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Using the gravitational potential and source multipole moments bilinear in the spins, first computed
to next-to-leading order (NLO) in the post-Newtonian expansion within the effective field theory (EFT)
framework, we complete here the derivation of the dynamical invariants and flux-balance equations,
including energy and angular momentum. We use these results to calculate spin-spin effects in
the orbital frequency and accumulated phase to NLO for circular orbits. We also derive the
linear momentum and center-of-mass fluxes and associated kick velocity, to the highest relevant
post-Newtonian order. We explicitly demonstrate the equivalence between the quadratic-in-spin
source multipoles obtained using the EFT formalism and those rederived later with more tradi-
tional tools, leading to perfect agreement for spin-spin radiative observables to NLO among both

approaches.
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I. INTRODUCTION

Binary systems composed of spinning compact objects
are the primary source of gravitational waves (GWs)
that are currently being detected by the LIGO/VIRGO
collaboration [1,2], and will remain as key laboratories to
explore gravity and the physics of black holes and
neutron stars [3-5] (and perhaps even more exotic pos-
sibilities [6—12]) with future GW observatories such as
LISA [13] and the Einstein Telescope [14]. Yet, both the
detection and accurate interpretation of the signal are
dependent on precise theoretical predictions for the two-
body problem in general relativity. This is notoriously
important when spin effects are manifest, e.g., [15], in
particular due to the expectation that binary black holes
may be rapidly rotating, e.g., [16]. While numerical
simulations are required for the late stages of the dynamics,
e.g., [17], the post-Newtonian (PN) expansion has provided
the groundwork to tackle the weak-field/small-velocity
inspiral regime [18-21]. So far, PN studies have been
carried out notably in the conservative sector, both for

using various tools [18-21]. In particular, the effective
field theory (EFT) approach introduced in [56], and
later extended in [57] to incorporate rotational degrees
of freedom, has been instrumental to reach the present
state of the art.' However, in the radiation sector, while the
source multipoles needed to obtain the GW fluxes in an
adiabatic expansion have been computed in some cases to
fourth order in the PN expansion for nonspinning bodies
[89,90], the spin-dependent counterparts are known to
next-to-next-to-leading order (N?LO) at linear order in
spin [91-93], and only to NLO for bilinear in spins
contributions [93—95].2 This begs for more accurate com-
putations of radiative observables in the case of spinning
bodies.

'"The use of ideas from particle physics has also been
reinvigorated lately due the repurposing of novel techniques
from the theory of scattering amplitudes, e.g., [58,59]. In parallel
with an extension of the EFT approach to the post-Minkowskian
regime [60-62], these novel approaches have extended the
knowledge of the binary dynamics in the conservative sector,

nonspinning [22-41] and spinning bodies [42-55],  both for nonspinning [63-73] and spinning objects [74-83].
Radiation effects in the post-Minkowskian expansion have also
—_ been studied in, e.g., [84—88].
gihyuk.cho@desy.de The associated radiation-reaction spin-orbit and spin-spin
TbaplOO@pitt.edu effects in the dynamics have been computed at leading order
*rafael.porto @desy.de in [96,97].
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All the necessary quadratic-in-spin source multipoles
including finite-size effects were first obtained some time
ago in [93,94], together with the spin-spin gravitational
potentials [43,45,46], using the EFT formalism developed
in [57,98]. However, the derivation of the associated GW
phase evolution was not carried out until recently. In
[99], using the results obtained in [49,93] at linear order
in the spin, the gravitational observables including the
accumulated phase were computed to NLO and shown to
agree with the values first derived in [42,91] with more
traditional tools. With the aim to move forward in
precision towards higher PN orders, the purpose of this
paper is to use the results in [43,45,46,49,93,94] to
complete the derivation of the spin-spin contributions to
the dynamical invariants and flux-balance laws to NLO
in generic configurations, including energy and angular
momentum; and use the results to derive spin-spin effects
in the orbital frequency and accumulated phase to 3PN
for (quasi)circular orbits. For completeness, we also
compute the linear momentum and center-of-mass
(CM) radiated fluxes to the highest possible PN order
using our source multipoles, corresponding to leading
spin-spin and NLO linear-in-spin corrections, with which
we obtain the associated kick velocity. We find agree-
ment with a previous derivation of the radiated momen-
tum in [100] at linear order in the spin; however, we
disagree when it comes to spin-spin contributions, even
for the simplest case of binary black holes. We trace the
difference to missing terms from finite-size effects. On
the other hand, we readily demonstrate the equivalence
between the source multipole moments computed in
[93,94] within the EFT framework and those rederived
later in [95] using the approach in [42,91], yielding
complete agreement for the linear and bilinear in spin
radiative observables at NLO order among both formal-
isms. Our results here can be used to improve current
waveform models for spinning bodies, notably for
ellipticlike orbits [101-103]. The derivation of the
N2LO phase evolution is underway.

This paper is organized as follows. In Sec. II we
briefly overview the steps to compute the necessary
ingredients to obtain the GW phase evolution in the
EFT framework. In Sec. III we start in the conservative
sector and use the gravitational potential in [43,45,46] to
compute the conserved energy and angular momentum,
as well as the position of the CM, at quadratic order in
the spins and to NLO in the PN expansion. In Sec. IV we
move to the radiation sector and compute the associated
flux-balance equations using the source multipole
moments bilinear in spin obtained in [93,94]. We also
calculate the radiated fluxes of linear momentum and
position of the CM, and derive the kick velocity for
(quasi)circular orbits. In Sec. V we use the results from
previous sections to compute the bilinear-in-spin accu-
mulated phase to 3PN order. We conclude in Sec. VI with
a few remarks on future work. We include several
appendixes with the coefficients of the lengthy expres-
sions quoted in the main text. For the reader’s

convenience we add an ancillary file with the main
results of the paper [104].

II. EFT SETUP

Both the gravitational conservative dynamics and
radiative multipole moments of spinning binary systems
can be obtained using the EFT formalism introduced in
[43,45,46,49,56,57,93,94,98,105]. We provide here a brief
overview of the EFT framework and encourage the reader
to consult the more comprehensive reviews in [20,21,106]
for further details.

A. Point-particle theory

The main actor in the EFT approach is the point-particle
action,

Sop=_ /RAdaA,
A={12}

with 0,4 an affine parameter, which for the case of spinning
bodies is written in terms of a Routhian,

1
RA = —Z |:mA ’Ui ‘l‘ia)ﬂabszh’l)i
A

ab v qcd
+ vaahSA UASA Vad

2m A
A
_Cl(fs)zﬁsacg by .. (1)
2mA \/U_2 A PAc )
A
displayed here to quadratic order in the spins. The velocity
is defined as v* =4Z, and w{” are the Ricci rotation
coefficients. The spin tensor, $*¥, has been projected onto
a locally flat frame, described by a tetrad field, ¢}, such that
Sab = e,‘jefS’”’. There are also two curvature-dependent
terms. The first ensures the preservation of the covariant

spin supplementary condition (SSC), to the order we work
here,

S8 vap =S4l vs, =0+ O(S?). (2)

The other one, depending on the electric component of the
Weyl tensor, E,,, encapsulates the spin-induced quadrupole

Hv
moment of a rotating object. The C(EASZ parameters are So-

called Wilson coefficients, which carry information about
the short-distance physics of the compact body, e.g.,
Cpg> = 1 for Kerr black holes [45,46]. The ellipsis contains
an additional hierarchy of higher curvature corrections that
include other finite-size multipolar corrections, beyond the
quadrupole, as well as extra pieces required to enforce
the SSC.

The equations of motion (EOM) for each particle can
then be obtained via
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oS dsab
S dy S Rak G)
A
with the spin algebra
{87 857} = ne 3t + IS5 —ndSye —nesil (4)

After the dynamical equations are obtained, the SSC in (2)
may be enforced, enabling us to rewrite the EOM in
vectorial form. To the order we work in this paper, we
have (B # A) [45,46,49]

2Gm3

S = (va x Sa) + ((va —vp) x84)

G, . )
+ﬁ<sﬁa"'SA—"’SA'SB)+"W (5)

where r=x, —xp, and the spin three-vector is

defined as

. 1 ..
Si=3 eliksIt, (6)

B. Long-distance worldline action

For the two-body problem in the inspiral regime the
gravitational field is expanded around flat space in the
weak-field approximation,

9w = Ny + hyw (7)
where h,,, is further split into potential, H,,, and radiation,
h,,,. modes scaling as (k°.k) o~ (v/r.1/r) and (k°.k) 4 ~
(v/r,v/r), respectively [56]. The long-distance effective
theory is obtained by “integrating out” the (off-shell)
potential modes in a (classical) saddle-point approximation,
and matching into a “long-distance” worldline theory,
describing now the entire binary and depending only on
the (on-shell) radiation field. The effective action takes the
generic form [98,105]3

Sna = [ o+ B ) VIV =PV (01 + XV )0 X(0) = 5010, X)og(0) V(0

1 L (o E. . (o o)) —
+;<ZISTF( )vL—zElf—llf( X (o)) (

around the CM, X (o), of the binary, with ¢ an affine
parameter. Throughout this paper we use the notation
L =i, ---i;. All the barred quantities are evaluated on
l_zw. The first terms represent the total four momentum, P*,
and angular momentum, J%(t), of the binary, with V¥ its
CM velocity. The higher-order multipole moments have
electric-type, I*(t), and magnetic-type, JX(t), parity and
couple to derivatives of the electric and magnetic compo-
nents of the Weyl tensor, respectively. We have also kept
the term proportional to X’ at linear order in derivatives,
which will be useful later on to compute the position of the
CM. For most of the calculations, however, it is sufficient to
have the binary at the origin, i.e., X' = 0.

C. Gravitational potential

The gravitational potential (along with the kinetic term)
may be obtained by matching the 00 component of the one-
point function. Alternatively, it can be read off from the
“vacuum binding energy,” where the outgoing radiation

*Due to the fact that both potential and radiation modes vary on
the same timescales, the decoupling of short-distance effects
occurs in space but not in time. As a result, the action is endowed
with time-dependent “Wilson coefficients.” The same type of
description can also be used to study absorption effects, e.g.,
[107-109].

2/
20 +1)!

,JéTFw)vL_zF,-f_lif(o,X<a>>)}, ®)

|

field is zero to zero.! Following the latter option, the
relevant topologies are shown in Fig. 1 to NLO, where the
dashed line represents the potential mode, whose propa-
gator is expanded as (k < |k|)

i i (k)2
we (e ) o

and subsequently truncated to the desired PN order. A
similar power counting also applies to the nonlinear
couplings involving time derivatives of the H,, field,
scaling as dyH,, ~ (v/r)H,,. The Feynman rules for the
worldline vertices follow from the action/Routhian in (1),
and include mass, spin, as well as finite-size and SSC-
preserving contributions, which are likewise also PN
expanded in powers of the velocity. Once the potential is
known, the EOM follow from (3), which can afterwards be
reduced to vectorial form using the SSC in (5). In principle,
the gravitational potential also depends on time derivatives
of the position and spin variables. As is standard, these are

*In principle, radiation-reaction effects also contribute to the
conservative binding energy through tail effects, e.g., [25,110].
However, to the order we work in this paper, we can safely ignore
these types of contributions.
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FIG. 1. Topologies needed to match the gravitational potential
to NLO (see text).

either integrated by parts or reduced using lower-
order EOM.

The procedure described above was carried out in
[43,45,46,49,57] to NLO in the PN expansion and to
quadratic order in the spins. In Appendix A we provide
expressions for the acceleration and spin EOM in the CM
frame to 3PN order.

D. Multipole moments

It is convenient, in order to compute the multipole
moments, to first obtain their generic dependence on
moments of the (pseudo-)stress-energy tensor, which
includes contributions from potential modes, and sub-
sequently read off the latter via a matching computation
with the one-point function (see [98,105] for details on this
procedure). The necessary topologies to NLO are shown in
Fig. 2 where, once again, the Feynman rules for the vertices
follow from (1). In addition to the potential modes, which
are integrated out, the wavy line represents the radiation
field that propagates to inﬁnity.5 Importantly, for the
(momentum-conserving) interaction in the nonlinear cubic
coupling, between an incoming potential mode with three-
momentum ¢ and an outgoing radiation field with three-
momentum k, in addition to the expansion of potentials in
quasi-instantaneous interaction we alluded before in (9) we
must also expand the outgoing potential mode as [56]

i _i<1_2¥+...>, (10)

k+q)?° ¢ q

At the level of the action, the above is related to a Taylor
expansion in (spatial) derivatives of the radiation field
around the CM of the binary (placed at the origin) [56,98]

hy, (t,x) = l_zw,(t, 0) + 8il_zu,,(t, O)x' +---. (11

The procedure described here was carried out in [93,94] to
NLO in the PN expansion, and to linear and bilinear order
in the spins. Together with the gravitational potential, the
multipole moments are the last ingredient to compute all

*Notice that the leading contribution is simply from the mass
coupling to the radiation field in (1). This means that the NLO
correction entails only “tree-level” potential exchanges, unlike
the derivation of the gravitational potential in Fig. 1, which
requires “one-loop” diagrams.
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FIG. 2. Topologies needed to match the one-point function to
NLO (see text).

the GW fluxes. For completeness, we summarize in
Appendix A the resulting multipoles in the CM frame.

III. ADIABATIC INVARIANTS

Using the results for the gravitational potential it is
straightforward to compute the conserved quantities of the
system, which do not evolve in time when radiation fluxes
are turned off. These are the objects, such as the binding
energy and total angular momentum, that will be part of the
balance equations in an adiabatic expansion, valid during
the inspiral regime. It is somewhat convenient to express
the values for these quantities in the CM frame. This is
achieved by first computing the binary’s CM, the same way
we extract the multipoles, and then solving for the
coordinates using the condition X’ = 0. Using the notation
r=x; —x, and v =F, we have solutions that can be PN
expanded in the form

xi = —m2 riH Sripy + 0rioso +Oroso + . (12a)
i M i i i 12b
vl—;" +5r1PN+5rLO_SO+(SrLo_So+"'9 ( )

with m = m + m,, and similarly for the companion. To
the order we work in this paper we find the known values
(e.g., [42,111]),

, o . G
Sripy = %r’ <v2 - _m) (13a)
r
i v i
oroso = E(" x X)', (13b)
ol .50 = 0. (13¢)
with v =172, § = =52, and
S S
zsm<2—1>, (13d)
my

while for the velocities we have

: ov G Gmov . .
Vo =2y <v2 ——m> ~ 2%l (13e)

2 r 2r
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) Gv .
o500 = 2 (n x Z),

(13f)
with n = r/r. The latter expressions follow by taking time
derivatives of the position and using lower-order EOM.
For the remainder of the paper we will often quote the
final results in terms of (13d) and the total spin
S=8,+89,. (13g)
For completeness, we also provide expressions for the 3PN
correction at quadratic order in the spins in Sec. III C,
which will be useful to express conserved quantities in the

CM frame at higher orders. The NLO spin-orbit correction
was computed in [99].

A. Binding energy

From the gravitational potential we can derive the
binding energy following the standard Euler-Lagrange
procedure, yielding

E = Ex+ Epn + ELo-s0 + [Expn + EvLo-ss] + Envo-so
+ [Espn + Enpo-ss] + - (14)

in a PN expansion. The computation is often lengthy but
straightforward. Using the potential in [49], the spin-orbit
binding energy in the CM at NLO was computed in [99],
confirming the old result in [42]. We compute here, using
the results first obtained in [43,45,46], the contribution to
the CM binding energy to 3PN and quadratic order in the
spins. We find

Gvl
Eross = r—31€2, (15)
Gv |1 Gm1
Extoss =5 {g eq Tzeé], (16)

where the e}, ¢, el coefficients are displayed in

Appendix B. After rewriting the answer in terms of the
conserved-norm spin Variable,6

SC=<1—V;>S+;(v'S)V+"" (17)

the NLO result in (16) is completely equivalent to the
derivation in [95]. This is expected, since the results in [95]
for the binding energy are obtained after confirming the
equivalence with the value of the gravitational potential first
computed in [45,46]).

We only quote the terms which are needed to match the
multipoles. The reader should keep in mind, however, that higher-
order corrections are necessary to achieve a precession form for
the spin EOM; see, e.g., [45,46,49].

1. Nonprecessing (quasi)circular orbits

Many of the above expressions drastically simplify for
the case of circular orbits, which we expect to provide a
large fraction of the relevant sources of GWs once the
binary enters the frequency band of present and future
ground-based detectors. We proceed using the basis of
vectors {n,A, ¢}, defined by

rXv
£:|r><v’ (18a)
A=?¢ xn, (18b)

with n as the radial unit vector. Following the nonspinning
case, we seek (quasi)circular orbits obeying

dn
dA
@ 1
7 w(t)n, (19b)
de

The reader will immediately notice that these conditions
cannot be fulfilled when spin effects are included, since
only the total angular momentum is conserved.” Hence, we
must enforce additional constraints in order to find (quasi)
circular orbits. We use the “aligned-spin” simplifications

n-Sy =0, (20a)
A-S,=0, (20b)
Sl X S2 = 0, (20C)

to ensure the orbit is confined to the plane. In order to
guarantee these are valid throughout the entire evolution of
the binary, their time derivatives must also be consistent
with the EOM to the desired PN order. The above
conditions then imply that the spin vectors must be aligned
with the orbital angular momentum,

SA ESAf, (21)

and remain constant in time (S‘l 2= 0).8 Moreover, because
the radius is also constant (# = 0), there must be a direct

"When only spin-orbit corrections are included at leading
order, orbits with 7 = 0 are still possible but not restricted to the
plane.

¥Notice that the covariant spin vector varies with time in
generic orbits. However, since »* = 0 for (quasi)circular orbits
when radiation-damping is omitted, the difference between S and
S, in (17) is simply an overall rescaling. Therefore, both vectors
remain constant in time when initially aligned with the orbital
angular momentum.
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relationship between the latter and the orbital frequency, which also obeys @ = 0 as long as fluxes are ignored. Introducing
the PN parameter x = (Gmw)*3, we find

G 512 /5
(’") :x+x2<1—”>+x 2<S+52>, (22)
T/ N+1PN+LO-SO 3 Gm=\3

and for the spin-spin contributions we have

G 3
(7’") L ALGme“ [(—4 — 26, )82 + (—456 + 2k_ — 28K, ) (SZ) + (Sk_ — ks + (4 + 2K, )W) E?]

4

+ 36t [(74 — 426k_ — 24K, + (=48 — 24k, )v)S?

+ (786 — 18x_ + 185k, + (—485 + 192x_ — 246k, )v)(SZ)

+ (36 = 96Kk_ + 9k, + (=90 + 546k_ — T2k, )v + (48 + 24k, )1?)E?], (23)
where we use the notation (AB) = A - B (for A # B) adopted in, e.g., [95]. We also introduced the finite-size parameters
Ky = ngz +=C 5525)2 Replacing the expression (23) into (16), we finally get the binding energy for (quasi)circular orbits as a

function of the orbital frequency,

3

(E)gs = ﬁ (4 + 26, )82 + (46 — 26 + 26x, )(SZ) + (=dk_ + &+ + (=4 — 2&, )0))E2
Xt
t oo (=236 + 786k_ + 132k, + (12 + 6K, )v)S?
+ (=3365 — 54x_ + 545k, + (126 — 318k_ + 65k, )v)(SX)
4 (=180 = 276k + 2Tk, + (396 — 816k_ + 27k v + (=12 — 6K, )o?)E2). (24)

We can also transform the above expression as function of the conserved-norm spin vector. Using (17) we have

XSI/

- 4G*m?
x*y

+ 72G*m?
+ (=3006 — 90k_ + 906k, + (—605 — 210k_ — 306k, )v)(S.2,)

+ (=180 — 456k_ + 45k, + (360 — 455k_ — 45k )v + (60 + 30k, )12)E2]., (25)

(E)gs [(4 +2c,)82 + (46 — 2K_ + 26k, ) (S Z,) + (=0k_ + ko + (=4 — 2k, )v)X2]

[(=200 + 605k_ + 150k, + (=60 — 30k, )v)S2

which agrees with the result in [95].

B. Orbital angular momentum L =vmr(n xv)', (27a)

The orbital angular momentum can be obtained either by
matching the one-point function to the long-distance action

in (8), or by obtaining the Noether current using the — (Gm(B3+v) (1 -30)v?
gravitational potential. Following the latter, we arrive at Lipy = vmr(n xv) r T 2 . (270)
an expression that can likewise be PN expanded as
i i i i i i i ; Gmv , , ,
L' =Ly + Lipy + Lig.so + [Lopx + Lioss] + Lio-so Ligso = — (n'(3(nS) +6(nx)) — 38" = 6%'), (27c)
+ [LéPN + Lf\JLO-SS] +o (26)
where Liogs =0. (27d)
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At 2.5PN and 3PN order, respectively, we have

) Gmv Gm
Lyios0 = o {"ﬂ(s) + T"p;] J (28)
, Gmv
Lyioss = 2 f(e)- (29)

The lengthy expression for the £2, £1, and #? coefficients
can be found in Appendix B. Notice that in the orbital
angular momentum, there is no spin-spin contribution at
2PN order. The 3PN expression for the spin-spin orbital
angular momentum is presented here for the first time. We
have explicitly confirmed that the evolution of the total
angular momentum obeys

d . .

—(L'+8") =0, 30
(L +8) (30)
using the EOM deriving from the gravitational potential to
3PN order [43,45,46,49,57], which provides a nontrivial
check of our result.

C. Center-of-mass position

Finally, we also compute the correction to the CM
position. This is achieved, as we discussed in Sec. III,
by matching the one-point function to the effective action in
(8) and reading off the position of the CM, X', by
expanding in the soft-radiation mode at linear order k.
We arrive at

(Xi)LO-SS =0, (31)

m(X)nLo.ss = —%{Si[—IZK_(nS) +6(=2=k_+x,)(n2)] + Zi[6(2 - k_ + k. )(nS) + 6(k_(—=1+2v) + k., ) (nZ)]

+ni(k_ —46v+ 6k (=1 = 20))E2 + ((4 = 16v) + 26k_ + 2k, (=1 —4v))(SX)
+ (46 + 4x_ 426k, )S? + (=125 — 65k, ) (nS)* + (12(=1 + 4v) 4+ 65k _ + 6K, (—1 + 4v))(nS) (nX)
+ (1260 4 3k_(1 —4v) + 3(—1 4+ w)dk, ) (nZ)?]}, (32)

from which we find the correction to (12a) given by

(6r)nLoss = S'(12x_(nS) + (12 + 65k_ — 6k, ) (nX)) + Zi[(—4 + 65k_ — 6Kk, ) (nS) + (=65k,. + k_(6 — 12v))(nZ)]
+ni[(126 + 66k ) (nS)? + (128° — 66k_ + 65k, )(nS)(nX)
+ (=38%_ + 8k, (3 — 6v) — 1260) (nX)? + (=46 — dx_ — 26k, )S?
+ (=28k_ +4(=3 +4v) + k. (2 + 80))(ST) + (—x_ + 46v + k. (5 + 26v))Z?]. (33)

IV. FLUX-BALANCE LAWS

In this section we wuse the source multipole
moments from [93] together with the EOM in
[43,45,46,49,57] to compute the flux-balance equations
for the binding energy, linear momentum, and angular
momentum to 3PN order. We do not include the
contribution from the (spin-orbit) tail term, which
corrects the radiative multipole moments [93,94],
whose effect can be found in, e.g., [112]. The
detailed expressions for generic orbits are lengthy
and relegated to Appendix C. Explicit results are given
in the main text for the case of nonprecessing (quasi)
circular orbits.

A. Binding energy

For the computation of the energy flux we use the well-
known formula, e.g., [98]

dE G (0,0 16 @) 3 S @) @)
a5 (Iij Iij +3Jij Jij +@Iijk1ijk
5 @@
+@Jijkjijk o) (34)

in terms of the source multipole moments. The explicit
expression for the latter are given in Appendix A in the CM
frame. The time derivatives are order-reduced using the
EOM, also found in Appendix A. The result can be
expanded in the PN expansion,

dE_(dEY | (dEY | (dE
dr— \dt )y dt ) 1pn dt J10:s0
() o () )+ (7)
dt ) pn dt )1oss dt ) nio-so
dE dE
S G B + (35)
Kdt ) 3PN (dt ) NLO-SS]

024037-7



GIHYUK CHO, BRIAN PARDO, and RAFAEL A. PORTO PHYS. REV. D 104, 024037 (2021)

and keeping only spin-spin contributions to the leading order, we find
2,2
(‘Z-f) o= G;O% [(696 + 348K ) (nS) (nv) (1S)
+ (3485 — 174x_ + 1746k, ) (nv) (nZ) (vS) + (=144 — 72k, ) (vS)?
+82((312 + 156K, ) (nv)* + (=288 — 144k )v?)
+ (n8)*((=1632 — 816k, ) (nv)* + (1008 + 504k, )v?)
2)((3126 — 156K_ + 1566k, ) (nv)? + (2885 + 144k_ — 1445k, )v?)

+ (8
+ (nS)(nZ)((—16325 + 816x_ — 8165« )(nv)* + (10085 — 504x_ + 5045k, )v?)
4 (nE)2](=9 + 4085k + 16320 + 408K, (=1 + 20))(nv)? + (=2528k_ + K, (252 — 504) — 10080)?]
+ (3485 — 174k_ + 1746k, ) (nS)(nv) (vE) + (6 — 1746k_ + k(174 — 348v) — 696v) (nv)(nX)(vX)
+ (—1448 + 72x_ — 726k, ) (vS) (vE) + (=1 + 366k_ + 1440 + k, (=36 + 72v))(vE)?
(=9 = 786k + K, (78 — 1560) — 3120) (n0)? + (=3 + T26k_ + 288v + T2x (=1 + 20) W22, (36)
|
At 3PN order, we have order beyond the leading effects, namely at 4PN and 4.5PN
for spin-orbit and spin-spin contributions, respectively, we
dE _G’m G*m? can safely ignore them here while working to 3PN order.
dt ) nioss 105r f6 + —f6 —fa|, (37) Hence, we can consistently replace i = 0 and v> = r’w? in

(36) and (37) to obtain the emitted radiation. However, we

with the value of the f2, £ and f2 coefficients given in ~ Must still face a radiation-reaction force which may induce
Appendix C. After using the transformation in (17), we the precession of the orbital plane. Even though the pre-

have checked that the above expression is equivalent to the  cession effects might be small, d¢'/dt < O(v®), these may
one obtained in [95]. accumulate over time. Nonadiabatic methods, such as

dynamical renormalization group, offer an alternative
approach that remains valid over a longer timescale by
resumming secular effects [113,114]. In this work, however,
We consider here the case of aligned-spin (quasi)circular ~ we restrict our results to timescales shorter than those

orbits. Since radiation-reaction effects first enter at 2.5PN| induced by the secular evolution of the orbital plane. We find

1. Nonprecessing (quasi)circular orbits

dE 324712 1
(E) S # {(4 + 2K, )8 + (48 — 2k_ + 20K, )(SZ) + <— N ey 2K+)1/> 22}

32x812 6247 N 57 5 383 N 35 35 g
- - —O0K_ ———=K ————K,. |V
5G3m* 504 16 1127 2 4t

1865 391 391 35 11 35
+ ( —0+ - —0k, + (——6——1< ——51<+>1/> (S%)

112 56 56 2 2 7 4
51 391 391 6239 13 691 35 35
— 6k —— —+—96 — —+— 2)x2 38
+< 6 112 112K++<336+16 K‘+112K+)”+<2+4K+>”) } (38)
or, in terms of the conserved-norm spin vectors,
dE 32x"1? 1
(E) = —W |:(4 + 2K+)S% + (45 - 2K_ + 25K+)(SCZC) + (1_6 - 5]('_ + K+ + (—4 - 2K'+)l/) 2%:|

32x8,2 5239 41 271 (43 43 N\ N
5G3m* 504 167 T112°t 24 c

17 27 27 4 1 4
+ (—8—5 9 —951<+ + ( 36+— —351<+>1/> (S.Z.)

56 ° 56~ " 56 20727y
25 279 279 344 45 243 5343\ L\
+< 3 T EK*Jr(— 167 Tk ) +(7+ZK+)D >E] )
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B. Angular momentum

The source multipoles allow us also to compute the
radiated angular momentum via

ar 2,0,0 ,32,0,0 . 1,0,¢
—r=—Ge <5 1 +451 )7 J o+ g3 Lol b

1
+ g o bt ) (40)

which may be also expanded into PN contributions as
% B <LZ];>N i (LZ];) IPN " <a;{;> LO-SO
" [(%) 2PN i <%> LO»Ss:| i <%> NLO-SO
A @ @

For completeness, we include here both the spin-orbit and
spin-spin terms to NLO in the PN expansion. The results

can be written as
dJ G*m?1? . G2 2
“ —— T+8
< df)LO-so 1573 9+ %
(42)

dJ’ G2mi? . Gm
(E)m;‘ 54 {9“794’ 43)

(%)
dt ) NiLo-so

4 G
[9(3)’ +4Tm

G*m**[ . Gm .. G*m? G*m?
:—W{92’+79§’+ g5+ 95] (44)
dl’ __Gm1 o Gml 11+Gz 21921
dt ) nLoss 3570 2% T 3% 376

(45)
(0,1.2)i  (0.1)i  (0.1.23)i

with the g5 7", g, ", g5 , and géo’l'z)’ coefficients
displayed in Appendix C. The leading order spin-orbit and
spin-spin expressions agree with corresponding results in
[100,111].

As a nontrivial check, we have verified that the
relationship

dJ]' 1dE

- = 46
dt  odt (46)

holds for spin effects to 3PN order for nonprecessing
(quasi)circular orbits.

C. Linear momentum and center of mass

Finally, we can compute the flux associated with
linear momentum and CM of the binary systems, which
evolve due to the emission of GWs according to,
e.g., [115],

dpP' 2w, 16 1m0 ] 4) @)
+63 S ) 47)

and (with G' = mX?")

G I
_pi _G(_(,@),( ) 192y

dt 21 ijk* jk ijk* jk
2 ,.3),0 4 .2
b =S ) 6

respectively. We can once again expand in various PN
contributions,

ar <dP"> N (dP’)
dt dt J ipx dt /1050
N (dP’> N (dP’>
dt /) rpn dt ) NLo-so

dP’) (a’P’> ]

- - +oee, (49)
[( dt ) 3pn dt ) 1oss

and likewise,

dG! <dGi> (dGi> (dGi>
= + +
dt dt ) pn dt ) pn dt /o050
dG’) (dG’> }
+ + +oee (50)
[( dt ) 3pn dt ) 1o.ss

Unfortunately, we do not have all the necessary source
multipoles to complete the spin corrections to NLO in the
CM, notably missing the NLO corrections to J;j, and
therefore for the purpose of this paper we will keep spin-
spin effects at leading order. We do, however, have all the
information to compute the NLO spin-orbit contributions to
the linear momentum. Inputing the source multipoles we
find, in the CM frame,”

9Technically speaking, the condition X = 0 for the CM frame
becomes more subtle once we allow for noninertial motion, due to
GW emission. However, these effects can be ignored to 3PN order
thanks to its nonsecular behavior, ie., X = O(x7/ 2), see,
e.g., [116].
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dP' 85G3m*2 [ [ 8G g
( dt) =G {”’ (‘—m+38<””>2 —50V2) +n!(nv) (—"1—45(;1@)2 +55v2>}, (51)
IPN r r p
dpP 8G m31? _ ‘ '
( dt) oo = T ies )0 X D) =2 x D)V 4 (mxv) (<3 (n0)(nE) - 2(uZ). (52)
LO-
dP! 4G .. G CGmt

_ _ mSIJ h(s)l + —ml’l;l _|_ 12’” h? , (53)

dt /) nio-so 9457 r ;

dp 2G3m2A ... Gm ..
( dt > = 105,,6 |:hgl + 4Thél:| , (54)

LO-sS

whereas for the CM position we have

dt 3513 10572

<dGi) = <245G3m41/2(nv) +45G2m3”2("”)(15(n0)2
1PN

—29v2)> . <_ 165G*m°?  46G*m*1?(89(nv)? —101v?)

354 10573

26G*m>1?(225(nv)* —366(nv)*v? +113(v?)?)

B 10572 ' (55)

dG' Gm**[ . _Gm .. _G*m?>
= - kY +2—kli 48 K2, 56
(dt)LO_SO 105/° { TP R e 5} 56)

dG' Gm[ . Gm .. G*m?> .

= R0 Tl kg 57
<dt>LO_SS 10574 {f’ R I 6] 57)

(0.12)i p(OD)i oo g (0.12)i 1 (0.12)i

The explicit expressions for the /s . hg 5 S

The calculation of the radiated linear momentum was
also computed in [100], using the earlier results in [42,91].
After transforming from the locally flat and PN frames,
through the relationship [46]

_ 2 G
SA—<1—%A— TB>SA+(VA'SA)VA+"" (58)

we find agreement for spin-orbit contributions to NLO in
the PN expansion. However, we disagree on the spin-spin

dP! B A2
dt 315G Gm?
s [(_ 69605 240k_ 348051<+> 52

{(—13925x11/2 +--)

G*m*  G*m* G*m*

336x5(Z.¢ 75206(S.2
(B o (1)

6 coefficients are collected in Appendix C.

corrections for generic orbits. We have explicitly checked
that the difference is due to the omission of the finite-size
contributions to the current quadrupole and mass octupole
moments.

1. Nonprecessing (quasi)circular orbits

The above expressions take on a much simpler form for
the case of (quasi)circular orbits. Using the conserved-norm
spin vector, they become

(1608 — 98881/)(2L,f)>

Gm? Gm?

32405k 120k, (=27 + 1160)  48(—181 + 5800)
G*m* G*m* G*m* (8.2)
2405(=3 +29) 605k, (~27 + 580)  60k_ (=27 + 1120)
" ( G*m* i G*m* - G*m* e (59)

for the linear momentum including leading spin-spin and up to NLO spin-orbit effects, whereas for the center-of-mass

position we have

024037-10



GRAVITATIONAL RADIATION FROM INSPIRALLING COMPACT ... PHYS. REV. D 104, 024037 (2021)

dG' n'v’m

dt 640

218226(S.¢)  18(—439 + 14410)(5,£)
{(—40685)64 +-)+ x“/2< T s

203406  T2x_ 101700k, 102426x_  180(117 — 452v) 18K+(—569 +2260v)
+x° [<_ Gm* Gt GPm? )S% + ( GCm* G*m* + G*m* (Sexe)
1808(4 — 1130) 96k, (=569 + 11300)  9k_ (=569 + 2268v)
+ <_ G*m* * G*m* B G*m* Tp e (60)

2. Kick velocity

An application of the above formula for the linear momentum flux is the derivation of the kick velocity, Viick, obtained via

) 1 [t dP!
Vii,=— dt , 61
kick m /—oo < dt ) ( )

which we compute taking advantage of the relation in (19a). Performing the integration with the boundary condition x = 0 at
t = —oo, We arrive at

Vi e =i 16x°202(2,.2)  8x"1/202(=9405(S.£) + 3(—67 + 4120)(Z.7))
Kick /Spin 15Gm? 315Gm?
8 8(2k_ +298(2 +x,))p?SE  817(=362 + 1358k_ + 1160w + 5k, (=27 + 1161))(S.Z,)
21G*m* 105G?>m*
426(12 + K, (27 = 580) — 116v) + k_ (=27 + 1120)]X2
+ 21G?m* '

(62)

where we have written the final expression in terms of the conserved-norm spin vectors. A similar resultis given in [100], with
full agreement in the spin-orbit sector. Yet the disagreement for spin-spin contributions remains.

V. ACCUMULATED PHASE

Armed with the binding energy and radiated flux it is straightforward to compute the accumulated phase. Because, the
norm of the covariant spin variables are not conserved during the radiation-reaction timescale, we provide here expressions
in terms of the conserved-norm spin variable. We first obtain the evolution of the orbital frequency in time over a period,

. 9/2 6
(32) :% [(192+96K+)US% + (1928 — 96K _ + 965K , )u(S,Z,) + ((5—48&_ +48K+>l/+ (-192 —96K+)I/2> zg}
w SS m

er“/2 102072 886 10156 L(M28 2064 N o\
—OK_+—_——K 14 - K 12 .
G*m* 35 5 35 5 5 7 ‘

14120 . 3282 96 3954 4128 . 1864 2064
— 55— -8 B -5 - sy |2 ) (8.2
+<< 7 35 50135 K+> +< 5 5 775 K*)”)“G )

789 1977 1977 47269 146 4976 5 4128 2064 3\ w2
+<< 5 35 OKk_ + 35 K+>I/+< 35 + 5 OK_ 35 1<+>1/ —l—( 5 + 5 K+>I/ >Zc . (63)

Hence, performing the standard integration,

w

¢:/dtw(t) = /dw@ (64)

we arrive at
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(Ad)ss = % {x2 {(—50 —25k, )82 + (=505 +25k_ — 256Kk, ) (S.Z.) + <—156+2255K_ - ?1@ +(50+ 25K+)I/> Z%]
+x3 { (—31(2)25 + 2421;5 K_+ 158T5K+ +(60+ 3OK+)1/> s2
(S S 3T Vs
(s s, s o s, 45,0, g e Vall e

which agrees with the result in [95].

VI. CONCLUSIONS

Building upon the quadratic-in-spin conservative and
dissipative results obtained using the EFT approach in
[43,45,46,93,94] to NLO in the PN expansion, in this paper
we have completed the derivation of the EOM, adiabatic
invariants and associated flux-balance equations for the
energy and angular momentum of binary systems with
spinning compact objects. We then used these results to
compute the bilinear-in-spin evolution of the orbital fre-
quency and accumulated phase for (quasi)circular orbits to
3PN order, including finite-size effects, finding agreement
with the value presented in [95]. This is not surprising
since, after all, the gravitational potential computed in [95]
was shown to be equivalent to the ones previously obtained
in the EFT [43,45,46] and Arnowitt-Deser-Misner (ADM)
[74,75] approaches; and moreover, as we demonstrated
here, the source multipole moments in [95] are in complete
agreement with those derived before in [93], after the latter
are expressed in terms of conserved-norm spin variables.

Our results here include also the angular momentum flux
for the first time, which is necessary to compute the phase
evolution in ellipticlike orbits, allowing us to incorporate
spin effects in the waveforms for generic configurations
[101,102], thus extending the validity of the PN approxi-
mation towards higher frequencies. This will be crucial for
proper data analysis with spinning binaries, since eccen-
tricity can rapidly deteriorate the accuracy of waveforms
relying on (quasi)circular approximations [103]. Using the
source multipoles and EOM we have also computed the
radiated flux of linear momentum, with which we obtained
the kick velocity for (quasi)circular orbits, including linear
and bilinear spin effects to NLO and leading order,
respectively. While perfect agreement is found with an
earlier derivation in [100] for spin-orbit effects, unfortu-
nately we disagree in the spin-spin sector even for the case
of black holes (with Ce = 1). We trace the discrepancy to
finite-size contributions in the current quadrupole and mass
octupole moments which were not included in the deriva-
tion in [100]. As it turns out, only the quadratic-in-spin
correction to J;;; at NLO is missing to complete the value of

the kick velocity at the same order. We are currently
performing this calculation. Moreover, building on the
recent rederivation of the spin-independent radiated fluxes
at 2PN in [117], it is straightforward to continue pushing
forward at the next order for spin effects in the EFT
approach. The derivation of GW observables to N?LO is
underway.
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APPENDIX A: EQUATIONS OF MOTION AND
SOURCE MULTIPOLES

We summarize here the values for the spin-spin con-
tributions to the acceleration and spin dynamics as well as
the source multipole moments in the covariant SSC, first
computed to NLO in [43,45,46,49] and [93] within the EFT
approach, respectively. As in the main text we use the short-
hand notation (AB) =A - B whenever A # B, as well as
(ABC) =A - (B x C), throughout the Appendixes.

1. Acceleration

Spin effects in the acceleration enter at different PN
orders,

a = ay +apy + ao.50 + [@pn + @ross] + @no-s0

+ laspn +anioss) + s (Ala)

where at Newtonian and 1PN order we have
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. Gmn'
i 7 Alb
aN 2 (Alb)
; 2Gm(=2 +v)(nv)v'  2G*m*(2+v)  Gm(3u((nv)* —2v%) — 2v?)
aipn =~ 3 +n 3 + 5 . (Alc)
r r 2r
The leading order spin-spin acceleration is given by
; G 3 i
Uoss =1, [((—8 — 4k, )(nS) + (—46 + 2x_ — 26k, ) (nX))S
+ [(—46 + 2k_ — 26k, ) (nS) + (26xk_ + 8v + k(=2 + 4)) (nZ)| !
+n'[(20 + 10k, )(nS)? + (206 — 10k_ + 105k, ) (nS)(nX) + (=56x_ + (5 — 10v) — 20v)(nX)?
+ (=4 — 2K, )8? + (=46 + 2k_ — 26k, ) (SZ) + (Sk_ + 4 + k., (=1 + 20))E?]], (A2)
while we write the NLO correction as
: G [l . Gml
anLo.ss = oy [§A6 + —EAll:| : (A3)

with
Al = S{(72 + 365k_ — 36k, ) (nv)(vS) + (nS)[(—605k_ + 120v + 60« , (1 + v))(nv)?
+ (=24x, (1 +4v) = 24(1 + 8v) 2] + (nZ)[(605(=2 + v) + 305k (2 + v)
+ k_ (=60 + 90v)) (nv)* + (=126k (1 + 4v) — 125(=1 + 8v) + k_(12 + 48v) )»?]
+ (1208 — 366k, + k_(36 — 72v)) (nv) (vE) } + Z{ (486 — 366k | + k_(36 — T2v))(nv)(vS)
+ (nS)[(606v + 306k (2 + v) + k_ (=60 + 90v)) (nv)?
(—=126k, (1 +4v) —126(1 + 8v) + k_(12 + 48v) w?] + (nZ)[(306k_ (=2 + v) — 120(~1 + v)?
=30k, (=2 + 50+ 202)) (nv)* + (126x_(1 + 4v) + 12 (=1 + 20)(1 + 4v) 4+ 24(1 — v + 8°) )?]
(96 — 365k_(—1 + v) — 264v + 36K, (=1 + 3v)) (nv)(vE)} + v {(120k, (=2 + v) + 2400)(nS)*(nv)
(—120x_(-2 4+ v) + 1206k, (=2 + v) 4+ 24056(1 + v))(nS)(nv)(nX)
(=606k_ (=2 +v) — 60k (=2 4+ v)(—=1 + 2v) — 240(—1 + 2v + 1)) (nv) (nZ)?
(=126k_ + Kk, (60 — 24v) — 48(1 + 1)) (nv)S?
(=246k, (=34 v)+ 72k_(-1 +v) —485(3 + v))(nv)(SZ)
(72 4 126k_ + k(84 — 24v) — 48v)(nS) (vS) + (—126k (=3 + v) — 246v — 12k_(3 + 1)) (nZ)(vS)
(-126k, (-3 4+v) —248(-1+v) — 12k_(3 4+ v))(nS)(vE)
(=365Kk_ + 12k, (3 — 6v + 20%) + 24(=2 + v + 212)) (nZ) (vE)
+ (126x_(=3 + 2v) + 48(=2 + 5v + 1?) + 12« (3 — 8v + 20%)) (nv)X?}
+n'{(-=360 — 605x_ + 60k ) (nS)(nv)(vS) + (=2408 + 605k, + 60x_(—1 + 2v))(nv)(nZ)(vS)
+ (126k_ + 12k, (=1 +v) + 24(3 + 1)) (vS)* + (nS) (nZ)[(—4206v + 210k_v — 2108k v) (nv)?
+ (=360k_v + 2405k, v + 605(1 + 8v))v?| + (nS)?[(—420v — 210k ,.v)(nv)? + (308k_ + 60(1 + 8v)
+ 30k, (1 4 8v))v?] + (nZ)?[(1058k_v + 4200 + 105k, v(—1 + 2v)) (nv)?
+ (=1508k_v — 30k, v(=5 + 8v) — 60u(1 + 8v))v?] + S?[(308k_ + 30k, (=1 +v) + 60(2 + v))(nv)?
+ (=126k_ — 48k v — 12(3 + 8v))v?| + (SZ)[(x_(60 — 1500) + 305k, (=2 + v) + 605(4 + v))(nv)?
+ (128%k ;. — 128(5 + 8v) + k_(—12 4 96v))w?] + (—=3608 + 605k, + 60x_(—1 + 2v))(nS)(nv)(vE)

4
+
+
+
+
+
N
+
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+ (k4 (60 — 180v) + 606k _(—1 4+ v) 4+ 120(=2 + Tv)) (nv)(nX)(vZ)

+ (k_(24 — 60v) + 126k, (=2 4+ v) +245(5 + v))(vS) (vX)

+ (=66k_ (=2 +3v) = 24(=2 + Tv +1?) — 6k, (2 — Tv + 21%)) (vE)?

+ [(=156k_(=2 + 3v) — 60(=2 + 6v + 1?) — 15k, (2 — Tv + 202)) (nv)?

+ (66k_ (=14 6v) + 6k, (1 — 8v + 81%) + 12(=2 + Tv + 81%) ?| X2}, (Ada)

Al = S7[(82 = 126k_ +36v + 18k (2 +v))(nS) + (185(2 + v) + 36k, (8 + 3v) + 3k_(—8 + 5v))(nX)]

+ X(68(7 + 3v) + 36k, (8 + 3v) + 3k_(—8 + 5v)) (nS)

+ (36k_(—8 +v) — 2v(37 + 18v) — 3k, (=8 + 17v + 612))(nZ)]

4 ni(248k_ — 48K, (2 + ) — 6(35 + 160)) (nS)?
4 (k_(120 — 480) — 246k, (5 + 20) — 65(33 + 160)) (nS) (nX)
+ (606k_ + 6v(31 + 16v) + 12k, (=5 + 100 + 412))(nZ)? + (—46k_ + 10k, (2 + v) + 4(9 + 5v))S?
+ (6k_(—4 +v) +46(9 + 5v) + 26k (12 4 50))(SZ)
+ (=0k_(12 +v) = 4v(9 + 5v) + k(12 = 23v — 1002)) X2]. (Adb)

2. Spin dynamics

In terms of the covariant spin vector, without yet transforming to a conserved-norm spin, the evolution equation is
given by

dt 2 2

dsy [ Gm3(nv)S N 2Gm m,(nS; v N 2Gm3(nS)v' 2Gmymyn'(vS,)  Gm3n'(vS;)
N mr mr mr? mr? mr?

LOSO

3C.Gmy(n x $1)1(nS))  3G(n % 8,)i(nS,)  G(S, x S,)
+> 3 +- 3 -+ 3
mlr r r LOSS

N _ 8G*mmyun’ (nSy) (nv) N G*mym3(nv)S: N 5G*mmyv(nv)Si  3Gm3im3(nv)3S:
2r3 mr? r 2m3r?

_GPmimy(nS)v' 3GPmym5(nS)v GPmy(nS v 3Gmim,(nS,)(nv)*v'
mr? 2mr’ 2mr? m3r?
3Gm%m%(nS1)(m))2vi Gm3im3(nv)Siv? Gmlm%(nv)S’i v2 6Gmyu(nv)Siv?
- m3r? m3r2 m3r2 - 2,2
2Gm Smy(nS v AGmim3(nS)viv?  2Gmym3(nS))viv?  G*mim,n'(vS))
w3 + a2 + a2 + 3

n
r? mr
N G*m;m3n' (vS,) N G*myn'(vS,)  6G*mmyun' (vS)) N 3Gmimyn'(nv)?(vS;)
2mr3

2mr3 273 m3r?

3Gmim3n' (nv)*(vS))  Gmimi(nv)v' (vS)) Gmum3(nv)v(vS)) 2Gmimon'v*(vS))
2m3r? B m3r? B m3r? B m3r?

_ 2Gmimzn'v? (vS)) N 8Gmyvn'v?(vS))

32 2
2r NLO SO
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G*m,n'(nS,S,) N G?mvn'(nS,S,) N G*myvn'(nS,S,) _ 2G’m,(n x 8,)!(nS))

+ —_
},.4 r4 r4 r4

Gmy(n x $1)/(nS)) 12C15G*mi(n x 1) (1)) 9G*m(n x S,)'(nS,)

M mrt r

G*my(n x 8,)!(nS,) 15C1(55)2Gm%(” x 8,)"(nS1)(nv)* 15Gmym,(n x 8,)!(nS,)(nv)?
+ ) 23 + 23
r 2m=r 2m-r
_ 3G2m(S1 X Sz)i I szz(sl X Sz)i _ 3Gm%(m))2(Sl X Sz)i _ 3Gm1m2(nv) ( X Sz)i
r r m2r 2m2r3

3Gm3(nv)Si(Sinv)  3Gmymy(nv)Si(Synv)  3Gm3(nv)S: (S,nv)
+ 3 + i + iy

(1
| 3C

mmgr

3Gm1m2(nSlSz)(nv) i 3CEssz2(nS )(Sinv)v! _ 6Gm my(nS)(Syno)v'  3Gm3(nS))(Synv)v’

m2r m?m, r? m2r m2r
N 9C§5S)ZGm1m2(n x 81) (nS;)v? N 21C§5S)2Gm%(n x 81) (nS;)v? N 9CEES)2Gm%(n x 81)i(nS;)v?
2m2r 2m2r 2m2m1r3
3Gm1 (n X Sl) (nS2)v2 9Gm1m2(n X Sl)i(nSz) 2Gm1<S1 X SQ) 2 5Gm1m2(Sl X Sz)ivz
2 + 2 2 + s
6C sz(nS )(nv)(v x §;)! 6CES2Gm§(nS1)(nv)(v x 8! _ 3Gm3(nS,)(nv)(v x 8;)’
m2r m?myr’ m2r
3Gmmy(nS,)(nv)(v x 81)° 3Gmymy'(vS,S,)  Gmvi(vS,S,) 6C555>2Gm%(n x 81)!(nv)(vS)
- m2r - m2r - m2r mer
_3Gm3(n x 8,)'(nv)(vS)) 3CE€S)2Gm%(n x 8) (nv)(vS)) _ 6Gmn! (S;nv)(vS))
mmyr3 m*m,r3 mmyr3
3CU,Gm3 (v x 8))/(vS))  3Gm3(y x 8,)’ (v51) 3¢, Gmi(v x 8,)i(vS))
+ 2 + 3 23
mm, r m2m,r
3Gmi(n x S)) (nv)(vS,)  6Gmimy(n x 8,) (nv)(vS,) 2Gm1(v x 81) (vS,)
- m2r3 - m2r m2r3
2G v x 8 (vS
n m,m2(23,)(v 2) el (A5)
m-r NLOSS

and similarly for particle 2 after exchanging 1 < 2.
3. Source multipoles

Using the results in [93] and translating to CM coordinates, without yet taking the symmetric trace-free part, we find the
following expressions for the source multipoles needed to 3PN:

o1 o - -
Ieny = 3 {(=6k_ —k)S'S/ + 4k_vS'E + (5k_v — k, V) Z'T/}, (A6a)
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I l(j3PN) =

v {Sinj [(nS) <845Gx_m _12Gm(11423v)  6Gk, m(25 + 231/)>
84m r r r

+(n 2)< 466Gm(—1 +3v) 9Gk_m(=13 + 11v) 356Gk, m(39 + 231/))]

r r

oS [(nZ (665Gm —-1+43v) 3GK_m(—9 +7v) N 956Gk, m(3 + 111/)>
r r

< 605Gk_m 132Gm( 1+ 3v) . 6Gk m(—1 + 331/))}
r r

/34 21
+ S5 (3 oGKk-m | 218GK:m 138 + 13K+)v2>
r
[(-

+vIS/[(=246k_ + 24Kk, ) (vS) + (248K + k_ (=24 + 480)) (vE)]

( 9Gk_m(=13 +11v) 356Gk, m(39 +23v) 25Gm(89 + 691/))
r r r

+ Xin/

+ (%) <_ 35G1<_m(r—39 +50) 4Gm1/(6r1 +69v) | 3Gk, m(=39 Jrr 83v 4 46,/2))}

.. 1926G 4Gk_m(23 4+ 17
_|_ZIS/|: kym _AGkm(23 + 170) + (138, +K_(—13—|—26I/))V2:|
r r
Sy {(nS) (665Gm(—1 +3v) N 3Gk_m(=9 + Tv) N 96Gk , m(3 + 11u)>
r r r

+ (%) ( 36Gk_m(9 + 13v) 3Gk, m(—1+3v)(9+22v) 4Gmu(-5+ 991/))]
) [ — _ _
r r r

920Gk, m _4Gk_m(23 + 17y)
r

+SZ’[ (135K++K_(—13+261/))v2:|

+ 2 [(246K . + k_(—24 4 48v)) (vS) + (k. (24 — T20) + 248k_(—1 + v) — 140v) (vE)]

112Gmy  26Gk_m(46 + 17v)  2Gk, m(-46 + 75v)
r r r

o]

+ (ko (13 = 390) + 138k_(=1 + v) + 1400)v?

+vivi[(226Kk_ — 22k, )S? + (—445K, + k_(44 — 88))(SZ) + (—=226k_(=1 +v) + 28v + k(=22 + 66v))X?]

426Gk_m _24Gm(-9 +20v) 12Gk,m(-9 + 201/))
r r r

+nin/ [(nS)2<

6Gk_m(—11+ 12v) 246Gm(-9 + 20v) 65Gk, m(—11 + 401/))
r r r

+ (nS)(n3) (

+ (nx)? (
N <_ 226Gk_m n 24Gm(—4 + 5v) n 4Gk, m(4 + 151/)>S2

24Gmy(-9 + 20v) . 36Gk_m(—11 + 26v) n 3Gk, m(11 —48v + 801/2)>
r r r

r r r

N <245Gm(—4 +5v) n 2Gk_m(—19 + 14v) N 26Gk,m(19 + 30v)
r r r

)52

N < 6Gk_m(19+8v) 8Gmuv(2+ 15v) Gk, m(—19 4+ 30v + 6Ov2)>22}
r r r

(112G )2 112G
+ 51 (ﬂ + 1400(v%)? + <— - 140w2> 22) }

r r

ijk
I(ZPN
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Ji

(2pn) = %{ZK_(V x 8)'S/ + (6k_ —k, ) (v x X)'S/ + 38 (v x X)) + (k- —k, ) (v x S)'Z/

+ (v x X)X (=6ky +k_(1 —2v))}.

APPENDIX B: CONSERVATIVE SECTOR

1. Binding energy
The coefficients of the binding energy in the CM in (16) are given by

e = (12 + 6K, )(nS)? + (126 — 6k_ + 65k, ) (nS)(nZ) + (—=36k_ + k. (3 — 6v) — 120)(nX)?
+ (=4 = 2k,)8? + (=46 + 2k_ — 26k, ) (SZ) + (Sk_ + 4v + ko (=1 + 20)) X2,

ed = (=726 — 24x_ + 245k, ) (nv) (nZ) (vS) + 48k_v(nv)(nZ)(vS) + (8k_ + 4k, (=2 +v) + 8(3 + v))(vS)?
+ (30k_ + 65k, (=5 +v) + 128(8 + 1)) (nS) (nZ)v? + (nS)?[(—=60v — 30k, v)(nv)?
+ (66k_ + 6K (=4 +v) + 12(4 + v))v?] + S?[(65k_ + 6k (=1 +v) + 12(2 + 1)) (nv)?
+ (=46k_ =2k, (=5 +v) —4(6 + )] + (SZ)[(k_(12 = 30v) + 68k (=2 + 1)
+126(4 +v))(nv)? + (=26, (=7 + v) — 46(12 + v) + 2x_(=7 + 9v) )»?]
+ (n2)?[(156k_v + 600* + 15k . v(—1 + 2v)) (nv)* + (=36k_(=5 + 3v) + k(=15 + 390 — 61?)
—12(=4 + 120 + V) W?] + (k. (24 = T20) + 245k_ (=1 + v) + 72(=1 + 3v)) (nv) (nZ) (vZ)
+ (k_(16 = 36v) + 46k, (=4 + 1) + 85(6 + 1)) (vS) (vE) + (=26k_(—4 + 5v) + k(=8 + 26v — 41?)
—8(=3 +9v +12))(vX)* + (nS)[(=72 — 245k_ + 24k, ) (nv)(vS) + (nZ)((—606v + 30x_v
— 306k, v)(nv)? = 30k_v?) + (=726 + 245K, + k_(=24 + 48v))(nv) (vZ)]
+ [(6x_(6 = 9v) + k(=6 + 21v — 61%) — 12(=2 + 6v + 12))(nv)? + (k_(=7 + 5v) + 4(—6 + 18v + 1?)
+ k(7 = 190 + 202) |22,

et = (=36 +95k_ — 15x,)(nS)* + (—325 — 246k, + k_(24 — 36v))(nS)(nx)
+ (300 — 36k_ (=4 + 3v) + k. (=12 + 330))(nX)* + (8 — 36k_ + 5k, )S?
+ (86 + 88k + k_(—8 + 120))(SZ) + (k; (4 — 11v) — 100 + Sk_(—4 + 3v)) X2

2. Angular momentum

The coefficients of the angular momentum in the CM in (28) and (29) are given by

£2 =S1((4+50)(nv)? — 6v?) +v((—=6 + 12v)(nS)(nv) + 46v(nv)(nZ) + 4(vS) + 26v(vE))
+n'((=2 = 8v)(nv)(vS) + (nS)(=9v(nv)* + 6v?) + (nX)(=66v(nv)?* + 36v?) — 65v(nv)(vY)),

L =ni((-1—4v)(nS) — (6 + 36v)(nX)) + S'(1 + 4v) + Zi(5 + 36v),

024037-17
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22 =[(646k_+x (=1 +20))(nS)+ (65 +«_(1 =3v) + 5k, (=1 +v) = 2v)(nZ)] (v x S)’
—65(SnZ)v + [(k_(1 = 3v) + 6k (=1 +v) +2(36 +v))(nS)
+ (6 =160 + x_(8 = 26v) + k(=1 + 4v = 202))(nZ)] (v x T)’
+ 8(=k_ + Kk, (1 =20) + 6(2 +v))(Snv) + (k_(1 = 3v) + 6k (-1 +v) —v =352 +v))(vnZ)]
+n'{65(nv)(SnZ) + (nZ)[(Bv — 38(6 + v))(Snv) — 6(=2 + Tv + 1) (vnZ))
+ (nS)[-6(3 +v)(Snv) +3(v + 6(4 +v))(vnZ)|}
+ (n x S){(=38k_ +6(-3+v) +«,.(3+6v))(nS)(nv)
+ Br_(=14+v) + 35k, (1 +v) +3(8(=6 +v) + v)|(nv)(nZ) + (14 + 26x_ + 6v — 2k, (1 + 1)) (vS)
+ (k_(2-3v)—v—=56k (24 v)+35(4+v))(vZ)}
+ (n x Z)[(36(=6 + v) + 3x_(—=1 +v) = 3v + 36k, (1 +v))(nS)(nv)
+ (=36k_ + k(3 —6v—61%) —6(3 =9 +1?))(nv)(nX)
+ (k_ (2 3v) +v -6k (2+v) +6(14 4 3v))(vS)
+ (12 = 6k_(=2 +v) —40v — 617 + k(=2 + 5v + 20%)) (vE)]
+[(-v+ 35(4+1/) +x_(=14+30)+ Kk, (6—06v))(Snv)
+ (=6 + 260 + 61 + k_(6 = 26v) + k(=1 + 4v — 20%))(vnZ)]Z!
+

(n xv) {(24 —3k,(3+1))(nS)* + (485 + 3x_(3 +v) — 36k (3 +v))(nS)(nx)

+ (24 -72v +%5K‘_(3 +v) +%K+(3 +uv)(-1+ 21/)) (nZ)? + Bry (1 +v) —2(7+2v))8?
+ (=3k_(1+v) + 36k (1 +v)—25(13 + 20))(SZ)

+ <_%5,<_(1 +v) —%m(l +u)(=1420) + 4(=3 + 100 + 1/2))22} (B2c)

APPENDIX C: RADIATION SECTOR

1. Energy flux
The coefficients of the radiated energy in (37) are given by

Fo = (vS)*[(—86885k_ + r (11424 — 9720v) — 6(529 + 3240v))(nv)?

(4462 + 26765k_ + 3792v + k. (—684 + 1896v) )v?

(nS) (0S)[(254645k_ + 3384x, (=17 + 120) + 48(=581 + 16920))(nv)?

(4800 — 118326K_ + K, (22200 — 87120) — 174240) (nv)v?]

(nZ)(vS)[(k_ (41496 — 712320) + 245k, (—1729 + 846v) + 125(1273 + 3384v))(nv)?
+ (=665(161 + 1320) — 126k, (~1418 + 3630) + k_(~17016 + 280200)) (nv)v?]

4 §2[(~35436 — 22748k + 28224u + 6k (=2153 + 23520)) (nv)*

+ (49800 + 36845k + K, (16452 — 157440) — 314880)(nv)2?

4 (—16260 — 13748 + 51360 + 6k, (=671 + 4280)) (v2)?]

(nS)(nZ)[(=606k  (—1725 + 11920) — 1206(=591 + 11920) + 60k_(—1725 + 20540)) (nv)*
(=

(=

+
+
+
+

—2448k_(=32 + 250) + 2885k, (=272 + 1790) + 65(—10043 + 17184)) (nv)?v?

+
+
+ (=12k_(691 4 4380) — 126k, (—691 + 5480) — 245(—67 + 5480))(v*)?]
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+ (nS)2[(81570 — 129308k_ + k(90570 — 71520v) — 143040v) (nv)*
+ (24126K_ + 12(—4483 + 85920) + k., (=75924 + 515520)) (nv)v?
+ (29586k_ + k(11250 — 6576v) — 6(85 + 21920))(v*)?]
+ (SZ)[(x_(10644 — 5016v) + 2525(—201 + 1120) + 126k (—887 + 1176v))(nv)*
+ (336K_(—38 + 3v) — 965k, (—133 + 164v) — 65(—11269 + 5248v))(nv)*v?
+ (126K, (=221 + 214v) + 26(=9377 + 2568v) + x_(2652 + 2928v))(v*)?]
+ (n2)?[(908k_ (=575 + 541v) + 30k, (1725 — 5073v + 238412) + 60(=307 — 1016w + 238412))(nv)*
+ (8238 + 67806v — 10310422 — 365k_(—1088 + 783v) — 36K, (1088 — 2959 + 143242))(nv)*v?
+ (66x_ (=691 + 55v) + 6(=515 — 638y + 21921%) + k., (4146 — 8622v + 657617)) (v?)?]
+ (08)[(=246K, (=838 4 4050) — 125(1543 + 1620v) + 24x_(—838 + 18531))(nv)>
+ (—840k_(—4 + 15v) + 246k, (=140 + 79v) + 25(3065 + 18960))v?](vX)
+ (nS)[(k_ (41496 — 712320) + 248k, (1729 + 846v) + 486(—233 + 846v))(nv)?
+ (=128k, (1418 4 363v) — 65(—2023 + 14520) + k_(—17016 + 28020v)) (nv)v?](vX)
+ (n2)[(=248k_(=1729 + 1907v) — 192(=174 + 193v + 4231?) — 24k, (1729 — 53650 + 16921%))(nv)3
+ (126k_(—1418 + 1349v) + 12k, (1418 — 41850 + 7261%) + 12(—652 + 2750 + 14521%)) (nv)v?] (vE)
+ [(126k_(—838 + 1129v) + 48(—296 + 668v + 4051°) + 12k, (838 — 2805v + 81012))(nv)?
+ (2200 — 76461 — 37920* — 248k _(—70 + 151v) — 24k, (70 — 291w + T90%) W2 (vE)?
+ [(=9714 + 64788y — 2822417 — 65k_(—887 + 797v) — 6k, (887 — 2571w + 235207)) (nv)*
+ (126k_ (=532 + 349v) + 12k, (532 — 1413v + 131242) + 6(2402 — 140850 + 524812)) (nv)*v?
+ (=3754 4 21194v — 513617 + 66x_(221 + 150) — 6k, (221 — 427v + 42812))(v*)?]| 22, (Cla)
fi = (204726k_ — 24(5125 + 161v) — 12k, (5338 + 1612))(nS)(nv)(vS)

+ (k_ (42264 — 39978v) — 65k, (7044 + 161v) — 45(11608 + 483v))(nv)(nZ)(vS)

+ (27240 — 46645k_ + 336V + k., (14652 + 1681))(vS)?

+ 82[(27726K_ + 8(—6109 + 3300) + K, (—23844 + 1320v))(nv)?

+ (=25726K_ + k. (21028 — 720v) — 72(=581 + 200) )»?]

+ (n5)?[(300528 — 287885k_ + k(135588 — 2028v) — 4056v) (nv)?

+ (—182752 + 123805k _ + 3984w + 24k (3239 + 831))v?
+ (SZ)[(x_(26616 — 12408v) + 2645(=209 + 10v) + 246k (—1109 + 55v))(nv)?

+ (—808k (=295 + 9v) — 85(—6109 + 180v) + 16x_(—1475 + 688v))v?]

+ (nS)(nX)[(=126k . (—13698 + 169v) — 126(=23537 + 338v) + 108k_(—1522 + 1085v))(nv)?

+ (k_(90116 — 515120) + 46k (—22529 + 498v) + 45(—45929 + 996v))v?|

+ (nZ)?[(66k_(—13698 + 4967v) + 6k, (13698 — 32363v + 3381%) + 12(467 — 22056 + 338.2))(nv)?

+ (=26Kk_(—22529 + 6688v) — 2k, (22529 — 517461 + 9961%) — 4(2425 — 463831 + 99612))v?]
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+ (k_ (42264 — 399781) — 66k , (7044 + 161) — 45(12686 + 4831))(nS) (nv) (vE)
+ (9808 + 69804 + 386412 — 66k_ (7044 + 32510) + 6k, (=704 + 17339 + 3222)) (nv)(nE) (vE)
+ (3365(55 + v) + 45k, (4829 + 42v) + 4x_(—4829 + 46220))(vS) (vE)
+ (26k_(=4829 + 22900) + K , (9658 — 23896 — 1682%) — 16(299 + 6131 + 2102))(vE)?
4 [(=126%_(=1109 + 2862) — 12k, (1109 — 2504 + 11002) — 8(151 = 7717w + 33002)) (nv)>
4 (48K_(=2950 + 7330) + 8(551 — 70360 + 18002) + 4k, (2950 — 6633w + 1802)2|=2, (C1b)
£2 = (936 + 485k_ + 4325%, — 34560)(nS)? + (—3845%K_ — 1928k (=2 + 9) — 165(—49 + 2162)) (nS) (1)
+ (—485%Kk, (=4 + 9v) + 485k_ (=4 + 17v) — 165*(=1 + 54v))(nx)?
F (=168 — 1448%, + 16(=23 + 720))S? + (1286%_ + 645k (=2 + ) + 328(=7 + 361))(S)
+ (166%K ., (—4 + 90) + 246> (—1 + 120) — 165k_(—4 + 170))Z2. (Clc)

2. Angular momentum flux

The coefficients for the radiated angular momentum in (42)—(45) are given by

g = 81(=120(nv)* + 264(nv)?v? — 160(v*)?) + v ((vS)(—348(nv)? 4+ 160v?) + (nS)(780(nv)* — 444(nv)¥?)
+ (nX)(4208(nv)? — 2285(nv)v?) + (=2048(nv)? + 886v*) (vx))
+ 1/ ((v8)(120(nv)* + 84(nv)v?) + (nS)(=780(nv)*v* 4 444(v*)?)
+ (nZ)(=4208(nv)*v? + 2285(v*)?) + (1208(nv)? + 128(nv)v?)(vE))
+ (=1208(nv)* + 1928(nv)*v? — 885(v*)?) X, (C2a)

gyl = S1(76(nv)? — 72v%) +v!(=175(nS)(nv) — 765(nv)(nT) + 113(vS) + 445(vX))
+n'(=109(nv)(vS) + (nS)(45(nv)? + 122v?) + (nX)(278(nv)? + 476v*) — 465(nv) (vL))
+ (265(nv)? — 226v?)X, (C2b)

@' =n'(2(nS) - 8(nx)) - 28" + 5T, (C20)

g = (v x 8)[(-24 — 12k, ) (nv) (vS) + (nS)((120 4 60k, ) (nv)* + (=72 — 36K, )v?)

+ (nZ)((608 — 30x_ + 305k.. ) (nv)? + (=366 + 18k_ — 185k, )v?) + (=126 + 6K_ — 65k, ) (nv)(vE)]
+ (v x ) { (=126 + 6K_ — 65k, ) (nv)(vS) + (nS)((605 — 30x_ + 305k ) (nv)?

+ (=366 + 18xk_ — 185k, )v?) + (nZ)[(=308x_ + x.. (30 — 60v) — 120v) (nv)?

+ (186k_ + 72v + k., (=18 + 36w))v?] + (66k_ + 24v + k, (=6 + 12v)) (nv)(vE)}

+ (r x v)'{ (=360 — 180« , ) (nS)(nv)(vS) + (1805 4+ 90k_ — 905k , ) (nv)(nZ)(vS)

4 (24 4 12k,)(0S)? + (nS)?((840 + 420k, ) (nv)? + (=240 — 120k, )v?) + S2((—=120 — 60k , ) (nv)?

+ (48 + 24k )v?) + (nS)(nZ)((8408 — 420k_ + 4205k, ) (nv)?* + (—2405 + 120k_ — 1205k, )v?)

+ (SZ)((=1206 + 60k_ — 608k ) (nv)? + (485 — 24K_ + 245x, v?)

+ (n2)?[(=2106k_ + k(210 — 420v) — 840v)(nv)?

+ (608k_ + 2400 + 60k (=1 + 2v))v?] + (=1808 + 90x_ — 905k, ) (nS) (nv)(vX)

+ (906k_ + 360v + 90k, (—1 + 2v))(nv)(nX)(vX) 4 (246 — 12k_ + 126k, ) (vS) (vX)

+ (=68k_ + k(6 — 12v) — 24v)(vE)? + [(30k_ + 120v + k(=30 + 60v))(nv)?

(=128 +x, (12 — 240) — 4809?22, (C2d)
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= ((—48 — 24k, ) (nS) + (=245 + 12k_ — 126k )(nZ)) (v x §)’
(=

24 4 12k, ) (vS) + (126 — 6x_ + 66k ) (vX))

=248 + 12k_ — 126k, ) (nS) + (=2 + 126k_ + 48v + k(=12 + 24v)) (nZ)](v x Z)’
x 8)I((=24 — 12k, ) (nS) (nv) + (=125 + 6x_ — 65k, ) (nv)(nX)

n x 2)[(=128 + 6x_ — 66k, ) (nS)(nv) + (66k_ + 24v + k(=6 + 120)) (nv)(nX)

n xv)'[(=360 — 180k, )(nS)* + (=3605 + 180x_ — 1805k, ) (nS)(nX)
906k_ + 360 + 90k, (=1 + 20))(nX)? + (96 + 48k, )S* + (965 — 48k_ + 485K, )(ST)

2 —248k_ + K, (24 — 48v) — 961) %],

+1
+
+(
+(
+ (126 — 6x_ + 66k, ) (vS) + (2 — 66k_ + k(6 — 12v) — 24v) (vE)]
+(
+(
+(

2 = ST(=105(1 + 400) (n0)® + 15(=43 + 716) (nv)*v? + (2589 — 106082)(nv)2 (%) + (—1607 + 40040)(v2)?)
v [(05)((2145 — 77400) (n0)* + 30(=65 + 3340) (nv)22 + (1607 — 4004) (v2)2)
+ (nZ)(2105(—4 + 35v) (nv)® — 305(—49 + 388v) (nv)*v? + 65(—217 + 787v) (nv)(v*)?)
+ (nS)(1260(—1 + 6v)(nv)> — 30(=53 + 496v)(nv)*v* + (—2874 + 8376v)(nv)(v*)?)
+ (=156(=79 + 455v) (nv)* + 65(—147 + 1427v)(nv)*v? 4 8(563 — 2477v)(v*)?) (vE)]
+n'[(vS)(105(1 4 40v) (nv)® — 1500(1 4 2v) (nv)*v? + (=639 + 588v) (nv) (v*)?)

+
+

nS)(=1260(=1 + 6v)(nv)*v? + 30(=53 + 496v) (nv)?(v*)* + (2874 — 8376v)(v?)?)
nx)(=2108(—4 + 35v) (nv)*v? + 305(—49 + 388v) (nv)?(v*)* — 65(=217 + 787v)(v?)?)

+(5258(5 + 13v)(nv)® — 2705(20 + 29v) (nv)3v? + 35(559 + 571v) (nv)(v?)?) (vE)]

+ X(=5255(5 4+ 13v) (nv)® + 155(281 + 977v) (nv)*v?
— 156(53 4 6850) (nv)?(v?)? + 8(=563 4 24770) (v?)?),

gt = S'((—8577 4 7320v) (nv)* 4 (7022 — 15068v) (nv)*v* + 7(—155 + 972v) (v*)?)

- vi[(0S) (=588 + 109820) (n)? + (3138 — 82380)12)

+ (nZ)(-95(1519 + 216v) (nv)? + 5(4789 + 1994v) (nv)v?)

+ (n8)(=6(2750 + 1699v) (nv)? + (3542 + 6802v) (nv)v?)

+ (8(4313 + 1486v) (nv)? — 175(39 + 1120v)v?) (vE)]

4 ni[(08)((12570 — 109140) (nv)? + (=12836 + 91620)(nv)?)

8)(=

(1381 + 574v) (nv)* 4 6(3919 + 2760v) (nv)*v* + (-

6057 — 11494)(v?)?)

3
+ (nZ)(35(=807 + v)(nv)* + 35(5909 + 1242v)(nv)*v? — §(6364 + 3679v)(v?)?)

—36(=759 + 296v) (nv)? + 38(—1729 + 674v)(nv)v?)(vL)]

g3 = 8'(=2(7711 + 272v)(nv)* + (16218 + 22961)v*)

4 Vi (8(6227 + 3860) (nS)(n0) + 365(685 + 361)(nv)(nZ) — 2(14701 + 7280)(6S) — 108(1501 + 541)(vE))
(0S) + (nZ)(=26(5157 + 8470) (nv)? — 26(T151 + 1630)?)
(nv)? = 12(2392 + 189v)v?) — 28(=7561 + 96v) (nv

+n'[(27954 + 536v)(nv)
+ (nS)(=4(5115 + 4130)
4 E(25(—4040 + 5410) ()2 + 25(3962 + 1870)2),

(n
(
(
+ XH(=38(=179 + 361v)(nv)* — 105(336 + 85v)(nv)*v? + §(2023 + 1117v)(v?)?),

)(vZ)]

g = ni(=8(265 + 311)(nS) — 208(—12 + 70)(nZ)) + 8(265 + 311)§' 4 205(—12 + Tv)X',
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@ = (v x 8){(vS)[(=30206k_ — 280k , (1 + v) — 80(=52 + 7v))(nv)?
4 (19165%_ + ., (680 — 2520) — 56(68 + 1)) (nv)»?]
+ (nZ)[(1406k , (=23 + 2v) + 2805(—1 + 2v) — 140k_(—23 + 88v))(nv)*
(—=106k (=258 + 19v) — 205(—169 + 19v) + 30x_(—86 + 349v)) (nv)*v?
4 (k_(504 — 9541) + 148k, (=36 + 190) + 45(=337 + 1330))(?)?]
4 (nS)[(60206k_ + 1120(=11 + 1) + 140k, (=3 + 42))(nv)* + (16280 — 51405x_
i, (20 — 3800) — 7600) (n0)22 + (3445 + 8(—449 + 1330) + K, (=664 + 5320))(12)?]
+ [(=106k, (—137 + 140) — 208(57 + 140) + k_(=1370 + 61800)) (nv)?
(k_(618 — 3706v) — 2526V — 66k, (103 + 21v)) (nv)v?](vE)}
(0 x ) {(05)[(=205(=223 + 140) — 108k, (—137 + 140)
k_(=1370 + 61800)) (n0)? + (x_(618 — 37061) — 845(46 + 30) — 66k, (103 + 210)) (nv)r?]
nS)[(5608(—25 + v) + 1408k, (=23 + 2v) — 140x_(—=23 + 88v))(nv)*
)

208(—813 + 19v) — 105k (—258 + 19v) + 30x_(—86 + 349v))(nv)*v?
k_ (504 — 9540) + 146k, (=36 + 190) + 46(—687 + 1331))(%)?]
n)[(=1406k_ (=23 + 45v) — 140k, (23 — 91v + 42) — 280(7 — 58v + 41%)) (nv)*
) (nv)*v?

Sx_(504 — 6100) + k. (=504 + 1618y — 5320%) — 8(63 — 568u + 13312)) (v?)?]
(106%_(—137 + 316) + 40(=21 — 83v + 1402) + 10k (137 — 5900 + 2842)) (nv)?
—26k_ (=309 + 895v) + 56(—=1 + 77v + 91?) + k. (=618 + 3026w + 2521%)) (nv)v?|(vZ)}
1 x v)i{(0S)2](22808k_ + 40(=3 + 1420) + k., (=2100 + 28400)) (nv)?
~5126k_ + 8(=99 + 190) + &, (—100 + 76))¥?]
+ (n2)(08)[(=706k , (=113 + 128) — 1405(1 + 1282)
70k (=113 + 4120))(nv)® + (k_(1730 — 10090) + 106k , (=173 + 1570)
+208(36 + 157v)) (nv)v?] + (nS)(vS)[(7560 — 99405k_ — 35840v — 280k, (=21 + 64v))(nv)?
+ (40 + 42605x_ + 62800 + K, (800 + 3140)) (nv)v?]
+ $2[(4060 + 14008_ — 84000 — 70k, (=23 + 600)) (n)*
+ (—14208k_ + 40(—90 + 181v) + 20k, (=69 + 181v))(nv)?»?
4 (1068 + 2485 + k., (486 — 6160) — 12320) (v2)?)
+ (nS)2[(88206x_ + 1260(—13 + 400) + 630k, (=13 + 400)) (nv)* + (—49005k_
— 420K, (=7 + 290) — 280(—49 + 870))(nv)2? + (=4660 — 1406k + 36000 + 30k (=359 + 60)) (¥2)?]
+ (nS)(nZ)[(=1890k_(=9 + 32v) + 6306k (=27 + 40v) + 12605(—13 + 40v))(nv)*
+ (=8408(—21 + 290) — 1408k, (—56 -+ 870) + 140k_ (=56 + 2270)) (nv)*v?
(k_(1630 — 12400) + 1805(=29 + 200) + 108k, (=163 + 1800)) (v2)?]
(S2)[(=4208(=19 + 200) — 2108k (=1 + 200) — T0k_(3 + 200)) (nv)*
( )
(

+(
+(=
(
(
(108k_(—258 + 533v) + 40(84 — 568y + 190%) + 10k (258 — 10490 + 3812
(
[
(=
(
(=

T
+
+
+
+
+
+
+

405(—174 + 1810) + 208k, (2 + 1810) + k_(—40 + 2060v)) (nv)*v?

n
n
n
+ (k_(~238 = 3761) — 145k, (—17 + 44v) — 45(=351 + 3080))(v*)?]
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(nZ)?[(=1260v(—13 + 40v) — 3156k_ (=27 + 68v) — 315k, (27 — 122v + 8012)) (nv)*

(706k_ (=56 + 157v) + 280(14 — 77v + 871%) + 70k, (56 — 269v + 1741%)) (nv)*v?
(5k_(815 — 7600) — 20(28 — 289y + 1800%) — 5x, (163 — 478u + 36002)) (v2)?]
(vS)[(x_(4380 — 11960v) + 805(23 + 71v) + 205k, (—219 + 142v))(nv)?

(85(=134 + 190) + 46, (103 + 190) + &_ (=412 + 19720) v?] (v%)

(nS)[(=706k (=113 + 128v) — 1405(—13 + 128v) + T0k_(—113 + 4120)) (nv)?

(k_ (1730 = 100900) + 106k, (=173 + 1570) + 205(8 + 1570)) (nv)v?] (vZ)
(n2)[(708k_(—113 + 2700) + 280(—21 + 150 + 12802) + 70k, (113 — 496w + 25612)) (nv)?
(=106x_ (=173 + 583v) — 40(=21 + 43v + 1570%) — 10x, (173 — 929 + 31422)) (nv)v?] (vX)
[(=108k_(=219 + 3700) — 40(=49 + 88 + 1420%) — 10k, (219 — 808 + 28412)) (nv)>

(26K_ (=103 + 2370) + K. (206 — 8860 — T6.%) — 8(35 — 1620 + 192))?] (vE)>

[(356K_(—3 + 20v) + 140(28 — 85v + 6012) + 35k (3 — 26w + 12002))(nv)*

(=108x_(2 4+ 39v) + k(20 + 350v — 362002) — 40(84 — 251v + 18122))(nv)?v?

(Sk_(=119 + 60v) + 4(84 — 421v + 3081?) + k(119 — 298 + 61612))(v?)?| =2}, (C2j)

+ + + + + F+ o+t

= (8§ x X)1(=7928(nv)? 4 9045(nv)v?) + (v x 8)'{ (6648 — 14925k_ + 48v + k(=92 + 24v)) (nv)(vS)
(nS)[(57726x_ — 144k, (54 + 11v) — 36(647 + 88v))(nv)?

(=28246k_ + 4(2530 + 2790) + k., (3838 + 558) )]

(n2)[(k_ (6774 — 107520) — 126(877 + 1320) — 66k, (1129 + 1320)) (nv)?

(6K, (3331 + 2790) + 6(3779 + 5580) + k_(=3331 + 53692 )v?]

(46K, (175 + 3v) 4 85(536 + 3v) + k_(=700 + 2972v))(nv)(vZ)}

(v x Z){ (46K, (175 + 3v) + 28(1963 + 12v) + k_(=700 + 2972v)) (nv)(vS)

(nS)[(x_(6774 = 10752v) — 725(235 + 22v) — 65k, (1129 + 1320)) (nv)?

(6, (3331 + 2790) + 5(9419 + 5582) + x_(=3331 + 53692))»?]

+ (nE)[(=65Kk_(—=1129 + 8300) + 6k, (—1129 + 3088y + 26412) + 6(=447 + 52300
+52802))(n)? + (6k_(—3331 + 25450) + K, (3331 — 92070 — 558%) — 4(=381 + 3974w
+27902) W] + (206k_(=35 + T40) — dic. (—175 + 7200 + 62)

— 6(=205 + 16950 + 82)) (nv)(vE)} + (n x S)1{(vS)[(—8016 + 22385«_

+ 1884y + Kk, (=966 + 9420)) (nv)? + (8012 — 8626k_ + 168v + K, (448 + 84v))v?]

+ (nD)[(65(399 + 1030) + 36k, (1135 + 1030) + x_(=3405 + 89431))(nv)* + (k_(2295 — 56012)
158k, (153 + 650) — 66(782 + 3250)) (nw)v?] + (nS)[(13632 — 46265k

+ 12360 + K, (2184 + 6180)) (nv)* + (32886k_ — 6Kk, (217 + 325v) — 12(1371 + 325v)) (nv)v?]
+ [(k_(1602 — 4947v) + 36k, (=534 + 157v) + 65(—448 + 157v))(nv)* + (35(1133 + 28v)

+ 8k, (655 + 42v) + k_(—655 + 16820) v?](vE)}

+ (1 x Z){(08)[(k_(1602 — 49470) + 65(=940 + 1570) + 36k (=534 + 1570))(nv)>

+ (8k, (655 + 420) + 5(4769 + 84v) + k_ (=655 + 16820))%] + (nS)[(36 , (1135 + 1030)
+65(2493 + 1030) + k_(=3405 + 89431)) (nv)? + (k_(2295 — 56011) — 158k, (153 + 65)

.
N
"
+
.
|
4
+
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— 65(2468 + 325v)) (nv)v?] + (nZ)[(36k_(—1135 + 1439v) + k(3405 — 111270 — 6187)
—12(=380 + 1779 + 10302))(nv)? + (=96k_ (=255 + 2570) + 12(—394 + 1839 + 325.%)
+ 3k, (=765 + 2301w + 65002) ) (nv)v?] + [(=98k_ (=178 + 301v) + k. (—1602 + 59130 — 9421%)
— 6(269 — 17020 + 31402)) (nv)? + (56x_ (=131 + 1642) + &, (655 — 21300 — 8412)
—2(=855 + 43730 + 8402) WA (vZ)} + (n x )i {(—~117846k_ + 36k, (767 + 2430)
4 24(3610 + 7290)) (1S) (n0) (0S) + (42k_ (=469 + 4570) + 126(3049 + 7290)
+ 66k (3283 4+ 729v)) (nv)(nZ)(vS) + (12906k_ — 6k, (598 + 333)
— 4(2587 + 9991)) (vS)? + (SZ)[(605x . (135 + 53v)
+ 248(574 + 2650) + k_(=8100 + 53160))(nv)? + (k_(1476 — 26561) — 365k, (41 + 500)
— 506(115 + 720) %] + S2[(—21246K_ + 24(543 + 2650) + k. (5976 + 31800)) (nv)>
+ (11146k_ — 2k (181 4 900v) — 4(521 + 900v) )v?] + (nS)(nZ)[(x_ (78072 — 78042v)
— 66k, (13012 + 27970) — 126(13956 + 27970)) (nv)? + (65K, (2653 + 11020) + 126(4023 + 11020)
46K (=2653 + 37140)W2] + (nS)2[(237066k_ — 6k (9061 + 27970) — 6(29683 + 55940))(nv)?
+ (=72246k_ + 6(7003 + 22040) + & (8694 + 66120))v?] + (n%)?[(=36k_(~13012 + 5105)
+ 6(—1869 + 263160 + 559412) + k., (=39036 + 93387w + 1678242))(nv)? + (36k_(~2653 + 13061)
+ 1, (7959 — 198360 — 66120%) — 6(—=1519 + 9138y + 220412 )»?]
+ (365(923 + 243v) + 42k_(—469 + 457v) + 66k (3283 + 729v))(nS) (nv)(vE)
+ (65K_(—3283 + 12350) — 24(29 + 22350 + 7290%) — 6K, (=3283 + 7801u + 1458:2))(nv)(nZ)(vE)
+ (k_(4878 — 31620) — 185k, (271 + 1110) — 25(2533 + 19981))(vS)(vE)
+ (1922 — 38y + 399612 — 36k_ (=813 + 970) + 3x. (=813 + 1723 + 66612))(vZ)>
+[(786 — 151800 — 636002 + 65k_(—675 + 89v) — b1, (=675 + 1439 + 53002)) (nv)?
+ (6x_(738 — 214v) + 24(=95 + 401w + 1500?) + 2k, (=369 + 845v + 900:2))v?| X2}, (C2k)
G = (v x S)[(~12686k_ + 12(941 + 300) + & (6122 + 1800))(nS)
+ (56K, (739 + 180) + 28(2543 + 90) + k_(—3695 + 24461))(nX)]
+ (v % B)[(605(104 + 3v) + 56k, (739 + 180) + k_(=3695 + 24461))(nS)
+ (6k_(=3695 + 1178) + K, (3695 — 8568y — 18002) — 4(—~54 + 2831y + 902)) (nZ)]
+ (1 x 8)[(=25226x_ + 8k, (703 + 900) + 8(1303 + 1800))(nS) (nv) + (185(159 + 400)
+ 6k (4073 4+ 360v) + k_(—4073 + 4684v)) (nv)(nX)
+ (13188k_ + 8(=926 + 270) + 4k, (=901 + 270))(vS)
+ (k_(2461 — 26900) + 8k, (=2461 + 54v) + 28(=1111 + 540))(vE)]
(n x Z)7[(245(187 + 30v) + 8k (4073 + 360v) + k_(—4073 + 4684v)) (nS)(nv)
(5k_(—4073 + 21620) + k. (4073 — 10308y — 72002) — 6(195 + 779 + 2400%)) (nv) (nX)
(k_(2461 — 26900) + 6k, (—2461 + 540) + 26(—1661 + 541))(vS)
(954 + 6k_(2461 — 13720) + 43220 — 21617 + K, (—2461 + 6294 — 108.%))(vZ)]
(n x v)I[(98500 — 64865k_ + 720 + 6K , (7469 + 61)) (nS)>
(

n
n
n
"
n
+ (366, (1425 + 1) + 25(48905 + 361) + k_(—51300 + 259080)) (nS) (nX)
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+ (2558 — 965421 — T2 + 65k_ (4275 + 10780) — 6. (—4275 + 9628v + 612))(nX)?

+ (13008k_ + 4k, (—2924 + 30) + 8(=2891 + 31))S? + (k_(12996 — 52121)

+ 126k, (—1083 + 1) + 85(—=3124 + 30))(SZ) + (—26k_ (3249 + 653v)

— 6(201 — 43550 + 412) — 2k (3249 — 7151v + 67)) 2. (C21)

3. Linear momentum and center-of-mass fluxes
The coefficients for the expressions in Sec. IV C are given by

hY = (v x 8) (—6695(nv)® + 2518(nv)v?) + (n x S)(29405(nv)* — 53075(nv)*v? + 26595(v*)?)
+ (v x X)/(=5331(nv)3 + 2513(nv)v? + 1(5952(nv)? — 3464 (nv)v?))
+ (n x £)1(9195(nv)* — 9987 (nv)?v? + 2260(v*)? + v(—5442(nv)* + 8610(nv)*v? — 4594(v%)?))
£ (n % v) (=12(n0)> (15418(nS) + 431(nE)) + 3(nv)(52875(nS) + 1087(nZ))v>
— 2v%(22525(vS) + 1481(vX)) + (nv)?(63485(vS) + 6024(vX))
+1(32658(nv)?(nX) — 27615(nv) (nZ)v? — 15717(nv)* (vE) + 9247v*(vX)))
+vi(=21(nv)*(4635(Snv) + 274(Znv)) + v*(90495(Snv)
+ 4780(Znv)) + v(22089(nv)?(Znv) — 18265v*(Znv)))
+n'(=1056(nv)v?(136(Snv) + 7(Env)) + (nv)*(146045(Snv)
+ 8304(Znv)) + v(=31146(nv)* (Znv) + 27534(nv)v*(Znv))), (C3a)
hil = 4965(nv)(v x )’ + (—6422(nv) — 40v(nv))(v x )’
+ (1 x 2 (3557(nv)? + v(4618(nv)? — 33720%) + 1389%%) + (1 x S)'(=20928(nv)? + 10565%°)
+ (n xv)i((nv)(—18865(nS) + 4930(nX)) + v(2807(nv)(nZ) — 759(vX))
—120(8(vS) — 5(vX))) + v (25685(Snv) + 669(Znv) — 2391v(Znv))

+n'((nv)(=34605(Snv) — 1537(Znv)) + 5563v(nv)(Znv)), (C3b)
h%i = -728(n x S)', (C3c¢)
K9 = ST{(nv)3[(19206 + 4032x_ + 9605k, ) (nS) + (15365k_ — 384k (4 + 5v) — 60(—45 + 641))(nE)]
+ (0S)(2286v% + 1104k _v* + 1146k ,v?) + (n0)[(nS)(=17766v* — 3192x_v? — 8885k 1?)
+ (nZ)(= 11526k v* + 48k, (24 + 3TV + 12(=103 + 2960))]
+ (4956k_v* — 6(=329 + 76v)v* — 3k, (165 + 76v)v?) (vE) + (nv)?[(=3126 — 1962k_ — 1565k, )(vS)
(=9036k_ + 6(—549 + 104v) + 3, (301 + 1040))(vE)]}
+ {(nv)3[(15366x_ — 384k, (4 + 5v) — 12(251 + 3200))(nS)
+ (—1926k (8 + 5v) — 192k_(—8 + 11v) — 605(19 + 32v))(nX)]
+ (vS)(4958k_v? — 8(70 + 57v)v* — 3k, (165 + T6v)v?)
+ (nv)[(nX) (248K, (48 + 3Tv)v? + 24x_(—48 + 590)v? + 125(131 + 148v)v?)
+ (nS)(=11526k_v? + 48k, (24 + 370)v* + 12(219 + 2961)v?)]
+ (=36k, (165 + 38002 — 26(=299 + 1140 — 3x_ (=165 + 2920)) (vE)
+ (n0)2[(—9038k_ + 156(5 + 4v) + 3k, (301 + 1040)) (vS)
+ (65(=185 + 520) + 36k, (301 + 520) + 3x_(=301 + 5500)) (vE)]}
4 vi((—8885 — 588K_ — 444k, ) (1S)* + S2(— 124850 — 120k_v> — 6245k ,v?)
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(nS)?(44046v% — 156x_v? + 22026k ,¥%) + (SZ)(5046k_v2 + 24K, (—21 + 1040)p2 + 4(—449 + 12480)1%)

(n2)? (=36, (=393 + 734v)v?> — 65(=71 + 734v)v* + 3x_(=393 + 15200)v?)

(nS)(nE)(=23586k_v* — 6k, (—393 + 14680)v* — 6(—875 + 2936)v%)

(—1446K_ + 48k (3 + 37v) + 2(=953 + 1776v))(vS)(vX)

(—12k_(6 + 250) + 126K, (6 + 37v) + 25(—~257 + 4441)) (v5)?

(n0){[(52685 + 2190k_ + 26346, ) (nS) + (=2226k_ — 6k (=37 + 8781) — 6(=127 + 17561)) (nZ)] (vS)

[(—2226k_ — 24(—93 + 439v) — 6k, (=37 + 878v))(nS)

(=66k , (=37 + 4390) + 6k_(=37 + 5130) — 65(183 + 8781))(nZ)](vZ)}

(126x (=21 + 52v)v? — 12x_ (=21 + 94v)v? + 85(=37 + 156v)v?)X?

(nv)?[(—89885 — 1632k_ — 44946k )(nS)? + (28625k_
6k, (=477 + 29961) + 6(—989 + 59921))(nS) (nX)

4 (36K, (=477 + 14980) + 66(243 + 1498) — 3x_(—477 + 24520))(nX)?

+ (13445 + 468K_ + 6726k, )S2 + (=2048k_ — 12k, (—17 + 2240) — 12(=211 + 4481))(SE)
(—248(=25 + 56) — 65k (=17 + 1120) + 6k_ (=17 + 1461))E2])

+n'((vS)[(nS)(19926v* — 564Kk_v* + 9965k . v*)

+ (nZ)(-7808k_v* — 24(—89 + 166v)v* — 12k, (=65 + 166v)v?)]

+ (M) (=128x (=65 + 830 — 126(69 + 1660)v> + 12k_ (=65 + 213u)p?)

+ (n8)(=7806k_v? — 12k, (=65 + 1660)v> — 12(151 + 3320)v2)] (1)

+ (nw)2{[(=84726 — 2172x_ — 42366k, ) (nS) + (10326x_ + 24, (=43 + 3530)

+6(—1023 + 2824v))(nX)](vS) + [(10326k_ + 24k, (=43 + 353v) + 12(—151 + 14120))(nS)

+ (126k, (=86 + 3530) — 12k_ (86 + 525) + 65(31 + 14120)) (n)] (vZ)}

+ (n0)3[(126008 — 1230k + 63008k, )(nS)> + (=75308k_ — 90(—143 + 5600)

— 30K, (=251 + 8400))(nS)(nZ) + (—908(=3 + 1400) — 155k, (=251 + 420)

+ 15k (=251 + 9220))(n%)? + (—20165 — 210x_ — 10085« , )S?

+ (7986k_ + 42k (=19 + 960) + 48(=25 + 1681))(SZ)

4 (216, (=19 + 480) + 365(11 + 560) — 21x_(—19 + 861))%7]

4 (n0)[(14646 + 1200k + 7328c ) (0S)2 + (nS)2(=75126%* + 2934k_v?

— 37566k ,v2) + $2(19445v> — 126x_v? + 9725k, v?) + (SZ)(~10985k_»?

—T2(=7 + 1080)9* — 18k, (=61 + 2160)v%) + (nX)2(36k , (=1115 + 12520)p

+68(=233 + 12520)9% — 3x_(—1115 + 34820)%)

+ (nS)(nZ)(66908x_v* + 6K (—1115 + 2504v)v* + 6(—1709 + 5008v)v?)

+ (4686k_ — 12k, (39 + 244v) — 6(—=751 + 976v))(vS) (vZ) + (6k_(39 + 44v) — 66k, (39 + 122v)

— 66(—255 + 2440)) (vE)? + (=365(19 + 540> — 96k, (61 + 1080 )¥* + 9k_(=61 + 2300)¥2)22)), (C3d)

|
|
|
+
+
.
N
.
.
+
.
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hi' = S'{(nv)[(608 + 32k_ 4+ 305k, ) (nS) + (Sk_ + k, (=1 = 60v) — 5(1 + 24v))(nZ)]
+ (=126 — 44k_ — 66k ) (vS) + (59 — 196k _ + 24v + k(19 + 120))(vE) }
+{(nv)[(719 + 6k_ + k, (—1 — 60v) — 1200v)(nS) + (k_(1 + 28v) — 6k (1 + 30v)
—8(7 +60v))(nZ)] + (=67 — 196k_ + 24v + k. (19 + 120)) (vS)
+ (=38 + 8k, (19 + 6v) + k_(—19 + 320)) (vE) } 2
+v1[(1926 — 16x_ + 966k ) (nS)? + (—1128k_ — 16K, (=7 + 24v) — 4(—49 + 192v))(nS)(nX)
+ (—=86k (=7 + 12v) + 8k_(=7 + 26v) — 35(1 + 64v))(nX)? + (=605 + 20k_ — 305k, )S?
+ (508k_ + 10k, (=5 + 12v) + 5(—13 + 48v))(SX)
+ (56K (=5 + 6v) — Sk_(=5 + 16v) + 25(1 + 300))Z?] + ni{[(246 + 52k_ + 126k, )(nS)
+ (206x_ — 4k (5 + 6v) — 3(=17 + 16v)) (nZ)](vS) + [(206k_ — 4K (5 + 6v) — 2(13 + 240))(nS)
+ (=46K, (5 +3v) — dx_ (=5 + Tv) = (=1 + 240)) (n2)](vE) + (nv)[(—2828 — 27x_ — 1416k, )(nS)?
+ (1146k_ + 6Kk, (=19 4+ 94v) + 3(=99 + 376v))(nS)(nX)
+ (36K, (=19 4+ 470) + 65(1 + 470) — 3x_ (=19 + 850)) (nZ)? + (665 — 19%_ + 335x, )2
+ (59 = 520k — 264u — drc, (=13 + 330))(SE) + (—6660 — 6k, (=26 + 330) + k(=26 + 85.))=2]},  (C3e)

KO = (v x S)/(=24756(nv)* + 37265(nv)2v? — 11355(v2)?)
+ (v x Z){(75(=17 + 71v)(nv)* — 6(=313 + 13150) (nv)*v? + (=559 + 2325v)(v*)?)
+ (n x 8)1(36756(nv)> — 62108(nv)3v? + 24515(nv)(v*)?)
+ (n x X)/(=525(=3 + 13v)(nv)> + 30(=87 + 379v) (nv)3v?> — 3(=341 + 1483v)(nv)(v?)?)
+vi[(nv)?(=16808(Snv) + 60(=14 + 47v)(Znv)) + (nv)(17165(Snv)v* — 12(=73 + 253v)v*(Znv))]
£ i [18785(Snv) (V)% — 6(—167 + 6450) (2)2(Snw) + (nv)*(52506(Snv) — 1050(=3 + 112)(Snw))
I

+ (nv)?(=73205(Snv)v* 4+ 60(=70 + 261v)v*(Znv)) (C4a)

ki = (v x 8)/(7928(nv)* — 7786v) + (v x X)!(=3(—=136 + 567v)(nv)* + 3(—134 + 567v)¥?)
+ (n x 8)'(=9205(nv)? + 8065(nv)v?) + (n x X)!((=404 + 1763v)(nv)* — (=354 + 1559) (nv)v?)
+ (n xv)/[(nv)2(=165(nS) — 2(=7 + 13v)(n%)) + 128(nS)v* + 2(=7 + 15v)(nZ)v?
+ (nv)(46(vS) — 4w(vE))] + (nv)v (—485(Snv) + 4(-21 + 116v)(Env))
+n'[20258(Snv)v? — 5(=175 + 662v)v*(Znv) + (nv)?(=19558(Snv) + (—833 + 2978v)(Znv))], (C4b)

(

k2 =595(n x S)(nv) + (21 = 95v)(n x 2)'(nv) + (n x v)!(8(nS) — v(nX)) — 355(v x S’
+5(=3+ 13v)(v x ) + n(1155(Snv) — 2(=12 + 41v)(Znv)), (C4c)

Ko = S{(nv)*((=21008 — 10505k, ) (nS) + (10508 + 5256k_ — 5258k, ) (nZ))
+ (nS)(—8526(v?) — 12x_(v*)? — 4266k (v*)?) + (nZ)(—4265>(v*)? + 2075k _(v*)?
+ 3k, (=69 + 2841) (v?)?) + (nv)*[(nS)(30006v> + 60x_v* + 15005k, v?)
+ (nZ)(15008%v* — 7206k _v> — 120k, (=6 4 250)v?)]
[(6006 — 300k_ + 3008k, ) (vS) 4 (3006% — 3006k_ — 300k (=1 + 20))(vZ)]
[(0S)(=5766v> + 156K_v> — 2885k, v?) + (—28862¥> + 2228Kk_v* + 6k, (=37 4 960)v?) (vX)]}

(=
)
+ (nv)?
)

+ (nv
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+ {(nv)*[(=10508> 4 5256k_ — 5258%k , )(nS) + (5256°k_ + 21006v + 5256k , (=1 + 2v))(nZ)]
+ (nZ)(85260(v*)? + 36Kk, (=69 + 1420) (v?)? = 3k_(—69 + 280v) (v*)?) + (nS)(—4268%(v?)* + 2075k _(v*)?
+ 3k (=69 + 2841) (v?)?) + (nv)?[(nS)(15006%v> — 7206k_v* — 120k (=6 + 250)v?)

+ (nZ)(=30008uv* — 608k, (=12 + 250)v> + 60k_ (=12 + 490)v?)]

+ (nv)3[(3008% — 3005k_ — 300k (=1 + 20))(vS) + (=3006x (=1 + v)

— 6006y + 300k_(—=1 + 3v)) (vZ)] + (nv)[(vS)(—2888%? + 2225k_v?

+ 6k, (=37 + 961)v?) + (5765w + 65k, (=37 + 48)v? — 6K_ (=37 + 1220)v?)(vE)]} E
+vi((08)[(nS)(=9846v* — 24k_v* — 4926k, v?) + (nZ)(—4925%v>

+ 2346Kk_v? + 6K, (=39 + 164v)v?)] + [(nZ)(9846uv?

+ 68k (=39 + 82v)v? — 6x_(=39 + 160v)v?) + (nS)(—4928*v* + 2345k _v*

+ 6k, (=39 + 1640)92)|(vZ) + (nv)*{[(28808 + 120x_ + 14405, )(nS)

+ (14408% — 6605k_ — 60k (—11 + 480))(nZ)](vS) + [(14408% — 6605k_ — 60k, (—11 + 480))(nS)
+ (—28806v — 605k (—11 + 24v) + 60k_(—11 + 46v))(nZ)](vE)}

+ (nv)*[(—54606 — 27305k, ) (nS)? + (=54605> + 273085k_ — 27308°« , ) (nS)(nX)

+ (13658%k_ + 54608y + 13656k, (—1 + 20))(nZ)? 4 (6605 + 60x_ + 3305, )S>

+ (6608% — 2706k_ — 30k, (=9 + 44v))(SZ) + (—6605v

— 156k (=9 + 22v) + 15k_(=9 + 400))2?] + (nv)[(—3366 + 12k_ — 1685k, )(vS)?

+ 82(=7088v> — 48k_v* — 3545k, v?) + (nS)?(40205v* + 20105, v?)

+ (nS)(nX)(402058%v? — 20108x_v* + 20108%k . v?) + (nZ)?(—10058%«_v*

— 402050v* — 10056k (—1 + 2v)v?) + (SZ)(=7085%v? + 3066x_v* + 6k (=51 + 236v)v?)

+ (=3366% + 1806k_ + 12k, (=15 + 561))(vS) (vE)

+ (3366v + 66k, (—15 + 28v) — 6x_(—15 + 580))(vZ)?

+ (7085ww? + 36Kk (=51 + 1180)v? — 3k_(=51 + 2201/)v2)22}>

+n ((vS)z(—6365v2 + 30k_v? — 3185k, v%) + S2(=7145(v?)% — 6k_(v?)>

— 3575k, (v?)?) + (nS)2(36305(v?)? + 18156k (v*)?) + (nS)(nX) (36305 (v*)? — 18156k _(v?)?
1815

+ 181568%k, (v?*)?) + (nX)? <—T52K_(V2)2 — 363060 (v?)?

1815
2

+ (0S)(=6365%v* + 3485k _v* + 12K, (=29 + 1060)v?)(vE) + (6365Lv?

+ 68k, (=29 + 53v)v? — 6x_(=29 + 111)v?)(vE)? + (nv)3{((=168005 — 84005k , ) (nS)
+ (—84005” + 42005k_ — 420058« ) (nX))(vS) + [(—84008> + 42005k_ — 420058°«, ) (nS)
+ (42008°k_ + 168006v + 42008k, (=1 + 20))(nZ)](vZ)}

+ (nv){(vS)((nS)(106806v> + 53405k, v?) + (nX)(534058%v> — 26705k _v>
+26708%k,.v?)) + [(nS)(53405°v? — 26706k _v* + 26708%k .v?)

+ (nZ)(-26708%*_v* — 106805wv? — 26705k, (—1 + 2v)v?)](vE)}

Sk, (=1 +2v) (v2)2> + (SZ)(=7148%(v*)? + 3518k_(v?)? + 3k, (=117 + 476v) (v*)?)
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3 3
+ (T1400()” + 2k, (=117 +2380) (v7)? = S k(=117 +4720) ()" 2

+ (nv)* [(283505 + 141756k, ) (nS)? + (283508% — 141756k_ + 141756°c, ) (nS)(nX)

< 14175 14175

50k — 283500y Sy (=1 + 2y)> (n2)? + (=31505 — 15755k, )S?

1575 1575
+ (=31508 + 15756k_ — 15758%)(SE) + (T 8x_ + 315060 +

S, (—1 4 2y)>22]

+ (n0)2](21006 — 150k_ + 10508k, ) (vS)?

+ (n8)2(=273006 — 136506% ,¥%) + S2(38408v> + 30k_v? + 19208k, 1?)

+ (n8)(nZ)(=273008%2 + 136506k_v* — 1365062 ,v°) + (nX)*(68256%K v
+ 2730060 + 68258k (—1 + 20)v%) + (ST)(38405%%> — 18905k _v2

— 30K, (=63 + 2560)%) + (21008* — 12006k — 600k (=2 + 70))(0S) (v=)
+ (=21008v — 1508k (=4 + Tv) + 150x_(=4 + 15v))(vE)? + (—38405v>

— 156k, (=63 + 1280)* + 15k_(—63 + 254y)v2)22}> , (C4d)

kit = S (nv)?[(12126 4+ 108k_ + 6065k, ) (nS) + (—2495k_ — 6(—121 4 404v) — 3k, (—83 + 404v)) (nX)]
+ (nS)(—10926v% — 80k_v? — 5465k ,v?) + (nX)(2336k_v> + 26(—25 + 84u)»?
+ i, (=233 4+ 10920)2) + (n0)(68k_(vS) + (=16 + 346k — 34k, ) (vZ))}
+ {(n)2[(~2498k_ — 6(=93 + 4041) — 3k, (—83 + 4041)) (nS) + (—125(=6 + 1012)
— 36K (=83 +2020) + 3x_(—83 + 3680)) (nZ)] + (nZ)(45(—17 + 2730)v* + 6k, (233 + 5461)»?
— K. (=233 + 10120)v2) + (nS)(2336k_v? + 6(—85 + 364u)v? + Kk, (=233 + 10920)»?)
+ (nv)[(12 + 346k_ — 34Kk, ) (vS) + (=46 — 348k, — 34k_(—1 + 20)) (vE)]|} X
+vi{[(—4808 — 8k_ — 2406, ) (nS) + (1165k_ + 8(=37 + 1200) + 4k, (=29 + 1200))(nX)](vS)
4 (1166k_ + 64(=2 + 150) + 4k, (=29 + 1200)) (nS) + (48k (=29 + 600)
+ 88(7 + 60v) — 4x_(=29 + 1180))(nZ)](vE) + (nv)[(—=1685 — 78k_ — 84Kk, )(nS)?
+ (66k_ + 12(=19 + 56v) + 6k, (=1 + 56v))(nS)(nZ) + (126(=5 + 14v) + 36k, (=1 + 28v)
—3k_(=1+300))(nZ)? + (2166 + 6k_ + 1085k, )S?
+(=1026k_ — 6K, (=17 + 720) — 8(=25 + 1080))(SZ)
+ (—85(2 4 27v) — 36k (=17 4 36v) + 3k_(—17 + 70v)) 22|}

+ni ((—1 1768 — 4x_ — 5885k, ) (vS)? + S?(~24605v* + 30k_v? — 12305k, v?)

+ (nS)2(96486v> — 6x_v* + 48245k v?) + (SZ) (12605 _»>

460k, (=21 + 820)2 + 4(—641 + 24600)2) + (nS)(nZ)(—48305k_v? — 6ic, (=805 + 32161)»2
—12(=803 4 32160)02) + (nZ)%(—125(1 + 80412 — 36k, (—805 + 16081

4 3k_(—805 + 32180)2) + (584K + 112(=11 + 420) + 8. (=73 + 2942))(1S)(vE)

4 (566(=1 + 210) + 46K, (=73 + 1470) — dx_(=73 + 2930)) (vE)>

+ (n0){[(70806 + 96x_ + 35406k . )(nS) + (=17226k_ — 48(~76 + 295)

— 6k, (=287 + 11800)) (nZ)](vS) + [(—17228k_ — 120(=29 + 118v) — 6k, (=287 + 11800))(nS)
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(
(

+
+
N
N
N
|

(—126(=10 + 2170) — 36k, (=229 + 4340) + 3x_(—229 + 892u))22}> ,

—245(=2 + 2950) — 65k, (=287 + 5900) + 6k_ (=287 + 11642))(nE)](vX)}

306K, (=21 + 410)v? — 30k_ (=21 + 830)? + 46(—=26 + 6150)1?) 2

(nv)2[(=161048 + 12k_ — 80525k, ) (nS)? + (80645k_ + 48k (—168 + 6711)

48(=335 + 13420))(nS) (nZ) + (126k (=336 + 671v) + 245(1 + 671v) — 12k_(=336 + 13431))(nZ)>
(26045 — 72k_ + 13026 )S? + (—13745k_ — 6k, (—229 + 8680) — 12(—227 + 8681))(SZ)

(Cde)

K2 = [(—2885 4 32x_ — 1445k, ) (nS) + (886k_ + 32(=5 + 18v) + 8k, (=11 + 36v))(nX)]S’

+ [(88Kk_ + 8k (—11 + 36v) + 12(—11 + 48v))(nS) +

+48(—1 4 72v))(nZ)]X

(86K, (=11 + 18v) — 8k_(—11 + 40v)

+ n'[(13685 + 4x_ + 6845k, ) (nS)* + (—6805k_ — 8k, (=85 + 342v) — 4(=341 + 1368v))(nS)(nX)
- (—48k, (—85 + 171) + 4k_(—85 + 3410) — 45(1 + 3420))(nE)? + (~3606 — 12«_ — 1805k, )S°
4 (1685k_ + 24K, (=7 + 300) + 8(=47 + 1800))(SZ) + (126K, (=7 + 150)

—12k_(=7 + 29v) + 85(-2 + 45v) ) X2].

(C4f)
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