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Abstract

We use analytical bootstrap techniques to study supersymmetric monodromy de-
fects in the critical Wess-Zumino model. In preparation for our main result we first
study two related systems which are interesting on their own: general monodromy de-
fects (no susy), and the e—expansion bootstrap for the Wess-Zumino model (no defects).
For general monodromy defects we discuss some subtleties specific to the codimension
two case. In particular, conformal blocks and the Lorentzian inversion formula have
to be slightly modified in order to accommodate odd-spin operators that can have a
non-zero one-point function. In the Wess-Zumino model we initiate the e—expansion
bootstrap for four-point functions of chiral operators, with the goal of obtaining spec-
tral information about the bulk theory. We then proceed to tackle the harder technical
problem of analyzing monodromy defects in the presence of supersymmetry. We use
inversion formula technology and spectral data coming from our four-point function
analysis, in order to completely bootstrap two-point functions of chiral operators at
leading order in . Our result can be written in terms of novel special functions which
we analyze in detail, and allows us to efficiently extract the CF'T data that characterizes

the correlator.
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1 Introduction and summary

Conformal defects are extended objects in conformal field theories that preserve a fraction of
the full conformal symmetry. They are important physical observables and their properties
should be studied with the same emphasis as the spectrum of local operators. In three di-
mensions, the critical Ising model has been the subject of intensive research during the past
years, and part of this work has focused on its spectrum of defects: conformal boundary con-
ditions were studied using bootstrap techniques in [1,2], while the existence of a monodromy
defect was proposed in [3], and further studied in [4].

In this work we concentrate on monodromy defects on the N = 2 Wess-Zumino model,
which can be considered a supersymmetric counterpart to the standard 3d Ising model which

I Being a supersymmetric model, the presence of R—symmetry

preserves four supercharges.
gives a natural definition for monodromy defects which we now explain.

Consider a d-dimensional Euclidean conformal field theory. Whenever there is a complex
scalar ¢(z) invariant under U(1) transformations ¢(z) — e““¢(z) (not necessarily an R-
symmetry), a monodromy defect can be introduced by demanding that the scalar field picks

a phase when it goes around the origin
¢(r, 0 + 21, 4) = ™6 (r, 0, 7). (1.1)

Here 0 < v < 1 is the real parameter that characterizes the monodromy defect. The polar
coordinates (r, 8) belong to the plane orthogonal to the defect, while the directions along the
defect are i € R%~2. From the definition it follows this type of defect always has codimension
two, even for non-integer number of dimensions. The monodromy defect of the critical Ising
model is perhaps the simplest example. Since the global symmetry is Zy, one can consider
a monodromy defect with v = 1/2. This defect was studied in [3, 4] using Monte-Carlo
simulations, e-expansion calculations and numerical bootstrap (see also [8]). The case of
general v was studied in the e—expansion in [9], and recently the very systematic study
of [10] has extended these results and obtained new ones in the large-/V limit.

The main goal of this work is to study two-point correlation functions of scalar fields

in the presence of a monodromy defect. Since the twist defect partly breaks conformal

!The A/ = 1 super Ising model can also be formulated as a Wess-Zumino model [5], and has been studied
successfully using the numerical bootstrap [6, 7].



symmetry, the correlator depends on two conformal cross ratios

(9(a)(aa)) = TS (12

Analogously to four-point functions in homogeneous CEFT, the correlator G(x,Z) captures
an infinite amount of CFT data thanks to the operator product expansion.

In the presence of a defect two different expansions are possible. The product of two bulk
operators can be expanded as a sum of single bulk operators ¢(z1)d(22) ~ > Xy500(22).
The spectrum of bulk operators and the OPE coefficients \;j;, fully determine the bulk theory,
this is local information about the theory and is not altered by the insertion of a defect. The
new ingredient in the presence of defects is that one-point functions of local operators are non-
vanishing and proportional to the OPE coefficient ap. There is a second expansion in which
a bulk operator can be expanded as a sum of defect operators ¢ ~ > b ¢6@- The spectrum of
defect operators and the OPE coefficients ap, b s are new dynamical information introduced
by the defect. In this work we aim to determine the defect CF'T data for monodromy defects
placed in interesting bulk theories.

The two-point function G(z,z) knows about both the bulk and the defect CFT data
we just described. Indeed, by using the OPEs one obtains two different conformal block

decompositions:?

— Ay
Gl2,7) =Y nafae.7) = <( = ) > eacfaulz,®). (1.3)
AL

= 1—2)(1—-2x)

In this paper, we follow the bootstrap philosophy which uses (1.3) as the starting point.
Indeed, we will see that in favorable situations, (1.3) together with basic structural proper-
ties of the bulk theory and mild physical assumptions, can be used to fully determine the
correlator G(z, ).

In the case of conformal boundaries, the analogous program has been successfully carried
out in a number of interesting examples [1,11-15]. However, for defects of higher codimension
q > 2, this program is still at its early stages. The main technical tools needed to solve the
crossing equation (1.3) analytically are the so-called Lorentzian inversion formulas (LIF).
Because defect correlators have two different operator product expansions, there exist two
inversion formulas, one for each channel. These formulas were obtained in [16,17] and were

already used to study the Z, Ising monodromy defect. In this work, we continue with this

?Here and in the rest of the paper we use the shorthand notation pz , = |b¢5|2 and ca = aoA,50-



program and use the LIF to solve more general monodromy defects in the e—expansion.
We start in section 2 with the Wilson-Fisher (WF) fixed point with global O(2N) sym-

metry. This model is described in d = 4 — ¢ dimensions by the following Lagrangian

Lur = 5000° + 5(66)°,  i=1...2N. (1.4)

We define the complex scalar ¢ = ¢1 +i¢9 and impose a monodromy v under rotations (1.1).
Since this model is weakly coupled for 0 < ¢ < 1, one can use the Lagrangian description
to compute CFT data using Feynman diagrams [4,9,10]. However, this is not the approach
we follow on this work. Although still perturbative in nature, our analysis relies solely on
modern analytical bootstrap techniques. The bootstrap has several advantages and indeed
it allows us to present some improvements on previous results. On the one hand, we obtain
closed form expressions for the correlation function G(z, ) to order O(e), which allows us to
extract previously unknown bulk CF'T data in an efficient way. On the other hand, we show
that the correlator is an analytic function of the twist parameter v, and the transformation
v — v + 1 has the interpretation of a change of boundary condition for low-lying defect
operators. We also clarify some subtleties related to codimension-two defects that did not
appear in the literature previously. In particular, we derive a more precise version of the
LIF for ¢ = 2.

Having used the Wilson-Fisher model as a testing ground for our techniques, we move
onto the Wess-Zumino (WZ) model which is the simplest superconformal model preserving
four supercharges. This model consists of a complex scalar ¢(z) and a two-component
complex fermion 1 (x). The allowed interactions are fully fixed by supersymmetry, so the

action depends on a single coupling constant g:

2
Lz = (9,0)(0,6) + 15" 9,0 + S (o + v'010) + % (69)°. (L5)

Similarly to the WF case, this model has a fixed point in d = 4 — ¢ dimensions that can be
studied in diagrammatic perturbation theory.?

In order to understand correlators in the presence of a defect, it is in our advantage
to obtain as much knowledge from the bulk theory as possible. Correlation functions for
the WF fixed point have gotten a lot of attention from the bootstrap community [18-21],*

however no work has been done on applying modern bootstrap techniques to correlators in

3See [5] for a nice summary and introduction to the literature.
4See also [22-25] for related work using the Mellin approach.



the Wess-Zumino model. In section 3 we take a small detour and use the original LIF [26] to
carry out the bootstrap program for bulk four-point functions of chiral operators and extract
bulk CFT data to leading order in €. A more detailed treatment of the Wess-Zumino model
in the e—expansion will appear elsewhere.

In section 4 we put all the pieces together and study monodromy defects in the Wess-
Zumino model. We start by reviewing the relevant superconformal blocks [14], and then
move on to use the LIF to bootstrap two-point functions of chiral fields. The final result can
be written in a compact form in terms of a class of one- and two-variable special functions
which are defined by their series expansions. Because these functions might relevant for
future bootstrap calculations, we study some of their analytic properties in more detail.
In particular, we explain how to extract their behavior around =,z ~ 1 given their series
expansions around x, Z ~ 0. This basically amounts to extracting both bulk and defect CF'T

data to leading order in e, which was the original goal of this work.

2 Wilson-Fisher: Monodromy defects

In this section we study monodromy defects in the Wilson-Fisher fixed point, previous work
on this subject include [9,10].° Here we present some small improvements by obtaining
the full correlation function at order O(e) and extracting the bulk CFT data. This model,
interesting on its own, is also a good testing ground for our techniques, which we will later
apply to the Wess-Zumino model in section 4.

We start this section studying kinematics of codimension-two defects in d-dimensional
Euclidean spacetime. Even though kinematics of defect CFTs are well understood in general
[29], the case ¢ = 2 turns out to be subtle. In particular, we obtain bulk conformal blocks
for odd-spin operators, which have not appeared in the literature before. Furthermore,
we correct the bulk-to-defect inversion formula of [16], in order to accommodate odd-spin
operators for generic ¢ = 2 defects. We end the section by bootstrapping two-point functions
of bulk scalars (¢(z1)@(x2)) in the presence of monodromy defects, first for free theories, and

then for the more interesting case of the Wilson-Fisher fixed point.

2.1 Conformal blocks

When considering the correlator (¢(z1)¢p(x2)) we use a frame where the operators lie on a

plane orthogonal to the defect. Furthermore, using a conformal transformation we set ¢(z)

®See also [27,28] for other works using methods slightly different to ours.



at one and parametrize the plane using complex coordinates (z, T):
_ (1 -y 1 —\ _ s
T = (§($+$),Z(Z’—l’),y), Ty = (1,0,’3/) (21)

The coordinates (x,Z) are the two cross-ratios of our correlation function and play a central
role in the discussion below. Let us now look at the two possible OPE channels in defect
CFT.

2.1.1 Defect channel

The defect OPE fuses a single bulk field into a sum of defect fields. In the defect OPE limit,

i.e. when xx — 0, the leading order in the expansion is normalized as
o TN®  N(RA-Ay)/2A(
O 7.0) ~ Dby () @B)E20@) +... (2:2)
o

where ¢ parametrizes the directions along the defect. Inserting (2.2) in the two-point function
gives the leading behavior of defect blocks f AT, T) ~ 28=9/25(3+5)/2 I order to obtain
the full dependence on the cross-ratios, one can write down a Casimir equation which is

solved by the following conformal block [29]:
fA,s(CE’ z) = 2 A=9258+9)/2) [y (A, A2 —1;A+2—d/2 TT) . (2.3)

Even though this discussion is general, let us return momentarily to monodromy defects.
Since we work in Euclidean signature the cross ratios are complex conjugates of each other
x* = &, and moving ¢(x1) around the defect corresponds to analytically continuing x ()
around the origin counterclockwise (clockwise). Together with (1.1), we conclude that our

correlation function must satisfy the boundary condition
G(z°,2%) = ™™ G(x, 7). (2.4)

From the form of the defect block (2.3), one notices that the monodromy defect condition

(2.4) requires the following defect spectrum:

s=—v+n for neZ. (2.5)



2.1.2 Bulk channel

Let us now turn to the bulk OPE ¢ x ¢. Since the two operators are different, the bulk OPE
consists of both even and odd spin operators. As is customary, we use index free notation
OO (z,u) = OM-1e (21 uy, ... u,

, and assume the following normalization for the OPE®

¢ 2 I27$12)
~ D Aio2! ZArT AT T (2.6)
0]

where we keep the leading order in the bulk OPE limit 2%, — 0. A peculiarity of codimension-
two defects is that spinning operators with either even or odd spin can have one-point

functions:

/2 iy0)\2 S\ Y2
¢ even: (09 (z,u)) = 2"ao ((1’ u) — ulul) :

e TP .
o0/2 Qg i,,8\2 (£-1)/2 ’
. o B _z2 ap giju'e? [ (z'u’) B
¢ odd: (O z,u)) = pEiESE P u'u’

Here ¢;; is the two-index antisymmetric epsilon tensor, which is an allowed tensor for ¢ = 2
defects. Combining the bulk OPE with the form of the one-point function gives the leading
order behavior of blocks with even and odd spin:

lim fa(z,2) = [(1—2)(1—2)]% @ - 2). (2.8)

z,z—1

It is perhaps surprising that odd-spin bulk blocks are antisymmetric under x <> z, but it
is a direct consequence of the existence of parity-odd one-point functions (2.7). It is also

interesting to consider the normalization of bulk blocks in the lightcone limit

(1 —z)A=0/2(1 — z)(A+0/2 l<l-z<l-z<1,

2.9
(=11 — 2)A=0/2(1 — z)(A+0/2 0<l-zZ<l—z<xl. (29)

Mﬂawz{

As usual, the full dependence of fa, on the cross-ratios can be obtained by solving the

Casimir differential equation, which has been worked out in [29,30]. The case of interest for

6The awkward factor 2¢/2 leads to four-point blocks normalized as ga ¢(2,2) ~ 2(A=0/2z(A+0/2 in the
lightcone limit.



us is ¢ = 2, when the differential operator in x, Z coordinates reads

l—x)(1—2
1—2ax

(D + Dy + (d— 2)( ) (20, + 0;) — %@) faulz,7) =0,

(2.10)
D, = (1—2)20* + (1 - 2)%*0,,

and the Casimir eigenvalue is co = A(A —d) + (¢ +d—2). The similarity of (2.10) with the
Dolan and Osborn differential operator [31,32] is apparent. Indeed, it was originally pointed

out in [29] that in terms of z, Z coordinates
r=1-2z, T=(1-2)", (2.11)

the two differential operators are the same. By comparing the lightcone limit of the defect

block (2.9) with the lightcone limit of four-point blocks, we obtain the precise mapping

z—1
Fasload) = (-1) 60y (120, T20). 2.12)

Our discussion makes it clear that this relation is valid both for both even and odd bulk
operators. In the four-dimensional case, which is relevant for the present work, simple closed-

form expressions for the four-point blocks are known [33], which in the defect case map to

Faulz, @) = —7) <k&0_£_2(1 — 2)R0,(1 - 2) + (—1)(z z)) ,
kgs(x) I$6/22F1 (B . T B"‘S ﬁ ;U) '

It is easy to check that this is normalized according to (2.9). For general space-time dimen-

(2.13)

sions d, one makes an ansatz of the form [34]

fAé xz, 1' Z Z An] A E )A é/2+nk0A(-)|-Z+2g(1 j)> (2'14)

n=0 j=—n

and fixes the coefficients recursively with the Casimir equation (2.10). This process can be
implemented efficiently using a computer. For the sake of clarity, we present some low-lying
coeflicients:

A2 (d—2)t

AO’O(A,E) — 1, ALQ(A,E) _ A17_1(A,€) — —m . (215)

4



2.2 Bulk-to-defect inversion formula

The Lorentzian Inversion Formula (LIF) [26,35] is a central tool for the analytic bootstrap
program. In the presence of defects, one can consider a bulk-to-defect LIF [16] and a defect-
to-bulk LIF [17]. The bulk-to-defect LIF is of particular importance in this work, as will
become clear in subsequent sections. For codimension-two defects, the derivation of [16]
needs a minor modification which we outline below, we refer the reader to [16] for further
details.

The subtle point is that the original derivation assumes the correlator G(z, Z) is a sym-
metric function of x,z, which is only true when ¢ > 2. Indeed, we have shown in the
previous section that for ¢ = 2 the bulk expansion generically contains even and odd spin
blocks, which are symmetric and antisymmetric respectively, so the full correlator has no
definite symmetry. Furthermore, our derivation is valid for non-integer values of s, which is
relevant for monodromy defects.

The central object of this discussion is the function p(A, s), which encodes dimensions

of defect operators as poles and their OPE coefficients as residues:

Ma.s =L, = —Resy_a n(A,s). (2.16)

Let us introduce coordinates x = rw and Z = r/w, which in Euclidean signature correspond
to a radial coordinate r and a phase w. The defect conformal block (2.3) can be decomposed

as f As(rw) =w? f A(r). The correlation function admits a partial wave expansion

p/2—ico dA . R K A~
o) =% [ b swrnsn), =g (fa+ TR L) @D

B p/2—i00 2mi

where the sum runs for all —oo < s < 0o and we introduced K; = T(A)/T(A = (d—2)/2).
When the partial wave W4 (r) has dimension A = (d—2)/2 +iv it obeys an orthonormality
relation [16]:

1 _ p2)d-2 K A
/0 arll rfd_l) Wi, (r)Wg,(r) = 5;;—:2[6@1 — o) + (1 + )] (2.18)

Furthermore, we assume the defect spectrum is such that the transverse spins are integer

10



separated s; — sy € Z. In this case, we have the orthonormality relation

d
f ot =6, (2.19)

2mw

where the integral is along the unit circle |w| = 1. Combining the partial wave decomposition
(2.17) with the orthonormality of our basis, one readily obtains the Euclidean inversion

formula:

A 2K 4 dw b1 —r?)d2
A s)=-—= = dr———; Lw). 2.20
B8 = g f o [ 9w (220)
Let us stress that this formula is only valid for physical values of the transverse spin s. Now
we would like to deform the integration contour of w into Lorentzian kinematics, leading
to a formula analytic in s. However, in order to deform the contour safely, one needs the
asymptotic behavior of G(r, w) for large and small w:”

Gr,w) Sw™ as w—0, Gr,w) Sw™ as w— 00. (2.21)

~Y

Then we conclude that for s > s% we can blow up the contour to infinity, picking a discon-
tinuity around the cut w € [1/r, 00|. Similarly, for s < s*, we contract the contour towards
the origin picking up a discontinuity around the cut w € [0,7]. We then rewrite the resulting
integral in terms of z,Z, and keep only poles in ,u(A, s) corresponding to the exchanged
operator and not its shadow. After the dust settles, we obtain the bulk-to-defect Lorentzian

inversion formula in its final form:

. [} da fl/xd I; ((x,7) Discz G(w,z) for s> s}
(A s) =4 7° s o i + . (2.22)
fo dz dx IAvs(:c, z) Disc, G(z,z) for s < s*

In the above formula, the integration kernel and discontinuities are given by:

1 Ad4s42 A—s42

Iz (2, 2)=—ax 2 77 2 (1-— m)2F1<

1—A2—d/2 _)
N S
d/2 — A
(2.23)
Disc, G(z,z) = G(xz +1i0,z) — G(xz — 10, %),

Disc; G(x, %) = G(z, T + 10) — G(z, T —i0) .

*

“For the most part of this paper, we will consider the case sy =s"
about the general case in section 2.3.2.

= 0, but we make some comments

11



This is the same formula obtained in [16] for s > s%, but one has to exchange the role of
x <> X to obtain the defect CFT data for for s < s*. Whenever the correlation function
G(z, ) is a symmetric function, the positive and negative transverse spin Regge trajectories
are identical, but this is not true in general, as we will see in section 4.

Three classes of bulk operators contribute to the inversion formula:

1. The bulk identity.
2. Operators below the double-twist dimension A < 2A4 + £.
3. Double-twist operators with anomalous dimension A = 2A, + ¢+ 2n + 7.

The universal contribution from the bulk identity will be the subject of section 2.3. Operators
of the second kind appear frequently in large-N CF'Ts, where they correspond to single-trace
operators, but they play no role in our discussion. Finally, the third type of contributions is
central in our discussion of the Wilson-Fisher and Wess-Zumino models, and will be treated

in more detail there.

2.3 GFF monodromy defect

Having developed the necessary techniques, we are ready to study monodromy defects using
analytic bootstrap. We start with a generalized free field (GFF) ¢(x) of dimension A,. It is
well known that the bulk spectrum of GFF consists of the identity and double-twist operators
Ay, = 2A4 + 0+ 2n, and we just discussed that these do not contribute to the inversion
formula. As a result, we can reconstruct the full defect CFT data from the discontinuity of
the bulk identity:

Disc; G(z, Z) = Disca ((1 — ;\c/)?_f— j))% = 2isin(7A,) (1@@)% (;i)% . (2.24)

Plugging the discontinuity in the LIF (2.22), one can obtain the defect spectrum and the
OPE coefficients. This is worked out in detail in [16], the main result is that the defect
spectrum is given by Ag,, = Ay + |s| + 2n with the following OPE coefficients:

(Ag +1—d/2)n(Dg)2n+s

nl(n+ [s)(Ag +n+ |s| + 1 —d/2), (2:25)

Hon' (D, d) =

For now we assume that the LIF converges down to s = 0, and we come back to the problem

of convergence in section 2.3.2. We would like to use the defect data, which is analytic in

12



s, to consider a monodromy defect in a bulk GFF. As pointed out around equation (2.5),
one obtains a monodromy defect by allowing the transverse spin to take non-integer values
s € —v + Z. Since we know the full defect CFT data, we can try to resum it and obtain the

full correlation function:

G (. ) Z > uSTE( Ay, d) fay sl 2ns(@, 7). (2.26)

n=0 s€Z—v

As a consistency check, we note that the trivial case with no monodromy defect v = 0,

resums to the bulk identity as one would expect:

— AW
ggjﬁzv 0\Ls ZIZ' ZZ:U“GFF Aqﬁa fA¢+8+2m S(I ZE') (( \/ﬁ )) . (227)

m=0 s€Z 1—1’)(1—[[’

In the sections below, we consider three simple cases where the two-point correlator G(x, )

can also be obtained in closed form.

2.3.1 Free theory monodromy defect

The first simplification to consider are free bulk fields, which have conformal dimension
Agee = (d—2)/2. In this case only the leading transverse-twist trajectory n = 0 contributes
to the defect expansion, see (2.25). Ideally we would like to find Gy¢°(z, T) = Q(%F 1;) J2.4,0 (%> T)
for general values of d and v, but this turns out to be hard. Fortunately, for even spacetime
dimension d = 4,6, . .. the calculation simplifies dramatically and one can obtain closed form

expressions. For example, the d = 4 correlator is [10]

i (2, 7) = (

N (1-2)z"+ (1 —x)z'™" '

1—2)(1-2) 1— a7 (2.28)

Similar expressions, though more lengthy, can be obtained for higher even values of d. Keep-
ing only the leading terms as x — 1, the expressions simplify and it is possible to guess a

formula for the correlator which is analytic in d

O ))Agee (1+ (2:29)

l—-z)(1—-2

oo Afree Afree
+ O (1= 2) (1 — 7)™ [m( v i ;1—5) +0(1—x)D,

13



where we introduced the constants

FNAg+1—0)'(Ag+1+wv
Casan = _(A¢(+q;)r(m¢)+ (1);(1;)m —)v) G =G (2:50)
Even though (2.29) has been obtained by slightly non-rigorous means, it passes a number
of non-trivial consistency checks. It is correct for any even d = 4,6, .. ., it is consistent with
the result [17] for v = 1/2 and general d, and it will be consistent with the result (2.41) in
d = 4 — ¢ dimensions.
The power of equation (2.29) is that it captures all the bulk CFT data. Indeed, since the

bulk theory is free, the spectrum consists of double-twist operators A,y = 2Af§ee + /¢, namely

= (d—2)/2 0
Goot(x,z) = <(1 — C\C/):E_l_ j)) <1 +) A frraa(z, j)) : (2.31)

Using the bulk blocks (2.14) and comparing (2.29)-(2.31) at leading order in (1 —z), one can
obtain the bulk CFT data order by order in (1 — z). For the first few coefficients we find

froe o C[firoe’ Cgree _ (d - 2)(U ) Cfque)ea
v 8(d—1) 03
flroe — (d - 2)(2U )Cvcflrgo7 Cfreo o (d — 2)(d + 2)(1) — 1)’0(2 )Cfme .
4d-1) 3= 96(d — 1)(d + 1) ‘

The first three coefficients are in perfect agreement with the explicit calculation of [10] up
to a difference in normalization.® The main advantage of knowing the correlation function
is that we can extract the bulk data for very high values of the spin ¢. In doing this, we

observed the CF'T data satisfies a simple two-step recursion relation

re | (0= D(d+20) oo ((—1)(d+L—3)(d+20—2)(d+20) g .33
T 2)d+ 0) T I6(+ 2)(d+ O(d+20—3)d+20—1) L ‘

with the initial conditions as given in (2.32).”

8The value of c3 does not quite match but we suspect a typo.
9For d = 4 we managed to obtain a closed-form expression by inverting the exact correlator (2.28):

Cfrcc d=4 P(Z B 1) (é + 1) sin (7T’U)
AT+ DT+ 2T — v + DT+ 0)

(2.34)

L+1,04+1,0-1
I‘(2—v)I‘(€+v)3FQ< 2041),0—v+1 ;1) +(-Df (v 1—0)|.

14



2.3.2 Alternate boundary condition

The inversion formula predicts A; = Afgm +|s]| for the free theory defect spectrum. However,
as we pointed in section 2.2, this result only holds for spins |s| > s., where the threshold
spin as a rule cannot be fixed from the bootstrap perspective. In this subsection we relax
the assumption s, = 0 for defects in free theories, which we show is related to continuing
the correlator as v — v +n for n € Z.

In a free theory, the bulk equations of motion imply the defect spectrum is of the form

AF = % + |s|. (2.35)
The positive modes A} are given by the inversion formula, while the negative modes A
can arise as low transverse-spin ambiguities for |s| < s.."Y The negative modes were studied
in great detail in [36,37] (see also [27,38]). The outcome of these works is that if both Af
and A7 are present, the resulting defect is non-trivial even though the bulk is free. Since
we are interested on free defects, let us assume that for s = —v we have a negative mode
instead of a positive mode. To obtain the correlator we substract the positive mode and add
the negative one:

F(Afree + ’U) R B o 5 )
¢ )fAJ:U,—U(xvx) +/’Lf—’l)7 fA:v,—v(xvx)' (236)

free,— =\ __ free =\
gd,v (LU,SL’) d,v ($7I) F(AgCC)F(l +u

The OPE coefficient uf_rf,e’_ is unknown because, by assumption, the inversion formula cannot
be trusted for the negative mode s = —v. Let us keep this OPE coefficient arbitrary and try

to expand the correlator in the bulk channel:

— (d—2)/2 oo
ay(w,E) = <(1 - ;/)SZ_T_ z)) (1 + D ferazelw, 93)) : (2.37)
=0

Perhaps surprisingly, the correlator does not admit a bulk expansion of the above form.
Instead, one needs to add extra bulk blocks with unphysical conformal dimensions. The

only way for these unphysical operators to drop out is if the defect OPE coefficient takes the

0Tn the setup of [10], the values Asi correspond to the two possible boundary conditions certain KK
modes can have on the boundary of hyperbolic space H*~'. We borrow the name of the section from this
reference.
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following value:

free,— _ F(Agee - U)
For T TR =)

This is in perfect agreement with the explicit calculation of [10].
Now, the z — 1 limit of the free correlator is given by (2.29), using hypergeometric
identities one can combine (2.29) with (2.36) to obtain

R @)Agm (14 (239)

oo Afroe Afreo 1
Cv+1,d((1—93)(1—53))A2 {2F1< v dd) 1+U+ ;1—:5) +O(1—x)}).

Interestingly, this is just the original expression with the replacement v — v+ 1. Since (2.38)
determines completely the bulk CFT data, and the bulk spectrum is independent of v, we

expect that the full correlators satisfies the same relation:
G~ (0.7) = G35 (4.7) (2.39)

As a result, the bulk OPE coefficients for alternate boundary conditions are obtained from

(2.32) by v — v+1. For spin ¢ = 0, 2 we find perfect agreement with explicit calculation [10]:

Tee,— Tee,— (d _ 2)(2U + 1)
4T = Cpargy AT = a1 Cona (2.40)

One can turn on more negative modes in a similar way. Note that in general these violate

the defect unitarity bound, but this does not affect the results below. In particular, if we

use negative modes for s = —v,—v —1,...,—v — n + 1, we find that the correlator is given
by giﬂ‘;‘%d(aj,i). Similarly, if we turn on negative modes for s =1 —v,2 —v,...,n — v the

free

correlator is given by G5 ,(r,%). More complicated choices of negative modes do not seem

to generate such simple structure.

2.3.3 GFF monodromy defect in d =4 — ¢

In preparation for the analysis of the Wilson-Fisher fixed point, let us study GFF as a
perturbation around free theory. Consider a scalar of dimension Ay =1 —dgeind =4 —¢
dimensions. The defect CFT data for a bulk GFF has been presented in equation (2.25).
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In order to also extract bulk CFT data it is necessary to resum the defect expansion. The
zeroth order result appears in (2.28), while here we carry out the resummation to leading
order in O(e). For the leading transverse-twist family, there are contributions at O(e) from
the OPE coefficients, the defect blocks and the defect dimensions. Furthermore, there are
higher twist families with n > 0 that only contribute with tree-level dimensions and OPE

coefficients. The complete O(e) contribution is then:

GFF,0(e _ A _
gl 6¢e 4 5 v =€ ZO Z (/LSSF 1 - 5¢5a 4 — 5)f1+\8|—5¢e,5(x7 z))gzo
n=0 s€e—v+Z
1/2 v =
= —0p€ (z7) — * O(x,1,v) + H,_1 + log mj_ (2.41)
l—zz|1—-2 l—zz
i

—(®(2,1,0) — ®(xz,1,v)) + (z > T,v > 1 — v)} :

The result is written in terms of harmonic numbers H,, and Hurwitz-Lerch zeta function
®(z,1,v), which has nice properties reviewed in appendix A.2.1. As a consistency check,
for a free defect §, = 1/2, the correlation function (2.41) at leading order in z — 1 agrees
with (2.29) at leading order in €. Let us also mention that there is a curious non-trivial
cancellation of terms such that the final result is proportional to dy.

We are now ready to expand in the bulk channel. Once more, since the bulk theory is of

the GFF type, the spectrum contains higher-twist families:

— 1-04e 0o 0o
oTute ) = (7= =) (1+ZZC§?5Ffm¢+z+2n,e<w,f>>  ew)

n=0 ¢=0

As explained before, the bulk OPE coefficients can be extracted order by order in (1—z),(1—
Z) using the bulk blocks in the form (2.14). Some of the low-lying coefficients are:
= C&yan + 0,

1
c?EF = CEF (20— 1)(3 - 8,5) + O(?),

1 (2.43)
1 = 96(25¢—1) v(v—1) (v —v+4) +0(e?).

The interested reader can find more OPE coeflicients in the attached mathematica notebook.
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2.4 Wilson-Fisher monodromy defect

The last model we consider in this section is the O(2N) Wilson-Fisher (WF) fixed point
in d = 4 — ¢ dimensions."' Following [9, 10], we impose a monodromy v to the complex
scalar ¢ = ¢1 + i¢o. Besides the defect CFT data, we improve on existing results by
computing the two-point function to order O(e) and by extracting the bulk CFT data. As
already announced, we use the Lorentzian Inversion formula (2.22), which reconstructs defect
CFT data from the discontinuity of the correlator Disc G(z,z). In perturbative CFTs, the
discontinuity can be computed using information which is known from bulk physics at lower
orders in perturbation theory.

Let us remind the reader that the identity and double-twist operators with anomalous
dimensions contribute to the defect CFT data through the LIF. For the Wilson-Fisher fixed
point, there are two important simplifications. One the one hand, the external scalar has
dimension A, = (d — 2)/2 + O(e?), so the GFF part of the correlator behaves as in free
theory. On the other, the leading-twist trajectory has anomalous dimensions starting at
order O(g?), i.e. A =274+ + O(£?) for £ > 0, and only the ¢ = 0 operator gets corrected
at order O(e):

N +1
N +4

1
Ays =204+ + O(?) = 24, + e+ O(e?). (2.44)
Our analysis is simplified dramatically, because the discontinuity can be obtained from a

single bulk block. In order to compute the discontinuity, we rewrite bulk blocks as

fau(z,2) = [(1—2)(1 — )] fasle, 7). (2.45)

The function fa «(z,z) admits an expansion in integer powers of (1 —x), (1 —2), so only the

prefactor in (2.45) can contribute to the discontinuity. Combining the block with the overall
_ A

factor ( \/_f ) * one obtains

(](:L', f)|singular - ECOV(;%)(ZE'@)A(?/2 log [(1 - Z’)(l - :Z'):| f2,0($a :Z')

2
(zz)Y?log(z7) .

— _5007@ log[(l z)(1 - 17)] 1—zx

(2.46)

Here G(x, Z)|singular 1S the part of the correlator contributing to Disc G(x, Z) at order O(e).

UThe literature on the WF O(N) model without defects is too vast to review here. However, let us
mention the nice references [18,19], which use analytic bootstrap techniques that inspired our work.
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Notice it does not include the bulk identity, because it has been studied separately in sections
2.3.1 and 2.3.3. To obtain (2.46) it was necessary to use the closed form expression (2.13)
of the bulk blocks in d = 4. The next step in our calculation is to use the definition (2.23)

of the discontinuity to obtain

Disc G(x,T) = 2mi EU(U —1)N+1 (5537)1/2 log(xzx) .

2.4
2 2 N +4 1—zzx (2.47)

Since G(z, T)|singular 1S symmetric under z <> Z, the above formula applies to positive and
negative transverse spin. The integrand of the LIF is O(¢g), so we can evaluate the integration
kernel (2.23) exactly in d = 4. The double integral in the LIF is simple to do, for instance

when s > 0 one obtains

A —1)(N+1) la Aces1  Ass
(A s)=¢ (U N:Zél / dx/ dz log(z) _A2+ o

B v(v—l)(N—l—l
2 (N+4)S(A—(S—|-1))

(2.48)

The replacement s — |s| produces an expression also valid for negative transverse spin. It
is well understood that a double-pole indicates defect anomalous dimensions, see [16] for
details. To this, one should add the contribution from the bulk identity. All in all, we
conclude that the defect spectrum consists of a single family with the following CFT data:

d—2 ) o ww—D(N+1) 1
A= = (1) 2 1) — _
= sl e o, 4 = M

(1—2/2) (2.49)
s:Ts"I‘O(€2),

which is in perfect agreement with the literature [9, 10].

Let us now extract the bulk OPE coefficients to order O(e). As for the free and GFF
case, the first step is to resum the defect expansion. The contribution of the bulk identity
to the full correlator has been computed in equations (2.28) and (2.41), where one has to set
ds = 1/2 because ¢ behaves as a free field plus O(e?) corrections. There is a contribution

which is new for the Wilson-Fisher fixed point, which comes from the defect anomalous
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dimensions:

Gwr (7, T) =€ Z b7, |7l\ Oafa(@,@)]5_ 15| +1

_ -1 (N+1) (z2)'/*log(zx)
4 (N+4) 1 —az

(2.50)

[IU(I)(ZL', Lo)+z2'7®(z,1,1 — v)] .

For v = 1/2 and N = 1/2, this reproduces the Ising Zs monodromy defect result [17].

We have obtained the full two-point correlation function to O(g), so it is now an easy
exercise to extract the bulk OPE coeflicients. Besides the twist-two there is also a twist-four
family:!?

_ Ay
gfree(aj, z)+ Gwr(z,2) = ((1 — ;Z/)SE_T— j)) (1 + Co7ofd_2+m;g70(l’, T)

+ Z ceofera—2,(2, ) + Z e ferae(z, I)) :
=1 =0

(2.51)

The OPE coefficients of the leading-twist trajectory take a particularly simple form after

normalizing by the free piece

ree E N + 1)
Co,0 = Cg (1 + 5 N+ 4> (Hv_l + H_v) + 0(62)) s
3e (N +1
C1,0 _Cgreo 1+— i ) +O(€2> y
2 (N +4) (252)
c Cfree 1+E(N+1) (30—2)(31)_1) +O(52) .
20— %2 6(N+4) wvw—1) ’
 free e(N+1) (10v* — 10v + 3) 5
0 =G ( T Ty wwony  TOE))-
On the other hand, the subleading-twist trajectory has the following CF'T data:
e (V+1) , 2 2
= — -1
CO,l 16(N—|—4)U (U ) +O(€)7
e (N+1) , 2 2
= — —1)*(2v—1 2.
C11 ]_44(N—|—4)U (’U )(’U )"‘0(5), ( 53)
e (N+1), 2 (£, 2 2
= —1 - 2 .
o 1920(N+4)U(U )% (5v* = Bv +2) + O(e?)

All our results are in perfect agreement with the Ising Z,; monodromy defect [17]. The

12The absence of higher-twist families at this order was suggested in [1] for £ = 0, and then proven in [18].
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interested reader can find the bulk OPE coefficients for higher values of ¢ in the attached

mathematica notebook.

3 Wess-Zumino: Bulk theory

Superconformal field theories (SCFTs) in non-integer dimensions were studied in [39, 40],
where the numerical bootstrap gave evidence that the Wess-Zumino model (1.5) is perhaps
the simplest SCFT preserving four supercharges. In this section we study the Wess-Zumino
model in d = 4 — e dimensions (without defects) using the analytic bootstrap, and the results
will be needed for the study of defects in section 4. We work to leading order in O(e), but
the same methods also work at higher orders in ¢, a subject that we plan to study in future
work. For the reader that is mostly interested on the final results, we present a self-contained

summary of the CFT data in section 3.4.3.

3.1 Generalities

Let us briefly review some generalities of SCFT in non-integer dimensions, more details can
be found in [39]."® The conformal part of the algebra is generated by the usual operators D,
P,, K; and M;; with ¢ = 1,...,d. There are exactly four Poincaré supercharges Q7 and Q
and four conformal supercharges S®* and S®~, where the indices take two values o, &« = 1,2
regardless of the spacetime dimension. The supercharges obey the usual supersymmetry

algebra
{QF. Q) = X0 D {5°F, 87} =P, (3.1)

There is also a generator R of U(1)g symmetry, under which @} and @ have charge +1 and
—1 respectively. The monodromy defects in section 4 will be naturally obtained by twisting
this U(1)z symmetry.

In what follows, we focus our attention on chiral primary operators ¢ and their complex
conjugates ¢. These operators are killed by supercharges of the same chirality, and the

superconformal algebra fixes their conformal dimension in terms of their R-charge:

d— d—

[QF,0(0)] = [Q5.0(0)] =0 = Ay=A47;= T1R¢, - —TlRQ;. (3.2)

13A different type of superconformal theories in non-integer dimensions also appear in the context of
Parisi-Sourlas supersymmetry [41,42)
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In order to bootstrap the Wess-Zumino model without defects, we consider four-point
functions of ¢ and ¢. If we focus on the s-channel expansion, there are three inequivalent

orderings of the external operators:

(Ba)d(2)Bls)Blas)) = D) - asegadsa),
(zhha3))  (ahady)? ? AT oven
(S Fa2) o)) = D =L S bacGiar(z2)
PO  (ahha3)Be (o 21'34)A¢ Aears s (3.3)
Q(Z,Z) B 1

<¢§($1)¢($2)¢($3)¢§($4)> =

)A¢ Z(_l)%A,Z GAJ(Z, 2) .

(2730)% (29523 ot

In the above formula aa ¢ and ba ¢ are shorthand notation for three-point OPE coefficients

squared. The three orderings above are related to each other by simple crossing relations:

ZZ

G(z,2) = (m)A¢g(1 —21-7),

ZZ

F(z,2) = (m)%é(l —21-2).

Similarly, the functions G(z, Z) and G(z, Z) capture the same CFT data in their s-channel

(3.4)

expansion, since they are related by 1 <> 2.

The constraints of supersymmetry are accounted for by expanding the correlation func-
tion in terms of superconformal blocks [39]. It can be shown that in the ¢ x ¢ OPE super-
conformal blocks reduce to regular non-supersymmetric blocks ga ¢. On the other hand, the
superblocks G ¢ are non-trivial for the ¢ x ¢ OPE. Interestingly, in any dimension the su-
perblocks take the simple form of non-supersymmetric blocks for unequal external operators

with a suitable prefactor:

Gaelz,2) = (22)Pgxla,,  Gaule.2) = (22)2g50,- (35)

Superconformal blocks capture the contributions to the OPE of all exchanged operators that
belong to the same supermultiplet, which means they should decompose as finite sums of

non-supersymmetric blocks with relative coefficients fixed by susy. This is indeed the case

Gae(2,2) = gae+ a1 gati,e41 + a2 gas1,—1 + a3 gataye, (3.6)

Gau(2,2) = gae — @1 gati,e41 — 2 GA41,0-1 + A3 a2
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where the explicit coefficients are

__(a+0
MY ATr )
. (0 +d—3)(A—0—d+2) (37
2T 20+ d—4)20+d—2)(A—(—d+3)’ ‘
e AA-d+3)(A+0O)(A—L—d+2)

128 —d+H)PA —d+ DA+ i1 (A —(—d+3)
3.2 Inversion formula

The next tool we need are inversion formulas, which reconstruct the CFT data from certain
discontinuities of correlators [26]. The main object of interest are functions that encode

dimensions as poles and OPE coefficients as residues:
ane = —Resazaa(A' ), bae=—Resazab(A',1). (3.8)

Let us start with the inversion formula that reconstructs a(A, ¢). Since the ¢ x ¢ OPE uses

non-supersymmetric blocks, we can use the inversion formula originally derived by Caron-
Huot [26]:

dzdz . _
a(A,0) = A+é/ / ) |z — z|° “? Gord—1.a41-4(z, Z) dDisc[F(z,2)] . (3.9)

The double discontinuity is defined in the usual way
: > oL oy _ 1 e
dDisc[F(z,z)] = F(z,2) — 5]—“(2, zZ°) — 5]—"(2, zZ7), (3.10)

where the analytic continuation is performed around the branch point Z = 1 in the directions

indicated by the arrows. The overall constant has the following value

22 _ L'(h+7)(h—7r)T(h+ s)['(h — 5)

2h 2m2[(2h — 1)T(2h) (3:11)

Similarly, there exists an inversion formula that reconstructs b(A, ¢). In order to obtain
it, note that superconformal blocks are non-supersymmetric blocks with shifted arguments

(3.5). Using the inversion formula for completely general external operators [26,35], after
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some manipulations we find

K dzdz _ _ . _ _
bAL0) = A*“l / / —z|dQ(g;fd_l,A_m(z,z)lesc ()26, 2)]

(3.12)
+ (=) g1 amare(2, 2) dDisc [(22)2G (2, 2)}) :

Note that we need to invert two contributions, since the external operators are unequal, and
both even and odd spins appear in the OPE ¢ x ¢.

In practice, it is convenient to expand the integrand of the inversion formulas in the limit
z — 0 and integrate term by term. In the limit z — 0 the correlator has an expansion of

the following form

[c S Ne o]

F(z,2) = ZZ Aot loglz Frn(Z), (3.13)

n=0 p=0

and similarly for G(z, Z) and G(z,%). The inversion formula integration kernels can also be

expanded in the limit z — 0:

1 zZ—z - r,S r,8 mi.7,S
_( - ) 9bvd—1,0+1- (%) Z)—Z (8- M2Z Z Con, A£ kA+é+2]() (3.14)

z ZZ
m=0j=-m

Similarly to equation (2.14), the coefficients in this expansion can be fixed recursively using
the four-point Casimir equation. This type of expansion has been described in detail in the
appendix of [26,43]. After expanding the inversion formula as above, the only non-trivial

integrals left to do are of the form

INVIg(2)](8) = / 92 k4(z) dDisc [g(2)]
0 (3.15)

SINVA[9())(3) = | S75kih () aDise[g(3)]

Finally, the last integral in z is elementary and produces poles in A.

Collecting the ingredients together, we have obtained new versions of the Lorentzian
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inversion formula. For a(A,¢) we find

- Spp(A,0)
a(Al) = — A :
( ) n%::O (A — A¢ — f — 2n)P+1
Sp(A,0) = (14 (1)) 27p! KMZ Z (A, O) INV[Fy i (2)(A + €+ 2K) .

m=0k=—m

(3.16)

Similarly, one obtains b(A, ¢) using the following formula:

S Sun(A, 0)
bA D == (A=A, —(—2n)ptt’

n,p=0

Sup(A0) = 2Pk > Y |Co (A + 1,0 SINVHG, L (2)(A+E+2k)  (3.17)

m=0 k=—m

+ (1) A + 1,0 SINVT (G ()] (A + £+ 2K)

3.3 Generalized free field theory

As a first application of the inversion technology, let us consider generalized free field theory
(GFF). In order to extract the CFT data aa, in the ¢ x ¢ OPE we have to use the GFF

correlation function

_ Ay

The first term is regular around z = 1 so it is killed by the discontinuity and it does not

contribute to the inversion formula. Expanding in z — 0 and using the definition (3.13) we
find

ZZ

f(z,z>|smgu1ar=(m)% = Fupld) = a2 (2 )A¢. (3.19)

1-2

The next step is to compute the integral (3.15). A useful trick is to use the Euler rep-
resentation of the hypergeometric function, and swap the order of integration. The result
is [26]:

2\ gy — g2 L) T(B/2+p—1)
Y Kl - Z) } ) =2 L(8/2)2T(p)L(B/2—p+1) (3.20)

25



All the ingredients can be combined using equation (3.16) to obtain the dimensions and
OPE coeflicients for low values of n. We find the family of operators [¢¢]s,, with dimension
Ay =204+ €+ 2n and their OPE coefficients agree with the results of [44]:

2(Ay +1—d/2)2 (A7,
(C+dj2), (28g + nt 1—d)u(28g + £+ 20— 1),
1
A, ltn—df2).

GESF(A¢’d) = E"TL'
o (3.21)

A similar calculation allows one to obtain the OPE coefficients in the ¢ x ¢ OPE. Now

the relevant GFF correlation functions are

ZZ

G(z,2) =1+ (m) ’ ) Q(Z,Z) =1+ (ZZ)A"’. (3.22)

Clearly G(z,Z) has the same singular part as F(z, Z), see equation (3.19), while G(z, 2) is
regular around z = 1 and does not contribute to the LIF. Using similar techniques as before

one obtains the following integral

T2 YT g LB+Y  T(8/2+0p)
S Kl - 2) } ) = 2 B P TP (32— p + 1) (3.23)

Once again, using (3.17) one can obtain the first few OPE coefficients by, of the operators

[¢#]e.n. They are in perfect agreement with the values reported in [39)]

bEFF (A, d) = (Ag+1— d/Q)i (Ap)71n
n A2 D T 0+ d)2), (28 + 1+ 2 — d)n(285 + £+ 20),
1
@A, ltnt1-dj2)

(3.24)

3.4 Wess-Zumino model

We are now ready to solve the Wess-Zumino model at leading order in ¢ = 4 — d. There is
a well-known Lagrangian formulation for this model (1.5), which consists of a single chiral
superfield ® interacting with cubic superpotential W ~ ®2. In this section we follow a
bootstrap approach similar to [18], but it is useful to keep in mind the Lagrangian (1.5). At

the end, we check that our results are in perfect agreement with the literature.
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3.4.1 A family of solutions to crossing

At order O(") the theory consists of a free chiral multiplet in d = 4. The spectrum and
OPE coefficients can be obtained from the previous section by setting A, = 1. In particular,
formulas (3.21) and (3.24) imply that only the leading double-twist families n = 0 contribute.
When we turn on interactions for small €, the dimension of the external chiral gets corrected
Ay =1— 42 + O(e?). Furthermore, the operators in the two OPEs ¢ X ¢ and ¢ x ¢ can
also get corrected, and new families of operators could appear in the OPEs.

Let us start studying the ¢ x ¢ CFT data at the next order O(g). The LIF (3.9) recon-
structs the CFT data from the discontinuity of F(z, z). Using the crossing equation (3.4),
the discontinuity can be computed in terms of the ¢ x ¢ CFT data. There is one contribution
from the bulk identity, which is considered in section 3.3, and a contribution from anomalous
dimensions. The corrections from anomalous dimensions turn out to be of order O(g?) and
can be neglected. Since the inversion formula is not expected to converge for low values of

¢, we should also include a term #H(z, Z) with finite support in spin:

= )) (e 5. (3.25)

.F(Z, Z) = (ZZ)A¢ + (m

Solutions to crossing with finite support in spin were studied in [45], and it was found that

around d = 4 there is one such solution that takes the form

H(z,2) =k(1— 8A)gif04(z, z (3.26)

)}A:2'

For now the constant k should be treated as an unknown, but later its value will be fixed.

This correlator has the following decomposition in conformal blocks

F(z,2) = (a(()?()] + m&%) 92 4+e7,0 T Z ap092n 440, + Z 01920 4 +2+0,6 - (3.27)
(=2 £=0
¢ even ¢ even

Notice there is a new family of twist-four operators with tree-level OPE coefficients. To the
order we are working, we have a,,, = aESF (Ay,d). The only exception is the £ = n = 0 case,
when the [¢¢]o o operator has the following CFT data:

(3.28)

k
apo = 2 + ¢k, T="35-

Let us now turn to the CFT data in the ¢ x ¢ OPE. The inversion formula (3.12) has a t-
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channel contribution and a u-channel contribution. As before, one uses the crossing equation
(3.4) and the OPE expansion to see which terms contribute. The t-channel contribution
consists of the identity, which has been studied in section 3.3, and anomalous dimensions that
contribute at order O(g?). An unfamiliar feature of the supersymmetric inversion formula
(3.12) is that the u-channel contribution produces O(e) corrections to the CFT data. Using
crossing, the part of G(z,Z) proportional to log(1 — Z) is given by the [¢bo,0 operator we

just studied:'*

~ 6 _ _
g(za 2)‘10g(1—2) = §a0,07(22)A¢ lOg(l - 2)92,0(1 -z 1- Z)
R (3.29)
= —%k(zZ)A¢ log(1 — 2)710gz log 2 :

z2—Z
From this result, it is clear that the only inversions integrals that one needs to do are:

_2rT(B+1)
- T(B/2+ 1) (3.30)
SINV~ [z " log(1 — z)log 2| (8) = 0.

SINV~ [z " log(1 — 2)](8)

In order to obtain these inversions, we expand the integrand in powers of (1 — z)/z, integrate
term by term, and in the end resum an asymptotic expansion in powers of 1/5. This
procedure has been explained in detail in [18,46], where the reader can find further details.
The ingredients (3.29)-(3.30) can be combined using (3.17) to find b(A, ¢). We find that to
this order in ¢, the ¢ x ¢ OPE consists only of the leading twist family

g(Z, Z) =1+ Z bz70G2A¢+g+5w,z + 0(82) , (331)
=0
where the CFT data can be readily obtained using the inversion formula

(_1)£+1
(+1

041 (He - H2£+1)
(+1)

Y=k . b =bgg " (A, d) (1 + k(—1) + 0(52)) . (3.32)

An important observation is that this result makes sense even for spin £ = 0. Furthermore,
we expect the Lorentzian inversion formula to have better convergence properties in super-
symmetric theories [47]. Thus, we make the plausible assumption that (3.32) is valid for all
¢>0.

(A=2)/2~

YHere ga ¢(z,2) = (22) gae(z, Z) is defined analogously to (2.45).
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3.4.2 Fixing the coefficients

We have found a two-parameter family of solutions to crossing which depend on £ and d,
let us now try to fix these coefficients from basic physical requirements. The first condition
is that the stress tensor is conserved. The stress tensor belongs to a short multiplet with a
superprimary of dimensions A = d — 1 and spin ¢ = 1, as can be seen from the form of the

superconformal block:

Ga-11 = ga—11+ (3.33)

mgd,z .

As a result, conservation of the stress tensor requires that the operator [p¢]; o has dimension
d — 1. This relates d, and k as follows

k42
Wy +ltepn=d—1 = 5¢:%. (3.34)

On the other hand, the identification of the operator [p¢]oo allows to fix the remaining free
parameter. As it was discussed in [39], this operator can be identified with a chiral primary

operator ¢?, in which case:
1
0oloo=¢" = 2Ws+en=28, = k=0 0=;. (3.35)

We conclude that if [¢¢]oo = ¢* the theory is free in d = 4 — ¢ dimensions.
A second possibility discussed in [39] is that [¢¢]o o is a level-two descendant of ¢:

[0dloo = (QF)0 = 28,+en=08,+1 = k= —%, by = % (3.36)

This leads to a non-vanishing k, so we have found a non-trivial supersymmetric CFT in
d = 4 — ¢ dimensions. In the following section we provide evidence that this CFT is indeed

the Wess-Zumino model.

3.4.3 Summary and discussion

Let us summarize our results on the Wess-Zumino model at order O(e). The first result of

our bootstrap analysis is the dimension of the external chiral field:

Ay=""2 (3.37)

29



This is actually a well-known result. Recall that the Wess-Zumino model has a cubic super-
potential W ~ ®3, which must have R-charge Ry, = 2. As a result, the chiral primary field
¢(x) must have charge R, = 2/3, or equivalently A, = (d — 1)/3, which means that (3.37)
is in fact an exact result to all orders in €.

The ¢ x ¢ OPE consists of double-twist operators [¢p¢];,,, which are of the schematic
form ¢0"0,, ...0,,¢. The two families n = 0,1 contribute at order O(¢), with CFT data
given by the GFF results in section 3.3. The only exception is the [¢p¢]oo operator, which
has the following CFT data:

Gop = 2 — %6 FOE),  Bop=28,4S+0(). (3.38)
The first observation is that Ay # 2A, so we cannot interpret [¢¢]oo as a chiral primary
operator ¢2. This is consistent because the Wess-Zumino model has a chiral ring relation
¢* = 0 due to the cubic superpotential. Instead, the correct interpretation is [¢pd|oo =
(Q1)%p, which agrees with our results since Agg = A, + 1 and the R-charge is conserved.
The presence of such an operator is consistent with the OPE selection rules [39], and it
was also suggested by the numerical bootstrap results of [40]. Thus, we expect the relation
Ago = Ay + 1 to hold to all orders in e.

The ¢ x ¢ OPE contains superconformal primaries and superconformal descendants, and
their precise contribution can be obtained from the superconformal blocks (3.6). We expect
superprimaries of the schematic form O, = ¢0d,, .. .8Wgz_$ + Y0, ... 8;%710“‘31;, where the
precise relative coefficients should be fixed by demanding S*O, = 0. From our bootstrap

analysis we found the following CFT data:

52 (He - H2£+1)
3(0+1)

by = KO (A, d) (1 T (-1)

2(=1)"
Ay =2A —
Y ¢—|—€+3€+1

€+ 0(52)) :
(3.39)

e+ 0(g?).

It is natural to identify the ¢ = 0 operator with ¢¢, which has dimension Ayy =240(e?) [5],
in perfect agreement with our results. Finally, using (3.33) one can relate the OPE coefficient
b; to the central charge®

dd+1)AF 20 17¢

Cr = W b 39 + 0(62). (3.40)

15We define the central charge as in [48], such that the stress-tensor contribution to the OPE is of the
- A2
form: (¢¢pd) O 1(75)* 52942 -
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Once again this is in perfect agreement with the literature [5], up to a difference in normal-

1zation.

4 Wess-Zumino: Monodromy defects

In this section we generalize the analysis of section 2 to superconformal theories with four
Poincare supercharges. We study half-BPS monodromy defects that preserve two Poincare
supercharges and focus on two-point functions of chiral operators. We start the section with
general results valid for monodromy defects in arbitrary superconformal theories, and then
move on to the specific case of a monodromy defect for the Wess-Zumino model studied in

section 3.

4.1 Superconformal blocks

Let us start by calculating the relevant superconformal blocks. We use techniques originally
developed for bulk four-point functions [39,49] and later applied to superconformal bound-
aries [14]. Here we only give an outline the calculation, the interested reader can find further
details in the aforementioned references. We stress again that this section applies to general

half-BPS codimension-two defects, which need not be monodromy defects.

4.1.1 Defect superconformal algebra

As in section 2, we chose our codimension-two defect to sit at ' = 22 = 0. The subalgebra
of conformal transformations that preserve the defect is generated by D, P,, K, and My,
where a,b = 3,...,d are indices parallel to the defect. Since translation symmetry is partly
broken, at most half of the original supercharges can be preserved by the defect. Following

the conventions of section 3, we choose the preserved supercharges to be:
Q=Qf, =@, &=5"  &=5". (4.1)

Using the following Clifford algebra representation X!, = (3¢%)* = (01,09, 03,il), it is
possible to check that in d = 3 and d = 4 that supercharges generate a subalgebra of the
full superconformal algebra. For non-integer dimensions 3 < d < 4 this construction is
less rigorous, however we will obtain perfectly consistent results. The anticommutators of

the supercharges generate translations and special conformal transformations parallel to the
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defect:
{04,058} =S4,P,, {848} =3%%5K.,, a=3,....d, A B=12. (4.2

Similarly, by considering anticommutators of the form {Q, S}, we observe that the defect
does not preserve R—symmetry or transverse rotations independently, but only a particular
linear combination of them:'¢

d—1
M =M+ =R, (4.3)

With these conventions in mind, we proceed to obtain the superconformal blocks.

4.1.2 Defect channel

Let us start with the defect OPE ¢(x) ~ 3= O(7). In this channel only one operator per defect
supermultiplet contributes to the OPE, and as a result, the defect superconformal blocks
FA,S(L z) reduce to bosonic blocks fA,s(L z). In our conventions A, s label the conformal
primary exchanged in the OPE, and not the superprimary in the corresponding multiplet.
We justify the above claim following an argument from [51]. Since the chirality condition
(3.2) is preserved by the defect supercharges (4.1), it turns out that [Qy, ¢(z)] = [S1, ¢(z)] =
0. Inserting these relations in the OPE implies [Qy, (5@)] = [S1, (5@)] = 0. However,
only one operator in each defect supermultiplet can satisfy both of these conditions, hence

superblocks in this channel are just standard bosonic blocks.

4.1.3 Bulk channel

In the bulk channel up to four conformal primaries in each supermultiplet can contribute to
the OPE. As a result, here we have to consider proper superconformal blocks which we now
calculate.

Following [31,52], we characterize superconformal blocks as solutions to the supersym-
metric Casimir equation. The superconformal Casimir operator can be split naturally into a
non-supersymmetric and a supersymmetric piece: Cpy = Chos + Csusy. The first contribution

%C’bos leads to the differential operator in equation (2.10). The second contribution is due

16The full subalgebra for d = 3 can be found in [50] in conventions slightly different to ours.
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to supersymmetry:

d—1 1. . 1
C'susy: _TR2+§[SQ+7Q;]+§[Sa_7Q:]' (44)

Following [39], our goal is to massage (4.4) into a differential operator that can be added to
(2.10). Using the commutation relations, the chirality properties of ¢ and ¢, and equation
(51) from [39] we find:

[Csusy7¢(x1)(5(x2>:| 0) = mlzzaa [Qaa¢1(xl)] [Q:{a@(%)] |0) +4A¢¢($1)$($2)\0>- (4.5)

Using superconformal Ward identities as in [14,39] to rewrite the @-dependent part as a

differential operator we get
1 _
§Csusy<¢1(l'1>¢2(l’2)> — — [(1 — .f(f)&x + Lf'(l — j)&j] FAJ(SL’, Lf‘) . (46)

Combining the bosonic equation (2.10), the supersymmetric one (4.6), and using the appro-
priate supersymmetric eigenvalue co = A(A —d + 2) + (¢ + d — 2), we obtain a differential
equation for the superconformal block Fa ¢(x, Z). In d = 4 the solution with correct boundary

conditions takes a simple form:

Pty = Y020 (e ol 0-0)

1 -2z (4.7)
(1) kR (= 2k, (1= 2))
For general d we use an expansion of the form
Faylw, ) Z Z By (A, 0)(1 =) 8021 — ) PRl (1 —7), (48)

n=0 j=—n

and we fix the coefficients using the supercasimir equation. The procedure is easy to imple-

ment using a computer algebra system. For the first few coefficients we find:

(2—d)
d+20—4"

(2= d)A(A + O)(A + € +2)
16(2A + 4 — d)(A+ € + 1)
(4.9)

Boo(A ) =1, By _1(AYl) = B1(A ) =

Finally, let us mention that the superconformal block has a decomposition into a sum of four

33



bosonic blocks:

Fao(x,z) = fae(e, @) + a1 fagre41(2,T) — ag fas1-1(2,T) — a3 faro (2, T) . (4.10)

The coefficients can be found in (3.7). The fact that the coefficients are the same as the
four-point blocks of chiral operators might seem surprising at first. Actually, with the identi-
fication (2.11) the defect bulk blocks Fa ¢(x, Z) are the analytic continuation of the four-point
blocks G'a (2, Z) [14]. What we have found is that the close connection between codimension-

two defects and four-point functions also holds at the superconformal level.

4.2 Free and GFF half-BPS monodromy defect

Armed with the superconformal blocks, we can now bootstrap superconformal monodromy
defects. In this section we focus on defects in (generalized) free theories, while we leave the
more interesting defect in the Wess-Zumino model for the next section. Fortunately, we can
recycle many results from the non-supersymmetric case studied in section 2.

Let us start with the case of a free bulk theory preserving four supercharges. Since ¢(x)
is a free-field, its correlation function gfg;@ (x,Z) is independent of the rest of the field content
of the theory, so it is given by the non-supersymmetric formulas (2.28)-(2.29). Moreover, the
defect superblocks reduce to non-supersymmetric blocks, so the defect CF'T data is given by
(2.25). The story is more interesting in the bulk channel, because now in order to obtain

the CF'T data one must use superconformal blocks:

— (d—2)/2 o0
free = Lx free =
= 1 d;Fy_ . 4.11
dv (SL’,LL’) <(1 —LL’)(l —Lf’)) ( _'_ZZ:; 0 d 2+z7g($(7,l’)> ( )
Since the bulk theory is free only the leading twist family contributes. Using the series
representation (4.8) for the superblocks, we can extract the CFT data order by order in
(1 —z) and (1 — z). For the first few coefficients we find:

(d—2)(v-1)
2(d— 1)

ree ree d—2)(v—
oy, dpe = AR

1)(dv —d+v)
1)(d+1)

free __ free free __
dfree = diree =

dv > Coe. (4.12)

Similarly to section 2, the coefficients satisfy a two-step recursion relation which can be used
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to efficiently go to high values of ¢:'7

e _ (d+20) (d*(v—1)+d(dv —3) +d+ (4v — 3)0* — V) 40
2 = 20+ 21 O(dt20—1)dL 20+ 1) 41
Wd+0—2)(d+ 20— 2)(d + 20)

1600+ 2)(d+ 0)(d+ 20— 1)

(4.14)

free
dfree

The next simplest example is a monodromy defect in a bulk GFF theory. As in the free
case, the full correlator ggf E,U(L 7) is the same as in the non-supersymmetric theory, and
the defect CFT data is given by (2.25). For the bulk data we can use (2.41), which is the
leading order correlator in € = 4 — d around the free value Ay = 1 — d4e. Expanding in bulk

blocks

_ Ay 00 oo
B =) I (£ 9) S ) FRTRD

n=0 ¢=0

it is relatively straightforward to extract CF'T data up to high values of ¢ and n using the
expansion (4.8). Some of the low-lying coefficients are
dgoFF = CA¢,d,U + 0(52) ,
1
dget = 50 = DB = de)Cayav+ O(e?), (4.16)

dSFF = 95—6(25¢ — Do — 1)(v—2)(v —3) + O(c?),

while we give more coefficients in the attached mathematica notebook.

4.3 Wess-Zumino model

Finally, we proceed to bootstrap the two point function of chiral operators in the Wess-
Zumino model to order O(¢e) in the e—expansion. The derivation requires knowledge of the
bulk theory derived in section 3 and the inversion formula derived in section 2.2. Although

the calculations for the Wess-Zumino model are similar in spirit to the Wilson-Fisher fixed

17Once again, in the d = 4 case it is possible to obtain a closed analytic formula:

free d=4 L(OT( 4 1T (€ 4 2)sin(7v) | T(2—v) GO+1,042 )
£ 24037 (0 + 3/2)2 T(l—v+2)> 2\ 2043, 0—v+2"
(4.13)

T(v) 00+1,0+1
_1\¢+1 ) ) .
=0 P(€+U)3F2< 20+3,0+v 1)]
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point, in practice they are more challenging and require extra technology which we develop
in the appendix.

Let us remind the reader that the Wess-Zumino model is a theory of a single chiral
superfield with cubic superpotential W ~ ®3. By R-symmetry conservation, the chiral
primary field ¢(z) must have charge R, = 2/3, or equivalently Ay = (d — 1)/3. Since the
external dimension differs from free theory at order O(g), there is a GFF contribution with
dp = 1/3, which has been discussed in section 4.2.

Furthermore, as discussed in section 3, the bulk OPE contains double-twist operators
[¢)¢.n- Importantly, the leading twist operators n = 0 have OPE coefficients of order O(1)
and anomalous dimensions 7y, of order O(g), see (3.39). As a result, the entire leading-twist
family contributes to DiscG(z,z). Indeed, the part of the correlator with non-vanishing

discontinuity is

€ > -
G(2, T)|singular = §(xE)A¢>/2 log[(l —z)(1— :Z’)} ZdimngAwg,g(x,j)
=0 (4.17)

= —%v(v — 1) (zz)"? log[(1 —2)(1 —2)] h(*) —h(1 — =)

T

1—zx

where we introduced h(z) = z3F»(1,1,v+1;2,3; z). From this information, it is in principle
straightforward to extract the defect CFT using the bulk-to-defect Lorentzian inversion
formula. However, for the sake of clarity, we present the details in appendix A.1. Below
we present the defect CFT data, which contains contributions from the bulk identity (GFF)
and from (4.17).

Leading transverse-twist family: The first family are defect operators of transverse
twist approximately equal to one. Since these operators are present in the free theory, their

conformal dimensions can get corrected at this order in perturbation theory:

R d—1 0 for s > 0,
Ao =—F—+sl+e3 +0(%), 3= (4.18)

3 2(;;';‘1) for s < 0.

Furthermore, their OPE coefficients also get corrected as follows:

—(2s[ +1—v)Hjy +(

S| +1-— U)H\s|+1—v — (1 — ’U)Hl_v

Hs>0,0 = 1 + 3|S| €+ 0(62) s
(4.19)
—2ls| v — 1) Hyy + (|s| +v — DHgyq — (v —1)H,_
tocoo = 14 —CAsIF o= Dy + (8] BTI Mo == Dot )
S
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An important feature of the CFT data is that it is not symmetric under s <> —s. Even
though this seems surprising at first, it follows because ¢(z) is a complex field, complex
conjugation relates positive transverse-spin modes from ¢(x) with the negative modes from
#(x). From a technical point of view, this asymmetry is due to (4.17) not being symmetric
under x <> Zz. In particular, one would observe a similar phenomena in the Wilson-Fisher

fixed point starting at order O(&?).

Subleading transverse-twist families: The next families of defect operators have transverse-

twist 2n + 1. At this order in perturbation theory only the tree-level dimensions contribute
Agp=1+]|s|+2n+0() for n>1. (4.20)

Notice that these families receive contributions both from the bulk identity and from (4.17),
and as a result, the defect OPE coefficients differ from the GFF values:
|s| +2(1 —v) 5 |s| +2(v—1) 5
sson = —————c+ 0(e7), scon = —————c+ 0(e7). 4.21
Hez0n = "6 (sl + n) ) pecon = T =) (4.21)

Fractional transverse-twist families: Perhaps surprisingly, there is another family of
defect operators with non-integer transverse twist. Indeed, their tree-level conformal dimen-
sions are

Ar g =1+s|+2n+1—-v), A =1+|s|+2(n+v—1), for n>1. (422)
Notice that this family is generated exclusively from the bulk leading-twist family (4.17).
Once more, the tree-level OPE coefficients take a rather simple form:
n o n

St i-o)(sltnti-0v) M 3mre-D(stnto-1 *2)

fr
/"LS>0,’/L -

Having reviewed the structure of the defect CFT data, we can now resum the defect

channel expansion in order to obtain the full correlation function at order O(e):

Q%de’ (7,7) + Gwz(z, 7) Z (Zusansns (z,7) +ZN fAff 5 (x :1:)) . (4.29)

se€E—v+Z

The GFF part can be found in equation (2.41) with 4, = 1/3. The contribution which is
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new from the Wess-Zumino model is significantly harder:

Gw(z, %) = —%%

+2(1 =) (j2v—1,v(x) — Jop(®) = Hym1 @y (2) + @y () log(:m?))

+z'7(1 - v) (jl—v,l—v(f) — Jo—20,1-0(T) + Hl—vq)l—u(f))
Hy,_ 1 — Hyyo + O, (z) — Pop_1(2)

+ "
1—=x
4zl H_, —Hi_y + (I)1—j;(f) — Dy, (Z)
1—2
Dy_o,(T) — 2Po_o, (2T
_ l.l—U:Z,2—2U (('U _ 1)1]2_21)71_1)(%,1') + 2—-2 (x)l _xe 2 (xx>)
by, — 7Po,_1 (2T
+ p2v—1zv—1 ((U B 1>J2U—1,U—1(x7j) _*2 I(I)l _sz 1(1’25))
P — 7o T
_ i’LL’U-H <(’U . 1)«]1,_;_1,1(5(7,:%) . v+1(l') l’_ v+1(l’l’))
1—2
Dy, (Z) — 2Py, (2
+ 72 <(v — 1) Joy1 (T, ) + — v(f’f)l _xxz v(w))] . (4.25)

We could not express this correlation function in terms of elementary functions. Instead,

we introduced the following two special functions

oo

. *"H, ., _ > x
ja,b(x) = Z n +Z ) ']a,b(xux) = Z

n=0 n=0 m=0

(4.26)

In appendix A.2 we derive some interesting properties of these functions, in particular we
give an efficient algorithm to generate their expansion in powers of (1 —x) and (1 —Z). This

allows us to expand the correlation function in the bulk channel

VIT ))(d—l)/3 (

Gwz(z,T) = ((1 e v L4+ dNFa,, o, :z)) : (4.27)

=0

Once again, we can extract the CFT data using a software like mathematica. Some of the
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low-lying bulk OPE coefficients are

1 1 5 2 _ 1
dyy =¢e(v—1) <§(2v = 1) (Hozo + Hoy) = 2(30 = 2) (Hoy + H,) = &) 7

6v

503 + 1002 — 120 + 3

1 1
B¢ =e(v—1)"( —=(2v—1) (H_oy + Hoy) — —(5v — 2) (H_, + H,
17 =0 = 1P (20— 1) (Hoa ) = g0 = 2) (o + ) 4 2500202

ot = (v—1) (170> — 37v + 18) . (4.28)

€
144"
Let us emphasize that the total OPE coefficients are obtained combining (4.16) and (4.28),
namely dy, = dmz + d?gF . As usual, we give a larger list of bulk coefficients in the notebook

attached to this publication.

5 Conclusions

In this work we used analytical bootstrap techniques to study monodromy defects in the e
expansion. This program has been highly successful for four-point functions without defects,
where CF'T data has been extracted up to fourth order in ¢ for the Wilson-Fisher fixed point
[18,19]. Our analysis can be considered as the first step towards applying these techniques
to monodromy defects in CEFT. Our main result is equation (4.25), which describes the full
leading-order two-point correlator of chiral fields in the Wess-Zumino model. In order to
obtain the defect correlator, it was necessary to calculate the leading order CF'T data of the
Wess-Zumino model without defects (see section 3.4.3), a result that is interesting on its own
and that we plan to extend to higher orders in the future.

We also studied monodromy defects in the Wilson-Fisher O(/N) model, reproducing and
in some cases improving previous results. A natural extension of this work is to consider
higher orders in the e—expansion, although this will require dealing with degeneracies in the
bulk spectrum. Another related system is the large- N limit of the O(NN) model, which has
been studied using the bootstrap in [46]. Monodromy defects in the large-N limit have been
studied in [10], and it might also be a good candidate for a bootstrap analysis.

Yet another system in which the techniques used in this paper are directly applicable is a
Wilson line defect in N/ =4 SYM at strong coupling. The strong-coupling planar spectrum
of N = 4 SYM contains double-trace operators which are killed by the discontinuity in
the inversion formula. This is very similar to the setup of this paper, and indeed two-
point functions of half-BPS operators can be reconstructed by inverting a finite number of

conformal blocks [53]. It might also be possible to consider other maximally supersymmetric

39

).



models in 3 < d < 6, and bootstrap their defect correlators in suitable limits.

On a more speculative side, the functions studied in appendix A.2 are close cousins
of the Hurwitz-Lerch zeta function, perhaps these functions will find applications in other
perturbative calculations or in other branches of mathematical physics. Finally, the study
of higher-point functions is one of the long-term goals of the bootstrap. Progress in this
direction was made in [54], where higher-point functions in the presence of defects were
studied. Eventually, one should be able to obtain the corresponding Lorentzian inversion
formulas, and implement the multi-point bootstrap in order to obtain even more restrictive

constraints.
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A Appendix

A.1 Inverting the Wess-Zumino model

In this appendix we explain how to obtain the Wess-Zumino defect spectrum from the
discontinuity of the correlator. By means of the inversion formula, it boils down to computing
the integral (2.22). An important observation is that since the discontinuity is not symmetric
under = <> Z, the integrals are different for s > 0 and s < 0.

Let us focus on s > 0 first, and we summarize s < 0 at the end. Since the discontinuity
is of order O(e), we can evaluate the integration kernel at d = 4, when the integral is

dramatically simpler:

A _ v(v—1) ' vE —(A=s41)/2 =—(A+s+1)/2 -1\ .
w(A,s) = R TE dx dz z (R (=) —h(1—2)) . (A1)
0 1

&I

Let us remind the reader that h(z) = z3F5(1,1,v + 1;2,3;2). The strategy to obtain the

CFT data from such an integral is to notice that poles in A come from the region x — 0.
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Thus, we expand the integrand in powers of x and for each power we have

1 1/x N .
/ dx/ di - AstD)/2g-Atsttyzgm _ 2 1 ‘ (A2)
0 (s+n)(A—s—1—2n)

Physically, each power 2" generates a defect family of dimensions Asm = 14s+2n and OPE
coefficient ys,, ~ 1/(s+ n). Notice that the function h(1 — z) has the following expansion

h(l—z) = %(1 —Hy_,)+ ﬁ 3 ((n + vn— D" (U”fn; :vl)) . (A.3)

Combining this expansion with the inversion (A.2) one obtains the CFT data for n > 0, see
(4.21) and (4.23). The case n = 0 is identical, except one also has to consider contributions

from the following integral:

1 1/x N ~ 7—1
/ dl’/ AT l’_(A_S+1)/2i’_(A+8+1)/2h (_)
0 1 xr

4((s = v+ 1)(Hemppr — Hy) +v = 1)
sv(v—1)(A—s—1) .

(A.4)

This integral has been obtained by expanding the integrand around ¥ — oo, integrating
term by term, and finally resuming the resulting expression. The final result can be checked
numerically to very high precision.

Let us briefly outline the s < 0 case. The inversion integral is once again (A.1) where
one needs to change x <> T in the integration region. The CFT data for n > 0 can be read

off from the following expansion

z—1 2 (v—n—-1)z nzntv-l
h =-(1-H,_ 1 . .
( - ) U( 1+ log ) g( +n—|—v—1) (A.5)

The presence of a logz term leads to the anomalous dimensions (4.18). For the n = 0 case,

one also needs the integral

1 1/z X .
/ dl’/ dr ZL'_(A_8+1)/2ZZ'_(A+S+1)/2}Z(1 _ l’)
0 1

_ A(s(s —v+1) (Hogyoo1 — Hoy) + (s + 1) (v — 1))
s2o(v —1)(A + 5 —1)

(A.6)

Y

which has been computed by expanding around x = 0 and integrating term by term.
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A.2 Defect channel resummation

In this appendix we present some mathematical results that are useful in order to resum the

defect channel expansion of monodromy defects.

A.2.1 Hurwitz-Lerch zeta function

The first function we consider is the well-known Hurwitz-Lerch zeta function:

m

Bosa) =Y I (A7)

m=0

The only case which is relevant in the present work is s = 1, when it has a simple expression

as a hypergeometric function:

1
O(x,1,a) = a2 Fy ( . ’—l—al ;x) . (A.8)

The power of the Hurwitz-Lerch zeta function lies in the possibility of writing seemingly
complicated infinite sums in terms of them. Defect channel expansions such as (2.41) or

(4.25) can be resummed using the following formulas:

o

®(z,1,a)

nHa n— Hq_ :#7
;I( + 1) 11—+
L — d(x,1,a) — zP(27, 1
SO S e, 1nta) = DO LG ZTRET L) Sy )

n+a 1—-2

n=0 m= n=0
i i "™ ®(27,1,a)
= m+ta 1—x

For our applications, it is important to expand the Hurwitz-Lerch zeta function around z = 1,

which allows us to extract the bulk CFT data. Let us note the two elegant expressions

O(z,1,v) = Z )n (1—1x) (log(l—x)—l—HUJrn_l—Hn),

n!
=0 S (A.10)
2" ®(x,1,v) = —H,_; — log(l — z) + Z (_732(n(j 1_)!“)"(1 —z)".
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A.2.2 One-variable function

In the study of the Wess-Zumino model, we encountered sums that could not be expressed

in terms of simple special functions. The first sum we consider involves a single variable:

. = xn n+a
Jan() =) - (A.11)
—~ n+ b

It is not hard to relate j, () to itself after shifting a - a+1and b — b £ 1.
Let us consider the case a = 0 separately. The function jy,(x) can be resummed in terms

of the incomplete beta function:

—b an(b, a)

= (A.12)

joJ,(SL’) = —2 .
a=0
In order to generate the series expansion around x = 1 efficiently, we note that the function

satisfies the differential equation
0:(1 — 2)0,(1 — 2)2"7°0, (2"jop(z)) = 0. (A.13)

Making an ansatz for the series around x =1

Jop(x) = Z(l — )" (a; + b;log(1 — 2) + ¢ log?(1 — 7)), (A.14)
=0
one can fix coefficients recursively using the differential equation (A.13). The initial condition
can be obtained from (A.12)

1
ag = —5 <(Hb_1)2 + Héi)1> s b() = 0, Co = <. (A15)
Here HIST) = 22:1 n~" is a generalization of the harmonic number, where the usual contin-
uation to non-integer values of b is assumed.

Let us move on to the general case a ¢ N, and define the auxiliary function

~ = 2" (Hpg — H, )
Jap(T) = Z ( ;—l— 5 ) = Jap(r) — Hom1 O(2, 1,0) . (A.16)

n=0

Clearly, any property of jo,() can be easily translated to j,,(x), since the Hurwitz-Lerch

zeta function that relates them is well understood. The advantage of the auxiliary function
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is that it satisfies a simpler differential equation
9.(1 — 2)2' 79, (1 — 2)z" ™70, (2" jup(x)) = 0. (A.17)

From this differential equation, one can efficiently generate the expansion around z = 1

fixing the coefficients in the ansatz

[e.e]

Jap(T) = Z(l — ZE)Z(dZ + e;log(1 — 2) + f;log*(1 — :)5)) ) (A.18)

1=0

In order to find the initial conditions dy, ey and fy, we note that the sum (A.11) can be
obtained in mathematica in terms of complicated special functions. Taking the x — 1 limit,

and massaging the resulting expressions, we find

- Ha—b+n+2 Ha+n+2 1 2 1
dyp = — — —(Hgp) " —Hoyp + H, | Hy + ——
0 Z( n+2 binta) e b O

n=0
Hb+Ha2_)b+1+ L, 1 L
2 ab ' —a+b—1 " abtat+b+1l ' 6 (A.19)
1 1

=Hypg— - — —— — ———
co +2 a a+1 a+2

1
fo=3-

We have not been able to further simplify the infinite sum in dy. However, it is interesting
to note that when expanding (4.25) in the z,z — 1 limit, we have found numerically that
the contributions from these infinite sums combine to give zero.

A.2.3 Two-variable function

There is another type of double sum that we have not been able to express in closed form:

Tz, 5) =YY (ni 3 (mer 5 (A.20)

n=0 m=0

For the bulk channel expansion, we need the series expansion of J,;(z,z) around z,z = 1.
For simplicity, we always take the limits in the order |1 — x| < |1 — Z|. There is no loss of

generality, since in order to expand the function .J,,(Z, z), one can use the relation

IJa,b(Ia "Z') = (b(l’, ]-7 a— l)é(ja ]-7 b) - Jb,a—l(j>$) ) (A21>
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which follows from the definition (A.20). The strategy to expand around around z,z = 1 is

to first compute the sum in x, and then expand only in z — 1:

Z zE)" O(x,1,a+m) (A.22)

- _ — ) (@ 4+ m)n—p (Hasmsn—p-1 — Hyp—p +1og(1 — x))
n Z (1 ZZ pl(b+m)(n — p)! '

Now we perform that sum in (1 —x)" to the desired order n,.c. For any finite value of nyax,
we compute the finite sum in p, and then the sum in m can be computed in terms of rational
functions of (1 — z) and the function j,;(Z). Using the results of section A.2.2, we finally
obtain the expansion in (1 —z) and (1 — ) to any desired order. Although it would be hard
to do this by hand, the previous algorithm can be implemented efficiently in mathematica.
Let us also note that the series expansion contains terms of the form (1 — z)"(1 — z)~™ for
n,m > 0. A good sanity check of our implementation is that these spurious powers cancel

when they are combined as in (4.25).
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