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1 Introduction

After its revival in [1], the conformal bootstrap has proved to be a powerful approach to
conformal field theories (CFTs) which offers insights, particularly about their landscape,
that is currently unattainable by other methods. Within the bootstrap approach, CFTs
are found as solutions to an infinite set of crossing symmetry equations. In order to write
down these equations, one needs to have a good control over two kinematical ingredients
— conformal partial waves and tensor structures. The former are a natural basis for the
expansion of correlation functions in terms of conformal invariants while the latter capture
the nontrivial transformation behaviour of correlation functions under rotations.

In their pioneering work [2, 3], Dolan and Osborn realised that four-point conformal
blocks can be characterised as solutions of Casimir differential equations, and used this



fact to find series expansions for them. While these results applied to blocks for correlation
functions of scalars in even number of spacetime dimensions, they have since been extended
to spinning operators and odd dimensions. In most cases, explicit general formulas for the
blocks, e.g. in terms of special functions, do not exist, but any given conformal block can be
computed in an algorithmic way by starting from the scalar ones and using weight-shifting
operators. For this and other techniques of finding spinning conformal blocks, see [4-15].

Given that most conformal field theories we know about possess some amount of su-
persymmetry, in particular in d = 4 dimensions, it is certainly of interest to adapt and
apply the bootstrap programme to superconformal field theories (SCFTS) and clearly a
lot of research has explored this important direction already. The superconformal boot-
strap programme meets some obvious challenges, namely the fact that even the smallest
supermultiplets include several primaries for the bosonic conformal symmetry, certainly
also including fields with spin. Hence, studying SCFTs as conformal field theories without
taking the additional constraining power of supersymmetry into account seems a rather
daunting task. On the other hand, the kinematical aspects and in particular the partial
waves for fields in generic representations of the superconformal algebra are very poorly
developed. So far, the strategy has been largely to either restrict the bootstrap analysis
to four-point function of chiral (half-BPS) operators or to four-point functions of the su-
perprimary component. For these two cases, it has been possible to construct the relevant
blocks, see e.g. [16-28] for more recent work and references to earlier literature. On the
other hand, it was demonstrated in [29] that superconformal bootstrap imposes significantly
more powerful constraints when applied to correlators involving long or at least semi-short
operators. This should not come as a surprise since a long multiplet bootstrap combines
the usual power of a mixed correlator bootstrap with the full constraints of supersymmetry
that keep the number of independent dynamical variables small. In [29], the long multiplet
bootstrap was only explored for N' = (2,0) SCFTs in d = 2 dimensions since for this case
it was possible to construct all the relevant blocks with rather traditional techniques, see
also [30] for another instance of the long multiplet bootstrap 2-dimensional SCFTs. For
promising applications to higher dimensions, our ignorance about generic superconformal
blocks has been the main bottleneck. In fact, with the exception of [31] there had been
very few attempts even to advance beyond the present status.

In [32, 33] we launched a programme to resolve this issue of superconformal partial
wave decompositions for long operators, at least for superconformal algebras of type I, for
which the (internal) R-symmetry group U contains an abelian factor U(1). In particu-
lar, all superconformal algebras in d = 4 are of type I. As usual, the analysis consists of
two parts. Starting with some correlator of fields that are inserted at points x; one first
needs to find an appropriate set of four-point tensor structures that reduce the correlator
to functions of superconformal cross ratios. Once these tensor structures are found, one
derives and solves Casimir differential equations for a basis of superconformal blocks. We
addressed the latter step in [33] after we had dealt with the former in [32]. Both parts
of the construction are heavily based on tools from group theory and harmonic analysis,
following an earlier group theoretic approach to spinning conformal blocks that was de-
veloped in [34-36]. With the choice of tensor structures and coordinates this approach



provides, the Casimir differential equations for the blocks assume a universal form of a
matrix Schrédinger problem of Calogero-Sutherland type. For this reason we shall refer
to the group theoretic coordinates as Calogero-Sutherland coordinates and to the group
theoretic choice of tensor structures as the Calogero-Sutherland gauge. When applied to
superconformal algebras of type I, it turns out that the Casimir differential equations in
the Calogero-Sutherland gauge take a particularly simple form — they can be written as a
nilpotent perturbation of a set of Casimir equations for spinning fields of the (bosonic) con-
formal algebra. This implies that one can construct the superblocks through a finite order
perturbation theory from spinning bosonic ones. While the general framework developed
in [32] is fully algorithmic, it remained a bit formal. It is the main goal of the present work
to illustrate how to apply this formalism in a concrete example relevant to 4-dimensional
SCFTs. Our presentation will focus on the derivation of the crossing symmetry equations,
i.e. the compatibility of the s- and t-channel superconformal partial wave expansions. In
these equations, the relevant tensor structures only enter through the quotient of the s-
and t-channel quantities. This quotient, which we dubbed the crossing factor in [33], is a
matrix of conformal invariants, i.e. it only depends on cross ratios. Therefore, the crossing
matrix is a little easier to compute than the individual tensor structures, see below.

The example we will discuss here is relevant for the study of 4-dimensional NV = 1
superconformal field theories and concerns correlations functions

Gy(m;) = (R(z1)p2(22)R(w3)pa(24)), (1.1)

of a chiral field ¢4, an anti-chiral ¢ and two identical long multiplets R with real scalar
superprimary component R. For this example we shall derive the full set of long multiplet
crossing equations. Once all the algebraic dust of [32] and [33] has settled, the equations
take a fully explicit form that is ready-to-use.

Crossing symmetry for four-point functions of the corresponding superprimary fields
has been studied before, most notably in [37]. In spelling out our result and comparing
it to the equation in [37] we will adopt notations of this earlier work, in particular for
the dynamical operator product coefficients in the crossing equations. To understand the
main features of the crossing equations let us briefly recall that the operator product of
@ and R contains four different families of supermultiplets with superprimaries O labelled
by their weights, spins and U(1) internal charges. It is important to stress that 3-point
functions of the superprimary field O with ¢ and R can vanish and that a non-trivial
three-point function requires to pass from O to one of its superdescendants. In the case at
hand, this comment applies to three of the four families of operators we mentioned above.
Following [37], we shall denote the associated three-point couplings by

CGRr@0) CerQO) CeRQO): CPROL- (1.2)
This notation displays the relevant superdescendant explicitly. Let us point out that the
normalisation of any superdescendant is determined through supersymmetry by the (canon-
ical) normalisation of the superprimary. With these notations being set up, the crossing
equations we are about to derive assume the following form

> lesr@20)” Fitd lesraon A F2+d lesrqo) P T Fa+)_legrol* 7 Fa=0. (1.3)



The four different terms in this equation correspond four independent four-point tensor
structures. Each of the summations runs over intermediate supermultiplets. The last
summation ¥, for example, includes all superprimaries (9lA of any spin [ and weight A such
that the three-point function with the fields ¢ and R does not vanish etc.

The factors v that appear in three of the terms in eq. (1.3) are some explicitly known
rational functions of the weight A and the spin [ that are needed to match our conventions
for the normalisation of superconformal blocks with the ones used in [37], see below. So
the main kinematic ingredient in eq. (1.3) are the objects F; which take the form

Fj = Gji(o; ") = Myt(i)Gi(i), (1.4)

of a weighted sum of s- and ¢-channel superconformal blocks G, as usual. The arguments
«a; are functions of the two cross ratios defined in eq. (2.70) and the weight factor My («;) is
the crossing factor we mentioned before, i.e. the ratio of s- and t-channel tensor structures.
Superconformal blocks G possess four independent components G, k = 1,...,4. We
construct them explicitly in terms of well-known (spinning) bosonic blocks in egs. (3.33)—
(3.40). All these partial waves can be expressed in terms of Gauss’ hypergeometric function
through formulas given in the appendix E. The crossing factor My is a 4 X 4 matrix spelled
out in eq. (2.69). Together, these formulas allow to evaluate the four components of F;
for any value of the cross ratios. In conclusion, our equation (1.3) provides a set of four
independent crossing equations in which all the input from kinematics is explicitly known.

In comparison, the work of Li, Meltzer and Stergiou contains only a single such cross-
ing equation for the correlator (1.1) that arises from the superprimary component R of the
long multiplet R, see eq. (4.9) of [37]. As one can check by explicit comparison of the su-
perblocks, this equation coincides with the first of the four components in our crossing equa-
tion (1.3). In fact, the partial waves of [37] can be obtain from the superconformal blocks
that we construct in egs. (3.33)—(3.40) as wavefunctions of a matrix Calogero-Sutherland
problem, by restricting to their first components. More precisely

F=AF., F=A4AFy, F=%AF31, F=75AFu. (1.5)

Explicit formulas for the coefficients 4,% and ~ are given in eq. (3.50) and the factor A
is a simple function of the cross ratios that maps blocks from Calogero-Sutherland gauge
to the more standard gauge used in [37], see [38]. Since this factor is the same for all
four blocks, A does not appear in the crossing equation. Hence our result (1.3) is fully
compatible with the work of Li et al. and extends it, as we obtain three more equations
that the same dynamical coefficients have to satisfy. In this sense, the crossing symmetry
in the long multiplet bootstrap is significantly more constraining that its restriction to
superprimaries.

Let us now briefly describe the outline of this paper. In section 2 we adapt the for-
malism developed in [33] to the computation of the crossing factor Mg (c;) that appears in
eq. (1.4). The section includes a brief review of the main steps that need to be performed
for the group theoretic construction of crossing factors. Then these steps are carried out
for the example at hand. For the initial steps we keep the explicit calculations a bit more



general so that many of the formulas we present still apply to superconformal algebras of
the form sl(2m|A). But in the final computation of My we then focus on the crossing
factor for the correlator (1.1) in 4-dimensional N' =1 SCFTs.

Section 3 is devoted to the computation of the superconformal blocks Gj,j =1,...,4.
This is achieved by adapting the framework of [32] to the correlator (1.1). In the first
subsection, we review the form of the Laplacian on type I supergroups and discuss its
rather astonishing features. Then we reduce the Laplacian on the supergroup G = SL(4|1)
to a subspace of so-called K-spherical functions on G that is determined by the choice of
fields that appear in the 4-point function (1.1). After this reduction we obtain a 4 x 4
matrix Schrodinger operator whose eigenfunctions are superconformal blocks in Calogero-
Sutherland gauge. These eigenfunctions are found explicitly in the third subsection before
all our results are put together in the final subsection to derive the crossing equation (1.3).

Our paper ends with an outlook to further applications of methods from [32, 33]. A
number of appendices contain some Lie-theoretic background and the set of conventions
used throughout the main text.

2 Tensor structures and crossing factor

In this section we compute the crossing factor M for the correlation function (1.1). The first
subsection contains a brief review that of the general procedure that was developed in [33].
Here we shall present it in the form of a algorithm that runs through three well defined
steps of group theoretic calculations. These are then executed in the remaining subsections.
Part of the necessary formulas are derived for the larger family of superalgebras sl(2m|N)
and hence apply beyond the superconformal algebra of N'=1 SCFTs in d = 4 dimensions.

2.1 Review of the group theoretic approach

Within the group theoretic approach, in which the Casimir equations for conformal blocks
take the form of Calogero-Sutherland eigenvalue equations, the derivation of the cross-
ing symmetry equations relies on two decompositions of the (super)conformal group, the
Bruhat decomposition and the Cartan decomposition. The Bruhat factorisation is inti-
mately related to conformal Ward identities and can be used to extend conformal fields to
functions on the group. On the other hand, the Cartan factorisation provides a definition
of Calogero-Sutherland (radial) coordinates. The relation between the two decompositions
for the bosonic conformal group SO(d+ 1, 1) is well-known and this allowed us to compute
the crossing factors of spinning bosonic fields in [33]. Our goal is to adapt this program to
superconformal groups of type 1.

Given some superconformal group G, one may think of superspace M as the subgroup
that is generated translations and supertranslations. Let {X,} be the associated generators
in the Lie superalgebra and denote by x = {z*} the corresponding superspace coordinates.
The supergroup element m(z) C G is then given by

m(x) = e Xe (2.1)



We shall use this map to identify the superspace M, i.e. the graded algebra generated
by the superspace coordinates with the associated subgroup M C G. Given any pair of
superspace coordinates x;,z; one can define coordinates z;; in the graded tensor product
M; ® M; of the individual superspaces,

m(zi;) = m(xj)_lm(xi) ) (2.2)

Any superconformal group contains the so-called Weyl inversion. This is an element of the
underlying bosonic Lie group Gy that is defined by

Kq—Pg

w=e" 2 (2.3)

in terms of the generators P, of translations and Ky of special conformal transformations.
In bosonic theories, w is the composition of the conformal inversion with the reflection in
the hyperplane orthogonal to the unit vector e4. We use the Weyl inversion to define a
second family of supergroup elements n(z) by

wim(z®)w = n(z?). (2.4)

Note that the elements n(z) can be written by exponentiating a linear combination of the
generators of (super)special conformal transformations. With this basic notation set up,
we can now state the first step of our construction. In mathematical terms it instructs us
to compute the Bruhat decomposition of wm(x),

wm(x) = m(y(z))n(z(x))k(t(r)). (2.5)

The Bruhat decomposition is used to write an arbitrary supergroup element g as a product
of an element m(y) € M, and element n(z) € N = w™'Mw and a third element k that
lies in the (bosonic) subgroup K that is generated by rotations, dilations and internal
(R-symmetry) transformations. In other words, it is associated to the decomposition

g=modndE

of Lie superalgebra g of G into (super)translation, a (super)special conformal transforma-
tion and elements that commute with the generator of dilations. By performing the Bruhat
decomposition (2.5) for the special elements g = wm(x) we determine three sets of func-
tions y(x), z(x) and t(x) on superspace. We shall often simply write y, z,t or v;j, 2ij, tij
without specific reference to the dependence on z, z;; etc. Let us also note that y simply
encodes how the Weyl inversion acts on superspace.

Once we have determined the functions y, z,t by performing the Bruhat decomposi-
tion (2.5) of wm, we can move to the second step of our algorithm. It involves another
factorization of (super)group elements g, namely the Cartan decomposition. In fact, we
will make use of two closely related decompositions which we will refer to as unprimed and
primed Cartan decompositions. In these, supergroup elements are written in factorised
form as

g = kmjan,k,. = mikjak.n, . (2.6)



Here k;, k. € K and a lies in the two-dimensional abelian A group that is generated by
{P) + K1, P, — K5}. We shall parametrise A by local coordinates (u1,us) according to

a(uy,ug) = eW(PﬁKl)_iW(PQ_K?) . (2.7)

The factors 7, and 771/,1” are associated with fermionic generators. More specifically, n;, 7] are
obtained by exponentiation of generators of negative R-charge and 7,,n. from generators
with positive charge. That factors k;, and a are the same in the two versions of the Cartan
decomposition follows from the Baker-Campbell-Hausdorff formula. There is a freedom in
the choice of k;, coming from the fact that A has a non-trivial stabiliser group B in K,
but the crossing equations do not depend on this choice, see [33].

Having introduced the Cartan decomposition, we can now state the second step in
our construction explicitly. To this end, let us consider four points x;,i = 1,...,4, in
superspace and assume that we have calculated the functions y;;, z;; and t;; from the
Bruhat decomposition of wm(z;;). We use this data to construct the following family of
supergroup elements

9(x:) = n(y21) " m(zs1)n(yas) , (2.8)

that depends on the superspace coordinates x; of our four external points. The main
challenge of step 2 is to perform the Cartan decomposition of g(z;). We can do that
once and for all but then need to apply these decompositions to different ‘channels’. These
channels can be labelled by permutations ¢ of the four points with the s-channel associated
to the trivial permutation ¢ = 1 and the t-channel to the permutation o = (24) that
exchanges point x5 and x4. The corresponding Cartan decompositions read

9o (i) = (o)) = kot (i) (2i)ao (2:) 1 (i) ko r (1) - (2.9)

Finding explicit formulas for the various factors requires some work even for bosonic the-
ories [36]. But depending on the precise setup, some shortcuts are possible, see below.

Having constructed the Cartan decompositions (2.9) we now turn to the third and
final step, namely the construction of the crossing factor for the transformation from the
s- to the t-channel. By definition, the crossing factor is a matrix that acts on the finite
dimensional space of polarizations of the external fields. It may be regarded as a quotient
of s- and t-channel tensor structures. Let us suppose that the superprimaries of our four
supermultiplets transform in representations p; of the bosonic subgroup K. The choice
of representations p; amounts to the choice of conformal weights A;, spins A\; and R-
charges r;. The associated carrier spaces V; are spanned by the polarization vectors of
the superprimaries. For scalar superprimaries in theories with abelian R-symmetry, for
example, the representations p; are 1-dimensional. Given any choice p; of representations,
we define the super-crossing factor as

Mgy =P (pl(lil) X pg(lig) (= p3(l€3) X p4(:‘<&4))775 . (2.10)

In this formula Ps and P, denote projectors to the subspace of polarizations that are
invariant under the action of the subgroup B that stabilises four points, see [33] for details.



More importantly, the arguments x; € K C G are constructed as
K1 = k;llk&l, Ko = kgrk(tgg)k(tgl)ilkg:l, (2.11)
kg = kirksy, ke = (ki)™ k(ta)k(tas) " (k)7 (2.12)

from factors that have been determined in previous steps and k¥ = wkw™!. By construc-
tion M is a family of matrices that acts in the tensor product ®§L:1VZ- of the polarization
spaces. The matrix elements are functions of the four sets of superspace coordinates x;.
As one might suspect and we proved in [33], the crossing factor Mg is a superconformal
invariant, i.e. it depends on the external points z; only through their cross ratios. But
as it stands, these still include fermionic (nilpotent) cross ratios in addition to the pair
of bosonic cross ratios. To capture the contribution of all the components of the super-
multiplets to the crossing equations one finally has to perform a Taylor expansion in the
fermionic cross ratios to construct the crossing factor My that now acts on the space of
B-invariant polarisations of the supermultiplet, not just its superprimaries.

Let us summarize once again the key steps of our construction. In order to derive
the crossing factor, one needs to determine two factorisations (2.5) and (2.9). The results
are then substituted in egs. (2.11), (2.12) and (2.10) to find the super-crossing factor. A
final expansion in fermionic invariants then gives the crossing factor M that appears in
the crossing equations. In concrete implementations one can often shortcut the full Cartan
decomposition. Using conformal invariance of the crossing factor it is usually possible to
make a particular gauge choice for the set of x; that does not effect the values of cross
ratios but significantly simplifies the Cartan decomposition of g, (x;).

We can now detail the content of the remaining subsections. In section 2.2 we obtain
the Bruhat decomposition (2.5) for two infinite families of type I superconformal groups,
SL(2|N) and SL(4|N). Next in section 2.3 we find the Cartan factors (2.9) associated
with the subgroup A, dilations and U(1) g-symmetries. These factors are sufficient to write
down the super-crossing factor if the fields in the correlation function are scalars, which
is also done at the end of subsection 2.3. Though explicit, the resulting expression for
the crossing factor is still somewhat complicated. In the last subsection, we specialise the
discussion to the case of two long and two short operators in an N’ = 1 SCFT, for which the
formulas simplify significantly. Finally, we will perform the remaining Taylor expansion in
the fermionic invariants and write the crossing factor Mg, thereby completing the task we
had set out for this section.

2.2 Bruhat decomposition for sl(2m|A\)

Let g be a simple complex superconformal algebra of type I. These include a few isolated
Lie superalgebras, namely osp(2|4),psl(2|2) and psl(4|4), as well as two infinite families
sI(2|N) and sl(4|N)). We shall focus on these infinite families, i.e. we set g = sl(2m|N).
For this choice of g one finds

go) =sl(2m) @slV) du(l), g+ =(2m,N,1), g-=(2m,N,-1). (2.13)

The summand s[(2m) is the bosonic conformal Lie algebra with a basis {D,Pdﬁ VK aB,
M, M dﬁ }. The other two summands in gy form the internal symmetry algebra and their



basis elements are denoted by RIJ and R, respectively. Here, the indices I,J =1,...,N
are that of the fundamental representation of s{(N). Indices o, = 1,...,m are that of
the fundamental and the anti-fundamental representation of the rotation Lie algebra inside
sl(2m). Of course, in the case m = 1, there are no rotations and these indices run over a
one element set. Finally, the spaces q+ and s+ have dimension mA. The representations
of ¢ which they carry are indicated by the type of indices of their generators

qd+ = span{QdJ}, q— = Span{Qlﬂ}v 54 = Span{SaJ}’ 5- = Span{SI’B} : (2.14)

The dual basis of gZ‘l) to this one will be denoted by {q""J, qIB, 5%, st B}' Spaces g+ carry
representations of gy which are dual to each other. Explicitly, the dual bases are

(Soz1>* = Qlav (QQI)* = S]d- (215)

The Lie superalgebra g has a fundamental 2m + A -dimensional representation. We will
denote by E,’ the matrix with 1 at position (¢, ) and zeros elsewhere, 7,7 = 1,...,2m+N.
Such indices are split in three pieces ¢, «, I, that is, we write

A=ALEB’ = A A% A%y : (2.16)

|A

(=1)

We can choose the generators so that the sl(2m) and sl{(N) algebras sit in the top left

) I
BIAI,B (_1>\A 5|AIB (_1)\AI(,|AIJ

and bottom right corners, respectively, while the subspaces g+ occupy the top right and
bottom left corners. Schematically

tNsl(2m) g1 qs
g1 tnsl2m) sp | . (2.17)
5_ qg-  sl(N)

For the precise definition of the fundamental representation, see the appendix B.!

In the remainder of this subsection, we will derive expression for y(x), z(x),t(x) ap-
pearing in eq. (2.5). In order to do this, we spell out the supermatrices representing various
factors in this equation. The Weyl inversion and its inverse take the form

0 —w% 0 0 w% 0
w=|-w% 0 0], wil=]wy 0 0], (2.18)
0o o0 & 0 0 &
where —wdﬁ = waB = o9 for m = 2 and wdﬁ = —waB =1 for m = 1.

The superspace M = G/P is generated by variables x‘j‘ﬁ, Qé‘J, o7 4, obeying the usual
(anti)commutation relations. We see that

('50'1. Xd,B edj
_ 2P 108,Q 01,0, _ A R Ry K 919
m(z)=e =10 6% 0 |, wit p=2%—50%K0%. (2.19)
0 —6, 6!
g0

The early works [39-41] use the same representation both of the Lie superalgebra and the supergroup
and have inspired some of our calculations.



Using wd(;w‘sﬁ, = —56'“5 and wagw‘sﬁ = —d% we get for elements n(z)

0% 0 0
916w5,8 0 6{]

Finally, elements of the subgroup K assume the form

eﬂé‘m%A(m)éyB 0 0
k(t) = 0 6%—%’\(7«2)% 0 = diag(kq, ko, k3) - (2.21)
0 0 X5 U,

Matrices 72 are purely rotational. That is, they belong to SL(2,C) for m = 2 and are
equal to 1 if m = 1.
In the following we will suppress indices where no confusion can arise. They can be put

back at any point by looking at what type of indices a certain object carries and contracting
o

over the appropriate number and type of dummy indices. We shall agree to write J = w L

then —J ! = wdﬁ. With these conventions, the above expressions can be rewritten as

0 J1'o 0-J10 1 X6 1 00

w=|-J 0 0|, wt=|J 0 o, m@=[010]|,n@=|-JXxJ1J60

0 0 1 0 0 1 0-61 0J 0 1
(2.22)

Therefore, the equation wm(x) = m(y)n(z)k(t) reads

0 J' o0 (1=YJZJ+nlNk1 Yky (YJC+1)ks
—J —JX -J0| = —JZJk, ko JCks : (2.23)
0 —6 1 (RJZJ +CNk1 —qky (1 —7JC)ks

Here, the notation is y = (y‘j‘ﬁ,ndj, ﬁIB), z = (zdﬁ, Q. 516) and Y, Z are introduced analo-
gously to X. To write down the solution for y, z and ¢ we introduce

T=1+6X"1, A=1+X"166. (2.24)

Then one observes that A~! = 1— X ~107~16. Using this, the solution to the above system
is found

(Yo, 7) = (—=(JXJ)7H —(X ) 70T~ —0(J X)), (2.25)

(Z7 ga C_) = (_X - 90_7 _eTila _H_A)7 (226)

(k1, k2, k3) = (—((X +00)J)"', —JX,T). (2.27)

In particular zdﬁ = —xdﬁ, as in the bosonic theory. This completes our analysis of the

equation (2.5).

~10 -



2.3 Cartan decomposition and crossing factor

Having determined the decomposition (2.5), we can turn to the crossing equations. We
shall consider s- and t-channels and use superconformal transformations to set?

x1 = (aey + 662,01,9_1), x9 = (0,0,0), z3= (61,93,0_3), x4 = (00€1,0,0).  (2.28)

To write the crossing symmetry equations, one should consider the primed Cartan decom-
position of G. We start from its unprimed cousin

I 0B gh & a
g=2¢’ 91t 5 kra(uy, ug)ky, e Q4’45547 (2.29)

In the fundamental representation this reads

Nk . Nk

5% 0 0\ [eXm(g)y eX ()l 0 3.0 ¢
U Nk 0 Nk B J
g = 01 504’} ? 6N72m (gb)76 €N72m (gb)’yé' ) O 0 65B 36J ’ (230)

where g, = k:lbak:ff is an element of the bosonic conformal group. We see that the top left
2m x 2m corner is simply a scalar multiple of g,. When written without indices, generators
of g* will carry a bar, to be distinguished from generators of g7 . With this convention,
the above Cartan decomposition reads

o A B Aq + Bs
g =eN—2m C D Cq+ Ds . (2.31)
—35A—GC —5B — D e~*U — (A + GC)q — (B + gD)s

Here A, B,C, D are m x m blocks of g, and how to extract Cartan coordinates from them
was explained in [36]. The elements that we want to decompose are

gs(xi) = n(ya) " 'm(ws)n(yas),  ge(@:) = n(yar) 'm(zs)n(yas) - (2.32)

As can be seen from the solutions of eq. (2.5) found in the previous subsection, when x is
sent to (ooeq, d,0) then y(x) = 0 and consequently n(y(z)) = 1. Therefore, in the special
configuration that we chose, one has

gs(@i) = n(ya1) "'m(ws1),  gi(wi) = m(zz1)n(yas) . (2.33)

Thus we are led to consider the decomposition of elements that take the general form
n(y)m(z) and m(z)n(y’). We treat these in turn. In the notation of the previous subsection

1 X 0
n(y)ym(z) = | =JYJ 1= JYJX —Jnf Jn—JYJO | . (2.34)
inJ nJX -0 1+17.J60

2In the case of the four-point correlator (1.1) with chiral and antichiral operators one can also set 1 = 0,
#3 = 0 what will be used in the next section.

- 11 -



One immediately finds
se = (1= Jnf) "L, gs =0 — Xs,, gs = 0(1— Jnd)~",
5y = (@JY — 7)) J, XU, = 1 4 s, . (2.35)

The last expression can be simplified by substituting for s and performing the following
manipulation

14+0sq=1+60(1—Jnd) tun=1+0 (Z(Jna)”) Jn="> (6Jn)"=(1-6Jn)".
n=0 n=0
Therefore, taking the determinant of the last equation in (2.35) gives
2mN kg — 1
eN=2m =det(l —6Jn)"". (2.36)

Next, by looking at determinants of top left four m x m blocks we obtain the coordinates
associated with dilations

2PsitAar) — _det(J T = VIX — )t 2Pt Aer) = det XdetY 7!, (2.37)

as well as the coordinates (u1,u2) of the abelian torus
sinh? % sinh? % = detXdetYdet(1 — 6.J7), (2.38)
cosh? % cosh? % = —det(J ' = YJX —nf)det(1 — 6Jn). (2.39)

We have already put a label s on the coordinates, as they are indeed the s-channel co-
ordinates for appropriate choices of z and y as in eq. (2.33). For the other channel, we
decompose
1-XJY'J+600J X XJn +0
m(z)n(y') = —JY'J 1 Jn' . (2.40)
0JY'J+7J -0 1—6Jn

Following similar steps as above, we find

@ = (1+67J)"'e, se=J +Y'Jq), 5 = -7 JA+07J)7L,
G =0—5X, N = 1 — i, (2.41)
and therefore -
eN=zm = det(1 +7'JO)"". (2.42)
Dilation coordinates are now
2Petder) — _det(J 7t — XJY! +6077),  e2PeimAer) = det XdetY' L. (2.43)

Finally the coordinates on the abelian torus read

t t
sinh? % sinh? % = detXdetY'det(1 + i J), (2.44)

¢ t
cosh? % cosh? % = —det(J ' — XJY' + 01 )det(1 + 77/ J0) . (2.45)
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Expressions written so far are sufficient to determine the crossing factor for fields which
transform trivially under rotations and SU(N) internal symmetries. For applications that
we have in mind in this work these conditions are satisfied. Assuming that a field transforms
trivially both under spatial rotations and SU(N') internal symmetries, it is associated with
a 1-dimensional representation pa, of K. Here A is the conformal weight and r the
U(1)g-charge of the field. Our parametrisation of K is such that

re Ma6+ra<M.B+uI R,7 _
pAm (6/\D+KR€ B et Jr —e A)wH"Ii. (246)

Therefore, the tensor factors appearing in M are

pa(ria) = e230nr—hur), pa(ra) = e~ BaOeitAar)rase (247)

pr(k1) = eAl(At,z—/\s,z)—i-m(ns—Ht)’ pa(kg) = 6A2(>\t,r+>\s,l)+7'2’isp2(k(t23)k(t21)_1). (2.48)

In the last expression we have used that the middle two factors in k4 cancel out in our
gauge. All the coordinates appearing on right hand sides of previous equations have been
spelled out and one simply substitutes for them to find the product.

2.4 Application to 4-dimensional N' =1 SCFTs

Let us apply the results from previous two subsections to the complexified N = 1 super-
conformal algebra in d = 4 dimensions, g = sl(4]/1). We use the same notation as above,
only sl(N) indices become redundant, as this summand disappears for N' = 1.

The correlation function we want to consider is that of two long multiplets O, along
with one anti-chiral field po and one chiral g4, see eq. (1.1). The fields have conformal
weights A; and R-charges r;, and we assume that ) r; = 0. Therefore, we can write

r =11 4+ 19 = —rg — rq. Chirality conditions further imply
3 3
AQ = —57'2, A4 = 57“4 . (249)
The general solution for y(x) specialises in the case m =2, N =1 to
.. ez 1 —— 2401 — 21,6 + 16,616
detx detz \ 22,01 — 21,67 + 36,6162 )

=i $11§2 — x12§1 — %Oiélég
~ detx (3:219_2 - x%él — %929_19_2> '
In these formulas, x and y denote 2 x 2 matrices of bosonic coordinates of super-points x
and y. This is a slight abuse of notation, but in any equation the meaning of symbols x,y
is clear from the context. By €2 we denote the element 01029_1 0. The covariant derivatives,
realising the right-regular action of m, read in our coordinates

1z o o 1 o

One can verify that they anti-commute with the right-invariant vector fields written in the
appendix B. Let us introduce the corresponding chiral and anti-chiral coordinates

. . 1 .- . 1 .-
l’loé = flfoig + 500[[9[,37 .T//g = .T,'aﬁ — 59(11915 . (251)
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We further set 8/ = 0” =6 and 6 = 0" = 6. Then the following equalities hold
Dz" =D#" =0, Di'=D§ =0. (2.52)

The chirality conditions satisfied by the fields allow us to set #; and 3 to zero. Let us
write o = a + ib, o = a — ib and fix the insertion points to positions as explained in the

previous subsection. Further, we write y = —y21 and v’ = y23. Then a computation gives
“1/a* 0 0\  ((61)s/a*) , 10Y (62 (o)
y= 5 A Y= ;b il> :
0 l/a 0 (91)1/04 0-1 (93) 0
(2.53)

Next, the factor m(z31) is found

L.X 65 —14+a O
m(z31) =101 0 ,witthXg—X1=< 0 1_a*>. (2.54)
06, 1

We are now ready to consider the Cartan decomposition of n(y)m(x) and m(z)n(y’). Us-
ing the formulas of the previous subsection, the fermionic coordinates and dilation coordi-

nates are
Gs=q=0s, qG=qG=-0, si=5=s=35=0, (2.55)
Mt = o2(0*)2(1 — a)(1 — o), oM — = a)il ) (2.56)
et = a0 (1 — a)(1 - a*), M = ao)‘?l*_ =k (2.57)

The other factors that appear in k,/; /-, which are products of rotations and R-symmetry
transformations, assume the following diagonal form

Ly 0 0 Ry 0 0
/ /
=1 0 L0 =] 0 R}o0 ith Ly, = (=t O, Ry,= (" ©
Ts/t,l - s/t ) rs/t,r - s/t , wit st = 0 l_l ’ st — 0 -1 />
0 0 1 0 0 1 o Tt
(2.58)
and ls ¢, rs¢ are in turn given by
a?(1—a) e 1—a*\/8
l = _— =
T \(@)1l-an) " (1—a) ’
1— 1/8 1 1—a* 1/8
lt:\m(a( %) ) ; Ty = -<a( a)) -
a*(l—a*) V=i \a*(l—a)
Finally, the coordinates on the torus are
puf 1 2 U3 1 5 Uj 5 uh *
cosh 5= cosh 5 = o cosh 5 = cosh 5 = (2.59)
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This completes the determination of Cartan coordinates of the elements gs and g;. To find
the matrix Mg, it is still required to determine k(t2;) and k(t23). These are

k(ta1) = (™) ™2, K(ty) =1. (2.60)

This allows for the computation of factors appearing in My;. The computation gives

A

pi(ki) = (™) "7 . (2.61)

To derive the crossing equations, there is one remaining step, namely to perform the ex-
pansion in nilpotent invariants in both channels. In order to do this, we need to switch
to the primed Cartan coordinates by moving the exponentials containing fermionic vari-
ables past the elements of the left and right K-subgroups. We have in both channels that
s =8 =0and

7. = —éngle*%ASJ, q. = Rse%)‘S”Qg, q = —élLt_le*%/\“, q = Rte%)‘meg. (2.62)

Recall that B is the commutant in G gy of the 2-dimensional abelian group A. In the case
at hand, B = SO(2) x SO(2) and Lie algebras of A and B are

a=span{P| + K, P, — K5}, b=span{R, M," 4+ M;'}. (2.63)

Irreducible finite-dimensional representations of £ are labelled by two spins, a conformal
weight and an R-charge, (ji,j2)2. In such notation, the four modules q.,s. are

0+ = (0,1/2% a- = (/2,07 s =(1/2,0;"% 5o =(0,1/2)77%.  (2.64)

According to our general theory, [32], blocks for the correlation function (1.1) are functions
on the double coset with values in the space

b
(V(12) @A @ Vi3 @ Aq+) = (Ag)° . (2.65)
Under the action of £ the 16-dimensional exterior algebra inside the brackets transforms as
M=1fe1ie1l,e 136 (1/2,0) e (0,1/217 @ (1/2,1/2) @ (1/2,07 & (0,1/2)*7.

We have written 1 for the trivial representation of SU(2) x SU(2). Two of the singlets
are b-invariant and the 4-dimensional representation (1/2,1/2) contains a 2-dimensional

invariant subspace. Hence, the space of invariants is 4-dimensional and spanned by
Wozo, = (Ag)P = span{1,Q;1Q", Q:Q°, Q1Q'Q:Q%} . (2.66)

Indeed, from the bracket relations given in the appendix, one checks that these combina-
tions of generators commute, in the universal enveloping algebra U(g), with M;! + Mil
and R. In the two channels, the invariant combinations read

(@)1(g)! = —i(1—a)V2(81)1(65), (@)2(a0)? =i(1—a")"2(01)2(65)2,  (2.67)
(@)1(@) == V2(1-a)"V2(01)1(65)', (@))2(d))* = — () V2 (1—a*)12(61)2(63).
(2.68)
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Putting everything together, the crossing factor between s- and t-channels reads

-1

(2.69)

The factor (aa*)™/* is the ratio of Haar measure densities in the two channels. We may
observe that variables «, a* are related to the usual variables z, z by

I

* — . 2.70
1 Y T i (2.70)
Thus the top left entry of the crossing matrix is the one that we would get in the bosonic
theory, [33], as expected.

3 Superconformal blocks for 4-dimensional N/ = 1 SCFTs

In this section we will compute the superconformal blocks for the correlator (1.1), which will
allow us to write the associated crossing equation. According to the general strategy of the
group theoretical approach, the relevant Casimir operators for conformal blocks descend
from the Laplace operator on the (super)conformal group. Hence, the first subsection is
devoted to the construction of the Laplacian in the (unprimed) Cartan coordinates on a
supergroup of type I which were introduced in section 2.3. To obtain the Casimir operators
we need to restrict the full Laplacian from the set of all (vector valued) functions on G to
the subspace of so-called K-spherical functions, see below. The reduction of the Laplacian
to the relevant K-spherical functions on SL(4|1) is performed in the second subsection.
In our group theoretical approach, the reduced (Casimir) operators take the form of a
matrix Schrodinger operator H. Its eigenfunctions are constructed in the third subsection
in terms of ordinary (Gauss-type) hypergeometric functions. The precise relation of these
eigenfunctions with superconformal blocks for the various operators that contribute to the
correlation function (1.1) is detailed in the final subsection before we derive the crossing
symmetry equations we stated in the introduction.

3.1 The Laplacian in Cartan coordinates

In our harmonic analysis approach to superconformal correlations, four-point functions
are represented as so-called K-spherical functions on the superconformal group. These
are vector-valued functions covariant with respect to both left and right regular action
of the subgroup K C G, with covariance laws that are determined by representations
that label the four fields of the correlator, see [33]. When we perform the map from
correlation functions to K-spherical functions, the superconformal Casimir operator that
is conventionally used to characterize the superconformal blocks is carried to the Laplace-
Beltrami operator on G. Thus the question of computing partial waves becomes one in
harmonic analysis.
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The Laplacian on a Lie group or a supergroup can be constructed as the quadratic
Casimir made out of right-invariant vector fields (or left-invariant, the two prescriptions
give the same operator). In any given coordinate system it is a second order differential
operator that is typically very complicated. However, since it commutes with the left and
right regular actions, the Laplacian acts within the space of K-spherical functions and, since
the work of Berezin [42], is known to reduce to a simple operator on this space. These
classical results apply to ordinary Lie groups, but as we have shown in [32], admit a very
satisfactory extension to include supersymmetry of type I. The simplicity of the Laplacian
now follows from its expression in the unprimed Cartan coordinates that we now review.

Let {X“} be a basis for a type I Lie superalgebra g. We write {X“} = {X?, X* X,,}
with

gy =span{X“}, g, =span{X"}, g =span{X,}. (3.1)

Spaces g+ and g carry representations of the even subgroup G ) (under the adjoint action)
that are dual to each other

90X 90y = 790" X", 90 X9 = 790" X (3.2)
Let us denote by K the Killing form of the even subalgebra g(0).- It can be used to
construct the quadratic Casimir element

Oy = KppXX? — XM X, + X, X" (3.3)

In the present notation, the (unprimed) Cartan decomposition of G may be written as

g= exHX“g(O)ex”Xy . (3.4)
The middle factor g(g) is an element of the underlying Lie group G(g) = Gpos X U. We
use Cartan coordinates for Gyp,s as in [36] and some arbitrary coordinates for the internal
symmetry group U. Now a short computation of right-invariant vector fields leads to the
following expression for the Laplacian, see e.g. [43],

Rey = RE) — 27(gi5) )4 O, O — Kapm (X, RY). (3.5)

This is a remarkable formula. The first term on the right-hand side is the Laplacian of the
underlying Lie group G(g). The second term involves second order derivatives with respect

to fermionic coordinates only, with coeflicients depending on bosonic coordinates. Hence,
(0)
X0
right-invariant vector fields on G(). These are multiplied with the trace of the bosonic

this term is nilpotent. In the last term, the first order differential operators R/, denote
generators X in the representation on fermionic generators.

In what follows we will expand scalar functions on the supergroup G in the fermionic
coordinates, thereby writing them as vector-valued functions on G(g). In the process,
the Laplacian on the supergroup turns into a matrix-valued operator which, and after
restriction to the appropriate subspace of K-spherical functions, can be reduced to the
two-dimensional space A that is parametrised by u; and us. Once this is done, the bosonic
Laplacian becomes a matrix-valued Calogero-Sutherland Hamiltonian whose eigenfunctions
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are spinning bosonic conformal blocks, [34, 35]. Parameters of the Hamiltonian depend both
on the quantum numbers of fields in the correlator and on the representation of K carried
by g+, see [32]. This follows from the fact that the unprimed fermionic Cartan coordinates
transform non-trivially under the regular action of K. As can be readily seen from eq. (3.5),
the second term on the right-hand side reduces to a nilpotent, upper triangular matrix of
functions in the two variables u; and us. The third term can at most have one non-zero
contribution, which arises from the U(1)g-generator, the only one that is not traceless in
the representation 7. Since this generator is also used in the formulation of K-covariance
laws, the whole term reduces to a matrix of constants. These comments may become more
transparent in the example of SL(4|1) that we will now treat in detail.

3.2 Casimir equations for 4-dimensional N' = 1 SCFTs

Let us now apply the formula (3.5) for the Laplacian to derive the Casimir equations for
the correlation function (1.1). We will make use of both primed and unprimed Cartan
coordinates on the supergroup SL(4|1). The unprimed ones read

g= eanO‘—i-st""enRe)\lDrleulqu (PL+K7)—i "2 (Pg—Kg)rre)\rDeq‘j‘Qd-i-so‘Sa’ (3.6)

with
"= €<Pl1X169l121ewiX1€¢§X269§Z2ewl2X2 . Ty = e<P7{X169{'Z1ewi'Xlengze9§Z2e¢§X2’ (3.7)
and ¥, = —!. These coordinates are useful because they make the Laplacian take a

particularly simple form. On the other hand, the primed Cartan coordinates

g= e"me)‘lDTleana4"(”3‘9@e%(Pl"rKl)_iul;u2 (PQ_KQ)eq/aQ‘iH/aS“Tre)‘rDa (3.8)
are well suited to formulate the restriction to K-spherical functions, i.e. for the formu-
lation of the left and right K-covariance laws. The explicit relation between coordinate
systems (3.6) and (3.8) is written in the appendix C.

For the four-point function (1.1), the associated covariant functions f on the super-

group satisfy covariance properties
(8)\; +2a)f = (8,\4 +20)f = (0w +1)f = 890/1;]0 =...= %;Tf =0. (3.9)

The parameters a and b are related to conformal weights of the fields in the correlation
function by 2a = A; — Ay and 2b = Ay — A3. As we explained above, A} = \; and similarly
for all other variables that appear in eq. (3.9), but the partial derivatives of course depend
on the full system of coordinates and 8/\2 # 0y, etc. Due to the shortening of operators at
positions 1 and 3, there are further differential equations that f obeys, namely

Qg f = Bgo f =0. (3.10)

Having described covariance properties of f, we can perform the reduction of the Laplacian.
From now on, we focus on one channel, say the s-channel, the discussion for the other one
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being entirely analogous. Upon expansion in the Grassmann coordinates, the function f is
regarded as a vector-valued function on the underlying Lie group

f : G(O) — Aq . (3.11)

On the two-dimensional abelian group A generated by {P; + K1, P» — K2}, the function f
restricts to w!/2G with

G = GO (u) + G (w)qig' + G (wi)gaq? + G (wi)qrq aaq” - (3.12)

The conventional factor w'/? is defined in [36]. Other components of G vanish due to
requirements of B-invariance. After the reduction, the Laplacian restricts to the operator

H = Hy + A, (3.13)

that acts on G according to the general theory from [32]. Let us first apply this theory to
find the unperturbed part Hy. This is the 4 X 4 matrix of differential operators

H§5b+1—?’6r2+%r 0 0
atib—7 3 2,3
Hy=-— 0 Hé +1—6(7“—1) +5(r=1) 0
atzb-—3 3 2,3
0 O Hsc +T6(T_2) +Z(T—2)

(3.14)
Here the operators on the diagonal are the scalar and the seed Calogero-Sutherland Hamil-
tonians. Explicitly

gab— Lo g 1 (a+b)?—1 ab (a+0b)?—1 ab_\ 5
o 27 27" 02 sinh? u; sinh? o sinh? usy sinh? s 4’
(3.15)
and
Heb—L 0
Hy' = (7 16 + 3.16
: < 0 HY g (310
1 1 4 4 1 1
1 sinh? Z1 + sinh? 22 + Ginh2 Y1=U2 o2 uitug 4(b—a) <m - M) .
3—2w 1 ) 1 ' 1 1 4 4 “oo
4(b_a) (sinh2 “71 - m) sinh? % + sinh? "72 + sinh2 ulZUQ " cosh? u1;u2
with

w= é (1 _11> . (3.17)

Before we spell out the form of the nilpotent term A, let us make a few comments on
the derivation of Hy. We focus on the most non-trivial part of Hy, namely the seed
Hamiltonian. Discussion of the two scalar Hamiltonians then follows by similar arguments.
The covariant function f contains among its 16 components the 4-component function

for i Gy = a- @y, foy = [hdag. (3.18)
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We can express f_. in the primed Cartan coordinates as
fog = eI L PR g (3.19)

The last equation defines SU(2) matrices £, R. Their explicit form is easily written down
using the formulas of the appendix C. In the primed Cartan coordinates, the dilation
covariance laws simply read

fi (enRJr/\ng(O)e)\rD) — o TE—2aN—2bAr fi(g(o)) . (3.20)

We have performed the expansion in fermionic primed Cartan coordinates. The index 4
denotes any component of f<. Thus, from eq. (3.19) we see that a and b receive shifts by
+1/4, respectively. The two constant terms involving the r-charge in the upper left matrix
element of Hy come from —R2/4 in the quadratic Casimir and from the third term in the
Laplacian that involves the trace of R in the representation gy, respectively. Again, in the
seed Hamiltonian, r is shifted by —1 due to eq. (3.19). Next, consider the covariance law
with respect to rotations. Similarly as in [35], these lead us to the seed Hamiltonian H; /2
(matrices £, R here are different from those used in [35] but so is the projector P, and they
lead to the same Hamiltonian. The two calculations are related by a change of basis).

Having described the unperturbed Hamiltonian, let us turn to the perturbation A,
which reads

0a'ya? 0 0 sinh% —sinh% 0
2 oo h@
A— 9 00 O al4 _ 0 0 0 'Sln = (3.21)
00 0 ay 0 0 0 sinh 5
00 0 O 0 O 0 0

To derive this, notice that in the representation g of G, with the basis {X"} =
{Qi,Q5, 51,52} (and with this order of basis vectors) the element a(u;,uz) is given by

cosh 5 0 sinh 5 0
1\ M 0 cosh 2 0 —sinh®|_
= = . 3.22
T (a(ul, u2) ) v sinh 4 0 cosh % 0 (a%) ( )
0 —sinh “—22 0 cosh “2—2

Basis of g_ that is dual to the above basis of g4 is {Si, SQ, Q', Q*}. Now, an inspection of
the second term in eq. (3.5) leads to eq. (3.21).

To summarise, the Laplacian eigenvalue equation on SL(4|1) reduces on the space of
K-spherical functions to the eigenvalue problem of the operator H written in eq. (3.13).
The two ingredients of this operator are a 4 x 4 matrix of differential operators Hy and
a nilpotent matrix of functions A in the two cross rations, see egs. (3.14) and (3.21). We
now turn to eigenfunctions of H, that is, to the construction of the superconformal blocks
for the correlator (1.1).
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3.3 Construction of the superconformal blocks

Having set up the Casimir equation for our superblocks in Calogero-Sutherland gauge we
now come to the main task of this section, namely to solve these equations and thereby to
construct the associated superconformal blocks. Our formulas will be entirely explicit in
that we construct the superblocks as a finite linear combination of a set of known special
functions. These functions appear already as (bosonic) conformal blocks of the component
fields in the supermultiplets or, put differently, in the solution of the eigenvalue problem for
the unperturbed Hamiltonian Hy. To set the stage, let us introduce the eigenfunctions for
the two different differential operators that appear along the diagonal of Hy, see egs. (3.15)
and (3.16),

a a s 1 1
Habéfmbl =Cx d’A’bza Cx, = *ZA(A —4) - Zl(l +2), (3.23)
a, see a,b see 1 1 3
HIPwER, = oxf ey, CXi'= — MM —4) - I +3) =2 (3.24)

The eigenfunctions ¢Zbl are related to the usual scalar conformal blocks through a simple

transformation, see [11]. The precise relation of the eigenfunctions \Ijj:’f)A,l with the simplest
spinning seed conformal blocks of [9] was found in [35]. Recall that the eigenvalue equation
for ¥ is a matrix equation and hence ¥ has two components. The subscript + on ¥ labels
two linearly independent solutions with the same eigenvalue. Explicit formulas for these
functions can be found in the appendix E. They can all be written in terms of Gauss’
hypergeometric function as finite sums of products thereof. These concrete formulas are
needed e.g. for numerical evaluation of the crossing symmetry constraints we spell out
below. But for our derivation of these constraints we only need a few very basic formulas
that tell us how they behave under multiplication with the matrix elements of the nilpotent
potential A that was given in eq. (3.21),

. . at3.b—% +1
2 (—smh“—Z1 , sinh “2—2> \Ij+,A4+Ll4 =YA, ¢A+%,l YAl ¢A+%,l+1’ (3.25)
. . a+l7b_l
2(—sinhy, sinh %) w_7§+17l4 SRUNINTRRE SN TN (3.26)
sinh ¥ a+1.b— at+i at+l 1 atlp_1 at+lp-1
2 1+ 1 2+ 1 1771 ZELA
2<—sinh“21> ¢A+1l Al\ll—i—A—&-ll AZ\IJ+A+3I 1t AZ‘I’_,A+%,1 L HA Y AEl
(3.27)
Here
41 V2 142 12 i(—1)7*"" (4a—20—2A—1)(2A—3) (4b+21+2A+1) (3.28)
TALT e iy AT T o (2A—1)(2A+2l+1)(2A+21+3) :
1 2V2 —o (=1)7*7P (1+2)(4a+20—2A+5)(2A —3)(—4b+2]—2A+5) (3.20)
VAL T —yers A= (+1)(21—2A+3)(21—2A+5)(2A—-1)
1+ _ - 1ya+b ot i(=1)"T" Al(2a+1—A+2)(—2b+1—A+2)
Yah=i(=1""2v2, 930 = V2 (A-D)(I+D)(I—-A+1)(I—A+2)’ (3.30)
- a+b l 9— (=1 A(2a—1—A)(2b+1+A)
yag=1(=1) \[Z—H’ AL 5 3 (DDA +A+T) (331)
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As far as we are aware, these identities involving scalar and seed conformal blocks are new,
although their form has a clear representation-theoretic origin. Rather than computing the
coefficients v in terms of SO(6) Clebsch-Gordan coefficients, they are most easily obtained
by picking any point (uj,us2) and Taylor-expanding both sides of the above equations.
This produces a system of linear equations and it is clear that going to high enough order
gives sufficiently many equations to fix the eight coefficients . A natural choice for the
expansion point is to take u; > wus — oo, which corresponds to the OPE limit for the
scalar and seed blocks.

It is easy to promote the functions ¥ and ¢ to eigenfunctions of Hy. To this end let
us denote the standard basis of C* by {e,...,es}. The eigenfunctions of Hy are therefore
of the form

Gy = ¢A+1 1615 Gy = ‘P?:Aifljli’ GS = ‘I/ijf;%, ¢Z++1lz) €4, (3.32)
where it is understood that the two non-zero components of G5 and (G5 are in the space that
is spanned by e; and e3. We shall work with this notation throughout the remaining part
of this section whenever we write W.. The solution of the eigenvalue problem for H, which
can be obtained by a finite perturbation of GY, will be denoted by G, as before. With the
help of the explicit expressions for GY, the formula (3.21) for the nilpotent potential and
our auxiliary formulas (3.25)—(3.27) one finds®

_ O — a7b
G =Gy = QZ)A_HJ@I, (3.33)
_ gt
G =W Abu ¢A+1 l A+3 1+1) €1 (3.34)
_ gt
Gs = \ij,AJrl,l CA ) ¢A+1 l+1 ¢A+3 1] €L (3'35)
aQ a+1.b— \Ija+1,b74 \IlaJri,bf% \Pa+%,b7i 9 \IlaJri,bf%
4= Pasty e +eal pariy Te oy +,A+%,171 +eny YNV VA SN
00 ,ab
- (kA,l SR+ FR Sy + ER R ¢A+2z) (3.36)

The construction of these four solutions requires increasing orders of perturbation theory.
The solution G is obviously obtained in zeroth order and equal to the scalar bosonic block

3The tensor product of any given finite dimensional SO(d,2) representation T, labelled by a Young
tableau v and the induced representation ma,, can be decomposed into a finite sum of induced representa-
tions (e.g. see [10]) as

J
Toran=@) @ mn

i=—j AeviQu

where indices (4, 1) are defined through the decomposition of the SO(d 4 2) representation v with respect
to its SO(2) x SO(d) subgroup and enumerate a (semi) integer SO(2) conformal weight i along with an
SO(d) Young tableau v°.

Bosonic conformal blocks are particular matrix elements of some representation wa , of G(o), [34]. In the
course of perturbation theory they are multiplied by matrix elements of the fundamental representation
m = 7y of G(oy. Therefore, the bosonic blocks that appear in the n-th order of the perturbation theory are
matrix elements of ma , ® W?". This fixes the functional form of our solutions.
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GY. The second and the third solution G5 and G3 are obtained at first order while the last
solution (G4 required to go to second order. In order to complete the solution, we just need
to spell out the various coefficients. Those that arose from first order perturbation theory
are directly related to the coefficients v we introduced in egs. (3.28)—(3.31) as,

+i =

+i Y it Y
i Lt 3.37
3 (0r 18) + 0% — O3l ot o oy, %

where
<Cil Cig> _ Caris Carzim <Ci7+ Cf—) _ Cavts YAt (3.38)
7, C7 OZ+%,Z+1 CZ+%,I 3 O3 CZJr%,l—l CL;,;

for o = sc, seed. The second order coefficients in the second line of G4 involve products of
the coefficients v and they read as follows,

1+ +1 - —1 14, +2 2— 1
1,00 Calla-ga T aas1ia 101 Calaziataatt (3.39)
Al = 3 sc sc Al =3 sc sc ’ .
1(r+1) = Cxy, +CX, 1(r+1) —Cx T 0%
2+ . +1 1-— -2 24 42 2— -2
oy +CA YA CAYAL -1 T A AL
AlIa4+d -1 Alla-L1-1 AlIa4+d 11 Alla+l]
kR = 2 LN 2 2 (3.40)

T+ 1) = Oy + CRn A+ 1) = OF + Oy

Clearly, Hamiltonians Hy and H have the same spectrum — the eigenvalue of G; equals that
of GY. The dependence of these eigenvalues on the weight A and spin [ of the intermediate
field can be read off from (3.23)—(3.24),

1 1 3 2.3

Co=Cy= JAA-2)+ J1(143)— 1o (r+ 1)+ 3, (3.41)
1 1 3 ) 1 1 3,

Cr=JAA-2)+ 1(142) - 7 (r+2)% Ci=AA-2)+ 1142~ (3.42)

This completes our discussion of the solution to the eigenvalue problem of H and hence our
construction of the superconformal blocks for the four-point functions under consideration.
Let us stress again that all these results are completely explicit, with explicitly known
coefficients ¢, k in egs. (3.37), (?7), (3.40) and explicitly known functions ¢ and V., see
the appendix E.

3.4 Assembling the pieces: the crossing equations

In this last subsection, we will derive the crossing symmetry equations for the four-point
function (1.1) with identical long operators O; = O3 = R of vanishing R-charge. In order to
achieve this, we first need to associate eigenfunctions of H found in the previous subsection
with superconformal blocks representing the propagation of superconformal representations
in the operator products ¢ X R and ¢ x R.

There are four possible kinds of representations appearing in these operator products.
Their quantum numbers are, [37]

1= (j)j)érf% p2 = (]7] + 1/2)97"71’ p3 = (J + 1/27]')%7"71’ P4 = (]’j)ér . (343)
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We will write | = 2j. One observes that the eigenvalues C; written in (3.41)—(3.42) coincide
with the values of the quadratic Casimir in representations p; (see the appendix D). There-
fore, we can identify the propagation of the operator labelled by p; with the superconformal
block G; from above.

There still remains the question of normalisation of these blocks. To settle it, let us
focus on the e;-component of the four solutions. From the explicit formulas of the previous
section, one can directly verify that

+2 R -2 y 01 10 11

Al G2 CAp O kny - kA - kag o (3.44)
LT T LT Tgo oo T TC gp0 T T o0 TGl :
€Al €Ayl 1 Al Al Al

Here, the coefficients ¢&;,¢;,¢; are taken from [37], with the substitution I — [ + 1 in
coefficients ¢; in order to synchronise conventions. We will only need explicit formulas for
two of these coefficients below,

A [+2 . 1
Cc1 = C

(+D)2A-1-A)-3)" T 2A+1-A,+3

(3.45)

After stripping of a conventional prefactor, the four-point function in [37] decomposes over
superconformal blocks as

9(zi) = Z ’%R(Q?OZ)‘QQ(%)‘FZ [¢sr(GO), ‘2G(Zi)+z lcsr(00), ’2G(Zi)+z Coro,[?G (i) -

(3.46)
Here G, G, ... are sums of Dolan-Osborn scalar conformal blocks with appropriate coeffi-
cients, see egs. (2.32), (2.25), (2.29), (2.19) of [37] for details. The Calogero-Sutherland
scalar blocks are related to Dolan-Osborn ones by qbgbl = A%b (zi)gzbl, where A%? is an
explicit function of cross ratios whose precise expressi(;n we will not ileed, see [38]. The
relation of the zero component of our function G to the function ¢ defined in eq. (3.46)
mimics that between the blocks, G® = A%*(z;)g. Therefore, the function G on the abelian
group A that encodes the correlation function (1.1) in our approach decomposes over the

superconformal blocks G, j = 1,...,4, we determined on the previous subsection with
coeflicients
¢1
e D ARGICOR 1 1%R(QoO), *Ga(cv) (3.47)
ALl
¢1 1
+ Z F’%R(QO)I *Gs(ai) + Z W‘QBROZ KENCHE (3.48)
ALl Al

We write interchangeably o = a1 and o = ao. The relation of «; with the cross ratios was
stated in eq. (2.70). Combining the block decomposition (3.47) of the correlation function
GG with the crossing symmetry relation between s- and t-channel,

G(l/a,1/a") = Mgy (a,a™)G(a, o) (3.49)

with Mg as defined in eq. (2.69) we have thereby derived the crossing relations we antici-
pated in eq. (1.3) of the introduction with coefficients given by

.0 . 1
Y= "ZF VT =7 7:k007 (350)
Al
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with the coefficients ¢ and ¢; defined in eq. (3.45), as well as the coefficients ci’ll and kOAOJ we
introduced in eqgs. (3.37) and (?7), respectively. All these expressions are rational functions
of the conformal weight A and the spin I. Thereby we have completed our derivation of
the crossing equation (1.3).

4 Conclusions

In this work we constructed superconformal blocks and crossing symmetry equations for
the four-point function of two long, one chiral and one anti-chiral scalar operator in 4-
dimensional N' = 1 SCFTs. The two ingredients that went into the derivation, namely the
construction of superblocks G; and of the crossing factor My applied general techniques
developed in [32] and [33]. This is indeed the first time a full set of long multiplet bootstrap
equations has been written down in dimension higher than two. In the course of solving
the Casimir differential equations for the relevant superconformal blocks, we also derived
certain relations between scalar and seed bosonic conformal blocks which seem to be new.

As should be clear from the previous sections, our methods are by no means restricted
to the above class of correlators. They are completely algorithmic and can be applied to a
wide class of correlation functions involving long multiplets in SCFTs with superconformal
symmetry of type I. Let us mention some directions that can be pursued in the future.

The approach to superconformal partial waves we developed in [32] works particular
well for long multiplets. While some shortening conditions may be implemented before
even writing down the Casimir differential equations, others can only be implemented
once the solutions to these equations have been constructed. Which case occurs depends
on how compatible the specific set of shortening conditions is with our choice or Cartan
coordinates, see [32] for details. The four-point functions (1.1) we addressed here involve
two BPS operators. Their shortening conditions belong to the first class that are easy
to implement before writing down the equations. While the Casimir equations for the
correlation function of four long multiplets R turn out to possess 36 components, the
shortening conditions of the chiral and anti-chiral field reduces the operators to a 4 x 4
matrix system. These statements are particular to sl(4|1), but the same simplifications
occur for any superconformal algebra of type I. Also, the simplifications in the crossing
factor that we saw in section 2.4 have certain universality and appear for other algebras
of the infinite family sl(m|N'). Therefore, correlators of the type (1.1) in a large class of
SCFTs are very well-suited to the Calogero-Sutherland gauge.

In order to perform a numerical long multiplet bootstrap analysis for N’ =1 SCFTs in
d = 4, one would need to include the four-point function of the superfield R in order to ex-
ploit positivity. This four-point function can be addressed with the same techniques as used
in this work. Writing down the Casimir equations is actually not that difficult. Finding
solutions meets two technical challenges. On the one hand, the unperturbed Schrédinger
problem for Hy now involves a larger set of 4-dimensional spinning blocks, including both
higher seed and non-seed blocks. Of course, all of these are known in the literature and
can be mapped to the Calogero-Sutherland gauge using results of [36]. On the other hand,
the nilpotent perturbation theory has to be taken to a higher order before it truncates.

— 95—



This requires a vast extension of the relations (3.25)—(3.27). While all this is in principle
straightforward it eventually results in relatively large sums of bosonic blocks. The su-
perprimary component of the associated crossing symmetry equation has been worked out
in [37]. So, the main task that remains is to construct the other 35 components of this
system of equations. Given that one would expect significantly stronger constraints on the
dynamics of A/ =1 SCFTs it may be well worth the effort to carry this out explicitly.

Similar comments apply to the important question of bootstrapping the stress tensor
multiplet in four-dimensional A" = 2 SCFTs. It would require significant technical effort,
but our method does apply to this case as well. Let us note that, while the method follows
a clear algorithm, not all of its steps have been automatised by computer programs yet.
Even without this, we were able to treat the highly non-trivial correlator (1.1) because
symmetries are exploited to such an extent that computations in the end become quite
simple. Therefore, the idea that the fully automatised program will turn the difficult
problems mentioned above into tractable or even routine ones holds some promise.

In another direction, it would be interesting to study from the Calogero-Sutherland
side the observed relations between three type I superconformal algebras in dimensions
two, three and four, namely s[(2|1) ©s[(2[1), osp(2|4) and sl(4]|1). These Lie superalgebras
have been observed to possess similar properties which allow for them to be studied in a
somewhat uniform manner, [46]. We have already analysed s[(2|1) in [32] and s[(4|1) here.
The remaining algebra, osp(2]4), which is the only type I superconformal algebra in three
dimensions, is in many respect similar to s[(4|1) — it has the same number of odd generators
and admits the same kind of short representations. Its analysis would thus be analogous to
the one presented here, with one difference: bosonic blocks in three dimensions are more
complicated than in four and cannot be written as finite sums of Gauss’ hypergeometric
functions. It would be interesting to compute the Calogero-Sutherland model associated
to 0sp(2]4) and compare it to the ones found here and in [32].

As a final comment, the harmonic analysis approach can be extended to defect SCFTs.
The corresponding bosonic theory of defect conformal blocks and tensor structures has
been constructed in [47]. Similarly to the non-defect case, the theory admits a natural
generalisation to include supersymmetry. Since both the theory of [32, 33] and that of [47]
are highly structured and have various advantages over the conventional approaches, there
is reason to believe that the same will be true for the combination of the two. Defects in
superconformal theories have a rich structure and diverse applications, so exploring this
direction further certainly seems worthwhile.
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A Superconformal algebras of type I

In this appendix we define what is meant by a superconformal algebra and introduce types
I and II. While some of the discussion of the main text applies equally well to both types,
the construction of Casimir equations relies on the algebra being of type I.

Let g = g(0) © 9(1) be a finite-dimensional Lie superalgebra. We say that g is a
superconformal algebra if its even part g( contains the conformal Lie algebra so(d +
1,1) as a direct summand and the odd part g(1) decomposes as a direct sum of spinor
representations of so(d) C so(d + 1,1) under the adjoint action.

If this is the case, we denote the dilation generator of the bosonic conformal Lie algebra
by D. Eigenvalues with respect to adp give a decomposition of g into the sum of eigenspaces

0=0-190-129003012001 =01BsBtBqd 0. (A1)

The even part of g is composed of g+ and € where g_; = n contains the generators K, of
special conformal transformations while g; = n is spanned by translations P,. Dilations,

rotations and internal symmetries make up
t=s50(1,1) ®so(d) ®u.

Generators of g/, are supertranslations (), and super special conformal transformations
Sqo. We shall also denote these summands as § = g_;/5 and q = gy/o. All elements of
non-positive degree make up a subalgebra p of g that will be referred to as the parabolic
subalgebra

P=g1D0_12Dgo- (A.2)
There is a unique (connected) corresponding subgroup P C G such that p = Lie(P). The

superspace can be identified with the supergroup of translations and supertranslations. It
is defined as the homogeneous space M = G/P.

The above structure is present in any superconformal algebra. In this work, we shall
mainly consider those g which satisfy an additional condition of being of type I. This means
that the odd subspace decomposes as a direct sum of two irreducible representations of g
under the adjoint action

g91) =9+ Do . (A.3)

The two modules g+ are then necessarily dual to each other and further satisfy

{94,094} =0. (A.4)

In addition, the bosonic algebra assumes the form

8(0) = [8(0), ()] D u(1). (A.5)

The u(1) summand is a part of the internal symmetry algebra. Its generators will be
denoted by R. All elements in g, possess the same R-charge. The same is true for the
elements of g_, but the R-charge of these elements has the opposite value. Elements in the
even subalgebra g(g), on the other hand, commute with R.
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Let us denote the intersections of the subspaces q and s with g+ by
g+ =qNg+ , 5+ =5MNg+. (A.6)

The subspaces ¢4 and s do not carry a representation of g, but they do carry a represen-
tation of €. This also means that in type I superconformal algebras, the action of £ on super-
translations decomposes into two or more irreducible representations. It turns out that

dim(qi) = dim(si) = dim(g(l))/4 . (A7)

The full list of type I superconformal algebras, which follows directly from Kac’s classifi-
cation [44], is

SI2IN), sI2ING) @ sl(2/N2) psi(2]2), osp(2]4), sIAIN), psl(4]4). (A.8)

The presented list is that of complexified Lie superalgebras — for different spacetime sig-
natures one considers their various real forms.

B Conventions for sl(2m|N)

In this appendix we collect our conventions for the class of Lie superalgebras g = sl(2m|/N).
Before doing that, let us state conventions regarding spinors that are used throughout the
main text. Greek indices from the middle of the alphabet p,v...=1,...,4 are Euclidean
spacetime indices and are raised and lowered using the flat Euclidean metric g, = 6.

The undotted and dotted Greek indices from the beginning of the alphabet a, é ... =
1,2 are labelling vectors in the (1/2,0) and (0,1/2) representations of so(4), respectively.
They are raised and lowered using the Levi-Civita symbol

Vo = €a5¢’8, €aB = (? _01> . (B.l)

The same rule holds for dotted indices. To convert a vector index into a pair of a funda-
mental and an anti-fundamental index, we make use of the matrices

| . . : —x1 — 1Ty T3 + 124
¢ = (—03, —il — ie. z% = . B.2
(Yu)% = (=03, —il3, 01, —02) o ( s iy 2 z‘x2> (B.2)

We now give the bracket relations in g. The even subalgebra g(g) has brackets

D, =Pr, D,K.’] = —K.’, (B.3)
(M7, PO = %%ﬂpf ~3.5P°, (M, PO = —é&ij +6.°PY, (B4)
(M, K] = —ééaﬁKf +0. K9, (M K] = %@f}(ﬁ —5KS, (B5)
(M7 M) = 6.5 M — 50, (M2 MO =5.P M) —6M P, (B6)
(K PO =600 600 —25.55.9D. (B.7)
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Next, the brackets between even and odd generators read

RQJ1=Qi, [RQ1=-Q/, [R.SS1=5.  [RS]1=-5, (BS)
1 1 1 3 1 ¢
D.Q'1= 504, ID.Qf1= 50/, D.5./1==55.". [D.5/"1=—~35/,,
(B.9)
1 : 1_5 :
[Ma/87QIg] - 55(15@]?_5&6@[?7 [Mdﬁa nyL] - _55016@711_’_576@0%7 (BIO)
[Maﬂvs’yL]:_iéaﬁS'YL—i_a’YﬂSaL? [Mdﬁvslg] 2550'455]?_50265[(67 (Bll)
[POQBaS'yL] = 5’7ﬁQdL7 [PaﬁasKa] = _50'46621(@7 [Kaﬁan'yL] = 5"yﬁSaL7 [Kaﬁ7Q[§] - _5(15'5}? .
(B.12)
Finally, we give the brackets between odd generators
{QdJa QIB} = 6IJP0‘/87 {SaJ) Slﬂ} = 5IJKaB7 (Bl?))
Q7.8 =67 M + 5 R +6,75 (aD + bR), (B.14)
Q.8 =6" M +6R/’ +6,75(cD+dR). (B.15)

Throughout the text, we use the fundamental, 2m + N -dimensional representation of g. In
this representation, the generators are given by

D= %diag([m, —1,,,0), R= N._12mdiag(/\flm,/\/]m, omly). (B.16)
MP=E M =B, Mii:_MQQZ%(Eii_EQQ)’ (B.17)
M>=E? M, =E,' Mllz—Mf:%(Ell—Ef). (B.18)
r’=£f @J=£BS  Q/=E’ Kf=EF 8’=£8’ S°=E" (B.19)
R/ =E//, R[I:%(EII—EIfjl). (B.20)

The standard differential operators representing the action of translation and supertrans-
lation generators on the superspace are

1-
pda - a‘aa qdl = a‘] - 501666

« « o )

1 .
0" = 0" — 50%05". (B.21)

C Conventions for sl(4|1)

C.1 Killing form

As the standard basis of gy we take the generators in the order

{xy = {R, D, My, M2, My ML M2 My P PR R PR KK K

(C.1)
The Killing form is given in terms of the supertrace in the fundamental representation
1
K% = Zstr(XaX”) : (C.2)
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In particular, this fixes the normalisation of the quadratic Casimir as

3 2 1 2
= —— -D .
Cp = —2oR? + (D + (C.3)

C.2 Cartan coordinates

Here we write the relation between primed and unprimed Cartan coordinates. The primed
bosonic coordinates are equal to the unprimed, so we only need to consider the fermionic
ones. Let L be the matrix

e2(#4%) cos 8 _4e;(w—@)shlg> (C4)

_Zei(@_d)) Sin g €_§(¢+¢) CcoSs g

M%&w)=<

Then the relation between two sets of coordinates reads
/ /1 i
q -1 a1 q 1N, q
( /1> =e" QAZL(SOZ%HZQ) _,QZJZI) ( ) ) < /Q> = €2>\ L(¢Ia _971"790Q) ( 2) ) (C5)
a3 q2 q q

S/' K+t Si 3/1 -1 rogr T 81
< /1> =e€ +2)\1[/<30l17_6l171/}ll) ( 1) ) ( /2) =€ 2/\TL(¢27 27902) < 2) . (Cﬁ)
82 S5 S S

From these equations, one gets relations between partial derivatives. Among others, we

have 1 1
Ot = O — qaaq&, a)\z = 8>\l + iqoﬁqa, 8)\? = 8)\T — §qa8qa, (C.7)
from which follow covariance conditions in the unprimed coordinates
0000 0000 0000
0100 110100 110100
=0k — 2a =0 — 2b =0 — = . C.8
"% ooto| T 3 o010) 2 loo10 (©8)
0002 0002 0002
Similarly
) 3 1 ]. T hT i
0=0p + %cos 01 (q2(9qg - qlaqi) + 5 sin 0] (e*“ﬁl q2(9q1 — Wi qlaqg) (C.9)
0= (91/); — §q13q1 + 5(]2(9(]2, 0= 89{ — §€_w1 q26q1 — §ewl qlaqg, (C.lO)
) ) i i .
0= asolg N 5(]18(11 + 5@28@, 0= 895 + 2¢ wé(naql + QeWé‘haqw (C.11)
0= Owi + 5 cos 0 (4104, — q20,) + 3 sin 6} (e—wéqﬂql - ewlquan) (C.12)

D Representations of sl(4|1) and so(1,5)

Parabolic Verma modules of g = sl(4|1) are labelled by quantum numbers (ji, j2, A, 7).
Two half-integer spins (j1,j2) specify a finite dimensional representation of the rotation
Lie algebra so(4) = su(2) @ su(2), while A and r are weights of the generators D and R,
respectively. The value of the quadratic Casimir in the representation (j1,j2, A, 7) is

3 o

L. 1. . 1. . 1
Co(j1, 72, A1) = 5]1(]1 +1) + 5]2(32 +1) + ZA(A —2) - 6 (D.1)

— 30 —



Sometimes, the labels A, r are traded for ¢, ¢ which are defined by

_ 2 _
A=q+q r=3@-a. (D.2)
Symmetric traceless representations of so(4) have j; = jo = [/2 and the quadratic Casimir
is then 1 1 3
Col, Ar) = 711 +2) + 7A(A = 2) - Eﬁ : (D.3)

The conformal algebra in four dimensions, g® = so(1,5) has highest weight representations
labelled by (j1,j2,A). The value of the quadratic Casimir in these representations is

. 1. 1. . 1
C2(A, j1,J2) = 5]1(]1 +1) + 532(32 +1) + ZA(A —4). (D.4)
Without loss of generality we assume j; < j» and use alternative notation [ = 2j,

p = 2(j2 — j1). Then the Casimir can be rewritten as

1 1 1
Cy (A1, p) = 112+§(p+2)(p—|—2l)+ZA(A—AL). (D.5)
In particular, in the main text we are interested in the cases p = 0 and p = 1, which give

1 1 1 1 3
Ca(A,1,0) = U1+ +AA—4), Cy(A LD = JUI+3)+7 A4+ (D.6)

E Bosonic conformal blocks

In this appendix, we write the scalar and seed blocks that are used throughout the main
text. We define

]:p_lggéb;c)(zvi) = 2P oF1(a+p1,b+p1;c+2p1; 2) 272 oF1(a+p2,b+pasc+2p2;2) — (2 = 2).

(E.1)
Scalar blocks in the Calogero-Sutherland gauge read
at+b | 1
a _ 2=1)(Z-1)2 7 ___(4p B
e = Do) (©:2)
2z ’

Let G = (G(()l),Ggl))T and G = (C_J(()l),égl)) be the seed and conjugate seed conformal
blocks from [9] and set

ap _ 1 (1 -1 cab _ L [1 =1\ 5
\I/Ayl—ﬂ<1 1)5 ¢ wi=( 0 )se (E.3)

The matrix S is defined in the appendix A of [35], where in the notation of that paper
x =wu; and y = us.
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