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Abstract

We compute the non-planar contribution to the universal anomalous dimension of twist-two operators 
in N = 4 supersymmetric Yang-Mills theory at four loops through Lorentz spin eighteen. Exploiting the 
results of this and our previous calculations along with recent analytic results for the cusp anomalous dimen-
sion and some expected analytic properties, we reconstruct a general expression valid for arbitrary Lorentz 
spin. We study various properties of this general result, such as its large-spin limit, its small-x limit, and 
others. In particular, we present a prediction for the non-planar contribution to the anomalous dimension of 
the single-magnon operator in the β-deformed version of the theory.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the framework of Quantum Chromodynamics (QCD), the anomalous dimensions of com-
posite operators provide us with information on the evolution of the parton distribution functions 
of the proton through the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) [1–4] equa-
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tions. The simplest way to obtain these quantities is the direct computation of the renormalization 
of the composite operators which appear in the operator product expansion of two currents in the 
framework of electron-proton deep-inelastic scattering. In QCD, this is usually done in this way. 
At the present time, such calculations are performed analytically through the next-to-next-to-
next-to-leading order, i.e., through fourth order in the strong-coupling constant or, equivalently, 
through four loops in the corresponding diagrammatic technique [5–23].

On the other hand, by definition, the anomalous dimension is the quantum correction to the 
canonical dimension of the product of two (or more) elementary fields or composite operators. 
This approach is usually adopted in conformal field theories. Both approaches have actively been 
used after the discovery of the AdS/CFT correspondence [24–26] between supergravity in anti-
de Sitter space and four-dimensional conformal field theory, N = 4 supersymmetric Yang–Mills 
(SYM) theory. The great interest in calculations of anomalous dimensions of composite operators 
comes from investigations of integrability in the framework of the AdS/CFT correspondence. In 
the planar limit, both direct computations [27–41] and computations via the generalized Lüscher 
corrections [42,43] were performed [44–50] at higher orders of perturbation theory to test the 
Asymptotic Bethe Ansatz [51–70] as well as the Quantum Spectral Curve relations [71–78]. The 
latter allowed one to compute the general result for the anomalous dimension of the twist-two 
operators through seven loops [79,80] and, for special values of the Lorentz spin j , even through 
eleven loops [81–84].

The computation of the non-planar contribution to the universal anomalous dimension of the 
twist-two operators in N = 4 SYM theory, which is suppressed by the inverse color factor Nc

of the gauge group, is of great interest in the context of gauge/string duality, as it is related to 
the loop corrections of string amplitudes. Information on non-planar corrections can be obtained 
by direct computation of the appropriate non-planar Feynman diagrams, via advanced comput-
erized methods of four-loop calculation. Such computations were performed in Refs. [85–87]. 
Alternatively, they can be calculated by applying the method of asymptotic expansion to the 
four-point functions of length-two half-Bogomol’nyi-Prasad-Sommerfield operators [88]. These 
results allows us to deepen our understanding of the AdS/CFT correspondence in regions already 
accessed and to explore new ones. Having the general result for the non-planar part of the uni-
versal anomalous dimension of the twist-two operators, for general value of their Lorentz spin j , 
allows us to study its particular limits. The most interesting one, of large Lorentz spin j , yields 
the cusp anomalous dimension, which can also be computed by other methods and which, in 
N = 4 SYM theory, was obtained to all orders in the planar limit [68]. Recently, its non-planar 
part has been established through four loops, at O(g8), via the Sudakov form factor, numerically 
in Refs. [89,90] and analytically in Ref. [91], and via light-like polygonal Wilson loops, analyti-
cally in Ref. [92]. At four loops in QCD, at O(α4

s ) in the strong-coupling constant αs , the quark 
cusp anomalous dimension in the planar limit was found via the quark form factor in Ref. [93], 
its contribution with quartic fundamental color factor was obtained, again via the quark form 
factor, in Ref. [94], and the complete quark and gluon cusp anomalous dimensions were estab-
lished via their counterpart in N = 4 SYM theory in Ref. [92] and via the massless quark and 
gluon form factors in Ref. [95]. Moreover, it is of interest to study modifications of the Balitsky–
Fadin–Kuraev–Lipatov (BFKL) [96–98] and the double-logarithmic [99,100] equations due to 
non-planar contributions. The latter can easily be obtained from the general result by means of 
analytic continuation.

As for the universal anomalous dimension of the twist-two operators in N = 4 SYM theory, 
the results previously obtained [85–87] for the first three nontrivial even values of j , for j =
4, 6, 8, gave hope for the feasibility to reconstruct the general result, for generic value of j , by 
2
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means of special methods based on number theory. In fact, this provides a strong motivation for 
us to proceed to higher values of j . In a recent letter [101], we summarized our new results for the 
next five nontrivial j values, j = 10, . . . , 18, and performed a completely independent numerical 
computation of the cusp anomalous dimensions. In the following, we provide full details of the 
calculation and, on top of that, conjecture an analytic expression for arbitrary value of j .

2. Computations for fixed values of j

We consider the following SU(4)-singlet, twist-two operators within N = 4 SYM theory:

Oλ
μ1,...,μj

= Ŝλ̄a
i γμ1Dμ2 · · ·Dμj

λa i , (1)

Og
μ1,...,μj

= ŜGa
ρμ1

Dμ2Dμ3 · · ·Dμj−1G
a,ρ

μj
, (2)

Oφ
μ1,...,μj

= Ŝφ̄a
r Dμ1Dμ2 · · ·Dμj

φa
r , (3)

where Dμi
denotes the covariant derivative, the spinors λi and the field-strength tensor Gρμ

describe gauginos and gauge fields, respectively, and φr are the complex scalar fields appearing 
in N = 4 SYM theory. The indices i = 1, 2, 3, 4 and r = 1, 2, 3 refer to the SU(4) and SO(6) �
SU(4) groups of inner symmetry, respectively. The symbol Ŝ implies a symmetrization of each 
tensor in the Lorentz indices μ1, ..., μj and a subtraction of its traces. The operator in Eq. (1)
is familiar from the same type of computations in QCD. The operators in Eqs. (1)–(3) form the 
multiplicatively renormalized operators. Their anomalous dimensions are expressed through the 
so-called universal anomalous dimension,

γuni(j) =
∞∑

n=1

γ
(n−1)
uni (j) g2n , (4)

where g2 = λ/(16π2) with λ = g2
YMNc being the ’t Hooft coupling constant, up to integer argu-

ment shifts [102]. In particular, the universal anomalous dimension γuni(j) in Eq. (4) is related 
to the anomalous dimension of the frequently studied twist-two operator

OM
Z = TrZDμ1Dμ2 · · ·DμM

Z , (5)

where Z is one of the scalar fields φr , which belong to the sl(2) sub-sector of N = 4 SYM 
theory, just by shifting the argument, as

γuni(j) = γOM
Z

(M + 2) . (6)

Non-planar contributions arise from the Feynman diagrams which contain the following com-
binations of color structures:

dabcd = 1

6

[
Tr

(
f paqf qbrf rcsf sdp

)
+ five bcd permutations

]
. (7)

It hence follows that

d44 = dabcddabcd = 1

24
N2

c (N2
c + 36) = N4

c

(
1

24
+ 3

2

1

N2
c

)
= N4

c

32

(
4

3
+ 48

N2
c

)
. (8)

From Eq. (4) we thus glean that the non-planar (np) four-loop (n = 4) contributions of Lorentz 
spin j to the universal anomalous dimension, γ (3)

uni,np(j), are proportional to g8/N2
c . For the 

reader’s convenience, we recall here the previously computed results for j = 4, 6, 8 [85–87]:
3
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γ
(3)
uni,np(4) = −360ζ5

48

N2
c

, (9)

γ
(3)
uni,np(6) = 25

9
(21 + 70ζ3 − 250ζ5)

48

N2
c

, (10)

γ
(3)
uni,np(8) = 49

600
(1357 + 4340ζ3 − 11760ζ5)

48

N2
c

, (11)

where ζn = ζ(n) is Riemann’s zeta function. We observe that there are rather simple common 
factors on the right-hand sides of Eqs. (9)–(11), which we pulled out. In fact, the prefactors 
in Eqs. (9)–(11) resemble the harmonic sums 

∑j−2
i=1

1
i

for j = 4, 6, 8, with values 3/2, 25/12, 

49/20, and harmonic sums are also expected to appear as building blocks of γ (3)
uni,np(j), as ex-

plained below. If this kind of factorization were preserved for the higher values of j , this would 
considerably simplify the procedure for finding the general form of the universal anomalous 
dimension from the results for fixed values of j .

We now proceed to the case of j = 10, where we encounter two difficulties in the application 
of the method established in Refs. [85–87]. First, it is necessary to extend the database of all 
Feynman integrals which can be contained in the computed Feynman diagrams. Such a database 
is formed by reducing the considered Feynman integrals to master integrals. For this purpose, 
we use our MATHEMATICA realization of the Laporta algorithm [103]. Second, a new vertex, 
with two fermion and four gluon lines, arises from the operator in Eq. (1) starting at j = 5. It 
did not appear in our previous calculations [85–87], as we exploited properties of the mixing 
matrix to simplify our computations. This simplification can be easily explained by means of 
well-known results at the leading order. The matrix of anomalous dimensions for the operators 
in Eqs. (1)–(3), sandwiched between definite states (fermions, gauge field, or scalars), has the 
following form:

γ (0)
gg = −4S1(j) + 4

j − 1
− 4

j
+ 4

j + 1
− 4

j + 2
, γ

(0)
λg = 8

j
− 16

j + 1
+ 16

j + 2
,

γ
(0)
φg = 12

j + 1
− 12

j + 2
, γ

(0)
gλ = 4

j − 1
− 4

j
+ 2

j + 1
, γ

(0)
λφ = 8

j
,

γ
(0)
φλ = 6

j + 1
,

γ
(0)
λλ = −4S1(j) + 8

j
− 8

j + 1
, γ

(0)
gφ = 4

j − 1
− 4

j
, γ

(0)
φφ = −4S1(j) . (12)

The matrix which diagonalizes the matrix of anomalous dimensions can be used for the construc-
tion of the following multiplicatively renormalizable operators:

OTj
μ1,...,μj

= Og
μ1,...,μj

+Oλ
μ1,...,μj

+Oφ
μ1,...,μj

, (13)

O
j
μ1,...,μj

= −2(j − 1)Og
μ1,...,μj

+Oλ
μ1,...,μj

+ 2

3
(j + 1)Oφ

μ1,...,μj
, (14)

O�j
μ1,...,μj

= −j − 1

j + 2
Og

μ1,...,μj
+Oλ

μ1,...,μj
− j + 1

j
Oφ

μ1,...,μj
, (15)

whose anomalous dimensions are γ (0)
uni (j), γ (0)

uni (j + 2), and γ (0)
uni (j + 4), respectively, where

γ
(0)

(j) = −4S1(j) , (16)
uni

4
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with S1(j) = ∑j

i=1
1
i

being the simplest harmonic sum.
Sandwiching the operators in Eqs. (13)–(15) between different states, we obtain the following 

set of relations:

γgg + γλg + γφg = γ
(0)
uni (j) , (17)

γgλ + γλλ + γφλ = γ
(0)
uni (j) , (18)

γgφ + γλφ + γφφ = γ
(0)
uni (j), (19)

γgg − 1

2(j − 1)
γλg + 1

3

j + 1

j − 1
γφg = γ

(0)
uni (j + 2) , (20)

−2(j − 1)γgλ + γλλ + 2

3
(j + 1)γφλ = γ

(0)
uni (j + 2) , (21)

−3
j − 1

j + 1
γgφ + 3

2(j + 1)
γλφ + γφφ = γ

(0)
uni (j + 2) , (22)

γgg − j + 2

j − 1
γλg + j + 1

j

j + 2

j − 1
γφg = γ

(0)
uni (j + 4) , (23)

−j − 1

j + 2
γgλ + γλλ − j + 1

j
γφλ = γ

(0)
uni (j + 4) , (24)

j − 1

j + 2

j

j + 1
γgφ − j

j + 1
γλφ + γφφ = γ

(0)
uni (j + 4) , (25)

where, on the left-hand sides, diagonal elements are normalized to unity and the arguments of the 
matrix elements are equal to j . Thus, if we calculate the anomalous dimension for the operators in 
Eq. (1)–(3) at some fixed values of j , we obtain the result for the universal anomalous dimension 
not only for j , but also for (j + 2) and (j + 4). In order to obtain γuni(10), it is sufficient 
to compute γλλ(6). In fact, the operator in Eq. (1) for j = 6 does contain the vertex operator 
mentioned above. If we proceed to four loops, we are able to compute the contribution to the 
universal anomalous dimension similarly as in the leading order. The non-planar contribution 
appears for the first time at this order because there are no additional contributions from the 
renormalization. We already exploited this property in our previous four-loop calculations.

Having circumvented both difficulties, we obtain the following result for the anomalous di-
mension of the operator in Eq. (1) for j = 6:

γ̂
(3)
λλ,np(6) =

(
5148948727

47628000
− 943

135
S2 + 2767689751

8164800
ζ3 − 2071042

2205
ζ5

)
48

N2
c

, (26)

where S2 = 4
9
√

3
Cl2(π/3) [104], with Cl2 being Clausen’s function. We have yet to add the 

contribution from the counterterm diagrams due to the non-gauge-invariant massive operator 
m2Aμ1Aμ2Aμ3Aμ4 discussed in Ref. [87],

γ
(3)
λλ,ren,np(6) =

(
−19099

38880
+ 943

135
S2 + 146951

46656
ζ3

)
48

N2
c

. (27)

Combining Eqs. (26) and (27), we obtain

γ
(3)
λλ,np(6) =

(
47458819

441000
+ 1077703

3150
ζ3 − 2071042

2205
ζ5

)
48

N2
c

, (28)

where S2 has canceled out as expected.
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Inserting Eq. (28) in Eqs. (18), (21), and (24), we obtain the following expression for the non-
planar contribution to the tenth moment of the universal anomalous dimension of the twist-two 
operators:1

γ
(3)
uni,np(10) =

(
220854227

1411200
+ 27357

56
ζ3 − 579121

490
ζ5

)
48

N2
c

. (29)

Unfortunately, it is not possible to pull out a common multiplier from this expression, as was 
possible for Eqs. (9)–(11). So, our expectation regarding factorization is not confirmed. We note 
that the results in Eqs. (9)–(11), and (29) have recently been obtained using an alternative method 
in Ref. [88], by performing the asymptotic expansion of the four-point functions for length-two 
half-Bogomol’nyi-Prasad-Sommerfield operators.

For the calculation of the higher moments, we employ the FORM [105] package FORCER
[106], which has recently been developed for computations of this type and was also used to 
compute anomalous dimensions of twist-two operators in QCD [21,22]. By means of this tool, 
we compute the matrix element γφλ, i.e. the anomalous dimension of the scalar operator in Eq. (3)
sandwiched between fermionic states, appearing in Eqs. (18), (21), and (24) and, in a similar way 
as described after Eqs. (17)–(25), obtain the next four even moments,

γ
(3)
uni,np(12) =

(
28337309747461

144027072000
+ 345385183

571536
ζ3 − 54479161

39690
ζ5

)
48

N2
c

, (30)

γ
(3)
uni,np(14) =

(
9657407179406311

41493513600000
+ 158654990663

224532000
ζ3 − 7399612441

4802490
ζ5

)
48

N2
c

, (31)

γ
(3)
uni,np(16) =

(
74429504651244877

280496151936000
+ 205108095887

256864608
ζ3 − 1372958223289

811620810
ζ5

)
48

N2
c

,

(32)

γ
(3)
uni,np(18) =

(
8122582838282649980649377

27516111512617728000000
+ 72169501556777041

81811377648000
ζ3

− 5936819760481

3246483240
ζ5

)
48

N2
c

. (33)

Moreover, we reproduce our previous results in Eqs. (9)–(11) and (29).

3. Reconstruction

Equipped with Eq. (29)–(33), we now attempt to reconstruct the general form of the non-
planar contribution to the four-loop universal anomalous dimension, i.e. to determine the j
dependence of the coefficients of ζ5 and ζ3 and the rational reminder in the ansatz

γ
(3)
uni,np(j) =

[
γ

(3)
uni,np,ζ5

(j) ζ5 + γ
(3)
uni,np,ζ3

(j) ζ3 + γ
(3)
uni,np,rat(j)

] 48

N2
c

. (34)

For this purpose, we use our method for the reconstruction of general results from results for 
fixed values of j using number theory, which was proposed in Ref. [49] and successfully applied 
to the reconstruction of anomalous dimensions in Refs. [79,80,107,108]. This method is based 
on two observations.

1 This result was obtained in 2018, but not published.
6
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First, we assume that we know all the basis functions which the answer contains. For anoma-
lous dimensions in N = 4 SYM theory, these are the generalized harmonic sums. They are 
defined as [109,110]

Sa(M) =
M∑

j=1

[sign(a)]j
j |a| , (35)

Sa1,...,an(M) =
M∑

j=1

[sign(a1)]j
j |a1| Sa2,...,an(j) , (36)

where the indices a1, . . . , an may be positive or negative, except for the value −1. The weight or 
transcendentality � of each sum Sa1,...,an(M) is defined as the sum of the absolute values of its 
indices,

� = |a1| + · · · + |an| . (37)

The weight of the product of harmonic sums is equal to the sum of their weights.
For twist-two operators, there is an additional simplification, thanks to the so-called gener-

alized Gribov–Lipatov reciprocity [1,2,111,112], which reflects the symmetry of the underlying 
process under the crossing of channels. A consequence of this property is that the harmonic 
sums can enter the anomalous dimension only in the form of special combinations which satisfy 
the property mentioned above. In practice, this allows one to restrict the choice of possible basis 
functions to the smaller number of so-called binomial harmonic sums, which are defined as [109]

Sa1,...,an(M) = (−1)M
M∑

j=1

(−1)j
(

M

j

)(
M + j

j

)
Sa1,...,an(j) . (38)

They have only positive-integer indices, while their transcendentality is the same as for usual 
harmonic sums.

The second observation is that, in the expressions for the j -dependent anomalous dimensions 
already known, the coefficients in front of these sums are rather simple numbers, usually small 
integers. In the general case, we thus obtain a system of Diophantine equations. If the number 
of equations is equal to the number of variables, then we can solve the system exactly, but, in 
this case, we need to know a lot of fixed values. However, the system of Diophantine equations 
can be solved with help of a special method from number theory even if the number of equations 
is less than the number of variables. In this case, we use the Lenstra–Lenstra–Lovasz (LLL) 
algorithm [113], which allows one to reduce the matrix obtained from the system of Diophantine 
equations to a matrix the rows of which are the solutions of the system with minimal Euclidean 
norm.

According to the maximal-transcendentality principle [102], anomalous dimensions of twist-
two operators can only contain harmonic sums with the maximum weight allowed at the respec-
tive order of perturbation theory. The latter is equal to 2� − 1 at �-th order. In our case, of � = 4, 
the basis for the four-loop universal anomalous dimension contains all possible binomial har-
monic sums [see Eq. (38)] with weight 7, and there are 27−1 = 64 of them. This only applies to 
γ

(3)
uni,np,rat(j) in Eq. (34). The weight of ζi is i, so that γ (3)

uni,np,ζ5
(j) and γ (3)

uni,np,ζ3
(j) in Eq. (34)

are of transcendentalities 4 and 2, respectively. The numbers of binomial sums in the respective 
bases are 8 and 2, respectively.
7
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The general form of the ζ5 part,

γ
(3)
uni,np,ζ5

(j) = −40S2
1(j − 2) , (39)

was determined a long time ago [85] from the single input γ (3)
uni,np(4) in Eq. (9), which was 

sufficient to fix the two coefficients in the ansatz, and all the subsequent results for γ (3)
uni,np(j), 

with j = 6, . . . , 18, confirmed this assumption. The general form of the ζ3 part was obtained 
upon the derivation of γ (3)

uni,np(12) in Eq. (30), when five values were known, enough to fix the 
eight coefficients in the ansatz, and reads [101]

γ
(3)
uni,np,ζ3

(j) = 8
(

8S4 − 9S1,3 − 3S2,2 − 4S3,1 + 4S1,1,2 + 5S1,2,1 − S2,1,1

)
, (40)

where Saaa = Saaa(j − 2) = Saaa(M). The results in Eqs. (31)–(33) all satisfy Eq. (40).
To reconstruct the rational part γ (3)

uni,np,rat(j) in Eq. (34), we exploit three general properties 
which the non-planar anomalous dimension is supposed to satisfy. First of all, its large-j limit 
should not contain ln j to a power higher than one [114–116] in the combinations of the ba-
sis functions. Specifically, this constraint demands the absence of the six terms ln7 j , ζ2 ln5 j , 
ζ3 ln4 j , ζ4 ln3 j , ζ2ζ3 ln2 j , and ζ5 ln2 j . Moreover, the result for the four-loop cusp anoma-
lous dimension [91,92,95] fixes the coefficient of the term proportional to ln j . Specifically, 
this determines the two coefficients in the front of ζ 2

3 ln j and ζ6 ln j . The second property 
comes from the BFKL equation [96–98], which is exactly known at the first two orders, in 
the leading-logarithmic approximation (LLA) and the next-to-leading-logarithmic approxima-
tion (NLLA) [102,117,118]. This implies that, being analytically continued to j = 1 + ω (or 
M = −1 + ω), the universal anomalous dimension of the twist-two operators in N = 4 SYM 
theory should not contain poles in ω less than 1/ω�−1 at � loops, which, in our case, leaves 
the poles 1/ωk with k = 3, . . . , 7 and so imposes five constraints. The third constraint is due to 
the double-logarithmic equation [99,100] and implies that, analytically continued to j = 0 + ω

(or M = −2 + ω), the universal anomalous dimension of twist-two operators in N = 4 SYM 
theory should not contain the highest pole in ω, which excludes the pole 1/ω7 in our case. 
For the analytic continuation of the harmonic sums, we rely on our database [119], generated 
with the help of the FORM [105] packages harmpol [120] and summer [109], and the col-
lection DATAMINE [121] of relations between alternating multiple zeta values. So, we have 
8 + (6 + 2) + 5 + 1 = 22 equations for 64 variables.

To gain confidence in our reconstruction procedure, we apply it to recover the well-known 
result for the rational part of the planar four-loop anomalous dimension that respects reciprocity 
(RR) [37,45], which, in the basis of the binomial harmonic sums, reads

γ
4−loop
RR,uni,pl,rat

32
= −2S1,2,4 + 2S1,5,1 + 4S2,2,3 + S2,3,2 − 5S2,4,1 + 2S3,1,3 − 3S3,2,2

− S3,3,1 + 4S4,1,2 − 4S4,2,1 + 2S5,1,1 + 4S1,1,1,4 − 6S1,1,2,3 − 2S1,1,3,2

+ 4S1,1,4,1 − 2S1,2,1,3 + 9S1,2,2,2 − 9S1,2,3,1 + 3S1,3,1,2 − 5S1,3,2,1

+ 4S1,4,1,1 − 2S2,1,1,3 + 5S2,1,2,2 − 5S2,1,3,1 + 8S2,2,2,1 − 6S2,3,1,1

+ 3S3,1,1,2 − S3,1,2,1 − 4S3,2,1,1 + 2S4,1,1,1 − 4S1,1,1,2,2 + 6S1,1,1,3,1

+ 2S1,1,2,1,2 − 8S1,1,2,2,1 + 4S1,1,3,1,1 + 2S1,2,1,1,2 − 4S1,2,2,1,1

+ 2S1,3,1,1,1 + 2S2,1,1,1,2 − 2S2,2,1,1,1. (41)
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In fact, we find that the 22 equations described above can correctly fix all the coefficients of the 
64 binomial harmonic sums using the fplll lattice reduction library [122], in which the LLL 
algorithm and other similar algorithms are implemented. It is, therefore, reasonable to expect that 
our reconstruction procedure will also work in the case at hand. We find

γ
(3)
uni,np,rat(j)

4
= 2S5,2 − 2S4,3 − 4S1,2,4 − 2S1,3,3 + 2S1,4,2 + 4S1,5,1 − 6S2,2,3 + 2S2,3,2

+ 4S2,4,1 + 12S3,1,3 − 6S3,2,2 − 2S3,3,1 + 2S4,1,2 + 6S4,2,1 − 12S5,1,1

+ 8S1,1,1,4 + 4S1,1,2,3 − 8S1,1,3,2 − 4S1,1,4,1 − S1,2,1,3 + 3S1,2,2,2

+ 6S1,2,3,1 − 14S1,3,1,2 − 3S1,3,2,1 + 9S1,4,1,1 − 3S2,1,1,3 − S2,1,2,2

+ S2,2,2,1 + 3S2,3,1,1 − 8S3,1,1,2 − 8S3,1,2,1 + 12S3,2,1,1 + 4S4,1,1,1

+ 4S1,1,1,2,2 − 12S1,1,1,3,1 + 4S1,1,2,1,2 − 4S1,1,2,2,1 + 8S1,1,3,1,1

+ 8S1,2,1,1,2 + 2S1,2,1,2,1 − 14S1,2,2,1,1 + 4S1,3,1,1,1 + 4S2,1,1,1,2

+ 4S2,1,1,2,1 − 4S2,1,2,1,1 − 4S2,2,1,1,1 , (42)

where Saaa = Saaa(j − 2) = Saaa(M). Technical details of our evaluation may be found in the Ap-
pendix. Although we believe that our result in Eq. (42) is correct, it needs to be checked, either 
directly by calculating the next moment, for j = 20, or indirectly by considering some limiting 
cases. Below, we present our predictions for some limiting cases of γ (3)

uni,np(j), evaluated with 
Eqs. (39), (40), and (42).

First of all, we consider the large-j limit of γ (3)
uni,np(j), which yields

γ
(3)
uni,np

j→∞=
(
−24ζ 2

3 − 62ζ6

)
ln j + 4ζ4ζ3 − 20ζ2ζ5 − 175ζ7 . (43)

We observe that the j -independent term in Eq. (43), which takes the numerical value −205.37, 
nicely agrees with the value −B

(4)
np /48 = (−207.0 ± 3.0) we obtained in Ref. [101].

The analytic continuation of γ (3)
uni,np(j) to the BFKL value M = −1 + ω yields2

γ
(3)
uni,np

M=−1+ω= −192

ω2 ζ2ζ3 + 4

ω

(
31ζ6 − 2ζ3

2
)
+2 (20ζ2ζ5 + 280ζ3ζ4 + 69ζ7)+O(ω) .

(44)

This implies that the BFKL equation receives a non-planar contribution in the next-to-next-to-
leading logarithmic approximation (NNLLA), which is the third order of perturbation theory.

In the double-logarithmic limit, M = −2 + ω, we have

γ
(3)
uni,np

M=−2+ω= 192ζ2

ω5
− 384ζ2

ω4 − 48

ω3 (4ζ2 + 15ζ4) + 288

ω2 (4ζ2ζ3 + 5ζ4)

+ 4

ω

(
144ζ2 − 1728ζ2ζ3 − 24ζ3

2 − 540ζ4 + 60ζ5 − 1367ζ6

)

+ 4
(

96ζ2 − 288ζ2ζ3 + 722ζ2ζ5 + 36ζ3
2 − 814ζ3ζ4 + 799ζ6 − 56ζ7

)
+O(ω) . (45)

2 We have used M instead of j = M + 2 to comply with the standard convention in N = 4 SYM theory.
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As in the BFKL case, the double-logarithmic equation receives a non-planar contribution in the 
third order of perturbation theory.

Another limit of interest is M = 0 +ω, which was taken for the planar case in Refs. [123,124]. 
In this limit, we have

γ
(3)
uni,np

M=0+ω= ω

(
−72ζ2ζ

2
3 − 1870

3
ζ8

)
+ ω2 (165ζ9 − 320ζ4ζ5 + 462ζ3ζ6 + 490ζ2ζ7)

+ ω3
(

720706

1583
ζ3ζ7 − 122ζ 2

3 ζ4 − 87788

57
ζ2ζ3ζ5 − 86900

1583
ζ 2

5

+ 13564298077

10827720
ζ10 + 25344

1583
h73 − 709632

1583
h91 − 75008

513
h53ζ2

+ 375040

171
h71ζ2

)
+O(ω4) , (46)

where hab are special numbers related to multiple zeta values [121].
Finally, also the value of γ (3)

uni,np(j) at M = 1 is of special interest because it is related to the 
single-magnon operator at β = 1/2 of the SU(2)β spin chain of marginally β-deformed N = 4
SYM theory [125,126]. From Eq. (42), we obtain

γ
(3)
uni,np(3) = −160ζ5 . (47)

It is surprising that, in the non-planar case, only the most transcendental contribution survives, 
which can even be found by computing the non-planar Konishi contribution in Eq. (9) because, 
for the reconstruction of the general expression of the most transcendental part, only one fixed 
value is necessary to find the coefficient of S2

1 in Eq. (39).

4. Conclusion

We constructed the general analytic expression for the non-planar contribution to the four-
loop universal anomalous dimensions in N = 4 SYM theory, given in Eq. (42), using the first 
eight moments in Eqs. (9)–(11) [85–87] and (29)–(33) [101] together with information on the 
large-j [91,92,95], BFKL [102,117,118], and double-logarithmic [99,100] limits, assuming that 
the ansatz should include only binomial harmonic sums [see Eq. (38)] in its coefficients and 
solving the resulting system of Diophantine equations with the help of number theory. We also 
provided analytic results for various interesting limits of our general expression, including the 
large-j limit in Eq. (43), the BFKL limit in Eq. (44), the double-logarithmic limit in Eq. (45), 
the expansion about M = 0 in Eq. (46), and the result for M = 1 in Eq. (47). The latter is 
particularly interesting, as it represents a very simple expression for the non-planar contribution 
to the anomalous dimension of the single-magnon operator at β = 1/2 of the SU(2)β spin chain 
of marginally β-deformed N = 4 SYM theory. It will be tantalizing to test these conjectures in 
the future by independent calculations.
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Appendix A

Here, we provide more details on the reconstruction procedure and the result, which we obtain 
with the help of number theory. As discussed in Section 3, the ansatz for the general result 
consists of a linear combination of the binomial harmonic sums [see Eq. (38)] of weight 7, of 
which there are 27−1 = 64 in total,

AnsatzRat =
{
S7,S1,6,S2,5,S3,4,S4,3,S5,2,S6,1,S1,1,5,S1,2,4,S1,3,3,S1,4,2,S1,5,1,

S2,1,4,S2,2,3,S2,3,2,S2,4,1,S3,1,3,S3,2,2,S3,3,1,S4,1,2,S4,2,1,S5,1,1,

S1,1,1,4,S1,1,2,3,S1,1,3,2,S1,1,4,1,S1,2,1,3,S1,2,2,2,S1,2,3,1,S1,3,1,2,S1,3,2,1,

S1,4,1,1,S2,1,1,3,S2,1,2,2,S2,1,3,1,S2,2,1,2,S2,2,2,1,S2,3,1,1,S3,1,1,2,S3,1,2,1,

S3,2,1,1,S4,1,1,1,S1,1,1,2,2,S1,1,1,3,1,S1,1,2,1,2,S1,1,2,2,1,S1,1,3,1,1,S1,2,1,1,2,

S1,2,1,2,1,S1,2,2,1,1,S1,3,1,1,1,S2,1,1,1,2,S2,1,1,2,1,S2,1,2,1,1,S2,2,1,1,1,

S3,1,1,1,1,S1,1,1,2,1,1,S1,1,2,1,1,1,S1,2,1,1,1,1,S2,1,1,1,1,1,S1,1,1,1,3,

S1,1,1,1,2,1,S1,1,1,1,1,2,S1,1,1,1,1,1,1

}
. (48)

We have 22 constraints, which are described in Section 3, and construct from these equations 
a matrix of dimension 22 × (64 + 1), where the last column is multiplied by the factor 2−3, 
which we expect to be a common factor of the desired expression. Then we append the transpose 
of this matrix, multiplied by any large number, 864 in our case, to the right of the unit matrix 
of dimension 65 × 65. The resulting matrix, which is of dimension 65 × (65 + 22), is then 
translated into a form which can be read by the fplll library [122], in which the LLL algorithm 
and further modifications of it are implemented. We use the so-called Block–Korkine–Zolotarev 
(BKZ) method,3 with block size set to 25 using option -b and precision set to 555 using options
-mpfr -p. The library fplll produces a new matrix in which the lines are sorted according 
to their Euclidean norm. Upon the execution of fplll, we have a new matrix, which contains 
the solutions of the original non-uniform Diophantine system of equations and also the solutions 
of the corresponding uniform system of equations—the number of equations is less than the 
number of variables, and there are combinations of variables which satisfy the system of uniform 
equations. The first line of this matrix is the solution of the uniform equation, with 0 in position 
65,4

3 See Refs. [127–129] for more details.
4 We suppress 22 zeros at the end of the line, as this is a general property of the solutions.
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fplll1 = {
0,0,−3,1,−6,−3,3,−9,−3,1,−2,2,2,8,1,−3,1,−5,−7,9,9,0,10,9,3,

5,0,−3,3,−1,3,0,1,7,−1,−12,0,5,−1,1,11,−12,−2,−10,−7,−7,1,

−6,1,3,−3,10,−11,−8,4,−1,2,5,5,0,0,0,0,0,0
}
, (49)

while the second line gives the desired solution of the non-uniform equation, with 2 in position 
65,

fplll2 = {
0,0,0,0,2,−2,0,0,4,2,−2,−4,0,6,−2,−4,−12,6,2,−2,−6,12,−8,

−4,8,4,1,−3,−6,14,3,−9,3,1,0,0,−1,−3,8,8,−12,−4,−4,12,−4,4,

−8,−8,−2,14,−4,−4,−4,4,4,0,0,0,0,0,0,0,0,0,2
}
. (50)

The next possible solution of the non-uniform system is on line 20. So, there is reason to assume 
that the solution in Eq. (50) is correct because

• it is isolated from other solutions;
• it contains many zeros;
• it contains the same coefficients, up to a sign, for the most complicated binomial harmonic 

sums in ansatz (48), i.e. those at the end of the ansatz;
• it exhibits a rather uniform structure.

In principle, any line of the obtained matrix can be added to line 2 accommodating our con-
jectured solution. However, as can be seen by adding Eqs. (49) and (50), we then loose the 
above-mentioned properties of the desired result, which we expect from our observations made 
when computing anomalous dimensions.
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