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ABSTRACT: We point out an enhancement of the pair production rate of charged fermions in
a strong electric field in the presence of time dependent classical axion-like background field,
which we call axion assisted Schwinger effect. While the standard Schwinger production
rate is proportional to exp(—m(m? + p%)/E), with m and pr denoting the fermion mass
and its momentum transverse to the electric field F, the axion assisted Schwinger effect
can be enhanced at large momenta to exp(—mm?/E). The origin of this enhancement is
a coupling between the fermion spin and its momentum, induced by the axion velocity.
As a non-trivial validation of our result, we show its invariance under field redefinitions
associated with a chiral rotation and successfully reproduce the chiral anomaly equation
in the presence of helical electric and magnetic fields. We comment on implications of this
result for axion cosmology, focussing on axion inflation and axion dark matter detection.
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1 Introduction

Schwinger production [1, 2] describes the quantum mechanical, non-perturbative produc-
tion of pairs of particles and antiparticles in a strong electric field. The production rate is
exponentially suppressed by the mass gap in the dispersion relation,
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for a particle of mass m and charge @, traveling with a momentum pr transverse to an

particle production ~ exp (—

electric field with magnitude E and gauge coupling g. Not surprisingly, the spontaneous
production of particles with large momenta pp is exponentially suppressed.

In this paper, we study the production of charged particles in a strong electric field
in the presence of a time-dependent homogeneous background pseudoscalar field ¢, with



V¢ = 0 and ¢ # 0. In analogy to the QCD axion [3-6], we will refer to ¢ as axion-
like particle, or axion for short. In the presence of such an axion background field, a
chiral current coupling (or equivalently a pseudoscalar coupling) induces an additional
spin precession operator in the non-relativistic Hamiltonian of a fermion v [7]:!
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where the gauge invariant momentum for a fermion is defined as IT = p — gQ A with A

(1.2)

denoting the vector potential, and o denoting the Pauli matrices. This spin precession
leads to an additional contribution to the fermion energy, with a sign depending on the
sign of the axion velocity. For one of the fermion modes, it reduces the mass gap in the
dispersion relation, cancelling the contribution from the transverse momentum for suit-
able values of ¢. Correspondingly, the particle production rate is exponentially enhanced
for pr # 0,2
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Somewhat counter-intuitively, for sufficiently large axion velocities, this azion assisted
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maximal particle production ~ exp (—

Schwinger effect is thus not exponentially suppressed at large momenta, implying a fun-
damentally different resulting fermion spectrum. This is the main result of the present
paper.

To obtain this result, we solve the Dirac equation in the presence of an electric back-
ground field, including the most general shift-symmetric dimension five couplings of an
axion-like field to a fermion and gauge field that do not explicitly break C'P. The axion
velocity and the electric field imply a time-dependent background for the fermions, leading
to the particle production described by time-dependent Bogoliubov coefficients. We verify
the intuition behind key aspects of our computation using the non-relativistic effective field
theory of fermions. Our results are intrinsically invariant under (chiral) fermion rotations,
reflecting the basis invariance of all observables.

The non-vanishing axion velocity moreover leads to a magnetic field parallel to the
electric field, i.e., a helical gauge field configuration, if the axion couples to the electro-
magnetic fields. This is, in particular, relevant if we identify the axion ¢ as the inflaton
particle driving cosmic inflation [10-12]. Motivated by this, we also study the axion as-
sisted Schwinger effect in a background of parallel electric and magnetic fields. In this case,
the fermion dispersion relation is quantized in terms of the Landau levels [13, 14], each
corresponding to a particular transverse momentum. We confirm that the enhancement
mechanism applies also in this case. The helical gauge field background sources a chiral
asymmetry as indicated by the chiral anomaly [15, 16]. As a non-trivial consistency check,
we reproduce the chiral anomaly equation from our result.

For a discussion of the spatial components of this operator, referred to as ‘axion wind’, see e.g., refs. [8, 9].

2The maximal particle production rate given in eq. (1.3) occurs for constructive interference of the two
saddle points of the adiabatic approximation, the full expression for the rate oscillates as a function of ¢ as
discussed in the main text.



Our analysis builds on earlier studies of particle production in (helical) electromagnetic
fields, reproducing the chiral anomaly equation and the Schwinger production rate [17-21].
This paper extends these analyses by including a dynamical axion field with general cou-
plings to the fermions and gauge fields, including in particular both operators in eq. (1.2).
The corresponding results of refs. [17-21] are obtained as a particular limit of the more gen-
eral results presented here. Moreover our analysis shares some similarities with the so-called
‘dynamically assisted Schwinger mechanism’ [22, 23], which describes an enhancement of
the Schwinger pair production rate in electric fields with a non-trivial time dependence.

The remainder of this paper is organized as follows. In section 2, we compute the
particle production due to the axion assisted Schwinger effect in the presence of an electric
field. We generalize this analysis in section 3 to include an (anti-)parallel magnetic field, in
particular verifying the chiral anomaly equation and providing an estimate for the induced
fermion current. We comment on implications for axion cosmology, in particular on axion
inflation and on axion dark matter detection in section 4 before concluding in section 5.
We have relegated several technical but important details to six appendices. Appendix A
fixes our notation and conventions. Appendices B and C provide the details on deriving the
equations of motion for the Bogoliubov coefficients used in sections 2 and 3, respectively.
Appendix D is dedicated to our analytical result for particle production due to the axion
assisted Schwinger effect. Our results are interpreted in the language of non-relativistic ef-
fective field theory in appendix E. Finally, we briefly review the WKB estimate of Schwinger
particle production in appendix F.

2 Axion assisted Schwinger effect in an electric field

2.1 Dirac equation with classical background fields

Let us consider an axion-like particle ¢, coupled through shift-symmetric dimension five
operators to an Abelian gauge boson A, and a Dirac fermion . Our goal is to study
non-perturbative fermion production by explicitly solving the Dirac equation,

ilp — m e2iemrs®/ fa 4 658}@,)#% v=0, (2.1)
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in a classical background of a homogeneous axion field (with b # 0) in the presence of a
strong electric field. Here I) = (8, + igQA,)v" denotes the covariant derivative, m the
conformal fermion mass, ¢ the gauge coupling constant, @ the fermion charge, f, the axion
decay constant, and ¢,,, c5 are dimensionless couplings constants. We have further assumed
a Friedmann-Lemaitre-Robertson (FRW) background metric, and eq. (2.1) is expressed in
conformal coordinates, implying that all contractions of Lorentz indices are taken with
respect to the flat metric 7,,,. For later convenience we introduce

am = Cm¢/fa and 95 = C5¢/faa (22)

see appendix A for more details on our notation and conventions.

3In an FRW background with scale factor a(t), the conformal mass m is related to the physical mass
Mph aS M = Mpnd.



Without loss of generality, we choose the direction of the electric field along the z-axis,
i.e., we work in a classical background field configuration described by

Al = (07 0,0, Az(t)) , ¢ = (Z)(t)a (2'3)

where the electric field is given by E = —A, > 0. Introducing the generalized momentum
I, = p. — gQA,, we can write the equation of motion (2.1) in Fourier space as

i0g+ 1, — 05 py— ipy —me?im 0
. . 1L — 9 . 210,
0— Da +_22pé/ 109 205 0 ' me ' . (2.4)
—me “Wm 0 i0p — I, + 05 —(px —ipy)
0 —me=20m  —(p, +ipy) 0o + 1L + 05
We now decompose the fermion modes as
Y = e1% Z [ayuy exp (—idt) + Brvy exp (+iQ2t)], (2.5)

A=1,2

with uy (vy) denoting the (anti-)particle eigenfunctions of the fermionic part of the Hamil-
tonian for constant A, and ¢, respectively, see appendix B for details. Inserting this into
eq. (2.4) yields the dispersion relation

Q= /T2 +m2, (2.6)

with the effective mass mp = /p2 + pz% + m?2 now including the transverse momentum.
Note that, although the dispersion relation (2.6) is independent of 5 and 6,,, the eigen-
vectors uy, vy depend on 654, = 05 4 60,,. The appearance of only this linear combination
can be traced back to the symmetry of our setup under chiral fermion rotations. This in
particular implies that in the limit m — 0 any dependence on 05 and 6, must drop out,
since it can be removed from eq. (2.1) by a suitable fermion rotation.

Bogoliubov coefficients. We now turn on the time-dependence of A, and ¢, thus pro-
moting the coefficients ay and ) to time dependent Bogoliubov coefficients. Then eq. (2.4)
requires that

0= Z {(ouu)\—i—ouu)\ exp( /dtQ) Bavx + Bt exp( /dtQ)} (2.7)

A=1,2

By exploiting the orthogonality among the eigenvectors, we obtain

dr=— Y {Uii&,\'a,\/ + Uir\@,\'e%fdmﬁ)\'} ; (2.8)
N=1,2

B}\ _ _ Z {U;’L'L)\le_%fdtga)\/ + U;r\i})\/ﬁ/\/} . (29)
N=1,2

Using the relations for the scalar products of the eigenvectors uy and vy and their time
derivatives given in appendix B, we obtain the equations of motion for the Bogoliubov



coefficients,
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where we denote © = [dt{). Here and henceforth we ignore the time dependence of
the scale factor, which is justified as long as particle production rate, driven by the time
dependence of A, and ¢, is much larger than the Hubble expansion rate.

Quantization and initial conditions. In terms of these Bogoliubov coefficients, the
quantized fermionic mode function is given by

w=e% 3 [ure™™® (al by — (=) B ] ) +0ae®® (B0 by ()M ol )]
AN=1,2
(2.11)

with bA,bJ/r\,d)\ and d; denoting the usual fermionic annihilation and creation operators.

*

Here the minus signs arise from the observation that =+ (=35, 85, af, —a3)" satisfies the
same equation of motion as (a1, as, 81, ﬁQ)T

ditions for a and (3, that is,

, and the superscript indicates the initial con-

oV =1, of) =p" =5V =0 and o =1, o =5 =pP =0, (212

at the initial time ¢t = —oo. In other words, there are two types of particles that are the
remnants of the two helicities, and we take both particles absent for the initial state. In
our final results we need to sum over both particles since they both contribute to physical
quantities. Note that, due to the degeneracy in the eigenvalue 2, the labelling of the
states A = {1,2} is arbitrary, and any two orthogonal linear combinations would lead to
the same final results. In particular, (non-perturbative) particle production corresponds to
a non-zero value of 37, |B§\’\/)|2
and ¢.

The quantized fermionic mode function (2.11) can be equally expressed in terms of

arising from the time-dependence in the background A,

the fermionic annihilation and creation operators B, BJL\, D) and DT\ at any given time ¢,
defined as

By=Y (afby = (-0 7], ) (2.13)
N=12
N=12

They satisfy the standard anti-commutation relations,
{B)\l (mv BI\Q (ﬁ/)} = {D)q (]5)7 DI\Z (ﬁ/)} = (27T)3 6/\1)\26(3) (ﬁ_ ﬁ/) P
{Bv(), DL, (7))} = {Br. (@), D, (5)} = 0, (2.15)



where here we have made the dependence on the momentum explicit. These relations
indicate that the Bogoliubov coefficients satisfy

A) _(W)* A) H(A)*
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A
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independently of the time ¢. We show that these relations follow from egs. (2.10) and (2.12)
in appendix D.
2.2 Particle production

For concreteness, let us consider that d) and AZ are turned on and off adiabatically at ¢y
and tyax respectively, i.e.,

A 0 t— tmin t— tmax
o =2 -+t (=] [ - cann () .
i E t— tmin t— ZL/max
A= [ ()] [ ()] g

Here 6 and E denote the constant amplitude of these functions for ty;, < t < tpax and
T denotes the characteristic time-scale for switching the $ and A, on and off. We can
now proceed to solve eq. (2.10) numerically. The result, depicted in figure 1, displays
a remarkable property: the exponential suppression of the non-perturbative Schwinger
particle production is not given by exp(—mm?2/(g|Q|E)), as one would expect from the
gap in the dispersion relation (2.6), but instead the suppression is governed by the bare
mass m,

particle production ~ Z ‘ﬁ/(\x)
AN

2 wm?
X exp (g]Q|E> . (2.20)

This corresponds to an exponential enhancement of the Schwinger production rate for
Pz,y 7 0, possible only in the presence of a suitable 0 # 0, i.e., in the presence of a moving
axion background field. We call this exponential enhancement of the particle production
the axion assisted Schwinger effect. The remainder of this section is dedicated to explaining
this result.

Numerical results. We first explain our numerical results displayed in figure 1 in more
detail. In the upper panels, we plot the spectrum of the produced particles for several
different values of § with two sets of m, py and p,. We take tmin = 0, tmax = 100/ \/m
and T = /50/(g|Q] F), and evaluated the spectrum at t = 150//g Q[ E. The resulting
spectrum features an approximate plateau for —7 < p,/gQE < 0 with 7 = tpax — tmin. The
width of the plateau thus depends linearly on the duration of the non-zero electric field 7
which implies that for large values of 7, any transient effects at tynin, max become irrelevant.
The height and the width of the plateau in the case § = 0 can be intuitively understood
as follows. When the electric field is imposed, the particle is accelerated and II, increases
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Figure 1. Upper panels: the spectrum ), ,,

of 6. Lower panels: the height of the plateau of the spectrum evaluated at p, = —50 as a function of
6. The blue solid lines are the full numerical results, while the gray dashed lines are the analytical
formula (2.24). The parameters are shown in the unit g|@Q| E = 1 and for all figures in the paper
we chose @ > 0.

with time. The gap between the particle and antiparticle energy levels is minimized when
IT, = 0, and hence particle production is most efficient at this point. Therefore, only the
modes which cross I, = 0, i.e. —7 < p,/gQFE < 0, are efficiently enhanced, corresponding
to the plateau of the spectrum. The gap at I, = 0 is given by mp = 4/ p2T + m?, and hence
the height of the plateau is suppressed by exp(—mm#%/g|Q| E).*

As one can see in the upper panels of figure 1, once we turn on 95+m, the height of
the plateau depends strongly on this parameter. This dependence is shown explicitly in
the respective lower panels, where we plot the occupation number for p,/\/g[Q| E = —50,
corresponding to the center of the plateau, as a function of 8. Two important features
stand out. First, the particle production is drastically enhanced as 6 increases, and the
envelope of the suppression factor asymptotically approaches to exp(—mm?/g|Q| E). In
other words, the part of the gap in the dispersion relation due to pp is overcome and

4One can make the qualitative argument here more rigorous with the help of the WKB analysis, see
appendix F for a brief review and references.



the spectrum is correspondingly enhanced by exp(ﬂp% /9|Q| E). Second, on top of the
exponential enhancement, the height of the plateau oscillates with 6. As we explain below,
we may interpret this oscillation as an interference effect of two saddle points. We note in
passing that we have checked that the particle production is independent of é5+m if the
fermion is massless. This should be the case since 054, can be rotated away if the fermion
is massless and hence 05, is physical only when m # 0.

Non-relativistic limit. We now proceed to interpret our numerical results. For this
purpose, we study the dispersion relation of the Bogoliubov coefficients. As we saw in
section 2.1, the eigenvalues © of the Hamiltonian are independent of 65.,,. However,
since the equation of motion of the Bogoliubov coefficients depends on 95+m, their time
evolution is not simply governed by (2. Indeed, by taking the non-relativistic limit, we
show in appendix E that the non-zero axion velocity induces the following operators (in
the particle sector):

where 7 is a two-component spinor corresponding to the positive frequency part, o is the
Pauli matrix and IT = (p,,py,Il.). Thus, the axion induces a coupling between the spin
and momentum. Accordingly we obtain for the time-dependent eigenfrequency,

- 1 . 2
ORp = S (\/H,% +p7 95+m> : (2.22)

by diagonalizing the equation of motion of 1.° These eigenvalues have an interesting
property. For definiteness, let us take 95+m > 0 and consider the minimum value of Q;IR
with respect to II,. The minimum value is Q;IR = p%/(2m) at II, = 0 for 95+m = 0.
Once 051, is turned on, however, the minimum value of Qy is smaller than p2/(2m), and
eventually becomes zero when 95+m > pr. In other words, the spin-momentum interaction
induced by the axion velocity compensates the gap from the transverse momentum. We
thus naturally expect that the exponential suppression from pr is compensated by the
axion velocity, which is exactly what we find in figure 1.

Semi-analytical results. The above observation relies on the non-relativistic limit, but
this limit is not essential. Indeed, as we see in appendix D, the full relativistic equation of
motion of the Bogoliubov coefficients has the following eigenvalues (among others),

0= (1) = \/ (V2 rh = é5+m)2 +m?, (2.23)

which reduce to eq. (2.22) in the non-relativistic limit. As an empirical proof that these

modes play the essential role, we find that the following integral approximates the numerical

5The eigenvalues of the fermion equation of motion depend on the choice of basis for 1. For the basis

choice in eq. (B.12), which is the eigenbasis of the Hamiltonian (B.5), Q& coincides with eq. (2.6).



results well for m, pr 2> /g |Q[ E:°
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where 95+m is replaced by € in Q~ in this expression, and
. 2 ,
I, =I,,, Iym = o\/<9 + a’z’m) —p3, 0,0 =+, (2.25)

correspond to the points Q~ = 0 in the complex II, plane. This is depicted as the gray
dashed curves in the lower panels of figure 1, and shows excellent agreement with the full
numerical result displayed by the blue solid curves. Although we could not derive this
expression from first principles and hence this is an empirical formula, it is motivated by
the saddle point approximation of an integral controlled by Q~ as we discuss in appendix D.
Note that Q= has two pairs of saddle points in the complex II, plane. The last term in
eq. (2.24) originates from an interference of these two saddle points, and this interference
term induces the oscillatory behavior in the lower panels of figure 1 (see also appendix F).
We further note that the formula (2.24) overestimates the spectrum for small values of
m and/or pp. In particular, the axion assisted Schwinger effect dies out as m — 0,
which is not captured by eq. (2.24) but is displayed clearly in our numerical results (see
appendix D). The case of small py is not particularly relevant to our discussion, since the
axion assisted Schwinger effect is most prominent when pr is large. It would however be
certainly interesting if one could derive an analytical formula that works for both small
and large values of m and pp, which we leave as a future work. See appendix D for more
details on the range of validity and limitations of eq. (2.24).

In short, we interpret our numerical results as follows. The axion motion induces the
spin-momentum interaction. It modifies the dispersion relation and in particular can com-
pensate the energy gap from the transverse momentum pr (see eq. (2.23)). The remaining
minimal gap is given solely by the intrinsic mass m in the large 95+m limit, and hence the
particle production is suppressed only by exp(—mm?/g|Q| E). In other words, the particle
production is exponentially enhanced by exp(np2/g|Q| E). The UV cut-off of this process
is set by 95+m, as will be discussed in more detail in section 3.3.

3 Axion assisted Schwinger effect in an electric and magnetic field

3.1 Dirac equation with classical background fields

This section generalizes the analyses performed in section 2 by including a constant mag-
netic field, aligned (anti-)parallel to the electric field. Such a configuration is generated
dynamically through a tachyonic instability in the axion gauge field coupling, leading to

5This formula works for a sizable value of 6. It does not reproduce the correct expression in the limit
0 — 0 since the full result reduces to 2 exp (—ﬂm%/g Q| E), while this formula vanishes in this limit. It is
still enough for our purpose since our main interest is the exponential enhancement due to a sizable 6.



an exponential enhancement of one of the two gauge field helicities [10-12]. We will thus
consider the background field configuration

At = (0707 Bz, Az(t)) A ¢(t)7 (31)

where the magnetic field B is constant and as before the electric field is given by —A.,.
Here, our starting point will be the most general action coupling axions, fermions and
gauge bosons through dimension five operators, while preserving the shift-symmetry of the
axion and C P-invariance,

gszm,F‘“’

S = /d4 [ (09) —fF“”F,w—HZ) (Z¢ mae2w’"¢/f‘”5) 1/J+CA4 T,

(3.2)

This in particular extends the discussion of ref. [21], which assumed for simplicity 05+6,, =0.

The introduction of the magnetic field induces a spiralling motion of the charged
fermions. This spiralling motion is quantum-mechanically quantized and the dispersion
relations are consequently described by discrete Landau levels (see ref. [21] for an explicit
construction). The equation of motion for the lowest Landau level reads

2i0m (L)
0= lﬁgao + (sH 95) ((1) _01> —m <€Siam e ) )1 (Z?R)) 7 (3.3)
0

where s = sign(QB). We note that in this lowest Landau level, the effect of 65 is degenerate
with II,. In particular, if qﬁ is constant, we can absorb it by shifting the momentum p,.
Hence, since the computation of particle production involves an integral over p,, we can
anticipate that the particle production in the lowest Landau level will not be affected by
the axion motion.

Similarly, introducing the magnetic mass m% = 2ng|QB|, the equation of motion for
the higher Landau levels reads

i + sIL, — 05 imp —me?ifm 0
—imp iy — sII, — 05 0 —me?ifm
0= : . t), 3.4
—me~20m 0 i0p — sll, + 05 —imp ¥n(t) (34)
0 —me~2im imp iy + sII, + 05
where n = 1,2, ... labels the Landau levels and 1, is a vector containing the four fermionic

modes, i.e., (anti-)particles of both helicities, which mix for a given Landau level, see
ref. [21] for details.
As in section 2.1 we may now expand the fermionic mode functions as

o = e 1305 [apug exp (—iQ0t) + Bovo exp (+iQ0t)] , (3.5)
for the lowest Landau level, and

Yy = 505 Z [ AUp, \ €XD (—i80nt) + B AUn ) exp (+i82,1)] (3.6)
A=1,2
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for the higher Landau levels, with ug, vo and w,, x, v, \ denoting the eigenfunctions of the
fermionic part of the Hamiltonian, see appendix C for details. Inserting this into egs. (3.3)
and (3.4) yields the dispersion relations

Qo =/II24+m? and Q, =/112+m%, (3.7)
with the effective mass labelling the Landau level, my = /m% 4+ m?.

Bogoliubov coefficients. We again turn on the time-dependence of A, and ¢, thus
promoting the coefficients «) and ) to time dependent Bogoliubov coefficients. Proceeding
as in section 2.1, the equations of motion are given by

Qg = 195+m9702040 — (829(2;Z + Z95+mQO> eQZGOBOa (3'8)
. o sII mIl A m\ o
Bo = _205+mQ702B0 + (529(2;2 - 295+mQO> € 216004(), (3.9)

for the lowest Landau level, and

2iOp
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ﬁn | tmo| o e—2ien 0 m_sI, mg 20)2 e—2iOn 0 0 0 5" | s
L Qn mrp Qn mr n _2i0 ?
B2 0 me%©n  mp _ m sIL 0 e n 0 0 Bn,2
Qn mr mr Qn
(3.10)

for the higher Landau levels, where ©g = [dtQy and ©,, = [dt,. In particular, we
see that eq. (3.10) is equivalent to its counterpart without the magnetic field (2.10) after
replacing pr with mp. The only difference is that the transverse momentum is quantized
due to the magnetic field in eq. (3.10), while it is continuous in eq. (2.10).

Quantization and initial conditions. In terms of these Bogoliubov coefficients, the
quantized mode function is given by

Yo = e~103% [uoe_igo (aobo — BSdB) + vpet®0 (ngo + aéd%)} , (3.11)
for the lowest Landau level, and

. ) N , A)* . N / A)*
Py = 6”505 Z [um}\e On (a,ﬁL’A)bn’,\/—(—l)A+/\ 5.27)\) d;rh/\/)“!‘v)\@l@n (6£L,A)bn,)\'+(_1)>\+>\ asz,/\) d:L,/\’)] )
AN=1,2

(3.12)

for the higher Landau levels, where by, do, by, », dy, x are the fermion creation and annihilation
operators. The initial conditions are given by

ap = 1, BQ = 0, (3.13)
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for the lowest Landau level and

1
an,% =1, an,)Q = /Bn,% = 61(1,% =0, (3‘14)
o =1, o) =B =p5=0, (3.15)
for the higher Landau level, respectively, at the initial time ¢t = —ooc.

As in the case without a magnetic field, one can define the fermionic annihilation and
creation operators at any given time ¢ as

By = aoby — Bidl, D} = Bobo + agd}), (3.16)

for the lowest Landau level, and

Bux= Y (aibuy = (=0 gl ), (3.17)
N=1,2

Dl = 3 (BN b + (-1 o) dl x) (3.18)
N=1,2

for the higher Landau levels. They satisfy the standard anti-commutation relations, indi-
cating that

Jaol® + (0] * = 1, (3.19)
for the lowest Landau level, and
A A) X A A) *
Z [aiL,/)\lav(l,;\Q + (_1)/\1+)\2 57(1,))\257(1:))\1 } - 6)‘1)‘2 ’ (320)
A
A N () *
Z [ izg\llgn Ay (_1))\1+)\2 047(17;\257(17))\1 } =0, (3‘21)
A

for the highest Landau level, for all times ¢. The former trivially follows from egs. (3.8)
and (3.9), while the latter is shown to be satisfied in appendix D.

3.2 Anomaly equation

The anomaly equation relates the chiral fermion current with the Chern-Simons term
s [15, 16]

Bt = — Py Fog + 2imape?m¥omsah JE = ylygap, (3.22)

92Q2
82
An important property of the system in this section is that the Chern-Simons density
is non-vanishing, FF* = —4EB # 0. Therefore a non-trivial consistency check of our
computation is to correctly reproduce the anomaly equation. Ref. [21] shows that the
anomaly equation holds in the case 05+ 6,, = 0, and we now generalize this result including
a non-vanishing 05 + 0,,.

In the following we focus on the spatially averaged version of the anomaly equation,
which reads
9°*Q°EB

S+ 2im <z/76219m’7575¢> : (3.23)

gs =
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where

| S R P R
(3.24)

with the expectation value (- - -) taken with respect to the initial vacuum state. We consider
contributions from the lowest and higher Landau levels separately. In particular, we will see
that only the lowest Landau level contributes to the Chern-Simons term. See appendix C
for some useful relations that are used in the computation below.

Lowest Landau level. The chiral charge from the lowest Landau level is given by’

_g]QB| dp. {231‘[
50 7 Ty g2

B0 + 5 (aofe @ + agae™) |, (325)

where the subscript “0” indicates the contribution of the lowest Landau level. With
egs. (3.8) and (3.9), its time derivative reads

iso _ngB\/d [

The first term is easily integrated, and the second term corresponds to the mass term,

(agﬁge—mo — aSBOeQieo)] . (3.26)

=~ 2i0mys _ 3 /17 2i0mys __9l@B] B2 200
<1/J€ 775¢>‘LLL:m/dm<[¢,e 775w]>‘LLL7_ 472 /dpz "= apfoe ]’
(3.27)
where “LLL” stands for the lowest Landau level. As a result, we obtain
2 2EB o
ds0 = 9% =2 62271_2 + 2im <1/16210m75'y5w> ’LLL . (3.28)

Thus, the Chern-Simons term is supplied by the lowest Landau level. Below we confirm that
the higher Landau levels do not induce additional contributions to the Chern-Simons term.

Higher Landau level. The chiral charge from the higher Landau levels is given by

,—9‘@3'/01 57 2 ool

where the subscript “n” indicates the contribution of the nth Landau level for n > 1. By
taking the time derivative and using eq. (3.10), we obtain

. B * * i * N\ o
. _2ngé|l?'l'2 | /dpz%: {(an/\i 5N -al) (A2)) o2 @"—(a N80 —a)50) )e 2 en} _

) n71 n, n, n,

(3.30)

"We dropped a regulator in this expression. One can show, as in ref. [21], that the results do not depend
on the choice of a regulator function as long as it depends only on €.
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Figure 2. Left panel: the spectrum ), ,, |5; as a function of p, for several different values of

0. Right panel: the height of the plateau of the spectrum evaluated at p, = —50 as a function of 6.
The blue solid line is the full numerical results, the gray dashed line is the analytical formula (2.24)
after replacing pr by mp, and the orange dashed line shows our analytical result for the envelope,
given by twice the asymptotic formula (3.37). The parameters are shown in the unit ¢ |Q| E = 1.

It is straightforward to show that the right-hand-side corresponds to the mass term,

G5,.n = 21m <1Ze2”59m’y51/1>‘ (3.31)

HLL,n’
where “HLL” stands for the higher Landau levels. Therefore the higher Landau levels
do not contribute to the Chern-Simons term. This completes the proof of the anomaly
equation.

3.3 Particle production

We now study the particle production for the lowest and higher Landau levels separately,
and estimate the induced current. We impose the electric field and the axion dynamics as
in egs. (2.18) and (2.19).

Lowest Landau level. We have checked numerically that the spectrum of the lowest
Landau level does not depend on . This result is easily understood based on our discussion
in section 2.2 as follows. The lowest Landau level corresponds to the mode that moves
parallel to the magnetic field, or equivalently has a vanishing transverse momentum. In this
case, the minimum of €2_ is not affected by the presence of 95+m, and hence no exponential
enhancement of the particle production is expected to occur. The non-vanishing axion
velocity simply leads to the replacement p, by p, — 95+m in the eigenvalue, and this is
absorbed by a constant shift of p, for a constant . As a result there is no effect on the
particle production of the lowest Landau level.

Higher Landau levels. In figure 2, we plot our numerical results for the particle pro-
duction for the higher Landau levels. It shows that the spectrum is again exponentially
enhanced when @ is large. As we noted above, the equation of motion of the Bogoliubov
coefficients for the higher Landau levels are equivalent to eq. (2.10) after replacing pr with
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mp. Therefore, we can interpret this result in exactly the same way as we did in sec-
tion 2.2. In particular, the enhancement of the particle production is well approximated
by eq. (2.24) after replacing pr with mp as we show in the right panel. The axion-induced
spin-momentum interaction does not care whether the transverse momentum is continuous
or discretized, and the axion assisted Schwinger effect is at work for both cases.

Induced current. We finally estimate the current of the produced fermions. As dis-
cussed in section 4, this is a key quantity to determine the backreaction of the fermion
production on the background gauge fields in a dynamical system. In our setup, only the
z-component of the induced current is non-vanishing, and is given as

(20 = 2V011(R3) / &z ([d.4%]) = gﬁf / dp- { {2 =

b5 M a0 T (a5 +hc)}}

AN
(3.32)

24 2T (o060 + h.c.ﬂ

We focus on the first term since it is proportional to the duration 7 of the non-zero electric
field, and hence dominates for large 7. As we saw before, the spectrum develops a plateau
approximated as

> (8K
AN "

~ |5a| " © (sen(Qp- +91@Q1 Br) © (—sen(@)p2) (3.33)

- 12
where we denote the height of the plateau as ‘571‘ , © is the Heaviside theta function and
sgn(Q) = Q/ |Q|. Therefore the induced current is estimated as

3
91Q 5 |2
9@ =7 x L 15 3 |5, (3.34)
n
where we assumed 7 > mr/(g|Q| E).
If there is no coupling to the axion, 54, = 0, the height is given by
_ 2 m?2 2 7 (m? + 2ng |QB|)
Bo| ~exp|— , 1B =2exp |— , 3.35
o TR JQIE 339
and hence the induced current is estimated as
B _ am? .
gQ(J,) ~ 1 (g ‘QD E|B|co (7T|E|> e 9RIE = for O54, =0, (3.36)

reproducing our previous result [21].

Once we turn on the axion coupling, the spectrum for the higher Landau level is
exponentially enhanced and ‘ B_n‘Q is estimated by eq. (2.24) after replacing pr with mp.
Unfortunately, eq. (2.24) is still complicated enough so that we could not obtain the induced
current analytically. Therefore, we just make a crude estimation of the induced current
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by further simplifying eq. (2.24). First, we approximate the oscillatory behavior of ‘ an
with respect to 6 by simply inserting half the envelope of the oscillation. We also focus on
the modes that satisfy mp 2 ¢|Q| E since otherwise the axion assisted Schwinger effect
is not so drastic (see appendix D for a discussion of the m < g|Q|F limit). With these
simplifications, we find

— |2 m? m2 :
L~ 2exp | — 1+-—2 for 6% > m? m%. 3.37
5] Xpl g|@|E< 292>] vo07 > memi (3:37)

As shown in figure 2, this formula describes the envelope well in the asymptotic

regime. We see that the suppression factor approaches exp(—mm?/(g|Q|E)), i.e.,
exp(—mm?m%/(29|Q|E6?)) ~ 1, when

m?m% o
< 3.38
glQIE (3:38)
Thus, we may estimate the induced current as
3 2 )2
_m B B 0
gQ(J,) ~ T X (%g)Eze 9lQTE x max l|E‘ coth (WL?‘) ’7rm2] , (3.39)

where we simply count the number of the modes that satisfy eq. (3.38) and introduce the
“max” function so that it reduces to the previous result when 95+m is small. One can
see that the induced current is enhanced as 65, increases. In particular, for E ~ |B|,
the axion assisted Schwinger effect leads to an enhancement of the induced currently by
a factor of roughly 62 /m? compared the standard result in the absence of the axion field.
Here we emphasize again that our estimation above is quite rough, and we leave a more
precise estimation to future work.

4 Implications for axion cosmology

Axion inflation. Identifying the inflaton, i.e., the particle responsible for driving cosmic
inflation, with an axion-like particle with shift-symmetric dimension five couplings to gauge
fields and fermions, naturally ensures a sufficiently flat scalar potential as required for slow-
roll inflation [24, 25]. The coupling to gauge fields induces a tachyonic instability in one
of the helicities of the vector potential, leading to the production of a strong, large-scale
helical gauge field configuration during inflation, driven by the kinetic energy of the axion
field [10-12].8 The production of fermions in this helical gauge field background is well
described by the analysis of section 3 as long as the axion velocity varies only slowly,
implying approximately constant physical electric and magnetic field strengths.”

8 As in the rest of this paper, we focus on Abelian gauge fields here. Non-Abelian gauge field configura-
tions can also be sourced by a non-vanishing axion velocity [26-29], however due to the self-interactions of
the non-Abelian gauge fields, the fermion backreaction originating from the induced fermion current is less
relevant in this case [30]. Moreover, for a discussion of the gravitational production of neutral fermions in
axion inflation, see ref. [31].

9For very strong gauge field backgrounds with correspondingly strong backreaction effects on the axion
equation of motion, this approximation becomes invalid due to resonance effects in the coupled axion gauge
field system [32-35]. However, in the presence of light fermions, the gauge field production is inhibited, and
hence the resonance effects are expected to be less relevant.
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In the absence of charged fermions, the exponential gauge field production in axion
inflation leads to striking signatures [36], including the generation of gravitational waves
in the range of ground-and space-based interferometers [37, 38] and of primordial black
holes [39-42]. The dual production of helical gauge fields and charged fermions was first
studied in ref. [19] for massless fermions and extended in ref. [21] to massive fermions, for
the particular parameter choice of ¢,, + ¢5 = 0, corresponding to the absence of the last
term in eq. (3.2). The fermion production and the resulting induced current lead to the
formation of electric and magnetic fields anti-aligned to the background fields, and thus to
a reduction of the net gauge field background generated in axion inflation by several orders
of magnitude. This dramatically changes the predictions of axion inflation.

Our new estimate for the induced current, eq. (3.39), indicates that for suitable values
of 0, the induced current is enhanced by roughly

02 H\? ( Mp\?

~_~el|l = - 4.1

m2 "¢ <m> ( f ) ’ 1)
with € = ¢?/(M3H?)/2 < 1 denoting the first slow-roll parameter. The expression (3.39)

is valid for m?

> g|Q|E (with an additional suppression arising for smaller masses, see
appendix D), implying (H/m)? < H?/E. In axion inflation, we typically expect H?/E ~
107%=2 [21] and (Mp/f)? < 103 [36], indicating a potentially sizable enhancement of
the induced current. This is in particular true towards the end of inflation, when € ~ 1.
Consequently, we expect a further reduction of the gauge fields production compared to
the analysis of ref. [21].

Moreover, due to the slow variation of qb over the course of slow-roll inflation, we expect
to scan the oscillatory features of figure 2. For moderate values of § when only a small
number of Landau levels contribute significantly to the induced current, this may lead to
an oscillation in the fermion backreaction which could induce oscillations in gauge field
background, and thus, through the gauge friction effect, in the inflaton velocity. Since
the approximation of an adiabatically varying inflaton velocity and gauge field strength
may fail in this case, a detailed analysis of this system requires non-linear methods such
as lattice simulations. Qualitatively, resonance effects similar to refs. [32-35] may occur,
leading to characteristic ‘spikes’ in the spectra of scalar and tensor perturbations. We leave
a thorough investigation to future work.

Axion dark matter. Axion-like particles are intriguing dark matter candidates. Here
we are particularly interested in ultralight (sub-eV) axions, which are stable on cosmological
time scales and can be described by a coherently oscillating axion background field [43—
45].19 In the rest-frame of an earth-based laboratory, this leads to an ‘axion wind’, with
characteristic frequencies associated with the motion with respect to DM halo of our galaxy
as well as with the axion mass, mg. For an overview of axion searches exploiting this effect,
see ref. [46].

10After gravitational collapse and structure formation, this remains true on time-scales less than the
coherence time, Teon ~ 10° (27 /my), which accounts for the loss of perfect monochromaticity due to virial-
isation, see e.g. [46].
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In principle, earth-based experiments aimed at detecting Schwinger production in
strong electric fields may thus be sensitive to the axion-electron coupling through a dis-
tortion of the high-momentum tail of the electron spectrum, resulting from the enhanced
electron production for mp > m,. depicted in figure 1, with m, denoting the electron mass.
However, since 6 < mg < me ~ gE, the enhancement is only mild (see figure 1). Since
moreover Schwinger production has not yet been successfully observed in the laboratory
due to the experimental challenges involved [47], this conceptually interesting observation
seems of little practical use in the immediate future.

5 Discussion and conclusions

In this paper, we study Schwinger production of charged fermions in the background of a
homogeneous axion field with a non-vanishing velocity. By numerically solving the Dirac
equation in background gauge and axion fields, we obtain time-dependent Bogoliubov co-
efficients describing the non-perturbative particle production. We find that the Schwinger
production rate is exponentially enhanced when the axion velocity is sufficiently large (1.3)
and the transverse momentum of the produced particle is non-zero, which we dub axion
assisted Schwinger effect. We also provide a semi-analytic expression for the number den-
sities of produced particles, which well explains our numerical results [see eq. (2.24) and
below].

Throughout this paper, we allow for general dimension-five couplings which preserve
the axion shift symmetry. By means of a chiral rotation, some couplings can be expressed
by the others, implying that physical quantities should solely depend on their specific
linear combinations invariant under it. We have explicitly demonstrated that our result
is invariant under this field redefinition. In addition, in the presence of magnetic fields
parallel to electric fields, a chiral asymmetry is sourced according to the chiral anomaly
equation. We confirm that our result reproduces the chiral anomaly.

The enhancement happens only if a specific combination of parameters 95+m, invariant
under chiral rotations, is non-vanishing [see eq. (2.2) and below eq. (2.6)], implying that
the enhancement dies out for massless fermions. This is because one may perform a chiral
rotation so that all the axion couplings are expressed as the axion Chern-Simons coupling
®FF in the case of massless fermions, rendering 654, unphysical. For this reason, the
axion assisted Schwinger effect is more pronounced for a larger mass, while we should bear
in mind that the overall production rate gets more suppressed as eq. (1.3). As a consistency
check, we also confirm that our result reproduces the earlier studies [17-21] in the limit of
a vanishing 05, or massless fermions (see also figures 1, 2, and 5).

Based on these results, we discuss phenomenological implications of the axion assisted
Schwinger effect. The enhanced production rate results in an enhancement of the induced
current, which backreacts on the gauge field equation of motion. This is, in particular,
relevant for axion inflation which predicts the production of helical gauge fields. Since
the backreaction is enhanced by the axion assisted Schwinger effect, we expect a reduced
helical gauge field production in parameter regimes where the axion assisted Schwinger
production is relevant. Moreover, the enhanced production rate predicts a distortion of
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the high-momentum tail of the electron spectrum in laboratory experiments aiming at
measuring the Schwinger mechanism, such as the X-ray laser XFEL and the extreme-light
infrastructure ELI [47-49]. We briefly discuss its implication in the case of axion dark
matter, but the enhancement is small for the parameters of our interest.
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A Notation and conventions

In eq. (3.2) we have introduced the comoving quantities 1, 4, and g"”, related to the
corresponding physical quantities (indicated by a hat) as

p=a"%), A,=(Ay,—A)=A4,, A" =d>(Ay,A)=adA". (A.1)
and correspondingly, with E = —0JyA, B =V X A in temporal gauge Ay = 0,
E=E/d*, B=B/d. (A.2)

The indices of the physical quantities are raised /lowered by the FRW metric g*” whereas
the indices of the comoving quantities are raised/lowered by the flat metric 7,, =
diag(+, —, —, —) = gu/a*. Note that for brevity, in eq. (2.19) and thereafter, we denote
the constant amplitude of the electric field imposed for some time 7 with F.

Using the chiral representation of the v matrices, (v*) = (vo,7) with

) ) 01 0 o 10
{2 =2, 7°=<10>7 7:<—a0>’ 75=<0 1) (A.3)

the left(right-)handed component of the four-spinor i) = (¢, r) is projected out by the
projection operator Pr/r = (1 F 75)/2. The (dual) field strength tensor of the gauge field
is given by

~ 1
Fu =04y = 0, Au, P = e Fy, (A.4)

with 0123 = 41.

B Particles and antiparticles

Hamiltonian. To introduce the notion of particles and anti-particles, we derive the
Hamiltonian density of our system. The conjugate momentum are given from eq. (3.2)
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with ¢ = 1 as

o=+ f e (B.1)
T = —FY% 4 2 T ¢ PRy (B.3)

The Hamiltonian density is then given by
1. L
= 5+ V(9) = & (7' Di = me*m ) 4 (E2 +B?). (B.4)

For our purpose the fermion part is important. Imposing the equation of motion for 1, it
is given by

Hy = ot (iao + 9575) Y. (B.5)

Wave function. In the absence of any magnetic field, we decompose the fermion mode
function in Fourier space as

b = Zdé’ X\, (B.6)
with
1 0 0 0
(L) 0 (L) 1 (R) 0 (R) 0
Xt NERS ol X Lo 0 (B.7)
0 0 0 1

Here the superscript (o) labels left- and righthanded particles in the m — 0 limit. The
meaning of the subscript s will be more transparent once we include magnetic fields, for

the moment this just labels to two linearly independent modes associated with each value
of A.

Positive and negative frequency modes. Inserting eq. (B.6) into eq. (B.5) gives

Hw :/dSLL'Hw :Z

d3p

s (iao + 9575) @/}s} ; (B.8)

where we have used the notation g = >, 1/150)ng . We note that the time derivative

is shifted by 0575, and consequently the eigenstates ¢ of the Hamiltonian are given by
extracting this phase factor, ¢ = exp(—iys65)t. In this basis, the equation of motion (2.4)
simplifies to

109 + 11, Dz — 1Dy —me2ifs+m 0‘
pe +ipy 00 — 11, 0 —me2¥s+m
O = —2i95+m . . (Bg)
—me 0 ‘ i0p —II,  —(py —ipy)
0 —me =205 +m _(px + ipy) i0p + 11,
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Inserting the ansatz v o exp(—iQt), we find

Q= /112 4+ m2,

which in particular does not depend on 65 or 6,,.

(B.10)

We now proceed to express our wave function as a decomposition of positive and

negative frequency states,

P = e Z [auy exp (—iSdt) + Brvy exp (+i2t)],

A=1,2

(B.11)

where uy, vy are eigenvectors of the Hamiltonian (B.5) for constant A,:

‘ _(pa: - ipy)mT
e~ 15054m (Q + Hz) (m + mT)
U = —— . , U =
N (pe — ipy) (2 +112)
mr (m +mr)
(i) Q4T
6—17595+m —my (m + mT)
VM= ——77— . , U2 =
N _(pm - Zpy)mT
(Q+11,) (m 4 m7)

with the normalization factor

e~ 1505+m o —ipp

e~ 1505 +m o —ipp

mr (m + mT)
— (P2 +ipy) (2 +11)
(Q+11.) (m + mr)
(px + ipy)mT

N

(Q+11,) (m + myp)
(px + ipy)mT
—m7 (m + mr)
(P + ipy) (2 +11,)

(B.12)

N

N =2,/Q(Q +1IL) (m + mz) mr.

Here we define the transverse momentum

Pe +ipy = prer,  pr = /P2 +p2,

(B.13)

(B.14)

and choose the phases of us and v such that the analogy to the case with the magnetic

field becomes transparent. Note that the eigenvalues

Q) associated with u; and uy (and

correspondingly v; and vg) are degenerate. Here we have chosen u, 2 and v, 2 so as to

match ug, vg for pr — 0.

Some useful relations.

Computing the equations of motion for the coefficients o and

requires the evaluation of inner products among the vectors uy, vy and their time derivatives

in the presence of time-dependent A, and 654,,. We give some useful relations in the

following;:
. 11
u]i’lll = —u%z’u = —’U}L’[)l = 1);1')2 = i95+mmﬁTﬁz, (B15)
uliy = vloy = ubig = vloy = —i95+m%, (B.16)
uJ{vl = 2—QT2HZ — 195+m§, U}Lul = —QT;;HZ — 195+m§, (B.17)
. mr - A m . mr - A m
u;’l)g = ﬁﬂz + 195+m§, ’U;UQ = —ﬁﬂz + 295+m§, (B.18)
uJ{i)g = vgul = ugbl = vJ{ug =0. (B.19)
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C Particles and antiparticles — with magnetic field

Wave function. In the presence of (anti-)parallel electric and magnetic fields pointing
in the z-direction, we can expand the fermion wave function as

Yty ps) = > O Oha(@ )XY, (C.1)

n,s' o

where we have performed a Fourier-transform with respect to the y and z direction, s =

Vg |QB| (w - sg‘g’B‘) and h,, is related to the Hermite function that satisfies

ahn = V/Nhp_1, @'hy=vVn+1hp1, (C.2)

with the ladder operators

1
o= —(0z, +Zs), al = —
\/5( ) f

characterizing the Landau levels n with 0z, = \/78 Recall that s = sign(QB). The

(—0z, + Ts), (C.3)

mode with 2n+1—ss’ =0, i.e., n = 0, s’ = s corresponds to the lowest Landau level, while
the others describe the higher Landau levels.

Positive and negative frequency modes. As before, we obtain the eigenstates ¥ of
the Hamiltonian by extracting the 65 phase factor, ¢ = exp(—iy505)1. In this basis, the
equations of motion for the lowest and higher Landau levels, egs. (3.3) and (3.4), simplify to

, 10 0 eXfsem) | -
0= ll]bao + slI, (0 _1> -m <e2i95+m 0 )] Ug. (C4)
and
10p + sII,, imp —me2i¥5+m 0
—imp 10p — sII, 0 —me2ifs+m |
0= 4 , C.5
me2W0s+m 0 10y — sll, —imp ¥ (C.5)
0 —me205+m imp 10p + sll,

where we used the short-hand notation
7(L)
¢n+l,s

() i (L)
% = <~ ) wn = ~(}%;8 . (Cﬁ)
¢0 ,8

Inserting the ansatz ¢ o exp(—iQt), we find

=2+ m? and Q, = /1IZ2+m2, (C.7)

which is in particular does not depend on 65 or 6,,.
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We now proceed to express our wave function as a decomposition of positive and
negative frequency states,

Yo = agug exp (—iQot) + Bovo exp (+ifdt) , (C.8)
7/~)n = Z [an,)\un)\ €xXp (_iQnt) + /Bn,/\vn,)\ exp (+iQnt)] ;o n=>1, (Cg)
A=1,2

where ug, vo and wuy, ), Up ) are eigenvectors of the Hamiltonian (B.5) for constant A,. For
the lowest Landau level, this yields

B e~ 5 (0m+0s) m . e~ 115 (0m+05) Qo + sIL,
N \/QQO (Qo + SHZ) Qo + sl ’ 0 \/QQO (QO + SHZ)

ug

—m

) . (C.10)

whereas for the higher Landau levels we find

—impmr mq (m + mr)
e lsem | (Q, + SIL) (m + mr) e 1054m i (Qy + sIl,) mp
il =T i+ slymg |7 ™7 N (Q + sIL) (m + mr)
mr (m + mT) —imBmT
(C.11)
—i (Qn + sII,) mp (Q, + sIL,) (m + my)
e~ 175054m —myp (m +m7) ie—115054+m —impmr
Un1 = N —imBmT » Un2 = N —mrT (m + mT) ’
(Q, + sIL,) (m + mp) —i (2, + sIl,) mp
(C.12)

where the normalization factor is

N = 20/Q (Q + sIL) my (m + mr). (C.13)

Note that the eigenvalues €2, associated with u, 1 and wu, 2 (and correspondingly v, ; and
vp,2) are degenerate. Here we have chosen u, 2 and v, 2 so as to match ug, vo for mp — 0
for s > 0.

Some useful relations. Computing the equations of motion for the Bogoliubov coeffi-
cients requires the evaluation of inner products among the vectors ug, vo and u, x, vy ».
We give some useful relations in the following (dropping for notational simplicity the index
n for the higher Landau levels):

. II . 11

ubii = —i54m—=, Vi = il (C.14)
QQ Q0

u;r]vo = SW%Z + 195+mQ—0, vguo = —s QQgZ + 295+m9—0, (C.15)
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for the lowest Landau level, and correspondingly

: I
uliy = —ubin = —vloy = vlo, = z’95+mmﬁTSQ—:, (C.16)
ulty = whiy = v]og = w0y = —ifs 2, (C.17)
mr
, mr - A m . mr - L m
uJ{vl = @‘sﬂz - 205+mQ—n, viul = —ﬁsﬂz — 195+m9—n, (C.18)
o_mr . mp ., M
U;Uz = @SHZ + i051m Q, v§u2 = —@sﬂz + l95+m9—n, (C.19)
ulvy = vliy = ubvy = viag =0, (C.20)

for the higher Landau levels.
In addition, the following relations are useful to show the anomaly equation. For the
lowest Landau level,

II m
U(Jg%uo = —08751)0 = Sf, U(JS’VSUO = UEL)’YE)UO =Ty (C.21)
and for the higher Landau levels,
m slI
ulysur = —ubysuy = —vjysvr = vhysvy = —— = (C.22)
mrp Qp,
mp
uh5u2 = ug%ul = 017502 = vg%vl =—, (C.23)
mr
m
Uhsm = Uh{;ul = —UE’stz = —Ug%uz o (C.24)
n
uhg)vg = v%w,ul = u£75v1 = UJ{’}/E,UQ =0, (C.25)

are useful relations for the evaluation of the chiral charge. Moreover, for the lowest Landau

level,
ufy e 5500 = vy e ysuy = 0, vyl sy = —ufy e m IS0y = 1,

(C.26)

and for the higher Landau levels,

uhoe%vseMW%Uj _ Uhoe2wse5+m75vj — uhoezz‘vsas+m%v2 — u£7062i7505+m/75/l}1 =0,
(C.27)

u17062i7505+m,y5vl _ —U}L’yeri%e‘r)er’}%ul — _u£7062i7595+m7502 _ U;70€2i'y505+m,y5U2 =1,
(C.28)

with i, 7 € {1, 2}, are useful for evaluating the mass term.

D Bilinear forms of Bogoliubov coefficients and particle production

In this appendix, we consider products of the Bogoliubov coefficients. The purpose of this
appendix is two-fold. First, we show the existence of the conserved quantities (egs. (2.16)
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and (2.17) in the case with only an electric field). Second, we motivate the analytical
formula that we use to estimate the spectrum (2.24). Although we could not derive this
formula rigorously, we outline our computation that leads us to this formula, with the hope
that one may find the argument there useful to derive a more complete analytical formula
in the future. We consider the case with only an electric field in the following, but the
results equally apply to the case with both an electric and magnetic field after replacing
pr by mp.

For our purpose, it is convenient to treat the Bogoliubov coefficients associated with
the two sets of initial conditions (see eq. (2.12)) in a unified way. We thus define matrices as

(@)yy = e al, (D.1)
(B)an = eieﬁf\ /), (D.2)

where the quantities in the left-hand-side are now understood as 2 x 2 matrices. These
matrices satisfy

. . . m I, . pT mrll, . m
o = (—’LQ — 195+mm7TﬁO'3 + 195+mmal) o+ <_ 202 + 205+m903> ,8, (Dg)
B = (292 + Z‘95+mQU3> o+ (ZQ + @95+mm7Tﬁ(73 + 295+mmT01) B, (D.4)

where o; is the standard Pauli matrix, and their initial conditions are given by
Ck:]IQ, 620. (D.5)

We consider products of these matrices. They are again 2 x 2 matrices and hence can be
expanded in terms of the Pauli matrix as

= R0b + Rioi, BB =Ryl + Rjoi, af' = C'Ty + Clo. (D.6)

Note that RE and Rg are real while C* are complex. The initial condition now reads
RY =1and R, = Rjy = C" =0 at the initial time.

Conserved quantities. The conserved quantities (2.16) and (2.17) are expressed as
RO+Ry=1, RL,-Ry=R.+R;=R)+R}=C"=0. (D.7)

These relations can be shown as follows. The equations of motion of R, Rg and C* are
derived from egs. (D.3) and (D.4) as

mTHz

R, =" (c+ CO*)—195+m 5 (c3-c*), (D.8)
Rl = —295+m£% R “’;@22 (C+C") s m . (c2+c?), (D.9)
B2 = 205, (mT R 33) ”;gl;[ (C*+C* ) ~bssmgy (C4CT7), (D.10)
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mrll,

53 Pr 2 3 3%\ .4 0__ ~0*

i3 = 205+mmTRa o (c3+¢) 205+mQ (c*-c™), (D.11)
50 _mTﬂz 0, ~0* 3 3%

RY =5 (c"+c )+w5+mQ (c3-c), (D.12)

B = of e o il (01+01*)+95+m (c2+c?), (D.13)
4 mp QP 202 Q

52 o _ pr 3 2, 2%\ 5 1, 1%

R5—295+m< mTQRﬁ R) o (c +C? ) ~bsimi (C1+CT). (DY)
: mT z *

Rg:_295+m RB+ o (c3+c™ )+205+mQ (c*-c™), (D.15)
0 = 200 —2i65 - Lz a mrll, (RO—RY)—ifs1m— (RE-R3) . (D.16)
"mr Q 202 @ Q0 A

1 o:001 mrll, 1 2
! = 200"+ (RA-RY) +05m s (RAHRS) (D.17)

II.
C2 = —2i0C +295+m703 ”;g,z (R2-R3)- 95+mg (RL+RY), (D.18)
3 m 1L 2 mrll, 3 0 _ po
C% = —2iQC° 203 —— QC—205+m L o2 20 (RA—RE) —ifs oy (RO—RS).
mr
(D.19)
One can see that

R+ RY =0, D.20

3

and it follows from the initial condition that RO + R% = 1. One can also see that the
equations of motion of R} — Ré, R? + R%, R3 + R‘E and C! form a closed sub-system,
indicating that they all vanish as they vanish at the initial time. Note that the equations
are linear in RY, Rj and C*.
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Particle production. The occupation number of produced particles is given by

> |8

AN

g 887] = 2R, (D.21)

After exploiting the conserved quantities, we can reduce the equations of motion as

v=Mv+ec, (D.22)
v= (R} Ry R RS ReC” ImC? ReC? ImC? ReC? ImC?)' (D.23)
c=(0000 =i 0000-02)" (D.24)
0 0 0 mlL o9 o 0 0 20m
0 0 2miL 0 0 o #m 9 0 0
0 & oo o0 0 e 0 0 0
0 0o ¥ o -%m o o mf 9
v |0 0 0 0 20 0 0 0 I
0 0 0 %m 20 0o 0 0 -Zmlle o |
0o —#m _mrk g 0 0 o 20 X 0
0 0 0 0 0 0 -2 0 0o
0 0 0 —"gE 0 Xmi EPr g 0 202
Lm 0 0 0 —ZmiL 0 0 -%r 20 0
(D.25)

where we omit the subscript 5 + m here and here only for notational simplicity. We can
formally solve this equation as follows. We define the transfer function as

U(t,tg) =T exp { tdt'M(t')} , (D.26)

to
where 7 indicates the time-ordered product. This transfer function satisfies

d
aU(t,to) = M(t)U(t, to), (D.27)
and is unitary,

UT(t,to) = U™t to), (D.28)

since M is real and anti-symmetric. With the help of this function, we can formally express
the solution of the equation of motion (D.22) as

W(t = o00) = /_O:O dt U (00, t)e(t), (D.29)

where we used v(—o0) = 0.
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Adiabatic approximation. We may evaluate this expression in the adiabatic approxi-
mation. For this purpose, we denote the eigensystem of M at a given time ¢ as

M@)ln;t) = id(0)|ns ), (D.30)

and assume that |n;t) is an orthonormal basis. Note that A, is real since M is anti-
hermitian. In order to perform the adiabatic approximation, we may expand U as

t ! !
Ut t) = Zdnm (¢, to)e 0 4 s ) (ms o, (D.31)

and also v and c as
Zvn Jnst), c(t ch )|n;t). (D.32)

Note that d,.,, denotes the transition from an m-state to an n-state, and hence the off-
diagonal components are expected to be exponentially suppressed in the adiabatic limit.
The equation of motion of d,,, reads

. i [1 At (\—Am) d
dpm (t,t0) = — J: St —|1: 1) ) dyn (£, t0), D.
(tt0) = = S (sl 3518:2)) dint, ) (D.33)

l
where the time derivative acts on ¢, not on tg.
If there is no level crossing'! and m is large compared to the electric field, the adiabatic
limit would be a good approximation. To the leading order in the adiabatic limit, no
transition among different eigenstates occurs. This means in that

d©) & 6m, (D.34)
where the superscript indicates that this is the leading order in the adiabatic approximation.
By substituting it to eq. (D.33), we obtain

dO) (t,tg) = e7mBl0)g 4 (tto) = / at’ (n; B |n t'). (D.35)

This phase factor v,(¢, 1) is called the geometrical phase, or the Berry phase [50]. In the
adiabatic limit, one must pay an exponential suppression for each transition, so at the
next-to-leading order we can approximate the right hand side of eq. (D.33) by dg%. Thus,

we obtain
t et " _ _ /
dD) (4. 40) = — [ dtie S WOnAD =m0 dt/|m;t/> for m#n.  (D.36)
to

Thus, we may obtain v,(00) up to the next-to-leading order as

vy (00) = /OO dte J WAy =m(ot) gy

zf thnt)/ s [ A O —An)—ym (#1) nd
+ Z/ dt'e (] ol )| (1)

m#n
(D.37)

We can repeat this computation and derive the higher order expressions.

11 the case of our interest, there are actually level crossings as one increases 9'5+m4 We ignore this
subtlety here, justified a posteriori by a numerical verification of our result.

_ 98 —



Empirical analytical formula. Unfortunately, we could not evaluate the expres-
sion (D.37) analytically in the case of our interest. Nevertheless we can learn properties of

our system from this expression. In particular, we see that R% is obtained after convoluting

2 [dtaa(t) 1 |\n| is large, the integral is suppressed

the source term with the phase factor e
since the integrand oscillates rapidly. Thus, we expect that the smallest eigenvalue is the
most important (see also appendix F'). One can see that the smallest eigenvalue for a sizable

95+m is given by

O (t) = \/<\/H§ + p2 + 9'5+m>2 +m2, (D.38)

if we ignore the terms proportional to I, in M, where we take Q~ for 95+m >0 and QF
for 95+m < 0. If this mode is the most important, we may expect that R% is related to the
following integral:

I:/OO dt f(t) exp

2i / dt’Q(t’)] , (D.39)

with some function f(¢), where we assume 051 > 0 to be specific. This integral can be
evaluated by the saddle point approximation. The saddle points of the phase factor are

given by
. N2,

M, =y, Mgy =0 (95+m + U’Zm) — 2, (D.40)
where 0,0’ = +. We take the saddle points in the upper half plane, and then the integral
is given by

et dII - d1
I ~ exp Zi/ Q07| +exp 21'/ =0, D.41
{ JIQIE JIQIE (D4

where we changed the integral variable from ¢ to II,, and we ignored all the prefactors.
Since R% is positive definite, we may expect that it is given by the integral squared as

2
H-—di et dlI
ex 2@/ =0 || —2Re |ex 22’/ :_o-||,
p{ o gIQIE ” {p{ n, 9lQIE H

(D.42)

2
+

0 ~
2RY ~

Wiy dII,
2% 0
ol [ e

where we chose the minus sign in the interference term simply because it describes the
numerical results well.'> We show in figures 1 and 2 that this formula reproduces the full
numerical results extraordinary well for several model parameters. Since our setup only
contains fairly few parameters, we can empirically gain confidence in the expression (D.42)
by systematically varying all these parameters and comparing with the full numerical result.
For large m and ppr, we find excellent agreement for the height of the plateau of the
spectrum, despite the rather heuristic approach, as depicted in figure 3 for a variety of

12See also ref. [23], which traces the minus sign in the interference term of back to the fermionic nature
of the produced particles in the context of the dynamically assisted Schwinger mechanism.
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Figure 3. The height of the plateau of the spectrum of }_,,, |ﬁf\>‘,)|2 evaluated at p, = —50 as a
function of 0 for a variety of model parameters. The blue solid lines are the full numerical results,
while the gray dashed lines are eq. (D.42). The parameters are shown in the unit g |Q| F = 1.

model parameters. Eq. (D.42) deviates from the full results when m and/or pr is small as
shown in figure 4. We note that the case of small pr is however not particularly relevant
for our discussion since the axion assisted Schwinger effect is most prominent when pr is
large. It would be certainly interesting if one could derive an analytical formula that works
for both small and large values of m and pr, which we leave as a future work.

Small mass/transverse momentum limit. We finally comment on the limit m — 0.
Our numerical result shows that the enhancement becomes less significant and eventually
dies out as m gets smaller, as shown in the left panel of figure 5. In particular, we observe
a scaling well approximated as >,y |ﬁ§\)‘/)|2 o« m?/(g|Q|E) for m? < ¢|Q|E. Since 054y, is
unphysical when m = 0, this result is consistent with a continuous m — limit.

We also comment on the limit pr — 0. As depicted in the right panel of figure 5, the
axion assisted Schwinger effect again becomes less significant and eventually dies out in this
limit. Although our formula (D.42) does not reproduce the numerical results accurately in
this limit as we mentioned above, the deviation is at most factor two simply because the
suppression due to pr becomes irrelevant in this limit.
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Figure 4. As figure 3 but with different model parameters, showing the limitations of the analytical
expression (D.42) for m?, p% < g|Q|E.
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Figure 5. The height of the plateau of the spectrum of ", | ,BE\A/)P evaluated at p, = —50 as
a function of § for small values of m (left) and pp (right). The parameters are shown in the unit

glQIE=1.
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E Non-relativistic effective field theory

Effective action. As demonstrated in the main text, Schwinger pair-production sourced
by ¢ is enhanced when the mass term cannot be neglected. This implies that it should be
also understood in non-relativistic effective field theory of fermions. Let us take the Dirac
basis for the v matrices in this section (and this section only) as they are convenient in the
non-relativistic limit:

10 0 o 01
70:(0—1)’ 72(—0 0)’ 752(10)' (E1)

In this basis, the upper and lower components of fermion fields stand for particle and
anti-particle:

—imt

z) = e~ ®¥m®s (€ () . E.2

¢( ) e””th (.’L‘) ( )
We have factored out the fast oscillation coming from the mass term and 7 () represents
a slowly varying field for the (anti-)particle. One may derive the non-relativistic effective
action of eq. (3.2) in terms of 1 and £ by performing the expansion of 1/m systematically,
which reads

1 . 2 1 . 2
S = /d4:c [nTiDgnnT (iD-0+95+m> n+&iDET+—¢ (iDoa+95+m> @L} +0(1/m?).
2m 2m
(E.3)

Here we have assumed that the axion field is homogeneous and slowly varying compared to
1/m. Notice that the effective action solely depends on the particular combination 65,
signaling the basis independence under rotations of the fermion fields.

The second (and correspondingly the fourth) term can be rewritten as follows

1 . . 2 1 2 A )2
%UT (’LD o+ 95+m> n= %nT (H —9QB -0 — 205,110 + 95+m> UE (E.4)

where the gauge invariant momentum is defined by II = —iD = —iV —gQA. The first two
terms are the ordinary kinetic term and the magnetic dipole interaction, respectively. The
other terms depend on 95+m. In particular, the third term provides the spin-momentum
interaction induced by 95+m. This operator reduces (increases) the energy of a particle
for a given Il = |II] if its spin is (anti-)parallel to II. The same argument holds for the
anti-particle £&. As a result, we have two modes in total that are produced more efficiently
than in the case without sp,.

Dispersion relation. Let us first derive the dispersion relation explicitly without the
magnetic field, i.e., A* = (0,0,0,A4,). The case with the magnetic field parallel to the
electric field will be mentioned shortly after. The equation of motion in this case reads

. 2 . .

_ 2 _ —ip +

0= [2001 — 721 (Hz 95+m> TP s 4mpre (7711> ) (E.5)
"lp

. . ) 2
m —205 - mpre'er (Hz + 95+m) + p%
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with ¢, = arctan(p,/p,). Here we expand the mode as
mp= Y ngS:, 0.8i=+5%. (E.6)
o=%

One may rotate the basis along the z-axis so that the phase ¢, disappears, i.e.,

) 2 )
1 (Hz — 05+m) + p% _205+mpT ﬁ+

0= [i0oly — — . ) 2 P, (E.7)
2m —2051mpT (Hz + 95+m) + pk "p

where 7) represents a field in the new basis. For a constant 11, one may solve this equation
with two frequencies:

- 1 . 2

Now it is clear that the production of the mode with QF is enhanced for 95+m < 0, since
the gap in the corresponding dispersion relation is reduced. It is straightforward to obtain
the same dispersion relation for the anti-particle.

Including the magnetic field. Once we turn on a magnetic field parallel to electric field,
the momentum transverse to the electromagnetic field becomes discretized as the Landau
levels. The equation of motion is obtained by just replacing mp with mp = \/2ng|QB| as

. 2 .
1 I, -0 +m2 —260 m +
0= iz — 5— ( : 5+m) b Sy ) (E.9)
2m —2051mmp (Hz + 95+m) +m% Mh—1
Note that the mode expansion is also modified as
Mpyp- (T) = Y115 hn S5 (E.10)
n,o

The dispersion relation is now given by

- 1 ) 2
Qf = 5 (ﬂ/Hg +m2% + 05+m> : (E.11)

In the same way as the case without the magnetic field, the production of the mode with
Q0 is enhanced for 95+m < 0 respectively.

F Phase integral method

The exponential suppression of Schwinger particle production can be elegantly understood
using the phase integral method for quantum mechanical scattering problems (see e.g. [51]),
based on the WKB approximation. Here we briefly review the essence of this method, as
it provides useful intuition for understanding the role of the gap in the dispersion relations
between particles and antiparticles, as well as for understanding interference effects between
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several (complex) zero-points of the dispersion relation. See refs. [23, 52, 53] and references

therein for derivations and applications to particle production in scalar and spinor QED.
The computational problem at the heart of particle production in electromagnetic fields

can be reduced to solving a harmonic oscillator equation with a time-dependent frequency,

B(t) + QA1) (1) = 0. (F.1)

Starting from the Dirac equation, a second order differential equation of the type of eq. (F.1)
is obtained by acting with the conjugate differential operator. In the WKB approximation,
the solution is given by
ot ; t) ;
wk(t)_ ()e—zdet+/8(>ezdet

V20 V20 ’

with the Bogoliubov coefficients o and /3. Determining the asymptotic value 5(t — oo) for

(F.2)

the initial condition §(t — —o0) = 0 thus requires solving an integral of the type
T, — / dtC(t)e [ e (F.3)

with the coefficient C(t) determined by the coupled first-order ODEs governing the evolution
of the Bogoliubov coefficients. This integral can be evaluated by choosing a convenient
contour in the complex plane, noting that for Q(#”) real (which is e.g. typically the case
along the real axis), the integrand of the outer integral becomes a highly oscillatory function
and hence the contribution to Z1 is negligible. Moreover, for i€} is real and positive, the
integrand of Z (Z_) is exponentially suppressed. This qualitatively explains why to good
approximation, eq. (F.3) can be evaluated by integrating along the Stokes line'® connecting
the pair of complex zeroes of €(t),

th ; Hz
B ~ exp (—z’ ’ Q(t)dt) = exp (-é / ° Q(Hz)dﬂz> with Q(IL ) = (1T ) =0,
1T

to z J1lz0
(F.4)
where for a constant electric field IT, = gQE. For gapped dispersion relation, i.e. Q(p) >0
for all p € R, the distance 2Im(II, ¢) between the pair of complex zeroes corresponds to
the minimal energy gap which needs to be overcome for the production of a particle from
the Dirac sea.

Schwinger production for cs + ¢y, = 0. Consider Q = /112 +m%, with the zero-
H*
point II,o = imy. A direct integration yields [;7° Q(IL,)dIl, = mm%/2 and hence

z,0
B> ~ exp(—mm?/(g|Q|E)). This reproduces the result for particle production in heli-
cal electromagnetic fields obtained in ref. [21].
For the case c¢5 + ¢, # 0 considered in the main part of this paper, an additional

subtlety is that the eigenvalues of the Dirac equation (in the basis that diagonalizes the

13The Stokes line is a path in the complex ¢ plane along which f Qdt is imaginary. In practice, as long
as on pays careful attention to potential branch cuts, on may equally well integrate on a contour parallel
to the imaginary axis.
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Hamiltonian (B.5)) do not coincide with the eigenvalues of the equations of motion for the
Bogoliubov coefficients derived in appendix D. However, once we have arrived at the set
of coupled equations of motion (D.22), we can again interpret them as coupled oscillators
with time-dependent frequencies, similar to eq. (F.1). Consequently, the particle produc-
tion is governed by an expression similar to eq. (F.4), with © replaced by the smallest
eigenfrequency of the system.

Interference effects. In general (and in particular in the situation in the main part of
this paper), the function Q(II,) can have multiple complex zero points. Intuitively, this
can be understood by recasting eq. (F.1) as a quantum mechanical scattering problem
over a time-dependent potential barrier with a potentially complicated shape [23]. Partial
reflections of different parts of this barrier can lead to interference effects. Eq. (F.4) is then
modified to [52],

, i {0)
B~ Zexp(ZzHi) exp <_H/ Q(Hz)dﬂz) , (F.5)

z Hi,o
. . . . . S | Re(Hi 0)
with the index i labelling the pairs of complex zeroes and 6; = II fRe(Hl 5 Q(I1,)dIl,
z,0
accounting for the phase accumulated by the integration along the real axis. This leads to
interference effects in the final result for 3|2
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