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1 Introduction

The maximally extended supersymmetric Yang-Mills theory in four dimensional space-time
(N =4 SYM) [1] is a prime theoretical laboratory in quantum field theory. It stands out
in particular due to its quantum exact conformal symmetry, a hidden integrability in the
large N color limit [2] of the SU(N) model, as well as its relevance within the AdS/CFT
correspondence [3-5]. As a consequence an enormous wealth of results has been obtained
to date — including exact non-perturbative ones. Three classes of (pre)—observables that
are prototypical for gauge theories can be identified: scattering amplitudes, correlation
functions of local gauge invariant operators and expectation values of non-local Wilson
loop operators. They may be severely constrained by the manifest superconformal as well
as hidden symmetries of the AV = 4 SYM theory. Setting aside the sector of scattering
amplitudes,' the canonical representatives of the local and non-local classes are:

1. The length-two local operator built from the scalar field ¢'(x):

Oy () = Tr[¢' (2)¢ ()] — %Tr[qﬁk(x)%(w)] : (1.1)

which transforms in the 20" of the s0(6)g R-symmetry group. It is a chiral primary
(1/2-BPS) operator of the conformal symmetry group, as a consequence of which
its two-point and three-point correlation functions are protected from radiative cor-
rections and given exactly by their free field theory approximation [6]. The Ogy ()

'Here the tree-level all multiplicity as well as four and five point to all-orders in the coupling are known
exactly.



operators sit in the so-called stress tensor multiplet of the underlying superconfor-
mal symmetry group that includes the stress tensor as well as the Lagrangian of
N =4 SYM itself as superconformal descendants. Non-trivial results emerge for the
four-point correlation function of the Oqy (x) [7-10] and beyond [11, 12].

2. Supersymmetric Wilson or Maldacena-Wilson loops [13]:
1 - . ‘
We = NTr PexprdT(zmMA“ + |£0;9"), (1.2)

defined by a specific curve C' in space-time parametrized via x#(7) and 6;0° = 1. Its
vacuum expectation value is finite for smooth curves, and trivial, i.e. (W) = 1, for
straight line geometries [14]. For the circular contours the non-trivial result is known
exactly [14-16]? and related to the straight line configuration through an (anomalous)
conformal transformation.

Given the prominence of these simplest operators within the N' = 4 SYM theory, the
study of correlation functions involving both operators suggests itself. The correlation
function of a single chiral primary operator sitting outside of a straight line or circular
Maldacena-Wilson loop (WcOay (z)) is fixed by conformal symmetry up to a function
of the coupling constant [17, 18] which may be computed exactly [19, 20]. Correlators
involving cusped/straight lines with a defect operator were also studied in integrability,
and many results are known non-perturbatively [21-23]. However, a lot less is known for
the situation of placing two local operators outside of a Maldacena-Wilson line at generic
positions (W, ;020 (71)O20(22)). Previous work [24] considered this correlator at weak
coupling at leading order (LO) and at strong coupling using the AdS/CFT duality to the
minimal string surfaces in AdSs x S, see also the very recent [25]. Moreover, configurations
with operators along the line have received some attention recently: correlators of 1/2-BPS
operators in the resulting 1d CFT have been studied using holography [26], the conformal
bootstrap [27], and by looking at protected subsectors [28-30], while integrability has access
to some non-perturbative CFT data, even away from the protected sectors [31].

In this work we consider the perturbative study of a Maldacena-Wilson line with two
generic bulk chiral primaries at next-to-leading order (NLO) in the coupling constant. Un-
like one-point functions, the coordinate dependence of two-point correlators in the presence
of a defect is not fixed by symmetry. Two-point functions depend on two conformal in-
variants z and Zz similar to the two cross-ratios that characterize four-point correlators in
standard CFTs. Motivated by the modern conformal bootstrap [32], recent years have seen
significant progress in understanding the structure of defect CFT correlators.

There exist two representations for two-point functions in the presence of a line de-
fect [33]. On the one hand, one can fuse the two local operators using the usual operator
product expansion (OPE), and then evaluate the resulting one-point functions in the pres-
ence of the defect. The second representation is to consider the defect operator expansion,

2Tt takes the radius-independent form (W,) = \%h(ﬁ) with the coupling A = ¢?N in the large N ’t
Hooft limit.



in which one of the local operators is written as an infinite sum of local excitations on the de-
fect. Both these expansions are characterized by corresponding conformal blocks and the as-
sociated CFT data (i.e. the spectrum of operators and the OPE coefficients multiplying the
blocks), and they are usually referred to as the bulk channel and defect channel expansions.

Equality of these two representations is the starting point for the bootstrap program of
defect CFTs [33-40]. In this work we will not use the bootstrap approach but rather perform
an explicit perturbative computation up to next-to-leading order (NLO). However, as it
will be clear in the main text, the use of modern defect CFT results will be crucial for our
success, in particular, correlators of 1/2-BPS operators are severely constrained by Ward
identities which were carefully studied in [41]. These powerful constraints together with a
novel combination of perturbation theory, defect CFT techniques and numerical integration
will allow us to obtain an exact formula for the defect channel data, which is basically a
solution of the problem and can be used to produce an efficient Taylor series around the
defect OPE limit (z,z) ~ 0. We perform a similar analysis for the bulk channel, however
this is technically more complicated and closed-form expressions are hard to obtain. We
nevertheless extract a large amount of CF'T data and compare it to known results, finding
a perfect match for an infinite set of anomalous dimensions, as well as for the one-point
function of the Oy (x) operator.

The outline of the paper is as follows. In section 2 we review the kinematics of the
two-point function of the Oy chiral primary and its superconformal block expansion in the
defect and bulk channels. We then present our perturbative computation in section 3; we
find analytic formulae for some of the integrals, and when this is not possible we perform
some numerical consistency checks using the Ward identities. In section 4 we extract the
CFT data in the defect and bulk channels by combining our perturbative calculation with
the block expansion. We present an exact formula for the defect data, and perform various
non-trivial checks of our results. We conclude in section 5, and collect technical details in
the appendices.

2 Preliminaries

We start by reviewing the analysis of [41], where the basic kinematics of two-point functions
in the presence of a 1/2-BPS line defect were studied. We focus on the correlator of two
Oy (x) operators in the presence of a Maldacena-Wilson line, however we should point
out that the kinematics reviewed here are more general, and apply to any line defect that
preserves half of the supersymmetry.

2.1 Two-point function of single-trace operators with Wilson-line defect

First, it is convenient to rewrite the single-trace chiral primary operator Ogy () of eq. (1.1)
as

O(x) := uiuj Trl¢' ()¢’ ()], (2.1)

where the s0(6)R vectors u;’s obey u? = 0 and are necessarily complex. This is a convenient
bookkeeping device in order to ensure the tracelessness condition of the chiral primaries
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Figure 1. Setup for the two-point function of single-trace operators Oyy in the presence of a
Wilson-line defect W; in Euclidean 4d space. Using scaling symmetry, the coordinate system can
be chosen such that z; := (1,0,0,0), while the second operator can be described with the help
of complex coordinates z,z as indicated in the text. The line extends out of the page (in the 7-
direction) and is orthogonal to the complex plane.

Ospr (). These operators are 1/2-BPS and as reviewed in the introduction their two- and
three-point functions are protected when there is no defect present. If one inserts a straight
Maldacena-Wilson line, the kinematics changes drastically. Consider

1 > .. . i
W, .= NTT P exp /_Oo dT(za:”Au + |2|60;¢ ) ) (2.2)

with A4, = T, A%, ¢, := T, ¢}, where Tj, is a generator of the gauge group of the SYM
theory and i = 1,...,6 an s0(6)r index. We work in Euclidean space after Wick rotation
and parameterize the line by z#(7) = (0,0, 0, 7), which implies #* = (0,0,0, 1).
Our main goal is to compute the following two-point function in the presence of the
defect:
(O(z1) O(x2) )) :== (W, O(21) O(22) ) -

Bosonic constraints on this type of correlators were originally studied in [33] (see also [35,
36, 39]). A defect with such a geometry preserves the symmetry so(1,2) x s0(3), where
the first group corresponds to the 1d conformal group on the line and the second one
to rotations orthogonal to the defect. The quantum number associated to the so(1,2)
symmetry is commonly referred to as the transverse spin, while the one corresponding to
50(3) is called the parallel spin. Because this is a supersymmetric setup, we must also
consider the sp(4)r R-symmetry. The bosonic subalgebras plus the fermionic generators
form the osp(4[4) defect superalgebra. Representations of osp(4|4) are labeled by their
conformal dimension A, transverse spin s as well as by the sp(4)g Dynkin labels [a, b].
Following [41] we denote 1/2-BPS multiplets of osp(4[4) by (B,+);, with k labeling the
[0, k] irreducible representations of the superconformal primary.

The geometry of the system becomes more transparent if we choose a suitable frame.
We can use scaling symmetry such that the operator O(z) is located at z; = (1,0,0,0),



while the second operator may be put in the z-y-plane, and hence its most general coor-
dinates are z3 = (z,¥,0,0). Since our setup contains two degrees of freedom, it is also
convenient to define complex coordinates of the following form:

zi=x 41y, Zz:=x—19y.

These coordinates are conformal invariants similar to the two cross-ratios that characterize
four-point functions in CFTs without a defect. The configuration is depicted in figure 1.
In addition to the spacetime invariants (z, z) we can also define the variable w:

4w :: _(u1 - 0)(ug - 0) 7 (2.3)
(1-w)? (u1 - ug)
which plays the role of an R-symmetry invariant. This awkward-looking definition is justi-
fied by the appearance of the R-symmetry blocks given in (A.2) and (A.7). We recall that
the u’s and 6 couple respectively to the single-trace operators and to the line defect.

It will be convenient for later to define the following combination of bosonic invariants:

VE (1-w?

Q.= 2.4
1-2(1-2) 4w (24)
Using ) we may rewrite the correlator as
. 0)? . 0)?
(00 = D r, ), 2:5)
173

with )

Flz,z2,w) =Y Q7F(z,%). (2.6)
c=0

The sum reflects the fact that there are three R-symmetry channels, which correspond
to zero, one and two contractions of the wuy,us of the single-trace operators with the 6
vector of the Wilson-line defect. The interpretation of each channel depends on which
OPE decomposition we are considering. In the bulk channel expansion they correspond to
[0, k, 0] irreps of so(6)gr for k = 0,1, 2, while in the defect channel they label [0, 12;] irreps of
sp(4)g for k= 0,1,2. All the w dependence is now contained in €2, and the only unknowns
left are the spacetime functions F,.. The latter have the nice property of being constant at
the first two orders in perturbation theory, as we will show explicitly in section 3.3.

2.2 Superconformal Ward identities

Conformal and R-symmetry invariance imply that the two-point function can be written
in terms of (z,z) and w. These constraints however do not capture the full power of
superconformal symmetry. In particular, invariance under the full superconformal algebra
imposes the following analyticity property [41, 42]:

1
(az + Qaw) Fzw)| =0, (2.72)

Z=Ww

=0, (2.7b)

Z=w

(8Z + ;&J) F(z,Z,w)

which guarantees the absence of spurious poles when z = w and z = w.

3In Lorentzian signature z and Z are real and independent.



It is easy to check that any power of the invariant 2 fulfills the Ward identities, i.e.
1 1
<az + Qaw) QF =0= (az + Qaw> oF

Using the representation (2.6), we see that the three R-symmetry channels are not

(2.8)

Z=w

all independent. They satisfy differential constraints that we refer to as reduced Ward

2—c
Z(“‘”ﬂ 0.F(2,%) = 0. 2.9)

= 41—z =z

identities:

A second analogous identity follows straightforwardly from eq. (2.7b).

In favorable situations, it is possible to solve the differential constraints in terms of
a fewer number of independent functions, like in 4d NV = 2 and N' = 4 SCFTs with no
defects [8, 42]. For our system of equations however this is not possible. As pointed out
in [41], equations (2.7a) and (2.7b) are closely related to the Ward identities of 3d SCFTs
in which the differential constraints are harder to solve.*

These identities provide a powerful check of the perturbative results that we will derive
in section 3. In particular, the reduced Ward identities simplify considerably in the collinear

limit z = z, in which eq. (2.9) becomes

Fo(z,x) +4F (z,x) + 16Fy(x,x) = c1, forz >0, (2.10a)
Fo(z,x) — 4AF (z,x) + 16 F»(x, x) = ca, for z < 0. (2.10b)

Here ¢; and ¢y are unknown numerical constants that in principle do not need be equal.
This result corresponds to a topological subsector, which can also be directly obtained
from (2.6) by setting z = z = w.

2.3 Superblocks and crossing symmetry

In the presence of a defect, operators can acquire a non-vanishing expectation value, which
explains why two-point functions (unlike the case of CFTs without a defect) can have a
highly non-trivial dependence on the coordinates. Consider the OPE between the two
external fields, the resulting expansion contains local operators whose expectation values
in the presence of the defect is non-zero, the contribution of each local operator and its
(super)conformal descendants can be neatly captured by a corresponding superconformal
block:

Flz,z2,w) =02 Z A00yay Gy (2, Z,w) . (2.11)
X

Here y labels local operators which sit in irreps of the full psu(2,2]4) superconformal
algebra. As stated above, the relevant quantum numbers on this channel are [A, [, k]. The
coefficients App, and a, correspond respectively to the three-point coupling and the one-
point function associated to x. The superconformal block G, (2, Z,w) can be decomposed as

(z,2,w) Z eak()he(w) fa(z 2), (2.12)

Akl

which makes explicit the contribution of a full supermultiplet.

“See [42] for an extensive discussion on how to solve Ward identities in different dimensions.



Figure 2. Pictorial representation of the crossing equation given in eq. (2.15). The correlator
can be expanded in two ways, either by performing a bulk OPE (left-hand side) or a defect OPE
(right-hand side).

The hi(w) are R-symmetry blocks and fa (2, %2) are spacetime blocks. These func-
tions are eigenfunctions of the Casimir operators of respectively so(6)g and so(5,1). The
coefficients ca ,(x) are fixed kinematically and can be obtained, for example, by imposing
that the superblock satisfies the Ward identities.

In addition to the standard OPE between two local operators, there is a new operator
expansion specific to defect CFTs in which an individual local operator can be expanded
by considering excitations constrained to the defect. We call these excitations defect oper-
ators and they allow us to write a second conformal block expansion which captures the
contributions of superconformal families that live on the defect:

F(z,z,w) Zb QX Z,Z,w). (2.13)

Here x corresponds to representations of 0sp(4[4), which is the symmetry preserved by the
defect. As mentioned before, the quantum numbers on this channel are [A, s, ]Aﬁ], while the
coefficients bpy are bulk-to-defect couplings that characterize correlators between one bulk
and one defect operators. These correlators are fixed by kinematics and therefore the boy
plays a similar role as three-point couplings in standard CFTs. The superconformal blocks
QA;((Z, Z,w) can be decomposed as

Gi(2,2,w) = 3 ex 1 (D (W) fa0,(2:2) - (2.14)
Ak,

The ﬁk (w) are R-symmetry blocks, while the f A,O,s(z’ Z) are spacetime blocks, which cap-
ture the bosonic contributions of the defect algebra. Like before, these functions can be
obtained by solving the Casimir equations, and the relative coefficients in (2.14) can be
fixed using the Ward identities.

The two ways of expanding the correlator result in a “crossing equation”:

QZZA@@XanX (2,2,w) Zb Ox(z Z,w). (2.15)

A pictorial representation of this relation is shown in figure 2. This equation is the
starting point of the defect bootstrap program, whose goal is to constrain that landscape
of defect CF'Ts and hopefully solve individual models. In this work we will not follow the
bootstrap approach, but rely instead on standard perturbation theory techniques. It will



be nevertheless crucial to use defect CFT techniques in order to write our final result.
Feynman integrals are often hard to solve in closed form and the superblock expansions
will allow us to extract the CFT data, which in the end is the dynamical information that
characterizes the correlator.

Before we jump to the perturbative calculation, we still need to specify the precise
multiplets of both the psu(2,2|4) and osp(4|4) algebras that can appear on each channel.
This analysis was done in [41] where the allowed multiplets were obtained by analytically
continuing the results for a codimension-one defect (i.e. the boundary).

Bulk channel selection rules. The spectrum of allowed representations in the bulk
OPE corresponds to the multiplets that can appear in the OPE of two 20’ and in addition
can have non-vanishing one-point functions. The list is as follows:

o the identity operator 1;
e 1/2-BPS operators By or,0) With k = 1,2;
o semishort blocks Cjg 2 ), with [ > 0 and even;

« long blocks A[Aoo 0l with A > 142,17 >0 and even.

Here we are using the notation of [43]; I := 2j is the spin of the operator and A the scaling
dimension. Notice that only s0(6)g irreps of the type [0, p, 0] can contribute to this OPE.
The superblocks are given explicitly in appendix A.1. One could also consider semishorts
Clo,0,0),; multiplets, however these multiplets contain higher-spin conserved currents and are
disallowed in interacting theories [44, 45]. We will see this type of multiplets at the leading
order of our calculations, however we will interpret them as long multiplets A[AO,O,O],I at the
unitarity bound A = [ + 2, which will recombine when we add higher-order corrections.’
Summarizing, the bulk channel superconformal block expansion reads

_9 _
V(2 zw) = A+ BgB[o,z,o] + CgB[OA,O] + ; Dlgc[o,mu + % EAJQA[%,O,O],Z , (2.16)

where we have suppressed the (z, Z) and w dependence on the right-hand side for compact-
ness. The dynamical information in this expansion is contained in the CFT data, which
corresponds to the spectrum of operators and to the coefficients in front of the blocks.
The latter are given by the product of bulk three-point function coefficients and defect
one-point functions. In order to avoid cluttering, we have simplified the notation a bit:

A= doorar =boo, B:= AO(’)(’)B[O’QYO] A0, , o1

where the dots stand for similar definitions for the rest of coefficients.

*When A[AO,O,O], ; hits the unitarity bound the decomposition is a bit more involved, there are four different
multiplets appearing, not just Cjp,0),;- However the other three multiplets do not contribute to our block
expansion, see [43] for the precise shortening/recombination rules.



Defect channel selection rules. In the defect channel, the following representations
have non-vanishing two-point functions in presence of the defect:

o the identity operator 1;
 1/2-BPS operators: (B, +); := [2!%, 0, lAc], with k& = 1,2;

o 1/4-BPS operators: (B, 1)[1% g = [2]%,3, l;:], with s > 0 and k = 0, 1;
« long operators: L[Ao,s] = [A, s,0], with A>s+1ands>0.

The blocks can be found in appendix A.2. Note that at the unitarity bound A=s+ 1, the
long operators shorten and the corresponding CFT data coefficients are indistinguishable
from the (B,1)(o ) ones, since

gL[S(rj] - _g(Bvl)[O,s] : (2.17)
This relation is classical and will be spoiled by anomalous dimensions at loop level, thus
guaranteeing that the expansion in superblocks remains unique.® Notice that unlike the
bulk channel there is no theorem that guarantees the absence of these multiplets in the
interacting theory, the result of [44, 45] assumes a local CFT, defect theories are generically
non-local, especially in the one-dimensional case we are studying.

In summary, the expansion in the defect channel reads

o0 o0
F(z,2,w)=A+BGs 1), +CGp 1), + > DGy, + > EsGB1y, +ZFA,59L§O .
s=0 s=0 A,s o

(2.18)
The dynamical CFT data are the spectrum of defect excitations and the bulk-to-defect
coeflicients. Again we use a shorthand notation to avoid cluttering:

A =12

_ 42 D .
Oﬁ—ao, B—b

2 A

O0B,4), ’

These are defect two-point function coefficients between the bulk external operator and a
defect operator.

3 Perturbative computation

The goal of this section is to compute the correlator perturbatively up to next-to-leading
order O(g®). After introducing the Feynman rules, we list all the diagrams relevant for
leading order O(g%) and next-to-leading order. At leading order the integrals involved are
simple and it is not hard to write a closed-form expression for the correlator. At next-to-
leading order the complexity increases dramatically, and of the three R-symmetry channels
we managed to obtain one in closed form. Nevertheless, the symmetry analysis of the
previous section will allow us to extract the CFT data individually. This is a challenging
technical task that we perform in section 4.

SLike in the bulk case, multiplet shortening/recombination is a bit more involved, the precise relation
can be easily calculated using superconformal characters (see for example [46] for a closely related analysis).



3.1 Action and propagators
The action of /=4 SYM is given by (including ghosts and gauge fixing)

1 1 ) o1 o
S = g2/d4x Tr{2FW F" + D,¢:D"6" = S[6,6,][", &'
YD+ w4 0,eD e+ € (9,4) L @)

Our conventions are gathered in appendix B. The resulting propagators in Feynman gauge
(¢ = 1) take the following form in configuration space:

1 2 9 b
Scalars: o——o0 =96;;0"2, (3.2a)
i,a 7,0
1 2 2 ab
Gluons: oo =90,,0"2, (3.2b)
wya Vb
‘ 1 2 Ceab
Gluinos: o = ig70PInT1o , (3.2¢)
a b
1 2 2 cab
Ghosts: O e o = g%, (3.2d)
a b

where we have defined for brevity

1
I12 ) 3.3
P, (33)
with z;; := x; — x; and
0
aA::’y-a—A, A:=1x1 — 129,

with «, the Dirac matrices. The Feynman rules follow straightforwardly, and we have
assembled the relevant ones into a set of insertion rules in appendix B.

3.2 Feynman diagrams

We wish now to list the diagrams that are relevant for the computation up to order O(g®%).
We start by noting that a large number of diagrams are irrelevant because of the color

0 o0 e D rr o

Here the first three diagrams refer to insertions on the Wilson line, while the rightmost

contractions:

circle in the fourth one represents the trace of the operators defined in (2.1).

The lowest order at which the two-point function receives a contribution is the order
O(g*), which we will call identity order. It corresponds to the two-point function of single-
trace operators disconnected from the line:

Q)

~10 -



0-Channel

1] A
¢

1-Channel

bib b

PTTH

X
L% X

9 Channel %

Table 1. Feynman diagrams in the planar limit N — oo for the computation of the two-point
function with line defect at next-to-leading order (NLO). The configurations are classified in function

of their R-symmetry channel. It should be understood that all (planar) path orderings on the Wilson
line have to be considered for each diagram.

As mentioned before, the disconnected two-point function is protected and does not receive
radiative corrections at higher orders of the coupling. The R-symmetry factor of this
diagram is (u;-u2)?, and hence only the 0-channel is non-zero at this order (see section 2.1).

At leading order O(g%), we find the first contribution to the two-point function that

1

This diagram has a R-symmetry factor (u;-u2)(u1-0)(uz2-6) and therefore only the 1-channel

involves the defect:

is non-vanishing at leading order.

The number of diagrams increases significantly at next-to-leading order O(g®), and in
particular we find that all the three R-symmetry channels are represented. The planar
contributions are gathered in table 1.

3.3 Identity and leading orders

We proceed now with the computation of the identity and leading orders. We have seen
that only one diagram contributes at O(g*), and it is trivial to compute since there is no

- 11 -



integral involved:

54
T7T5 2°7

@ = 9)2(22 P9 N ge (3.5)

The corresponding F-functions defined in section 2.1 are easy to read:

472
_ g*N

Fy(z,2) = S (3.6a)

Fl(z,i) = FQ(Z,Z) =0. (3.6b)

The leading order is also simple to compute, since it contains only two elementary (and
independent) one-dimensional integrals:

i:i = (ug - u2)(uy - 0)(usg - 0)96N112/d7'3/d7'4 I3l

(u1 . 9)2(U2 . 9)2 gGN
= Q. .
32 2674 (3.7)

This translates into the following F,-functions:

- 9
Fl(z> Z) = 267r4 ) (38&)
while the other channels vanish, i.e.
Fo(z, 2) = FQ(Z, 5) =0. (38b)

Notice that they are constant, i.e. both the identity and leading orders manifestly satisfy
the reduced Ward identities given in eq. (2.9).
The full correlator up to order O(g%) reads

wr - 02w - 0)2 dEN2? 2
(00 oy = Dl LI o Lot 09

3.4 Next-to-leading order

We now turn our attention to the more challenging computation of the correlator at next-
to-leading order. In order to have compact expressions, it is convenient to define the
following R-symmetry factor:

Ae 1= gON? (ur - ug)*(uy - 0)°(us - 0)°, (3.10)

where ¢ = 0, 1, 2 refers to the R-symmetry channel just as it was the case in section 2.1.
The integrals used throughout this section are listed in appendix C.
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3.4.1 2-channel

We start by considering the 2-channel, which is the simplest one since it consists of only
one diagram without any vertex. After discarding the non-planar diagrams and doing the
Wick contractions, it reads

A
% = g/dﬁa/dm/d%/dm O(73456) (L13125 + L15123) (114126 + L16124) -

The structure of the integrand comes from the fact that all permutations of the points on
the Wilson line had to be considered. ©(73456) is a path-ordering variable, defined explicitly
in (B.16). The F-function of the 2-channel can be expressed as

_ 1
Fy(z,z) = gggN2 I(l,a:%),

with I(z%,73) the integral given above. The diagram depends manifestly only on z3, i.e.
the only variable is the distance between the operator and the line, while the distance
between the two bulk operators is irrelevant for this channel.

The computation of the integral can be performed analytically, except for the last one-
dimensional integral. We were able to find an exact expansion of the remaining integral
using numerical data, which can be resummed into the following expression:

8N2

- 21216

Fy(z,2) {37r2 — 4imlog2 + 4tanh ™ v/2Z (log 27 +4log2 — 2tanh ™! v zi)

+41og? (1 V22) + 2log (Vez — 1) [~210g (1 - V22)

+log (V2Z — 1) +2log2| — 2log (1 + v/2Z) log4 (1 + V23)

+4Liy (—V/22) — 4LisV/2 — 4L12% (1-v22)

+4L12% (1+ \/5)} _ (3.11)

The procedure for finding this closed form is detailed in appendix C.3.1, and is plotted in

figure 3 for the limit z = 2.7

3.4.2 1-channel

The 1-channel contains many more diagrams, which now include vertices and that we
therefore expect to be significantly more difficult. We will not be able to solve the integrals
analytically, however they can be computed numerically in the collinear limit z = z. For
this channel, we will first focus on the point z = z = 0, and in section 4.3.1 we will show
that the channel can be resummed in the collinear limit.

The first category of diagrams that we study corresponds to the ones for which a
divergence arises when we pinch the vertices towards one operator. We will refer to such
diagrams as corner diagrams (in which we also include the self-energy diagrams).

"Since the diagram only depends on one variable z3, i.e. zZ, the plot shown in the figure actually
represents the channel everywhere.
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Figure 3. Plots of the F-functions for the 2-channel (left) as well as for the 1-channel (right). In
both cases, the dots correspond to the data gathered by numerical integration, while the solid lines
show the collinear limit of eq. (3.11) for the 2-channel (left) and the resummation of the 1-channel
as given in eq. (4.13) (right). For both channels we observe a perfect agreement between numerical
data and analytical expressions.

The X-diagram pinched at x; results in the following expression (after performing the
contractions and taking the symmetry factors into account):

iﬁ — /dTg/dT4 Tos X119, (3.12)

where we note that the pinching limit X193 is known analytically and is given by eq. (C.9).
Because cancellations will occur, let us first collect the expressions associated to each
diagram before considering the 7-integrals. For now we simply note that this diagram is
logarithmically divergent.

The H-diagram pinched at z; turns out to be

X1123 . Y2 Yz
=)\ I d dry 1131 —
m ! 12/ T3/ T4 s 24{ Iia143 * I * I3

+( ! + ! 2) Y123} , (3.13)

Ly Ly I

where we have made use of the pinched integral identity given in eq. (C.10). The three
first terms are also logarithmically divergent.
The self-energy diagrams are straightforward to read using (B.3) and give

i =2 )\1/d7’3/d7’4 113124 YHQ, (314)
i =2 )\1 Ilg/dTg/dﬂ; I24 Y113. (315)

It is well-known that these diagrams are also logarithmically divergent.

as well as
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Comparing expressions in eq. (3.12)—(3.15) reveals that many terms occur several times
with different signs. Hence it makes sense to group the diagrams in an upper-right corner
diagram as follows:

e s s ] T 4 )

= -\ 112/d7'3/d7'4 I13124 ( +— - > Yio3. (3.16)
I -713 I3

Due to cancellations, the expression has simplified considerably and the integral is now
finite. Note that this expression is consistent with the treatment of corner interactions
performed in [11].

In a fully analogous way, we can treat the diagrams of the opposite corner, using the

remaining half of the symmetric self-energy diagram:

A s )

= -\ IlQ/de/dM I13124 ( +— - > Yi24. (3.17)
I 124 Iy

The corner I'YI-diagram at x7 is defined as follows:

Ei =\ IlQ/dTS/dT4/dT5 €(m3 74 75) 113 (07, — Ory) Yous,

where we recall that all permutations of the legs connected to the line are considered. The
path-ordering symbol €(m3 74 75) is defined explicitly by eq. (B.14b). This expression can
be further simplified in the following way. Using integration by parts, one can rewrite
(Ory — Ory) Yous= — (Or, + 20,) Yaus5. Since the derivatives now only act on the Wilson-line
points, we can integrate by parts again with respect to 74 and 75, and use the fact that

Ory€(13 T4 75) = 2(0(745) — 6(743))

with 7;; := 7 — 7; as usual. The J-functions kill one 7-integral, and we are left with

Ei =X\ 112/d73/d7'4 I3 (Yagq — Youq) . (3.18)

We can combine this diagram with the remaining half of the corresponding self-energy
contribution to obtain the following upper-left corner diagram:

R

= )\1 Ilz/dTg/dT4 113 Yé34. (319)
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Once again, we see that the pinched integrals cancel, thus making this expression finite.
Similarly, we define the following lower-left corner diagram:

-l

= )\1 Im/dTg/dﬂ; 124 Y134 . (3.20)

Another class of diagrams consists of the symmetric diagrams, in the sense that the
integrals are invariant under a permutation x; <+ x2. Using the 4-point insertion rules
from appendix B.1, it is straightforward to write down the expressions corresponding to
each diagram and to perform the Wick contractions. There is one X-diagram, which reads

M = —)\1 Ilg/dTg/dT4 X1234, (321)
1

where the subscript 1 means that we only consider the 1-channel of the diagram.®

There is also one H-diagram, which gives:

m =-\ 112/617'3/6174 Iisloy Fi324 , (3.22)

where the F- and X-integrals are defined in appendix C.2. Note that we have made use of
the insertion rules (B.7) and of the fact that

/dT3/dT4 {3124 F1324 + Ialos Fla23} = 2/d7'3/d7'4 I3l Fi324 . (3.23)

In the same way, the symmetric IYI-diagram yields

A
m = —?l/dTg/del/dTg) 6(’7’3 T4 7'5) I13I25 (871 —872)Y124.

For this diagram, the 13- and 75-integrals can be performed as follows: insert the defini-
tion (B.14b) of the path-ordering symbol €(m3 74 75), split e.g. the 75-integral into pieces
such that the signum functions involving 75 can be eliminated, and integrate termwise.

This results in the following expression:

1 4 T4 4 T3
/dT5 €(13 14 75) o5 = m {2 (tan 1 @ —tan~! ’332|) —|—7rsgn734} .

The 13-integral is elementary, and the I'YI-diagram turns out to be

=—-— 2 fdan (t — —t 1) (Or, — 0ry) Y124 (3.24
m T ] (s oy~ ) @ =0 Y. 020

8Indeed the diagram contributes in principle also to the O-channel, as we will see in the next subsection.
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There remains only a one-dimensional integral to do for this diagram. All the symmetric
diagrams are finite, and hence the 1-channel is also finite on its own as expected.

Since the expressions for the Y-, X- and F-integrals are known analytically, we are left
with one-dimensional and two-dimensional integrals. We can group them accordingly, and
we define the 1d integrals

QFlld(z, Z) = Fyys(2, 2, w0) + Fyyo, (2, 2, w0) + Fivi(z, 2, w) (3.25)
with

_ 1 1
Fyips (2,2, w) = N1 112/d73/d7'4 I13124 (I - I) Yi23
23 113

—1 d 1Y,
4|2| 12/ 73<I23 ) 123 5

where we have used the elementary integral given in eq. (C.1a), and

Al I
]'-Y124(Z z w) 47T’$1‘Il2/d7-4 <Iij 1) Y124.

Fiyr is simply defined by the symmetric IYI-diagram of eq. (3.24).
Similarly, grouping the 2d integrals together results in

QFfd(z, z) = Fx(2z,2,w) + Fyia (2, Z2,w0) + Fyys, (2, 2,0) , (3.26)

where we have defined

1 1 1
Fx(z,z,w) =\ IIQ/dTS/d7'4 L3124 (114123 " Tl 11213) X234,
as well as
_ 1 1 1
Fyia, (2, 2,w) = A\ Ilg/dTg/dT4 L3Iy <113 T, + I34> Y134,
and . . .
Fpay (2, Z2,w) 1= A\ Ilg/dﬁ;/dm 113154 <124 s + 134> Yo34 .

We will not be able to solve these integrals analytically. However it is possible to
numerically integrate both (3.25) and (3.26) on the line z = z =: . We found that the
correlator corresponding to the 1-channel takes the following form:

8N2

Al o) = 3 5o

+ O(zlogx) . (3.27)

The numerical integration could not be performed precisely enough in order to obtain the
closed form of the coefficients at higher order, but the data will still be useful for checking
the Ward identities. A plot of this channel can be found in figure 3. Eq. (3.27) gives the
1-channel at the point z ~ z ~ 0, which as we will see suffices for extracting the CFT data.
For completion we note some additional properties of the 0-channel on the line z = Z:

Fx(z,x) =0 V>0, (3.28a)
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as well as:

98N2

. ™

Fy(x,z) — Fx(x,z) = const. =
The first relation simply means that the X-integrals do not contribute to the correlator for
x > 0, while the second one implies that only the X-integrals are relevant for x < 0. We
will not need to exploit these interesting properties in this work.

3.4.3 0-channel

Similarly to the previous section, we now write down the integrals of the 0-channel and
show that the latter is finite on its own. In particular, we conclude that only one diagram
contributes at this order and that its corresponding F-function is constant on the line z = z
for x < 0. In section 4.3.1 it will be shown that the 0-channel can also be resummed in the
full collinear limit, i.e. also for > 0.

Let us start by reviewing the vanishing diagrams. There are two X-diagrams con-
tributing to the 0-channel, with either two scalar or two gluon fields contracted to the line.
It is elementary to show that they cancel each other, i.e.

M + M =0. (3.29)
0

The reason why they have opposite sign is the presence of the ¢ in front of the gluon field
in the definition of the Maldacena-Wilson line.

The next diagram will be referred to as the YY-diagram. The two Y-integrals are
independent and hence we can factorize them and write

= —Xo (/ dr3 (0r, — 372)Y123)2 : (3.30)

It is easy to see that the integral vanishes for any zs, since the integrand is antisymmetric
with respect to 73 <+ —73. This diagram therefore does not contribute to the 0-channel
and can also be discarded.

The last diagram that we must consider is an H-diagram, which is more intricate
because of the complicated look of the 4-point insertion given in eq. (B.8). However,
noticing that

/dTi 87'1117' =0

allows the diagram to be simplified to the following compact expression:

ﬁ:ﬁ %y B 0,0, [y [ s iy 331

This integral is the most difficult that we have encountered so far, since (i) the H-integral

is not known analytically, and (ii) the fact that the derivatives are not contracted as in the
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Figure 4. The left plot shows the 0-channel after numerical integration (dots) and after resumma-
tion (solid line) as given by eq. (4.14) in the collinear limit z = z. We observe a perfect match, and
note that Fj is constant for negative . The right plot shows the reduced Ward identities in the
collinear limit for the F.-functions computed numerically (dots). The constant behavior is exactly
what is expected from eq. (2.10). The dashed lines are here to guide the eye.

1-channel (see e.g. eq. (3.22)); this prevents us from reducing it to one-loop integrals using
an identity such as the one given in eq. (C.7). Note that the integral is finite, and hence
the O-channel is finite on its own just like its siblings.

We will not be able to solve the ten-dimensional integral given in (3.31) analytically.
On the line z = z := z, it can be reduced to a 4d integral by using spherical coordinates,
as explained in appendix C.3.2. It is not easy to obtain an expansion of (3.31) for x > 0,
however we found numerically (see figure 4) that

8 n72

Fy(z,x) = const. = —39' 581 Vr <0. (3.32)

This is a very important result, as it allows us to expand the correlator at  ~ 0 from below
and to obtain infinitely many terms which can be compared to the superblock expansion
given in eq. (4.2) and (4.3). We will use this in the next section in order to find closed-form
expressions for the CFT data on the defect channel.

3.4.4 'Ward identities in the collinear limit

We wish now to check whether the Ward identities that we presented in eq. (2.10) for the
limiting case z = z are fulfilled by the expressions that we obtained in this section. The
numerical data reveals that

_ 98N2
©3.26g47
e =0, (3.33h)

¢ (3.33a)

as it can be seen in figure 4. Although it is only performed in the collinear limit, the check of
the Ward identities is a highly non-trivial confirmation of the validity of the expressions that
were presented in the previous subsections. Note moreover that co is in perfect agreement
with the study of the correlator performed in [25] at the point z = z2 = w = —1.
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Figure 5. Domains where the different R-symmetry channels are known analytically from the
perturbative computation at next-to-leading order. Here z := x + iy. The 2-channel is known
everywhere, the 0-channel is known only on the line z = z =: x for z < 0, while the 1-channel is
known only at one point.

3.5 Summary

Let us summarize the results that were derived throughout this section. The identity and
leading orders were easy to compute, and the corresponding F.-functions turned out to be
constant up to O(g%):

~ 4N2
Fo(z,2) = 551 (3.34a)
6
_ N
Fi(z,2) 3%4, (3.34b)
Fy(2,2) =0. (3.34c)

At NLO we were able to obtain a full analytical expression for the 2-channel, which is
given by eq. (3.11). For the O-channel, we obtained an analytical result for the domain
z = z =z with x <0, while the 1-channel could be solved only at the point z = z = 0:

8 N2
g°N
8 2

g°N

Each channel is finite as expected, and we also showed that the correlator satisfies the
superconformal Ward identities order by order in the collinear limit.

4 CFT data

We are now ready to extract the CFT data by combining the perturbative computation of
the previous section with the defect CFT analysis of section 2.3.

4.1 Expansion of superblocks

We need to expand the superblocks in the relevant OPE limits in order to compare the
correlator obtained in (2.16), (2.18) to the one computed perturbatively. We parameterize
the anomalous corrections to the scaling dimensions of bulk and defect operators as follows:

o0

Apy = A(Ao?l + Z 9%722 , (4.1a)
k=1

A N = ~(k

Ay, = A(AL n Iczlg2k (A> , (4.1Db)
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where the subscripts refer to the classical scaling dimensions and to the corresponding spin
(either parallel or transverse).

For the bulk channel, the OPE limit is z ~ zZ ~ 1 (i.e. the operator O(z3) is close to
O(x1)), in which the R-symmetry channels read

2 7)) = WQ c o (1 -3 _ \W2(1 — 5ym/2
F(z2) = ( = ) k;nklmlg J(1—2)] (1—2)2(1— 2™/ (42)

The log terms are a consequence of the anomalous dimensions, and arise naturally in loop
computations in perturbation theory (see e.g. (3.11)). The coefficients c,(:gm only depend
on g and N, and are basically linear combinations of the CF'T data. We spell out the
first few relations in (A.11)—(A.13). Eq. (4.2) is exact, but the expansion can be truncated
accordingly for comparison with the perturbative computation. In principle, at any order in
g, the relations given in (A.11)—(A.13) can be solved recursively and the solution is unique.
The coefficients c,(f;m with £ > 1 can only contain terms with anomalous dimensions ’y(An}
Note that, as briefly mentioned before, it is not necessary to know the full correlator in
order to obtain the full CFT data; from the three R-symmetry channels, it suffices indeed to
know one channel everywhere, one channel on the line (e.g. the limit z = Z) and one channel
at one point, as it is the case at next-to-leading order from our perturbative computation
(see figure 5).

The OPE limit for the defect channel is at z ~ z ~ 0 (i.e. the operator O(x2) is close

to the defect), and in that case the correlator can be expanded as:

5 w) = (1-2)(1—2)\* ORE /25m)2
Fu(z %, )_( = ) k;n ) logh (=) . (4.3)

The previous considerations for the bulk channel apply analogously to the defect channel.
The first few coefficients ¢ ., are given by eq. (A.14)—(A.16) in appendix A.3.2.

The defect channel is technically simpler than its bulk counterpart, which is evident by
comparing the spacetime blocks in (A.1) and (A.6): the defect blocks have a simple form
in terms of products of two 9 F; hypergeometric functions, while the bulk blocks consist
of a less efficient infinite sum of generalized hypergeometric functions. As a consequence,
the bulk channel is severely limited by computing power, while the defect channel can be
expanded to very high orders.

4.2 Defect channel

In this section we present closed-form formulae for the defect CFT data up to next-to-
leading order.

4.2.1 Identity order

We have seen in section 3.3 that the F-functions are constant at identity order. It is easy
to express the 0-channel from (3.6) such that it can be compared to (4.3):

—2)(1—2)\? g*N?
Fo(z,2) = <(1 \/)% )> 25N4 Z Im 2'z™ (4.4)
l,m>0

- 21 —



Using the relations given in (A.14)—(A.16) we immediately obtain
g4N2

= 501 - (4.5a)
The coefficients E; are also easy to derive:
N2 (1 2

N (L4 s)(2+5) (Lsb)

ST 28l 1425
It is convenient to characterize the longs by their twist 7 := A —s. The twist-two operators
read
g*N? (2+5)(3+s)
277t (54 2s)
This relation can be generalized recursively for the longs with arbitrary even twist:

7 _ "N T(A+2)T(s+3/2) (A—5)(A+5+1)
Aslteven 297 DA+ 3/2)0(s+1) (A+s)(A—s—1)"

Fs+2,s =

(4.5¢)

while the £ A s With odd twist are zero. This is the supersymmetric equivalent of eq. (2.8)
in [37].
Since both the 1- and 2-channels vanish, we also have:

A=B=D,—F,1,=0. (4.5d)
Note that it is not possible to distinguish the coefficients D, and F s+1,5 just by looking at
the identity order because of multiplet shortening, as explained in section 2.3. However,

looking at the log terms of LO and NLO allows them to be disentangled, and we find that
they vanish individually:

Dy=Fy1,=0. (4.5¢)
4.2.2 Leading order

At leading order we saw in section 3.3 that only the 1-channel contributes. We can proceed
in the exact same way as for the identity order, since the F-functions are also constant.
The 1-channel can be expressed as

- (1-2)(1-2)¢°N S/25m/2
Fi(z,%) = > A (4.6)
Viaz 207t =2

It is easy to solve for the CFT data by following the prescriptions presented in section 4.1,

and we obtain the following coefficients:

A:C:07 B:ﬁ, (473)
6
R . _gN 1+s A N B
Dy~ Fuvis = Gr 377 5s E,=0, Fal.,, =0 (4.7b)
5 =0 4.7
,.)/Avsi'even ' (C)

At this order, the coefficients Dy and Fi 1 s could not be disentangled.” We also note that
the long operators with even twist 7 do not receive an anomalous contribution 4.

9This would require to know at least the log terms at next-to-next-to-leading order (NNLO).

- 29 —



4.2.3 Next-to-leading order

At NLO the computation of the CFT data is more subtle, since we do not have the full
correlator analytically. Still, we can solve order by order in the same fashion and guess the
exact formula once a sufficient number of coefficients has been obtained.

It makes sense to start by the 2-channel, since it is the only one that is known analyt-
ically everywhere. The expansion of (3.11) in the defect OPE limit reads

8 n2 8 n2
. g°N* ¢°N 2log2+Hy_1jo, _, 1+ (1 —20H; 1, _ 21
Fy(z,2) = 5131~ 510,76 Z{ l (22) (1202 (22) 2
>1
8 N2
g°N _ 1 21
+ 2106 log 2zl>zl 1—9] (ZZ) 2, (48)

where we introduced the harmonic numbers H,:
1
k=1

We also know the 0-channel in the collinear limit z = z for x < 0, which turned out to
be a constant function again (see eq. (3.32)), i.e.

1 N2 N2
Fo(x,33)|m<o__((1 \/)% )) 39-2];;

We can take the same limit in eq. (4.3) in order to relate this expression to the CFT data.

7] Z Im 2'z™ . (4.9)
Im

Moreover, the 1-channel is known at one point, as given in eq. (3.27).
Comparing the log terms of (4.8) to (4.3) and (A.16), we find

8 N2
2f (1) g°N7 1+s
g FS+1,5 0(g°) 75—‘,—1,5 - 287-[-6 1+28H1+87 (410&)
~(2
V(Av)s T even =0. (410b)

Curiously, the anomalous dimensions 4 of long operators with even twist are seen to also
vanish at this order. The power series terms result in the following formulae:

A—gl‘]\;, é——?f;ﬁ, é——?f;];il, (4.10c)
X {n2+ (;m - 12log2> Hyyot ;Hﬁ)} ., (4.10d)
By=- 39.82]9Vj6 . Jr154)r(2‘2;r : {WQ " 2isH2+S - GHQ?S} ' (4.10¢)

As for the lower orders, it makes sense to distinguish the longs according to the parity of
their twist. The CFT data for twist-even operators with s =0 (i.e. 7=A) is given by:
£ _ N? T(3/2T(A+2) A+l
A0z even 321271 D(A43/2) A-1
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while long operators with s =0 but odd twist exhibit a different structure:

A

FA,O

_ 3N? T(3/2)T(A+2)A+1
#odd 321276 T(A4+3/2) A

) 1 1 (2) (2)
x{ﬂ +12<(A+3)z‘<A o2 ) P\ Ha e ™ Hapian) -

The coefficients quickly grow in complexity as s increases. Nevertheless, we managed to

_|_

obtain an exact formula for even twist:

. 1 T(A+2)I(A-%+3/2)
Aslieven  3-2270 (A4 3/2)T(A—7+41)
+ H;—H; 1—H:

= )—|—12 ~ 2
(A+s)(A-s—1) A—#/2+1

(2)
A—#/2™ H+/2—1> + GHA_i-/Q

— (A—j+2)(F—2(j+1))

7/2—1
+12 Z BLELENNST Z rpoinl (4.10f)
_-]+ i= 7'/2—}-1A ]+1

where we have defined the following help function:

P :=Hg—1y2— Hk—2nt1)/2

" A (k=2y7'T(k/2—n+1) K T(k—n+2)\ ,G+1)
_Z(H])( 2T (k/2—1) T(k+1) )SH'

We have introduced the Stirling numbers of the first kind S;Lm), defined to be the coefficients
of the expansion of the Pochhammer symbols (x),, as a power series:
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Similarly, it is possible to express the coefficients for odd twist in a closed form:

A~

_¢*N? #(F—2A—1) T(A+2)T(A-7+3/2)
#odd 2170 (2 _1)(7 —2A)T(A+3/2)T(A—#+1)

FA g

x {(HA-H —Hi_ ) 2H; = Hz—1)p2)

+ 3_2 (H+,1 +Hi1)2— HA_qA—)
2

>

_|_

(H+—1 +Hz11)/2 _HA+1)

)/2( (HA+2 HA—%—1)+HA—%_HA+1)

+(1-
7—1)/2 1

) Hi b 4.10
z:: (1 k+7 1+k—%—A) ek (4.10g)

Even though these formulae look a bit messy, they do constitute a complete solution of

-

m|>>

our problem. We have obtained all of the relevant defect-channel coefficients up to NLO,
and the correlator can now be expanded around the defect OPE limit z ~ zZ ~ 0 to any
desired order.

4.2.4 Direct computation of A

As a consistency check, let us compute the coefficient A independently for comparison with
the result given in eq. (4.10c). This is easy to do since its definition is just A= a%, ie. it
is the square of the coefficient for the one-point function of a single-trace operator O(z) in
the presence of the line defect. Hence we have to consider the following correlator:
(u-0)?
(O(z))) = F(z,w), (4.11)

T2

where F' is defined in a similar way to eq. (2.5).
At leading order there is only one diagram:

1
j‘:@ = N(u -0) g* Tr T°T® Tr TaTb/dT3 /d74 T3l

(u-0)* g*N
= 9o (412)

which perfectly matches the coefficient A that we found at NLO.

4.3 Bulk channel

We move now our attention to the CFT data of the bulk channel. In this case, we face two
issues that were not present in the defect channel: (i) the spacetime blocks are complicated
functions (see (A.1)), hence it is difficult to expand them to a sufficiently high order; (ii) at
NLO the perturbative computations of the 0- and 1-channels do not cover the bulk OPE
limit z ~ z ~ 1. The second problem will be solved by resumming the correlator in the
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collinear limit, while the first issue constitutes a limitation inherent to the bulk channel.
We will be able to obtain closed forms for the CFT data up to leading order, while at NLO
we give the first few coeflicients for each representation and show that they reproduce
known results.

4.3.1 Resummation in the collinear limit

We have derived in section 3 analytical expressions for the 0- and 1-channel near z ~ z ~ 0.
Unfortunately this is not the case for the bulk OPE limit z ~ z. We now resum these chan-
nels in the collinear limit z = z =: x in order to fill that gap. Note that, because of the Ward
identities (see in particular eq. (2.10)) and of the fact that the 2-channel is already known
analytically, we need only determine one R-symmetry channel in order to know the last one.
In principle, the expansion in superblocks given in (2.18) could be resummed with the
use of the defect CFT data derived in the previous subsection. However this leads to a
very challenging resummation, and instead of taking this road it is easier to consider the
following procedure. The idea is to take the limit z = z =: x for the 2-channel and to
write an ansatz for the other channels based on this expression. It is then easy to use
the expansion in superblocks in order to solve for the coefficients, provided the ansatz is
complete, i.e. that there occurs no cancellation between the 0- and 1-channels. It happens
to be the case here, and we find the following expression for the 1-channel:
g8N2
Fi(z,x)= 3.99.6 {—27r2 +12tanh ™2z + 6imlog 2 +6log(1 — |z|) log(|z] — 1)
—6log?(1—|z|) —6tanh ™! |z]|logz? —6log 16 tanh ! |z|
+3log(1+ ] logl4(1 + )] — 3log(Ja] — 1) logl4( 2] ~ 1)

+0O(x)tanh ™z [12log(1 +z) — 6log4] +O(—x) [G(Lig(—SU) —Liy(z))

—27? — 6Lis 1;”” +6Liy 1;””} } . (4.13)
It is worth checking that this expression indeed reproduces the numerical data obtained in
section 3. Figure 3 shows a plot of eq. (4.13) with the numerical data, and we observe a
perfect agreement.

As mentioned above, we immediately obtain the expression for the 0-channel by using
the reduced Ward identities in the collinear limit:

g®N?  ¢8N? 1 9
1— 1
+Liz(2) — Lig(—) + Liz— T Li ;“” } . (4.14)

This result is shown against the numerical data in figure 4, and a perfect match is also
observed. We now have enough information about the correlator in order to extract the
CFT data of the bulk channel.
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4.3.2 Identity order

It is clear from the expansion in superblocks that this order is trivial, since the Q2 of
eq. (3.5) corresponds to the identity contribution in eq. (2.16) (we recall that A := bpp).
The only non-vanishing coefficient is therefore given by:

g4N2
DT

(4.15)

4.3.3 Leading order

At leading order, we expand in the bulk OPE limit the result presented in eq. (3.7) in order
to match the coefficients to the expansion given in (4.2):

Vzz (Wi(V)m

In this case there are only two non-vanishing families of coefficients, corresponding to the
1/2-BPS operators B 2 o):

-z —2) 48 — —
Fl(z75) _ (1 )(1 ) 367]:2 Z ( 1/2)1( 1/2)m(1 _ Z)l<1 _ z)m ) (416)
l,m>0

6
g°N
B = ST (4.17a)
and to the longs at the unitarity bound Al[af 3,01,11
6 2(1+4)
g°N 1> I(1/2)I'(1 +2)
E =—|=z 1)—— 4.17b
Bl T (2 I(l+5/2) (4.17)

4.3.4 Next-to-leading order

At NLO the computation of the coefficients becomes a lot more involved, and computing
power sets an upper limit to the amount of CF'T data that can be extracted.

In this case it is best to expand (3.11), (4.13) and (4.14) at the OPE limit z ~ z ~ 1
for lines of the type 1 — z := x + ikz, k € N. Reading the log terms immediately gives the
one-loop anomalous dimensions for the long operators at the unitarity bound:

1 N
’Yl(+)27l = ﬁﬂl‘m . (4.18a)

This expression is well-known [47], and in particular the operator with (A,7)=(2,0) corre-
O]

sponds to the Konishi operator Ky, for which 7, g has already been computed in numerous
ways [47-49]. This provides another powerful check of our results.

The coefficients for the short operators read:

8 A2
g°N
A= B=-C=——"—— 4.18b
0 ) C 3. QT4 ( 8 )
while the long operators with odd A simply vanish:
EA,Z|A oaqa =0 (4.18c¢)
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Dy Do Dy Dg

_ 154872 1365451272 31854102472  _ 5344955+157286472
1536070 464486476 7907328070 12546293760007°
Es Eyo Eg 4 Eg ¢
_ 9+n2+18log2  85+147w24350log2  2485+44072+12936log2  549207+1001007243264690 log 2
460876 50176076 18734284876 56537395200076
Eyo Ee0 Eg2 Eg o Eg o Eg 4
—342m? 1 —15+64x> —154+872 263 8754153672
7372876 14745676 796262476 16515072070 14417920076 151820697670

Table 2. Bulk CFT data coefficients D; and Ea; for low spin [ := 25 at NLO. Only the longs
with even A are non-vanishing. The second line shows the CFT data for the longs at the unitarity
bound A = [+ 2. Note that all the values should be multiplied by g8 N2. Values up to [ = 16 can
be found in the ancillary MATHEMATICA file of the supplementary material.

We are left with the coefficients D; for the semishorts and with the Ex ; for the longs
with A even. No closed form could be obtained, due to the large computing time inherent to
the expansion of the superblocks. The first few values are gathered in table 2, while values
up to [ = 16 can be found in the ancillary MATHEMATICA file of the supplementary material.

To conclude, we note that the coefficient B can easily be checked against the literature,
since it corresponds to the product of the one-point function coefficient ap with the three-
point function coefficient Aopp. Since the latter is protected, only the one-point function
is relevant. In the large N limit, it is known exactly:

_(WO@) _ VA LV
(WO(x) ) = Vo)~ aVaN (/)| (4.19)

written here in the convention of [50]. Expanding this expression for A := g?N ~ 0, we
find:
N [2¢* ¢ 6
_ _ <L 4.2
(W,0(x) ) 16\/5{ N 12 +0(g°) ¢ (4.20)

where the prefactor is convention-dependent and corresponds to the (protected) three-point
function. The terms between the brackets perfectly match the coefficient B up to NLO,
when normalized with the two-point function:

— =" L 4L 03Y. (4.21)
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5 Conclusions

Supersymmetric Wilson loops or lines have received a lot attention due to their role in
AdS/CFT. The same can be said about correlators of 1/2-BPS operators, which have been
a great source of non-trivial checks of the correspondence. Less work has been done on the
interplay between local and non-local observables, and to bridge this gap was one of our
main motivations. In this work we performed a detailed perturbative calculation of the two-
point function of local chiral primaries in the presence of a supersymmetric line. We listed
all the relevant diagrams up to next-to-leading order O(g®), and by combining perturbative
and defect CFT techniques we managed to obtain a full solution for the correlator as an
expansion in (defect) conformal blocks. Roughly speaking, there are four infinite families
of data that can be extracted from our results: bulk and defect OPE coefficients, bulk and
defect anomalous dimensions. Of these four families, the bulk anomalous dimensions are the
only ones that were known before, while the other three are brand new CFT data extracted
from our calculations. For the bulk channel, we did not present an exact formula however
the anomalous dimensions serve as highly non-trivial consistent checks for our results.

An interesting follow up to this work is to study the same two-point function but
in the strong coupling limit ¢g?N — oco. Obviously perturbation theory cannot be used
to study this regime, and even though holography can in principle provide us with the
answer, explicit supergravity /string calculations are in general quite involved. A promising
approach that has proven useful recently is to use analytic bootstrap techniques to constrain
holographic correlators. The most systematic way of achieving this is by studying certain
discontinuities of the correlator, which can be used to reconstruct the CFT data [51]. For
planar N’ = 4 SYM at strong coupling this approach is particularly efficient [52, 53]. In
the supergravity approximation the spectrum of the theory is sparse and most operators
appearing in the OPE are killed by the discontinuity of [51]. This means the full correlator
can be reconstructed from a finite number of contributions. In defect CFT there exist
similar formulas that reconstruct bulk and defect channels from a discontinuity [37, 39],
because the bulk channel OPE is not modified by the presence of a defect, it is likely that
the two-point setup that we studied in this paper can also be reconstructed starting from
a finite number of blocks. We plan to explore this in the near future.

A closely similar system that might benefit from the hybrid perturbative/CFT ap-
proach used in this work is the four-point function of 1/2-BPS operators along the line. As
discussed in the introduction, correlators of this type have been studied recently, but as far
as we know, no one has studied the full four-point function perturbatively in the coupling
yet.10

Finally, there have been similar developments on line defects in ABJM [54-56] and 4d
N = 2 theories [57], and it would be interesting to study two-point functions of local oper-
ators in these systems as well, perhaps using some of the techniques presented in this work.

10Recent interesting work obtained some CFT data to high orders using integrability-based tech-
niques [31].
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A Superconformal blocks

In this appendix we list the superblocks that are used for writing down the correlator in
section 2.3.

A.1 Bulk channel

We start with the bulk channel. The spacetime blocks are eigenfunctions of the Casimir
operator corresponding to the full conformal group so(1,5). The solutions of the Casimir
equation were originally studied in [33], in this paper however we will follow the conventions
of [58]:

fau(z,2) =

£ £ (0L 00, (Rlen, ()

ZA;m (A1), (A+21+1>n (A+21—1)

m=0n=0 mln! ( l)m P} e
y F( 1A-1-22-A+1-2n A+l—2m A—l—1'1>
443 n, maQa 2 2 3 9 ) 92 )
A+1 A+1
X oF (;—m—i—n,;—m+n,A+l—2(m—n);1—zE>
x [(1 = 2)(1 = 2)] T ™40 (1 - zz)l-2m, (A1)

We note that there is no known closed form for the expansion of these blocks in the bulk
OPE limit z ~ z ~ 1. The R-symmetry blocks take a simple form:

LNk _ W2
h_g(w) = ((1—w)2) o F (—I;,—g, k-1 _(14w)> . (A.2)

In order to find the superblocks corresponding to each relevant representation of the full
conformal group, an ansatz can be written based on the content of the supermultiplet. Ap-
plying the superconformal Ward identities given in eq. (2.7) on this ansatz then fixes the co-
efficients in front of each term, up to an overall normalization constant. It is standard to set
the coefficient of the term with the highest weight to 1, and it is the convention that we use
throughout this appendix and section 4. The blocks have been derived in [41] for the case of
a codimension-one defect, from which we can extract the ones for the line defect by analytic
continuation. Note that the superblock corresponding to the identity operator 1 is just 1.
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A.1.1  Bjg 2k, superblocks
The superblocks corresponding to the 1/2-BPS operators Byg g, ) read

OB ax.0) = J2k0h—2k + 01 fori2,2h—2k 12 + a2 forta0h—2k+a (A.3)

where we suppressed the dependence on z,z and w on the r.h.s. for compactness. As
explained above, the coefficients a; can be obtained by applying the Ward identities on
the superblock. They are given explicitly in the ancillary MATHEMATICA file attached as
supplementary material.

A.1.2 Cjg,2,0]; superblocks

The semishort operators Cjg 5 ); lead to the following blocks:

Gepnoy = firaih—2 + B1fire1—2ho + fire1+2(B2,1h—a + Bagh—2 + Ba,3ho)
+ fir8,1(B3,1h—2 + B3.2h0) + Bafiys+ah—2 + B fit10,042h0 - (A.4)

As before, the coefficients §; are given explicitly in the ancillary MATHEMATICA file in the
supplementary material.

A.1.3 A[%,o,o],l superblocks

For the long operators A[% 0,0, We obtain the following superblocks:

QA[AO oot fagho + favei—o(mih—2 +m2ho) + fareire(ne1h—2 + n22ho)

+n3fatai—aho + favai(maih—a + na2h_2 +n43ho) + 15 fataraho
+ favei—2(n6,1h—2 +n6.2h0) + fatrei+2(n7,1h—2 + 17.2h0)
+ nsfatsiho - (A.5)

The coefficients 7; can be found in the ancillary MATHEMATICA file in the supplementary
material. These operators are not protected against corrections to their scaling dimension
A, and they are responsible for the log terms that appear in perturbation theory.

A.2 Defect channel

We list now the superblocks present in eq. (2.18) for the expansion of the correlator in the
defect channel. The spacetime blocks are in this case eigenfunctions of the Casimir operator
of the symmetry group preserved by the defect, i.e. s0(1,2) xs0(3). As a consequence, they
factorize and take an elegant form [33]:

~ _ A—s A+s 11 y4 ~ 11 A _
fA’()’S(Z,z) =z 2 z 2 oF] (—5, 305 =S z> o F1 <A, 3’3 + A; zz> . (A.6)
The defect R-symmetry blocks are given by:
k
s [((—w)? ( - N >
hi(w) = ( " oy | —k—1,—k,—2(k+1); A—w?) (A.7)
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In the same way as for the bulk channel, we write an ansatz for each representation
of the (defect) osp(4[4) algebra and solve for the coefficients of each term by applying the
Ward identities. The blocks are also normalized such that the term with the highest weight
has coefficient 1. They can be found in [41] for the case of a codimension-one defect. As
mentioned for the bulk channel, it is then possible to derive the blocks for the line defect
simply by analytic continuation. Note that the superblock corresponding to the identity
operator 1 is just 1.

A.2.1 (B,+); superblocks
For the 1/2-BPS operators (B, +);,, we have the following blocks:

gA(B#),;(zv z,w) = fi%,oilfc + 5‘1f1%+1,1ﬁl%71 + 5‘ka+2,03ka ’ (A.8)

where as usual we suppressed the dependence on z,z and w. Again, the coefficients ¢&; are
obtained by applying the Ward identities on the superblock. They can be found in the
additional MATHEMATICA notebook in the supplementary material.

A.2.2 (B71)[fc,s] superblocks
The blocks corresponding to the 1/4-BPS representations (B, 1)[1% N read

A

GB1py (2 20) = Fipips i+ BilosipssmiPioy + Fopipoon (Boahi_y + Baly,)

+ Fopipan(Banhi_g + Baohp) + Bafy ool

+ B5f4+l%+s,s+1ﬂl%fl : (A.9)
The coefficients 3; can be found in the MATHEMATICA notebook as supplementary material.
A.2.3 L[Afc,s] superblocks
A

s’ the blocks take the following form:

For the long operators L

Gra (2,2,w) = fa b+ fai e Muahi g 02k )+ fag oo (D2ahy oy + 22k )

[k,s]

+ 13 Ajos ol  Fajo (Ml o+ Ma2hy +iashy )

+05f Avasroli T fars o1 (Monhjy + 620 _4)

+ fA+3,s+1(777a1h1%+1 + 77772]11%—1) + ﬁSfA+4,sh1% : (A.10)
The coefficients 7); can be found in the MATHEMATICA notebook supplementary mate-
rial. Like their bulk counterpart, scaling dimensions A of (A.10) can receive anomalous
corrections which give rise to log terms.
A.3 Series expansions and CFT data

In this section, we list a few relations between the CFT data coefficients (as defined
in (2.16), (2.18)) and the expansions of the correlator in the OPE limits given in (4.2), (4.3).
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A.3.1 Bulk channel

We start by the bulk channel. We will give the first few relations for each R-symmetry
channel as an illustration of their recursiveness. For the 0-channel, they read

0 0 0
Cév)_47m‘m¢{_47_2} = O ’ Cé,)—4,—4 = A ) C[(:)7)—47_2 = _A7 (A.lla)
c(()?)_&m =0Vm, (A.11b)
0 0 B
687)727777, m odd = 0, Cé,)72’72 = A + E —+ E270 ,
0 B 1 1 1 1 2
C((),)—ZO =T §E270 + 192E2,07§,8 + 194E2,07§78 , (A.11c)
(0) _
CO,fl,m‘m e =0 (A.11d)
0 0 1 1 1 2
Cg,)—2,m m odd = O, Cg,)_2’_2 = §g2E270’7§’8 + §g4E270’)/§70) s . (A]_].e)

Note that the log terms can only contain the CFT data related to the long representations.
Moreover, the coefficient A (corresponding to the identity operator) can only appear in
this channel.

For the 1-channel, we have

Cé}zlm oad = ‘38)72,72 = g ; C((f),g,o = —g ; (A.12a)
C(()%)—Q,Z = —2% - % — 3%92]52,075,18 + %94E2,0 {(75,10))2 - 475,20)} , (A.12Db)
Ct(f)_l,g = —Q%Es,o - %ngs,o%g,}g + 27;094]53’0 {(vélg)z - 57{%} , (A.12¢)

hom|,, gg =00 0= 1’% + % + % S (A.12d)
My, = —%f&,w&}g - 6%94192,0 {(75,13)2 + 475?3} L (A.12¢)

The first few relations involving the 2-channel are

2 2 2 C 2 C Dy
C((L()),m’m odd C((),())Q =0, Cé,o,o RETE 067374 =160 32’ (A.13a)
el =0vm, (A.13b)
2 2 1 1 L 4 2 1
c((),%,m’m odd 0, 08,372 = 6*492E2,0’Y§,8 + 2569 Esp {4’)/573 - (7578)2} , (A.13c¢)
2 2 E3’0 1 1 1 2 1
c(()%,m’m ven 0, C((),:z,,g =80 + WQQE&O'Y:E,,(% + %94E3,0 {57&3 — (7§,8)2} )
(A.13d)
2 1 1 2 1 1
05,2,2 = @94 2 0(75,8)2, 057%74 = %94E270(7§73)2, (A.13e)

Not all superblocks contribute to the 2-channel; indeed, only the 1/2-BPS operators Bio.4,0]
and the longs A[AO 0,0), 2re relevant for this channel.

Note that all these expressions have been truncated at O(g*) for the purpose of this
work.
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A.3.2 Defect channel

We move now our attention to the defect channel. For the 0-channel, the relations between
CFT data and coefficients é,(col)m read

Em = Eotn =0, (A-14a)
tm| =0, na=16C, &3, =8Ey, iy =12E1, (A.14D)
m O
W] =0, & g s =8 Foily — 49 Fo {02 - 240} . . (Aldo)
Aas=49"Foiio)’ . @55 =6g'Fa(35])”. (A.14d)

Note that not all the defect superblocks contribute to the O-channel: only the coefficients
C, E, and FA,S are present.
For the 1-channel, we have

eom =0, (A.15a)
eodm| = o, =48, (A.15b)
élgm(m wag =Y &y =14C — 4By, .. (A.15¢)
Al =0, &= PRl - S o {(Fro? + 233} (A.15d)

(2 A A(2
cé ()) 0 =4, c&%}m =0, (A.16a)
é(()2% m =0, é(()2% 1= QB - (ﬁO - Fl,O) ) (A16b)
N Im even [t}
A 2 . ) .. 1y~ .
062% 3= —3B+ (Do~ Fro) = (D1~ Fra) = 592 1,0783
| RPN (1 (2
+ 194F1,o {(%,3)2 - 2v§,3} : (A.16¢)
A(2 (2 16 - . .
C&%ym m odd = 0’ 0873,2 = gc -2 0 + F2,O ; e (A16d)
(2 PN ¢ ) I P!
(1,%,1 =9 1,0758 + 594 1,0%73 ) (A.16e)

Note that the coefficient A is only present in this channel.

B Insertion rules

We list in this section the insertion rules that are used for computing the Feynman diagrams
in section 3. Those are derived from the Euclidean action of AV =4 SYM in 4d Euclidean
space, which is given in eq. (3.1). The propagators are given in (3.2). Note that the gauge
group is U(NN) and that we work in the large N limit. The generators obey the following
commutation relation:

[T, T = if T¢, (B.1)
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in which f_ are the structure constants of the u(N) Lie algebra. The generators are

normalized as:
5ab

Tr 79T = - (B.2)
Note that f*0 =0 and Tr T° = \/%5‘10. The (contracted) product of structure constants

gives fa%¢f ., = N(N? —1) ~ N3, where the second equality holds in the large N limit.

B.1 Bulk insertions

We start by listing the bulk insertions rules needed for the computation of the Feynman
diagrams, i.e. the insertions that follow from the N =4 SYM action.

The only 2-point insertion that is needed is the self-energy of the scalar propagator at
one-loop, which is given by the following expression [11, 14, 59]:

@_&@{}o@ﬁ@

—29"N§"5,; Y112

The integral Y712 is given in eq. (C.8) and presents a logarithmic divergence.
We also require only one 3-point insertion, which is the vertex connecting two scalar
fields and one gauge field. It is easy to obtain from the action (3.1) and it reads:

= —g" 6" (01 — D), Yi2s. (B.4)
Hoe j,b
2

The Y-integral is defined in eq. (C.2a) and its analytical expression can be found in (C.5).

Another relevant vertex is the 4-scalars coupling. Similarly to the 3-vertex, it is
straightforward to read the corresponding Feynman rule from the action and perform the
Wick contractions to get:

k,c 2 : i,a
>< =—¢° {fabef“le (6051 — 6dj) + £ F2 (835001 — 646j1.)
l,d j.b
4 2 + fade foeC (8,500 — 5ik5jl)} Xi234. (B.5)

The X-integral can be found in eq. (C.3). We also use the 4-coupling between 2 scalars
and 2 gluons. This vertex reads:

3 1
M, C i,a

K = — 5850, (f7° F29€ + f29° £7°€) X1934. (B.6)
v,d 7,b

4 2
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There are two more sophisticated 4-point insertions that we require. The first one

reads:
3 1
k,c i,a
§ =g° {5ik5jzfacefbd6113f24F13,24 + 5,-;5jkfadefbcefl4123F14,23} . (B7)
ld b
4 2

with Fi394 as defined in (C.2d), while an analytical expression is given in (C.7).
The last insertion rule needed is the following:

3 1
Uy C ONB—0 1, a

= %8, £ f2€ [40h,09,, + 2 (01,01 + D3,02,) + 03,00] H1z 24

v, d onvve—o0 j, b
+ (1, p,a < 2,v,0). (B.8)

Note that, contrary to the integrals present in the other vertices, the H-integral, defined in
eq. (C.2c), has no known closed form to the best of our knowledge.

B.2 Defect insertions

We derive here the defect insertion rules needed for the computation of the diagrams. We
start by considering scalar and gluon insertions on the defect. The expression for the
Maldacena-Wilson line given in eq. (2.2) can be expanded in the following way:

W, = % Tr{PeXp/dT (i3, (x) + |3 ez.ng’)}

=1 T [dr (14,8 + @) [3]0,)

o T p/dﬁ dry (14, (e0)# + ¢ (1) |i1] 0,) (i4, (@2)35 + & (22) |i2] 0,)

+ ...

in which each term refers to a certain number of points on the line.
It is obvious that the tree level insertion, which corresponds to Feynman diagrams
where the operators are disconnected from the line, reads:

=1. (B.9)

At first order, the Wilson-line insertions are proportional to the trace of a single gen-

’—, %\/\f x Tr T (B.10)

This is zero when there is at least one vertex in the diagram, and we encounter only such

erator:

cases in this work.

— 36 —



The first non-trivial contribution appears at second order. Using the cyclicity of the
trace, it is possible to remove the path ordering in order to obtain:

i: mﬂﬂjéab/dﬁ/dm (B 40Dy ). (B.11)

Note that all permutations (i.e. all possible path orderings) are considered in this expres-
sion, and the diagrammatic representation should be understood as such.
The second-order expression for two gluon emissions in also relevant, and it reads:

1
i:::: = —méab/dTl /dTQ xlfxg <A1“LL,CLA2,ZI,I7’ .o > (B12)

At third order, the only contribution that we have to consider is the one with two
scalar and one gluon lines, which can be expressed as:

E = 8N 0; ]fabc/dﬁ/dﬁ/dﬁ% e (T1ma73) & (B} 4 Ag i pPhe- - )

8N029Jd“bc / dm / dry / drs it (¢ Ay pPhe- - ), (B.13)
where we defined the path-ordering symbols © (7;;) and ¢ (7;7;73) as follows:

© (1ijk) == O (73;) © (Tjx) ,  With 75 := 73 — 7; (B.14a)
e (1imjTk) := sgn (7ij) sgn (7ir) sgn (7jk) - (B.14b)

The second definition is needed in order to account for the antisymmetry of f*¢. Note
that the second term in (B.13) always vanishes in this work.
Finally, at order four we only need the expression with scalar lines:

4‘ 06,0, / dri / dry / dry / dri (© (izsa) Tx TT'T°T*

+0 (r1943) Tr TTYTIT° + ) (6} .68, 05 o0ha- - ), (B.15)

with:
O (Tijrt) = O (7i5) © (Tjx) © (Tht) - (B.16)

We only encounter this expression in diagrams that do not contain vertices, and in that
case it simply reduces to:

9 0,0,6,Tr T*T*TT" / dn / dry / dry / drs © (Ti234) (B} 00y 85 oS- )

C Integrals

In this appendix, we give some detail about the integrals used in this paper.
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C.1 Elementary integrals

We list here the elementary integrals encountered in this work. We often run into:

/OO S (C.1a)

oo T2 4 T2 |z

Because of the path-ordering the limits of integration are often not infinite. We sometimes
come across the following expression:

o drj 1 <7T 1T >
——=—|=—t — | . C.1b
/ 2+ 2 \2 " g (C.1b)
It also happens that both limits of integration are finite, and in this case the following
expression holds:
Tj d 1 . X
/ ’ % = — <tan1 Q — tanfl TZ) . (C].C)
R o |z |z|

C.2 Standard integrals

In the computation of the Feynman diagrams at next-to-leading order, we encounter three-,
four- and five-point massless Feynman integrals, which we define as follows:

Yigs 1= /d4fc4 IEPRLYIEYS (C.2a)
X19234 1= /d4335 51513515 , (C.2b)
Hig94 1= /d4$56 I5135126146156 , (C.2c)

with I12 defined in eq. (3.3). In the last expression we have defined d*zsg := d*z5 d*zg for
brevity. The letter assigned to each integral makes sense when drawing the propagators.
We also encounter the following expression:

(01 — 05) - (02 — O4)

F = H . C.2d
13,24 Tisln 13,24 ( )

The notation presented above has already been used in e.g. [11, 60]. The 3- and 4-point
massless integrals in Euclidean space are conformal and have been solved analytically (see
e.g. [61, 62] and [11] for the modern notation). The so-called X-integral is given by:

1

16772113[24 ®(r,s), (C.3)

X1234 =

where we have defined:

1 - .
O(r,s) = ZIm {Lig 6ch\/§+ log \/Zlog <1 — e“‘\/i)} , (C.4a)

, 1—-r—s—4iA 1
Y=gy — A= y/drs — (1 —r —s)? 4b
¢ M 1—r—s+4id’ 4\/7"9 (1=r=9)% (C.4b)
1131 1131
= Tl . hishoa (C.4c)
VEDYEV! I14123
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The Y-integral can easily be obtained from this expression by taking the following limit:

Y123 = wliﬁ)ﬂ@(?ﬁyl‘i X1234 112 (I)(’I" S) (05)

1672

where in the last equality the conformal ratios are defined as:
1o 119

= —, S = —. Cﬁ

I3 Ias (C6)

We note that both integrals are finite when the points are distinct. Furthermore, eq. (C.4a)
implies that the function ® vanishes in the limit » — oo and s — oo, and that ®(r,s) =
®(1/r,s/r)/r [60]. The latter simply means that the conformal ratios can be defined
arbitrarily, as long as consistency is respected.

The H-integral seems to have no known closed form so far, but (C.2d) can fortunately
be reduced to a sum of Y- and X-integrals in the following way [60]:

X1234  Xio3a ( 1 1 ) < 1 1 )
Fiaon — _ + Yios + Y;
B2 Tolsy  Tiglos Ly Ip) 7 Is  Is4) 2!

1 1 1 1
— — — Y] Y; C.7
* (123 I12> 128 <I14 134> s (€D

The integrals given above also appear in their respective pinching limits, i.e. when two

external points are brought close to each other. The integrals simplify greatly in this limit,
and they exhibit a logarithmic divergence which is tamed with the use of point-splitting
regularization. For the Y-integral, we define:

1
Y199 := lim Y; lim I3 := ———.
122 1= il Yiog, w5y 20 (2m)2€2
In this limit, the conformal ratios are now given by:

r=1, s = (2m)%€* 5.

Inserting this in (C.5) and expanding up to order O(log €?), we obtain:

1 €2
D—Q = Y112 = Y120 = 162 <log —5 - 2) (C.8)
a7

This result coincides with the expression given in [11].

Similarly, the pinching limit of the X-integral reads:

>@ = Xy123 = 2112113 (108; 629023 —2> ; (C.9)
- 167 athats

which is again the same as in [11].

Finally, the pinching limit xo — 1 of the F-integral gives:

01— 03)- (01—

Ii3194
X Y; Y; 1 1 2
R SEY us Y < L >
Iizgliy i3 Iy Iz Ly Iz
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C.3 Numerical integration

This section is devoted to the numerical integrations of the 2- and 0-channels at NLO that
are presented in section 3.

C.3.1 2-channel

As discussed in section 3.4.1, the only integral that needs to be computed for the 2-channel

is the following:

I(x%,x%) = x%x%/dm/dm/dﬁ)/dr@ O(73456) (L1325 + I15123)
X (I1al26 + I1124) , (C.11)

with O(73456) defined in (B.16). We first note that the integral does not depend on zi2,
but only on the distances between the operators and the line defect. As a consequence, the
integral is symmetric with respect to xo <> —xo.

In order to do the integral, we first perform the 74- and 74-integrals and we get:

I($%,x%) = ‘lexﬂ /dTg /d7'5 @(T35) (113[25 + 115123) {7[' <tan_1 LN tan_l 7—5)

12874 |1 |1]
+tan~ (2 tan 5 + 7r> + tan™ (2 tan o 7r)
\ 2\ \901! | 2\ \901\
—4tan~! itarf1 TS} .
|21 |z2]

We can perform one more integration analytically by treating it term by term. The first
integral gives:
x1||xe| T3 1 T3
I (23, 22 :'/df/df O(735) (I13195 + 151 (tan 3 tan ! 2
1(27, 23) 12873 3 5 O(735) (N13125 + T15123) 7] 7]
T3

1 1 T3 1 T3 _
=——— [drst L= { i3 t LR Ios t 1 }
25675 / 73 tan |.7,'1| ‘l'1| 13 tan |ZL‘2’ + |{E2| 23 tan ’$1| ,

where we have performed the 73-integral in the second term and relabeled 75 to 73 in the
second line. The second integral reads:

(a2, 22 "””"”‘/d /d O(735) (IisTos + L1 T {t (2‘5 75 )
2(71,23) = 12874 73 | dms O(735) (T13125 + [15123) { tan™ |x2\ |x1\ +
+tan~! (2‘5 73 —w)}
!332| [a1]
|501||f'32|/ / T3 .1 Ts
= d drs (I131: Ii51s3) t P22 —
= 75 | drs (I13125 + I15123) tan™ ol O T

\ﬂ?lllmzl (/ / / / )
1281 drs | dr3 O(735) drs | drs ©(753

(113[25 + 115123) tan 173
2|

The first term vanishes and we are left with:
T3

1 1 T3 ~1 T3 1
I :L'2,3:2 :7/d73 tan 1{3:1 I3 tan L2 e Iz tan™" —— ;.
( 1 2) 25675 ’$2| | ’ |I’2‘ | | ‘.’B1|
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aop ai az as a4 as ae ar as ag

1 _ _ 2log2 2 _2 2log2 13 _ 23 2log2 71 _ 44 2log2 71

B 2log2 -1 1 3 T35 3 5 T30 15 7 T 201 105 o T 32
aio aii aiz ais aiq ais aie air ais aig

_ 563 2log2 1447 _ 3254 2 10g2 4+ 617 88069 21 2 4 1061 _ 11384 2log2 | 12657 _ 1593269 2 log, 2 4 132031
1575 1 7260 10395 3380 ~ 315315 6300 45045 17 80920 6891885 909720
b1 b2 bg b4 b5 bs b7 bB b9 blO
1 1 1 1
1 0 3 0 5 0 7 0 3 0

Table 3. Coefficients for the expansion of I(1,z3) following the ansatz given in eq. (C.13) and
obtained numerically by computing (C.14a), (C.14b). A factor g8 N?/2°7% has been removed for
all coefficients. Guessing the closed form leads to the expression given in (3.11).

The remaining term can also be reduced to a one-dimensional integral:
EIER]]

I3(a2,22) = — /d /dT (IisTos + L150p3) tan~! > tan—t >
3(71, 23) T 5 (L1315 + T15123) 7] |x2‘

1 T3 -1 T3 _1 T3
=——— [ dr; tan”! — tan { z1| I3 <7r — 2tan )
256%5/ |1] ! 2] 2] |22

—HCC2| I3 <7T — 2tan" ! 7—3>} .
|1
Putting everything together, the integral becomes:

1 _9 T3 1 73
K58 = gy [ {5 (e )
(z1,73) 5560 T3 < |x1| 13 tan p~ an ] +7

+|@g| I3 tan~2 RER (2 tan~! > 4 77)} .
|21 |z2]

The terms cubic in tan™! vanish because of antisymmetry. The integral reduces therefore
to the following compact expression:
I(22,22) = %éﬁ/dfg {\m L tan_2% | Ing tan_2|z|} . (C.12)
We were not able to solve this integral analytically, but with the help of numericals
it is still possible to obtain the closed form. We start with the following ansatz, which is
based on the expansion of the superblocks in the defect channel given in (4.3):

oo o0
=Y apa’ +loga D bpa”, (C.13)
k=0 k=1
where we have defined |z1| = 1 and |x3] := x in order to lighten the notation. The

coefficients obey the following relations:

1 k=1 211

ap = k'hmak{ (1, 2)—log$;bl2l_1} , (C.14a)
1 -

b = 17 lim {a: OMTLI(1, 2%) + ;(—1)’f*l+1(k - xlk} : (C.14b)

— 41 —




Hence the coefficients can be computed numerically for decreasing x until convergence.
The convergence also confirms the validity of the ansatz given in (C.13). The coefficients
are given in table 3. We managed to obtain accurate enough data to be able to guess the
closed form for all the coefficients. Moreover, the resulting series are all identifiable and can
be resummed in order to obtain the closed form of the full integral as given in eq. (3.11).

It is worth checking that we got the closed form right. Figure 3 shows a plot of the
numerical data and of eq. (3.11), which match perfectly. We have therefore managed to
obtain an exact analytical expression for the 2-channel.

C.3.2 0-channel

We now discuss the case of the H-integral in the 0-channel, which is by far the hardest that
we have to consider in this work. It is a 10-dimensional integral with two 7-derivatives,

acting on x7 and x9:

K: = —4)\g 112 0-,0-, /de/dT4 Hi34, (C.15)

with Hy3924 defined in (C.2c). Integration by parts can be used for removing the 7o-

derivative:
Or,H13,24 = /d4I56 I1513507, 126146156
= — /d4$56 I5135126 (Or, + Ory) LucI56 -

Since [dry Or,Iu6 = 0, we can drop the first term in the last line. Using integration by
parts with respect to the xs-integral, we obtain:

Or,H1324= — 0, H13 24 ,

where the = means that this equality is to be understood as valid in the context of eq. (C.15)
only. Here we have used again the fact that [ dr3 0-,I35 = 0.
We now have the following expression:

t:: = +4)\0112/d7'3/d7'4/d4565 831—715135 Yous .

The Y-integral is known analytically, hence we find ourselves facing a 6-dimensional inte-

gral. The derivatives give:
672_1[15 =2 (27‘()2[125 (4 (27T)27'52 115 - 1) 5

and it is easy to do the 73-integral using (C.1a):

o 8 4 1 47'52
ﬁ: = WAOIU/CZ x5m <£L’125 - 1) /d7'4 Yous,

where ¥ means that the 7-component is zero, i.e. ¥ = (z,v, 2,0).
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This is as far as we can go analytically for a general zo. Going to the limiting case
x9 = (22,0,0,0) (i.e. the line z = Z) encourages us to introduce 3d spherical coordinates for
Ys, 25, T5, because ys and z5 now always appear in the combination y2 + z2. The integration
is independent of the azimuthal angle and we can kill one integral in exchange of a 27
factor. We obtain:

4 o T & 0 r2sin®@ [ 4r?cos? 0
j:::i - (27T)6[12/0 dr/o da/_oo dx/_oo R @y ( Z 1) Yaus,

(C.16)

where we have dropped the index 5 in order to keep our expression compact. The functions

R and d are defined as follows:

R(z,7,0) == Va2 + r2sin?6,

d*(z,r) = (1—2)*+r%.

We are thus left with a hard 4-dimensional integral, and at that point we cannot go further
analytically. It is however possible to compute this integral numerically for arbitrary value
of x5, and the result is shown in figure 4, where we notice that it is constant for o < 0. This
remarkable feature is exploited in section 4.2 for extracting the CFT data without having
to know the full correlator analytically. We showed in section 4.3 that once the defect CFT
data is known, it is possible to resum the resulting expression in the collinear limit. The
corresponding expression is given by (4.3) and also plotted in figure 4 for comparison with
the numerical data.
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