography and coherent diffraction imaging. The method
is demonstrated using measured data from ptychography and near-field holography.
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1. Introduction

Phase retrieval (PR), i.e., the recovery of a complex-valued signal from intensity-only measure-
ments, is an ubiquitous task in physics and engineering [1-5]. It is used wherever detectors are
not fast enough to measure the oscillations of a signal of interest. PR is therefore especially
prevalent in electron [6] and X-ray microscopy [7—10], but it also finds applications in terahertz
imaging [11] and optical microscopy [12]. Today, a wide range of phase retrieval techniques have
been developed to image samples in different experimental situations [13-15].

Commonly, the object of interest is nearly transparent and shows little absorption contrast.
This is a frequent problem in hard X-ray microscopy, especially for biological specimens [16].
Nevertheless, the object imprints a phase shift on the transmitted wave. At multi-keV photon
energies, this signal can be orders of magnitude higher than the absorption. For this reason, the
phase shift is often more important than the absorption to produce an image of the sample, if
it can be recovered from the measurements. Notably, PR recovers not only the absorption but
also the phase shift, which makes PR ideally suited to image otherwise invisible objects. While
phase contrast techniques such as speckle tracking [17] or edge enhancement [18] allow one to
directly measure the refractive index of the sample, they lack the increase in resolution that PR
techniques such as holography [19] or ptychography [20] offer.

In conventional phase retrieval, the complex wave field behind the object is typically re-
constructed. When considering this complex wave field, the phase shift cannot be uniquely
recovered, as adding or subtracting multiples of 2x is indistinguishable from the ground truth.
The reconstructed phase is therefore wrapped to a range of 2x for thick samples with a large
phase shift. The phase wrapping poses a challenge, especially for computed tomography, as each
projection must be unwrapped prior to tomographic reconstruction [21]. The success of phase
unwrapping is highly dependent on the quality of the phase reconstruction, in particular in the
presence of phase vortices [22,23].

An alternative way that avoids the problematic phase unwrapping altogether has been proposed
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by Chowdhury et al. for Fourier ptychography [24]. In general, PR methods reconstruct the
complex transmission of the sample. Instead of the transmission, the proposed refractive
framework directly reconstructs the projected refractive index of the sample. The projection is the
logarithm of the transmission, scaled by k = 27/A. Particularly, the projected refractive index is
no longer bound to a range of 27 and is linearly related to the refractive index. This last property
is beneficial for complex PR schemes that couple multiple scans into one reconstruction [25-27].

In this work, we generalize the idea of refractive phase retrieval and apply it to three popular PR
techniques: ptychography [20, 28], near-field holography (NFH) [19, 29] and coherent diffraction
imaging (CDI) [30]. Additionally, we provide a series of steps how refractive variants for other
phase retrieval algorithms can be constructed. We demonstrate the performance of refractive
ptychography, refractive holography and refractive CDI on simulated and experimental data from
X-ray microscopy experiments at the beamlines PO5 and P06 of the synchrotron radiation source
PETRA III in Hamburg, Germany. While these demonstrations all use hard X-rays, all arguments
are transferable to other photon energies and to electrons.

2. Refractive Framework

X-rays interact only weakly with matter due to their high energy. Owing to this weak interaction,
the refractive index for X-rays differs only marginally from unity. Because only this difference is
important, the refractive index is commonly written as

n=1-5+ip. 1
Both the refractive index decrement & and the absorption index S are on the order of 1075 to

107° and smaller. For a thin sample, the imaging contrast at a point r = (x, y) is given by the
transmission or object function

Oy = Ay - exp(i®y) = exp (ik/n -1 dz) , 2)

which projects the refractive index along the optical axis z. The goal of conventional PR is to
recover Oy. For refractive PR, the aim is to reconstruct the refractive object function

5r=k/n—1dz=—k/6dz+ik/ﬂdz. 3)

This function is related to the conventional O, through a complex exponential
O, = exp (i5r) ) 4)

Due to this relationship, the phase shift @, and the amplitude A, are respectively associated with
the real and imaginary component of the refractive object

@, = R(Oy) = —k/ 5dz, )
—In(Ay) = 3(0y) = k / Bdz. (6)

Unlike @, the real part of the refractive object has the advantage that it is not limited to a
specific range. It can therefore recover the sample without phase wraps. This makes refractive PR
well suited to reconstruct large samples.
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2.1. Refractive Phase Retrieval

The successful reconstruction of the object function is contingent on solving the phase problem.
Because no closed-form solution exists, many PR algorithms follow an error reduction strategy.
This iterative strategy approximates the object function to simulate the diffraction process. In
each iteration, the approximate object function is improved so that the error

L= d(l;M)) )
J

is reduced, according to a metric d between the modeled images /; and the measured diffraction
images M.

The improvement is determined by the gradient of the error function. For the refractive
framework, we use Wirtinger derivatives [31] to calculate the gradient with respect to the

refractive object:
a—f—a—L-a—?fza—L-iOr. (8)
00y 00y 00, 00;

Notably, the refractive gradient is nearly identical to the conventional gradient, except for a
simple multiplication with the object function O and the imaginary unit. As a result, many
conventional PR algorithms can be readily converted to the refractive framework by simply
multiplying the object modification with i0. We demonstrate this in the following sections by
presenting refractive algorithms for ptychography, holography, and CDI.

3. Refractive Ptychography

Ptychography combines scanning microscopy with coherent diffraction imaging to solve the phase
problem [13,20]. A typical ptychographic scanning setup is shown in Fig. 1(a). To reconstruct
the refractive object from the diffraction patterns, we introduce here the refractive ptychographic
iterative engine (refPIE), an advancement of the widely used extended ptychographic iterative
engine (ePIE) [32]. A detailed derivation of refPIE is given in [33]. Refractive extensions to
other algorithms like 3PIE [34], multi-modal ptychography [35], etc. can be straightforwardly
obtained, using refPIE as a template.

Similar to ePIE and other ptychography algorithms [20], refPIE starts from initial guesses 0o
and Py for the refractive object and probe function. In the reconstruction, the update steps are
repeated until O and P converge:

1. Randomly choose a diffraction pattern M; that was not yet processed.

2. Using the corresponding scan point R, calculate the exit wave:
ve =exp (i0:) - Prog, ©)

3. Propagate the scattered wave to the detector, using the Fourier transform (far field) or
Fresnel propagation (near field):

lIJq =F ('pr) (10)
4. Replace the simulated amplitude with the measured diffraction pattern, only keeping the
phase of ¥:
’ [ qu
q

5. Propagate the updated wave back to the sample plane:

yL=F" (‘Ifq) (12)
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Fig. 1. Experimental setups for (a) ptychography and (b) inline holography. (a) In
ptychography, the sample is scanned transversal to the beam direction. For each scan
point Rj, the detector records the far-field diffraction pattern M. For a successful
reconstruction, the beam footprints from adjacent scan points should overlap. This
ensures that the corresponding diftraction patterns share information. (b) In holography,
the sample is moved along the beam direction to different defocus distances z, each
giving rise to a different hologram M due to the change in the Fresnel number Fr;.

6. At the end, update the refractive object and the probe with the updated exit wave (the
parameters @ and S tune the update strength):

~ (“// r-R; ) '

Or « Or +a 5 (wr =) (13a)
max |¢I‘—Rj|
exp (_i5:+Rf)
Py P+ p —— (e —tn) (13b)

max ‘exp (iOHRJ.)’

One iteration is complete when there are no more patterns to process. Before the next iteration
starts, all patterns are again marked as unprocessed. Typically, the reconstruction converges after
one hundred up to one thousand iterations.

Most steps of refPIE are identical to other ptychography algorithms. The unique difference and
central feature of refPIE is Eq. (13a), where the difference ¢’ — i is conventionally multiplied
with the complex conjugated probe P. Here, P is replaced with iy, the exit wave multiplied with
the imaginary unit. The proof that this exchange leads to a refractive reconstruction follows from
Eq. (8) as P -i0 = iy. The complex conjugation is due to the nature of Wirtinger derivatives.
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Fig. 2. Ptychographic reconstruction of the micrometeorite. (a) and (b) modulus of the
micrometeorite obtained by ePIE and refPIE, respectively. (c) and (c1) phase of the ePIE
reconstruction. The reconstruction shows strong phase wrapping and the detail (c1)
shows a pair of phase vortices. (d) and (d1) phase of the refPIE reconstruction. The
phases are in the correct range without any unwrapping applied. The detail (d1) shows
an artifact in the top left of the refPIE reconstruction. This artifact is offset by +2x to
the rest of the meteorite and can easily be fixed. The scale bars represent 20 um.

3.1. Micrometeorite Experiment

We demonstrate the capabilities of refPIE on a ptychography scan of a micrometeorite. The
experiment was carried out at beamline PO6 of PETRA III (DESY, Hamburg), using the combined
Micro-Nanoprobe setup to maximize the detector distance [36]. The 18 keV X-ray beam was
focused by a pair of Kirkpatrick-Baez mirrors, focal length 250 mm, to a full-width at half
maximum spot size of 110nm X 110 nm, as obtained from the ptychographic reconstruction.
The sample was placed 500 um behind the focus where the beam had expanded so that 50 %
of the total beam intensity fell within a 190 nm X 190 nm circle. The micrometeorite has a
diameter of about 80 um. To quickly scan a sample of this size, the scanning stage never stopped
and moved the micrometeorite in a continuous zigzag path across the beam. These fly-scans
allow acquisition rates in the kilohertz range [37-40]. The micrometeorite was scanned over a
100 um x 100 pm area with 1 ms exposure for each diffraction pattern. The velocity of the stage
was set to 200 um s~! so that the micrometeorite moved 200 nm during one exposure. Each new
line was vertically offset by the same amount of 200 nm. The scan recorded more than a quarter
of a million diffraction patterns in under 9.5 min. The diffraction patterns were recorded with
an Eiger 500k situated 8.75 m downstream of the sample in the Nanoprobe hutch. A 7m long
evacuated flight tube between sample and detector reduced air scattering on the detector. The
reconstructions use the central 128 x 128 pixels of the Eiger images, resulting in a pixel size of
62.8 nm in the ptychographic reconstruction. All experimental parameters are summarized in
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Table 1.

Table 1. Parameters of the micrometeorite experiment.

Parameters Value
Energy 18 keV
Flux 3.75x 108 /s
Exposure 1 ms
Scan size 100 um x 100 um
Step size 200 nm X 200 nm
Probe diameter 190 nm
Detector distance 8752 mm
Detector pixel 75 pum X 75 um
Image size 128 x 128 pixels
Pixel size (rec.) 62.8 nm

We reconstruct the scan twice: once with the conventional ePIE algorithm, once with refPIE.
Since the probe is very small compared to the scan size, both algorithms converge slowly. To
improve the reconstruction speed, we similarly modified both algorithms. First, we adapted the
parallel ptychography variant described in [41,42] for ePIE and refPIE. We also constrained
the object modulus to only range from 0.2 to 2.0. And lastly we used momentum accelerated
gradients for both algorithms, as described in [43—45]. We set the momentum damping factors
Nobj and 7pp, to 0.98 and applied the momentum in every second iteration.

Both algorithms run for 1000 iterations, the reconstructed sample amplitudes and phase shifts
are shown in Fig. 2. The ePIE reconstruction shows phase wraps and two phase vortices at
the top of the meteorite, shown in the inset. These singularities are especially problematic for
tomographic reconstructions. In contrast, the discontinuities and phase wrap problems are solved
in the refPIE reconstruction. The real part, shown in Fig. 2(d), is continuous and shows no phase
wrapping, despite a maximum phase shift of close to 15 rad. Two small areas at the top and the
left contain offset values, see Fig. 2(d1). These areas have the largest phase gradients and both
ePIE and refPIE struggle in the reconstruction. The left area is simply offset by 27, which can be
easily fixed. The top area corresponds to the vortices in the ePIE reconstruction and demonstrates
that refPIE is able to isolate problematic regions and reconstruct the unaffected parts of the
sample without detriments.

4. Refractive Near-Field Holography

Near-field holography (NFH) is a full-field imaging scheme which can be implemented in a
parallel beam setting or, to achieve higher magnifications, in the divergent beam of nano-focusing
optics. A principal sketch of a holography setup is shown in Fig. 1(b). NFH allows for single-
exposure acquisitions of extended objects and is thus a promising method to image ultra-short
processes [46,47] and radiation-sensitive samples [48]. Weak samples, i.e., thin objects with
negligible absorption and a total phase shift smaller than 7, can be reconstructed from a single
hologram. To reconstruct strongly scattering samples, multiple holograms M at different Fresnel
numbers Fr; are necessary.
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We use an alternating projection (AP) algorithm given by
Oi1 = Ps(Pu (01)), (14)

where the sample constraint Pg constricts the reconstruction in the sample plane and the magnitude
projector Pys ensures that the reconstruction fits to the measurement and is defined as

Py (0;) :=0; - AO. (15)

Common sample constraint choices are the support, i.e. the outline of the sample, or a vanishing
absorption, i.e. a pure-phase sample. These constraints can be readily adapted for the refractive
framework. Notably, the homogeneity constraint or single material constraint [18,49] can be
directly expressed in the refractive framework as a constant ratio between § and 8 or R(0)
and J(0), respectively. Concerning Eq. (15), the main difference to conventional holography
algorithms is the object update

- i0; !
S S— -1 2) - — M1

where * denotes the complex conjugate, Dr; is the Fresnel propagator, M; denotes the measured
hologram and I; = |Dg;(0)|? the current estimate for M 7 and J the number of measurements.
For a detailed derivation we refer to [33]. Equation (16) averages the refractive update from all
holograms, yielding an improved resistance against noise. Alternatively, the object can be updated
in a sequential manner for each hologram individually. For the experimental demonstration, we
implemented the parallel variant in the Holotomo Toolbox [50,51].

As in ptychography, reconstructing the low-spatial frequencies requires the most iterations in
holography. To accelerate this, we combine Eq. (14) with a Nesterov gradient step [43,44].

4.1.  Ivory Experiment

Table 2. Parameters of the ivory experiment.

Parameter Value
Energy 11keV
Exposure/hologram Is
Field of view 112 ym x 70 um
Defocus distance 138.6 mm and 139.6 mm
Detector distance 16.33m
Magnification 118
Detector pixel size 6.5 um X 6.5 um
Effective pixel size 55nm X 55nm
Image size 2048 x 2048 pixels

We demonstrate the capabilities of refractive holography using an ivory sample. The NFH data
were obtained at the nano branch of beamline P05 operated by the Helmholtz-Zentrum Hereon
located at PETRA III at DESY, Hamburg. The measurement was carried out at a photon energy
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Fig. 3. Results for NFH from experimental data of an ivory sample. (a) flat-field corrected
hologram of the ivory for the 138.6 mm defocus distance. (b) the amplitudes obtained
by calculating the exponential of J (5) Surface regions with gallium depositions show
significant absorption. (c) phase of the conventional reconstruction, not extending to
the full phase range. (d) phase of the refractive reconstruction, spanning a range of
nearly 27. The colorbar below (c) and (d) applies to both panels. (e) comparison of
two phase profiles from (c) and (d), the green and red lines indicate the location of the
profiles. All scalebars represent 10 um.



Research Article ‘ Optica 9

of E = 11keV. The detector was a Hamamatsu C12849-101U with a 10 um Gadox scintillator
and a pixel size of 6.5 um. It was placed 16.33 m behind the focus of a Fresnel zone plate with a
diameter of 300 um and an outermost zone width of 50 nm [52]. The sample was placed 138.6 mm
and 139.6 mm behind the focus to gather diverse data for the reconstruction. This yields a 118x
magnification with an effective pixel size of 55 nm. All parameters are summarized in Table 2.

For comparison we reconstructed the ivory with a conventional algorithm and with the
refractive framework. Before the reconstruction, the holograms were flat-field corrected, see
Fig. 3(a), rescaled to the same pixel-size using the Fresnel scaling theorem, and aligned. The
constraints in the sample plane Pg were a combination of value clamping and support. The
allowed ranges were ® € [-10,0.01] rad and 3(0) € [-0.01, 2]. Following the clamping, ®
and J(0) were smoothed with a 1 pixel wide (full-width at half maximum (FWHM)) Gaussian
filter. A self-refining support was additionally included. Beginning from the tenth iteration, a
threshold of 0.06 rad was applied to ® every fifth iteration. Afterwards the support was updated
by eroding the reconstruction with a 9 pixel diameter followed by a dilation of 20 pixel diameter.
The support was only updated for the first 800 iterations, afterwards it was kept constant for the
remaining 10000 iterations. The conventional reconstruction uses equivalent parameters, the
J(0) range was converted to an amplitude range A € [0.14 1.01].

The results from both reconstructions are shown in Fig. 3. Figure 3(a) shows exemplary a
flat-field corrected hologram at a defocus distance of 138.6 mm. The reconstructed amplitudes
of the refractive reconstruction are shown in Fig. 3(b) with the corresponding phases shown in
Fig. 3(d). The phases of the conventional reconstruction are shown in Fig. 3(c). The ivory sample
was prepared by focused-ion-beam milling (FIB), leaving some gallium depositions on the sample
surface, visible as the dark rim on the right side of the specimen. The reconstruction is very
challenging for conventional PR methods, both for single-step [49] and iterative algorithms: (i)
the two components of the sample, ivory and gallium, are very different in their optical properties
and (ii) the total phase shift far exceeds 7. This is depicted in Fig. 3(e) where line profiles of
the conventional and refractive reconstruction are compared. The conventional algorithm does
not reach the same phase range as the refractive counterpart. To successfully reconstruct these
strongly phase shifting samples, conventional algorithms must be combined with a robust phase
unwrapping so that the range clamping and smoothness constraints can be applied. This comes at
the price of a (strongly) increased computation time. Once again, the refractive representation
aids to circumvent the difficulties in the reconstruction.

5. Coherent Diffraction Imaging

Coherent diffraction imaging (CDI) extents the methodology from X-ray crystallography to
non-crystalline, non-periodic samples. The refractive CDI reconstruction is based on the popular
difference map (DM) algorithm [53]. In conventional CDI two projectors, Pys and Pg, are used
to enforce the measurement and sample constraint, respectively:

On+1 = On + Py [2Ps (On) = O] — Ps(Oy). a7

To reconstruct the refractive object 0, we introduce the two refractive projectors Py and Ps,
similar to NFH. The first projector Pj; constrains the reconstruction to fit the measurement. It
ensures that the sample has the same Fourier transform as the measured diffraction pattern M:

o 1{0, \*
(On—1)—§(0n—1)l, (18)

where the object before O,, and after O;, the magnitude constraint are given by

FM(511)=5n_i'

s y ot [y T (On)
O,=exp(i-0,) and O, =F (\/ﬁ |¢(On)|). (19)
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Fig. 4. Results for the CDI simulation. The embedding around the sample is not shown.
(a) Original sample. (b) Standard DM reconstruction. (c¢) Refractive DM reconstruction.
The scale bar represents 1 um. The color bar applies to all panels. Two regions, indicated
in (a) by a green and a red box, are shown enlarged in (al), (bl), (c1) and (a2), (b2),
(c2), respectively.

The second projector Pg confines the reconstruction in the sample plane. It ensures that the
reconstruction is a pure phase object and confined to the support S:

RWpr)+0i ifres,

. . (20)
0+0i ifresS.

P S ('Z n) = {
A detailed derivation of this method is given in [33].

5.1. CDI Demonstration

To demonstrate the performance of the refractive CDI algorithm, we use a simulated experiment
of a weakly scattering phase object. The test sample is a 741 x 741 pixels coast image, shown
in Fig. 4(a), with a maximum phase shift of 7/2 rad. The image is embedded into a uniform,
2048 x 2048 pixels frame using a Gaussian window function with o = 20 pixels. Poisson noise
was added to the diffraction pattern equivalent to a photon fluence of 240 photons/nm?. The
parameters of the simulation are collected in Table 3.

We reconstruct the simulated diffraction pattern in two different ways, using the conventional
difference map algorithm and the new refractive algorithm. At first glance, the two reconstructions
in Fig. 4(b) and (c) appear identical to the original sample. However, the magnified regions
marked in green (1) and red (2) highlight the different reconstruction quality. While the refractive
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Table 3. Parameters used in the CDI simulation.

Parameters Simulation
Wavelength 1A
Detector distance 8192 mm
Detector pixel 40 um X 40 ym
Detector size 2048 x 2048 pixels
Pixel size (rec.) 10nm
Object size 7.41 ym X 7.41 um
Object phase [-7/2; 0]
Photons/pixel 23840

reconstruction shows only weak and diffuse noise, the conventional reconstruction suffers from
strong horizontal stripes and is overall much noisier. Consequently, the refractive reconstruction
is closer to the ground truth.

6. Summary

We have demonstrated how a refractive framework improves phase retrieval by directly recon-
structing the projected refractive index. The refractive framework avoids the amplitude and phase
of the transmission function and instead acts on the real and imaginary part of the refractive
index. This allows to avoid the common phase wrapping problem, which occurs if the phase shift
of the sample is larger than 2.

Using the refractive framework, we have derived refractive algorithms for ptychography,
holography, and coherent diffractive imaging (CDI). We have validated the three algorithms on
simulated and experimental data from X-ray microscopy. For CDI, the refractive reconstruction
model fits naturally to the pure phase constraint, therefore creating less artifacts in the recon-
struction. In this case, the refractive reconstruction surpasses the quality of the conventional
reconstruction even if the sample has no phase jumps and is only weakly phase shifting. For
conventional ptychography and holography, the strongly phase shifting samples are challenging
to reconstruct. With a maximum phase shift of 15 rad, the micrometeorite sample is especially
challenging, as it requires two phase jumps. Phase jumps, especially if there are multiple, are
often not accurately reconstructed and can give rise to phase vortices. Removing the vortices
requires constant monitoring as they might reappear in later iterations [54]. In contrast, the
refractive variants are able to reconstruct the samples with high fidelity.

As shown in this article, it is straightforward to implement the refractive framework into
existing phase retrieval algorithms. Suitable targets are, e.g., multi-slice [8,34] and near-field
ptychography [54,55]. With the real and imaginary part of the refractive index at hand, more
sophisticated constraints can be applied to the reconstruction, e.g., the sparsity of the recovered
image [56,57]. Multi-wavelength algorithms also benefit from the direct access to the refractive
index [58,59]. The refractive formulation of phase retrieval is an immense aid and will foster
further developments for the phase retrieval of complex samples, i.e. multi-material, thick and
absorbing objects.
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