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■♥❝❧✉s✐✈❡ r❛t❡s ❢r♦♠ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❖✭✸✮
♥♦♥✲❧✐♥❡❛r σ✲♠♦❞❡❧

❏♦❤♥ ❇✉❧❛✈❛✱✶✱ ∗ ▼❛①✇❡❧❧ ❚✳ ❍❛♥s❡♥✱✷✱ † ▼✐❝❤❛❡❧ ❲✳ ❍❛♥s❡♥✱✸✱ ‡ ❆❣♦st✐♥♦ P❛t❡❧❧❛✱✹✱ § ❛♥❞ ◆❛③❛r✐♦ ❚❛♥t❛❧♦✺✱ ¶

✶❉❡✉ts❝❤❡s ❊❧❡❦tr♦♥❡♥✲❙②♥❝❤r♦tr♦♥ ❉❊❙❨ P❧❛t❛♥❡♥❛❧❧❡❡ ✻✱ ✶✺✼✸✽ ❩❡✉t❤❡♥✱ ●❡r♠❛♥②
✷❍✐❣❣s ❈❡♥tr❡ ❢♦r ❚❤❡♦r❡t✐❝❛❧ P❤②s✐❝s✱ ❙❝❤♦♦❧ ♦❢ P❤②s✐❝s ❛♥❞ ❆str♦♥♦♠②✱

❚❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❊❞✐♥❜✉r❣❤✱ ❊❞✐♥❜✉r❣❤ ❊❍✾ ✸❋❉✱ ❯❑
✸❯♥✐✈❡rs✐t② ♦❢ ●r❛③✱ ■♥st✐t✉t❡ ❢♦r P❤②s✐❝s✱ ❆✲✽✵✶✵ ●r❛③✱ ❆✉str✐❛

✹■♥st✐t✉t ❢ür P❤②s✐❦ ✉♥❞ ■❘■❙ ❆❞❧❡rs❤♦❢✱ ❍✉♠❜♦❧❞t✲❯♥✐✈❡rs✐tät ③✉ ❇❡r❧✐♥✱
❩✉♠ ●r♦ÿ❡♥ ❲✐♥❞❦❛♥❛❧ ✻✱ ❉✲✶✷✹✽✾ ❇❡r❧✐♥✱ ●❡r♠❛♥②

✺❯♥✐✈❡rs✐t② ❛♥❞ ■◆❋◆ ♦❢ ❘♦♠❛ ❚♦r ❱❡r❣❛t❛✱ ❱✐❛ ❞❡❧❧❛ ❘✐❝❡r❝❛ ❙❝✐❡♥t✐✜❝❛ ✶✱ ■✲✵✵✶✸✸✱ ❘♦♠❡✱ ■t❛❧②
✭❉❛t❡❞✿ ◆♦✈❡♠❜❡r ✶✼✱ ✷✵✷✶✮

❚❤✐s ✇♦r❦ ❡♠♣❧♦②s t❤❡ s♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ❛♣♣r♦❛❝❤ ♦❢ ❘❡❢✳ ❬✶❪ t♦ ❞❡t❡r♠✐♥❡ ❛♥ ✐♥❝❧✉s✐✈❡ r❛t❡
✐♥ t❤❡ 1 + 1 ❞✐♠❡♥s✐♦♥❛❧ ❖✭✸✮ ♥♦♥✲❧✐♥❡❛r σ✲♠♦❞❡❧✱ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ◗❈❉ ♣❛rt ♦❢ e+e− → hadrons✳
❚❤❡ ❊✉❝❧✐❞❡❛♥ t✇♦✲♣♦✐♥t t❡♠♣♦r❛❧ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s❡r✈❡❞ ❝✉rr❡♥t j ✐s ❝♦♠♣✉t❡❞
✉s✐♥❣ ▼♦♥t❡ ❈❛r❧♦ ❧❛tt✐❝❡ ✜❡❧❞ t❤❡♦r② s✐♠✉❧❛t✐♦♥s ❢♦r ❛ ✈❛r✐❡t② ♦❢ s♣❛❝❡t✐♠❡ ✈♦❧✉♠❡s ❛♥❞ ❧❛tt✐❝❡
s♣❛❝✐♥❣s✳ ❚❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ t❤✐s ❝♦rr❡❧❛t♦r ✐s r❡❧❛t❡❞ t♦ t❤❡ ✐♥❝❧✉s✐✈❡ r❛t❡ ❢♦r j → X ✐♥
✇❤✐❝❤ ❛❧❧ ✜♥❛❧ st❛t❡s ♣r♦❞✉❝❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ❝✉rr❡♥t ❛r❡ s✉♠♠❡❞✳ ❚❤❡ ✐❧❧✲♣♦s❡❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠
♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ✈✐❛ t❤❡ ❊✉❝❧✐❞❡❛♥ ❝♦rr❡❧❛t♦r ✐s ♠❛❞❡ tr❛❝t❛❜❧❡ ✉s✐♥❣ s♠❡❛r❡❞
s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ✉♥❞❡r❧②✐♥❣ t❛r❣❡t ❢✉♥❝t✐♦♥ ✐s ❝♦♥✈♦❧✈❡❞ ✇✐t❤ ❛ s❡t ♦❢ ❦♥♦✇♥ s♠❡❛r✐♥❣
❦❡r♥❡❧s ♦❢ ✜♥✐t❡ ✇✐❞t❤ ǫ✳ ❚❤❡ s♠♦♦t❤ ❡♥❡r❣② ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❡s✐r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❡♥❛❜❧❡s ❛
❝♦♥tr♦❧❧❡❞ ǫ → 0 ❡①tr❛♣♦❧❛t✐♦♥ ✐♥ t❤❡ ✐♥❡❧❛st✐❝ r❡❣✐♦♥✱ ②✐❡❧❞✐♥❣ t❤❡ r❡❛❧✲t✐♠❡ ✐♥❝❧✉s✐✈❡ r❛t❡ ✇✐t❤♦✉t
r❡❢❡r❡♥❝❡ t♦ ✐♥❞✐✈✐❞✉❛❧ ✜♥✐t❡✲✈♦❧✉♠❡ ❡♥❡r❣✐❡s ♦r ♠❛tr✐① ❡❧❡♠❡♥ts✳ ❙②st❡♠❛t✐❝ ✉♥❝❡rt❛✐♥t✐❡s ❞✉❡ ❝✉t♦✛
❡✛❡❝ts✱ ✜♥✐t❡✲✈♦❧✉♠❡ ❡✛❡❝ts✱ ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❛r❡ ❡st✐♠❛t❡❞ ❛♥❞ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t
✐♥ t❤❡ ✜♥❛❧ ❡rr♦r ❜✉❞❣❡t✳ ❆❢t❡r t❛❦✐♥❣ t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t✱ t❤❡ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❦♥♦✇♥
❛♥❛❧②t✐❝ r❛t❡ t♦ ✇✐t❤✐♥ t❤❡ ❝♦♠❜✐♥❡❞ st❛t✐st✐❝❛❧ ❛♥❞ s②st❡♠❛t✐❝ ❡rr♦rs✳ ❆❜♦✈❡ ❡♥❡r❣✐❡s ✇❤❡r❡ ✷✵✲
♣❛rt✐❝❧❡ st❛t❡s ❝♦♥tr✐❜✉t❡✱ t❤❡ st❛t✐st✐❝❛❧ ♣r❡❝✐s✐♦♥ ✐s s✉✣❝✐❡♥t t♦ ❞✐s❝❡r♥ ❢♦✉r✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥s
t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥✳

∗ ❥♦❤♥✳❜✉❧❛✈❛❅❞❡s②✳❞❡
† ♠❛①✇❡❧❧✳❤❛♥s❡♥❅❡❞✳❛❝✳✉❦
‡ ♠✐❝❤❛❡❧✳❤❛♥s❡♥❅✉♥✐✲❣r❛③✳❛t
§ ❛❣♦st✐♥♦✳♣❛t❡❧❧❛❅♣❤②s✐❦✳❤✉✲❜❡r❧✐♥✳❞❡
¶ ♥❛③❛r✐♦✳t❛♥t❛❧♦❅r♦♠❛✷✳✐♥❢♥✳✐t
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■✳ ■♥tr♦❞✉❝t✐♦♥ ✸

■■✳ ●❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✐♥ ❝♦♥t✐♥✉♦✉s ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ✹

■■■✳ ❋✐♥✐t❡✲✈♦❧✉♠❡ ❡st✐♠❛t♦r ✼

■❱✳ ▲❛tt✐❝❡✲❞✐s❝r❡t✐③❡❞ ♠♦❞❡❧ ✾

❱✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ✶✵
❆✳ ❋✐①❡❞ s♠❡❛r✐♥❣ ✇✐❞t❤ ✶✶
❇✳ ❊①tr❛♣♦❧❛t✐♦♥ t♦ ③❡r♦ s♠❡❛r✐♥❣ ✇✐❞t❤ ✶✸

❱■✳ ❈♦♥❝❧✉s✐♦♥s ✶✻

❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✶✼

❆✳ ❆♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ✶✼

❇✳ ❙♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✶✾

❈✳ ❋✐♥✐t❡✲✈♦❧✉♠❡ ❡✛❡❝ts ✐♥ t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✷✵
✶✳ 1/L ❝❛♥❝❡❧❧❛t✐♦♥ ✷✶
✷✳ ❊①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ✈♦❧✉♠❡ ❡✛❡❝ts ✷✷

❉✳ ❙✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✷✹

❘❡❢❡r❡♥❝❡s ✷✺
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■✳ ■◆❚❘❖❉❯❈❚■❖◆

▼❛r❦♦✈ ❝❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ♦❢ ❧❛tt✐❝❡ ◗❈❉ ❝♦♥t✐♥✉❡ t♦ ♣r♦✈✐❞❡ ❛ q✉❛♥t✐t❛t✐✈❡ ✇✐♥❞♦✇ ✐♥t♦ t❤❡ str♦♥❣
♥✉❝❧❡❛r ❢♦r❝❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❊✉❝❧✐❞❡❛♥ ♠❡tr✐❝ s✐❣♥❛t✉r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ▼♦♥t❡ ❈❛r❧♦ s♦❧✉t✐♦♥ ♦❢ ◗❈❉ ♣❛t❤ ✐♥t❡❣r❛❧s
❝♦♠♣❧✐❝❛t❡s t❤❡ st✉❞② ♦❢ r❡❛❧✲t✐♠❡ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s✳ ❆❧t❤♦✉❣❤ t❤❡ s♣❛t✐❛❧ ✈♦❧✉♠❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❡♥❡r❣✐❡s ❛♥❞ ♠❛tr✐①
❡❧❡♠❡♥ts ❤❛s s✉❝❝❡ss❢✉❧❧② ❜❡❡♥ ✉s❡❞ ❛s ❛ ♣r♦❜❡ ♦❢ ❢❡✇✲♣❛rt✐❝❧❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❬✷❪✱ t❤✐s ❛♣♣r♦❛❝❤ ✐s ✐♥❛♣♣❧✐❝❛❜❧❡
t♦ ❡♥❡r❣✐❡s ❛❜♦✈❡ ❛r❜✐tr❛r② ♠✉❧t✐✲♣❛rt✐❝❧❡ t❤r❡s❤♦❧❞s ❛♥❞ ✐s r❡str✐❝t❡❞ t♦ ❝❡♥t❡r✲♦❢✲♠❛ss ❡♥❡r❣✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦
✜♥✐t❡✲✈♦❧✉♠❡ s♣❛t✐❛❧ ♠♦♠❡♥t❛✳ ❚❤✐s ❧❛st ❞✐s❛❞✈❛♥t❛❣❡ ❤❛♠♣❡rs t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ♦❢ ❛♠♣❧✐t✉❞❡s ❛t ✜①❡❞ ❡♥❡r❣②✱
✇❤✐❝❤ ❝❛♥ ♦♥❧② ❜❡ ❛❝❤✐❡✈❡❞ ❜② ♠❛✐♥t❛✐♥✐♥❣ ❛ ❝♦♥st❛♥t ♣❤②s✐❝❛❧ ✈♦❧✉♠❡ ❛s t❤❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣ ✐s ❞❡❝r❡❛s❡❞✳ ❚❤❡
str❛✐❣❤t❢♦r✇❛r❞ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✐♥❝❧✉s✐✈❡ r❛t❡s ✐s ❛❧s♦ ❞✐✣❝✉❧t ✉s✐♥❣ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❢♦r♠❛❧✐s♠✳
❆♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❬✸❪ ✐s t♦ ✉s❡ ❊✉❝❧✐❞❡❛♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❝♦♠♣✉t❡❞ ✐♥ ❧❛tt✐❝❡ s✐♠✉❧❛t✐♦♥s t♦ ❞❡t❡r♠✐♥❡

s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠❡tr✐❝ s✐❣♥❛t✉r❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥♦t s✉❜❥❡❝t t♦ t❤❡ s❛♠❡ ❧✐♠✐t❛t✐♦♥s
❛s ✜♥✐t❡✲✈♦❧✉♠❡ ♠❡t❤♦❞s ❛♥❞ ❤❛s ❜❡❡♥ ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ✐♥❝❧✉s✐✈❡ ❛♠♣❧✐t✉❞❡s ♠❡❞✐❛t❡❞ ❜② ❛♥ ❡①t❡r♥❛❧ ❝✉rr❡♥t ❬✹❪ ❛s
✇❡❧❧ ❛s ❛r❜✐tr❛r② s❝❛tt❡r✐♥❣ ♣r♦❝❡ss❡s ❬✺✱ ✻❪✶✳ ❆ ♠❛❥♦r ♦❜st❛❝❧❡ ♦❢ t❤✐s ♣r♦❣r❛♠ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛♥ ✐❧❧✲♣♦s❡❞ ✐♥✈❡rs❡
♣r♦❜❧❡♠ t♦ ❞❡t❡r♠✐♥❡ ❝♦♥t✐♥✉♦✉s s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ❢r♦♠ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛t ❛ ✜♥✐t❡ s❡t ♦❢ t✐♠❡ s❡♣❛r❛t✐♦♥s ✇✐t❤
st❛t✐st✐❝❛❧ ❡rr♦rs✳ ■♥ ❘❡❢s✳ ❬✾✱ ✶✵❪ ❇❛❝❦✉s ❛♥❞ ●✐❧❜❡rt ❞❡❛❧ ✇✐t❤ t❤✐s ❜② ✐♥st❡❛❞ ❝♦♠♣✉t✐♥❣ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s s♠❡❛r❡❞
✇✐t❤ ❛ ❦❡r♥❡❧ t❤❛t ✐s ❦♥♦✇♥ ❛ ♣♦st❡r✐♦r✐✳ ❆♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥❝❡♠❡♥t ❜② ❘❡❢s✳ ❬✶✱ ✶✶❪ ❡♥❛❜❧❡s t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧ t♦
❜❡ s♣❡❝✐✜❡❞ ❛ ♣r✐♦r✐✳
❆❧t❤♦✉❣❤ t❤❡s❡ ♠❡t❤♦❞s ❛r❡ ♥♦t ♥❡✇✱ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ t♦ ❝♦♠♣✉t❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❢r♦♠ ❛❝t✉❛❧ ▼♦♥t❡ ❈❛r❧♦

s✐♠✉❧❛t✐♦♥ ❞❛t❛✱ ✇✐t❤ ❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ ❜♦t❤ st❛t✐st✐❝❛❧ ❛♥❞ s②st❡♠❛t✐❝ ❡rr♦rs✱ ❤❛s ♥♦t ②❡t ❜❡❡♥ ♣❡r❢♦r♠❡❞✳ ■t ✐s
t❤❡r❡❢♦r❡ ✇♦rt❤✇❤✐❧❡ t♦ ♣❡r❢♦r♠ s✉❝❤ ❛ t❡st ✐♥ ❛ ❝♦♥tr♦❧❧❡❞ s❡tt✐♥❣✳ ❚❤✐s ✇♦r❦ ❡♠♣❧♦②s t❤❡ s♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥
str❛t❡❣② ♦❢ ❘❡❢✳ ❬✶❪ t♦ ❞❡t❡r♠✐♥❡ ❛♥ ✐♥❝❧✉s✐✈❡ r❛t❡ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❖✭✸✮ ♥♦♥✲❧✐♥❡❛r σ✲♠♦❞❡❧✳ ❆s ✐♥ ❘❡❢✳ ❬✶✷❪✱
❝♦♠♣❛r✐s♦♥ ✐s ♠❛❞❡ ✇✐t❤ ❡①❛❝t ❝♦♥t✐♥✉✉♠ r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ ♦✉r ✇♦r❦ ♦✈❡r❝♦♠❡s t❤❡ ❧✐♠✐t❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✿
t❤❡ ✐♥❝❧✉s✐✈❡ r❛t❡ ✐s ❝♦♠♣✉t❡❞ ❛❜♦✈❡ ✐♥❡❧❛st✐❝ t❤r❡s❤♦❧❞s ❛♥❞ t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ✐s t❛❦❡♥ ❛t ✜①❡❞ ❝❡♥t❡r✲♦❢✲♠❛ss
❡♥❡r❣② ✇✐t❤♦✉t t❤❡ ♥❡❡❞ ❢♦r ❛ ❝♦♥st❛♥t ♣❤②s✐❝❛❧ ✈♦❧✉♠❡✳ ▲❛r❣❡ ♣❤②s✐❝❛❧ s✐♠✉❧❛t✐♦♥ ✈♦❧✉♠❡s ❛r❡ ❤♦✇❡✈❡r r❡q✉✐r❡❞ t♦
❝♦♥tr♦❧ ✜♥✐t❡✲✈♦❧✉♠❡ ❡✛❡❝ts ✐♥ t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ❛t ✜①❡❞ s♠❡❛r✐♥❣ ✇✐❞t❤✳ ❆❢t❡r ❡♥s✉r✐♥❣ t❤❛t ✜♥✐t❡✲s✐③❡
❛♥❞ ❝✉t♦✛ ❡✛❡❝ts ❛r❡ ✉♥❞❡r ❝♦♥tr♦❧✱ t❤❡ ❞❡s✐r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❡①tr❛♣♦❧❛t✐♥❣ t❤❡ s♠❡❛r✐♥❣ ✇✐❞t❤ t♦
③❡r♦✳
❋♦r t❤✐s ✜rst ❛♣♣❧✐❝❛t✐♦♥ ✇❡ tr❡❛t ❛ ♣r♦❝❡ss ❛❦✐♥ t♦ e+e− → hadrons✱ t❤❡ ◗❈❉ ❝♦♠♣♦♥❡♥t ♦❢ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡

s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥

ρµν(k) =
1

2π

ˆ

d4x e−ik·x〈Ω|ĵemµ (x) ĵemν (0)|Ω〉 = (gµνk
2 − kµkν) ρ(k

2), ✭✶✮

✇❤❡r❡ t❤❡ ✐♥t❡❣r❛❧ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ▼✐♥❦♦✇s❦✐ s♣❛❝❡✱ ĵemµ ✐s t❤❡ q✉❛r❦✲❧❡✈❡❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❝✉rr❡♥t ❛♥❞ t❤❡ r❡❧❛t✐♦♥
t♦ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss ✐s

ρ(s) =
R(s)

12π2
, R(s) =

σ [e+e− → hadrons] (s)

4παem(s)2/(3s)
. ✭✷✮

❚❤✐s ❝❡❧❡❜r❛t❡❞ ❵R✲r❛t✐♦✬ ❤❛s ❛ ♥✉♠❜❡r ♦❢ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤❡ ❤❛❞r♦♥✐❝ ✈❛❝✉✉♠ ♣♦❧❛r✐③❛t✐♦♥
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❛♥♦♠❛❧♦✉s ♠❛❣♥❡t✐❝ ♠♦♠❡♥t ♦❢ t❤❡ ♠✉♦♥✳ ■t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✈✐❛ s♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
❊✉❝❧✐❞❡❛♥ ❝♦rr❡❧❛t♦r ✐♥ t❤❡ t✐♠❡✲♠♦♠❡♥t✉♠ r❡♣r❡s❡♥t❛t✐♦♥

C(t) = −
ˆ

d3x 〈Ω|ĵemz (x) e−Ĥt ĵemz (0)|Ω〉 =
ˆ ∞

0

dω ω2ρ(ω2) e−ωt ✭✸✮

❝♦♠♣✉t❡❞ ✐♥ ❧❛tt✐❝❡ ◗❈❉ s✐♠✉❧❛t✐♦♥s✳ ❊✈❡r②t❤✐♥❣ ❞✐s❝✉ss❡❞ ❤❡r❡ ✐s r❡❛❞✐❧② tr❛♥s❢❡rr❛❜❧❡ t♦ t❤❡ ❧❛tt✐❝❡ ❞❡t❡r♠✐♥❛t✐♦♥
♦❢ ρ(s) ❢r♦♠ C(t) ✐♥ ◗❈❉✳ ❲❤✐❧❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ ρ(s) ❛r❡ ♥❛t✉r❛❧❧② ❝♦♠♣❛r❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❡t❡r♠✐♥❛t✐♦♥s
♦❢ R(s)✱ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ❝♦♠♣✉t❡❞ ❤❡r❡ ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥❛❧②t✐❝❛❧
♣r❡❞✐❝t✐♦♥s ✐♥ ❋✐❣✳ ✾✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ✇♦r❦✳
❚❤✐s ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝✳ ■■ ❞❡✜♥❡s t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ♦❢ ✐♥t❡r❡st ✐♥ t❤❡ ❖✭✸✮✲♠♦❞❡❧✱ ♦✉t❧✐♥❡s t❤❡

r❡❝♦♥str✉❝t✐♦♥ ❛♣♣r♦❛❝❤✱ ❛♥❞ s✉❣❣❡sts ❛ str❛t❡❣② ❢♦r ❡①tr❛♣♦❧❛t✐♥❣ t❤❡ s♠❡❛r✐♥❣ ✇✐❞t❤ t♦ ③❡r♦✳ ❙❡❝✳ ■■■ ❞✐s❝✉ss❡s t❤❡
✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✜♥✐t❡ t♦r✉s ♦♥ ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✇❤✐❧❡ ❙❡❝✳ ■❱ ❞❡✜♥❡s t❤❡ ❧❛tt✐❝❡ r❡❣✉❧❛r✐③❛t✐♦♥
❛♥❞ ❞✐s❝✉ss❡s t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t✳ ❙❡❝✳ ❱ ♣r❡s❡♥ts ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❙❡❝✳ ❱■ ❝♦♥❝❧✉❞❡s✳

✶ ❋♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ s♣❡❝tr❛❧✲❞❡♥s✐t② ♠❡t❤♦❞s t♦ ✐♥❝❧✉s✐✈❡ s❡♠✐✲❧❡♣t♦♥✐❝ B✲♠❡s♦♥ ❞❡❝❛② r❛t❡s s❡❡ ❘❡❢s✳ ❬✼✱ ✽❪✳
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❚❤✐s s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❖✭✸✮ ♥♦♥✲❧✐♥❡❛r σ✲♠♦❞❡❧ ❛♥❞ t❤❡ ❊✉❝❧✐❞❡❛♥ ❝♦rr❡❧❛t♦r C(t) ✇✐t❤ s♣❡❝tr❛❧
❢✉♥❝t✐♦♥ ρ(ω)✱ ✇❤✐❝❤ ❛r❡ ❜♦t❤ ❞❡✜♥❡❞ ✈✐❛ t❤❡ ❝♦♥s❡r✈❡❞ ✈❡❝t♦r ❝✉rr❡♥t✳ ❲❡ ❛❞❞✐t✐♦♥❛❧❧② r❡✈✐❡✇ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❘❡❢✳ ❬✶❪
❢♦r s②st❡♠❛t✐❝❛❧❧② ❞❡t❡r♠✐♥✐♥❣ ❛ s♠❡❛r❡❞ ✈❡rs✐♦♥ ♦❢ ρ(ω) ❢r♦♠ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t❡s ♦❢ C(t) ❛♥❞ ❞❡t❛✐❧ ❛♥ ❡①tr❛♣♦❧❛t✐♦♥
♣r♦❝❡❞✉r❡ ❢♦r t❛❦✐♥❣ t❤❡ s♠❡❛r✐♥❣ ✇✐❞t❤ t♦ ③❡r♦✳ ■♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡t✐♠❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s
❛♥❞ ✐♥✜♥✐t❡ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ P❡❝✉❧✐❛r✐t✐❡s ❞✉❡ t♦ t❤❡ t♦r✉s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ■■■ ❛♥❞ t❤❡ ❧❛tt✐❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥
❙❡❝✳ ■❱✳
❚❤❡ ❝♦♥t✐♥✉✉♠ ❊✉❝❧✐❞❡❛♥ ❛❝t✐♦♥ ♦❢ t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❖✭✸✮✲♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❛s

S[σ] =
1

2g2

ˆ

d2x ∂µσ(x) · ∂µσ(x) , ✭✹✮

✇❤❡r❡ t❤❡ 3✲❝♦♠♣♦♥❡♥t r❡❛❧ ✜❡❧❞ σa(x) ❤❛s ✉♥✐t ❧❡♥❣t❤ σ(x) · σ(x) = 1✳ ❚❤❡ ❖✭✸✮✲♠♦❞❡❧ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ❢r❡❡✱ ❤❛s
❛ ❞②♥❛♠✐❝❛❧❧②✲❣❡♥❡r❛t❡❞ ♠❛ss ❣❛♣ m✱ ❛♥❞ ✐s ✐♥t❡❣r❛❜❧❡✳ ■t ❛❧s♦ ♣♦ss❡ss❡s ❛ ❣❧♦❜❛❧ ❖✭✸✮ s②♠♠❡tr② ✇❤✐❝❤ r♦t❛t❡s t❤❡
✜❡❧❞ σ(x)✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ◆♦❡t❤❡r ❝✉rr❡♥t ✐s ❣✐✈❡♥ ❜②

jcµ(x) =
1

g2
ǫabcσa(x)∂µσ

b(x) , ✭✺✮

✇❤❡r❡ ǫabc ✐s t❤❡ ▲❡✈✐✲❈✐✈✐t❛ t❡♥s♦r ❛♥❞ r❡♣❡❛t❡❞ ✐♥❞✐❝❡s ❛r❡ s✉♠♠❡❞✳ ❚❤✐s ❝✉rr❡♥t tr❛♥s❢♦r♠s ✐rr❡❞✉❝✐❜❧② ✉♥❞❡r t❤❡
I = 1 ✭❢✉♥❞❛♠❡♥t❛❧✮ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❖✭✸✮✳
❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ r❡❝♦♥str✉❝t t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ρ(ω) ❛ss♦❝✐❛t❡❞ ✇✐t❤ jcµ ❢r♦♠ ❊✉❝❧✐❞❡❛♥ ❝♦rr❡❧❛t✐♦♥

❢✉♥❝t✐♦♥s ❞❡t❡r♠✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❢r♦♠ ❧❛tt✐❝❡ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ✐♠♣❧✐❝✐t❧②
✈✐❛ t❤❡ r❡❧❛t✐♦♥

2π 〈Ω|ĵaµ(0) δ2(P̂ − p) ĵbν(0)|Ω〉 =
δab

3

(

δµν − pµpν
p2

)

ρ
(

√

p2
)

, ✭✻✮

✇❤❡r❡ P̂ = (Ĥ, P̂ ) ✐s t❤❡ ✷✲♠♦♠❡♥t✉♠ ♦♣❡r❛t♦r ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s p = (E,p)✳ ❲❡ ❤❛✈❡ ✉s❡❞ ❝♦✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡
❖✭✸✮ ✐♥t❡r♥❛❧ s②♠♠❡tr② ❛♥❞ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡t✐♠❡ ❙❖✭✷✮ s②♠♠❡tr② ❛s ✇❡❧❧ ❛s ❝✉rr❡♥t ❝♦♥s❡r✈❛t✐♦♥ t♦ ❢❛❝t♦r✐③❡

t❤❡ ❢✉♥❝t✐♦♥ ρ
(

√

p2
)

✳ ❇② s♣❡❝✐❛❧✐③✐♥❣ t❤❡ ❛❜♦✈❡ r❡❧❛t✐♦♥ t♦ µ = ν = 1 ❛♥❞ p = (E, 0)✱ ❛♥❞ ❝♦♥tr❛❝t✐♥❣ t❤❡ ✐♥t❡r♥❛❧

✐♥❞✐❝❡s✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ♠♦r❡ ❞✐r❡❝t ❞❡✜♥✐t✐♦♥

ρ(E) = 2π 〈Ω|ĵa1 (0) δ2(P̂ − p) ĵa1 (0)|Ω〉 . ✭✼✮

❚❤❡ ✉t✐❧✐t② ♦❢ t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❖✭✸✮✲♠♦❞❡❧ ❢♦r t❤❡ ♣r❡s❡♥t st✉❞② ✐s t❤❛t ✭❞✉❡ t♦ ✐♥t❡❣r❛❜✐❧✐t②✮ ρ(E) ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❛♥❛❧②t✐❝❛❧❧②✱ ❡♥❛❜❧✐♥❣ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♦✉r ♥✉♠❡r✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤❡ ❡①❛❝t r❡s✉❧t✳ ❚❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥
❞❡❝♦♠♣♦s❡s ✐♥t♦ s❡❝t♦rs ❞❡✜♥❡❞ ❜② t❤❡ ♥✉♠❜❡r n ♦❢ ❛s②♠♣t♦t✐❝ ♣❛rt✐❝❧❡s✷ ♣r♦♣❛❣❛t✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝✉rr❡♥ts

ρ(E) =
∑

❡✈❡♥ n≥2

ρ(n)(E) . ✭✽✮

❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ρ(n)(E) ❤❛s s✉♣♣♦rt ❢♦r E > nm✱ ✇❤❡r❡ m ✐s t❤❡ ♠❛ss ❣❛♣✳ ❊✈❡♥ t❤♦✉❣❤ ✐♥t❡❣r❛❜✐❧✐t② ✭t♦❣❡t❤❡r
✇✐t❤ ❛ ♥✉♠❜❡r ♦❢ ♠✐❧❞ ❛♥❞ ❣❡♥❡r❛❧❧② ❛❝❝❡♣t❡❞ ❛ss✉♠♣t✐♦♥s✮ ✜①❡s ρ(n)(E) ❢♦r ❡✈❡r② ❡✈❡♥ ✈❛❧✉❡ ♦❢ n✱ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s
❤❛✈❡ ❜❡❡♥ ✇♦r❦❡❞ ♦✉t ♦♥❧② ❢♦r n = 2, 4, 6✳ ❆t t❤❡ ❡♥❡r❣✐❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ t❤❡ s✉♠ ♦✈❡r t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s
✐s r❛♣✐❞❧② ❝♦♥✈❡r❣❡♥t ❛♥❞ t❤❡ n = 6 ❝♦♥tr✐❜✉t✐♦♥ ✐s ❛t ❧❡❛st ❛ ❝♦✉♣❧❡ ♦❢ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ t❤❡ n = 4
❝♦♥tr✐❜✉t✐♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ t❤❡r❡❢♦r❡ r❡❢❡r t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ s✉♠♠❡❞ ♦✈❡r n = 2, 4, 6 ❛s t❤❡ ❡①❛❝t s♣❡❝tr❛❧
❢✉♥❝t✐♦♥✳ ❚❤❡ n = 2 ❝♦♥tr✐❜✉t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❝❧♦s❡❞ ❢♦r♠

ρ(2)(E) =
3π3

8θ2
θ2 + π2

θ2 + 4π2
tanh3

θ

2

∣

∣

∣

∣

θ=2 cosh−1 E
2m

✭✾✮

✇❤✐❧❡ t❤❡ n = 4, 6 ❝♦♥tr✐❜✉t✐♦♥s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ♣❤❛s❡✲s♣❛❝❡ ✐♥t❡❣r❛❧s t❤❛t r❡q✉✐r❡ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ❛s
❞✐s❝✉ss❡❞ ✐♥ ❆♣♣✳ ❆✳

✷ ❚❤❡ n✲♣❛rt✐❝❧❡ st❛t❡s ✐♥t❡r♣♦❧❛t❡❞ ❜② t❤❡ ❝✉rr❡♥t ♦❢ ❝♦✉rs❡ ❛❧s♦ tr❛♥s❢♦r♠ ✐rr❡❞✉❝✐❜❧② ✉♥❞❡r t❤❡ I = 1 r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❖✭✸✮✳



✺

❚❤✐s s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❊✉❝❧✐❞❡❛♥✲s✐❣♥❛t✉r❡ ❝✉rr❡♥t✲❝✉rr❡♥t ❝♦rr❡❧❛t♦r ❛t ③❡r♦ s♣❛t✐❛❧ ♠♦♠❡♥t✉♠
✈✐❛ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠

C(t) ≡
ˆ

dx 〈Ω| ĵa1 (0,x) e−Ĥt ĵa1 (0) |Ω〉 =
ˆ ∞

0

dω e−ωt ρ(ω) . ✭✶✵✮

❚❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ ❛ s②st❡♠❛t✐❝ ♠❡t❤♦❞ t♦ ✐♥✈❡rt t❤✐s r❡❧❛t✐♦♥✱ ❣✐✈❡♥ r❡❛❧✐st✐❝ ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t❡s ♦❢ C(t) ❛t ❛
✜♥✐t❡ s❡t ♦❢ t✐♠❡ s❧✐❝❡s ✇✐t❤ st❛t✐st✐❝❛❧ ❡rr♦rs✱ ✐s t❤❡ ❝❡♥tr❛❧ ❢♦❝✉s ♦❢ t❤✐s ✇♦r❦✳
❆s ❞❡s❝r✐❜❡❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❘❡❢✳ ❬✶✸❪✱ t❤❡ ✐♥✈❡rs❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠ ✐s ♥✉♠❡r✐❝❛❧❧② ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞✳ ❆ ♣r♦♠✐s✐♥❣ ✇❛②

❢♦r✇❛r❞ ✐s t♦ r❡❝♦❣♥✐③❡ t❤❛t ρ(ω) ✐s ♥♦t ❞✐r❡❝t❧② ❡①tr❛❝t❛❜❧❡ ❢r♦♠ ♥✉♠❡r✐❝❛❧ ❞❛t❛ ❛♥❞ t❤❛t ♦♥❡ s❤♦✉❧❞ ✐♥st❡❛❞ t❛r❣❡t
t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥

ρǫ(E) =

ˆ ∞

0

dω δǫ(E,ω) ρ(ω) , ✭✶✶✮

✇❤❡r❡ δǫ(E,ω) ✐s ❛♥② ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❉✐r❛❝ δ✲❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ limǫ→0 δǫ(E,ω) = δ(E−ω) ❛♥❞
´∞
−∞ dω δǫ(E,ω) =

1✳ ❚❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ r❡❝♦✈❡r✐♥❣ ρǫ(E) ❢r♦♠ C(t) ❝❛♥ t❤❡♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② ♠✐❧❞ ✭♦r s❡✈❡r❡✮ ❜② ✈❛r②✐♥❣ t❤❡ s♣❡❝✐✜❝
❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ δǫ(E,ω) ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ ǫ ❛♥❞ E✳
❋♦❧❧♦✇✐♥❣ ❘❡❢✳ ❬✶❪ ✇❡ ❝♦♥s✐❞❡r s♠❡❛r✐♥❣ ❦❡r♥❡❧s δǫ(E,ω) t❤❛t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❡①❛❝t❧② ❛s

δǫ(E,ω) = a

∞
∑

τ=1

gtargetτ bτ (ω) , ✭✶✷✮

✇❤❡r❡ τ ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ✐♥t❡❣❡r ✈❛r✐❛❜❧❡✱ a ❛♥ ❛r❜✐tr❛r② s❝❛❧❡ ✇✐t❤ ❞✐♠❡♥s✐♦♥s ♦❢ ✐♥✈❡rs❡ ❡♥❡r❣② t♦ ❜❡ ❧❛t❡r ✐❞❡♥t✐✜❡❞
✇✐t❤ t❤❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣✱ t❤❡ bτ (ω) ❛r❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ ❛♥❞ gtargetτ ≡ gtargetτ (ǫ, E) ❝♦♦r❞✐♥❛t❡s t❤❛t r❡♣r❡s❡♥t t❤❡ t❛r❣❡t
s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥ δǫ(E,ω) ✐♥ t❤✐s ❜❛s✐s✳ ❇② ✉s✐♥❣ bτ (ω) = e−aωτ t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s ❣✐✈❡♥ ❜②

ρǫ(E) = a
∞
∑

τ=1

gtargetτ C(aτ) =

ˆ ∞

0

dω δǫ(E,ω) ρ(ω) . ✭✶✸✮

❚❤❡ ❝❤♦✐❝❡ bτ (ω) = e−aωτ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♥♦♥✲❡ss❡♥t✐❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t s♣❛❝❡t✐♠❡ ✐s ✐♥✜♥✐t❡✳ ■♥ ♣r❛❝t✐❝❡✱ ❛s ❡①♣❧❛✐♥❡❞
✐♥ ❙❡❝✳ ■■■✱ ✇❡ ✉s❡ ❛ ❜❛s✐s t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ✜♥✐t❡ t❡♠♣♦r❛❧ ❞✐r❡❝t✐♦♥✳
❆♥ ❡st✐♠❛t♦r ❢♦r ρǫ(E) ✐s ♦❜t❛✐♥❡❞ ❜② ❛♣♣r♦①✐♠❛t✐♥❣ δǫ(E,ω) ✇✐t❤ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ s♣❛❝❡ s♣❛♥♥❡❞ ❜② ❛ ✜♥✐t❡

♥✉♠❜❡r ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❆ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ ∆(ω) ✐♥ t❤✐s s♣❛❝❡ ✐s r❡♣r❡s❡♥t❡❞ ❛s

∆(ω) = a

τmax
∑

τ=1

gτ bτ (ω) ✭✶✹✮

❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts gτ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ δǫ(E,ω) ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧✸

Wλ[g] = (1− λ)
A[g]

A[0]
+ λB[g] , ✭✶✺✮

✇❤❡r❡ λ ∈ [0, 1] ✐s t❤❡ ❵tr❛❞❡✲♦✛✬ ♣❛r❛♠❡t❡r ✭❞✐s❝✉ss❡❞ s❤♦rt❧②✮ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧s A[g] ❛♥❞ B[g] ❛r❡ ❣✐✈❡♥ ❜②

A[g] =

ˆ ∞

E0

dω

{

δǫ(E,ω)− a

τmax
∑

τ=1

gτ bτ (ω)

}2

, B[g] =

τmax
∑

τ,τ ′=1

gτgτ ′ Cov [aC(aτ), aC(aτ ′)] . ✭✶✻✮

❚❤❡ r❡❧❛t✐✈❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ A[g] ❛♥❞ B[g] ❢✉♥❝t✐♦♥❛❧s ✐♥ ❊q✳ ✭✶✺✮ ❞✐✛❡rs ❢r♦♠ ❘❡❢✳ ❬✶❪✳ ❚❤❡ ❢❛❝t♦r 1/(aC(0))2 ✐♥
t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ B[g] ♣r❡s❡♥t t❤❡r❡ ✐s ♥♦t ✐♥❝❧✉❞❡❞ ❤❡r❡ s✐♥❝❡ aC(0) ≃ 1 ✇❤✐❧❡ t❤❡ ❢❛❝t♦r 1/A[0] ✐♥ t❤❡ ✜rst t❡r♠
♦❢ ❊q✳ ✭✶✺✮ ♠❛❦❡s ✐t ❞✐♠❡♥s✐♦♥❧❡ss ✭A[0] ∝ 1/ǫ✮✳
❆s ❞✐s❝✉ss❡❞ ✐♥ ❆♣♣✳ ❇✱ A[g] ❛♥❞ B[g] ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡ q✉❛❞r❛t✐❝ ❢♦r♠s ✐♥ t❤❡ ✈❛r✐❛❜❧❡s gτ s♦ t❤❛t t❤❡ ♠✐♥✐♠✉♠

❝♦♥❞✐t✐♦♥s

∂Wλ[g]

∂gτ

∣

∣

∣

∣

gτ=gλ
τ

= 0 ✭✶✼✮

✸ P♦ss✐❜❧❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❆♣♣✳ ❇✳



✻

① wx
k, ❡✈❡♥ k wx

k, ♦❞❞ k wx
1 wx

2 wx
3 wx

4

❣
k!

(−2)k/2(k/2)!
0 0 −1 0 3

❝✵ 1 1 1 1 1 1

❝✶ (1− k) (1− k) 0 −1 −2 −3

❝✷
1

3
(k − 3)(k − 1)

1

3
(k − 3)(k − 1) 0 −1/3 0 1

❚❆❇▲❊ ■✳ ❙✉♠♠❛r② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts wx
k ❡♥t❡r✐♥❣ ❊q✳ ✭✷✷✮✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t wc1

3 ❛♥❞ wc2
5 ❛r❡ t❤❡ ❧♦✇❡st ♥♦♥✲③❡r♦

❝♦❡✣❝✐❡♥ts ✇✐t❤ ♦❞❞ k ❢♦r t❤❡✐r r❡s♣❡❝t✐✈❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧s✱ ✇❤✐❝❤ ✐s ♥♦t r❡✢❡❝t❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛❡✳

❛r❡ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s t♦ ❜❡ s♦❧✈❡❞ ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts gλτ ≡ gλτ (ǫ, E, τmax)✳ ❚❤❡s❡ ❝♦❡✣❝✐❡♥ts ❞❡✜♥❡ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ δǫ(E,ω) ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❡st✐♠❛t♦r ❢♦r ρǫ(E) ❛❝❝♦r❞✐♥❣ t♦

δλǫ (E,ω) = a

τmax
∑

τ=1

gλτ bτ (ω) , ρλǫ (E) = a

τmax
∑

τ=1

gλτC(aτ) =

ˆ ∞

0

dω δλǫ (E,ω) ρ(ω) . ✭✶✽✮

❚❤❡ ❢✉♥❝t✐♦♥❛❧ B[gλ] ✐s s✐♠♣❧② t❤❡ st❛t✐st✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ ρλǫ (E) ❛♥❞ t❤❡r❡❢♦r❡ ✈❛♥✐s❤❡s ✐♥ t❤❡ ✐❞❡❛❧ ❝❛s❡ ♦❢ ✐♥✜♥✐t❡❧②
♣r❡❝✐s❡ ✐♥♣✉t ❞❛t❛✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ A[gλ] ♠❡❛s✉r❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t❛r❣❡t ❦❡r♥❡❧ δǫ(E,ω) ❛♥❞ ✐ts
❛♣♣r♦①✐♠❛t✐♦♥ δλǫ (E,ω) ✐♥ t❤❡ r❛♥❣❡✹ E ∈ [E0,∞]✳ ■t ❝❛♥ ♦♥❧② ✈❛♥✐s❤ ✐♥ t❤❡ ❧✐♠✐t τmax → ∞ ✇❤❡♥ gλτ → gtargetτ ✳ ❚❤❡
❝♦❡✣❝✐❡♥ts gλ t❤❛t ♠✐♥✐♠✐③❡ Wλ[g] t❤✉s r❡♣r❡s❡♥t ❛ ♣❛rt✐❝✉❧❛r ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ st❛t✐st✐❝❛❧ ❛♥❞ s②st❡♠❛t✐❝ ❡rr♦rs✱ ❛s
❞✐❝t❛t❡❞ ❜② t❤❡ λ ♣❛r❛♠❡t❡r✳ ❋♦r s♠❛❧❧ λ t❤❡ ❡st✐♠❛t♦r ρλǫ (E) ✐s ❝❧♦s❡ t♦ ρǫ(E) ❜✉t ✇✐t❤ ❛ ❧❛r❣❡ st❛t✐st✐❝❛❧ ✉♥❝❡rt❛✐♥t②✳
❈♦♥✈❡rs❡❧②✱ ❢♦r ❧❛r❣❡ λ t❤❡ ❡st✐♠❛t♦r ρλǫ (E) ❤❛s ❛ s♠❛❧❧ st❛t✐st✐❝❛❧ ❡rr♦r ❜✉t ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ ρǫ(E)✳
❲❤❡♥ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ♠✐♥✐♠✉♠✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ Wλ[g] ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ λ ♦♥❧②✱ t❤✉s ❞❡✜♥✐♥❣ W (λ) ≡ Wλ[g

λ] ❛t
gτ = gλτ ✳ ❚❤❡ r❡❝✐♣❡ s✉❣❣❡st❡❞ ✐♥ ❘❡❢✳ ❬✶❪ t♦ ❝❤♦♦s❡ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ tr❛❞❡✲♦✛ ♣❛r❛♠❡t❡r ❞❡t❡r♠✐♥❡s λ⋆ s✉❝❤
t❤❛t

∂W (λ)

∂λ

∣

∣

∣

∣

λ=λ⋆

= 0 . ✭✶✾✮

❆ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊q✳ ✭✶✼✮ ❞❡♠♦♥str❛t❡s t❤❛t ❛t λ⋆ ✭t❤❡ ♠❛①✐♠✉♠ ♦❢ W (λ) ✇❤❡r❡ gλτ = g⋆τ ✮ ♦♥❡ ❤❛s
A[g⋆] = A[0]B[g⋆]✳ ❚❤✐s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❵♦♣t✐♠❛❧ ❜❛❧❛♥❝❡✬ ❜❡t✇❡❡♥ st❛t✐st✐❝❛❧ ❛♥❞ s②st❡♠❛t✐❝
❡rr♦rs✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤✐s r❡❝✐♣❡✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱
✉♥❧❡ss ❡①♣❧✐❝✐t❧② st❛t❡❞✱ ✇❡ ❞♦ ♥♦t ❞✐st✐♥❣✉✐s❤ t❤❡ t❤❡♦r❡t✐❝❛❧ q✉❛♥t✐t② ρǫ(E) ❢r♦♠ ✐ts ♥✉♠❡r✐❝❛❧ ❡st✐♠❛t♦r ρλ⋆

ǫ (E)✳
❊st✐♠❛t❡s ♦❢ t❤❡ s②st❡♠❛t✐❝ ❡rr♦r ♦♥ ρǫ(E) ✐♥❞✉❝❡❞ ❜② t❤❡ r❡s✐❞✉❛❧ ❞✐✛❡r❡♥❝❡ δλ⋆

ǫ (E,ω) − δǫ(E,ω) ❛r❡ ❞✐s❝✉ss❡❞ ✐♥
❙❡❝✳ ❱✮✳
❆ ❞❡✜♥✐♥❣ ❢❡❛t✉r❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ ❘❡❢✳ ❬✶❪ ✐s t❤❛t t❤❡ s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥ δǫ(E,ω) ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❛❧✉❡s ♦❢ ǫ

❛♥❞ E ❛r❡ ✐♥♣✉ts ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ♦r✐❣✐♥❛❧ ❇❛❝❦✉s✲●✐❧❜❡rt ♠❡t❤♦❞ ❬✾✱ ✶✵❪✳ ❚❤✐s ✇♦r❦ ❡①♣❧♦✐ts t❤✐s
❜② ❡♠♣❧♦②✐♥❣ ❢♦✉r ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ❢♦r t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ x = E − ω✿

δgǫ (x) =
1√
2πǫ

exp

[

− x2

2ǫ2

]

, δc0ǫ (x) =
1

π

ǫ

x2 + ǫ2
, ✭✷✵✮

δc1ǫ (x) =
2

π

ǫ3

(x2 + ǫ2)2
, δc2ǫ (x) =

8

3π

ǫ5

(x2 + ǫ2)3
. ✭✷✶✮

❍❡r❡ g ❛♥❞ c st❛♥❞ ❢♦r ❵●❛✉ss✬ ❛♥❞ ❵❈❛✉❝❤②✬ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ❢♦❧❧♦✇✐♥❣ c ❣✐✈❡s t❤❡ ♦r❞❡r ♦❢ t❤❡ ❈❛✉❝❤②✲❧✐❦❡
♣♦❧❡ ❛s s❤♦✇♥✳ ❆❧❧ ❦❡r♥❡❧s ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ ✉♥✐t ❛r❡❛✳
●✐✈❡♥ ❡st✐♠❛t❡s ♦❢ ρǫ(E) ♦✈❡r ❛ r❛♥❣❡ ♦❢ ǫ ❢♦r ❡❛❝❤ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ❢✉♥❝t✐♦♥s s❤♦✇♥ ❛❜♦✈❡✱ t❤❡ ✜♥❛❧ st❡♣ ✐♥

❞❡t❡r♠✐♥✐♥❣ ρ(E) ✐s t♦ ♣❡r❢♦r♠ ❛♥ ǫ → 0 ❡①tr❛♣♦❧❛t✐♦♥✳ ❚♦ t❤✐s ❡♥❞ ✐t ✐s ✉s❡❢✉❧ t♦ ✉♥❞❡rst❛♥❞ t❤❡ s♠❛❧❧✲ǫ ❡①♣❛♥s✐♦♥

✹ ❚❤❡ ♣❛r❛♠❡t❡r E0 ❝❛♥ ❜❡ ❛❞❥✉st❡❞ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ❢❛❝t t❤❛t ρ(E) ❤❛s s✉♣♣♦rt ♦♥❧② ❢♦r E > 2m✱ s♦ t❤❛t ρǫ(E) ✐♥ ❊q✳ ✭✶✶✮ ✐s ✐♥s❡♥s✐t✐✈❡
t♦ t❤❡ ✈❛❧✉❡ ♦❢ δǫ(E,ω) ❢♦r ω < 2m✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r ρλǫ (E) s♦ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ δλǫ (E,ω) ❝❛♥ ❜❡ ❧❡❢t ✉♥❝♦♥str❛✐♥❡❞ ❢♦r
ω < 2m✳ ■t ❢♦❧❧♦✇s t❤❛t ❛♥② E0 ≤ 2m ✐s ❛ ✈✐❛❜❧❡ ❝❤♦✐❝❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts gλτ ✳ ❚❤❡r❡❢♦r❡ E0 ❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ✐♠♣r♦✈❡ t❤❡
♥✉♠❡r✐❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✳



✼

❛t ✜①❡❞ E✳ ❲❡ ❝♦♥s✐❞❡r t❤❡s❡ ❡①♣❛♥s✐♦♥s ♦♥❧② ❛t ❡♥❡r❣✐❡s ❛✇❛② ❢r♦♠ s✐♥❣✉❧❛r✐t✐❡s✱ ✐✳❡✳ ❛✇❛② ❢r♦♠ 2mZ
+✳ ❆t s✉❝❤

♣♦✐♥ts t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s

ρxǫ(E) ≡
ˆ ∞

0

dω δxǫ(E − ω) ρ(ω) = ρ(E) +

∞
∑

k=1

wx
kak(E)ǫk , ✭✷✷✮

✇❤❡r❡ t❤❡ s✉♣❡rs❝r✐♣t x ❧❛❜❡❧s ❛ ♣❛rt✐❝✉❧❛r s♠❡❛r✐♥❣ ❦❡r♥❡❧✳ ❆s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ✜♥❛❧ ❡q✉❛❧✐t②✱ t❤❡ O(ǫk) ❝♦♥tr✐❜✉t✐♦♥
t♦ t❤❡ ❡①♣❛♥s✐♦♥ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ ❣❡♦♠❡tr✐❝ ❦❡r♥❡❧✲❞❡♣❡♥❞❡♥t ❝♦❡✣❝✐❡♥t wx

k ❛♥❞ ❛ ❦❡r♥❡❧✲✐♥❞❡♣❡♥❞❡♥t ❢❛❝t♦r
ak(E) ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ρ(E)✳ ❚❛❜✳ ■ s✉♠♠❛r✐③❡s t❤❡ ✈❛❧✉❡s ♦❢ wx

k ❢♦r t❤❡ ❢♦✉r ❦❡r♥❡❧s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡
❛♠❜✐❣✉✐t② ✐♥ s❡♣❛r❛t✐♥❣ wx

k ❛♥❞ ak(E) ✐s ✜①❡❞ ❜② s❡tt✐♥❣ wc0
k = 1 ❢♦r ❛❧❧ k✳ ❋♦r t❤✐s ❝❤♦✐❝❡✱ ❛❧❧ r❡♠❛✐♥✐♥❣ wx

k ❛r❡
s✐♠♣❧❡ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛♥❞

ak(E) =

{

(−1)k/2

k!

(

d
dE

)k
ρ(E) , k ❡✈❡♥

limη→0+
(−1)(k−1)/2

2π

´∞
−∞ dω ρ(E+ω)+ρ(E−ω)

(ω+iη)k+1 , k ♦❞❞
. ✭✷✸✮

■■■✳ ❋■◆■❚❊✲❱❖▲❯▼❊ ❊❙❚■▼❆❚❖❘

❚❤❡ t❤❡♦r② ✐s ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ♦♥ ❛♥ L× T ✈♦❧✉♠❡ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❋✐♥✐t❡✲L
❛♥❞ ✜♥✐t❡✲T ❡✛❡❝ts ♦♥ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✜♥✐t❡✲T ✭♦r t❤❡r♠❛❧✮ ❡✛❡❝ts
❛r❡ s❤♦✇♥ ❜❡❧♦✇ t♦ ❜❡ ❡①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ r❡❧✐❛❜❧② s♠❛❧❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♣❡❝tr❛❧
❢✉♥❝t✐♦♥ ✐s ❞r❛♠❛t✐❝❛❧❧② ❞✐✛❡r❡♥t ❛t ✜♥✐t❡ ❛♥❞ ✐♥✜♥✐t❡ L✳
❆t ✐♥✜♥✐t❡ L t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ρ(E) ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✼✮ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❛♥❛❧②t✐❝ ❢♦r ❛❧❧ E ❡①❝❡♣t

❢♦r E = nm ✇❤❡r❡ n ✐s ❛ ♣♦s✐t✐✈❡ ❡✈❡♥ ✐♥t❡❣❡r✳ ❆t ✜♥✐t❡ L t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❞✐s❝r❡t❡ ❛♥❞ t❤❡
s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✐s ❛ s✉♠ ♦❢ ❉✐r❛❝ δ✲❢✉♥❝t✐♦♥s✳ ❆s L ✐♥❝r❡❛s❡s✱ t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❜❡❝♦♠❡s ❞❡♥s❡r
❛♥❞ ❞❡♥s❡r s♦ t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s L = ∞ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s r❡❝♦✈❡r❡❞ ❛s ❛ ✇❡❛❦ ✭♦r ❞✐str✐❜✉t✐♦♥❛❧✮ ❧✐♠✐t✳ ■♥ ♥♦
♠❡❛♥✐♥❣❢✉❧ ✇❛② ❝❛♥ t❤✐s ❧✐♠✐t ❜❡ ❝♦♥s✐❞❡r❡❞ ♣♦✐♥t✲✇✐s❡ ❛♥❞ t❤❡ ✜♥✐t❡✲L ❡✛❡❝ts ♦♥ ρ(E) tr❡❛t❡❞ ❛s s♠❛❧❧ ❝♦rr❡❝t✐♦♥s✳
◗✉❡st✐♦♥s s✉❝❤ ❛s ✏❆r❡ t❤❡ ✜♥✐t❡✲L ❝♦rr❡❝t✐♦♥s t♦ ρ(E) ❡①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞❄✑ ❛r❡ s✐♠♣❧② ✐❧❧✲♣♦s❡❞✳ ■♥ ❝♦♥tr❛st✱
s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ❝♦♥✈❡r❣❡ t♦ t❤❡✐r ✐♥✜♥✐t❡✲L ✈❛❧✉❡ ✐♥ ❛ ♣♦✐♥t✲✇✐s❡ s❡♥s❡✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s
❞✐s❝✉ss✐♦♥ ✐s t❤❛t t❤❡ L → ∞ ❛♥❞ ǫ → 0+ ❧✐♠✐ts ✭✇❤❡r❡ ǫ ✐s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧✮ ❞♦ ♥♦t ❝♦♠♠✉t❡ ❛♥❞
♠❛❦❡ s❡♥s❡ ♦♥❧② ✐♥ ❛ ♣r❡❝✐s❡ ♦r❞❡r✿ t❤❡ L → ∞ ❧✐♠✐t ♠✉st ❜❡ t❛❦❡♥ ❜❡❢♦r❡ t❤❡ ǫ → 0+ ❧✐♠✐t✳
❲❡ ❦♥♦✇ t❤❛t ✐♥❞✐✈✐❞✉❛❧ ✜♥✐t❡✲L♠❛tr✐① ❡❧❡♠❡♥ts ❛t ❡♥❡r❣✐❡s ❛❜♦✈❡ t❤❡ t✇♦✲♣❛rt✐❝❧❡ t❤r❡s❤♦❧❞ ❛♣♣r♦❛❝❤ t❤❡✐r ✐♥✜♥✐t❡✲

L ❧✐♠✐t ✇✐t❤ ❝♦rr❡❝t✐♦♥s t❤❛t ✈❛♥✐s❤ ❛s ✐♥✈❡rs❡ ♣♦✇❡rs ♦❢ 1/L✳ ❲❤❡♥ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ ♦♥❡
♠❛② ❤♦♣❡ t❤❛t ✜♥✐t❡✲L ❝♦rr❡❝t✐♦♥s ✈❛♥✐s❤ ❢❛st❡r t❤❛♥ ❛♥② ✐♥✈❡rs❡ ♣♦✇❡r ✐♥ 1/L✱ ❛t ❧❡❛st ✐❢ t❤❡ s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥ ✐s
❵r❡❛s♦♥❛❜❧❡ ❡♥♦✉❣❤✬✳ ❚❤✐s ✐ss✉❡ ✐s ❡①♣❧♦r❡❞ ✐♥ ❆♣♣✳ ❈✱ ✇❤✐❝❤ ❝♦♥s✐❞❡rs ❛ ✜❝t✐t✐♦✉s s②st❡♠ ✇❤❡r❡ t❤❡ ✐♥✜♥✐t❡✲L s♣❡❝tr❛❧
❞❡♥s✐t② ✐s ❣✐✈❡♥ ❡♥t✐r❡❧② ❜② t❤❡ 2✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ ❊q✳ ✭✾✮✳ ❚❤❡ ✜♥✐t❡✲L s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s t❤❡♥ ❞❡t❡r♠✐♥❡❞ ✭✉♣
t♦ ❡①♣♦♥❡♥t✐❛❧ ❝♦rr❡❝t✐♦♥s✮ ❜② t❤❡ ▲❡❧❧♦✉❝❤✲▲üs❝❤❡r ❢♦r♠❛❧✐s♠ ❬✶✹✱ ✶✺❪✳ ❖♥❡ s❡❡s ❡①♣❧✐❝✐t❧② t❤❛t t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧
❢✉♥❝t✐♦♥ ❤❛s ✜♥✐t❡✲L ❝♦♥tr✐❜✉t✐♦♥s ✇❤✐❝❤ ❛r❡ O(e−mL) ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❣❛✉ss✐❛♥ ❦❡r♥❡❧✱ ❞❡s♣✐t❡ t❤❡ ♣♦✇❡r✲❧❛✇
❝♦rr❡❝t✐♦♥s t♦ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❡♥❡r❣✐❡s ❛♥❞ ♠❛tr✐① ❡❧❡♠❡♥ts✳ ❋♦r t❤❡ ❈❛✉❝❤② ❦❡r♥❡❧s t❤❡ ❡✛❡❝ts ❛r❡ ❛❧s♦ ❡①♣♦♥❡♥t✐❛❧❧②
s✉♣♣r❡ss❡❞ ❜② O(e−µL) ✇❤❡r❡ µ ≤ m ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ E, ǫ ❛♥❞ m ❛s
■♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧❧②✲s✉♣♣r❡ss❡❞ ✜♥✐t❡✲L ❝♦♥tr✐❜✉t✐♦♥s✱ t❤❡ ❛♥❛❧②t✐❝✐t② ♦❢ t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧ ♣❧❛②s

❛ ❝❡♥tr❛❧ r♦❧❡✱ ❛♥❞ ♦♥❡ ❝❛♥ s❡❡ t❤❛t s♠♦♦t❤ ❜✉t ♥♦♥✲❛♥❛❧②t✐❝ ❦❡r♥❡❧s ♣r♦❞✉❝❡ ✜♥✐t❡✲L ❝♦rr❡❝t✐♦♥s t❤❛t ❞❡❝❛② ❢❛st❡r
t❤❛♥ ❛♥② ✐♥✈❡rs❡ ♣♦✇❡r ♦❢ L ❜✉t ❣❡♥❡r❛❧❧② ♥♦t ❡①♣♦♥❡♥t✐❛❧❧②✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❧❛r❣❡✲L r❡❣✐♠❡ ✐s
r❡❛❝❤❡❞ ♦♥❧② ❛❢t❡r ❛ ❢❛✐r❧② ❧❛r❣❡ ✐♥t❡r♠❡❞✐❛t❡ ♦s❝✐❧❧❛t♦r② r❡❣✐♦♥✳ ❲❡ ❞♦ ♥♦t ❝❧❛✐♠ t❤❛t t❤❡s❡ ✜♥❞✐♥❣s ❛r❡ ✈❛❧✐❞ ❜❡②♦♥❞
t❤❡ s✐♠♣❧❡ ❡①❡r❝✐s❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✱ ❜✉t ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❧❛♥❞s❝❛♣❡ ♦❢ ♣❤❡♥♦♠❡♥❛ r❡❧❛t❡❞ t♦ t❤❡ L → ∞ ❧✐♠✐t ♦❢
s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ✐s r✐❝❤✳
❆❢t❡r t❤✐s ❧❡♥❣t❤② ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛❡✳ ❆t ✜♥✐t❡ L ❛♥❞ T ✱ t❤❡ ③❡r♦✲♠♦♠❡♥t✉♠ ❝✉rr❡♥t✲

❝✉rr❡♥t ❝♦rr❡❧❛t♦r ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛♠✐❧t♦♥✐❛♥ r❡♣r❡s❡♥t❛t✐♦♥

CT,L(t) =
1

L

tr {e−(T−t)ĤLÂe−tĤLÂ}
tr e−TĤL

, ✭✷✹✮

✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥

Â =

ˆ L

0

dx ĵ1(x) ✭✷✺✮



✽

✐s ❡♠♣❧♦②❡❞✳ ❆t ✜♥✐t❡ L t❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❞✐s❝r❡t❡✳ ❇② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ ❡♥❡r❣②
❡✐❣❡♥st❛t❡s |n〉L s❛t✐s❢②✐♥❣ ĤL|n〉L = En(L)|n〉L✱ ♦♥❡ ❡❛s✐❧② ❞❡r✐✈❡s t❤❡ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t♦r

CT,L(t) =

ˆ ∞

−∞
dω ρ̃T,L(ω)e

−tω , ✭✷✻✮

✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥

ρ̃T,L(ω) =
1

L

∑

n,n′

e−TEn′ (L)

∑

n′′ e−TEn′′ (L)

∣

∣

∣〈n′|Â|n〉L
∣

∣

∣

2

δ(En(L)− En′(L)− ω) . ✭✷✼✮

◆♦t✐❝❡ t❤❛t ρ̃T,L(ω) ✐s ♥♦♥✲✈❛♥✐s❤✐♥❣ ❛❧s♦ ❢♦r ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ ω✳ ❇② s❡♣❛r❛t✐♥❣ t❡r♠s ✇✐t❤ En ≥ En′ ❛♥❞ En ≤ En′ ✱
❛♥❞ t❛❦✐♥❣ ❝❛r❡ t♦ ❛✈♦✐❞ ❞♦✉❜❧❡ ❝♦✉♥t✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s ✇✐t❤ En = En′ ✱ ♦♥❡ ❝❛♥ s♣❧✐t ρ̃T,L(ω) ✐♥t♦

ρ̃T,L(ω) = ρT,L(ω) + eTωρT,L(−ω) , ✭✷✽✮

✇❤❡r❡ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t②

ρT,L(E) =
1

L

∑

En≥En′

e−TEn′ (L)

∑

n′′ e−TEn′′ (L)

(

1− δEn,En′

2

)

∣

∣

∣〈n′|Â|n〉L
∣

∣

∣

2

δ(En(L)− En′(L)− E) , ✭✷✾✮

✈❛♥✐s❤❡s ❢♦r E < 0✳ ❇② ♣❧✉❣❣✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❝♦rr❡❧❛t♦r✱ ✇❡ ♦❜t❛✐♥ t❤❡ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❢♦r♠

CT,L(t) =

ˆ ∞

0−
dE ρT,L(E){e−tE + e−(T−t)E} . ✭✸✵✮

❆s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝✳ ■■✱ ❢♦r ❛ t❛r❣❡t s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥ δǫ(E − ω)✱ ♦♥❡ ♥♦✇ s❡❡❦s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ δλǫ (E,ω) ✐♥ t❤❡
s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ❜❛s✐s

bT,τ (ω) = e−aτω + e−(T−aτ)ω ✭✸✶✮

❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ Wλ[g]✳ ❚❤❡♥

ρλT,L,ǫ(E) = a

τmax
∑

τ=1

gλτCT,L(aτ) =

ˆ ∞

0−
dE ρT,L(E)δλǫ (E,ω) ✭✸✷✮

✐s ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❞❡♥s✐t②

ρT,L,ǫ(E) =

ˆ ∞

0−
dE ρT,L(E)δǫ(E − ω) . ✭✸✸✮

❆ ❝♦✉♣❧❡ ♦❢ ❝♦♠♠❡♥ts ♦♥ t❤❡s❡ ❢♦r♠✉❧❛❡ ❛r❡ ✐♥ ♦r❞❡r✳ ✭✶✮ ❚❤❡ ❝♦♥s✐❞❡r❡❞ ❡st✐♠❛t♦r ✭✸✷✮ ❞❡♣❡♥❞s ♦♥ τmax✱ ❜✉t ✭❛s
❞❡♠♦♥str❛t❡❞ ✐♥ ❙❡❝✳ ❱✮ ♦✉r r❡s✉❧ts ❛r❡ r❛t❤❡r ✐♥s❡♥s✐t✐✈❡ t♦ ✐ts ♣❛rt✐❝✉❧❛r ✈❛❧✉❡✳ ✭✷✮ ❚❤❡ ❝♦❡✣❝✐❡♥ts gλτ ♦❜t❛✐♥❡❞ ❜②
s♦❧✈✐♥❣ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❊q✳ ✭✶✼✮ ❞❡♣❡♥❞ ♦♥ L ❛♥❞ T ✈✐❛ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛♣♣❡❛r✐♥❣ ✐♥ B[g]✱ ❛♥❞
♦♥ T ✈✐❛ ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ ❜❛s✐s bT,τ (ω)✳ ■♥ t❤❡ ❧✐♠✐t ♦❢ ✐♥✜♥✐t❡ st❛t✐st✐❝s ✭✇✐t❤ B[g] = 0✮✱ t❤❡ gλτ ❞❡♣❡♥❞ ♦♥ T ❜✉t
♥♦t ♦♥ L✳
❊q✳ ✭✷✾✮ ♠❛❦❡s ♠❛♥✐❢❡st t❤❛t ✜♥✐t❡✲t❡♠♣❡r❛t✉r❡ ❡✛❡❝ts ♦♥ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ❛t ✜①❡❞ L ❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② s✉♣✲

♣r❡ss❡❞✱ ✐✳❡✳

ρT,L(E) = ρ∞,L(E) +O(e−Tm(L)) =
1

L

∑

n

∣

∣

∣〈0|Â|n〉L
∣

∣

∣

2

δ(En(L)− E) +O(e−Tm(L)) , ✭✸✹✮

✇❤❡r❡ m(L) ✐s t❤❡ ❡♥❡r❣② ❣❛♣ ✐♥ ✜♥✐t❡ ✈♦❧✉♠❡✳ ❙♠❡❛r✐♥❣ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❛♠♦✉♥ts t♦ r❡♣❧❛❝✐♥❣ t❤❡ ❉✐r❛❝ δ✲
❢✉♥❝t✐♦♥ ✐♥ ❊q✳ ✭✷✾✮ ✇✐t❤ t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧ δǫ✳ ❆t ✜①❡❞ L t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❞❡♥s✐t② ❛❧s♦ ❤❛s ✜♥✐t❡✲t❡♠♣❡r❛t✉r❡
❡✛❡❝ts t❤❛t ❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ✇✐t❤ O(e−Tm(L))✳ ❊✈❡♥ t❤♦✉❣❤ ❢❛r ❢r♦♠ ♦❜✈✐♦✉s✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡
t❤❛t ✜♥✐t❡✲T ❡✛❡❝ts ❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ❛❧s♦ ❛t L = ∞ s✐♥❝❡ t❤❡ t❤❡♦r② ❤❛s ❛ ♠❛ss ❣❛♣✳



✾

■❉ (L/a)× (T/a) β am⋆ m⋆L m⋆T Nth × 10−6 Nrep Nbin B × 10−6 Nc × 10−10

❆✶ 640× 320 ✶✳✻✸ ✵✳✵✹✹✼✾✽✾✭✻✷✮ ✷✾ ✶✹ ✶✳✻ ✹✽✵ ✺ ✸✳✷ ✸✳✽✹
❆✷ 1280× 640 ✶✳✼✷ ✵✳✵✷✺✼✻✾✺✭✸✶✮ ✸✸ ✶✼ ✶✷✳✽ ✸✽✹✵ ✶ ✷✵ ✼✳✻
❆✸ 1920× 960 ✶✳✼✽ ✵✳✵✶✼✻✶✵✹✭✸✶✮ ✸✹ ✶✼ ✶✷✳✽ ✼✻✽✵ ✶ ✶✵ ✼✳✻
❆✹ 2880× 1440 ✶✳✽✺ ✵✳✵✶✶✷✻✵✽✭✷✾✮ ✸✷ ✶✻ ✶✷✳✽ ✸✵✼✷✵ ✶ ✷✳✺ ✼✳✻✽

❇✶ 5760× 1440 ✶✳✽✺ ✵✳✵✶✶✷✻✵✼✭✼✸✮ ✻✺ ✶✻ ✶✷✳✽ ✼✻✽✵ ✶ ✶✳✺ ✶✳✶✺✷
❇✷ 2880× 2880 ✶✳✽✺ ✵✳✵✶✶✷✹✻✷✭✼✷✮ ✸✷ ✸✷ ✶✷✳✽ ✼✻✽✵ ✶ ✶✳✺ ✶✳✶✺✷

❚❆❇▲❊ ■■✳ ❉❡t❛✐❧s ❢♦r t❤❡ ❡♥s❡♠❜❧❡s ♦❢ ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥s ❣❡♥❡r❛t❡❞ ❢♦r t❤✐s ✇♦r❦✳ ❚❤❡ ❞✐♠❡♥s✐♦♥❢✉❧ s❝❛❧❡ m⋆ ≃ m ✐s ❞❡✜♥❡❞
✐♥ ❊q✳ ✭✸✾✮✳ ❊♥s❡♠❜❧❡s ❆✶✲❆✹ ❡♥❛❜❧❡ t❤❡ ❝♦♥t✐♥✉✉♠ ❧✐♠✐t ❛t ❛♣♣r♦①✐♠❛t❡❧② ✜①❡❞ ♣❤②s✐❝❛❧ ✈♦❧✉♠❡✱ ✇❤✐❧❡ ❇✶ ❛♥❞ ❇✷ ❛r❡ ✉s❡❞ t♦
❡st✐♠❛t❡ ✜♥✐t❡ s✐③❡ ❡✛❡❝ts✳ ❊❛❝❤ ❡♥s❡♠❜❧❡ ❝♦♥s✐sts ♦❢ Nrep ✐♥❞❡♣❡♥❞❡♥t ✐❞❡♥t✐❝❛❧ r❡♣❧✐❝❛✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s t❤❡r♠❛❧✐③❡❞ ❢♦r Nth

❝❧✉st❡r ✉♣❞❛t❡s ❜❡❢♦r❡ Nbin ♠❡❛s✉r❡♠❡♥ts ❛r❡ t❛❦❡♥ ❜② ❛✈❡r❛❣✐♥❣ ♦✈❡r B s✉❜s❡q✉❡♥t ✉♣❞❛t❡s✳ ❚❤✐s r❡s✉❧ts ✐♥ ❛ t♦t❛❧ ♥✉♠❜❡r
♦❢ ♠❡❛s✉r❡♠❡♥t ❝❧✉st❡r ✉♣❞❛t❡s Nc ❢♦r ❡♥s❡♠❜❧❡✳ ❖♥❧② t✇♦ ❞✐❣✐ts ❛r❡ ❣✐✈❡♥ ❢♦r m⋆L ❛♥❞ m⋆T ✳

■❱✳ ▲❆❚❚■❈❊✲❉■❙❈❘❊❚■❩❊❉ ▼❖❉❊▲

❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ❝✉rr❡♥t✲❝✉rr❡♥t ❝♦rr❡❧❛t♦r ✐♥ ❊q✳ ✭✸✵✮ ❜② ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧❛tt✐❝❡✲❞✐s❝r❡t✐③❡❞
♠♦❞❡❧✳ ❚❤❡ ✜❡❧❞ σ(x) ✐s ♥♦✇ ❞❡✜♥❡❞ ♦♥ t❤❡ s❡t ♦❢ (L/a)× (T/a) ❡q✉❛❧❧②✲s♣❛❝❡❞ ♣♦✐♥ts x = (aτ,x) ♦♥ t❤❡ t✇♦✲t♦r✉s✱
❞❡♥♦t❡❞ ❜② Λ✳ ❚❤❡ st❛♥❞❛r❞ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ✐s ❡♠♣❧♦②❡❞ ❤❡r❡

S[σ] =
β

2

∑

x∈Λ

a2
∑

µ

∂̂µσ(x) · ∂̂µσ(x) = β
∑

x∈Λ

∑

µ

[1− σ(x) · σ(x+ aµ̂)] , ✭✸✺✮

✇❤❡r❡ ∂̂µf(x) =
1
a [f(x+ aµ̂)− f(x)] ✐s t❤❡ ❢♦r✇❛r❞✲❞✐✛❡r❡♥❝❡ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥

❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❊①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s ♦❢ ♦❜s❡r✈❛❜❧❡s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♣❛t❤ ✐♥t❡❣r❛❧

〈A〉 = 1

Z

ˆ

[

∏

x∈Λ

dσ(x)

]

e−S[σ]A[σ] , ✭✸✻✮

✇❤❡r❡ dσ(x) ❞❡♥♦t❡s t❤❡ ❖✭✸✮✲✐♥✈❛r✐❛♥t ✐♥t❡❣r❛t✐♦♥ ♠❡❛s✉r❡ ♦✈❡r t❤❡ ✉♥✐t s♣❤❡r❡✳ ❚❤❡ ❣❧♦❜❛❧ ❖✭✸✮ s②♠♠❡tr② ✐s
♣r❡s❡r✈❡❞ ❜② t❤❡ ❧❛tt✐❝❡ ❞✐s❝r❡t✐③❛t✐♦♥✱ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ◆♦❡t❤❡r ❝✉rr❡♥t ✐s

jaµ(x) = βǫabcσb(x)∂̂µσ
c(x) . ✭✸✼✮

❊①❛❝t ❖✭✸✮ ❲❛r❞ ✐❞❡♥t✐t✐❡s ✐♠♣❧② t❤❛t t❤✐s ❝✉rr❡♥t ✐s r❡♥♦r♠❛❧✐③❡❞✳ ❚❤❡ ❞✐s❝r❡t✐③❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ③❡r♦✲♠♦♠❡♥t✉♠
❊✉❝❧✐❞❡❛♥ ❝✉rr❡♥t✲❝✉rr❡♥t ❝♦rr❡❧❛t♦r ✐s ❣✐✈❡♥ ❜②

C(aτ) =
∑

x

a〈ja1 (x) ja1 (0)〉 . ✭✸✽✮

❚❤❡ str♦♥❣ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❖✭✸✮ ♠♦❞❡❧ ❣❡♥❡r❛t❡ ❛ ♠❛ss ❣❛♣ m✱ ✇❤✐❝❤ ✐s ♦❢t❡♥ ✉s❡❞ t♦ s❡t t❤❡ s❝❛❧❡✳ ■♥ t❤✐s ✇♦r❦
✇❡ ❝❤♦♦s❡ t♦ ♠❡❛s✉r❡ ❛❧❧ ❞✐♠❡♥s✐♦♥❢✉❧ q✉❛♥t✐t✐❡s ✐♥ ✉♥✐ts ♦❢ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣♦✇❡r ♦❢ t❤❡ ♠❛ss s❝❛❧❡ m⋆✱ ❞❡✜♥❡❞ ❜②
t❤❡ ❡q✉❛t✐♦♥ ❬✶✻❪

m−1
⋆ C(m−1

⋆ ) = 0.046615 . ✭✸✾✮

❲❤✐❧❡ ✐♥ ♣r✐♥❝✐♣❧❡ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ ❛♥② ♥✉♠❜❡r ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✱ ✇❡ ✉s❡ ❛ ✈❛❧✉❡ t❤❛t ❣✐✈❡s m⋆ ≃ m✳ ■♥ ❢❛❝t✱ ❜②
✉s✐♥❣ t❤❡ ❝♦rr❡❧❛t♦r r❡❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ 2✲✱ 4✲ ❛♥❞ 6✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✇❡ ✜♥❞ t❤❛t
t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ m ❛♥❞ m⋆ ✐s ♦❢ ♦r❞❡r 10−5✳ ■♥ ♣r❛❝t✐❝❡ t❤❡ ❝♦rr❡❧❛t♦r C(t) ✐s ❦♥♦✇♥ ♦♥❧② ❛t ✈❛❧✉❡s ♦❢
t = aτ t❤❛t ❛r❡ ✐♥t❡❣❡r ♠✉❧t✐♣❧❡s ♦❢ t❤❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣ a✱ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ ❢♦r m⋆ ✐s s♦❧✈❡❞ ✉s✐♥❣ ❛ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r
✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ log tC(t)✳ ❚❤❡ q✉❛♥t✐t② m⋆ ✐s ❞❡t❡r♠✐♥❡❞ ✇✐t❤ ❤✐❣❤❡r st❛t✐st✐❝❛❧ ♣r❡❝✐s✐♦♥ t❤❛♥ m ❛♥❞ ✐s ❛❧s♦ ❛✛❡❝t❡❞
❜② s♠❛❧❧❡r ✜♥✐t❡✲✈♦❧✉♠❡ ❡✛❡❝ts✳
◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ s✐♥❣❧❡✲❝❧✉st❡r ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣✳ ❉✳ ❉❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ t❤❡

❣❡♥❡r❛t❡❞ ❡♥s❡♠❜❧❡s ♦❢ ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜✳ ■■✳ ❚❤❡ ❡♥s❡♠❜❧❡s ❆✶✱ ❆✷✱ ❆✸✱ ❆✹ ❤❛✈❡ ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ β ❛♥❞ t❤❡r❡❢♦r❡ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣✱ ❜✉t s✐♠✐❧❛r m⋆L ≥ 29 ❛♥❞ m⋆T ≥ 14✳ ❚❤❡ ❡♥s❡♠❜❧❡s
❇✶ ❛♥❞ ❇✷ ❤❛✈❡ ❜❡❡♥ ❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ s❛♠❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣ ❛s ❆✹ ❜✉t ✇✐t❤ ❞♦✉❜❧❡❞ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ❡①t❡♥t✱
r❡s♣❡❝t✐✈❡❧②✳ ❲❤✐❧❡ t❤❡ ❡♥s❡♠❜❧❡s ❆✶✱ ❆✷✱ ❆✸✱ ❛♥❞ ❆✹ ❛r❡ ✉s❡❞ t♦ ♣❡r❢♦r♠ ❛ ❝♦♥t✐♥✉✉♠ ❡①tr❛♣♦❧❛t✐♦♥✱ ❇✶ ❛♥❞ ❇✷
❡♥❛❜❧❡ ❡st✐♠❛t❡s ♦❢ t❤❡ r❡s✐❞✉❛❧ ✜♥✐t❡✲L ❛♥❞ ✜♥✐t❡✲T ❡✛❡❝ts✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝✳ ❱✳





✶✶

s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✈❛r✐❡s✱ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ❧❡ss ❡✛❡❝t✐✈❡ ✐♥ t❤❡ ❡❧❛st✐❝ r❡❣✐♦♥ ✇❤❡r❡ ρ(E) ✐♥❝r❡❛s❡s r❛♣✐❞❧② ✇✐t❤ t❤❡ ♦♥s❡t
♦❢ t✇♦✲♣❛rt✐❝❧❡ ♣❤❛s❡ s♣❛❝❡✳ ❙✐♥❝❡ ρ(E) ✐♥ t❤❡ ❡❧❛st✐❝ r❡❣✐♦♥ ✐s ❛❝❝❡ss✐❜❧❡ t♦ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❢♦r♠❛❧✐s♠✱ t❤❡ ❢♦❝✉s ✐s
✐♥st❡❛❞ ♦♥ ❡♥❡r❣✐❡s ✐♥ t❤❡ ✐♥❡❧❛st✐❝ r❡❣✐♦♥ E > 4m✳ ❉✉❡ t♦ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛♥② s❤❛r♣ ❵r❡s♦♥❛♥❝❡ ♣❡❛❦s✬✱ ρ(E) ✈❛r✐❡s
✐♥❝r❡❛s✐♥❣ s❧♦✇❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ E✱ s✉❣❣❡st✐♥❣ t❤❛t t❤❡ s♠❡❛r✐♥❣ ✇✐❞t❤ s❤♦✉❧❞ ❜❡ s❝❛❧❡❞ ǫ ∝ (E − 2m)✱ ✐✳❡✳ ✇✐t❤ t❤❡
❞✐st❛♥❝❡ t♦ t❤❡ r❛♣✐❞ ✈❛r✐❛t✐♦♥ ❢r♦♠ t❤❡ t✇♦✲♣❛rt✐❝❧❡ t❤r❡s❤♦❧❞✳ ❆♣❛rt ❢r♦♠ t❤✐s s❝❛❧✐♥❣ ✐♥ t❤❡ s♠❡❛r✐♥❣ ✇✐❞t❤✱ t❤❡
❛♥❛❧②s✐s ❢♦r t❤❡s❡ t✇♦ t❡sts ♣r♦❝❡❡❞s ✐❞❡♥t✐❝❛❧❧②✳
❆❧❧ st❛t✐st✐❝❛❧ ❡rr♦rs ♦♥ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ❛r❡ ❡st✐♠❛t❡❞ ✉s✐♥❣ t❤❡ ❜♦♦tstr❛♣ ♣r♦❝❡❞✉r❡ ✇✐t❤ Nboot = 800

❜♦♦tstr❛♣ s❛♠♣❧❡s✱ ❣❡♥❡r❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ ❡❛❝❤ ❡♥s❡♠❜❧❡ ❢r♦♠ t❤❡ Nrep ×Nbin ♠❡❛s✉r❡♠❡♥ts ❧✐st❡❞ ✐♥ ❚❛❜✳ ■■✳
❋♦r ❛❧❧ t❤❡ r❡❝♦♥str✉❝t✐♦♥s✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ r❛♥❣❡ E0 ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✶✻✮ ✐s s❡t ✉s✐♥❣ t❤❡ s❝❛❧❡
m⋆ ✈✐❛ aE0 = 2 am⋆ t♦ ✭❛♣♣r♦①✐♠❛t❡❧②✮ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ t✇♦✲♣❛rt✐❝❧❡ t❤r❡s❤♦❧❞✳ ❚❤✐s ❝❤♦✐❝❡ ♠✐♥✐♠✐③❡s t❤❡ r❛♥❣❡
✐♥ ❡♥❡r❣② ♦✈❡r ✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ A[g] ❢♦r❝❡s t❤❡ r❡❝♦♥str✉❝t❡❞ ❛♥❞ t❛r❣❡t ❦❡r♥❡❧s t♦ ❜❡ s✐♠✐❧❛r✳ ❚❤❡ ✈❛❧✉❡s ♦❢
am⋆ ❣✐✈❡♥ ✐♥ ❚❛❜✳ ■■ ❛r❡ ❛❧s♦ ✉s❡❞ t♦ ✜① t❤❡ ❞✐♠❡♥s✐♦♥❢✉❧ ♣❛r❛♠❡t❡rs ǫ ❛♥❞ E ❛t ❞✐✛❡r❡♥t ❧❛tt✐❝❡ s♣❛❝✐♥❣s✳ Pr♦♣❡r❧②
✐♥❝❧✉❞✐♥❣ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦♥ am⋆ r❡q✉✐r❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts gλτ ♦♥ ❡❛❝❤ ❜♦♦tstr❛♣ s❛♠♣❧❡✱
✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❆❢t❡r ❝♦♥✜r♠✐♥❣ t❤❛t t❤✐s ❤❛s ♥♦ ♦❜s❡r✈❛❜❧❡ ❡✛❡❝t ♦♥ ❛ s❡❧❡❝t✐♦♥
♦❢ s❛♠♣❧❡ r❡❝♦♥str✉❝t✐♦♥s✱ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ am⋆ ✐♥ ❚❛❜✳ ■■ ✐s s✉❜s❡q✉❡♥t❧② ✐❣♥♦r❡❞✳

❆✳ ❋✐①❡❞ s♠❡❛r✐♥❣ ✇✐❞t❤

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s s❡❝t✐♦♥ ✐♥ ❋✐❣✳ ✻✱ t❤❡ s②st❡♠❛t✐❝ ❡rr♦rs ♠✉st ❜❡ ❡st✐♠❛t❡❞✳ ❈♦♥s✐❞❡r
✜rst s②st❡♠❛t✐❝ ❡rr♦rs ❞✉❡ t♦ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❉✉❡ t♦ t❤❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉t ✈❛❧✉❡s C(aτ)✱ t❤❡
r❡❝♦♥str✉❝t❡❞ s♠❡❛r✐♥❣ ❦❡r♥❡❧ ✇✐❧❧ ♥❡✈❡r ❜❡ ❡①❛❝t❧② ❡q✉❛❧ t♦ t❤❡ ❞❡s✐r❡❞ ♦♥❡✳ ❚❤✐s s♦✉r❝❡ ♦❢ s②st❡♠❛t✐❝ ❡rr♦r ✐s
q✉❛♥t✐✜❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ A[gλ]/A[0]✱ ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✶✻✮ ❛s t❤❡ ✭sq✉❛r❡❞✮ t✇♦✲♥♦r♠ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ♥♦r♠❛❧✐③❡❞ ❜②
t❤❡ ✭sq✉❛r❡❞✮ t✇♦✲♥♦r♠ ♦❢ t❤❡ ❞❡s✐r❡❞ ❦❡r♥❡❧✳ ❲❤✐❧❡ t❤✐s ♠❡❛s✉r❡ ❞♦❡s ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r♦❧❡ ♦❢ t❤❡ ✉♥s♠❡❛r❡❞
s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ρ(E) ♦♥ t❤❡ s②st❡♠❛t✐❝ ❡rr♦r ♦❢ ρǫ(E)✱ t❤✐s ❡rr♦r ❝❡rt❛✐♥❧② ✈❛♥✐s❤❡s ✐♥ t❤❡ A[gλ] → 0 ❧✐♠✐t✳ ❚❤❡
✈❛❧✉❡ ♦❢ A[gλ] ✐s t❤❡r❡❢♦r❡ ❛ ✉s❡❢✉❧ ❞✐❛❣♥♦st✐❝ ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♦♥s❡t ♦❢ t❤❡ st❛t✐st✐❝s✲❧✐♠✐t❡❞ r❡❣✐♠❡✿ ✐❢ λ ✐s ❧♦✇❡r❡❞
s✉❝❤ t❤❛t A[gλ] ❝❤❛♥❣❡s s✐❣♥✐✜❝❛♥t❧② ❛♥❞ ♥♦ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ✐s ♦❜s❡r✈❡❞ ✐♥ ρλǫ (E)✱ t❤❡♥ t❤✐s s♦✉r❝❡ ♦❢ s②st❡♠❛t✐❝
❡rr♦r ✐s ❧✐❦❡❧② s♠❛❧❧❡r t❤❛♥ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r✳ ❚❤✐s t②♣❡ ♦❢ ❵♣❧❛t❡❛✉✬ ❛♥❛❧②s✐s ✐s ✇❡❧❧✲❦♥♦✇♥ t♦ ❧❛tt✐❝❡ ✜❡❧❞ t❤❡♦r②
♣r❛❝t✐t✐♦♥❡rs ❛♥❞ ✐s ❡①❡♠♣❧✐✜❡❞ ✐♥ ❋✐❣✳ ✷✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝✳ ■■✱ ✇❡ ❢♦❧❧♦✇ ❤❡r❡ t❤❡ r❡❝✐♣❡ ♦❢ ❘❡❢✳ ❬✶❪ ❛♥❞ q✉♦t❡ ❛s
t❤❡ ❝❡♥tr❛❧ ✈❛❧✉❡ ❢♦r ρǫ(E) t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ❛t λ = λ⋆✱ ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✶✾✮✳
❆♥♦t❤❡r ♣r♦❜❡ ♦❢ t❤❡ s②st❡♠❛t✐❝ ❡rr♦r ❞✉❡ t♦ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ρǫ(E) ❞❡t❡r♠✐♥❡❞ ❢r♦♠

❝♦❡✣❝✐❡♥ts s✉❜❥❡❝t t♦ ✈❛r✐♦✉s ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥✱ ✐♠♣❧❡♠❡♥t❡❞ ✈✐❛ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ❛s ❡①♣❧❛✐♥❡❞
✐♥ ❆♣♣✳ ❇✳ ❋✐❣✳ ✷ s❤♦✇s r❡s✉❧ts ❢♦r t❤❡ ✉♥❝♦♥str❛✐♥❡❞ r❡❝♦♥str✉❝t✐♦♥✱ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ r❡❝♦♥str✉❝t❡❞ s♠❡❛r✐♥❣
❦❡r♥❡❧ ❤❛s ❛ s✐❣♥❡❞ ❛r❡❛ ❡q✉❛❧ t♦ t❤❡ ❞❡s✐r❡❞ ♦♥❡✱ ❛♥❞ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡ r❡❝♦♥str✉❝t❡❞ ❦❡r♥❡❧ ❡①❛❝t❧② ❝♦✐♥❝✐❞❡s
✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♦♥❡ ❛t t❤❡ ♣❡❛❦ ω = E✳ ❋♦r ❧❛r❣❡ λ✱ t❤❡s❡ ❞✐✛❡r❡♥t r❡❝♦♥str✉❝t✐♦♥s ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧②✺ ❜✉t ❝♦✐♥❝✐❞❡
✇❡❧❧ ✇✐t❤✐♥ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ❛t λ⋆✱ ❧❡♥❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❝♦♥✜❞❡♥❝❡ t❤❛t λ⋆ ✐s ✐♥❞❡❡❞ ✐♥ t❤❡ st❛t✐st✐❝s✲❞♦♠✐♥❛t❡❞
r❡❣✐♠❡✳ P✉t ♠♦r❡ ♣r❡❝✐s❡❧②✱ r❡❝♦♥str✉❝t✐♦♥s s✉❜❥❡❝t t♦ ❞✐✛❡r❡♥t ❝♦♥str❛✐♥ts r❡s✉❧t ✐♥ ❞✐✛❡r❡♥t r❡❝♦♥str✉❝t❡❞ s♠❡❛r✐♥❣
❦❡r♥❡❧s✳ ❚❤❡✐r ❝♦♥s✐st❡♥❝② ✇❤❡♥ ❝♦♠♣❛r❡❞ ❛t s✐♠✐❧❛r ✈❛❧✉❡s ♦❢ A[gλ]/A[0] ❞❡♠♦♥str❛t❡s t❤❛t t❤❡s❡ ❞✐✛❡r❡♥❝❡s ❛r❡
✐♥s✐❣♥✐✜❝❛♥t ❛♥❞ s✉❣❣❡sts t❤❛t ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ❡①❛❝t ❦❡r♥❡❧ ❛r❡ ❛s ✇❡❧❧✳ ❖✈❡r❛❧❧✱ t❤❡ ❛♣♣r♦❛❝❤ ❡♠♣❧♦②❡❞ ❢♦r
❝❤♦♦s✐♥❣ λ⋆ ❞✐s❝✉ss❡❞ ✐♥ ❊q✳ ✭✶✾✮ t♦ ❜❛❧❛♥❝❡ st❛t✐st✐❝❛❧ ❛♥❞ s②st❡♠❛t✐❝ ❡rr♦rs ✐s s♦♠❡✇❤❛t ❝♦♥s❡r✈❛t✐✈❡✳ ❋✐❣ ✷ s✉❣❣❡sts
t❤❡ ❧❡ss r❡str✐❝t✐✈❡ ❛❧t❡r♥❛t✐✈❡ str❛t❡❣② ♦❢ ❞❡♠❛♥❞✐♥❣ ❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t r❡❝♦♥str✉❝t✐♦♥s✳ ❚❤✐s
❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② r❡s✉❧t ✐♥ s♠❛❧❧❡r st❛t✐st✐❝❛❧ ❡rr♦rs✱ ❜✉t r❡q✉✐r❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ✇♦r❦✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ t❤❡ s❡♥s✐t✐✈✐t② t♦ t❤❡ ✐♥♣✉t ❝♦rr❡❧❛t♦r ❞❛t❛ ✐s ♣r♦❜❡❞ ✐♥ ❋✐❣✳ ✸✳ ❚❤❡ ✐♥♣✉t ❝♦rr❡❧❛t♦r t✐♠❡

s❧✐❝❡s {C(aτ)} r❛♥❣❡ ♦✈❡r [τmin, τmax] ✇✐t❤ τmin = 1 ✜①❡❞✳ ❚❤❡ ✐♥♣✉t t✐♠❡ s❧✐❝❡s ❛r❡ ❝♦rr❡❧❛t❡❞ ❛♥❞ s✉✛❡r ❢r♦♠ ❛♥
❡①♣♦♥❡♥t✐❛❧ ❞❡❣r❛❞❛t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ τ ✇✐t❤ ❛ r❛t❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧❧② s✐♠✐❧❛r t♦ m✳
❆s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸ ❢♦r ❛ s❛♠♣❧❡ r❡❝♦♥str✉❝t✐♦♥✱ ρǫ(E) ✐s r❡❧❛t✐✈❡❧② ✐♥s❡♥s✐t✐✈❡ t♦ τmax✱ ❛♥❞ t♦ ❛ ❵t❤✐♥♥✐♥❣✬ ♦❢ t❤❡ ✐♥♣✉t
❞❛t❛✱ s♦ t❤❛t t❤❡ t✐♠❡ s❧✐❝❡s ❛r❡ s❡♣❛r❛t❡❞ ❜② σt = a(τn+1 − τn)✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❝❛♥ ❜❡ ♣❧❛✉s✐❜❧② ❡①♣❧❛✐♥❡❞ ❜②
t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ ❞❡❣r❛❞❛t✐♦♥ ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ❞❛t❛✳ ❚❤❡ r♦❧❡ ♦❢ B[g] ✐s t♦ ♣❡♥❛❧✐③❡ ❝♦❡✣❝✐❡♥ts gλτ ✇❤✐❝❤
✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ ❧❛r❣❡ st❛t✐st✐❝❛❧ ❡rr♦r✳ ❚❤✐s ♣❡♥❛❧t② ♥❛t✉r❛❧❧② ❞✐s❢❛✈♦rs ✐♥♣✉t ❞❛t❛ ❛t ❧❛r❣❡ τ ✱ ❡✛❡❝t✐✈❡❧② ❵t✉r♥✐♥❣ ♦✛✬
t❤❡s❡ t✐♠❡ s❧✐❝❡s ❛♥❞ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ✐♥s❡♥s✐t✐✈✐t② t♦ τmax✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t t✐♠❡ s❧✐❝❡s ♠❛②
❜❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ r♦❜✉st♥❡ss t♦ ❝❤❛♥❣✐♥❣ σt✳ ❇♦t❤ ♦❢ t❤❡s❡ ❤②♣♦t❤❡s❡s r❡q✉✐r❡ ❢✉rt❤❡r st✉❞② ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢
t❤❡ ♣r❡s❡♥t ✇♦r❦✳

❆❢t❡r ❞❡♠♦♥str❛t✐♥❣ t❤❛t t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♦♥ ❛ ♣❛rt✐❝✉❧❛r ❡♥s❡♠❜❧❡ ♦❢ ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥s r❡s✉❧ts ✐♥
❛ st❛t✐st✐❝s✲❞♦♠✐♥❛t❡❞ ❡st✐♠❛t♦r ❢♦r ρǫ(E)✱ ✇❡ t✉r♥ ♥♦✇ t♦ s②st❡♠❛t✐❝ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡①t❡♥t ♦❢ t❤❡

✺ ❚❤❡ ❡q✉❛❧ ❛r❡❛ ❝♦♥str❛✐♥t ✐s s♦♠❡✇❤❛t ✇❡❛❦❡r t❤❛♥ ❞❡♠❛♥❞✐♥❣ δλǫ (E,ω) = δxǫ(E − ω) ❛t ω = E✱ ❛s ❡✈✐❞❡♥❝❡❞ ❜② t❤❡ ♣❧♦ts ♦❢ δλǫ (E,ω)
✐♥ t❤❡ ❝❡♥t❡r ❛♥❞ ❧❡❢t ♣❛♥❡❧s ♦❢ ❋✐❣✳ ✷✳













✶✼

❆♣❛rt ❢r♦♠ t❤❡ ❵✉s✉❛❧✬ s♦✉r❝❡s ♦❢ s②st❡♠❛t✐❝ ❡rr♦r ❞✉❡ t♦ t❤❡ ✜♥✐t❡ ❧❛tt✐❝❡ s♣❛❝✐♥❣ ❛♥❞ ❡①t❡♥ts✱ ✇❡ ♠✉st ❛❧s♦
❝♦♥s✐❞❡r t❤❡ ✐♠♣❡r❢❡❝t r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧ ❞✉❡ t♦ t❤❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐♥♣✉t t✐♠❡ s❧✐❝❡s ❛♥❞ t❤✐❡r
❛ss♦❝✐❛t❡❞ st❛t✐st✐❝❛❧ ❡rr♦rs✳ ❆❧❧ s♦✉r❝❡s ♦❢ s②st❡♠❛t✐❝ ❡rr♦r ❤❛✈❡ ❜❡❡♥ ❡st✐♠❛t❡❞ ❛♥❞ ✐♥❝❧✉❞❡❞ ✐♥ ❋✐❣s✳ ✻ ❛♥❞ ✾ ✇❤❡r❡
t❤❡ st❛t✐st✐❝❛❧ ❛♥❞ s②st❡♠❛t✐❝ ❡rr♦rs ❛r❡ ❛❞❞❡❞ ✐♥ q✉❛❞r❛t✉r❡✳ ●❡♥❡r❛❧❧② t❤❡ ❡rr♦rs ❞✉❡ t♦ t❤❡ ✜♥✐t❡ ❧❛tt✐❝❡ ❡①t❡♥t ❛r❡
❧❛r❣❡st✱ ❛♥❞ ❛r❡ t②♣✐❝❛❧❧② ❧❡ss t❤❛♥ ♦r ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦rs✳
❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ρǫ(E) ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ❞✐✣❝✉❧t ❢♦r s♠❛❧❧❡r s♠❡❛r✐♥❣ ✇✐❞t❤s ǫ ❛t ✜①❡❞ ❡♥❡r❣② E✱ ❛♥❞

✐♥❝r❡❛s✐♥❣ E ✇✐t❤ ✜①❡❞ ǫ✳ ❆s ❡✈✐❞❡♥t ❢r♦♠ t❤❡ r✐❣❤t t✇♦ ♣❛♥❡❧s ♦❢ ❋✐❣✳ ✻✱ ✐t✬s ❞✐✣❝✉❧t t♦ ❛❝❤✐❡✈❡ ♣r❡❝✐s❡ r❡s✉❧ts ♦✉ts✐❞❡
♦❢ t❤❡ ❡❧❛st✐❝ r❡❣✐♦♥ ❢♦r ǫ . m/2 ✇✐t❤ t❤❡ ❣❛✉ss✐❛♥ s♠❡❛r✐♥❣ ❦❡r♥❡❧✳ ❇❡tt❡r ✐s t♦ ❡①♣❧♦✐t t❤❡ s♠♦♦t❤♥❡ss ♦❢ ρ(E) ❛♥❞
s❝❛❧❡ ǫ ∝ (E − 2m)✱ s♦ t❤❛t ❛♥ ❡q✉❛❧ ♣r♦♣♦rt✐♦♥ ♦❢ t❤❡ s♠❡❛r✐♥❣ ❦❡r♥❡❧ ❵❧❡❛❦s✬ ❞♦✇♥ t♦ t❤❡ t✇♦ ♣❛rt✐❝❧❡ t❤r❡s❤♦❧❞ ❛t
❡❛❝❤ ❡♥❡r❣②✳
❚❤✐s ❡♥❛❜❧❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ρ(E) ✐♥ ❋✐❣✳ ✾✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ✇♦r❦✳
❚❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ❤❡r❡ ✐s ✭✐♥ ♣r✐♥❝✐♣❧❡✮ ❞✐r❡❝t❧② ❛♣♣❧✐❝❛❜❧❡ t♦ t❤❡ ✈❡❝t♦r✲✈❡❝t♦r ❝♦rr❡❧❛t♦r ✐♥ ◗❈❉ t♦ ❝♦♠♣✉t❡

t❤❡ R✲r❛t✐♦✱ ♣r♦✈✐❞❡❞ ❛ ❢❡✇ ❦❡② ♣♦✐♥ts ❛r❡ ❛❞❞r❡ss❡❞✳ ❋✐rst✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❛rr♦✇ r❡s♦♥❛♥❝❡s ✐♥ ◗❈❉ s❡❡♠✐♥❣❧②
✐♥✈❛❧✐❞❛t❡s ♦✉r ❛♣♣r♦❛❝❤ t♦ t❤❡ ǫ → 0 ❡①tr❛♣♦❧❛t✐♦♥ ❜② s❝❛❧✐♥❣ ǫ ∝ (E − 2m)✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ✜♥✐t❡ s♠❡❛r✐♥❣ ✇✐❞t❤
♠❛② ❜❡ ✉s❡❞ t♦ ♣r♦❜❡ t❤❡ ♦♥s❡t ♦❢ t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡❣✐♠❡ ❬✷✵❪✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧t❤♦✉❣❤ t❤❡ ❞❡♥s✐t② ♦❢ st❛t❡s ✐s ❤✐❣❤❡r ✐♥
t❤r❡❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s ❝♦♠♣❛r❡❞ t♦ ♦♥❡✱ t❤❡ s♣❛t✐❛❧ ❡①t❡♥t ❛❝❤✐❡✈❡❞ ❤❡r❡ ♦❢ mL = 30 ✐s ❝✉rr❡♥t❧② ❜❡②♦♥❞ t❤❡ ❝✉rr❡♥t
st❛t❡ ♦❢ t❤❡ ❛rt ❢♦r s✐♠✉❧❛t✐♦♥s ❛t ♣❤②s✐❝❛❧ q✉❛r❦ ♠❛ss❡s✳ ■♥ t❤✐s r❡s♣❡❝t✱ t❤❡ ♠❛st❡r✜❡❧❞ s✐♠✉❧❛t✐♦♥ ♣❛r❛❞✐❣♠ ❬✷✶✱ ✷✷❪
♠❛② ❡♥❛❜❧❡ ❧❛r❣❡r ✈♦❧✉♠❡s ✐♥ t❤❡ ♥❡❛r ❢✉t✉r❡ ❬✷✸❪✳
❆♣❛rt ❢r♦♠ t❤✐s✱ t❤❡ ❞✐✣❝✉❧t② ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❜❧❡♠ ❢❛❝❡❞ ❤❡r❡ ♠❛② ✐♥ ❢❛❝t ❜❡ s✐♠✐❧❛r t♦ ◗❈❉✳ ❆❧t❤♦✉❣❤

t❤❡ ✉s❡ ♦❢ τmax = 160 ♠❛② s❡❡♠ ❞❛✉♥t✐♥❣✱ ❋✐❣✳ ✸ ✐♥❞✐❝❛t❡s t❤❛t r❡❞✉❝✐♥❣ t❤❡ r❛♥❣❡ ❛♥❞ ❞❡♥s✐t② ♦❢ ✐♥♣✉t ❝♦rr❡❧❛t♦r
t✐♠❡ s❧✐❝❡s ❧✐❦❡❧② ❛s ❧✐tt❧❡ ❡✛❡❝t✳❆❧t❤♦✉❣❤ t❤❡ ✐♥♣✉t ❝♦rr❡❧❛t♦r ❞❛t❛ ❢♦r t❤✐s ✇♦r❦ ✐s ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ t✇♦✲❝❧✉st❡r
❛❧❣♦r✐t❤♠✱ ✐t st✐❧❧ ♣♦ss❡ss❡s ❛♥ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❣r❛❞✐♥❣ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ✇❤✐❝❤ ❞❡❝❛②s ❛t ❛ r❛t❡ ❡♠♣✐r✐❝❛❧❧② s✐♠✐❧❛r
t♦ m✱ ❛s ❡①♣❡❝t❡❞ ❢♦r t❤❡ ✈❡❝t♦r✲✈❡❝t♦r ❝♦rr❡❧❛t♦r ✐♥ ◗❈❉✳ ❆❧s♦✱ ❛s ✐s t②♣✐❝❛❧ ✇✐t❤ s❝❛❧❛r ✜❡❧❞ t❤❡♦r②✱ t❤❡ st❛t✐st✐❝❛❧
❡rr♦rs ❛❝❤✐❡✈❡❞ ❛t C(m−1

π ) ❛r❡ r♦✉❣❤❧② ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ st❛t❡✲♦❢✲t❤❡✲❛rt ❞❡t❡r♠✐♥❛t✐♦♥s ♦❢ t❤❡ ✈❡❝t♦r✲✈❡❝t♦r ❝♦rr❡❧❛t♦r
✐♥ ◗❈❉✳
❋✐♥❛❧❧②✱ t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s ✐♥t❡♥❞❡❞ ❛s ❛ st❡♣♣✐♥❣ st♦♥❡ t♦

♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s✳ ❆♠♦♥❣ t❤❡♠ ✐s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❡①❝❧✉s✐✈❡ s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ❜② ❡①♣❧♦✐t✐♥❣ ❛♥ ❛s②♠♣t♦t✐❝
❢♦r♠❛❧✐s♠ ❛s ✐♥ ❘❡❢s✳ ❬✺✱ ✻❪✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❞❞✐t✐♦♥❛❧ ❝❤❛❧❧❡♥❣❡s t❤❡r❡ ❝♦♠♣❛r❡❞ t♦ t❤✐s ✇♦r❦✱ ✐♥❝❧✉❞✐♥❣ t❤❡
❝♦♠♣✉t❛t✐♦♥ ❛♥❞ s♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ❛t ❧❡❛st t❤r❡❡✲♣♦✐♥t t❡♠♣♦r❛❧ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ✇✐t❤ t✇♦ ❛ss♦❝✐❛t❡❞
t✐♠❡ s❡♣❛r❛t✐♦♥s✳ ◆♦♥❡t❤❡❧❡ss✱ t❤✐s ♠❛② ♣r♦✈✐❞❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❢♦r♠❛❧✐s♠ ❢♦r ❞❡t❡r♠✐♥✐♥❣ ❢❡✇✲
❜♦❞② s❝❛tt❡r✐♥❣ ❛♠♣❧✐t✉❞❡s ✇❤❡r❡ ❛♣♣❧✐❝❛❜❧❡✱ ❛♥❞ ❡①t❡♥❞ t❤❡ r❡❛❝❤ ♦❢ s✉❝❤ ❝♦♠♣✉t❛t✐♦♥s ❜② ❡♥❛❜❧✐♥❣ ✭✐♥ ♣r✐♥❝✐♣❧❡✮
❛r❜✐tr❛r② ❝❡♥t❡r✲♦❢✲♠❛ss ❡♥❡r❣✐❡s✳

❆❈❑◆❖❲▲❊❉●▼❊◆❚❙

❲❡ t❤❛♥❦ ▼❛rt✐♥ ❘✳ ❍❛♥s❡♥ ❢♦r ❤✐s ♣❛rt✐❝✐♣❛t✐♦♥ ❛t ❛♥ ❡❛r❧② st❛❣❡ ♦❢ t❤✐s ✇♦r❦ ❛♥❞ ❛❝❦♥♦✇❧❡❞❣❡ ❤❡❧♣❢✉❧ ❝♦♥✈❡rs❛t✐♦♥s
✇✐t❤ ❘✳ ❙♦♠♠❡r ❛♥❞ P✳ ❲❡✐s③✱ ✇❤♦ ❛❧s♦ ♣r♦✈✐❞❡❞ ❝♦♠♠❡♥ts ♦♥ ❛ ♣r❡✈✐♦✉s ✈❡rs✐♦♥ ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳ ❲❡ ❛❧s♦ t❤❛♥❦
t❤❡ ♦r❣❛♥✐③❡rs ♦❢ t❤❡ ❈❊❘◆ ❲♦r❦s❤♦♣ ✏❆❞✈❛♥❝❡s ✐♥ ▲❛tt✐❝❡ ●❛✉❣❡ ❚❤❡♦r②✑ ✇❤❡r❡ ✇♦r❦ ♦♥ t❤✐s ♣r♦❥❡❝t ❜❡❣❛♥✳ ❚❤❡
✇♦r❦ ♦❢ ▼❚❍ ✐s s✉♣♣♦rt❡❞ ❜② ❯❑ ❘❡s❡❛r❝❤ ❛♥❞ ■♥♥♦✈❛t✐♦♥ ❋✉t✉r❡ ▲❡❛❞❡r ❋❡❧❧♦✇s❤✐♣ ▼❘✴❚✵✶✾✾✺✻✴✶✳ ❚❤❡ r❡s❡❛r❝❤
♦❢ ❆P ✐s ❢✉♥❞❡❞ ❜② t❤❡ ❉❡✉ts❝❤❡ ❋♦rs❝❤✉♥❣s❣❡♠❡✐♥s❝❤❛❢t ✭❉❋●✱ ●❡r♠❛♥ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥✮ ✲ Pr♦❥❡❦t♥✉♠♠❡r
✹✶✼✺✸✸✽✾✸✴●❘❑✷✺✼✺ ✏❘❡t❤✐♥❦✐♥❣ ◗✉❛♥t✉♠ ❋✐❡❧❞ ❚❤❡♦r②✑✳ ❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② ❈■◆❊❈❆ t❤❛t ❣r❛♥t❡❞
❝♦♠♣✉t✐♥❣ r❡s♦✉r❝❡s ♦♥ t❤❡ ▼❛r❝♦♥✐ s✉♣❡r❝♦♠♣✉t❡r t♦ t❤❡ ▲◗❈❉✶✷✸ ■◆❋◆ t❤❡♦r❡t✐❝❛❧ ✐♥✐t✐❛t✐✈❡ ✉♥❞❡r t❤❡ ❈■◆❊❈❆✲
■◆❋◆ ❛❣r❡❡♠❡♥t✳

❆♣♣❡♥❞✐① ❆✿ ❆♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t②

❚❤❛♥❦s t♦ t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ ❖✭✸✮✲♠♦❞❡❧✱ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ t❤❡ ◆♦❡t❤❡r ❝✉rr❡♥t jµ ❜❡t✇❡❡♥ t❤❡ ✈❛❝✲
✉✉♠ ❛♥❞ ❛ ❣❡♥❡r✐❝ n✲♣❛rt✐❝❧❡ st❛t❡ ✭❢♦r♠ ❢❛❝t♦rs✮ ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② ❛ ❦♥♦✇♥ s❡t ♦❢ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥❛❧
❡q✉❛t✐♦♥s✱ ❞❡r✐✈❡❞ ❜② ❑❛r♦✇s❦✐ ❛♥❞ ❲❡✐s③ ❬✷✹❪✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛r❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❙✲♠❛tr✐①
♦❢ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❛♥❛❧②t✐❝❛❧❧② ❞❡r✐✈❡❞ ❜② ❩❛♠♦❧♦❞❝❤✐❦♦✈ ❛♥❞ ❩❛♠♦❧♦❞❝❤✐❦♦✈ ❬✷✺❪ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡
✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ s♦♠❡ ❢❛✐r❧② ✇❡❛❦ ❛ss✉♠♣t✐♦♥s✳ ❚❤❡ n✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ♦❢
t❤❡ ◆♦❡t❤❡r ❝✉rr❡♥t ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ t❤❡ ❢♦r♠ ❢❛❝t♦rs✳ ❚❤✐s ♣r♦❣r❛♠ ❤❛s ✐♥❞❡❡❞ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② ❇❛❧♦❣
❛♥❞ ◆✐❡❞❡r♠❛✐❡r ❬✷✻❪ ❢♦r n = 2, 4, 6✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♦r✐❣✐♥❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s ❝❛❧❝✉❧❛t✐♦♥ ✇❛s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢
t❤❡ ❊✉❝❧✐❞❡❛♥ t✇♦✲♣♦✐♥t ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❖✭✸✮✲♠♦❞❡❧✱ ❛♥❞ t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❧❛tt✐❝❡ s✐♠✉❧❛t✐♦♥s ❛♥❞ ♣❡rt✉r❜❛t✐✈❡
❝❛❧❝✉❧❛t✐♦♥s ❬✷✼❪✳



✶✽

❋♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s✉♠♠❛r✐③❡ ❤❡r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢♦r♠✉❧❛❡ t❛❦❡♥ ❢r♦♠ ❬✷✻❪✳ ❋✐rst ✇❡ ♥❡❡❞ t♦
♥♦t✐❝❡ t❤❛t ✇❡ ✉s❡ ❛ ❞✐✛❡r❡♥t ♥♦r♠❛❧✐③❛t✐♦♥ ❢♦r s♣❡❝tr❛❧ ❞❡♥s✐t② ✇✐t❤ r❡s♣❡❝t t♦ ❇❛❧♦❣ ❛♥❞ ◆✐❡❞❡r♠❛✐❡r ✭❇◆✮✱ ✐✳❡✳

ρ(µ) =
3µ

2
ρ❇◆(µ) =

3µ

2

∑

n=2,4,...

ρ
(n)
❇◆(µ) . ✭❆✶✮

❲✐t❤ ♦✉r ♥♦r♠❛❧✐③❛t✐♦♥✱ t❤❡ ❧❛r❣❡✲µ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s ❣✐✈❡♥ ❜② ρ(µ) = 1/(2π) +O(g2(µ))✳
❚❤❡ ❢♦r♠ ❢❛❝t♦rs ❛r❡ ✉s✉❛❧❧② ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ r❛♣✐❞✐t② θi=1,...,n ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✭s♣❛t✐❛❧✮ ♠♦♠❡♥t✉♠ ❛♥❞

❡♥❡r❣② ♦❢ t❤❡ i✲t❤ ♣❛rt✐❝❧❡ ❛r❡ ❣✐✈❡♥ ❜②

pi = m sinh θi , Ei = E(pi) = m cosh θi . ✭❆✷✮

❚❤❡ ✐♥✈❛r✐❛♥t ♠❛ss ♦❢ ❛ s②st❡♠ ♦❢ n ♣❛rt✐❝❧❡s ✐s ❣✐✈❡♥ ❜②

M (n) =







(

n
∑

i=1

Ei

)2

−
(

n
∑

i=1

pi

)2






1/2

= m







n+ 2
∑

1≤i<j≤n

cosh(θi − θj)







1/2

, ✭❆✸✮

✇❤❡r❡ tr✐✈✐❛❧ ❤②♣❡r❜♦❧✐❝ ❢✉♥❝t✐♦♥ r❡❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥✳ ◆♦t❛❜❧② t❤❡ ✐♥✈❛r✐❛♥t ♠❛ss
❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❛♣✐❞✐t② ❞✐✛❡r❡♥❝❡s✳ ■t t✉r♥s ♦✉t t❤❛t ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❞❡✜♥❡ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s

ui=1,...,n−1 = θi − θi+1 . ✭❆✹✮

❚❤❡ ❦✐♥❡♠❛t✐❝ ♦❢ t❤❡ n✲♣❛rt✐❝❧❡ s②st❡♠ ✐s ❝♦♠♣❧❡t❡❧② s♣❡❝✐✜❡❞ ❜② t❤❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s θi=1,...,n✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ❜② θn
❛♥❞ ui=1,...,n−1✳ ■♥ t❡r♠s ♦❢ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s✱ ✇❡ ♦❜t❛✐♥ ✐♥ ♣❛rt✐❝✉❧❛r

θi − θj =

j−1
∑

k=i

uk , ❢♦r 1 ≤ i < j ≤ n . ✭❆✺✮

❖♥❝❡ t❤❡ ♣❤❛s❡✲s♣❛❝❡ ✐♥t❡❣r❛❧ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ n✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❤❛s
❜❡❡♥ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ❞❡❧t❛ ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ s♣❛t✐❛❧ ♠♦♠❡♥t✉♠ t♦ ❡❧✐♠✐♥❛t❡
t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r θn✳ ❖♥❡ ✐s ❧❡❢t ✇✐t❤ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ✈❛r✐❛❜❧❡s ui=1,...,n−1 ♦❢ ❛ ❦♥♦✇♥ ❢✉♥❝t✐♦♥s t✐♠❡s t❤❡ ❞❡❧t❛
❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ✐♥✈❛r✐❛♥t ♠❛ss✿

ρ
(n)
❇◆(µ) =

ˆ ∞

0

du1 · · · dun−1

(4π)n−1
F (n)(u)δ

(

µ−M (n)(u)
)

. ✭❆✻✮

❚❤❡ ❢♦r♠ ❢❛❝t♦r ✐s ♣❛r❛♠❡tr✐③❡❞ ❛s ❢♦❧❧♦✇s

F (n)(u) =
π3n−2

4
G(n)(u)

∏

1≤i<j≤n

∣

∣

∣

∣

θij − iπ

θij(2πi− θij)
tanh2

θij
2

∣

∣

∣

∣

θij=θi−θj

, ✭❆✼✮

✇❤❡r❡ t❤❡ r✳❤✳s✳ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ u ❜② ♠❡❛♥s ♦❢ ❡q✳ ✭❆✺✮✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s G(n)(u) ❛r❡ ♣♦❧②♥♦♠✐❛❧s ✐♥
u ✇❤✐❝❤ ❛r❡ ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥ ✐♥ ❬✷✻❪ ❢♦r n = 2, 4, 6✳ ❲❡ r❡♣♦rt ❤❡r❡ ♦♥❧②

G(2)(u) = 2 , ✭❆✽✮

G(4)(u) = −4[6τ32 + 9τ23 + 40τ2τ4] + 8π2[25τ22 + 44τ4]− 448π2τ2 + 272π6 , ✭❆✾✮

✇❤❡r❡✱ ❢♦r t❤❡ n = 4 ❝❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞

τk=1,2,3,4 =
∑

1≤i1<···<ik≤4

k
∏

ℓ=1



θiℓ −
1

4

4
∑

j=1

θj



 . ✭❆✶✵✮

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r n = 6 ❛r❡ ♠✉❝❤ ❧♦♥❣❡r✱ ❜✉t ♣r❡s❡♥t ♥♦ ❧♦❣✐❝❛❧ ❝♦♠♣❧✐❝❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ✐♥t❡❣r❛❧ ✭❆✻✮ ♥✉♠❡r✐❝❛❧❧② ✇❡ ❤❛✈❡ s♦❧✈❡❞ t❤❡ ❡q✉❛t✐♦♥ M (n)(u) = µ > 0 ❢♦r ❡✳❣✳ un−1✳ ❚❤❡ ♦♥❧② ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥
ūn−1(u1, . . . , un−2) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ❜② ♠❡❛♥s ♦❢ st❛♥❞❛r❞ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s✳ ❚❤❡ ✐♥t❡❣r❛❧ ♦✈❡r un−1

✐s t❤❡♥ ❡①♣❧✐❝✐t❧② ❝❛❧❝✉❧❛t❡❞✱ ②✐❡❧❞✐♥❣

ρ
(n)
❇◆(µ) =

ˆ

M(n)(u1,...,un−2,0)<µ

du1 · · · dun−2

(4π)n−1

{

[

∂M (n)

∂un−1
(u)

]−1

F (n)(u)

}

un−1=ūn−1(u1,...,un−2)

. ✭❆✶✶✮



✶✾

◆♦t✐❝❡ t❤❛t ❢♦r n = 2 t❤❡r❡ ✐s ♥♦ r❡♠❛✐♥✐♥❣ ✐♥t❡❣r❛❧✱ ❛♥❞ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝❧♦s❡❞ ❡①♣r❡ss✐♦♥

ρ
(2)
❇◆(µ) = θ(µ− 2m)

8π3m5

µ6

(

µ2

4m2
− 1

)5/2 [
ū2
1 + π2

ū2
1(4π

2 + ū2
1)

]

ū1=2 cosh−1 µ
2m

. ✭❆✶✷✮

❋♦r n = 4, 6✱ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭❆✶✶✮ ❤❛s ❜❡❡♥ ❡q✉✐✈❛❧❡♥t❧② r❡♣❧❛❝❡❞ ❜②

ˆ

M(n)(u1,...,un−2,0)<µ

du1 · · · dun−2

(4π)n−1
−→

ˆ cosh−1 µ2
−nm
2

0

du1 · · · dun−2

(4π)n−1
θ
(

µ−M (n)(u1, . . . , un−2, 0)
)

, ✭❆✶✸✮

❛♥❞ ✐t ❤❛s ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r m = 1 ✭t❤❡ m ❞❡♣❡♥❞❡♥❝❡ ❝❛♥ ❜❡ tr✐✈✐❛❧❧② r❡✐♥tr♦❞✉❝❡❞ ❜② ❞✐♠❡♥s✐♦♥❛❧
❛♥❛❧②s✐s✮ ❛♥❞ ❛ s❡❧❡❝t✐♦♥ ♦❢ ✈❛❧✉❡s ♦❢ µ✱ ❜② ♠❡❛♥s ♦❢ t❤❡ ●◆❯ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r② ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ Pr❡ss ❛♥❞ ❋❛rr❛r✬s
▼■❙❊❘ ▼♦♥t❡ ❈❛r❧♦ ❛❧❣♦r✐t❤♠ ❬✷✽❪✳ ■♥ t❤❡ r❡❣✐♦♥ µ ≤ 40m✱ t❤❡ 6✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✐s
❛❧✇❛②s s♠❛❧❧❡r t❤❛♥ t❤❡ 0.2% ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ 2✲ ❛♥❞ 4✲♣❛rt✐❝❧❡ ❝♦♥tr✐❜✉t✐♦♥s✳

❆♣♣❡♥❞✐① ❇✿ ❙♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❊①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s ♦❢ t❤❡ s♣❡❝tr❛❧ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❛r❡ ♣r♦✈✐❞❡❞
❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳ ❚❤❡ ♣r❡s❡♥t❛t✐♦♥ ❢♦❧❧♦✇s ❘❡❢✳ ❬✶❪ ✇✐t❤ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ♥♦t❛t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥
❝♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥str❛✐♥ts ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s ❛❧s♦ ♣r♦✈✐❞❡❞✳
❇② ✉s✐♥❣ ❛ ♠❛tr✐①✲✈❡❝t♦r ♥♦t❛t✐♦♥✱ t❤❡ ❢✉♥❝t✐♦♥❛❧s ♦❢ ❊q✳ ✭✶✻✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

A[g] = a
{

gT ·A · g − 2gT · f
}

+A[0] , B[g] = gT ·B · g , ✭❇✶✮

✇❤❡r❡ gT = (g1, · · · , gτmax
) ✐s t❤❡ ✈❡❝t♦r ❝♦❧❧❡❝t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts gτ ✱ f t❤❡ ✈❡❝t♦r ✇✐t❤ ❡♥tr✐❡s

fτ =

ˆ ∞

E0

dω δǫ(E,ω) bτ (ω) , ✭❇✷✮

❛♥❞ A ❛♥❞ B ♠❛tr✐❝❡s ✇✐t❤ ❡❧❡♠❡♥ts

Aττ ′ = a

ˆ ∞

E0

dω bτ (ω) bτ ′(ω) , Bττ ′ = Cov [aC(aτ), aC(aτ ′)] . ✭❇✸✮

❍❡r❡ C(aτ) ✐s t❤❡ ❝♦rr❡❧❛t♦r ❛t t✐♠❡ τ ✐♥ ❧❛tt✐❝❡ ✉♥✐ts ❛♥❞

A[0] =

ˆ ∞

E0

dω {δǫ(E,ω)}2 . ✭❇✹✮

❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s t❤❡ ✈❡❝t♦r gλ t❤❛t s♦❧✈❡s t❤❡ ♠✐♥✐♠✉♠ ❝♦♥❞✐t✐♦♥s ♦❢ ❊q✳ ✭✶✼✮ ✐s ❣✐✈❡♥ ❜②

gλ = (1− λ)W−1

λ
· f , Wλ = (1− λ)A+ λ

A[0]

a
B , ✭❇✺✮

■♥ ❋✐❣✳ ✷ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s s✉❜❥❡❝t t♦ t✇♦ ❞✐✛❡r❡♥t ❝♦♥str❛✐♥ts ♦♥ t❤❡ r❡❝♦♥str✉❝t❡❞ ❦❡r♥❡❧✳ ❚❤❡ ✜rst ✐s
❞❡t❛✐❧❡❞ ✐♥ ❘❡❢✳ ❬✶❪ ❛♥❞ ❢♦r❝❡s t❤❡ r❡❝♦♥str✉❝t❡❞ ❛♥❞ t❛r❣❡t ❦❡r♥❡❧s t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❛r❡❛

ˆ ∞

E0

dω a

τmax
∑

τ=1

gτ bτ (ω) =

ˆ ∞

E0

dω δǫ(E,ω) . ✭❇✻✮

❚❤❡ s❡❝♦♥❞ ❝♦♥str❛✐♥t ❡♥❢♦r❝❡s t❤❡ r❡❝♦♥str✉❝t❡❞ ❛♥❞ t❛r❣❡t ❦❡r♥❡❧s t♦ ❤❛✈❡ t❤❡ s❛♠❡ ♣❡❛❦ ✈❛❧✉❡

a

τmax
∑

τ=1

gτ bτ (E) = δǫ(E,E) . ✭❇✼✮

❇♦t❤ ❝♦♥str❛✐♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✈❡❝t♦r ♥♦t❛t✐♦♥ ❛s

RT · g = r , ✭❇✽✮



✷✵

✇❤❡r❡ ❢♦r t❤❡ ❝♦♥str❛✐♥t ✐♥ ❊q✳ ✭❇✻✮ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ✈❡❝t♦r R ❛♥❞ t❤❡ ❝♦♥st❛♥t r ❛r❡ ❣✐✈❡♥ ❜②

Rτ = a

ˆ ∞

E0

dω bτ (ω) , r =

ˆ ∞

E0

dω δǫ(E,ω) , ✭❇✾✮

✇❤✐❧❡ ❢♦r t❤❡ ❝♦♥str❛✐♥t ✐♥ ❊q✳ ✭❇✼✮ t❤❡② ❛r❡ ❣✐✈❡♥ ❜②

Rτ = bτ (E) , r =
δǫ(E,E)

a
. ✭❇✶✵✮

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ s✉❜❥❡❝t t♦ ❊q✳ ✭❇✽✮ ✐s

gλ = (1− λ)W−1

λ
· f +W

−1

λ
·R r − (1− λ)RT ·W−1

λ
· f

RT ·W−1

λ
·R

. ✭❇✶✶✮

❋♦r t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥ ❛❝t✉❛❧❧② ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✱ ♥❛♠❡❧②

bT,τ (E) = e−aEτ + e−E(T−aτ) , ✭❇✶✷✮

t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐① A ❛r❡

Aττ ′ =
e−E0(aτ+aτ ′)

τ + τ ′
+

e−E0(T−aτ+aτ ′)

T/a− τ + τ ′
+

e−E0(T−aτ ′+aτ)

T/a− τ ′ + τ
+

e−E0(2T−aτ−aτ ′)

2T/a− τ − τ ′
. ✭❇✶✸✮

❲❤❡♥ τmax ✐s ❧❛r❣❡ t❤✐s ♠❛tr✐① ✐s ✈❡r② ♣♦♦r❧② ❝♦♥❞✐t✐♦♥❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❤❡♥ λ ✐s s♠❛❧❧ ❛♥❞✴♦r t❤❡ ❡rr♦r ♦♥ t❤❡
❝♦rr❡❧❛t♦r ✐s s♠❛❧❧✱ t❤❡ ❝♦❡✣❝✐❡♥ts gλτ ❛r❡ ❧❛r❣❡ ✐♥ ♠❛❣♥✐t✉❞❡ ❛♥❞ ♦s❝✐❧❧❛t❡ ✐♥ s✐❣♥ ❛t ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ τ ✳ ■♥ t❤❡s❡
s✐t✉❛t✐♦♥s✱ t❤❡ s✐❣♥❛❧ ♦♥ t❤❡ r❡❝♦♥str✉❝t❡❞ s♣❡❝tr❛❧ ❞❡♥s✐t②✱ ❣✐✈❡♥ ✐♥ ✈❡❝t♦r ♥♦t❛t✐♦♥ ❜②

ρλǫ (E) = cT · gλ , cτ = aC(aτ) , ✭❇✶✹✮

r❡s✉❧ts ❢r♦♠ ❧❛r❣❡ ♥✉♠❡r✐❝❛❧ ❝❛♥❝❡❧❧❛t✐♦♥s✳ ❋♦r t❤✐s r❡❛s♦♥ ✭❛s ✐♥ ❘❡❢✳ ❬✶❪✮✱ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s✐♥❣ ❡①t❡♥❞❡❞✲♣r❡❝✐s✐♦♥
❛r✐t❤♠❡t✐❝ ✐s ❛❞✈♦❝❛t❡❞✳ ❚❤✐s ✐s r❡❧❛t✐✈❡❧② str❛✐❣❤t❢♦r✇❛r❞ ❢♦r t❤❡ ❦❡r♥❡❧s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ✉s✐♥❣ t❤❡ ❧✐❜r❛r✐❡s ♦❢
❘❡❢s✳ ❬✷✾✱ ✸✵❪ ❜❡❝❛✉s❡ t❤❡ ✐♥t❡❣r❛❧s ❛♣♣❡❛r✐♥❣ ✐♥ ❊qs✳ ✭❇✷✮✱ ✭❇✹✮✱ ❛♥❞ ✭❇✾✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ st❛♥❞❛r❞ s♣❡❝✐❛❧
❢✉♥❝t✐♦♥s ❛❧r❡❛❞② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡s❡ ♣❛❝❦❛❣❡s✽✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ♠♦r❡ ❣❡♥❡r✐❝ ❦❡r♥❡❧s ❛ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ r♦✉t✐♥❡
✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❡①t❡♥❞❡❞✲♣r❡❝✐s✐♦♥ ❛r✐t❤♠❡t✐❝ ♠✐❣❤t ❜❡ ♥❡❡❞❡❞✳ ❆♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❞♦✉❜❧❡✲❡①♣♦♥❡♥t✐❛❧
q✉❛❞r❛t✉r❡ ❛❧❣♦r✐t❤♠ ❬✸✶❪ ✐s ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✳

❆♣♣❡♥❞✐① ❈✿ ❋✐♥✐t❡✲✈♦❧✉♠❡ ❡✛❡❝ts ✐♥ t❤❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥

■♥ t❤✐s ❛♣♣❡♥❞✐① ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ✜♥✐t❡✲✈♦❧✉♠❡ ❡✛❡❝ts ✐♥ t❤❡ t✇♦✲♣❛rt✐❝❧❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥✱ ρ(2)(E)✳
❲❡ ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ρ∞,L,ǫ ❛s t❤❡ ❢✉❧❧ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❛t ✜♥✐t❡ L ❛♥❞ ✐♥✜♥✐t❡ T ✱ s♠❡❛r❡❞ ✇✐t❤ ❛ r❡s♦❧✉t✐♦♥
❢✉♥❝t✐♦♥✳ ❚❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

ρ∞,L,ǫ(E) =
∑

n

cn(L)δǫ(E − En(L)) , ✭❈✶✮

✇❤❡r❡ En(L) ✐s t❤❡ nt❤ ❡①❝✐t❡❞ st❛t❡ |n, L〉 ♦❢ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❤❛♠✐❧t♦♥✐❛♥ ✇✐t❤ ③❡r♦ s♣❛t✐❛❧ ♠♦♠❡♥t✉♠✱ δǫ(x) ✐s ❛
❣❡♥❡r✐❝ s♠❡❛r✐♥❣ ❦❡r♥❡❧ ❛♥❞

cn(L) = L
∑

a

∣

∣〈0|ĵa1 (0)|n, L〉
∣

∣

2
. ✭❈✷✮

❋♦r En(L) < 4m✱ ♦♥❡ ✐♥t✉✐t✐✈❡❧② ❡①♣❡❝ts ❜♦t❤ t❤❡ ❡♥❡r❣② ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥t ❞❡✜♥✐♥❣ cn(L)
t♦ ❜❡ ❞♦♠✐♥❛t❡❞ ❜② t✇♦✲♣❛rt✐❝❧❡ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤✐s ✐s ♠❛❞❡ r✐❣♦r♦✉s ❜② t❤❡ ▲üs❝❤❡r q✉❛♥t✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡
▲❡❧❧♦✉❝❤✲▲üs❝❤❡r r❡❧❛t✐♦♥ ✇❤✐❝❤✱ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡✱ ❛r❡ ❣✐✈❡♥ ❜②

En(L) = Q−1(πn) +O(e−mL) , ✭❈✸✮

cn(L) = π

(

∂Q(E)

∂E

)−1

ρ(2)(E)

∣

∣

∣

∣

E=En(L)

+O(e−mL) , ✭❈✹✮

✽ ❙❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ♣✉❜❧✐❝❧② ❛✈❛✐❧❛❜❧❡ ❝♦❞❡ ❛t ❤tt♣s✿✴✴❣✐t❤✉❜✳❝♦♠✴♠r❧❤❛♥s❡♥✴r♠s❞



✷✶

❢♦r

Q(E) ≡ δI=1(E) +
L
√

E2/4−m2

2
. ✭❈✺✮

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ ❜♦t❤ t❤❡ ❡♥❡r❣② ❛♥❞ t❤❡ ♦✈❡r❧❛♣ ❛r❡ ❞✐❝t❛t❡❞✱ ✉♣ t♦ ❝♦rr❡❝t✐♦♥s ❡①♣♦♥❡♥t✐❛❧❧②
s✉♣♣r❡ss❡❞ ✐♥ t❤❡ ❜♦① ❧❡♥❣t❤✱ ❜② ❦✐♥❡♠❛t✐❝ ❢❛❝t♦rs ❛♥❞ t❤❡ t✇♦✲♣❛rt✐❝❧❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ s❤✐❢t δI=1(E)✳ ❍❡r❡ ✇❡
✐♥❝❧✉❞❡ t❤❡ I = 1 ❧❛❜❡❧ t♦ str❡ss t❤❛t t❤❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ ❝♦rr❡s♣♦♥❞s t♦ t✇♦✲♣❛rt✐❝❧❡ st❛t❡s tr❛♥s❢♦r♠✐♥❣ ✐rr❡❞✉❝✐❜❧②
✉♥❞❡r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❖✭✸✮✳ ❚❤✐s ❧❛❜❡❧ ❤❡❧♣s t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ♣❤❛s❡ s❤✐❢t ❢r♦♠ t❤❡ r❡s♦❧✉t✐♦♥
❢✉♥❝t✐♦♥ δǫ(x) ❛s ✇❡❧❧ ❛s t❤❡ ❉✐r❛❝ ❞❡❧t❛ ❢✉♥❝t✐♦♥✱ t♦ ❜❡ ✉s❡❞ ❜❡❧♦✇✳ ❚❤❡ q✉❛♥t✐t② δI=1 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✈✐❛
t❤❡ ❛♥❛❧②t✐❝❛❧❧② ❦♥♦✇♥ ❙✲♠❛tr✐①✱ ❞❡♥♦t❡❞ S(k)✿

δI=1(E) ≡ 1

2i
log[S(k)]

∣

∣

∣

∣

k=
√

E2/4−m2

, ✭❈✻✮

S(k) =
θ + 2iπ

θ − 2iπ

θ − iπ

θ + iπ

∣

∣

∣

∣

θ=2 sinh−1 k
m

, ✭❈✼✮

✇❤❡r❡ t❤❡ ❧♦❣ ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t 0 < δI=1(E) < π✳ ◆♦t❡ t❤❛t t❤❡ θ ✉s❡❞ ❤❡r❡ ♠❛t❝❤❡s t❤❛t ♦❢ ❊q✳ ✭✾✮✱ s✐♥❝❡

E2

4m2
= 1 +

k2

m2
=⇒ sinh−1 k

m
= cosh−1 E

2m
. ✭❈✽✮

❚❤✐s ❧❡❛❞s ✉s t♦ ❞❡✜♥❡ t❤❡ t✇♦✲♣❛rt✐❝❧❡✱ ✜♥✐t❡✲✈♦❧✉♠❡✱ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❛s

ρ
(2)
L,ǫ(E) ≡

∑

n

π

(

∂Q(ω)

∂ω

)−1

δǫ(E − ω)ρ(2)(ω)

∣

∣

∣

∣

ω=Q−1(πn)

, ✭❈✾✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞r♦♣♣❡❞ t❤❡ T = ∞ ❧❛❜❡❧✳ ■❢ δǫ(x) ❤❛s ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞ ǫ ❛♥❞ E ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t ♦♥❧② En(L) < 4m
st❛t❡s ❝♦♥tr✐❜✉t❡✱ t❤❡♥ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♠❡❛r❡❞ ✜♥✐t❡✲✈♦❧✉♠❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭❈✶✮✳ ❇②

❝♦♥tr❛st✱ ❢♦r ♥♦♥✲❝♦♠♣❛❝t s♠❡❛r✐♥❣ ♦r ❢♦r E > 4m✱ ρ
(2)
L,ǫ r❡♣r❡s❡♥ts ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❢✉❧❧✱ s♠❡❛r❡❞ ✜♥✐t❡✲

✈♦❧✉♠❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ r♦❧❡ ♦❢ ✐♥✜♥✐t❡✲✈♦❧✉♠❡ st❛t❡s ✇✐t❤ ♠♦r❡ t❤❛♥ t✇♦✲♣❛rt✐❝❧❡s ✐s ✐❣♥♦r❡❞✳

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ st✉❞② ρ
(2)
L,ǫ(E) ❛s ❞❡✜♥❡❞ ❛♥❞ s❤♦✇ t❤❛t t❡r♠s s❝❛❧✐♥❣ ❛s 1/L ❝❛♥❝❡❧ ✐♥ t❤✐s

q✉❛♥t✐t②✱ ♣r♦✈✐❞❡❞ t❤❛t δǫ(x) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❢❛❧❧s ♦✛ ❢❛st ❡♥♦✉❣❤ ❛s x → ∞✳ ❚❤❡ ♣r❡❝✐s❡ ❝♦♥❞✐t✐♦♥ ✐s ❣✐✈❡♥ ❛❢t❡r

❊q✳ ✭❈✶✾✮ ❜❡❧♦✇✳ ❲❡ ❛❞❞✐t✐♦♥❛❧❧② s❤♦✇ ❛ str♦♥❣❡r r❡s✉❧t✱ t❤❛t ρ
(2)
L,ǫ(E) ❤❛s ❡①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ✈♦❧✉♠❡ ❡✛❡❝ts✱

♣r♦✈✐❞❡❞ δǫ(x) ✐s ❛♥❛❧②t✐❝ ✐♥ s♦♠❡ ✜♥✐t❡✲✇✐❞t❤ str✐♣ ❛❜♦✉t t❤❡ r❡❛❧ ❛①✐s✳ ❇❡❢♦r❡ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s❝❛❧✐♥❣
❛t ❛s②♠♣t♦t✐❝❛❧❧② ❧❛r❣❡ L✱ ✇❡ ✇❛r♠ ✉♣ ❜② ❢♦r♠❛❧❧② ❡✈❛❧✉❛t✐♥❣ t❤❡ L → ∞ ❧✐♠✐t ♦❢ ❊q✳ ✭❈✾✮

ρ(2)∞,ǫ(E) ≡ lim
L→∞

ρ
(2)
L,ǫ(E) , ✭❈✶✵✮

= lim
L→∞

1

L

∑

n

π

(

1

2

∂
√

ω2/4−m2

∂ω
+

1

L

∂δI=1(ω)

∂ω

)−1

δǫ(E − ω)ρ(2)(ω)

∣

∣

∣

∣

ω=Q−1(πn)

, ✭❈✶✶✮

=

ˆ ∞

0

dk

2π
π

(

1

2

∂
√

ω2/4−m2

∂ω

)−1

δǫ(E − ω)ρ(2)(ω)

∣

∣

∣

∣

ω=2
√
m2+k2

, ✭❈✶✷✮

✇❤❡r❡ ✐♥ t❤❡ ✜♥❛❧ ❧✐♥❡ ✇❡ ❤❛✈❡ ❞r♦♣♣❡❞ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❡♥❡r❣② ❛♥❞ t❤❡ ▲❡❧❧♦✉❝❤✲▲üs❝❤❡r ❢❛❝t♦r
t❤❛t ❛r❡ 1/L s✉♣♣r❡ss❡❞✱ r❡♣❧❛❝❡❞ t❤❡ s✉♠ ♦✈❡r n ✇✐t❤ ❛♥ ✐♥t❡❣r❛❧ ❛♥❞ ♣❡r❢♦r♠❡❞ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s k = 2πn/L✳
❚❤❡s❡ r❡s✉❧ts ❤♦❧❞ ❢♦r ❛♥② s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥ δǫ(x) ❢♦r ✇❤✐❝❤ t❤❡ ✐♥t❡❣r❛❧ ❝♦♥✈❡r❣❡s✳ ❋✐♥❛❧❧②✱ ❝❤❛♥❣✐♥❣ ✐♥t❡❣r❛t✐♦♥
✈❛r✐❛❜❧❡s t♦ ω✱ ✇❡ ❞❡❞✉❝❡

ρ(2)∞,ǫ(E) =

ˆ ∞

2m

dω δǫ(E − ω)ρ(2)(ω) , ✭❈✶✸✮

❛s ❡①♣❡❝t❡❞✳

✶✳ 1/L ❝❛♥❝❡❧❧❛t✐♦♥

❲❡ ❛r❡ r❡❛❞② t♦ s❤♦✇ t❤❛t t❤❡ 1/L ❝♦♥tr✐❜✉t✐♦♥s ❛♣♣❡❛r✐♥❣ ✇✐t❤✐♥ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❡♥❡r❣✐❡s ❛♥❞ ▲❡❧❧♦✉❝❤✲▲üs❝❤❡r

❢❛❝t♦rs ❝❛♥❝❡❧ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ρ
(2)
L,ǫ(E)✳ ❋✐rst ✇r✐t❡

ρ
(2)
L,ǫ(E) = ρ(2)∞,ǫ(E) +

c(1)(E)

L
+O(1/L2) , ✭❈✶✹✮



✷✷

✐♠♣❧②✐♥❣

c(1)(E) ≡ lim
L→∞

L
[

ρ
(2)
L,ǫ(E)− ρ(2)∞,ǫ(E)

]

. ✭❈✶✺✮

❈♦♥tr✐❜✉t✐♦♥s t♦ t❤✐s ❝♦❡✣❝✐❡♥t ❛r✐s❡ ❢r♦♠ t❤❡ ❧❡❛❞✐♥❣✲♦r❞❡r s❤✐❢t t♦ ❜♦t❤ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t ❛♥❞ t❤❡ ❡♥❡r❣②✳ ❚❤❡
❢♦r♠❡r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

(

∂Q(ω)

∂ω

)−1

=
1

L

8k

ω

[

1− 1

L

8k

ω

∂δI=1(ω)

∂ω

]

+O(1/L3) , ✭❈✶✻✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s✉❜st✐t✉t❡❞ ∂k/∂ω = ω/(4k) ❢♦r k =
√

ω2/4−m2✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧t ❢♦r t❤❡ ❡♥❡r❣② ❝❛♥ ❜❡
❢♦✉♥❞ ❜② ❡①♣❛♥❞✐♥❣ ❊q✳ ✭❈✸✮

En(L) = 2
√

m2 + k2 − 1

L

8k

ω
δI=1(ω) +O(1/L2) , ✭❈✶✼✮

✇❤❡r❡ ❤❡r❡ k = 2πn/L✳
P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ r❡❛❝❤

c(1)(E) = − lim
L→∞

1

L

∑

n

π
8k

ω

(

δI=1(ω)
∂

∂ω
+

∂δI=1(ω)

∂ω

)

8k

ω
δǫ(E − ω)ρ(2)(ω)

∣

∣

∣

∣

ω=2
√
m2+k2

, ✭❈✶✽✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ✐♥ ♣❛r❡♥t❤❡s✐s ❛r✐s❡s ❢r♦♠ t❤❡ ❡♥❡r❣② s❤✐❢t ❛♥❞ t❤❡ s❡❝♦♥❞ ❢r♦♠ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t✳ ❊✈❛❧✉❛t✐♥❣
t❤❡ ❧✐♠✐t✱ ✇❡ ❞❡❞✉❝❡

c(1)(E) = −
ˆ ∞

2m

dω
d

dω

[

δI=1(ω)
8
√

ω2/4−m2

ω
δǫ(E − ω)ρ(2)(ω)

]

. ✭❈✶✾✮

❚❤✉s✱ t❤❡ ♣r❡❝✐s❡ ❝♦♥❞✐t✐♦♥ ♦♥ δǫ(x) ✐s t❤❛t t❤❡ ✐♥t❡❣r❛❧ ❛❜♦✈❡ s❤♦✉❧❞ ✈❛♥✐s❤✳ ❚❤✐s ❤♦❧❞s ❛s ❧♦♥❣ ❛s t❤❡ ❢✉❧❧ ✐♥t❡❣r❛♥❞
✐s ❘✐❡♠❛♥♥ ✐♥t❡❣r❛❜❧❡ ❛♥❞ t❤❡ q✉❛♥t✐t② ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts ✈❛♥✐s❤❡s ❛t ω = 2m ❛♥❞ ❛s ω → ∞✳ ❆❧❧ t❤❡ s♠❡❛r✐♥❣
❢✉♥❝t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥ ❛s ❞♦ ♠✉❝❤ ♠♦r❡ ❛❣❣r❡ss✐✈❡ ❝❤♦✐❝❡s✱ ❡✳❣✳ t❛❦✐♥❣ δǫ(x) ❛s ❛ ❛
❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ t❤❡ r❡❣✐♦♥ [x− ǫ, x+ ǫ] t❤❛t ✈❛♥✐s❤❡s ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❞✐❝❛t❡❞ ✇✐♥❞♦✇✳

✷✳ ❊①♣♦♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ✈♦❧✉♠❡ ❡✛❡❝ts

❲❡ ♥♦✇ ❞❡♠♦♥str❛t❡ t❤❛t✱ ❢♦r ❛ ♠♦r❡ r❡str✐❝t✐✈❡ ❝❧❛ss ♦❢ s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥s✱ t❤❡ ✈♦❧✉♠❡ ❡✛❡❝ts ❛r❡ ✐♥ ❢❛❝t ❡①♣♦✲
♥❡♥t✐❛❧❧② s✉♣♣r❡ss❡❞ ✐♥ t❤❡ ❜♦① ❧❡♥❣t❤✳ ❚❤✐s r❡s✉❧t ❛❧s♦ ❤♦❧❞s ❢♦r ❛❧❧ ♦❢ t❤❡ s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡
❛r❣✉♠❡♥t ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡❧❡❣❛♥t ✐❞❡♥t✐t② t❤❛t ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ▲❡❧❧♦✉❝❤✲▲üs❝❤❡r ❢♦r♠❛❧✐s♠✳
❖♥❡ ❝❛♥ ❝♦♠❜✐♥❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ (∂Q(ω)/∂ω) ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ ❡♥❡r❣✐❡s t♦ r❡✲✇r✐t❡ ❊q✳ ✭❈✾✮
❛s

ρ
(2)
L,ǫ(E) ≡ 2π

ˆ ∞

2m

dω δǫ(E − ω)

∞
∑

n=0

δ
(

2Q(ω)− 2πn
)

ρ(2)(ω) , ✭❈✷✵✮

✇❤❡r❡ t❤❡ ❞❡❧t❛ ✇✐t❤♦✉t t❤❡ ǫ s✉❜s❝r✐♣t ✐s t❤❡ st❛♥❞❛r❞ ❉✐r❛❝ ❞❡❧t❛ ❢✉♥❝t✐♦♥✳ ❚❤❡ r❡❧❛t✐♦♥ δ
(

f(x)
)

= |f ′(x)|−1δ(x)
❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t t❤✐s ❡①♣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❊q✳ ✭❈✾✮✳
◆❡①t ✇❡ ✉s❡ t❤❛t Q(E) ✐s ♥♦♥✲♥❡❣❛t✐✈❡✾ t♦ ❡①t❡♥❞ t❤❡ s✉♠ ♦✈❡r n t♦ ✐♥❝❧✉❞❡ ❛❧❧ ✐♥t❡❣❡rs✳ ❚❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ P♦✐ss♦♥

s✉♠♠❛t✐♦♥ ❢♦r♠✉❧❛

∞
∑

n=−∞
δ(x− 2πn) =

1

2π

∞
∑

n=−∞
einx , ✭❈✷✶✮

✾ ❚❤✐s ❤♦❧❞s ❢♦r t❤❡ ♣♦s✐t✐✈❡ I = 1 ♣❤❛s❡ s❤✐❢t ❢♦r ❛❧❧ L ✈❛❧✉❡s✱ ✇❤❡r❡❛s ❢♦r s②st❡♠s ✇✐t❤ ♥❡❣❛t✐✈❡ s❝❛tt❡r✐♥❣ ♣❤❛s❡ s❤✐❢t Q(E) > 0 ✐s ♦♥❧②
❣✉❛r❛♥t❡❡❞ ❛❜♦✈❡ s♦♠❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✈❛❧✉❡ ♦❢ L✳



✷✸

✇❡ ❞❡❞✉❝❡

ρ
(2)
L,ǫ(E) =

∞
∑

n=−∞

ˆ ∞

2m

dω δǫ(E − ω) ei2nQ(ω)ρ(2)(ω) , ✭❈✷✷✮

=

∞
∑

n=−∞

ˆ ∞

2m

dω δǫ(E − ω) einLk[S(k)]nρ(2)(ω) , ✭❈✷✸✮

✇❤❡r❡ ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ✇❡ ❤❛✈❡ s✉❜st✐t✉t❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Q(E)✱ ❊q✳ ✭❈✺✮✳ ◆♦✇ t❛❦✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡
s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ ❙✲♠❛tr✐①✱ ❊qs✳ ✭✾✮ ❛♥❞ ✭❈✼✮ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ r❡❛❝❤

ρ
(2)
L,ǫ(E) =

3π3

4

∞
∑

n=−∞

ˆ ∞

0

dk δǫ(E − ω) einLk In(θ) , ✭❈✷✹✮

In(θ) ≡
[

θ + 2iπ

θ − 2iπ

θ − iπ

θ + iπ

]n
1

θ2
θ2 + π2

θ2 + 4π2
tanh4

θ

2
, ✭❈✷✺✮

✇❤❡r❡✱ ❛s ❛❜♦✈❡✱ θ = 2 sinh−1(k/m) ❛♥❞ ω = 2
√
k2 +m2✳ ◆♦t❡ t❤❛t t❤❡ ✐♥t❡❣r❛♥❞ ❤❡r❡ ❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r ♦❢

tanh(θ/2)✱ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❏❛❝♦❜✐❛♥ ✐♥ t❤❡ ❝❤❛♥❣❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✈❛r✐❛❜❧❡✿ ∂ω/∂k = 2k/
√
k2 +m2 = 2 tanh(θ/2)✳

❚❤✐s ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✐s ✉s❡❢✉❧ ❢♦r t✇♦ r❡❛s♦♥s✿ ❋✐rst✱ ✐t ♠❛❦❡s ♠❛♥✐❢❡st t❤❛t t❤❡ ✐♥t❡❣r❛♥❞ ✐s ✐♥✈❛r✐❛♥t
✉♥❞❡r t❤❡ s✐♠✉❧t❛♥❡♦✉s r❡♣❧❛❝❡♠❡♥ts n → −n ❛♥❞ k → −k ✭θ → −θ✮✳ ❙❡❝♦♥❞✱ ✐t ❡①❤✐❜✐ts t❤❡ ❛♥❛❧②t✐❝ str✉❝t✉r❡ ♦❢ t❤❡
✐♥t❡❣r❛♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ k✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ δǫ(x) ✐s ❛♥ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ♦❢ ✐ts ❛r❣✉♠❡♥t✱ t❤❡♥ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ❛♥
❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥ ♦❢ k✱ ✐♥ ❛ str✐♣ ♦❢ ✇✐❞t❤ 2m ❝❡♥t❡r❡❞ ♦♥ ❛♥❞ r✉♥♥✐♥❣ ❛❧♦♥❣ t❤❡ r❡❛❧ k ❛①✐s✳ ❚❤❡ ♥♦♥✲❛♥❛❧②t✐❝✐t② ❛r✐s❡s
❢r♦♠ ω = 2

√
k2 +m2 ✇✐t❤✐♥ δǫ(E − ω) ❛s ✇❡❧❧ ❛s t❤❡ ❙✲♠❛tr✐① ✭✐♥ sq✉❛r❡ ❜r❛❝❦❡ts✮ ❛♥❞ tanh(θ/2)✳ ❚❤❡ ❧❛tt❡r ❢❛❝t♦rs

❤❛✈❡ ♣♦❧❡s ✇❤❡♥ θ = ±iπ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ k = ±im✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ tanh4(θ/2) ❢❛❝t♦r ❝❛♥❝❡❧s t❤❡ ❛♣♣❛r❡♥t 1/θ2

s✐♥❣✉❧❛r✐t②✳
❋r♦♠ t❤❡s❡ t✇♦ ♦❜s❡r✈❛t✐♦♥s✱ ✐t ❢♦❧❧♦✇s t❤❛t ♦♥❡ ❝❛♥ ❡①t❡♥❞ t❤❡ r❛♥❣❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ ✐♥ k ❛❧♦♥❣ t❤❡ ❡♥t✐r❡ r❡❛❧ ❛①✐s

❛♥❞ t❤❡♥ s❤✐❢t t❤❡ ✐♥t❡❣r❛t✐♦♥ ❝♦♥t♦✉r t♦ R+ iµ✱ ✇❤❡r❡ µ ✐s ❡✐t❤❡r t❤❡ ♠❛ss m ♦r ✭✐❢ ✐t ✐s ❧❡ss t❤❛♥ m✮ t❤❡ ✐♠❛❣✐♥❛r②
♣❛rt ♦❢ t❤❡ ♥❡❛r❡st s✐♥❣✉❧❛r✐t② ✐♥ k r❡s✉❧t✐♥❣ ❢r♦♠ δǫ(E −ω)✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❦❡r♥❡❧s ✉s❡❞ ✐♥ t❤✐s ✇♦r❦✱ µ = m ❛❧✇❛②s

❤♦❧❞s ❢♦r t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ g ❜✉t ❢♦r t❤❡ ❈❛✉❝❤② ❦❡r♥❡❧s✱ c0✱ c1 ❛♥❞ c2✱ t❤❡ s✐♥❣✉❧❛r✐t② ❛t (E− 2
√
m2 + k2)2 = −ǫ2

❝❛♥ ❜❡ ❛ ❞✐st❛♥❝❡ ❧❡ss t❤❛♥ m ❢r♦♠ t❤❡ r❡❛❧ ❛①✐s✳ ■♥ t❤✐s ❝❛s❡ ♦♥❡ ❤❛s

µ = ■♠

√

E2 − 4m2 − ǫ2

4
+

iEǫ

2
=

ǫ

2

[

1 +
2m2

E2
+

2m2(3m2 − ǫ2)

E4
+O(1/E6)

]

, ✭❈✷✻✮

✇❤❡r❡ t❤❡ ❧❛r❣❡ E ❡①♣❛♥s✐♦♥ ❣✐✈❡s ❛♥ ✐♥❞✐❝❛t♦r ♦❢ t❤❡ ✈❛❧✉❡s t❤❛t ♠✐❣❤t ❜❡ r❡❛❧✐③❡❞✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❡①♣❧✐❝✐t❧② ❝❤❡❝❦❡❞
t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡ ✈❡rt✐❝❛❧ s❡❣♠❡♥ts ±∞ t♦ ±∞+ iµ ✈❛♥✐s❤ ❢♦r ❛♥② s♠❡❛r✐♥❣ ❢✉♥❝t✐♦♥ t❤❛t ✈❛♥✐s❤❡s ❛s
k → ∞✳
❊①t❡♥❞✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ r❛♥❣❡ ❛♥❞ s❤✐❢t✐♥❣ t❤❡ ❝♦♥t♦✉r ✐♥ ❊q✳ ✭❈✷✹✮ ❛s ❞❡s❝r✐❜❡❞✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡

❜❡t✇❡❡♥ ✜♥✐t❡✲ ❛♥❞ ✐♥✜♥✐t❡✲✈♦❧✉♠❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

∆ρ
(2)
L,ǫ(E) ≡ ρ

(2)
L,ǫ(E)− ρ(2)∞,ǫ(E) =

∞
∑

n=1

Cn(E,L, µ)e−nµL , ✭❈✷✼✮

❚❤❡ ❝♦❡✣❝✐❡♥t Cn ✐s ♦s❝✐❧❧❛t♦r② ✇✐t❤ ❛♥ ❡♥✈❡❧♦♣❡ t❤❛t ✐s ❡✐t❤❡r ❝♦♥st❛♥t ♦r ❢❛❧❧✐♥❣ ✇✐t❤ ❛ ♣♦✇❡r ♦❢ L ❛♥❞ ✐s ❞❡✜♥❡❞ ✈✐❛

Cn(E,L, µ) ≡ 3π3

8
lim

η→µ−

❘❡

ˆ ∞

−∞
dx δǫ(E − ωη(x)) e

inLx In(θη(x)) , ✭❈✷✽✮

✇✐t❤ θη(x) = 2 sinh−1[(x+ iη)/m] ❛♥❞ ωη(x) = 2
√

(x+ iη)2 +m2✳
❲❡ ❤❛✈❡ ❛❧s♦ st✉❞✐❡❞ t❤❡s❡ r❡s✉❧ts ♥✉♠❡r✐❝❛❧❧② ❛♥❞ ❝♦♥✜r♠❡❞ t❤❛t t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❡①♣r❡ss✐♦♥ ❜❛s❡❞ ♦♥ ❛ s✉♠

♦✈❡r ✜♥✐t❡✲✈♦❧✉♠❡ st❛t❡s✱ ❊q✳ ✭❈✾✮✱ ♠❛t❝❤❡s t❤❡ s✉♠ ♦✈❡r P♦✐ss♦♥ ♠♦❞❡s✱ ❡✈❛❧✉❛t❡❞ ❜♦t❤ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❝♦♥t♦✉r
✭❊q✳ ✭❈✷✹✮✮ ❛♥❞ t❤❡ s❤✐❢t❡❞ ❝♦♥t♦✉r t❤❛t ♠❛❦❡s t❤❡ e−µL s❝❛❧✐♥❣ ♠❛♥✐❢❡st ✭❊q✳ ✭❈✷✼✮✮✳ ■♥ ❋✐❣✳ ✶✵ ✇❡ s❤♦✇ t❤❡ r❡s✉❧ts

❢♦r t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧✱ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ E ❛t ✜①❡❞ ǫ ❛♥❞ L✳ ■♥ ❋✐❣✳ ✶✶ ✇❡ ♣❧♦t ∆ρ
(2)
L,ǫ(E) ❛t ✜①❡❞ E ❛♥❞ ǫ

✈❡rs✉s L ❢♦r ❜♦t❤ t❤❡ ●❛✉ss✐❛♥ ❛♥❞ ❈❛✉❝❤② ❦❡r♥❡❧s✳ ❲❡ s❡❡ t❤❛t t❤❡ ✈♦❧✉♠❡ ❡✛❡❝ts ❛r❡ ♦s❝✐❧❧❛t♦r② ❢✉♥❝t✐♦♥s ♦❢ L ✇✐t❤
❛♥ ❡♥✈❡❧♦♣❡ ❞❡❝❛②✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r❡❞✐❝t❡❞ ❡①♣♦♥❡♥t✐❛❧✳



✷✹

2 4 6 8 10
E/m*

0.1

0.2

0.3

0.4

2
L, (E) /m*=0.2, m*L=20, kernel = g

2 4 6 8 10
E/m*

-0.06-0.04-0.02
0.02
0.04
0.06

2
L, (E) /m*=0.2, m*L=20, kernel = g

❋■●✳ ✶✵✳ ▲❡❢t✿ P❧♦t ♦❢ t❤❡♦r❡t✐❝❛❧❧② ♣r❡❞✐❝t❡❞ t✇♦✲♣❛rt✐❝❧❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥s ✈s✳ E✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✉♥s♠❡❛r❡❞ ❛♥❞ s♠❡❛r❡❞
✐♥✜♥✐t❡✲✈♦❧✉♠❡ r❡s✉❧ts✱ ❛s ✇❡❧❧ ❛s t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ s♠❡❛r❡❞ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭❈✾✮✳ ❚❤❡ ♣♦✐♥ts ❛r✐s❡ ❢r♦♠
♥✉♠❡r✐❝❛❧❧② ❡✈❛❧✉❛t✐♥❣ t❤❡ n = 1 t❡r♠ ♦❢ ❊q✳ ✭❈✷✼✮ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ✇✐t❤ ρ∞,ǫ(E)✳ ❘✐❣❤t✿ ❉✐r❡❝t ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ n = 1
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ r❡s✐❞✉❡✱ ❊q✳ ✭❈✷✼✮✳ ❲❡ ❤❛✈❡ ❝♦♥✜r♠❡❞ t❤❛t t❤❡ ❡✛❡❝t ♦❢ t❤❡ e−2mL t❡r♠ ✐s ❤✐❣❤❧② s✉♣♣r❡ss❡❞ ❛♥❞ ❝❛♥♥♦t
❜❡ r❡s♦❧✈❡❞ ♦♥ t❤❡s❡ ♣❧♦ts✳ P❧♦ts t♦ ❜❡ ❜❡❛✉t✐✜❡❞ ❛♥❞ ❧❡❣❡♥❞ t♦ ❜❡ ✐♥❝❧✉❞❡❞✳ ❙t❛r t♦ ❜❡ ❞✐s❝❛r❞❡❞✳

6 8 10 12 14 16 18 20
m*L

10-6
10-4
0.01

1

| 2
L, (E)| /m*=0.5, E=6m*, kernel = g

6 8 10 12 14 16 18 20
m*L

10-5
10-4
0.001

0.010

0.100

| 2
L, (E)| /m*=0.5, E=6m*, kernel = c0

❋■●✳ ✶✶✳ P❧♦ts ♦❢ t❤❡ ✜♥✐t❡✲✈♦❧✉♠❡ r❡s✐❞✉❡ ✈s✳ L ❢♦r t❤❡ ●❛✉ss✐❛♥ ❦❡r♥❡❧ ✭g✱ ❧❡❢t✮ ❛♥❞ ❈❛✉❝❤② ❦❡r♥❡❧ ✭c0✱ r✐❣❤t✮✳ ❚❤❡ ♦r❛♥❣❡
❝✉r✈❡s ❣✐✈❡ t❤❡ ♣r❡❞✐❝t❡❞ e−µL s❝❛❧✐♥❣ ❢♦r ❡❛❝❤❀ µ = m ❢♦r t❤❡ ●❛✉ss✐❛♥ ❛♥❞ µ = 0.265m ❢♦r t❤❡ ❈❛✉❝❤②✱ s❧✐❣❤t❧② ❡①❝❡❡❞✐♥❣ ǫ/2
❛s ❣✐✈❡♥ ❜② ❊q✳ ✭❈✷✻✮✳ P❧♦ts t♦ ❜❡ ❜❡❛✉t✐✜❡❞ ❛♥❞ ❧❡❣❡♥❞ t♦ ❜❡ ✐♥❝❧✉❞❡❞✳

❆♣♣❡♥❞✐① ❉✿ ❙✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠

❲❡ ❡♠♣❧♦② t❤❡ s✐♥❣❧❡✲❝❧✉st❡r ❛❧❣♦r✐t❤♠ ❛♥❞ ❛ss♦❝✐❛t❡❞ ❝❧✉st❡r ❡st✐♠❛t♦rs ❢r♦♠ ❘❡❢✳ ❬✶✷❪ ✇❤✐❝❤ ❛r❡ ❜r✐❡✢② s✉♠♠❛r✐③❡❞
❤❡r❡✳ ❆ ❝❧✉st❡r ✉♣❞❛t❡ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ❛ r❛♥❞♦♠ ✈❡❝t♦r r ∈ R

3, |r| = 1 ✐s ❞r❛✇♥ ✉♥✐❢♦r♠❧② ❢r♦♠ t❤❡ ✉♥✐t
s♣❤❡r❡✳ ❚❤❡♥ ❛ ❵s❡❡❞✬ s✐t❡ ✐s ❝❤♦s❡♥ ✉♥✐❢♦r♠❧② ❛s t❤❡ ✜rst ♠❡♠❜❡r ♦❢ t❤❡ ❝❧✉st❡r✳ ❋♦r ❡❛❝❤ ♥❡✇ s✐t❡ x ❛❞❞❡❞ t♦ t❤❡
❝❧✉st❡r✱ ❝♦♥s✐❞❡r ❛❧❧ ♥♦♥✲❝❧✉st❡r s✐t❡s ❛♠♦♥❣ t❤❡ ❢♦✉r ♥❡❛r❡st ♥❡✐❣❤❜♦rs ♦❢ x✳ ❆ ♥❡✐❣❤❜♦r y ✐s ❛❞❞❡❞ t♦ t❤❡ ❝❧✉st❡r ✇✐t❤
♣r♦❜❛❜✐❧✐t②

padd = 1− exp [min{−2βσr(x)σr(y), 0}] ✭❉✶✮

✇❤❡r❡ σr(x) = σ(x) · r✳ ❆❢t❡r ❛❧❧ ❝❧✉st❡r ♥❡✐❣❤❜♦rs ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r ❛❞❞✐t✐♦♥✱ ❛❧❧ ❝❧✉st❡r s✐t❡s ❛r❡ ✉♣❞❛t❡❞
❛❝❝♦r❞✐♥❣ t♦

σa(x) → σa(x)− 2σr(x)r
a. ✭❉✷✮

■♥ ♦r❞❡r t♦ ❡♠♣❧♦② ❛ ❝❧✉st❡r ❡st✐♠❛t♦r ❢♦r C(aτ)✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❢♦✉r ❢✉♥❞❛♠❡♥t✐❛❧ ✜❡❧❞s✱ ❛ s❡❝♦♥❞ ♦rt❤♦❣♦♥❛❧ ❝❧✉st❡r
✉♣❞❛t❡ ✐s r❡q✉✐r❡❞✳ ❚❤✐s ♣r♦❝❡❡❞s ❜② ❝❤♦♦s✐♥❣ ❛ s❡❝♦♥❞ r❛♥❞♦♠ ✈❡❝t♦r u ❢r♦♠ t❤❡ ✉♥✐t s♣❤❡r❡ ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t
t❤❛t r · u = 0✳ ❚❤✐s s❡❝♦♥❞ ❝❧✉st❡r ✉♣❞❛t❡ t❤❡♥ ♣r♦❝❡❡❞s ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ r✲✉♣❞❛t❡
❢♦❧❧♦✇❡❞ ❜② ❛ u✲✉♣❞❛t❡ ✐s ❤❡♥❝❡❢♦rt❤ r❡❢❡rr❡❞ t♦ ❛s ❛ ❵❝❧✉st❡r ✉♣❞❛t❡✬✱ t❤❡ ♥✉♠❜❡r ♦❢ ✇❤✐❝❤ ❛r❡ t❛❜✉❧❛t❡❞ ✐♥ ❚❛❜✳ ■■
❢♦r ❡❛❝❤ ❡♥s❡♠❜❧❡✳

❚❤❡ ❝❧✉st❡r ❡st✐♠❛t♦r ❢♦r C(aτ) ✐s ❜✉✐❧t ❢r♦♠

σ̃r,u(x) =

√

|Λ|
Nr,u

θr,u(x)σr,u(x) ✭❉✸✮

✇❤❡r❡ Nr,u/|Λ| ✐s t❤❡ ❝❧✉st❡r ❢r❛❝t✐♦♥ ❛♥❞ θr,u(x) t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❊①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s 〈. . . 〉1C ❞❡♥♦t❡
✐♥t❡❣r❛t✐♦♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ♣❛✐rs ♦❢ ♦rt❤♦❣♦♥❛❧ s✐♥❣❧❡✲❝❧✉st❡r ❝♦♥✜❣✉r❛t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ✉s✉❛❧ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡



✷✺

✜❡❧❞ ✈❛r✐❛❜❧❡s✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊q✳ ✭✸✼✮ ❣✐✈❡s

〈jaµ(x)jaµ(y)〉 = 2β2 P (ab|cd) 〈σa(x)σb(x+ aµ̂)σc(y)σd(y + aµ̂)〉 = 12β2 〈σ̃[r(x)σ̃u](x+ aµ̂) σ̃[r(y)σu](y + aµ̂)〉1C ✭❉✹✮

✇❤❡r❡ P (ab|cd) = 1
2 (δacδbd − δadδbc) ❛♥❞ σ̃[r(x)σ̃u](y) =

1
2{σ̃r(x)σ̃u(y)− σ̃u(x)σ̃r(y)}✳ ❚❤❡ ❝♦rr❡❧❛t♦r ✐s t❤❡♥ ❣✐✈❡♥ ❜②

C(aτ) =
12β2

L/a
〈Φru(aτ) Φru(0)〉1C, Φru(aτ) =

∑

x

σ̃[r(aτ,x)σ̃u](aτ,x+ a1̂) , ✭❉✺✮

✇❤❡r❡ ✭❛❧t❤♦✉❣❤ ♥♦t ❞❡♥♦t❡❞ ❡①♣❧✐❝✐t❧②✮ t✐♠❡ tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✐s ❡♠♣❧♦②❡❞ t♦ ❛✈❡r❛❣❡ ♦✈❡r ❛❧❧ ❡q✉✐✈❛❧❡♥t t✐♠❡
s❡♣❛r❛t✐♦♥s ♦♥ t❤❡ ♣❡r✐♦❞✐❝ t♦r✉s✳

❚❤❡ ❡st✐♠❛t♦r ❢♦r C(aτ) ✐♥ ❊q✳ ✭❉✺✮ ✐s ♥♦t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❝❧✉st❡r ❡st✐♠❛t♦r ❢♦r t❤❡ t✇♦✲♣♦✐♥t
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞s✱ ✇❤✐❝❤ r❡q✉✐r❡s ♦♥❧② ❛ s✐♥❣❧❡ ❝❧✉st❡r✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st ♦❢ Φru(aτ) ❢♦r ❛ s✐♥❣❧❡
✉♣❞❛t❡ s❝❛❧❡s ♦♥❧② ✇❡❛❦❧② ✇✐t❤ t❤❡ ❧❛tt✐❝❡ s✐③❡ ❛t ✜①❡❞ β✱ s✐♥❝❡ ♦♥❧② ♣❛✐rs ♦❢ s✐t❡s ✇❤✐❝❤ ❛r❡ ♥❡✐❣❤❜♦rs ✐♥ t❤❡ s♣❛t✐❛❧
❞✐r❡❝t✐♦♥ ❛♥❞ ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ❝❧✉st❡rs ❝♦♥tr✐❜✉t❡✳ ❍♦✇❡✈❡r t❤✐s ♦✈❡r❧❛♣ ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ✉♥❧✐❦❡❧②✱ r❡s✉❧t✐♥❣
✐♥ ❛♥ ✐♥❝r❡❛s✐♥❣ st❛t✐st✐❝❛❧ ❡rr♦r ❢♦r ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ❝❧✉st❡r ✉♣❞❛t❡s✳ ❉❡s♣✐t❡ t❤✐s ❵❝❧✉st❡r ❝✉t♦✛✬✱ t❤❡ ✈❛r✐❛♥❝❡ ♦❢
t❤❡ ❡st✐♠❛t♦r ✐♥ ❊q✳ ✭❉✺✮ ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ τ ✱ ✇❤✐❧❡ t❤❡ ♦♥❡ ❢♦r st❛♥❞❛r❞ ❡st✐♠❛t♦r ✭❣✐✈❡♥ ❜② t❤❡
♠✐❞❞❧❡ ❡①♣r❡ss✐♦♥ ✐♥ ❊q✳ ✭❉✹✮✮ ❛♣♣r♦❛❝❤❡s ❛ ❝♦♥st❛♥t✳ ❚❤❡ ❝❧✉st❡r ❡st✐♠❛t♦r t❤✉s r❡s✉❧ts ✐♥ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t
✐♥ t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦✱ ✇❤✐❝❤ ❡♠♣✐r✐❝❛❧❧② ❞❡❝❛②s ✇✐t❤ ❛ r❛t❡ r♦✉❣❤❧② s✐♠✐❧❛r t♦ m✳

❬✶❪ ▼✳ ❍❛♥s❡♥✱ ❆✳ ▲✉♣♦✱ ❛♥❞ ◆✳ ❚❛♥t❛❧♦✱ ❊①tr❛❝t✐♦♥ ♦❢ s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ❢r♦♠ ❧❛tt✐❝❡ ❝♦rr❡❧❛t♦rs✱ P❤②s✳ ❘❡✈✳ ❉✾✾ ✭✷✵✶✾✮✱
♥♦✳ ✾ ✵✾✹✺✵✽✱ ❬❛r❳✐✈✿✶✾✵✸✳✵✻✹✼✻❪✳

❬✷❪ ▼✳ ▲üs❝❤❡r✱ ❚✇♦ ♣❛rt✐❝❧❡ st❛t❡s ♦♥ ❛ t♦r✉s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥ t♦ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①✱ ◆✉❝❧✳ P❤②s✳ ❇✸✺✹ ✭✶✾✾✶✮ ✺✸✶✕✺✼✽✳
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r❛t❡s ✐♥t♦ ♠✉❧t✐❤❛❞r♦♥ ✜♥❛❧ st❛t❡s ❢r♦♠ ❧❛tt✐❝❡ ◗❈❉✱ P❤②s✳ ❘❡✈✳ ❉✾✻ ✭✷✵✶✼✮✱ ♥♦✳ ✾ ✵✾✹✺✶✸✱ ❬❛r❳✐✈✿✶✼✵✹✳✵✽✾✾✸❪✳
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❬✻❪ ▼✳ ❇r✉♥♦ ❛♥❞ ▼✳ ❚✳ ❍❛♥s❡♥✱ ❱❛r✐❛t✐♦♥s ♦♥ t❤❡ ▼❛✐❛♥✐✲❚❡st❛ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✱ ❛r❳✐✈✿✷✵✶✷✳✶✶✹✽✽✳
❬✼❪ ❙✳ ❍❛s❤✐♠♦t♦✱ ■♥❝❧✉s✐✈❡ s❡♠✐✲❧❡♣t♦♥✐❝ ❇ ♠❡s♦♥ ❞❡❝❛② str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❢r♦♠ ❧❛tt✐❝❡ ◗❈❉✱ P❚❊P ✷✵✶✼ ✭✷✵✶✼✮✱ ♥♦✳ ✺

✵✺✸❇✵✸✱ ❬❛r❳✐✈✿✶✼✵✸✳✵✶✽✽✶❪✳
❬✽❪ P✳ ●❛♠❜✐♥♦ ❛♥❞ ❙✳ ❍❛s❤✐♠♦t♦✱ ■♥❝❧✉s✐✈❡ ❙❡♠✐❧❡♣t♦♥✐❝ ❉❡❝❛②s ❢r♦♠ ▲❛tt✐❝❡ ◗❈❉✱ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✶✷✺ ✭✷✵✷✵✮✱ ♥♦✳ ✸

✵✸✷✵✵✶✱ ❬❛r❳✐✈✿✷✵✵✺✳✶✸✼✸✵❪✳
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