
 

Gravitational radiation from inspiralling compact objects:
Spin-spin effects completed at the next-to-leading

post-Newtonian order

Gihyuk Cho ,1,* Brian Pardo ,2,† and Rafael A. Porto 1,‡

1Deutsches Elektronen-Synchrotron DESY, Notkestrasse 85,
22607 Hamburg, Germany

2Pittsburgh Particle Physics, Astrophysics, and Cosmology Center,
Department of Physics and Astronomy, University of Pittsburgh,

Pittsburgh, Pennsylvania 15260, USA

(Received 28 March 2021; accepted 23 April 2021; published 14 July 2021)

Using the gravitational potential and source multipole moments bilinear in the spins, first computed
to next-to-leading order (NLO) in the post-Newtonian expansion within the effective field theory (EFT)
framework, we complete here the derivation of the dynamical invariants and flux-balance equations,
including energy and angular momentum. We use these results to calculate spin-spin effects in
the orbital frequency and accumulated phase to NLO for circular orbits. We also derive the
linear momentum and center-of-mass fluxes and associated kick velocity, to the highest relevant
post-Newtonian order. We explicitly demonstrate the equivalence between the quadratic-in-spin
source multipoles obtained using the EFT formalism and those rederived later with more tradi-
tional tools, leading to perfect agreement for spin-spin radiative observables to NLO among both
approaches.
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I. INTRODUCTION

Binary systems composed of spinning compact objects
are the primary source of gravitational waves (GWs)
that are currently being detected by the LIGO/VIRGO
collaboration [1,2], and will remain as key laboratories to
explore gravity and the physics of black holes and
neutron stars [3–5] (and perhaps even more exotic pos-
sibilities [6–12]) with future GW observatories such as
LISA [13] and the Einstein Telescope [14]. Yet, both the
detection and accurate interpretation of the signal are
dependent on precise theoretical predictions for the two-
body problem in general relativity. This is notoriously
important when spin effects are manifest, e.g., [15], in
particular due to the expectation that binary black holes
may be rapidly rotating, e.g., [16]. While numerical
simulations are required for the late stages of the dynamics,
e.g., [17], the post-Newtonian (PN) expansion has provided
the groundwork to tackle the weak-field/small-velocity
inspiral regime [18–21]. So far, PN studies have been
carried out notably in the conservative sector, both for
nonspinning [22–41] and spinning bodies [42–55],

using various tools [18–21]. In particular, the effective
field theory (EFT) approach introduced in [56], and
later extended in [57] to incorporate rotational degrees
of freedom, has been instrumental to reach the present
state of the art.1 However, in the radiation sector, while the
source multipoles needed to obtain the GW fluxes in an
adiabatic expansion have been computed in some cases to
fourth order in the PN expansion for nonspinning bodies
[89,90], the spin-dependent counterparts are known to
next-to-next-to-leading order (N2LO) at linear order in
spin [91–93], and only to NLO for bilinear in spins
contributions [93–95].2 This begs for more accurate com-
putations of radiative observables in the case of spinning
bodies.

*gihyuk.cho@desy.de
†bap100@pitt.edu
‡rafael.porto@desy.de

1The use of ideas from particle physics has also been
reinvigorated lately due the repurposing of novel techniques
from the theory of scattering amplitudes, e.g., [58,59]. In parallel
with an extension of the EFT approach to the post-Minkowskian
regime [60–62], these novel approaches have extended the
knowledge of the binary dynamics in the conservative sector,
both for nonspinning [63–73] and spinning objects [74–83].
Radiation effects in the post-Minkowskian expansion have also
been studied in, e.g., [84–88].

2The associated radiation-reaction spin-orbit and spin-spin
effects in the dynamics have been computed at leading order
in [96,97].
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All the necessary quadratic-in-spin source multipoles
including finite-size effects were first obtained some time
ago in [93,94], together with the spin-spin gravitational
potentials [43,45,46], using the EFT formalism developed
in [57,98]. However, the derivation of the associated GW
phase evolution was not carried out until recently. In
[99], using the results obtained in [49,93] at linear order
in the spin, the gravitational observables including the
accumulated phase were computed to NLO and shown to
agree with the values first derived in [42,91] with more
traditional tools. With the aim to move forward in
precision towards higher PN orders, the purpose of this
paper is to use the results in [43,45,46,49,93,94] to
complete the derivation of the spin-spin contributions to
the dynamical invariants and flux-balance laws to NLO
in generic configurations, including energy and angular
momentum; and use the results to derive spin-spin effects
in the orbital frequency and accumulated phase to 3PN
for (quasi)circular orbits. For completeness, we also
compute the linear momentum and center-of-mass
(CM) radiated fluxes to the highest possible PN order
using our source multipoles, corresponding to leading
spin-spin and NLO linear-in-spin corrections, with which
we obtain the associated kick velocity. We find agree-
ment with a previous derivation of the radiated momen-
tum in [100] at linear order in the spin; however, we
disagree when it comes to spin-spin contributions, even
for the simplest case of binary black holes. We trace the
difference to missing terms from finite-size effects. On
the other hand, we readily demonstrate the equivalence
between the source multipole moments computed in
[93,94] within the EFT framework and those rederived
later in [95] using the approach in [42,91], yielding
complete agreement for the linear and bilinear in spin
radiative observables at NLO order among both formal-
isms. Our results here can be used to improve current
waveform models for spinning bodies, notably for
ellipticlike orbits [101–103]. The derivation of the
N2LO phase evolution is underway.
This paper is organized as follows. In Sec. II we

briefly overview the steps to compute the necessary
ingredients to obtain the GW phase evolution in the
EFT framework. In Sec. III we start in the conservative
sector and use the gravitational potential in [43,45,46] to
compute the conserved energy and angular momentum,
as well as the position of the CM, at quadratic order in
the spins and to NLO in the PN expansion. In Sec. IV we
move to the radiation sector and compute the associated
flux-balance equations using the source multipole
moments bilinear in spin obtained in [93,94]. We also
calculate the radiated fluxes of linear momentum and
position of the CM, and derive the kick velocity for
(quasi)circular orbits. In Sec. V we use the results from
previous sections to compute the bilinear-in-spin accu-
mulated phase to 3PN order. We conclude in Sec. VI with
a few remarks on future work. We include several
appendixes with the coefficients of the lengthy expres-
sions quoted in the main text. For the reader’s

convenience we add an ancillary file with the main
results of the paper [104].

II. EFT SETUP

Both the gravitational conservative dynamics and
radiative multipole moments of spinning binary systems
can be obtained using the EFT formalism introduced in
[43,45,46,49,56,57,93,94,98,105]. We provide here a brief
overview of the EFT framework and encourage the reader
to consult the more comprehensive reviews in [20,21,106]
for further details.

A. Point-particle theory

The main actor in the EFT approach is the point-particle
action,

Spp ¼
X

A¼f1;2g

Z
RAdσA;

with σA an affine parameter, which for the case of spinning
bodies is written in terms of a Routhian,

RA ¼ −
X
A

�
mA

ffiffiffiffiffi
v2A

q
þ 1

2
ωμabSabA vμA

þ 1

2mA
RνcabSabA vνAS

cd
A vAd

−
CðAÞ
ES2

2mA

Eabffiffiffiffiffi
v2A

p SacA SAcb þ � � �
�
; ð1Þ

displayed here to quadratic order in the spins. The velocity
is defined as vμ ≡ dxμ

dσ , and ωab
μ are the Ricci rotation

coefficients. The spin tensor, Sμν, has been projected onto
a locally flat frame, described by a tetrad field, eμa, such that
Sab ≡ eaμebνSμν. There are also two curvature-dependent
terms. The first ensures the preservation of the covariant
spin supplementary condition (SSC), to the order we work
here,

SabA vAb ¼ SabA eμbvAμ ¼ 0þOðS3Þ: ð2Þ

The other one, depending on the electric component of the
Weyl tensor, Eμν, encapsulates the spin-induced quadrupole

moment of a rotating object. The CðAÞ
ES2

parameters are so-
called Wilson coefficients, which carry information about
the short-distance physics of the compact body, e.g.,
CES2 ¼ 1 for Kerr black holes [45,46]. The ellipsis contains
an additional hierarchy of higher curvature corrections that
include other finite-size multipolar corrections, beyond the
quadrupole, as well as extra pieces required to enforce
the SSC.
The equations of motion (EOM) for each particle can

then be obtained via
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δSpp
δxμA

;
dSabA
dσA

¼ fSabA ;RAg; ð3Þ

with the spin algebra

fSabA ; ScdA g ¼ ηacSbdA þ ηbdSacA − ηadSbcA − ηbcSadA : ð4Þ

After the dynamical equations are obtained, the SSC in (2)
may be enforced, enabling us to rewrite the EOM in
vectorial form. To the order we work in this paper, we
have (B ≠ A) [45,46,49]

Si0A ¼ ðvA × SAÞi þ
2GmB

r
ððvA − vBÞ × SAÞi

þ G
r3
ðSiBr · SA − riSA · SBÞ þ � � � ; ð5Þ

where r≡ xA − xB, and the spin three-vector is
defined as

SiA ≡ 1

2
ϵijkSjkA : ð6Þ

B. Long-distance worldline action

For the two-body problem in the inspiral regime the
gravitational field is expanded around flat space in the
weak-field approximation,

gμν ¼ ημν þ hμν; ð7Þ

where hμν is further split into potential, Hμν, and radiation,
h̄μν, modes scaling as ðk0;kÞpot∼ðv=r;1=rÞ and ðk0; kÞrad ∼
ðv=r; v=rÞ, respectively [56]. The long-distance effective
theory is obtained by “integrating out” the (off-shell)
potential modes in a (classical) saddle-point approximation,
and matching into a “long-distance” worldline theory,
describing now the entire binary and depending only on
the (on-shell) radiation field. The effective action takes the
generic form [98,105]3

Srad ¼
Z

dσ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðημν þ h̄μνÞVμVν

q �
−PμðσÞVνðσÞð1þ Xi∇iÞh̄μνðσ;XðσÞÞ −

1

2
ω̄αβ
μ ðσ;XÞJαβðσÞVμðσÞ

þ
X
l¼2

�
1

l!
ILSTFðσÞ∇L−2Eil−1ilðσ;XðσÞÞ −

2l
ð2lþ 1Þ! J

L
STFðσÞ∇L−2Bil−1ilðσ;XðσÞÞ

��
; ð8Þ

around the CM, XðσÞ, of the binary, with σ an affine
parameter. Throughout this paper we use the notation
L≡ i1 � � � iL. All the barred quantities are evaluated on
h̄μν. The first terms represent the total four momentum, Pμ,
and angular momentum, JαβðtÞ, of the binary, with Vμ its
CM velocity. The higher-order multipole moments have
electric-type, ILðtÞ, and magnetic-type, JLðtÞ, parity and
couple to derivatives of the electric and magnetic compo-
nents of the Weyl tensor, respectively. We have also kept
the term proportional to Xi at linear order in derivatives,
which will be useful later on to compute the position of the
CM. For most of the calculations, however, it is sufficient to
have the binary at the origin, i.e., Xi ¼ 0.

C. Gravitational potential

The gravitational potential (along with the kinetic term)
may be obtained by matching the 00 component of the one-
point function. Alternatively, it can be read off from the
“vacuum binding energy,” where the outgoing radiation

field is zero to zero.4 Following the latter option, the
relevant topologies are shown in Fig. 1 to NLO, where the
dashed line represents the potential mode, whose propa-
gator is expanded as ðk0 ≪ jkjÞ

i
ðk0Þ2 − k2

¼ −
i
k2

�
1þ ðk0Þ2

k2
þ � � �

�
; ð9Þ

and subsequently truncated to the desired PN order. A
similar power counting also applies to the nonlinear
couplings involving time derivatives of the Hμν field,
scaling as ∂0Hμν ∼ ðv=rÞHμν. The Feynman rules for the
worldline vertices follow from the action/Routhian in (1),
and include mass, spin, as well as finite-size and SSC-
preserving contributions, which are likewise also PN
expanded in powers of the velocity. Once the potential is
known, the EOM follow from (3), which can afterwards be
reduced to vectorial form using the SSC in (5). In principle,
the gravitational potential also depends on time derivatives
of the position and spin variables. As is standard, these are3Due to the fact that both potential and radiation modes vary on

the same timescales, the decoupling of short-distance effects
occurs in space but not in time. As a result, the action is endowed
with time-dependent “Wilson coefficients.” The same type of
description can also be used to study absorption effects, e.g.,
[107–109].

4In principle, radiation-reaction effects also contribute to the
conservative binding energy through tail effects, e.g., [25,110].
However, to the order we work in this paper, we can safely ignore
these types of contributions.
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either integrated by parts or reduced using lower-
order EOM.
The procedure described above was carried out in

[43,45,46,49,57] to NLO in the PN expansion and to
quadratic order in the spins. In Appendix A we provide
expressions for the acceleration and spin EOM in the CM
frame to 3PN order.

D. Multipole moments

It is convenient, in order to compute the multipole
moments, to first obtain their generic dependence on
moments of the (pseudo-)stress-energy tensor, which
includes contributions from potential modes, and sub-
sequently read off the latter via a matching computation
with the one-point function (see [98,105] for details on this
procedure). The necessary topologies to NLO are shown in
Fig. 2 where, once again, the Feynman rules for the vertices
follow from (1). In addition to the potential modes, which
are integrated out, the wavy line represents the radiation
field that propagates to infinity.5 Importantly, for the
(momentum-conserving) interaction in the nonlinear cubic
coupling, between an incoming potential mode with three-
momentum q and an outgoing radiation field with three-
momentum k, in addition to the expansion of potentials in
quasi-instantaneous interaction we alluded before in (9) we
must also expand the outgoing potential mode as [56]

i
ðkþ qÞ2 ¼

i
q2

�
1 − 2

q · k
q2

þ � � �
�
: ð10Þ

At the level of the action, the above is related to a Taylor
expansion in (spatial) derivatives of the radiation field
around the CM of the binary (placed at the origin) [56,98]

h̄μνðt; xÞ ¼ h̄μνðt; 0Þ þ ∂ih̄μνðt; 0Þxi þ � � � : ð11Þ

The procedure described here was carried out in [93,94] to
NLO in the PN expansion, and to linear and bilinear order
in the spins. Together with the gravitational potential, the
multipole moments are the last ingredient to compute all

the GW fluxes. For completeness, we summarize in
Appendix A the resulting multipoles in the CM frame.

III. ADIABATIC INVARIANTS

Using the results for the gravitational potential it is
straightforward to compute the conserved quantities of the
system, which do not evolve in time when radiation fluxes
are turned off. These are the objects, such as the binding
energy and total angular momentum, that will be part of the
balance equations in an adiabatic expansion, valid during
the inspiral regime. It is somewhat convenient to express
the values for these quantities in the CM frame. This is
achieved by first computing the binary’s CM, the same way
we extract the multipoles, and then solving for the
coordinates using the condition Xi ¼ 0. Using the notation
r≡ x1 − x2 and v≡ _r, we have solutions that can be PN
expanded in the form

xi
1 ¼

m2

m
ri þ δri1PN þ δriLO-SO þ δriLO-SO þ � � � ; ð12aÞ

vi1 ¼
m2

m
vi þ δ_ri1PN þ δ_riLO-SO þ δ_riLO-SO þ � � � ; ð12bÞ

with m≡m1 þm2, and similarly for the companion. To
the order we work in this paper we find the known values
(e.g., [42,111]),

δri1PN ¼ νδ

2
ri
�
v2 −

Gm
r

�
; ð13aÞ

δriLO-SO ¼ ν

m
ðv × ΣÞi; ð13bÞ

δriLO-SO ¼ 0; ð13cÞ

with ν≡ m1m2

m2 , δ≡ m1−m2

m , and

Σ≡m

�
S2
m2

−
S1
m1

�
; ð13dÞ

while for the velocities we have

δvi1PN ¼ δν

2
vi
�
v2 −

Gm
r

�
−
Gmδν

2r
_rni; ð13eÞ

FIG. 1. Topologies needed to match the gravitational potential
to NLO (see text).

FIG. 2. Topologies needed to match the one-point function to
NLO (see text).

5Notice that the leading contribution is simply from the mass
coupling to the radiation field in (1). This means that the NLO
correction entails only “tree-level” potential exchanges, unlike
the derivation of the gravitational potential in Fig. 1, which
requires “one-loop” diagrams.
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δviLO-SO ¼ −
Gν
r2

ðn × ΣÞi; ð13fÞ

with n≡ r=r. The latter expressions follow by taking time
derivatives of the position and using lower-order EOM.
For the remainder of the paper we will often quote the

final results in terms of (13d) and the total spin

S≡ S1 þ S2: ð13gÞ

For completeness, we also provide expressions for the 3PN
correction at quadratic order in the spins in Sec. III C,
which will be useful to express conserved quantities in the
CM frame at higher orders. The NLO spin-orbit correction
was computed in [99].

A. Binding energy

From the gravitational potential we can derive the
binding energy following the standard Euler-Lagrange
procedure, yielding

E ¼ EN þ E1PN þ ELO-SO þ ½E2PN þ ELO-SS� þ ENLO-SO

þ ½E3PN þ ENLO-SS� þ � � � ð14Þ

in a PN expansion. The computation is often lengthy but
straightforward. Using the potential in [49], the spin-orbit
binding energy in the CM at NLO was computed in [99],
confirming the old result in [42]. We compute here, using
the results first obtained in [43,45,46], the contribution to
the CM binding energy to 3PN and quadratic order in the
spins. We find

ELO-SS ¼
Gν
r3

1

4
e04; ð15Þ

ENLO-SS ¼
Gν
r3

�
1

8
e06 þ

Gm
r

1

4
e16

�
; ð16Þ

where the e04, e06, e16 coefficients are displayed in
Appendix B. After rewriting the answer in terms of the
conserved-norm spin variable,6

Sc ¼
�
1 −

v2

2

�
Sþ 1

2
ðv · SÞvþ � � � ; ð17Þ

the NLO result in (16) is completely equivalent to the
derivation in [95]. This is expected, since the results in [95]
for the binding energy are obtained after confirming the
equivalence with the value of the gravitational potential first
computed in [45,46]).

1. Nonprecessing (quasi)circular orbits

Many of the above expressions drastically simplify for
the case of circular orbits, which we expect to provide a
large fraction of the relevant sources of GWs once the
binary enters the frequency band of present and future
ground-based detectors. We proceed using the basis of
vectors fn; λ;lg, defined by

l≡ r × v
jr × vj ; ð18aÞ

λ≡ l × n; ð18bÞ

with n as the radial unit vector. Following the nonspinning
case, we seek (quasi)circular orbits obeying

dn
dt

¼ ωðtÞλ; ð19aÞ

dλ
dt

¼ −ωðtÞn; ð19bÞ

dl
dt

¼ 0: ð19cÞ

The reader will immediately notice that these conditions
cannot be fulfilled when spin effects are included, since
only the total angular momentum is conserved.7 Hence, we
must enforce additional constraints in order to find (quasi)
circular orbits. We use the “aligned-spin” simplifications

n · SA ¼ 0; ð20aÞ
λ · SA ¼ 0; ð20bÞ
S1 × S2 ¼ 0; ð20cÞ

to ensure the orbit is confined to the plane. In order to
guarantee these are valid throughout the entire evolution of
the binary, their time derivatives must also be consistent
with the EOM to the desired PN order. The above
conditions then imply that the spin vectors must be aligned
with the orbital angular momentum,

SA ≡ SAl; ð21Þ

and remain constant in time ( _S1;2 ¼ 0).8 Moreover, because
the radius is also constant (_r ¼ 0), there must be a direct

6We only quote the terms which are needed to match the
multipoles. The reader should keep in mind, however, that higher-
order corrections are necessary to achieve a precession form for
the spin EOM; see, e.g., [45,46,49].

7When only spin-orbit corrections are included at leading
order, orbits with _r ¼ 0 are still possible but not restricted to the
plane.

8Notice that the covariant spin vector varies with time in
generic orbits. However, since _v2 ¼ 0 for (quasi)circular orbits
when radiation-damping is omitted, the difference between S and
Sc in (17) is simply an overall rescaling. Therefore, both vectors
remain constant in time when initially aligned with the orbital
angular momentum.
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relationship between the latter and the orbital frequency, which also obeys _ω ¼ 0 as long as fluxes are ignored. Introducing
the PN parameter x≡ ðGmωÞ2=3, we find

�
Gm
r

�
Nþ1PNþLO-SO

¼ xþ x2
�
1 −

ν

3

�
þ x5=2

Gm2

�
5

3
Sþ δΣ

�
; ð22Þ

and for the spin-spin contributions we have

�
Gm
r

�
SS

¼ x3

4G2m4
½ð−4 − 2κþÞS2 þ ð−4δþ 2κ− − 2δκþÞðSΣÞ þ ðδκ− − κþ þ ð4þ 2κþÞνÞΣ2�

þ x4

36G2m4
½ð74 − 42δκ− − 24κþ þ ð−48 − 24κþÞνÞS2

þ ð78δ − 18κ− þ 18δκþ þ ð−48δþ 192κ− − 24δκþÞνÞðSΣÞ
þ ð36 − 9δκ− þ 9κþ þ ð−90þ 54δκ− − 72κþÞνþ ð48þ 24κþÞν2ÞΣ2�; ð23Þ

where we use the notation ðABÞ≡ A · B (for A ≠ B) adopted in, e.g., [95]. We also introduced the finite-size parameters

κ� ≡ Cð1Þ
ES2

� Cð2Þ
ES2

. Replacing the expression (23) into (16), we finally get the binding energy for (quasi)circular orbits as a
function of the orbital frequency,

ðEÞSS ¼
x3ν

4G2m3
ðð4þ 2κþÞS2 þ ð4δ − 2κ− þ 2δκþÞðSΣÞ þ ð−δκ− þ κþ þ ð−4 − 2κþÞνÞÞΣ2

þ x4ν
72G2m3

ðð−236þ 78δκ− þ 132κþ þ ð12þ 6κþÞνÞS2

þ ð−336δ − 54κ− þ 54δκþ þ ð12δ − 318κ− þ 6δκþÞνÞðSΣÞ
þ ð−180 − 27δκ− þ 27κþ þ ð396 − 81δκ− þ 27κþÞνþ ð−12 − 6κþÞν2ÞΣ2Þ: ð24Þ

We can also transform the above expression as function of the conserved-norm spin vector. Using (17) we have

ðEÞSS ¼
x3ν

4G2m3
½ð4þ 2κþÞS2c þ ð4δ − 2κ− þ 2δκþÞðScΣcÞ þ ð−δκ− þ κþ þ ð−4 − 2κþÞνÞΣ2

c�

þ x4ν
72G2m3

½ð−200þ 60δκ− þ 150κþ þ ð−60 − 30κþÞνÞS2c
þ ð−300δ − 90κ− þ 90δκþ þ ð−60δ − 210κ− − 30δκþÞνÞðScΣcÞ
þ ð−180 − 45δκ− þ 45κþ þ ð360 − 45δκ− − 45κþÞνþ ð60þ 30κþÞν2ÞΣ2

c�; ð25Þ

which agrees with the result in [95].

B. Orbital angular momentum

The orbital angular momentum can be obtained either by
matching the one-point function to the long-distance action
in (8), or by obtaining the Noether current using the
gravitational potential. Following the latter, we arrive at
an expression that can likewise be PN expanded as

Li ¼ Li
N þ Li

1PN þ Li
LO-SO þ ½Li

2PN þ Li
LO-SS� þ Li

NLO-SO

þ ½Li
3PN þ Li

NLO-SS� þ � � � ; ð26Þ

where

Li
N ¼ νmrðn × vÞi; ð27aÞ

Li
1PN ¼ νmrðn × vÞi

�
Gmð3þ νÞ

r
þ ð1 − 3νÞv2

2

�
; ð27bÞ

Li
LO-SO ¼ Gmν

r
ðnið3ðnSÞ þ δðnΣÞÞ − 3Si − δΣiÞ; ð27cÞ

Li
LO-SS ¼ 0: ð27dÞ
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At 2.5PN and 3PN order, respectively, we have

Li
NLO-SO ¼ Gmν

2r

�
l0
5 þ

Gm
r

l1
5

�
; ð28Þ

Li
NLO-SS ¼

Gmν

2r2
l0
6: ð29Þ

The lengthy expression for the l0
5, l

1
5, and l0

6 coefficients
can be found in Appendix B. Notice that in the orbital
angular momentum, there is no spin-spin contribution at
2PN order. The 3PN expression for the spin-spin orbital
angular momentum is presented here for the first time. We
have explicitly confirmed that the evolution of the total
angular momentum obeys

d
dt

ðLi þ SiÞ ¼ 0; ð30Þ

using the EOM deriving from the gravitational potential to
3PN order [43,45,46,49,57], which provides a nontrivial
check of our result.

C. Center-of-mass position

Finally, we also compute the correction to the CM
position. This is achieved, as we discussed in Sec. III,
by matching the one-point function to the effective action in
(8) and reading off the position of the CM, Xi, by
expanding in the soft-radiation mode at linear order k.
We arrive at

ðXiÞLO-SS ¼ 0; ð31Þ

mðXiÞNLO-SS ¼ −
Gν
8r2

fSi½−12κ−ðnSÞ þ 6ð−2− δκ− þ κþÞðnΣÞ� þΣi½6ð2− δκ− þ κþÞðnSÞ þ 6ðκ−ð−1þ 2νÞ þ δκþÞðnΣÞ�
þ ni½ðκ− − 4δνþ δκþð−1− 2νÞÞΣ2 þ ðð4− 16νÞ þ 2δκ− þ 2κþð−1− 4νÞÞðSΣÞ
þ ð4δþ 4κ− þ 2δκþÞS2 þ ð−12δ− 6δκþÞðnSÞ2 þ ð12ð−1þ 4νÞ þ 6δκ− þ 6κþð−1þ 4νÞÞðnSÞðnΣÞ
þ ð12δνþ 3κ−ð1− 4νÞ þ 3ð−1þ 2νÞδκþÞðnΣÞ2�g; ð32Þ

from which we find the correction to (12a) given by

ðδriÞNLO-SS ¼ Sið12κ−ðnSÞ þ ð12þ 6δκ− − 6κþÞðnΣÞÞ þ Σi½ð−4þ 6δκ− − 6κþÞðnSÞ þ ð−6δκþ þ κ−ð6 − 12νÞÞðnΣÞ�
þ ni½ð12δþ 6δκþÞðnSÞ2 þ ð12δ2 − 6δκ− þ 6δ2κþÞðnSÞðnΣÞ
þ ð−3δ2κ− þ δκþð3 − 6νÞ − 12δνÞðnΣÞ2 þ ð−4δ − 4κ− − 2δκþÞS2
þ ð−2δκ− þ 4ð−3þ 4νÞ þ κþð2þ 8νÞÞðSΣÞ þ ð−κ− þ 4δνþ κþðδþ 2δνÞÞΣ2�: ð33Þ

IV. FLUX-BALANCE LAWS

In this section we use the source multipole
moments from [93] together with the EOM in
[43,45,46,49,57] to compute the flux-balance equations
for the binding energy, linear momentum, and angular
momentum to 3PN order. We do not include the
contribution from the (spin-orbit) tail term, which
corrects the radiative multipole moments [93,94],
whose effect can be found in, e.g., [112]. The
detailed expressions for generic orbits are lengthy
and relegated to Appendix C. Explicit results are given
in the main text for the case of nonprecessing (quasi)
circular orbits.

A. Binding energy

For the computation of the energy flux we use the well-
known formula, e.g., [98]

dE
dt

¼ −
G
5

�
Ið3Þij Ið3Þij þ 16

9
Jð3Þij Jð3Þij þ 5

189
Ið4ÞijkI

ð4Þ
ijk

þ 5

84
Jð4ÞijkJ

ð4Þ
ijk þ � � �

�
; ð34Þ

in terms of the source multipole moments. The explicit
expression for the latter are given in Appendix A in the CM
frame. The time derivatives are order-reduced using the
EOM, also found in Appendix A. The result can be
expanded in the PN expansion,

dE
dt

¼
�
dE
dt

�
N
þ
�
dE
dt

�
1PN

þ
�
dE
dt

�
LO-SO

þ
��

dE
dt

�
2PN

þ
�
dE
dt

�
LO-SS

�
þ
�
dE
dt

�
NLO-SO

þ
��

dE
dt

�
3PN

þ
�
dE
dt

�
NLO-SS

�
þ � � � ; ð35Þ
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and keeping only spin-spin contributions to the leading order, we find�
dE
dt

�
LO-SS

¼ G3m2ν2

105r6
½ð696þ 348κþÞðnSÞðnvÞðvSÞ

þ ð348δ − 174κ− þ 174δκþÞðnvÞðnΣÞðvSÞ þ ð−144 − 72κþÞðvSÞ2
þ S2ðð312þ 156κþÞðnvÞ2 þ ð−288 − 144κþÞv2Þ
þ ðnSÞ2ðð−1632 − 816κþÞðnvÞ2 þ ð1008þ 504κþÞv2Þ
þ ðSΣÞðð312δ − 156κ− þ 156δκþÞðnvÞ2 þ ð−288δþ 144κ− − 144δκþÞv2Þ
þ ðnSÞðnΣÞðð−1632δþ 816κ− − 816δκþÞðnvÞ2 þ ð1008δ − 504κ− þ 504δκþÞv2Þ
þ ðnΣÞ2½ð−9þ 408δκ− þ 1632νþ 408κþð−1þ 2νÞÞðnvÞ2 þ ð−252δκ− þ κþð252 − 504νÞ − 1008νÞv2�
þ ð348δ − 174κ− þ 174δκþÞðnSÞðnvÞðvΣÞ þ ð6 − 174δκ− þ κþð174 − 348νÞ − 696νÞðnvÞðnΣÞðvΣÞ
þ ð−144δþ 72κ− − 72δκþÞðvSÞðvΣÞ þ ð−1þ 36δκ− þ 144νþ κþð−36þ 72νÞÞðvΣÞ2
þ ½ð−9 − 78δκ− þ κþð78 − 156νÞ − 312νÞðnvÞ2 þ ð−3þ 72δκ− þ 288νþ 72κþð−1þ 2νÞÞv2�Σ2�: ð36Þ

At 3PN order, we have

�
dE
dt

�
NLO-SS

¼ G3m2ν2

105r6

�
f06 þ

Gm
r

f16 þ
G2m2

r2
f26

�
; ð37Þ

with the value of the f06, f
1
6, and f26 coefficients given in

Appendix C. After using the transformation in (17), we
have checked that the above expression is equivalent to the
one obtained in [95].

1. Nonprecessing (quasi)circular orbits

We consider here the case of aligned-spin (quasi)circular
orbits. Since radiation-reaction effects first enter at 2.5PN

order beyond the leading effects, namely at 4PN and 4.5PN
for spin-orbit and spin-spin contributions, respectively, we
can safely ignore them here while working to 3PN order.
Hence, we can consistently replace _r ¼ 0 and v2 ¼ r2ω2 in
(36) and (37) to obtain the emitted radiation. However, we
must still face a radiation-reaction force which may induce
the precession of the orbital plane. Even though the pre-
cession effects might be small, dl=dt ≤ Oðv8Þ, these may
accumulate over time. Nonadiabatic methods, such as
dynamical renormalization group, offer an alternative
approach that remains valid over a longer timescale by
resumming secular effects [113,114]. In this work, however,
we restrict our results to timescales shorter than those
induced by the secular evolution of the orbital plane.We find

�
dE
dt

�
SS

¼ −
32x7ν2

5G3m4

�
ð4þ 2κþÞS2 þ ð4δ − 2κ− þ 2δκþÞðSΣÞ þ

�
1

16
− δκ− þ κþ þ ð−4 − 2κþÞν

�
Σ2

�

−
32x8ν2

5G3m4

��
−
6247

504
þ 57

16
δκ− −

383

112
κþ þ

�
−
35

2
−
35

4
κþ

�
ν

�
S2

þ
�
−
1865

112
δþ 391

56
κ− −

391

56
δκþ þ

�
−
35

2
δ −

11

2
κ− −

35

4
δκþ

�
ν

�
ðSΣÞ

þ
�
−
51

16
þ 391

112
δκ− −

391

112
κþ þ

�
6239

336
þ 13

16
δκ− þ 691

112
κþ

�
νþ

�
35

2
þ 35

4
κþ

�
ν2
�
Σ2

�
; ð38Þ

or, in terms of the conserved-norm spin vectors,�
dE
dt

�
SS

¼ −
32x7ν2

5G3m4

�
ð4þ 2κþÞS2c þ ð4δ − 2κ− þ 2δκþÞðScΣcÞ þ

�
1

16
− δκ− þ κþ þ ð−4 − 2κþÞν

�
Σ2
c

�

−
32x8ν2

5G3m4

��
−
5239

504
þ 41

16
δκ− −

271

112
κþ þ

�
−
43

2
−
43

4
κþ

�
ν

�
S2c

þ
�
−
817

56
δþ 279

56
κ− −

279

56
δκþ þ

�
−
43

2
δþ 1

2
κ− −

43

4
δκþ

�
ν

�
ðScΣcÞ

þ
�
−
25

8
þ 279

112
δκ− −

279

112
κþ þ

�
344

21
þ 45

16
δκ− þ 243

112
κþ

�
νþ

�
43

2
þ 43

4
κþ

�
ν2
�
Σ2
c

�
: ð39Þ
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B. Angular momentum

The source multipoles allow us also to compute the
radiated angular momentum via

dJi

dt
¼ −Gϵiab

�
2

5
Ið2Þaj I

ð3Þ
bj þ 32

45
Jð2Þaj J

ð3Þ
bj þ 1

63
Ið3ÞajkI

ð4Þ
bjk

þ 1

28
Jð3ÞajkJ

ð4Þ
bjk þ � � �

�
; ð40Þ

which may be also expanded into PN contributions as

dJi

dt
¼

�
dJi

dt

�
N
þ
�
dJi

dt

�
1PN

þ
�
dJi

dt

�
LO-SO

þ
��

dJi

dt

�
2PN

þ
�
dJi

dt

�
LO-SS

�
þ
�
dJi

dt

�
NLO-SO

þ
��

dJi

dt

�
3PN

þ
�
dJi

dt

�
NLO-SS

�
þ � � � : ð41Þ

For completeness, we include here both the spin-orbit and
spin-spin terms to NLO in the PN expansion. The results
can be written as

�
dJi

dt

�
LO-SO

¼ −
G2m2ν2

15r3

�
g0i3 þ 4

Gm
r

g1i3 þ 8
G2m2

r2
g2i3

�
;

ð42Þ

�
dJi

dt

�
LO-SS

¼ −
G2mν2

5r4

�
g0i4 þ Gm

r
g1i4

�
; ð43Þ

�
dJi

dt

�
NLO-SO

¼−
G2m2ν2

105r3

�
g0i5 þGm

r
g1i5 þG2m2

r2
g2i5 þG3m3

r3
g3i5

�
; ð44Þ

�
dJi

dt

�
NLO-SS

¼ −
G2mν2

35r4

�
1

2
g0i6 þGm

r
1

3
g1i6 þG2m2

r2
1

3
g2i6

�
;

ð45Þ

with the gð0;1;2Þi3 , gð0;1Þi4 , gð0;1;2;3Þi5 , and gð0;1;2Þi6 coefficients
displayed in Appendix C. The leading order spin-orbit and
spin-spin expressions agree with corresponding results in
[100,111].
As a nontrivial check, we have verified that the

relationship

dJi

dt
¼ 1

ω

dE
dt

li; ð46Þ

holds for spin effects to 3PN order for nonprecessing
(quasi)circular orbits.

C. Linear momentum and center of mass

Finally, we can compute the flux associated with
linear momentum and CM of the binary systems, which
evolve due to the emission of GWs according to,
e.g., [115],

dPi

dt
¼ −G

�
2

63
Ið4ÞijkI

ð3Þ
jk þ 16

45
ϵijkI

ð3Þ
jl J

ð3Þ
kl þ 1

126
ϵijkI

ð4Þ
jlmJ

ð4Þ
klm

þ 4

63
Jð4ÞijkJ

ð3Þ
jk þ � � �

�
; ð47Þ

and (with Gi ≡mXi)

dGi

dt
¼ Pi −G

�
1

21
ðIð3ÞijkI

ð3Þ
jk − Ið4ÞijkI

ð2Þ
jk Þ

þ 2

21
ðJð3ÞijkJ

ð3Þ
jk − Jð4ÞijkJ

ð2Þ
jk Þ þ � � �

�
; ð48Þ

respectively. We can once again expand in various PN
contributions,

dPi

dt
¼

�
dPi

dt

�
1PN

þ
�
dPi

dt

�
LO-SO

þ
�
dPi

dt

�
2PN

þ
�
dPi

dt

�
NLO-SO

þ
��

dPi

dt

�
3PN

þ
�
dPi

dt

�
LO-SS

�
þ � � � ; ð49Þ

and likewise,

dGi

dt
¼

�
dGi

dt

�
1PN

þ
�
dGi

dt

�
2PN

þ
�
dGi

dt

�
LO-SO

þ
��

dGi

dt

�
3PN

þ
�
dGi

dt

�
LO-SS

�
þ � � � : ð50Þ

Unfortunately, we do not have all the necessary source
multipoles to complete the spin corrections to NLO in the
CM, notably missing the NLO corrections to Jijk, and
therefore for the purpose of this paper we will keep spin-
spin effects at leading order. We do, however, have all the
information to compute the NLO spin-orbit contributions to
the linear momentum. Inputing the source multipoles we
find, in the CM frame,9

9Technically speaking, the condition X ¼ 0 for the CM frame
becomes more subtle once we allow for noninertial motion, due to
GWemission. However, these effects can be ignored to 3PN order
thanks to its nonsecular behavior, i.e., X ¼ Oðx7=2Þ, see,
e.g., [116].
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�
dPi

dt

�
1PN

¼−
8δG3m4ν2

105r4

�
vi
�
−
8Gm
r

þ38ðnvÞ2−50v2
�
þniðnvÞ

�
12Gm

r
−45ðnvÞ2þ55v2

��
; ð51Þ

�
dPi

dt

�
LO-SO

¼ −
8G3m3ν2

15r5
½4ðnvÞðv × ΣÞi − 2ðn × ΣÞiv2 þ ðn × vÞið−3ðnvÞðnΣÞ − 2ðvΣÞÞ�; ð52Þ

�
dPi

dt

�
NLO-SO

¼ −
4G3m3ν2

945r5

�
h0i5 þ Gm

r
h1i5 þ G2m2

r2
h2i5

�
; ð53Þ

�
dPi

dt

�
LO-SS

¼ −
2G3m2ν2

105r6

�
h0i6 þ 4

Gm
r

h1i6

�
; ð54Þ

whereas for the CM position we have

�
dGi

dt

�
1PN

¼−vi
�
24δG3m4ν2ðnvÞ

35r3
þ4δG2m3ν2ðnvÞð15ðnvÞ2−29v2Þ

105r2

�
−ni

�
−
16δG4m5ν2

35r4
þ4δG3m4ν2ð89ðnvÞ2−101v2Þ

105r3

−
2δG2m3ν2ð225ðnvÞ4−366ðnvÞ2v2þ113ðv2Þ2Þ

105r2

�
; ð55Þ

�
dGi

dt

�
LO-SO

¼ −
G2m2ν2

105r3

�
k0i5 þ 2

Gm
r

k1i5 þ 8
G2m2

r2
k2i5

�
; ð56Þ

�
dGi

dt

�
LO-SS

¼ −
G2mν2

105r4

�
k0i6 þ Gm

r
k1i6 þG2m2

r2
k2i6

�
: ð57Þ

The explicit expressions for the hð0;1;2Þi5 , hð0;1Þi6 and kð0;1;2Þi5 , kð0;1;2Þi6 coefficients are collected in Appendix C.

The calculation of the radiated linear momentum was
also computed in [100], using the earlier results in [42,91].
After transforming from the locally flat and PN frames,
through the relationship [46]

S̄A ¼
�
1 −

v2A
2
−
GmB

r

�
SA þ ðvA · SAÞvA þ � � � ; ð58Þ

we find agreement for spin-orbit contributions to NLO in
the PN expansion. However, we disagree on the spin-spin

corrections for generic orbits. We have explicitly checked
that the difference is due to the omission of the finite-size
contributions to the current quadrupole and mass octupole
moments.

1. Nonprecessing (quasi)circular orbits

The above expressions take on a much simpler form for
the case of (quasi)circular orbits. Using the conserved-norm
spin vector, they become

dPi

dt
¼ −

λiν2

315G

�
ð−1392δx11=2 þ � � �Þ þ 336x6ðΣclÞ

Gm2
þ x7

�
7520δðSclÞ

Gm2
þ ð1608 − 9888νÞðΣclÞ

Gm2

�

þ x15=2
��

−
6960δ

G2m4
−
240κ−
G2m4

−
3480δκþ
G2m4

�
S2c

þ
�
3240δκ−
G2m4

þ 120κþð−27þ 116νÞ
G2m4

þ 48ð−181þ 580νÞ
G2m4

�
ðScΣcÞ

þ
�
240δð−3þ 29νÞ

G2m4
þ 60δκþð−27þ 58νÞ

G2m4
−
60κ−ð−27þ 112νÞ

G2m4

�
Σ2
c

��
þ � � � ; ð59Þ

for the linear momentum including leading spin-spin and up to NLO spin-orbit effects, whereas for the center-of-mass
position we have
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dGi

dt
¼ −

niν2m
640

�
ð−4068δx4 þ � � �Þ þ x11=2

�
21822δðSclÞ

Gm2
−
18ð−439þ 1441νÞðΣclÞ

Gm2

�

þ x6
��

−
20340δ

G2m4
þ 72κ−
G2m4

−
10170δκþ
G2m4

�
S2c þ

�
10242δκ−
G2m4

−
180ð117 − 452νÞ

G2m4
þ 18κþð−569þ 2260νÞ

G2m4

�
ðScΣcÞ

þ
�
−
180δð4 − 113νÞ

G2m4
þ 9δκþð−569þ 1130νÞ

G2m4
−
9κ−ð−569þ 2268νÞ

G2m4

�
Σ2
c

��
þ � � � : ð60Þ

2. Kick velocity

An application of the above formula for the linear momentum flux is the derivation of the kick velocity,Vi
kick, obtained via

Vi
kick ¼

1

m

Z
t

−∞
dt

�
dPi

dt

�
; ð61Þ

which we compute taking advantage of the relation in (19a). Performing the integration with the boundary condition x ¼ 0 at
t ¼ −∞, we arrive at

ðVi
kickÞSpin ¼ ni

�
−
16x9=2ν2ðΣclÞ

15Gm2
þ 8x11=2ν2ð−940δðSclÞ þ 3ð−67þ 412νÞðΣclÞÞ

315Gm2

þ x6
�
8ð2κ− þ 29δð2þ κþÞÞν2S2c

21G2m4
−
8ν2ð−362þ 135δκ− þ 1160νþ 5κþð−27þ 116νÞÞðScΣcÞ

105G2m4

þ 4ν2½δð12þ κþð27 − 58νÞ − 116νÞ þ κ−ð−27þ 112νÞ�Σ2
c

21G2m4

��
; ð62Þ

wherewe havewritten the final expression in terms of the conserved-norm spinvectors. A similar result is given in [100], with
full agreement in the spin-orbit sector. Yet the disagreement for spin-spin contributions remains.

V. ACCUMULATED PHASE

Armed with the binding energy and radiated flux it is straightforward to compute the accumulated phase. Because, the
norm of the covariant spin variables are not conserved during the radiation-reaction timescale, we provide here expressions
in terms of the conserved-norm spin variable. We first obtain the evolution of the orbital frequency in time over a period,

�
_ω

ω2

�
SS
¼ x9=2

G2m4

�
ð192þ96κþÞνS2cþð192δ−96κ−þ96δκþÞνðScΣcÞþ

��
6

5
−48δκ−þ48κþ

�
νþð−192−96κþÞν2

�
Σ2
c

�

þ x11=2

G2m4

���
102072

35
þ886

5
δκ−þ

10156

35
κþ

�
νþ

�
−
4128

5
−
2064

5
κþ

�
ν2
�
S2c

þ
��

14120

7
δ−

3282

35
κ− −

96

5
δ2κ−þ

3954

35
δκþ

�
νþ

�
−
4128

5
δ−

1864

5
κ− −

2064

5
δκþ

�
ν2
�
ðScΣcÞ

þ
��

789

5
−
1977

35
δκ−þ

1977

35
κþ

�
νþ

�
−
47269

35
þ146

5
δκ− −

4976

35
κþ

�
ν2þ

�
4128

5
þ2064

5
κþ

�
ν3
�
Σ2
c

�
: ð63Þ

Hence, performing the standard integration,

ϕ ¼
Z

dtωðtÞ ¼
Z

dω
ωðtÞ
_ω

ð64Þ

we arrive at

GRAVITATIONAL RADIATION FROM INSPIRALLING COMPACT … PHYS. REV. D 104, 024037 (2021)

024037-11



ðΔϕÞSS¼
x−5=2

32νG2m4

�
x2
�
ð−50−25κþÞS2cþð−50δþ25κ−−25δκþÞðScΣcÞþ

�
−

5

16
þ25

2
δκ−−

25

2
κþþð50þ25κþÞν

�
Σ2
c

�

þx3
��

−
31075

126
þ2215

48
δκ−þ

15635

84
κþþð60þ30κþÞν

�
S2c

þ
�
−
9775

42
δ−

47035

336
κ−þ

47035

336
δκþþ

�
60δ−

2575

12
κ−þ30δκþ

�
ν

�
ðScΣcÞ

þ
�
−
410825

2688
−
47035

672
δκ−þ

47035

672
κþþ

�
23535

112
−
2935

48
δκ−−

4415

56
κþ

�
νþð−60−30κþÞν2

�
Σ2
c

��
; ð65Þ

which agrees with the result in [95].

VI. CONCLUSIONS

Building upon the quadratic-in-spin conservative and
dissipative results obtained using the EFT approach in
[43,45,46,93,94] to NLO in the PN expansion, in this paper
we have completed the derivation of the EOM, adiabatic
invariants and associated flux-balance equations for the
energy and angular momentum of binary systems with
spinning compact objects. We then used these results to
compute the bilinear-in-spin evolution of the orbital fre-
quency and accumulated phase for (quasi)circular orbits to
3PN order, including finite-size effects, finding agreement
with the value presented in [95]. This is not surprising
since, after all, the gravitational potential computed in [95]
was shown to be equivalent to the ones previously obtained
in the EFT [43,45,46] and Arnowitt-Deser-Misner (ADM)
[74,75] approaches; and moreover, as we demonstrated
here, the source multipole moments in [95] are in complete
agreement with those derived before in [93], after the latter
are expressed in terms of conserved-norm spin variables.
Our results here include also the angular momentum flux

for the first time, which is necessary to compute the phase
evolution in ellipticlike orbits, allowing us to incorporate
spin effects in the waveforms for generic configurations
[101,102], thus extending the validity of the PN approxi-
mation towards higher frequencies. This will be crucial for
proper data analysis with spinning binaries, since eccen-
tricity can rapidly deteriorate the accuracy of waveforms
relying on (quasi)circular approximations [103]. Using the
source multipoles and EOM we have also computed the
radiated flux of linear momentum, with which we obtained
the kick velocity for (quasi)circular orbits, including linear
and bilinear spin effects to NLO and leading order,
respectively. While perfect agreement is found with an
earlier derivation in [100] for spin-orbit effects, unfortu-
nately we disagree in the spin-spin sector even for the case
of black holes (with CES2 ¼ 1). We trace the discrepancy to
finite-size contributions in the current quadrupole and mass
octupole moments which were not included in the deriva-
tion in [100]. As it turns out, only the quadratic-in-spin
correction to Jikl at NLO is missing to complete the value of

the kick velocity at the same order. We are currently
performing this calculation. Moreover, building on the
recent rederivation of the spin-independent radiated fluxes
at 2PN in [117], it is straightforward to continue pushing
forward at the next order for spin effects in the EFT
approach. The derivation of GW observables to N2LO is
underway.
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APPENDIX A: EQUATIONS OF MOTION AND
SOURCE MULTIPOLES

We summarize here the values for the spin-spin con-
tributions to the acceleration and spin dynamics as well as
the source multipole moments in the covariant SSC, first
computed to NLO in [43,45,46,49] and [93] within the EFT
approach, respectively. As in the main text we use the short-
hand notation ðABÞ≡ A · B whenever A ≠ B, as well as
ðABCÞ≡ A · ðB × CÞ, throughout the Appendixes.

1. Acceleration

Spin effects in the acceleration enter at different PN
orders,

a ¼ aN þ a1PN þ aLO-SO þ ½a2PN þ aLO-SS� þ aNLO-SO

þ ½a3PN þ aNLO-SS� þ � � � ; ðA1aÞ

where at Newtonian and 1PN order we have
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aiN ¼ −
Gmni

r2
; ðA1bÞ

ai1PN ¼ −
2Gmð−2þ νÞðnvÞvi

r2
þ ni

�
2G2m2ð2þ νÞ

r3
þ Gmð3νððnvÞ2 − 2v2Þ − 2v2Þ

2r2

�
: ðA1cÞ

The leading order spin-spin acceleration is given by

aiLO-SS ¼
G
mr4

3

4
½ðð−8 − 4κþÞðnSÞ þ ð−4δþ 2κ− − 2δκþÞðnΣÞÞSi

þ ½ð−4δþ 2κ− − 2δκþÞðnSÞ þ ð2δκ− þ 8νþ κþð−2þ 4νÞÞðnΣÞ�Σi

þ ni½ð20þ 10κþÞðnSÞ2 þ ð20δ − 10κ− þ 10δκþÞðnSÞðnΣÞ þ ð−5δκ− þ κþð5 − 10νÞ − 20νÞðnΣÞ2
þ ð−4 − 2κþÞS2 þ ð−4δþ 2κ− − 2δκþÞðSΣÞ þ ðδκ− þ 4νþ κþð−1þ 2νÞÞΣ2��; ðA2Þ

while we write the NLO correction as

aiNLO-SS ¼
G
mr4

�
1

8
Ai
0 þ

Gm
r

1

2
Ai
1

�
; ðA3Þ

with

Ai
0 ¼ Sifð72þ 36δκ− − 36κþÞðnvÞðvSÞ þ ðnSÞ½ð−60δκ− þ 120νþ 60κþð1þ νÞÞðnvÞ2

þ ð−24κþð1þ 4νÞ − 24ð1þ 8νÞÞv2� þ ðnΣÞ½ð60δð−2þ νÞ þ 30δκþð2þ νÞ
þ κ−ð−60þ 90νÞÞðnvÞ2 þ ð−12δκþð1þ 4νÞ − 12δð−1þ 8νÞ þ κ−ð12þ 48νÞÞv2�
þ ð120δ − 36δκþ þ κ−ð36 − 72νÞÞðnvÞðvΣÞg þ Σifð48δ − 36δκþ þ κ−ð36 − 72νÞÞðnvÞðvSÞ
þ ðnSÞ½ð60δνþ 30δκþð2þ νÞ þ κ−ð−60þ 90νÞÞðnvÞ2
þ ð−12δκþð1þ 4νÞ − 12δð1þ 8νÞ þ κ−ð12þ 48νÞÞv2� þ ðnΣÞ½ð30δκ−ð−2þ νÞ − 120ð−1þ νÞ2
− 30κþð−2þ 5νþ 2ν2ÞÞðnvÞ2 þ ð12δκ−ð1þ 4νÞ þ 12κþð−1þ 2νÞð1þ 4νÞ þ 24ð1 − νþ 8ν2ÞÞv2�
þ ð96 − 36δκ−ð−1þ νÞ − 264νþ 36κþð−1þ 3νÞÞðnvÞðvΣÞg þ vifð120κþð−2þ νÞ þ 240νÞðnSÞ2ðnvÞ
þ ð−120κ−ð−2þ νÞ þ 120δκþð−2þ νÞ þ 240δð1þ νÞÞðnSÞðnvÞðnΣÞ
þ ð−60δκ−ð−2þ νÞ − 60κþð−2þ νÞð−1þ 2νÞ − 240ð−1þ 2νþ ν2ÞÞðnvÞðnΣÞ2
þ ð−12δκ− þ κþð60 − 24νÞ − 48ð1þ νÞÞðnvÞS2
þ ð−24δκþð−3þ νÞ þ 72κ−ð−1þ νÞ − 48δð3þ νÞÞðnvÞðSΣÞ
þ ð72þ 12δκ− þ κþð84 − 24νÞ − 48νÞðnSÞðvSÞ þ ð−12δκþð−3þ νÞ − 24δν − 12κ−ð3þ νÞÞðnΣÞðvSÞ
þ ð−12δκþð−3þ νÞ − 24δð−1þ νÞ − 12κ−ð3þ νÞÞðnSÞðvΣÞ
þ ð−36δκ− þ 12κþð3 − 6νþ 2ν2Þ þ 24ð−2þ νþ 2ν2ÞÞðnΣÞðvΣÞ
þ ð12δκ−ð−3þ 2νÞ þ 48ð−2þ 5νþ ν2Þ þ 12κþð3 − 8νþ 2ν2ÞÞðnvÞΣ2g
þ nifð−360 − 60δκ− þ 60κþÞðnSÞðnvÞðvSÞ þ ð−240δþ 60δκþ þ 60κ−ð−1þ 2νÞÞðnvÞðnΣÞðvSÞ
þ ð12δκ− þ 12κþð−1þ νÞ þ 24ð3þ νÞÞðvSÞ2 þ ðnSÞðnΣÞ½ð−420δνþ 210κ−ν − 210δκþνÞðnvÞ2
þ ð−360κ−νþ 240δκþνþ 60δð1þ 8νÞÞv2� þ ðnSÞ2½ð−420ν − 210κþνÞðnvÞ2 þ ð30δκ− þ 60ð1þ 8νÞ
þ 30κþð1þ 8νÞÞv2� þ ðnΣÞ2½ð105δκ−νþ 420ν2 þ 105κþνð−1þ 2νÞÞðnvÞ2
þ ð−150δκ−ν − 30κþνð−5þ 8νÞ − 60νð1þ 8νÞÞv2� þ S2½ð30δκ− þ 30κþð−1þ νÞ þ 60ð2þ νÞÞðnvÞ2
þ ð−12δκ− − 48κþν − 12ð3þ 8νÞÞv2� þ ðSΣÞ½ðκ−ð60 − 150νÞ þ 30δκþð−2þ νÞ þ 60δð4þ νÞÞðnvÞ2
þ ð12δ3κþ − 12δð5þ 8νÞ þ κ−ð−12þ 96νÞÞv2� þ ð−360δþ 60δκþ þ 60κ−ð−1þ 2νÞÞðnSÞðnvÞðvΣÞ
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þ ðκþð60 − 180νÞ þ 60δκ−ð−1þ νÞ þ 120ð−2þ 7νÞÞðnvÞðnΣÞðvΣÞ
þ ðκ−ð24 − 60νÞ þ 12δκþð−2þ νÞ þ 24δð5þ νÞÞðvSÞðvΣÞ
þ ð−6δκ−ð−2þ 3νÞ − 24ð−2þ 7νþ ν2Þ − 6κþð2 − 7νþ 2ν2ÞÞðvΣÞ2
þ ½ð−15δκ−ð−2þ 3νÞ − 60ð−2þ 6νþ ν2Þ − 15κþð2 − 7νþ 2ν2ÞÞðnvÞ2
þ ð6δκ−ð−1þ 6νÞ þ 6κþð1 − 8νþ 8ν2Þ þ 12ð−2þ 7νþ 8ν2ÞÞv2�Σ2g; ðA4aÞ

Ai
1 ¼ Si½ð82 − 12δκ− þ 36νþ 18κþð2þ νÞÞðnSÞ þ ð18δð2þ νÞ þ 3δκþð8þ 3νÞ þ 3κ−ð−8þ 5νÞÞðnΣÞ�

þ Σi½ð6δð7þ 3νÞ þ 3δκþð8þ 3νÞ þ 3κ−ð−8þ 5νÞÞðnSÞ
þ ð3δκ−ð−8þ νÞ − 2νð37þ 18νÞ − 3κþð−8þ 17νþ 6ν2ÞÞðnΣÞ�
þ ni½ð24δκ− − 48κþð2þ νÞ − 6ð35þ 16νÞÞðnSÞ2
þ ðκ−ð120 − 48νÞ − 24δκþð5þ 2νÞ − 6δð33þ 16νÞÞðnSÞðnΣÞ
þ ð60δκ− þ 6νð31þ 16νÞ þ 12κþð−5þ 10νþ 4ν2ÞÞðnΣÞ2 þ ð−4δκ− þ 10κþð2þ νÞ þ 4ð9þ 5νÞÞS2
þ ð6κ−ð−4þ νÞ þ 4δð9þ 5νÞ þ 2δκþð12þ 5νÞÞðSΣÞ
þ ð−δκ−ð12þ νÞ − 4νð9þ 5νÞ þ κþð12 − 23ν − 10ν2ÞÞΣ2�: ðA4bÞ

2. Spin dynamics

In terms of the covariant spin vector, without yet transforming to a conserved-norm spin, the evolution equation is
given by

dSi1
dt

¼
�
−
Gm2

2ðnvÞSi1
mr2

þ 2Gm1m2ðnS1Þvi
mr2

þ 2Gm2
2ðnS1Þvi
mr2

−
2Gm1m2niðvS1Þ

mr2
−
Gm2

2n
iðvS1Þ

mr2

�
LOSO

þ
�
3Cð1Þ

ES2
Gm2ðn × S1ÞiðnS1Þ

m1r3
þ 3Gðn × S1ÞiðnS2Þ

r3
þGðS1 × S2Þi

r3

�
LOSS

þ
�
−
δG2mm2νniðnS1ÞðnvÞ

2r3
þ G2m1m2

2ðnvÞSi1
mr3

þ δG2mm2νðnvÞSi1
r3

þ 3Gm2
1m

2
2ðnvÞ3Si1

2m3r2

−
G2m2

1m2ðnS1Þvi
mr3

−
3G2m1m2

2ðnS1Þvi
2mr3

−
G2m3

2ðnS1Þvi
2mr3

−
3Gm3

1m2ðnS1ÞðnvÞ2vi
m3r2

−
3Gm2

1m
2
2ðnS1ÞðnvÞ2vi
m3r2

−
Gm2

1m
2
2ðnvÞSi1v2
m3r2

−
Gm1m3

2ðnvÞSi1v2
m3r2

−
δGm2νðnvÞSi1v2

2r2

þ 2Gm3
1m2ðnS1Þviv2
m3r2

þ 4Gm2
1m

2
2ðnS1Þviv2
m3r2

þ 2Gm1m3
2ðnS1Þviv2
m3r2

þG2m2
1m2niðvS1Þ
mr3

þ G2m1m2
2n

iðvS1Þ
2mr3

þG2m3
2n

iðvS1Þ
2mr3

−
δG2mm2νniðvS1Þ

2r3
þ 3Gm3

1m2niðnvÞ2ðvS1Þ
m3r2

þ 3Gm2
1m

2
2n

iðnvÞ2ðvS1Þ
2m3r2

−
Gm2

1m
2
2ðnvÞviðvS1Þ
m3r2

−
Gm1m3

2ðnvÞviðvS1Þ
m3r2

−
2Gm3

1m2niv2ðvS1Þ
m3r2

− 2Gm2
1m

2
2n

iv2ðvS1Þ
m3r2

þ δGm2νniv2ðvS1Þ
2r2

�
NLOSO
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þ
�
−
G2m2niðnS1S2Þ

r4
þG2m1νniðnS1S2Þ

r4
þ G2m2νniðnS1S2Þ

r4
−
2G2m2ðn × S1ÞiðnS1Þ

r4

− 3Cð1Þ
ES2

G2m2ðn × S1ÞiðnS1Þ
r4

−
12Cð1Þ

ES2
G2m2

2ðn × S1ÞiðnS1Þ
m1r4

−
9G2mðn × S1ÞiðnS2Þ

r4

þ G2m2ðn × S1ÞiðnS2Þ
r4

þ 15Cð1Þ
ES2

Gm2
2ðn × S1ÞiðnS1ÞðnvÞ2
2m2r3

þ 15Gm1m2ðn × S1ÞiðnS2ÞðnvÞ2
2m2r3

−
3G2mðS1 × S2Þi

r4
þ G2m2ðS1 × S2Þi

r4
−
3Gm2

1ðnvÞ2ðS1 × S2Þi
m2r3

−
3Gm1m2ðnvÞ2ðS1 × S2Þi

2m2r3

þ 3Gm2
2ðnvÞSi1ðS1nvÞ
mm1r3

þ 3Gm1m2ðnvÞSi1ðS2nvÞ
m2r3

þ 3Gm2
2ðnvÞSi1ðS2nvÞ
m2r3

þ 3Gm1m2ðnS1S2ÞðnvÞvi
m2r3

þ 3Cð1Þ
ES2

Gm3
2ðnS1ÞðS1nvÞvi
m2m1r3

−
6Gm1m2ðnS1ÞðS2nvÞvi

m2r3
−
3Gm2

2ðnS1ÞðS2nvÞvi
m2r3

þ 9Cð1Þ
ES2Gm1m2ðn × S1ÞiðnS1Þv2

2m2r3
þ 21Cð1Þ

ES2Gm
2
2ðn × S1ÞiðnS1Þv2
2m2r3

þ 9Cð1Þ
ES2Gm

3
2ðn × S1ÞiðnS1Þv2
2m2m1r3

þ 3Gm2
1ðn × S1ÞiðnS2Þv2

m2r3
þ 9Gm1m2ðn × S1ÞiðnS2Þv2

2m2r3
þ 2Gm2

1ðS1 × S2Þiv2
m2r3

þ 5Gm1m2ðS1 × S2Þiv2
2m2r3

−
6Cð1Þ

ES2
Gm2

2ðnS1ÞðnvÞðv × S1Þi
m2r3

−
6Cð1Þ

ES2
Gm3

2ðnS1ÞðnvÞðv × S1Þi
m2m1r3

−
3Gm2

1ðnS2ÞðnvÞðv × S1Þi
m2r3

−
3Gm1m2ðnS2ÞðnvÞðv × S1Þi

m2r3
−
3Gm1m2viðvS1S2Þ

m2r3
−
Gm2

2v
iðvS1S2Þ
m2r3

−
6Cð1Þ

ES2
Gm2

2ðn × S1ÞiðnvÞðvS1Þ
m2r3

−
3Gm2

2ðn × S1ÞiðnvÞðvS1Þ
mm1r3

−
3Cð1Þ

ES2
Gm3

2ðn × S1ÞiðnvÞðvS1Þ
m2m1r3

−
6Gm2

2n
iðS1nvÞðvS1Þ
mm1r3

þ 3Cð1Þ
ES2

Gm2
2ðv × S1ÞiðvS1Þ
m2r3

þ 3Gm2
2ðv × S1ÞiðvS1Þ
mm1r3

þ 3Cð1Þ
ES2

Gm3
2ðv × S1ÞiðvS1Þ
m2m1r3

−
3Gm2

1ðn × S1ÞiðnvÞðvS2Þ
m2r3

−
6Gm1m2ðn × S1ÞiðnvÞðvS2Þ

m2r3
þ 2Gm2

1ðv × S1ÞiðvS2Þ
m2r3

þ 2Gm1m2ðv × S1ÞiðvS2Þ
m2r3

�
NLOSS

þ � � � ; ðA5Þ

and similarly for particle 2 after exchanging 1 ↔ 2.

3. Source multipoles

Using the results in [93] and translating to CM coordinates, without yet taking the symmetric trace-free part, we find the
following expressions for the source multipoles needed to 3PN:

Iijð2PNÞ ¼
1

2m
fð−δκ− − κþÞSiSj þ 4κ−νSiΣj þ ðδκ−ν − κþνÞΣiΣjg; ðA6aÞ
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Iijð3PNÞ ¼
ν

84m

�
Sinj

��
nSÞ

�
84δGκ−m

r
−
12Gmð11þ 23νÞ

r
−
6Gκþmð25þ 23νÞ

r

�

þ ðnΣÞ
�
−
46δGmð−1þ 3νÞ

r
−
9Gκ−mð−13þ 11νÞ

r
−
3δGκþmð39þ 23νÞ

r

��

þ niSj
�
ðnΣÞ

�
66δGmð−1þ 3νÞ

r
þ 3Gκ−mð−9þ 7νÞ

r
þ 9δGκþmð3þ 11νÞ

r

�

þ ðnSÞ
�
−
60δGκ−m

r
þ 132Gmð−1þ 3νÞ

r
þ 6Gκþmð−1þ 33νÞ

r

��

þ SiSj
�
34δGκ−m

r
þ 218Gκþm

r
þ ð−13δκ− þ 13κþÞv2

�

þ viSj½ð−24δκ− þ 24κþÞðvSÞ þ ð24δκþ þ κ−ð−24þ 48νÞÞðvΣÞ�

þ Σinj
�
ðnSÞ

�
−
9Gκ−mð−13þ 11νÞ

r
−
3δGκþmð39þ 23νÞ

r
−
2δGmð89þ 69νÞ

r

�

þ ðnΣÞ
�
−
3δGκ−mð−39þ 5νÞ

r
þ 4Gmνð61þ 69νÞ

r
þ 3Gκþmð−39þ 83νþ 46ν2Þ

r

��

þ ΣiSj
�
92δGκþm

r
−
4Gκ−mð23þ 17νÞ

r
þ ð13δκþ þ κ−ð−13þ 26νÞÞv2

�

− Σivj28νðvΣÞniΣj

�
ðnSÞ

�
66δGmð−1þ 3νÞ

r
þ 3Gκ−mð−9þ 7νÞ

r
þ 9δGκþmð3þ 11νÞ

r

�

þ ðnΣÞ
�
−
3δGκ−mð9þ 13νÞ

r
−
3Gκþmð−1þ 3νÞð9þ 22νÞ

r
−
4Gmνð−5þ 99νÞ

r

��

þ SiΣj

�
92δGκþm

r
−
4Gκ−mð23þ 17νÞ

r
þ ð13δκþ þ κ−ð−13þ 26νÞÞv2

�

þ viΣj½ð24δκþ þ κ−ð−24þ 48νÞÞðvSÞ þ ðκþð24 − 72νÞ þ 24δκ−ð−1þ νÞ − 140νÞðvΣÞ�

þ ΣiΣj

�
112Gmν

r
−
2δGκ−mð46þ 17νÞ

r
−
2Gκþmð−46þ 75νÞ

r
þ ðκþð13 − 39νÞ þ 13δκ−ð−1þ νÞ þ 140νÞv2

�

þ vivj½ð22δκ− − 22κþÞS2 þ ð−44δκþ þ κ−ð44 − 88νÞÞðSΣÞ þ ð−22δκ−ð−1þ νÞ þ 28νþ κþð−22þ 66νÞÞΣ2�

þ ninj
�
ðnSÞ2

�
42δGκ−m

r
−
24Gmð−9þ 20νÞ

r
−
12Gκþmð−9þ 20νÞ

r

�

þ ðnSÞðnΣÞ
�
6Gκ−mð−11þ 12νÞ

r
−
24δGmð−9þ 20νÞ

r
−
6δGκþmð−11þ 40νÞ

r

�

þ ðnΣÞ2
�
24Gmνð−9þ 20νÞ

r
þ 3δGκ−mð−11þ 26νÞ

r
þ 3Gκþmð11 − 48νþ 80ν2Þ

r

�

þ
�
−
22δGκ−m

r
þ 24Gmð−4þ 5νÞ

r
þ 4Gκþmð4þ 15νÞ

r

�
S2

þ
�
24δGmð−4þ 5νÞ

r
þ 2Gκ−mð−19þ 14νÞ

r
þ 2δGκþmð19þ 30νÞ

r

�
ðSΣÞ

þ
�
−
δGκ−mð19þ 8νÞ

r
−
8Gmνð2þ 15νÞ

r
−
Gκþmð−19þ 30νþ 60ν2Þ

r

�
Σ2

�

þ δij
�
112GmνðnΣÞ2

r
þ 140νðvΣÞ2 þ

�
−
112Gmν

r
− 140νv2

�
Σ2

��
; ðA6bÞ

Iijkð2PNÞ ¼
3ν

2m
f−2κ−SiSjrk þ ð−δκ− þ κþÞΣiSjrk þ ð−δκ− þ κþÞSiΣjrk þ ðδκþ þ κ−ð−1þ 2νÞÞΣiΣjrkg; ðA6cÞ
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Jijð2PNÞ ¼
ν

2m
f2κ−ðv × SÞiSj þ ðδκ− − κþÞðv × ΣÞiSj þ 3Siðv × ΣÞj þ ðδκ− − κþÞðv × SÞiΣj

þ ðv × ΣÞiΣjð−δκþ þ κ−ð1 − 2νÞÞg: ðA6dÞ

APPENDIX B: CONSERVATIVE SECTOR

1. Binding energy

The coefficients of the binding energy in the CM in (16) are given by

e04 ¼ ð12þ 6κþÞðnSÞ2 þ ð12δ − 6κ− þ 6δκþÞðnSÞðnΣÞ þ ð−3δκ− þ κþð3 − 6νÞ − 12νÞðnΣÞ2
þ ð−4 − 2κþÞS2 þ ð−4δþ 2κ− − 2δκþÞðSΣÞ þ ðδκ− þ 4νþ κþð−1þ 2νÞÞΣ2; ðB1aÞ

e06 ¼ ð−72δ − 24κ− þ 24δκþÞðnvÞðnΣÞðvSÞ þ 48κ−νðnvÞðnΣÞðvSÞ þ ð8δκ− þ 4κþð−2þ νÞ þ 8ð3þ νÞÞðvSÞ2
þ ð30κ− þ 6δκþð−5þ νÞ þ 12δð8þ νÞÞðnSÞðnΣÞv2 þ ðnSÞ2½ð−60ν − 30κþνÞðnvÞ2
þ ð6δκ− þ 6κþð−4þ νÞ þ 12ð4þ νÞÞv2� þ S2½ð6δκ− þ 6κþð−1þ νÞ þ 12ð2þ νÞÞðnvÞ2
þ ð−4δκ− − 2κþð−5þ νÞ − 4ð6þ νÞÞv2� þ ðSΣÞ½ðκ−ð12 − 30νÞ þ 6δκþð−2þ νÞ
þ 12δð4þ νÞÞðnvÞ2 þ ð−2δκþð−7þ νÞ − 4δð12þ νÞ þ 2κ−ð−7þ 9νÞÞv2�
þ ðnΣÞ2½ð15δκ−νþ 60ν2 þ 15κþνð−1þ 2νÞÞðnvÞ2 þ ð−3δκ−ð−5þ 3νÞ þ κþð−15þ 39ν − 6ν2Þ
− 12ð−4þ 12νþ ν2ÞÞv2� þ ðκþð24 − 72νÞ þ 24δκ−ð−1þ νÞ þ 72ð−1þ 3νÞÞðnvÞðnΣÞðvΣÞ
þ ðκ−ð16 − 36νÞ þ 4δκþð−4þ νÞ þ 8δð6þ νÞÞðvSÞðvΣÞ þ ð−2δκ−ð−4þ 5νÞ þ κþð−8þ 26ν − 4ν2Þ
− 8ð−3þ 9νþ ν2ÞÞðvΣÞ2 þ ðnSÞ½ð−72 − 24δκ− þ 24κþÞðnvÞðvSÞ þ ðnΣÞðð−60δνþ 30κ−ν

− 30δκþνÞðnvÞ2 − 30κ−νv2Þ þ ð−72δþ 24δκþ þ κ−ð−24þ 48νÞÞðnvÞðvΣÞ�
þ ½ðδκ−ð6 − 9νÞ þ κþð−6þ 21ν − 6ν2Þ − 12ð−2þ 6νþ ν2ÞÞðnvÞ2 þ ðδκ−ð−7þ 5νÞ þ 4ð−6þ 18νþ ν2Þ
þ κþð7 − 19νþ 2ν2ÞÞv2�Σ2; ðB1bÞ

e16 ¼ ð−36þ 9δκ− − 15κþÞðnSÞ2 þ ð−32δ − 24δκþ þ κ−ð24 − 36νÞÞðnSÞðnΣÞ
þ ð30ν − 3δκ−ð−4þ 3νÞ þ κþð−12þ 33νÞÞðnΣÞ2 þ ð8 − 3δκ− þ 5κþÞS2
þ ð8δþ 8δκþ þ κ−ð−8þ 12νÞÞðSΣÞ þ ðκþð4 − 11νÞ − 10νþ δκ−ð−4þ 3νÞÞΣ2: ðB1cÞ

2. Angular momentum

The coefficients of the angular momentum in the CM in (28) and (29) are given by

l0
5 ¼ Siðð4þ 5νÞðnvÞ2 − 6v2Þ þ viðð−6þ 12νÞðnSÞðnvÞ þ 4δνðnvÞðnΣÞ þ 4ðvSÞ þ 2δνðvΣÞÞ

þ niðð−2 − 8νÞðnvÞðvSÞ þ ðnSÞð−9νðnvÞ2 þ 6v2Þ þ ðnΣÞð−6δνðnvÞ2 þ 3δνv2Þ − 6δνðnvÞðvΣÞÞ; ðB2aÞ

l1
5 ¼ niðð−1 − 4νÞðnSÞ − ðδþ 3δνÞðnΣÞÞ þ Sið1þ 4νÞ þ Σiðδþ 3δνÞ; ðB2bÞ
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l0
6 ¼ ½ð6þ δκ− þ κþð−1þ 2νÞÞðnSÞ þ ð6δþ κ−ð1 − 3νÞ þ δκþð−1þ νÞ − 2νÞðnΣÞ�ðv × SÞi

− 6δðSnΣÞvi þ ½ðκ−ð1 − 3νÞ þ δκþð−1þ νÞ þ 2ð3δþ νÞÞðnSÞ
þ ð6 − 16νþ κ−ðδ − 2δνÞ þ κþð−1þ 4ν − 2ν2ÞÞðnΣÞ�ðv × ΣÞi
þ Si½ð−δκ− þ κþð1 − 2νÞ þ 6ð2þ νÞÞðSnvÞ þ ðκ−ð1 − 3νÞ þ δκþð−1þ νÞ − ν − 3δð2þ νÞÞðvnΣÞ�
þ nif6δðnvÞðSnΣÞ þ ðnΣÞ½ð3ν − 3δð6þ νÞÞðSnvÞ − 6ð−2þ 7νþ ν2ÞðvnΣÞ�
þ ðnSÞ½−6ð3þ νÞðSnvÞ þ 3ðνþ δð4þ νÞÞðvnΣÞ�g
þ ðn × SÞifð−3δκ− þ 6ð−3þ νÞ þ κþð3þ 6νÞÞðnSÞðnvÞ
þ ½3κ−ð−1þ νÞ þ 3δκþð1þ νÞ þ 3ðδð−6þ νÞ þ νÞ�ðnvÞðnΣÞ þ ð14þ 2δκ− þ 6ν − 2κþð1þ νÞÞðvSÞ
þ ðκ−ð2 − 3νÞ − ν − δκþð2þ νÞ þ 3δð4þ νÞÞðvΣÞg
þ ðn × ΣÞi½ð3δð−6þ νÞ þ 3κ−ð−1þ νÞ − 3νþ 3δκþð1þ νÞÞðnSÞðnvÞ
þ ð−3δκ− þ κþð3 − 6ν − 6ν2Þ − 6ð3 − 9νþ ν2ÞÞðnvÞðnΣÞ
þ ðκ−ð2 − 3νÞ þ ν − δκþð2þ νÞ þ δð14þ 3νÞÞðvSÞ
þ ð12 − δκ−ð−2þ νÞ − 40ν − 6ν2 þ κþð−2þ 5νþ 2ν2ÞÞðvΣÞ�
þ ½ð−νþ 3δð4þ νÞ þ κ−ð−1þ 3νÞ þ κþðδ − δνÞÞðSnvÞ
þ ð−6þ 26νþ 6ν2 þ κ−ðδ − 2δνÞ þ κþð−1þ 4ν − 2ν2ÞÞðvnΣÞ�Σi

þ ðn × vÞi
�
ð24 − 3κþð3þ νÞÞðnSÞ2 þ ð48δþ 3κ−ð3þ νÞ − 3δκþð3þ νÞÞðnSÞðnΣÞ

þ
�
24 − 72νþ 3

2
δκ−ð3þ νÞ þ 3

2
κþð3þ νÞð−1þ 2νÞ

�
ðnΣÞ2 þ ð3κþð1þ νÞ − 2ð7þ 2νÞÞS2

þ ð−3κ−ð1þ νÞ þ 3δκþð1þ νÞ − 2δð13þ 2νÞÞðSΣÞ

þ
�
−
3

2
δκ−ð1þ νÞ − 3

2
κþð1þ νÞð−1þ 2νÞ þ 4ð−3þ 10νþ ν2Þ

�
Σ2

�
: ðB2cÞ

APPENDIX C: RADIATION SECTOR

1. Energy flux

The coefficients of the radiated energy in (37) are given by

f06 ¼ ðvSÞ2½ð−8688δκ− þ κþð11424 − 9720νÞ − 6ð529þ 3240νÞÞðnvÞ2
þ ð4462þ 2676δκ− þ 3792νþ κþð−684þ 1896νÞÞv2�
þ ðnSÞðvSÞ½ð25464δκ− þ 3384κþð−17þ 12νÞ þ 48ð−581þ 1692νÞÞðnvÞ3
þ ð4800 − 11832δκ− þ κþð22200 − 8712νÞ − 17424νÞðnvÞv2�
þ ðnΣÞðvSÞ½ðκ−ð41496 − 71232νÞ þ 24δκþð−1729þ 846νÞ þ 12δð1273þ 3384νÞÞðnvÞ3
þ ð−66δð161þ 132νÞ − 12δκþð−1418þ 363νÞ þ κ−ð−17016þ 28020νÞÞðnvÞv2�
þ S2½ð−35436 − 2274δκ− þ 28224νþ 6κþð−2153þ 2352νÞÞðnvÞ4
þ ð49800þ 3684δκ− þ κþð16452 − 15744νÞ − 31488νÞðnvÞ2v2
þ ð−16260 − 1374δκ− þ 5136νþ 6κþð−671þ 428νÞÞðv2Þ2�
þ ðnSÞðnΣÞ½ð−60δκþð−1725þ 1192νÞ − 120δð−591þ 1192νÞ þ 60κ−ð−1725þ 2054νÞÞðnvÞ4
þ ð−2448κ−ð−32þ 25νÞ þ 288δκþð−272þ 179νÞ þ 6δð−10043þ 17184νÞÞðnvÞ2v2
þ ð−12κ−ð691þ 438νÞ − 12δκþð−691þ 548νÞ − 24δð−67þ 548νÞÞðv2Þ2�
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þ ðnSÞ2½ð81570 − 12930δκ− þ κþð90570 − 71520νÞ − 143040νÞðnvÞ4
þ ð2412δκ− þ 12ð−4483þ 8592νÞ þ κþð−75924þ 51552νÞÞðnvÞ2v2
þ ð2958δκ− þ κþð11250 − 6576νÞ − 6ð85þ 2192νÞÞðv2Þ2�
þ ðSΣÞ½ðκ−ð10644 − 5016νÞ þ 252δð−201þ 112νÞ þ 12δκþð−887þ 1176νÞÞðnvÞ4
þ ð336κ−ð−38þ 3νÞ − 96δκþð−133þ 164νÞ − 6δð−11269þ 5248νÞÞðnvÞ2v2
þ ð12δκþð−221þ 214νÞ þ 2δð−9377þ 2568νÞ þ κ−ð2652þ 2928νÞÞðv2Þ2�
þ ðnΣÞ2½ð90δκ−ð−575þ 541νÞ þ 30κþð1725 − 5073νþ 2384ν2Þ þ 60ð−307 − 1016νþ 2384ν2ÞÞðnvÞ4
þ ð8238þ 67806ν − 103104ν2 − 36δκ−ð−1088þ 783νÞ − 36κþð1088 − 2959νþ 1432ν2ÞÞðnvÞ2v2
þ ð6δκ−ð−691þ 55νÞ þ 6ð−515 − 638νþ 2192ν2Þ þ κþð4146 − 8622νþ 6576ν2ÞÞðv2Þ2�
þ ðvSÞ½ð−24δκþð−838þ 405νÞ − 12δð1543þ 1620νÞ þ 24κ−ð−838þ 1853νÞÞðnvÞ2
þ ð−840κ−ð−4þ 15νÞ þ 24δκþð−140þ 79νÞ þ 2δð3065þ 1896νÞÞv2�ðvΣÞ
þ ðnSÞ½ðκ−ð41496 − 71232νÞ þ 24δκþð−1729þ 846νÞ þ 48δð−233þ 846νÞÞðnvÞ3
þ ð−12δκþð−1418þ 363νÞ − 6δð−2023þ 1452νÞ þ κ−ð−17016þ 28020νÞÞðnvÞv2�ðvΣÞ
þ ðnΣÞ½ð−24δκ−ð−1729þ 1907νÞ − 192ð−174þ 193νþ 423ν2Þ − 24κþð1729 − 5365νþ 1692ν2ÞÞðnvÞ3
þ ð12δκ−ð−1418þ 1349νÞ þ 12κþð1418 − 4185νþ 726ν2Þ þ 12ð−652þ 275νþ 1452ν2ÞÞðnvÞv2�ðvΣÞ
þ ½ð12δκ−ð−838þ 1129νÞ þ 48ð−296þ 668νþ 405ν2Þ þ 12κþð838 − 2805νþ 810ν2ÞÞðnvÞ2
þ ð2200 − 7646ν − 3792ν2 − 24δκ−ð−70þ 151νÞ − 24κþð70 − 291νþ 79ν2ÞÞv2�ðvΣÞ2
þ ½ð−9714þ 64788ν − 28224ν2 − 6δκ−ð−887þ 797νÞ − 6κþð887 − 2571νþ 2352ν2ÞÞðnvÞ4
þ ð12δκ−ð−532þ 349νÞ þ 12κþð532 − 1413νþ 1312ν2Þ þ 6ð2402 − 14085νþ 5248ν2ÞÞðnvÞ2v2
þ ð−3754þ 21194ν − 5136ν2 þ 6δκ−ð221þ 15νÞ − 6κþð221 − 427νþ 428ν2ÞÞðv2Þ2�Σ2; ðC1aÞ

f16 ¼ ð20472δκ− − 24ð5125þ 161νÞ − 12κþð5338þ 161νÞÞðnSÞðnvÞðvSÞ
þ ðκ−ð42264 − 39978νÞ − 6δκþð7044þ 161νÞ − 4δð11608þ 483νÞÞðnvÞðnΣÞðvSÞ
þ ð27240 − 4664δκ− þ 336νþ κþð14652þ 168νÞÞðvSÞ2
þ S2½ð2772δκ− þ 8ð−6109þ 330νÞ þ κþð−23844þ 1320νÞÞðnvÞ2
þ ð−2572δκ− þ κþð21028 − 720νÞ − 72ð−581þ 20νÞÞv2�
þ ðnSÞ2½ð300528 − 28788δκ− þ κþð135588 − 2028νÞ − 4056νÞðnvÞ2
þ ð−182752þ 12380δκ− þ 3984νþ 24κþð−3239þ 83νÞÞv2�
þ ðSΣÞ½ðκ−ð26616 − 12408νÞ þ 264δð−209þ 10νÞ þ 24δκþð−1109þ 55νÞÞðnvÞ2
þ ð−80δκþð−295þ 9νÞ − 8δð−6109þ 180νÞ þ 16κ−ð−1475þ 688νÞÞv2�
þ ðnSÞðnΣÞ½ð−12δκþð−13698þ 169νÞ − 12δð−23537þ 338νÞ þ 108κ−ð−1522þ 1085νÞÞðnvÞ2
þ ðκ−ð90116 − 51512νÞ þ 4δκþð−22529þ 498νÞ þ 4δð−45929þ 996νÞÞv2�
þ ðnΣÞ2½ð6δκ−ð−13698þ 4967νÞ þ 6κþð13698 − 32363νþ 338ν2Þ þ 12ð467 − 22056νþ 338ν2ÞÞðnvÞ2
þ ð−2δκ−ð−22529þ 6688νÞ − 2κþð22529 − 51746νþ 996ν2Þ − 4ð2425 − 46383νþ 996ν2ÞÞv2�
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þ ðκ−ð42264 − 39978νÞ − 6δκþð7044þ 161νÞ − 4δð12686þ 483νÞÞðnSÞðnvÞðvΣÞ
þ ð9808þ 69804νþ 3864ν2 − 6δκ−ð−7044þ 3251νÞ þ 6κþð−7044þ 17339νþ 322ν2ÞÞðnvÞðnΣÞðvΣÞ
þ ð336δð55þ νÞ þ 4δκþð4829þ 42νÞ þ 4κ−ð−4829þ 4622νÞÞðvSÞðvΣÞ
þ ð2δκ−ð−4829þ 2290νÞ þ κþð9658 − 23896ν − 168ν2Þ − 16ð299þ 613νþ 21ν2ÞÞðvΣÞ2
þ ½ð−12δκ−ð−1109þ 286νÞ − 12κþð1109 − 2504νþ 110ν2Þ − 8ð151 − 7717νþ 330ν2ÞÞðnvÞ2
þ ð4δκ−ð−2950þ 733νÞ þ 8ð551 − 7036νþ 180ν2Þ þ 4κþð2950 − 6633νþ 180ν2ÞÞv2�Σ2; ðC1bÞ

f26 ¼ ð936þ 48δκ− þ 432δ2κþ − 3456νÞðnSÞ2 þ ð−384δ2κ− − 192δκþð−2þ 9νÞ − 16δð−49þ 216νÞÞðnSÞðnΣÞ
þ ð−48δ2κþð−4þ 9νÞ þ 48δκ−ð−4þ 17νÞ − 16δ2ð−1þ 54νÞÞðnΣÞ2
þ ð−16δκ− − 144δ2κþ þ 16ð−23þ 72νÞÞS2 þ ð128δ2κ− þ 64δκþð−2þ 9νÞ þ 32δð−7þ 36νÞÞðSΣÞ
þ ð16δ2κþð−4þ 9νÞ þ 24δ2ð−1þ 12νÞ − 16δκ−ð−4þ 17νÞÞΣ2: ðC1cÞ

2. Angular momentum flux

The coefficients for the radiated angular momentum in (42)–(45) are given by

g0i3 ¼ Sið−120ðnvÞ4 þ 264ðnvÞ2v2 − 160ðv2Þ2Þ þ viððvSÞð−348ðnvÞ2 þ 160v2Þ þ ðnSÞð780ðnvÞ3 − 444ðnvÞv2Þ
þ ðnΣÞð420δðnvÞ3 − 228δðnvÞv2Þ þ ð−204δðnvÞ2 þ 88δv2ÞðvΣÞÞ
þ niððvSÞð120ðnvÞ3 þ 84ðnvÞv2Þ þ ðnSÞð−780ðnvÞ2v2 þ 444ðv2Þ2Þ
þ ðnΣÞð−420δðnvÞ2v2 þ 228δðv2Þ2Þ þ ð120δðnvÞ3 þ 12δðnvÞv2ÞðvΣÞÞ
þ ð−120δðnvÞ4 þ 192δðnvÞ2v2 − 88δðv2Þ2ÞΣi; ðC2aÞ

g1i3 ¼ Sið76ðnvÞ2 − 72v2Þ þ við−175ðnSÞðnvÞ − 76δðnvÞðnΣÞ þ 113ðvSÞ þ 44δðvΣÞÞ
þ nið−109ðnvÞðvSÞ þ ðnSÞð45ðnvÞ2 þ 122v2Þ þ ðnΣÞð27δðnvÞ2 þ 47δv2Þ − 46δðnvÞðvΣÞÞ
þ ð26δðnvÞ2 − 22δv2ÞΣi; ðC2bÞ

g2i3 ¼ nið2ðnSÞ − δðnΣÞÞ − 2Si þ δΣi; ðC2cÞ

g0i4 ¼ ðv × SÞi½ð−24 − 12κþÞðnvÞðvSÞ þ ðnSÞðð120þ 60κþÞðnvÞ2 þ ð−72 − 36κþÞv2Þ
þ ðnΣÞðð60δ − 30κ− þ 30δκþÞðnvÞ2 þ ð−36δþ 18κ− − 18δκþÞv2Þ þ ð−12δþ 6κ− − 6δκþÞðnvÞðvΣÞ�
þ ðv × ΣÞifð−12δþ 6κ− − 6δκþÞðnvÞðvSÞ þ ðnSÞðð60δ − 30κ− þ 30δκþÞðnvÞ2
þ ð−36δþ 18κ− − 18δκþÞv2Þ þ ðnΣÞ½ð−30δκ− þ κþð30 − 60νÞ − 120νÞðnvÞ2
þ ð18δκ− þ 72νþ κþð−18þ 36νÞÞv2� þ ð6δκ− þ 24νþ κþð−6þ 12νÞÞðnvÞðvΣÞg
þ ðn × vÞifð−360 − 180κþÞðnSÞðnvÞðvSÞ þ ð−180δþ 90κ− − 90δκþÞðnvÞðnΣÞðvSÞ
þ ð24þ 12κþÞðvSÞ2 þ ðnSÞ2ðð840þ 420κþÞðnvÞ2 þ ð−240 − 120κþÞv2Þ þ S2ðð−120 − 60κþÞðnvÞ2
þ ð48þ 24κþÞv2Þ þ ðnSÞðnΣÞðð840δ − 420κ− þ 420δκþÞðnvÞ2 þ ð−240δþ 120κ− − 120δκþÞv2Þ
þ ðSΣÞðð−120δþ 60κ− − 60δκþÞðnvÞ2 þ ð48δ − 24κ− þ 24δκþÞv2Þ
þ ðnΣÞ2½ð−210δκ− þ κþð210 − 420νÞ − 840νÞðnvÞ2
þ ð60δκ− þ 240νþ 60κþð−1þ 2νÞÞv2� þ ð−180δþ 90κ− − 90δκþÞðnSÞðnvÞðvΣÞ
þ ð90δκ− þ 360νþ 90κþð−1þ 2νÞÞðnvÞðnΣÞðvΣÞ þ ð24δ − 12κ− þ 12δκþÞðvSÞðvΣÞ
þ ð−6δκ− þ κþð6 − 12νÞ − 24νÞðvΣÞ2 þ ½ð30δκ− þ 120νþ κþð−30þ 60νÞÞðnvÞ2
þ ð−12δκ− þ κþð12 − 24νÞ − 48νÞv2�Σ2g; ðC2dÞ
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g1i4 ¼ ðð−48 − 24κþÞðnSÞ þ ð−24δþ 12κ− − 12δκþÞðnΣÞÞðv × SÞi
þ ½ð−24δþ 12κ− − 12δκþÞðnSÞ þ ð−2þ 12δκ− þ 48νþ κþð−12þ 24νÞÞðnΣÞ�ðv × ΣÞi
þ ðn × SÞiðð−24 − 12κþÞðnSÞðnvÞ þ ð−12δþ 6κ− − 6δκþÞðnvÞðnΣÞ
þ ð24þ 12κþÞðvSÞ þ ð12δ − 6κ− þ 6δκþÞðvΣÞÞ
þ ðn × ΣÞi½ð−12δþ 6κ− − 6δκþÞðnSÞðnvÞ þ ð6δκ− þ 24νþ κþð−6þ 12νÞÞðnvÞðnΣÞ
þ ð12δ − 6κ− þ 6δκþÞðvSÞ þ ð2 − 6δκ− þ κþð6 − 12νÞ − 24νÞðvΣÞ�
þ ðn × vÞi½ð−360 − 180κþÞðnSÞ2 þ ð−360δþ 180κ− − 180δκþÞðnSÞðnΣÞ
þ ð90δκ− þ 360νþ 90κþð−1þ 2νÞÞðnΣÞ2 þ ð96þ 48κþÞS2 þ ð96δ − 48κ− þ 48δκþÞðSΣÞ
þ ð2 − 24δκ− þ κþð24 − 48νÞ − 96νÞΣ2�; ðC2eÞ

g0i5 ¼ Sið−105ð1þ 40νÞðnvÞ6 þ 15ð−43þ 716νÞðnvÞ4v2 þ ð2589 − 10608νÞðnvÞ2ðv2Þ2 þ ð−1607þ 4004νÞðv2Þ3Þ
þ vi½ðvSÞðð2145 − 7740νÞðnvÞ4 þ 30ð−65þ 334νÞðnvÞ2v2 þ ð1607 − 4004νÞðv2Þ2Þ
þ ðnΣÞð210δð−4þ 35νÞðnvÞ5 − 30δð−49þ 388νÞðnvÞ3v2 þ 6δð−217þ 787νÞðnvÞðv2Þ2Þ
þ ðnSÞð1260ð−1þ 6νÞðnvÞ5 − 30ð−53þ 496νÞðnvÞ3v2 þ ð−2874þ 8376νÞðnvÞðv2Þ2Þ
þ ð−15δð−79þ 455νÞðnvÞ4 þ 6δð−147þ 1427νÞðnvÞ2v2 þ δð563 − 2477νÞðv2Þ2ÞðvΣÞ�
þ ni½ðvSÞð105ð1þ 40νÞðnvÞ5 − 1500ð1þ 2νÞðnvÞ3v2 þ ð−639þ 588νÞðnvÞðv2Þ2Þ
þ ðnSÞð−1260ð−1þ 6νÞðnvÞ4v2 þ 30ð−53þ 496νÞðnvÞ2ðv2Þ2 þ ð2874 − 8376νÞðv2Þ3Þ
þ ðnΣÞð−210δð−4þ 35νÞðnvÞ4v2 þ 30δð−49þ 388νÞðnvÞ2ðv2Þ2 − 6δð−217þ 787νÞðv2Þ3Þ
þ ð525δð5þ 13νÞðnvÞ5 − 270δð20þ 29νÞðnvÞ3v2 þ 3δð559þ 571νÞðnvÞðv2Þ2ÞðvΣÞ�
þ Σið−525δð5þ 13νÞðnvÞ6 þ 15δð281þ 977νÞðnvÞ4v2
− 15δð53þ 685νÞðnvÞ2ðv2Þ2 þ δð−563þ 2477νÞðv2Þ3Þ; ðC2fÞ

g1i5 ¼ Siðð−8577þ 7320νÞðnvÞ4 þ ð7022 − 15068νÞðnvÞ2v2 þ 7ð−155þ 972νÞðv2Þ2Þ
þ vi½ðvSÞðð−588þ 10982νÞðnvÞ2 þ ð3138 − 8238νÞv2Þ
þ ðnΣÞð−9δð1519þ 216νÞðnvÞ3 þ δð4789þ 1994νÞðnvÞv2Þ
þ ðnSÞð−6ð2750þ 1699νÞðnvÞ3 þ ð3542þ 6802νÞðnvÞv2Þ
þ ðδð4313þ 1486νÞðnvÞ2 − 17δð39þ 112νÞv2ÞðvΣÞ�
þ ni½ðvSÞðð12570 − 10914νÞðnvÞ3 þ ð−12836þ 9162νÞðnvÞv2Þ
þ ðnSÞð−3ð1381þ 574νÞðnvÞ4 þ 6ð3919þ 2760νÞðnvÞ2v2 þ ð−6057 − 11494νÞðv2Þ2Þ
þ ðnΣÞð3δð−807þ νÞðnvÞ4 þ 3δð5909þ 1242νÞðnvÞ2v2 − δð6364þ 3679νÞðv2Þ2Þ
þ ð−3δð−759þ 296νÞðnvÞ3 þ 3δð−1729þ 674νÞðnvÞv2ÞðvΣÞ�
þ Σið−3δð−179þ 361νÞðnvÞ4 − 10δð336þ 85νÞðnvÞ2v2 þ δð2023þ 1117νÞðv2Þ2Þ; ðC2gÞ

g2i5 ¼ Sið−2ð7711þ 272νÞðnvÞ2 þ ð16218þ 2296νÞv2Þ
þ við8ð6227þ 386νÞðnSÞðnvÞ þ 36δð685þ 36νÞðnvÞðnΣÞ − 2ð14701þ 728νÞðvSÞ − 10δð1501þ 54νÞðvΣÞÞ
þ ni½ð27954þ 536νÞðnvÞðvSÞ þ ðnΣÞð−2δð5157þ 847νÞðnvÞ2 − 2δð7151þ 163νÞv2Þ
þ ðnSÞð−4ð5115þ 413νÞðnvÞ2 − 12ð2392þ 189νÞv2Þ − 2δð−7561þ 96νÞðnvÞðvΣÞ�
þ Σið2δð−4040þ 541νÞðnvÞ2 þ 2δð3962þ 187νÞv2Þ; ðC2hÞ

g3i5 ¼ nið−8ð265þ 31νÞðnSÞ − 20δð−12þ 7νÞðnΣÞÞ þ 8ð265þ 31νÞSi þ 20δð−12þ 7νÞΣi; ðC2iÞ
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g0i6 ¼ ðv × SÞifðvSÞ½ð−3020δκ− − 280κþð1þ νÞ − 80ð−52þ 7νÞÞðnvÞ3
þ ð1916δκ− þ κþð680 − 252νÞ − 56ð68þ 9νÞÞðnvÞv2�
þ ðnΣÞ½ð140δκþð−23þ 2νÞ þ 280δð−1þ 2νÞ − 140κ−ð−23þ 88νÞÞðnvÞ4
þ ð−10δκþð−258þ 19νÞ − 20δð−169þ 19νÞ þ 30κ−ð−86þ 349νÞÞðnvÞ2v2
þ ðκ−ð504 − 954νÞ þ 14δκþð−36þ 19νÞ þ 4δð−337þ 133νÞÞðv2Þ2�
þ ðnSÞ½ð6020δκ− þ 1120ð−11þ νÞ þ 140κþð−3þ 4νÞÞðnvÞ4 þ ð16280 − 5140δκ−

þ κþð20 − 380νÞ − 760νÞðnvÞ2v2 þ ð344δκ− þ 8ð−449þ 133νÞ þ κþð−664þ 532νÞÞðv2Þ2�
þ ½ð−10δκþð−137þ 14νÞ − 20δð57þ 14νÞ þ κ−ð−1370þ 6180νÞÞðnvÞ3
þ ðκ−ð618 − 3706νÞ − 252δν − 6δκþð103þ 21νÞÞðnvÞv2�ðvΣÞg
þ ðv × ΣÞifðvSÞ½ð−20δð−223þ 14νÞ − 10δκþð−137þ 14νÞ
þ κ−ð−1370þ 6180νÞÞðnvÞ3 þ ðκ−ð618 − 3706νÞ − 84δð46þ 3νÞ − 6δκþð103þ 21νÞÞðnvÞv2�
þ ðnSÞ½ð560δð−25þ νÞ þ 140δκþð−23þ 2νÞ − 140κ−ð−23þ 88νÞÞðnvÞ4
þ ð−20δð−813þ 19νÞ − 10δκþð−258þ 19νÞ þ 30κ−ð−86þ 349νÞÞðnvÞ2v2
þ ðκ−ð504 − 954νÞ þ 14δκþð−36þ 19νÞ þ 4δð−687þ 133νÞÞðv2Þ2�
þ ðnΣÞ½ð−140δκ−ð−23þ 45νÞ − 140κþð23 − 91νþ 4ν2Þ − 280ð7 − 58νþ 4ν2ÞÞðnvÞ4
þ ð10δκ−ð−258þ 533νÞ þ 40ð84 − 568νþ 19ν2Þ þ 10κþð258 − 1049νþ 38ν2ÞÞðnvÞ2v2
þ ðδκ−ð504 − 610νÞ þ κþð−504þ 1618ν − 532ν2Þ − 8ð63 − 568νþ 133ν2ÞÞðv2Þ2�
þ ½ð10δκ−ð−137þ 316νÞ þ 40ð−21 − 83νþ 14ν2Þ þ 10κþð137 − 590νþ 28ν2ÞÞðnvÞ3
þ ð−2δκ−ð−309þ 895νÞ þ 56ð−1þ 77νþ 9ν2Þ þ κþð−618þ 3026νþ 252ν2ÞÞðnvÞv2�ðvΣÞg
þ ðn × vÞifðvSÞ2½ð2280δκ− þ 40ð−3þ 142νÞ þ κþð−2100þ 2840νÞÞðnvÞ2
þ ð−512δκ− þ 8ð−99þ 19νÞ þ κþð−100þ 76νÞÞv2�
þ ðnΣÞðvSÞ½ð−70δκþð−113þ 128νÞ − 140δð1þ 128νÞ
þ 70κ−ð−113þ 412νÞÞðnvÞ3 þ ðκ−ð1730 − 10090νÞ þ 10δκþð−173þ 157νÞ
þ 20δð36þ 157νÞÞðnvÞv2� þ ðnSÞðvSÞ½ð7560 − 9940δκ− − 35840ν − 280κþð−21þ 64νÞÞðnvÞ3
þ ð40þ 4260δκ− þ 6280νþ κþð800þ 3140νÞÞðnvÞv2�
þ S2½ð4060þ 1400δκ− − 8400ν − 70κþð−23þ 60νÞÞðnvÞ4
þ ð−1420δκ− þ 40ð−90þ 181νÞ þ 20κþð−69þ 181νÞÞðnvÞ2v2
þ ð1068þ 248δκ− þ κþð486 − 616νÞ − 1232νÞðv2Þ2�
þ ðnSÞ2½ð8820δκ− þ 1260ð−13þ 40νÞ þ 630κþð−13þ 40νÞÞðnvÞ4 þ ð−4900δκ−
− 420κþð−7þ 29νÞ − 280ð−49þ 87νÞÞðnvÞ2v2 þ ð−4660 − 140δκ− þ 3600νþ 30κþð−59þ 60νÞÞðv2Þ2�
þ ðnSÞðnΣÞ½ð−1890κ−ð−9þ 32νÞ þ 630δκþð−27þ 40νÞ þ 1260δð−13þ 40νÞÞðnvÞ4
þ ð−840δð−21þ 29νÞ − 140δκþð−56þ 87νÞ þ 140κ−ð−56þ 227νÞÞðnvÞ2v2
þ ðκ−ð1630 − 1240νÞ þ 180δð−29þ 20νÞ þ 10δκþð−163þ 180νÞÞðv2Þ2�
þ ðSΣÞ½ð−420δð−19þ 20νÞ − 210δκþð−1þ 20νÞ − 70κ−ð3þ 20νÞÞðnvÞ4
þ ð40δð−174þ 181νÞ þ 20δκþð2þ 181νÞ þ κ−ð−40þ 2060νÞÞðnvÞ2v2
þ ðκ−ð−238 − 376νÞ − 14δκþð−17þ 44νÞ − 4δð−351þ 308νÞÞðv2Þ2�
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þ ðnΣÞ2½ð−1260νð−13þ 40νÞ − 315δκ−ð−27þ 68νÞ − 315κþð27 − 122νþ 80ν2ÞÞðnvÞ4
þ ð70δκ−ð−56þ 157νÞ þ 280ð14 − 77νþ 87ν2Þ þ 70κþð56 − 269νþ 174ν2ÞÞðnvÞ2v2
þ ðδκ−ð815 − 760νÞ − 20ð28 − 289νþ 180ν2Þ − 5κþð163 − 478νþ 360ν2ÞÞðv2Þ2�
þ ðvSÞ½ðκ−ð4380 − 11960νÞ þ 80δð23þ 71νÞ þ 20δκþð−219þ 142νÞÞðnvÞ2
þ ð8δð−134þ 19νÞ þ 4δκþð103þ 19νÞ þ κ−ð−412þ 1972νÞÞv2�ðvΣÞ
þ ðnSÞ½ð−70δκþð−113þ 128νÞ − 140δð−13þ 128νÞ þ 70κ−ð−113þ 412νÞÞðnvÞ3
þ ðκ−ð1730 − 10090νÞ þ 10δκþð−173þ 157νÞ þ 20δð8þ 157νÞÞðnvÞv2�ðvΣÞ
þ ðnΣÞ½ð70δκ−ð−113þ 270νÞ þ 280ð−21þ 15νþ 128ν2Þ þ 70κþð113 − 496νþ 256ν2ÞÞðnvÞ3
þ ð−10δκ−ð−173þ 583νÞ − 40ð−21þ 43νþ 157ν2Þ − 10κþð173 − 929νþ 314ν2ÞÞðnvÞv2�ðvΣÞ
þ ½ð−10δκ−ð−219þ 370νÞ − 40ð−49þ 88νþ 142ν2Þ − 10κþð219 − 808νþ 284ν2ÞÞðnvÞ2
þ ð2δκ−ð−103þ 237νÞ þ κþð206 − 886ν − 76ν2Þ − 8ð35 − 162νþ 19ν2ÞÞv2�ðvΣÞ2
þ ½ð35δκ−ð−3þ 20νÞ þ 140ð28 − 85νþ 60ν2Þ þ 35κþð3 − 26νþ 120ν2ÞÞðnvÞ4
þ ð−10δκ−ð2þ 39νÞ þ κþð20þ 350ν − 3620ν2Þ − 40ð84 − 251νþ 181ν2ÞÞðnvÞ2v2
þ ðδκ−ð−119þ 60νÞ þ 4ð84 − 421νþ 308ν2Þ þ κþð119 − 298νþ 616ν2ÞÞðv2Þ2�Σ2g; ðC2jÞ

g1i6 ¼ ðS × ΣÞið−792δðnvÞ3 þ 904δðnvÞv2Þ þ ðv × SÞifð6648 − 1492δκ− þ 48νþ κþð−92þ 24νÞÞðnvÞðvSÞ
þ ðnSÞ½ð5772δκ− − 144κþð54þ 11νÞ − 36ð647þ 88νÞÞðnvÞ2
þ ð−2824δκ− þ 4ð2530þ 279νÞ þ κþð3838þ 558νÞÞv2�
þ ðnΣÞ½ðκ−ð6774 − 10752νÞ − 12δð877þ 132νÞ − 6δκþð1129þ 132νÞÞðnvÞ2
þ ðδκþð3331þ 279νÞ þ δð3779þ 558νÞ þ κ−ð−3331þ 5369νÞÞv2�
þ ð4δκþð175þ 3νÞ þ 8δð536þ 3νÞ þ κ−ð−700þ 2972νÞÞðnvÞðvΣÞg
þ ðv × ΣÞifð4δκþð175þ 3νÞ þ 2δð1963þ 12νÞ þ κ−ð−700þ 2972νÞÞðnvÞðvSÞ
þ ðnSÞ½ðκ−ð6774 − 10752νÞ − 72δð235þ 22νÞ − 6δκþð1129þ 132νÞÞðnvÞ2
þ ðδκþð3331þ 279νÞ þ δð9419þ 558νÞ þ κ−ð−3331þ 5369νÞÞv2�
þ ðnΣÞ½ð−6δκ−ð−1129þ 830νÞ þ 6κþð−1129þ 3088νþ 264ν2Þ þ 6ð−447þ 5230ν

þ 528ν2ÞÞðnvÞ2 þ ðδκ−ð−3331þ 2545νÞ þ κþð3331 − 9207ν − 558ν2Þ − 4ð−381þ 3974ν

þ 279ν2ÞÞv2� þ ð20δκ−ð−35þ 74νÞ − 4κþð−175þ 720νþ 6ν2Þ
− 6ð−205þ 1695νþ 8ν2ÞÞðnvÞðvΣÞg þ ðn × SÞifðvSÞ½ð−8016þ 2238δκ−

þ 1884νþ κþð−966þ 942νÞÞðnvÞ2 þ ð8012 − 862δκ− þ 168νþ κþð448þ 84νÞÞv2�
þ ðnΣÞ½ð6δð399þ 103νÞ þ 3δκþð1135þ 103νÞ þ κ−ð−3405þ 8943νÞÞðnvÞ3 þ ðκ−ð2295 − 5601νÞ
− 15δκþð153þ 65νÞ − 6δð782þ 325νÞÞðnvÞv2� þ ðnSÞ½ð13632 − 4626δκ−

þ 1236νþ κþð2184þ 618νÞÞðnvÞ3 þ ð3288δκ− − 6κþð217þ 325νÞ − 12ð1371þ 325νÞÞðnvÞv2�
þ ½ðκ−ð1602 − 4947νÞ þ 3δκþð−534þ 157νÞ þ 6δð−448þ 157νÞÞðnvÞ2 þ ð3δð1133þ 28νÞ
þ δκþð655þ 42νÞ þ κ−ð−655þ 1682νÞÞv2�ðvΣÞg
þ ðn × ΣÞifðvSÞ½ðκ−ð1602 − 4947νÞ þ 6δð−940þ 157νÞ þ 3δκþð−534þ 157νÞÞðnvÞ2
þ ðδκþð655þ 42νÞ þ δð4769þ 84νÞ þ κ−ð−655þ 1682νÞÞv2� þ ðnSÞ½ð3δκþð1135þ 103νÞ
þ 6δð2493þ 103νÞ þ κ−ð−3405þ 8943νÞÞðnvÞ3 þ ðκ−ð2295 − 5601νÞ − 15δκþð153þ 65νÞ
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− 6δð2468þ 325νÞÞðnvÞv2� þ ðnΣÞ½ð3δκ−ð−1135þ 1439νÞ þ κþð3405 − 11127ν − 618ν2Þ
− 12ð−380þ 1779νþ 103ν2ÞÞðnvÞ3 þ ð−9δκ−ð−255þ 257νÞ þ 12ð−394þ 1839νþ 325ν2Þ
þ 3κþð−765þ 2301νþ 650ν2ÞÞðnvÞv2� þ ½ð−9δκ−ð−178þ 301νÞ þ κþð−1602þ 5913ν − 942ν2Þ
− 6ð269 − 1702νþ 314ν2ÞÞðnvÞ2 þ ð5δκ−ð−131þ 164νÞ þ κþð655 − 2130ν − 84ν2Þ
− 2ð−855þ 4373νþ 84ν2ÞÞv2�ðvΣÞg þ ðn × vÞifð−11784δκ− þ 36κþð767þ 243νÞ
þ 24ð3610þ 729νÞÞðnSÞðnvÞðvSÞ þ ð42κ−ð−469þ 457νÞ þ 12δð3049þ 729νÞ
þ 6δκþð3283þ 729νÞÞðnvÞðnΣÞðvSÞ þ ð1290δκ− − 6κþð598þ 333νÞ
− 4ð2587þ 999νÞÞðvSÞ2 þ ðSΣÞ½ð60δκþð135þ 53νÞ
þ 24δð574þ 265νÞ þ κ−ð−8100þ 5316νÞÞðnvÞ2 þ ðκ−ð1476 − 2656νÞ − 36δκþð41þ 50νÞ
− 50δð115þ 72νÞÞv2� þ S2½ð−2124δκ− þ 24ð543þ 265νÞ þ κþð5976þ 3180νÞÞðnvÞ2
þ ð1114δκ− − 2κþð181þ 900νÞ − 4ð521þ 900νÞÞv2� þ ðnSÞðnΣÞ½ðκ−ð78072 − 78042νÞ
− 6δκþð13012þ 2797νÞ − 12δð13956þ 2797νÞÞðnvÞ2 þ ð6δκþð2653þ 1102νÞ þ 12δð4023þ 1102νÞ
þ 6κ−ð−2653þ 3714νÞÞv2� þ ðnSÞ2½ð23706δκ− − 6κþð9061þ 2797νÞ − 6ð29683þ 5594νÞÞðnvÞ2
þ ð−7224δκ− þ 6ð7003þ 2204νÞ þ κþð8694þ 6612νÞÞv2� þ ðnΣÞ2½ð−3δκ−ð−13012þ 5105νÞ
þ 6ð−1869þ 26316νþ 5594ν2Þ þ κþð−39036þ 93387νþ 16782ν2ÞÞðnvÞ2 þ ð3δκ−ð−2653þ 1306νÞ
þ κþð7959 − 19836ν − 6612ν2Þ − 6ð−1519þ 9138νþ 2204ν2ÞÞv2�
þ ð36δð923þ 243νÞ þ 42κ−ð−469þ 457νÞ þ 6δκþð3283þ 729νÞÞðnSÞðnvÞðvΣÞ
þ ð6δκ−ð−3283þ 1235νÞ − 24ð29þ 2235νþ 729ν2Þ − 6κþð−3283þ 7801νþ 1458ν2ÞÞðnvÞðnΣÞðvΣÞ
þ ðκ−ð4878 − 3162νÞ − 18δκþð271þ 111νÞ − 2δð2533þ 1998νÞÞðvSÞðvΣÞ
þ ð1922 − 38νþ 3996ν2 − 3δκ−ð−813þ 97νÞ þ 3κþð−813þ 1723νþ 666ν2ÞÞðvΣÞ2
þ ½ð786 − 15180ν − 6360ν2 þ 6δκ−ð−675þ 89νÞ − 6κþð−675þ 1439νþ 530ν2ÞÞðnvÞ2
þ ðδκ−ð738 − 214νÞ þ 24ð−95þ 401νþ 150ν2Þ þ 2κþð−369þ 845νþ 900ν2ÞÞv2�Σ2g; ðC2kÞ

g2i6 ¼ ðv × SÞi½ð−1268δκ− þ 12ð941þ 30νÞ þ κþð6122þ 180νÞÞðnSÞ
þ ð5δκþð739þ 18νÞ þ 2δð2543þ 90νÞ þ κ−ð−3695þ 2446νÞÞðnΣÞ�
þ ðv × ΣÞi½ð60δð104þ 3νÞ þ 5δκþð739þ 18νÞ þ κ−ð−3695þ 2446νÞÞðnSÞ
þ ðδκ−ð−3695þ 1178νÞ þ κþð3695 − 8568ν − 180ν2Þ − 4ð−54þ 2831νþ 90ν2ÞÞðnΣÞ�
þ ðn × SÞi½ð−2522δκ− þ 8κþð703þ 90νÞ þ 8ð1303þ 180νÞÞðnSÞðnvÞ þ ð18δð159þ 40νÞ
þ δκþð4073þ 360νÞ þ κ−ð−4073þ 4684νÞÞðnvÞðnΣÞ
þ ð1318δκ− þ 8ð−926þ 27νÞ þ 4κþð−901þ 27νÞÞðvSÞ
þ ðκ−ð2461 − 2690νÞ þ δκþð−2461þ 54νÞ þ 2δð−1111þ 54νÞÞðvΣÞ�
þ ðn × ΣÞi½ð24δð187þ 30νÞ þ δκþð4073þ 360νÞ þ κ−ð−4073þ 4684νÞÞðnSÞðnvÞ
þ ðδκ−ð−4073þ 2162νÞ þ κþð4073 − 10308ν − 720ν2Þ − 6ð195þ 779νþ 240ν2ÞÞðnvÞðnΣÞ
þ ðκ−ð2461 − 2690νÞ þ δκþð−2461þ 54νÞ þ 2δð−1661þ 54νÞÞðvSÞ
þ ð954þ δκ−ð2461 − 1372νÞ þ 4322ν − 216ν2 þ κþð−2461þ 6294ν − 108ν2ÞÞðvΣÞ�
þ ðn × vÞi½ð98500 − 6486δκ− þ 72νþ 6κþð7469þ 6νÞÞðnSÞ2
þ ð36δκþð1425þ νÞ þ 2δð48905þ 36νÞ þ κ−ð−51300þ 25908νÞÞðnSÞðnΣÞ
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þ ð2558 − 96542ν − 72ν2 þ 6δκ−ð−4275þ 1078νÞ − 6κþð−4275þ 9628νþ 6ν2ÞÞðnΣÞ2
þ ð1300δκ− þ 4κþð−2924þ 3νÞ þ 8ð−2891þ 3νÞÞS2 þ ðκ−ð12996 − 5212νÞ
þ 12δκþð−1083þ νÞ þ 8δð−3124þ 3νÞÞðSΣÞ þ ð−2δκ−ð−3249þ 653νÞ
− 6ð201 − 4355νþ 4ν2Þ − 2κþð3249 − 7151νþ 6ν2ÞÞΣ2�: ðC2lÞ

3. Linear momentum and center-of-mass fluxes

The coefficients for the expressions in Sec. IV C are given by

h0i5 ¼ ðv × SÞið−669δðnvÞ3 þ 251δðnvÞv2Þ þ ðn × SÞið2940δðnvÞ4 − 5307δðnvÞ2v2 þ 2659δðv2Þ2Þ
þ ðv × ΣÞið−5331ðnvÞ3 þ 2513ðnvÞv2 þ νð5952ðnvÞ3 − 3464ðnvÞv2ÞÞ
þ ðn × ΣÞið9195ðnvÞ4 − 9987ðnvÞ2v2 þ 2260ðv2Þ2 þ νð−5442ðnvÞ4 þ 8610ðnvÞ2v2 − 4594ðv2Þ2ÞÞ
þ ðn × vÞið−12ðnvÞ3ð1541δðnSÞ þ 431ðnΣÞÞ þ 3ðnvÞð5287δðnSÞ þ 1087ðnΣÞÞv2
− 2v2ð2252δðvSÞ þ 1481ðvΣÞÞ þ ðnvÞ2ð6348δðvSÞ þ 6024ðvΣÞÞ
þ νð32658ðnvÞ3ðnΣÞ − 27615ðnvÞðnΣÞv2 − 15717ðnvÞ2ðvΣÞ þ 9247v2ðvΣÞÞÞ
þ við−21ðnvÞ2ð463δðSnvÞ þ 274ðΣnvÞÞ þ v2ð9049δðSnvÞ
þ 4780ðΣnvÞÞ þ νð22089ðnvÞ2ðΣnvÞ − 18265v2ðΣnvÞÞÞ
þ nið−1056ðnvÞv2ð13δðSnvÞ þ 7ðΣnvÞÞ þ ðnvÞ3ð14604δðSnvÞ
þ 8304ðΣnvÞÞ þ νð−31146ðnvÞ3ðΣnvÞ þ 27534ðnvÞv2ðΣnvÞÞÞ; ðC3aÞ

h1i5 ¼ 496δðnvÞðv × SÞi þ ð−6422ðnvÞ − 40νðnvÞÞðv × ΣÞi
þ ðn × ΣÞið3557ðnvÞ2 þ νð4618ðnvÞ2 − 3372v2Þ þ 1389v2Þ þ ðn × SÞið−2092δðnvÞ2 þ 1056δv2Þ
þ ðn × vÞiððnvÞð−1886δðnSÞ þ 4930ðnΣÞÞ þ νð2807ðnvÞðnΣÞ − 759ðvΣÞÞ
− 120ðδðvSÞ − 5ðvΣÞÞÞ þ við2568δðSnvÞ þ 669ðΣnvÞ − 2391νðΣnvÞÞ
þ niððnvÞð−3460δðSnvÞ − 1537ðΣnvÞÞ þ 5563νðnvÞðΣnvÞÞ; ðC3bÞ

h2i5 ¼ −72δðn × SÞi; ðC3cÞ
h0i6 ¼ SifðnvÞ3½ð1920δþ 4032κ− þ 960δκþÞðnSÞ þ ð1536δκ− − 384κþð4þ 5νÞ − 60ð−45þ 64νÞÞðnΣÞ�

þ ðvSÞð228δv2 þ 1104κ−v2 þ 114δκþv2Þ þ ðnvÞ½ðnSÞð−1776δv2 − 3192κ−v2 − 888δκþv2Þ
þ ðnΣÞð−1152δκ−v2 þ 48κþð24þ 37νÞv2 þ 12ð−103þ 296νÞv2Þ�
þ ð495δκ−v2 − 6ð−329þ 76νÞv2 − 3κþð165þ 76νÞv2ÞðvΣÞ þ ðnvÞ2½ð−312δ − 1962κ− − 156δκþÞðvSÞ
þ ð−903δκ− þ 6ð−549þ 104νÞ þ 3κþð301þ 104νÞÞðvΣÞ�g
þ fðnvÞ3½ð1536δκ− − 384κþð4þ 5νÞ − 12ð251þ 320νÞÞðnSÞ
þ ð−192δκþð8þ 5νÞ − 192κ−ð−8þ 11νÞ − 60δð19þ 32νÞÞðnΣÞ�
þ ðvSÞð495δκ−v2 − 8ð70þ 57νÞv2 − 3κþð165þ 76νÞv2Þ
þ ðnvÞ½ðnΣÞð24δκþð48þ 37νÞv2 þ 24κ−ð−48þ 59νÞv2 þ 12δð131þ 148νÞv2Þ
þ ðnSÞð−1152δκ−v2 þ 48κþð24þ 37νÞv2 þ 12ð219þ 296νÞv2Þ�
þ ð−3δκþð165þ 38νÞv2 − 2δð−299þ 114νÞv2 − 3κ−ð−165þ 292νÞv2ÞðvΣÞ
þ ðnvÞ2½ð−903δκ− þ 156ð5þ 4νÞ þ 3κþð301þ 104νÞÞðvSÞ
þ ð6δð−185þ 52νÞ þ 3δκþð301þ 52νÞ þ 3κ−ð−301þ 550νÞÞðvΣÞ�gΣi

þ viðð−888δ − 588κ− − 444δκþÞðvSÞ2 þ S2ð−1248δv2 − 120κ−v2 − 624δκþv2Þ
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þ ðnSÞ2ð4404δv2 − 156κ−v2 þ 2202δκþv2Þ þ ðSΣÞð504δκ−v2 þ 24κþð−21þ 104νÞv2 þ 4ð−449þ 1248νÞv2Þ
þ ðnΣÞ2ð−3δκþð−393þ 734νÞv2 − 6δð−71þ 734νÞv2 þ 3κ−ð−393þ 1520νÞv2Þ
þ ðnSÞðnΣÞð−2358δκ−v2 − 6κþð−393þ 1468νÞv2 − 6ð−875þ 2936νÞv2Þ
þ ð−144δκ− þ 48κþð3þ 37νÞ þ 2ð−953þ 1776νÞÞðvSÞðvΣÞ
þ ð−12κ−ð6þ 25νÞ þ 12δκþð6þ 37νÞ þ 2δð−257þ 444νÞÞðvΣÞ2
þ ðnvÞf½ð5268δþ 2190κ− þ 2634δκþÞðnSÞ þ ð−222δκ− − 6κþð−37þ 878νÞ − 6ð−127þ 1756νÞÞðnΣÞ�ðvSÞ
þ ½ð−222δκ− − 24ð−93þ 439νÞ − 6κþð−37þ 878νÞÞðnSÞ
þ ð−6δκþð−37þ 439νÞ þ 6κ−ð−37þ 513νÞ − 6δð183þ 878νÞÞðnΣÞ�ðvΣÞg
þ ð12δκþð−21þ 52νÞv2 − 12κ−ð−21þ 94νÞv2 þ 8δð−37þ 156νÞv2ÞΣ2

þ ðnvÞ2½ð−8988δ − 1632κ− − 4494δκþÞðnSÞ2 þ ð2862δκ−
þ 6κþð−477þ 2996νÞ þ 6ð−989þ 5992νÞÞðnSÞðnΣÞ
þ ð3δκþð−477þ 1498νÞ þ 6δð243þ 1498νÞ − 3κ−ð−477þ 2452νÞÞðnΣÞ2
þ ð1344δþ 468κ− þ 672δκþÞS2 þ ð−204δκ− − 12κþð−17þ 224νÞ − 12ð−211þ 448νÞÞðSΣÞ
þ ð−24δð−25þ 56νÞ − 6δκþð−17þ 112νÞ þ 6κ−ð−17þ 146νÞÞΣ2�Þ
þ niððvSÞ½ðnSÞð1992δv2 − 564κ−v2 þ 996δκþv2Þ
þ ðnΣÞð−780δκ−v2 − 24ð−89þ 166νÞv2 − 12κþð−65þ 166νÞv2Þ�
þ ½ðnΣÞð−12δκþð−65þ 83νÞv2 − 12δð69þ 166νÞv2 þ 12κ−ð−65þ 213νÞv2Þ
þ ðnSÞð−780δκ−v2 − 12κþð−65þ 166νÞv2 − 12ð151þ 332νÞv2Þ�ðvΣÞ
þ ðnvÞ2f½ð−8472δ − 2172κ− − 4236δκþÞðnSÞ þ ð1032δκ− þ 24κþð−43þ 353νÞ
þ 6ð−1023þ 2824νÞÞðnΣÞ�ðvSÞ þ ½ð1032δκ− þ 24κþð−43þ 353νÞ þ 12ð−151þ 1412νÞÞðnSÞ
þ ð12δκþð−86þ 353νÞ − 12κ−ð−86þ 525νÞ þ 6δð31þ 1412νÞÞðnΣÞ�ðvΣÞg
þ ðnvÞ3½ð12600δ − 1230κ− þ 6300δκþÞðnSÞ2 þ ð−7530δκ− − 90ð−143þ 560νÞ
− 30κþð−251þ 840νÞÞðnSÞðnΣÞ þ ð−90δð−3þ 140νÞ − 15δκþð−251þ 420νÞ
þ 15κ−ð−251þ 922νÞÞðnΣÞ2 þ ð−2016δ − 210κ− − 1008δκþÞS2
þ ð798δκ− þ 42κþð−19þ 96νÞ þ 48ð−25þ 168νÞÞðSΣÞ
þ ð21δκþð−19þ 48νÞ þ 36δð11þ 56νÞ − 21κ−ð−19þ 86νÞÞΣ2�
þ ðnvÞ½ð1464δþ 1200κ− þ 732δκþÞðvSÞ2 þ ðnSÞ2ð−7512δv2 þ 2934κ−v2

− 3756δκþv2Þ þ S2ð1944δv2 − 126κ−v2 þ 972δκþv2Þ þ ðSΣÞð−1098δκ−v2
− 72ð−7þ 108νÞv2 − 18κþð−61þ 216νÞv2Þ þ ðnΣÞ2ð3δκþð−1115þ 1252νÞv2
þ 6δð−233þ 1252νÞv2 − 3κ−ð−1115þ 3482νÞv2Þ
þ ðnSÞðnΣÞð6690δκ−v2 þ 6κþð−1115þ 2504νÞv2 þ 6ð−1709þ 5008νÞv2Þ
þ ð468δκ− − 12κþð39þ 244νÞ − 6ð−751þ 976νÞÞðvSÞðvΣÞ þ ð6κ−ð39þ 44νÞ − 6δκþð39þ 122νÞ
− 6δð−255þ 244νÞÞðvΣÞ2 þ ð−36δð19þ 54νÞv2 − 9δκþð−61þ 108νÞv2 þ 9κ−ð−61þ 230νÞv2ÞΣ2�Þ; ðC3dÞ
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h1i6 ¼ SifðnvÞ½ð60δþ 32κ− þ 30δκþÞðnSÞ þ ðδκ− þ κþð−1 − 60νÞ − 5ð1þ 24νÞÞðnΣÞ�
þ ð−12δ − 44κ− − 6δκþÞðvSÞ þ ð59 − 19δκ− þ 24νþ κþð19þ 12νÞÞðvΣÞg
þ fðnvÞ½ð79þ δκ− þ κþð−1 − 60νÞ − 120νÞðnSÞ þ ðκ−ð1þ 28νÞ − δκþð1þ 30νÞ
− δð7þ 60νÞÞðnΣÞ� þ ð−67 − 19δκ− þ 24νþ κþð19þ 12νÞÞðvSÞ
þ ð−3δ3 þ δκþð19þ 6νÞ þ κ−ð−19þ 32νÞÞðvΣÞgΣi

þ vi½ð192δ − 16κ− þ 96δκþÞðnSÞ2 þ ð−112δκ− − 16κþð−7þ 24νÞ − 4ð−49þ 192νÞÞðnSÞðnΣÞ
þ ð−8δκþð−7þ 12νÞ þ 8κ−ð−7þ 26νÞ − 3δð1þ 64νÞÞðnΣÞ2 þ ð−60δþ 20κ− − 30δκþÞS2
þ ð50δκ− þ 10κþð−5þ 12νÞ þ 5ð−13þ 48νÞÞðSΣÞ
þ ð5δκþð−5þ 6νÞ − 5κ−ð−5þ 16νÞ þ 2δð1þ 30νÞÞΣ2� þ nif½ð24δþ 52κ− þ 12δκþÞðnSÞ
þ ð20δκ− − 4κþð5þ 6νÞ − 3ð−17þ 16νÞÞðnΣÞ�ðvSÞ þ ½ð20δκ− − 4κþð5þ 6νÞ − 2ð13þ 24νÞÞðnSÞ
þ ð−4δκþð5þ 3νÞ − 4κ−ð−5þ 7νÞ − δð−1þ 24νÞÞðnΣÞ�ðvΣÞ þ ðnvÞ½ð−282δ − 27κ− − 141δκþÞðnSÞ2
þ ð114δκ− þ 6κþð−19þ 94νÞ þ 3ð−99þ 376νÞÞðnSÞðnΣÞ
þ ð3δκþð−19þ 47νÞ þ 6δð1þ 47νÞ − 3κ−ð−19þ 85νÞÞðnΣÞ2 þ ð66δ − 19κ− þ 33δκþÞS2
þ ð59 − 52δκ− − 264ν − 4κþð−13þ 33νÞÞðSΣÞ þ ð−66δν − δκþð−26þ 33νÞ þ κ−ð−26þ 85νÞÞΣ2�g; ðC3eÞ

k0i5 ¼ ðv × SÞið−2475δðnvÞ4 þ 3726δðnvÞ2v2 − 1135δðv2Þ2Þ
þ ðv × ΣÞið75ð−17þ 71νÞðnvÞ4 − 6ð−313þ 1315νÞðnvÞ2v2 þ ð−559þ 2325νÞðv2Þ2Þ
þ ðn × SÞið3675δðnvÞ5 − 6210δðnvÞ3v2 þ 2451δðnvÞðv2Þ2Þ
þ ðn × ΣÞið−525ð−3þ 13νÞðnvÞ5 þ 30ð−87þ 379νÞðnvÞ3v2 − 3ð−341þ 1483νÞðnvÞðv2Þ2Þ
þ vi½ðnvÞ3ð−1680δðSnvÞ þ 60ð−14þ 47νÞðΣnvÞÞ þ ðnvÞð1716δðSnvÞv2 − 12ð−73þ 253νÞv2ðΣnvÞÞ�
þ ni½1878δðSnvÞðv2Þ2 − 6ð−167þ 645νÞðv2Þ2ðΣnvÞ þ ðnvÞ4ð5250δðSnvÞ − 1050ð−3þ 11νÞðΣnvÞÞ
þ ðnvÞ2ð−7320δðSnvÞv2 þ 60ð−70þ 261νÞv2ðΣnvÞÞ�; ðC4aÞ

k1i5 ¼ ðv × SÞið792δðnvÞ2 − 778δv2Þ þ ðv × ΣÞið−3ð−136þ 567νÞðnvÞ2 þ 3ð−134þ 567νÞv2Þ
þ ðn × SÞið−920δðnvÞ3 þ 806δðnvÞv2Þ þ ðn × ΣÞiðð−404þ 1763νÞðnvÞ3 − ð−354þ 1559νÞðnvÞv2Þ
þ ðn × vÞi½ðnvÞ2ð−16δðnSÞ − 2ð−7þ 13νÞðnΣÞÞ þ 12δðnSÞv2 þ 2ð−7þ 15νÞðnΣÞv2
þ ðnvÞð4δðvSÞ − 4νðvΣÞÞ� þ ðnvÞvið−48δðSnvÞ þ 4ð−21þ 116νÞðΣnvÞÞ
þ ni½2025δðSnvÞv2 − 5ð−175þ 662νÞv2ðΣnvÞ þ ðnvÞ2ð−1955δðSnvÞ þ ð−833þ 2978νÞðΣnvÞÞ�; ðC4bÞ

k2i5 ¼ 59δðn × SÞiðnvÞ þ ð21 − 95νÞðn × ΣÞiðnvÞ þ ðn × vÞiðδðnSÞ − νðnΣÞÞ − 35δðv × SÞi
þ 5ð−3þ 13νÞðv × ΣÞi þ nið115δðSnvÞ − 2ð−12þ 41νÞðΣnvÞÞ; ðC4cÞ

k0i6 ¼ SifðnvÞ4ðð−2100δ − 1050δκþÞðnSÞ þ ð−1050δ2 þ 525δκ− − 525δ2κþÞðnΣÞÞ
þ ðnSÞð−852δðv2Þ2 − 12κ−ðv2Þ2 − 426δκþðv2Þ2Þ þ ðnΣÞð−426δ2ðv2Þ2 þ 207δκ−ðv2Þ2
þ 3κþð−69þ 284νÞðv2Þ2Þ þ ðnvÞ2½ðnSÞð3000δv2 þ 60κ−v2 þ 1500δκþv2Þ
þ ðnΣÞð1500δ2v2 − 720δκ−v2 − 120κþð−6þ 25νÞv2Þ�
þ ðnvÞ3½ð600δ − 300κ− þ 300δκþÞðvSÞ þ ð300δ2 − 300δκ− − 300κþð−1þ 2νÞÞðvΣÞ�
þ ðnvÞ½ðvSÞð−576δv2 þ 156κ−v2 − 288δκþv2Þ þ ð−288δ2v2 þ 222δκ−v2 þ 6κþð−37þ 96νÞv2ÞðvΣÞ�g
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þ fðnvÞ4½ð−1050δ2 þ 525δκ− − 525δ2κþÞðnSÞ þ ð525δ2κ− þ 2100δνþ 525δκþð−1þ 2νÞÞðnΣÞ�
þ ðnΣÞð852δνðv2Þ2 þ 3δκþð−69þ 142νÞðv2Þ2 − 3κ−ð−69þ 280νÞðv2Þ2Þ þ ðnSÞð−426δ2ðv2Þ2 þ 207δκ−ðv2Þ2
þ 3κþð−69þ 284νÞðv2Þ2Þ þ ðnvÞ2½ðnSÞð1500δ2v2 − 720δκ−v2 − 120κþð−6þ 25νÞv2Þ
þ ðnΣÞð−3000δνv2 − 60δκþð−12þ 25νÞv2 þ 60κ−ð−12þ 49νÞv2Þ�
þ ðnvÞ3½ð300δ2 − 300δκ− − 300κþð−1þ 2νÞÞðvSÞ þ ð−300δκþð−1þ νÞ
− 600δνþ 300κ−ð−1þ 3νÞÞðvΣÞ� þ ðnvÞ½ðvSÞð−288δ2v2 þ 222δκ−v2

þ 6κþð−37þ 96νÞv2Þ þ ð576δνv2 þ 6δκþð−37þ 48νÞv2 − 6κ−ð−37þ 122νÞv2ÞðvΣÞ�gΣi

þ viððvSÞ½ðnSÞð−984δv2 − 24κ−v2 − 492δκþv2Þ þ ðnΣÞð−492δ2v2
þ 234δκ−v2 þ 6κþð−39þ 164νÞv2Þ� þ ½ðnΣÞð984δνv2
þ 6δκþð−39þ 82νÞv2 − 6κ−ð−39þ 160νÞv2Þ þ ðnSÞð−492δ2v2 þ 234δκ−v2

þ 6κþð−39þ 164νÞv2Þ�ðvΣÞ þ ðnvÞ2f½ð2880δþ 120κ− þ 1440δκþÞðnSÞ
þ ð1440δ2 − 660δκ− − 60κþð−11þ 48νÞÞðnΣÞ�ðvSÞ þ ½ð1440δ2 − 660δκ− − 60κþð−11þ 48νÞÞðnSÞ
þ ð−2880δν − 60δκþð−11þ 24νÞ þ 60κ−ð−11þ 46νÞÞðnΣÞ�ðvΣÞg
þ ðnvÞ3½ð−5460δ − 2730δκþÞðnSÞ2 þ ð−5460δ2 þ 2730δκ− − 2730δ2κþÞðnSÞðnΣÞ
þ ð1365δ2κ− þ 5460δνþ 1365δκþð−1þ 2νÞÞðnΣÞ2 þ ð660δþ 60κ− þ 330δκþÞS2
þ ð660δ2 − 270δκ− − 30κþð−9þ 44νÞÞðSΣÞ þ ð−660δν
− 15δκþð−9þ 22νÞ þ 15κ−ð−9þ 40νÞÞΣ2� þ ðnvÞ½ð−336δþ 12κ− − 168δκþÞðvSÞ2
þ S2ð−708δv2 − 48κ−v2 − 354δκþv2Þ þ ðnSÞ2ð4020δv2 þ 2010δκþv2Þ
þ ðnSÞðnΣÞð4020δ2v2 − 2010δκ−v2 þ 2010δ2κþv2Þ þ ðnΣÞ2ð−1005δ2κ−v2
− 4020δνv2 − 1005δκþð−1þ 2νÞv2Þ þ ðSΣÞð−708δ2v2 þ 306δκ−v2 þ 6κþð−51þ 236νÞv2Þ
þ ð−336δ2 þ 180δκ− þ 12κþð−15þ 56νÞÞðvSÞðvΣÞ
þ ð336δνþ 6δκþð−15þ 28νÞ − 6κ−ð−15þ 58νÞÞðvΣÞ2

þ ð708δνv2 þ 3δκþð−51þ 118νÞv2 − 3κ−ð−51þ 220νÞv2ÞΣ2�
�

þ ni
�
ðvSÞ2ð−636δv2 þ 30κ−v2 − 318δκþv2Þ þ S2ð−714δðv2Þ2 − 6κ−ðv2Þ2

− 357δκþðv2Þ2Þ þ ðnSÞ2ð3630δðv2Þ2 þ 1815δκþðv2Þ2Þ þ ðnSÞðnΣÞð3630δ2ðv2Þ2 − 1815δκ−ðv2Þ2

þ 1815δ2κþðv2Þ2Þ þ ðnΣÞ2
�
−
1815

2
δ2κ−ðv2Þ2 − 3630δνðv2Þ2

−
1815

2
δκþð−1þ 2νÞðv2Þ2

�
þ ðSΣÞð−714δ2ðv2Þ2 þ 351δκ−ðv2Þ2 þ 3κþð−117þ 476νÞðv2Þ2Þ

þ ðvSÞð−636δ2v2 þ 348δκ−v2 þ 12κþð−29þ 106νÞv2ÞðvΣÞ þ ð636δνv2
þ 6δκþð−29þ 53νÞv2 − 6κ−ð−29þ 111νÞv2ÞðvΣÞ2 þ ðnvÞ3fðð−16800δ − 8400δκþÞðnSÞ
þ ð−8400δ2 þ 4200δκ− − 4200δ2κþÞðnΣÞÞðvSÞ þ ½ð−8400δ2 þ 4200δκ− − 4200δ2κþÞðnSÞ
þ ð4200δ2κ− þ 16800δνþ 4200δκþð−1þ 2νÞÞðnΣÞ�ðvΣÞg
þ ðnvÞfðvSÞððnSÞð10680δv2 þ 5340δκþv2Þ þ ðnΣÞð5340δ2v2 − 2670δκ−v2

þ 2670δ2κþv2ÞÞ þ ½ðnSÞð5340δ2v2 − 2670δκ−v2 þ 2670δ2κþv2Þ
þ ðnΣÞð−2670δ2κ−v2 − 10680δνv2 − 2670δκþð−1þ 2νÞv2Þ�ðvΣÞg
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þ ð714δνðv2Þ2 þ 3

2
δκþð−117þ 238νÞðv2Þ2 − 3

2
κ−ð−117þ 472νÞðv2Þ2ÞΣ2

þ ðnvÞ4
�
ð28350δþ 14175δκþÞðnSÞ2 þ ð28350δ2 − 14175δκ− þ 14175δ2κþÞðnSÞðnΣÞ

þ
�
−
14175

2
δ2κ− − 28350δν −

14175

2
δκþð−1þ 2νÞ

�
ðnΣÞ2 þ ð−3150δ − 1575δκþÞS2

þ ð−3150δ2 þ 1575δκ− − 1575δ2κþÞðSΣÞ þ
�
1575

2
δ2κ− þ 3150δνþ 1575

2
δκþð−1þ 2νÞ

�
Σ2

�

þ ðnvÞ2½ð2100δ − 150κ− þ 1050δκþÞðvSÞ2
þ ðnSÞ2ð−27300δv2 − 13650δκþv2Þ þ S2ð3840δv2 þ 30κ−v2 þ 1920δκþv2Þ
þ ðnSÞðnΣÞð−27300δ2v2 þ 13650δκ−v2 − 13650δ2κþv2Þ þ ðnΣÞ2ð6825δ2κ−v2
þ 27300δνv2 þ 6825δκþð−1þ 2νÞv2Þ þ ðSΣÞð3840δ2v2 − 1890δκ−v2

− 30κþð−63þ 256νÞv2Þ þ ð2100δ2 − 1200δκ− − 600κþð−2þ 7νÞÞðvSÞðvΣÞ
þ ð−2100δν − 150δκþð−4þ 7νÞ þ 150κ−ð−4þ 15νÞÞðvΣÞ2 þ ð−3840δνv2

− 15δκþð−63þ 128νÞv2 þ 15κ−ð−63þ 254νÞv2ÞΣ2�
�
; ðC4dÞ

k1i6 ¼ SifðnvÞ2½ð1212δþ 108κ− þ 606δκþÞðnSÞ þ ð−249δκ− − 6ð−121þ 404νÞ − 3κþð−83þ 404νÞÞðnΣÞ�
þ ðnSÞð−1092δv2 − 80κ−v2 − 546δκþv2Þ þ ðnΣÞð233δκ−v2 þ 26ð−25þ 84νÞv2
þ κþð−233þ 1092νÞv2Þ þ ðnvÞð68κ−ðvSÞ þ ð−16þ 34δκ− − 34κþÞðvΣÞÞg
þ fðnvÞ2½ð−249δκ− − 6ð−93þ 404νÞ − 3κþð−83þ 404νÞÞðnSÞ þ ð−12δð−6þ 101νÞ
− 3δκþð−83þ 202νÞ þ 3κ−ð−83þ 368νÞÞðnΣÞ� þ ðnΣÞð4δð−17þ 273νÞv2 þ δκþð−233þ 546νÞv2
− κ−ð−233þ 1012νÞv2Þ þ ðnSÞð233δκ−v2 þ 6ð−85þ 364νÞv2 þ κþð−233þ 1092νÞv2Þ
þ ðnvÞ½ð12þ 34δκ− − 34κþÞðvSÞ þ ð−4δ − 34δκþ − 34κ−ð−1þ 2νÞÞðvΣÞ�gΣi

þ vif½ð−480δ − 8κ− − 240δκþÞðnSÞ þ ð116δκ− þ 8ð−37þ 120νÞ þ 4κþð−29þ 120νÞÞðnΣÞ�ðvSÞ
þ ½ð116δκ− þ 64ð−2þ 15νÞ þ 4κþð−29þ 120νÞÞðnSÞ þ ð4δκþð−29þ 60νÞ
þ 8δð7þ 60νÞ − 4κ−ð−29þ 118νÞÞðnΣÞ�ðvΣÞ þ ðnvÞ½ð−168δ − 78κ− − 84δκþÞðnSÞ2
þ ð6δκ− þ 12ð−19þ 56νÞ þ 6κþð−1þ 56νÞÞðnSÞðnΣÞ þ ð12δð−5þ 14νÞ þ 3δκþð−1þ 28νÞ
− 3κ−ð−1þ 30νÞÞðnΣÞ2 þ ð216δþ 6κ− þ 108δκþÞS2
þ ð−102δκ− − 6κþð−17þ 72νÞ − 8ð−25þ 108νÞÞðSΣÞ
þ ð−8δð2þ 27νÞ − 3δκþð−17þ 36νÞ þ 3κ−ð−17þ 70νÞÞΣ2�g

þ ni
�
ð−1176δ − 4κ− − 588δκþÞðvSÞ2 þ S2ð−2460δv2 þ 30κ−v2 − 1230δκþv2Þ

þ ðnSÞ2ð9648δv2 − 6κ−v2 þ 4824δκþv2Þ þ ðSΣÞð1260δκ−v2
þ 60κþð−21þ 82νÞv2 þ 4ð−641þ 2460νÞv2Þ þ ðnSÞðnΣÞð−4830δκ−v2 − 6κþð−805þ 3216νÞv2
− 12ð−803þ 3216νÞv2Þ þ ðnΣÞ2ð−12δð1þ 804νÞv2 − 3δκþð−805þ 1608νÞv2
þ 3κ−ð−805þ 3218νÞv2Þ þ ð584δκ− þ 112ð−11þ 42νÞ þ 8κþð−73þ 294νÞÞðvSÞðvΣÞ
þ ð56δð−1þ 21νÞ þ 4δκþð−73þ 147νÞ − 4κ−ð−73þ 293νÞÞðvΣÞ2
þ ðnvÞf½ð7080δþ 96κ− þ 3540δκþÞðnSÞ þ ð−1722δκ− − 48ð−76þ 295νÞ
− 6κþð−287þ 1180νÞÞðnΣÞ�ðvSÞ þ ½ð−1722δκ− − 120ð−29þ 118νÞ − 6κþð−287þ 1180νÞÞðnSÞ
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þ ð−24δð−2þ 295νÞ − 6δκþð−287þ 590νÞ þ 6κ−ð−287þ 1164νÞÞðnΣÞ�ðvΣÞg
þ ð30δκþð−21þ 41νÞv2 − 30κ−ð−21þ 83νÞv2 þ 4δð−26þ 615νÞv2ÞΣ2

þ ðnvÞ2½ð−16104δþ 12κ− − 8052δκþÞðnSÞ2 þ ð8064δκ− þ 48κþð−168þ 671νÞ
þ 48ð−335þ 1342νÞÞðnSÞðnΣÞ þ ð12δκþð−336þ 671νÞ þ 24δð1þ 671νÞ − 12κ−ð−336þ 1343νÞÞðnΣÞ2
þ ð2604δ − 72κ− þ 1302δκþÞS2 þ ð−1374δκ− − 6κþð−229þ 868νÞ − 12ð−227þ 868νÞÞðSΣÞ

þ ð−12δð−10þ 217νÞ − 3δκþð−229þ 434νÞ þ 3κ−ð−229þ 892νÞÞΣ2�
�
; ðC4eÞ

k2i6 ¼ ½ð−288δþ 32κ− − 144δκþÞðnSÞ þ ð88δκ− þ 32ð−5þ 18νÞ þ 8κþð−11þ 36νÞÞðnΣÞ�Si
þ ½ð88δκ− þ 8κþð−11þ 36νÞ þ 12ð−11þ 48νÞÞðnSÞ þ ð8δκþð−11þ 18νÞ − 8κ−ð−11þ 40νÞ
þ 4δð−1þ 72νÞÞðnΣÞ�Σi

þ ni½ð1368δþ 4κ− þ 684δκþÞðnSÞ2 þ ð−680δκ− − 8κþð−85þ 342νÞ − 4ð−341þ 1368νÞÞðnSÞðnΣÞ
þ ð−4δκþð−85þ 171νÞ þ 4κ−ð−85þ 341νÞ − 4δð1þ 342νÞÞðnΣÞ2 þ ð−360δ − 12κ− − 180δκþÞS2
þ ð168δκ− þ 24κþð−7þ 30νÞ þ 8ð−47þ 180νÞÞðSΣÞ þ ð12δκþð−7þ 15νÞ
− 12κ−ð−7þ 29νÞ þ 8δð−2þ 45νÞÞΣ2�: ðC4fÞ
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[92] A. Bohé, S. Marsat, and L. Blanchet, Next-to-next-to-
leading order spin–orbit effects in the gravitational wave
flux and orbital phasing of compact binaries, Classical
Quantum Gravity 30, 135009 (2013).

[93] R. A. Porto, A. Ross, and I. Z. Rothstein, Spin induced
multipole moments for the gravitational wave flux from
binary inspirals to third Post-Newtonian order, J. Cosmol.
Astropart. Phys. 03 (2011) 009.

[94] R. A. Porto, A. Ross, and I. Z. Rothstein, Spin induced
multipole moments for the gravitational wave amplitude
from binary inspirals to 2.5 Post-Newtonian order, J.
Cosmol. Astropart. Phys. 09 (2012) 028.
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