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Gravitational radiation from inspiralling compact objects:

Spin-spin effects completed at the next-to-leading post-Newtonian order
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Using the gravitational potential and source multipole moments bilinear in the spins, first com-
puted to next-to-leading order (NLO) in the post-Newtonian (PN) expansion within the effective
field theory (EFT) framework, we complete here the derivation of the dynamical invariants and
flux-balance equations, including energy and angular momentum. We use these results to calculate
spin-spin effects in the orbital frequency and accumulated phase to NLO for circular orbits. We also
derive the linear momentum and center-of-mass fluxes and associated kick-velocity, to the highest
relevant PN order. We explicitly demonstrate the equivalence between the quadratic-in-spin source
multipoles obtained using the EFT formalism and those rederived later with more traditional tools,
leading to perfect agreement for spin-spin radiative observables to NLO among both approaches.
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I. INTRODUCTION

Binary systems composed of spinning compact objects are the primary source of gravitational waves (GWs) that
are currently being detected by the LIGO/VIRGO collaboration [1, 2], and will remain as key laboratories to explore
gravity and the physics of black holes and neutron stars [3-5] (and perhaps even more exotic possibilities [6-12]) with
future GW observatories such as LISA [13] and the Einstein Telescope [14]. Yet, both the detection and accurate
interpretation of the signal are dependent on precise theoretical predictions for the two-body problem in general
relativity. This is notoriously important when spin effects are manifest, e.g. [15], in particular due to the expectation
that binary black holes may be rapidly rotating, e.g. [16]. While numerical simulations are required for the late
stages of the dynamics, e.g. [17], the post-Newtonian (PN) expansion has provided the groundwork to tackle the
weak-field /small-velocity inspiral regime [18-21]. So far, PN studies have been carried out notably in the conservative
sector, both for nonspinning [22-41] and spinning bodies [42-55], using various tools [18-21]. In particular, the
effective field theory (EFT) approach introduced in [56], and later extended in [57] to incorporate rotational degrees
of freedom, has been instrumental to reach the present state-of-the-art.! However, in the radiation sector, while the
source multipoles needed to obtain the GW fluxes in an adiabatic expansion have been computed in some cases to
fourth-order in the PN expansion for nonspinning bodies [89, 90], the spin-dependent counterparts are known to next-
to-next-to-leading order (N?LO) at linear order in spin [91-93], and only to NLO for bilinear in spins contributions
[93-95].2 This begs for more accurate computations of radiative observables in the case of spinning bodies.

All the necessary quadratic-in-spin source multipoles including finite-size effects were first obtained some time ago
in [93, 94], together with the spin-spin gravitational potentials [43, 45, 46], using the EFT formalism developed in
[57, 98]. However, the derivation of the associated GW phase evolution was not carried out until recently. In [99], using
the results obtained in [49, 93] at linear order in the spin, the gravitational observables including the accumulated
phase were computed to NLO and shown to agree with the values first derived in [42, 91] with more traditional tools.
With the aim to move forward in precision towards higher PN orders, the purpose of this paper is to use the results in
[43, 45, 46, 49, 93, 94] to complete the derivation of the spin-spin contributions to the dynamical invariants and flux-
balance laws to NLO in generic configurations, including energy and angular momentum; and use the results to derive
spin-spin effects in the orbital frequency and accumulated phase to 3PN for (quasi-)circular orbits. For completeness,
we also compute the linear momentum and center-of-mass (CoM) radiated fluxes to the highest possible PN order
using our source multipoles, corresponding to leading spin-spin and NLO linear-in-spin corrections, with which we
obtain the associated kick-velocity. We find agreement with a previous derivation of the radiated momentum in [100]
at linear order in the spin; however, we disagree when it comes to spin-spin contributions, even for the simplest case
of binary black holes. We trace the difference to missing terms from finite-size effects. On the other hand, we readily
demonstrate the equivalence between the source multipole moments computed in [93, 94] within the EFT framework
and those rederived later in [95] using the approach in [42, 91], yielding complete agreement for the linear and bilinear
in spin radiative observables at NLO order among both formalisms. Our results here can be used to improve current
waveform models for spinning bodies, notably for elliptic-like orbits [101-103]. The derivation of the N2LO phase
evolution is underway.

This paper is organized as follows. In sec. II we briefly overview the steps to compute the necessary ingredients
to obtain the GW phase evolution in the EFT framework. In sec. III we start in the conservative sector and use
the gravitational potential in [43, 45, 46] to compute the conserved energy and angular momentum, as well as the
position of the CoM, at quadratic order in the spins and to NLO in the PN expansion. In sec. IV we move to the
radiation sector and compute the associated flux-balance equations using the source multipole moments bilinear in
spin obtained in [93, 94]. We also calculate the radiated fluxes of linear momentum and position of the CoM, and
derive the kick-velocity for (quasi-)circular orbits. In sec. V we use the results from previous sections to compute
the bilinear-in-spin accumulated phase to 3PN order. We conclude in sec. VI with a few remarks on future work.
We include several appendices with the coefficients of the lengthy expressions quoted in the main text. For the reader’s
convenience we add an ancillary file with the main results obtained with the aid of the xAct packages [104].

1 The use of ideas from particle physics has also been reinvigorated lately due the repurposing of novel techniques from the theory of
scattering amplitudes, e.g. [58, 59]. In parallel with an extension of the EFT approach to the post-Minkowskian regime [60-62], these
novel approaches have extended the knowledge of the binary dynamics in the conservative sector, both for nonspinning [63-73] and
spinning objects [74-83]. Radiation effects in the post-Minkowskian expansion have also been studied in e.g. [84-88].

2 The associated radiation-reaction spin-orbit and spin-spin effects in the dynamics have been computed at leading order in [96, 97].



II. EFT SETUP

Both the gravitational conservative dynamics and radiative multipole moments of spinning binary systems can be
obtained using the EFT formalism introduced in [43, 45, 46, 49, 56, 57, 93, 94, 98, 105]. We provide here a brief
overview of the EFT framework and encourage the reader to consult the more comprehensive reviews in [20, 21, 106]
for further details.

A. Point-particle theory

The main actor in the EFT approach is the point-particle action,

Z /RAdO'A,

A={1,2}

with 04 an affine parameter, which for the case of spinning bodies is written in terms of a Routhian,
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displayed here to quadratic order in the spins. The velocity is defined as v* = %, and wu are the Ricci rotation

coeflicients. The spin tensor, S#¥, has been projected onto a locally-flat frame, described by a tetrad field, e#, such
that S = e /Leg S#¥. There are also two curvature-dependent terms. The first ensures the preservation of the covarlant

spin supplementary condition (SSC), to the order we work here,
SPvap = SPefva, =0+ O(S%). (2)

The other one, depending on the electrlc component of the Weyl tensor, E,,,,, encapsulates the spin-induced quadrupole
moment of a rotating object. The C 5)2 parameters are so-called ‘Wilson coefficients,” which carry information about
the short-distance physics of the compact body, e.g. Cgg2 = 1 for Kerr black holes [45 46]. The ellipsis contains an
additional hierarchy of higher curvature corrections that include other finite-size multipolar corrections, beyond the
quadrupole, as well as extra pieces required to enforce the SSC.

The equations of motion (EoM) for each particle can then be obtained via

5S dSab o
5.’;:; ) dO'A = {SA 7RA} P (3)
with the spin algebra
{Szb’ Szd _ nac Ilad + nbdszc _ nadsgc _ T]bCSid. (4)

After the dynamical equations are obtained, the SSC in (2) may be enforced, enabling us to rewrite the EoM in
vectorial form. To the order we work in this paper, we have (B # A) [45, 46, 49]

. 9
S — (04 x Sa)f 4 2CME

i G i
((va —vB) x Sa) +—r3(SBr-SA—rSA-SB)+---, (5)
where r = x4 — g, and the spin three-vector is defined as

si, = Leikgir (6)

N | =

B. Long-distance worldline action

For the two-body problem in the inspiral regime the gravitational field is expanded around flat space in the weak-field
approximation,

Guv = Nuv + huu 5 (7)



where h,, is further split into potential, H,,, and radiation, h,,, modes scaling as (k% k)por ~ (1/r,v/r) and
(k% k)raa ~ (v/r,v/r), respectively [56]. The long-distance effective theory is obtained by ‘integrating out’ the
(off-shell) potential modes in a (classical) saddle-point approximation, and matching into a ‘long-distance’ worldline
theory, describing now the entire binary and depending only on the (on-shell) radiation field. The effective action
takes the generic form [98, 105]

Srad = /dcr\/(nw + i_LW)V“V" —PH(o)V¥(o)(1+ Xivi)i_zlw(a, X (o)) — %QZ‘B(U,X)Jaﬁ(o)V”(U)

(%2_51)!JSLTF(U)VL—QBWm(@X(U))ﬂ , (8)

1 _
+> (@ISLTF(U)VL—2EU1Q (0, X(0)) —
£=2

around the CoM, X (o), of the binary, with ¢ an affine parameter. Throughout this paper we use the notation
L =iy ---i7. All the barred quantities are evaluated on BW. The first terms represent the total four-momentum,
P* and angular momentum, J%?(t), of the binary, with V# its CoM velocity. The higher-order multipole moments
have electric-type, I*(t), and magnetic-type, JZ(¢), parity, and couple to derivatives of the electric and magnetic
components of the Weyl tensor, respectively. We have also kept the term proportional to X? at linear order in
derivatives, which will be useful later on to compute the position of the CoM. For most of the calculations, however,
it is sufficient to have the binary at the origin, i.e. X* = 0.

C. Gravitational potential
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FIG. 1: Topologies needed to match the gravitational potential to NLO (see text).

The gravitational potential (along with the kinetic term) may be obtained by matching the 00-component of the
one-point function. Alternatively, it can be read off from the ‘vacuum binding energy,” where the outgoing radiation
field is zero to zero.* Following the latter option, the relevant topologies are shown in Fig. 1 to NLO, where the
dashed line represents the potential mode, whose propagator is expanded as (k° < |k|)

i i (k9)?

(k0)2 — k2 k2 (1 + k2 + ) ) (9)
and subsequently truncated to the desired PN order. A similar power-counting also applies to the nonlinear couplings
involving time derivatives of the H,,, field, scaling as 09 H ., ~ (v/r)H,,. The Feynman rules for the worldline vertices
follow from the action/Routhian in (1), and include mass, spin, as well as finite-size and SSC-preserving contributions,
which are likewise also PN expanded in powers of the velocity. Once the potential is known, the EoM follow from (3),
which can afterwards be reduced to vectorial form using the SSC in (5). In principle, the gravitational potential also
depends on time derivatives of the position and spin variables. As it is standard, these are either integrated by parts
or reduced using lower-order EoM.

The procedure described above was carried out in [43, 45, 46, 49, 57] to NLO in the PN expansion and to quadratic
order in the spins. In Appendix A we provide expressions for the acceleration and spin EoM in the CoM frame to
3PN order.

3 Due the fact that both potential and radiation modes vary on the same time scales, the decoupling of short-distance effects occurs in
space, but not in time. As as a result, the action is endowed with time-dependent ‘Wilson coefficients’. The same type of description
can also be used to study absorption effects, e.g. [107-109].

4 In principle, radiation-reaction effects also contribute to the conservative binding energy through tail effects, e.g. [25, 110]. However, to
the order we work in this paper, we can safely ignore these type contributions.



D. Multipole moments
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FIG. 2: Topologies needed to match the one-point function to NLO (see text).

It is convenient, in order to compute the multipole moments, to first obtain their generic dependence on moments
of the (pseudo-)stress-energy tensor, which includes contributions from potential modes, and subsequently read off
the latter via a matching computation with the one-point function (see [98, 105] for details on this procedure).
The necessary topologies to NLO are shown in Fig. 2 where, once again, the Feynman rules for the vertices follow
from (1). In addition to the potential modes, which are integrated out, the wavy line represents the radiation field
that propagates to infinity.> Importantly, for the (momentum-conserving) interaction in the nonlinear cubic coupling,
between an incoming potential mode with three-momentum g and an outgoing radiation field with three-momentum
k, in addition to the expansion of potentials in quasi-instantaneous interaction we alluded before in (9) we must also
expand the outgoing potential mode as [56]

!

At the level of the action, the above is related to a Taylor expansion in (spatial) derivatives of the radiation field
around the CoM of the binary (placed at the origin) [56, 98]

l_LW(t,a:) = }_Ll“,(t, 0) + @Ew(t, 0)x' +---. (11)

The procedure described here was carried out in [93, 94] to NLO in the PN expansion, and to linear and bilinear order
in the spins. Together with the gravitational potential, the multipole moments are the last ingredient to compute all
the GW fluxes. For completeness, we summarize in Appendix A the resulting multipoles in the CoM frame.

III. ADIABATIC INVARIANTS

Using the results for the gravitational potential it is straightforward to compute the conserved quantities of the
system, which do not evolve in time when radiation fluxes are turned off. These are the objects, such as the binding
energy and total angular momentum, that will be part of the balance equations in an adiabatic expansion, valid
during the insipiral regime. It is somewhat convenient to express the values for these quantities in the CoM frame.
This is achieved by first computing the binary’s CoM, the same way we extract the multipoles, and then solving for
the coordinates using the condition X? = 0. Using the notation » = x; — » and v = , we have solutions which can
be PN expanded in the form

x) = HQ ' +0ripny + 07050 T 0TLoss T (12a)
7 ma 7 .q .G . g
v = H v+ 6T1PN + 6TLO-SO + 6TLO-SS + ey (12b)

5 Notice that the leading contribution is simply from the mass coupling to the radiation field in (1). This means that the NLO correction
entails only ‘tree-level’ potential exchanges, unlike the derivation of the gravitational potential in Fig. 1 which requires ‘one-loop’
diagrams.



with m = my 4+ mo, and similarly for the companion. To the order we work in this paper we find the known values
(e.g. [111, 112)),

MPN:%N( 2_G7m>, (13a)
; v ,
0rLo.s0 = —(v x X)), (13b)
m
Irioss =0, (130
with v = ™2 § = Mu—M2 554
52 Sl
2= 13d
m(mQ ml) ’ ( )
while for the velocities we have
T Gm\ Gmdv .
? P ) 2 _ .
ovipy = 5 Y (v " ) T (13¢)
i Gv ;
0vL0.50 = N (nx %), 136)

with n = r/r. The latter expressions follow by taking time derivatives of the position and using lower-order EoM.
For the remainder of the paper we will often quote the final results in terms of (13d) and the total spin
S=5+5;. (13g)

For completeness, we also provide expressions for the 3PN correction at quadratic order in the spins in section III C,
which will be useful to express conserved quantities in the CoM frame at higher orders. The NLO spin-orbit correction
was computed in [99)].

A. Binding energy

From the gravitational potential we can derive the binding energy following the standard Euler-Lagrange procedure,
yielding

E = Ex + Eipx + Ero-so + | Eepn + Ero-ss | + EnLo-so + | Ezpx + ENLO—SS] +e (14)

in a PN expansion. The computation is often lengthy but straightforward. Using the potential in [49], the spin-orbit
binding energy in the CoM at NLO was computed in [99], confirming the old result in [112]. We compute here, using
the results first obtained in [43, 45, 46], the contribution to the CoM binding energy to 3PN and quadratic order in
the spins. We find

Gv1l ,
Eross = —3 Je; (15)
Gv|l, Gm1l 4
ENLO-SS:F 8€6+T466‘|7 (16)

where the eJ, €2, ef coefficients are displayed in Appendix B. After rewriting the answer in terms of the conserved-norm

spin variable,®

2

the NLO result in (16) is completely equivalent to the derivation in [95]. This is expected, since the results in [95]
for the binding energy are obtained after confirming the equivalence with the value of the gravitational potential first
computed in [45, 46]).

Sc:<1—02>5—|—;(v-5’)v+---, (17)

6 We only quote the terms which are needed to match the multipoles. The reader should keep in mind, however, that higher-order
corrections are necessary to achieve a precession form for the spin EoM; see, e.g. [45, 46, 49].



1. Nonprecessing (quasi-)circular orbits

Many of the above expressions drastically simplify for the case of circular orbits, which we expect to provide a large
fraction of the relevant sources of GWs once the binary enters the frequency band of present and future ground-based
detectors. We proceed using the basis of vectors {n, A, £}, defined by

L= % , (18a)
A=L€xn, (18b)
and n the radial unit vector. Following the nonspinning case, we seek (quasi-)circular orbits obeying
62—7: =w(t) A, (19a)
% =—-w(t)n, (19b)
% =0. (19¢)

The reader will immediately notice that these conditions cannot be fulfilled when spin effects are included, since
only the total angular momentum is conserved.” Hence, we must enforce additional constraints in order to find
(quasi-)circular orbits. We use the ‘aligned-spin’ simplifications

n-S4=0, (20a)
A-Su=0, (20b)
S1 xS =0, (20c)

to ensure the orbit is confined to the plane. In order to guarantee these are valid throughout the entire evolution of
the binary, their time derivatives must also be consistent with the EoM to the desired PN order. The above conditions
then imply that the spin vectors must be aligned with the orbital angular momentum,

Sa =S4l (21)

and remain constant in time (SLQ = 0).8 Moreover, because the radius is also constant (7 = 0), there must be a
direct relationship between the latter and the orbital frequency, which also obeys w = 0 as long as fluxes are ignored.
Introducing the PN parameter = = (Gmw)?/?, we find

Gm 9 v /% /5
— = 1—= — (-S5+6% 22
( r )N+1PN+LO—SO v ( 3)+Gm2(3 * )’ (22)
and for the spin-spin contributions we have
Gm a3 9 9
( . )ss:4G2m4 (—4—2k )82+ (40425 —205) (SD) + (6K — ki + (A+2K)1) S
x? 9
+36C;,27n4|:<74—4261€—24I€++(—48—24K,+>V)S

+ (786 — 18k + 185k + (485 +192Kk_ — 246 k1) v)(SE)

4+ (36 =90k +9ky + (—90+ 546K — T2k ) v+ (48 4+ 24k ) 1) B2, (23)

7 When only spin-orbit corrections are included at leading order, orbits with 7 = 0 are still possible but not restricted to the plane.

8 Notice that the covariant spin vector varies with time in generic orbits. However, since ©2 = 0 for (quasi-)circular orbits when radiation-
damping is omitted, the difference between S and S, in (17) is simply an overall rescaling. Therefore, both vectors remain constant in
time when initially aligned with the orbital angular momentum.



where we use the notation (AB) = A - B (for A # B) adopted in, e.g. [95]. We also introduced the finite-size

parameters Ky = CS;Q + ngg. Replacing the expression (23) into (16), we finally get the binding energy for
(quasi-)circular orbits as a function of the orbital frequency,

3

- v
(E)gs = errs ((4+2n+)s2+ (40 —2K_ +26K1) (SE)+ (— 0k + Ky + (—4—2n+)y)) 2
rty 9
+ s ((—236+785n_+132/4++ (12+6k,)v) S

+ (—3366 —5dk_ +546ky + (120 —318k_ + 60 k4) V) (ST)
+ (—180— 270 k- + 27Ky + (396 — 816 K_ +2Tkhy) v+ (12— 6ky) V) 22). (24)

We can also transform the above expression as function of the conserved-norm spin vector. Using (17) we have,

£C3V

(E)SS =icios (442K4) 824 (46 —2K_ +28k4) (ScBe) + (— 0k + ky + (—4— 2Ky ) v) X2

N v
72G?m3

+ (—3006 —90k_ +906 ks + (=605 —210K_ — 300 k1) v) (Se Ze)

[(200+605/<_+1505++ (—60 — 30 1) v) S2

+ (—180—456k_ +45K; + (360 — 455Kk — 45k ) v+ (60 + 30k ) v°) B2, (25)

which agrees with the result in [95].

B. Orbital angular momentum

The orbital angular momentum can be obtained either by matching the one-point function to the long-distance
action in (8), or by obtaining the Noether current using the gravitational potential. Following the latter, we arrive at
an expression that can likewise be PN expanded as

L' = Ly + Lipy + Lioso + [LéPN + Lio.ss | + Livoso + |:L?5PN + Liross| + 5 (26)
where
L=vmr(nxv), (27a)
: (Gm(3 1-3v)v?
LﬁPN:ymr(nxv)z< m(r—|—l/)+ ( QV)U ), (27Db)
i Gmv ( i i i
Lo.so = n' (3(nS)+ d(nX)) —38" - 4% ) ) (27¢)
Lioss=0. (27d)
At 2.5PN and 3PN order, respectively, we have
. Gmv Gm
L = Q4+ =g 2
NLO-SO 5y { 51 . 5}» (28)
i Gmv
NLOSS T 5,3 g . (29)

The lengthy expression for the £2, 2 and 9 coefficients can be found in Appendix B. Notice that in the orbital angular
momentum, there is no spin-spin contribution at 2PN order. The 3PN expression for the spin-spin orbital angular
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momentum is presented here for the first time. We have explicitly confirmed that the evolution of the total angular
momentum obeys

d . .
%(Lz +S)=0, (30)

using the EoM deriving from the gravitational potential to 3PN order [43, 45, 46, 49, 57], which provides a nontrivial
check of our result.

C. Center-of-mass position

Finally, we also compute the correction to the CoM position. This is achieved, as we discussed in section III,
by matching the one-point function to the effective action in (8) and reading off the position of the CoM, X", by
expanding in the soft-radiation mode at linear order k. We arrive at

(X")Lo-ss =0, (31)
Gv

82

+ 2°[6(2 = 6k + £y ) (nS) + 6(k—(—1+2v) + 6k ) (nD)]

+n'[(k- — 40V + 0k4 (=1 — 20)) 2% + ((4 — 16v) + 20K_ + 2k, (—1 — 4v)) (S)

+ (46 + 4K_ + 2654) 8% + (—126 — 65k ) (nS5)>

+ (12(=144v) + 60k_ + 6k4 (=1 + 4v)) (nS)(nX)

m (X")NLo-ss = {Si [~126_(nS) + 6(~2 — 6k + K1) (n2)]

+ (120v + 3k (1 — 4v) + 3(—1 +2y)5n+)(n2)2]}, (32)

from which we find the correction to (12a) given by
(67" )NLo-ss = ST (12k_ (nS) 4+ (12+60k_ — 6£4) (nX))
+ 3 [(—4—#655,—6f~c+)(n5’)+(—6§n++ K (6 —12v)) (nE)}
+ n [(12§+65n+) (nS)2 + (1262 — 65k + 682 14) (nS) (nX)
+ (=38 Ko+ ke (3—6v) —126v) (nD)2 + (45 —4dr_ —25k) S?
+(—20K +A(=3+4v)+ ry (24 80)) (SD) + (— ki +40v+ iy (6+200)) 22} . (33)

IV. FLUX-BALANCE LAWS

In this section we use the source multipole moments from [93] together with the EoM in [43, 45, 46, 49, 57|
to compute the flux-balance equations for the binding energy, linear momentum, and angular momentum to 3PN
order. We do not include the contribution from the (spin-orbit) tail term, which corrects the radiative multipole
moments [93, 94], whose effect can be found in, e.g. [113]. The detailed expressions for generic orbits are lengthy and
relegated to Appendix C. Explicit results are given in the main text for the case of nonprecessing (quasi-)circular
orbits.

A. Binding energy

For the computation of the energy flux we use the well-known formula, e.g., [98]

16 5 5
191 + 5 35 15+ S TG+ gy T T+ - ) : (34)

dE _ G
it~ 5

189 ijkijk 84 ijk Yijk
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in terms of the source multipole moments. The explicit expression for the latter are given in Appendix A in the CoM
frame. The time derivatives are order-reduced using the EoM, also found in Appendix A. The result can be expanded
in the PN expansion,

0= ()7 () () ™ L) (7)o
dt dt N dt 1PN dt LO-SO dt 2PN dt LO-SS

dE dE dE
+( = +{=) +(= oo (35)
dt NLO-SO dt 3PN dt NLO-SS

and keeping only spin-spin contributions to the leading order, we find
3 2.2
(iﬁ) T Gm% [ (696 + 348 k1) (nS) (nv) (vS)
+ (3486 — 174 Kk_ + 1745 k) (nw) (nX) (0S) + (=144 — 72k, ) (vS)?
+ 8% ((312 + 156 k1) (nv)? + (—288 — 144 k) v?)
+ (nS)? ((—1632 — 816 k) (nv)? + (1008 + 504 k) v?)
+ (%) ((3126 — 156 K + 156 0 154 ) (nv)? + (—2880 + 14d k_ — 1446 k4 ) v?)

+ (nS) (nX) ((—16326 4+ 816 K — 8165 14 ) (nv)? + (10086 — 504 k_ + 5040 1) v?)

+ (nD)? [ (—9+4080k_ + 16320 + 408 k4 (—1 4 2v)) (nv)?

+ (= 2526k + Ky (252 — 504v) — 1008 1) vﬂ

+ (3486 — 174k + 1746 ky) (nS) (nv) (vE) + (6 — 1746 K + ry (174 — 348 ) — 696 1) (nv) (nS) (V)
+ (—1446 +72k5_ — 720 k4) (vS) (WE) + (— 1+ 360k + 14dv + Ky (=36 + 72v)) (vE)?

+ [(—9-780k + Ky (78— 156v) — 3120) (n0)?

+ (- 3+725n,+288y+725+(—1+2u))v2} 22} (36)

At 3PN order, we have

dE GPm2v2 [, Gm ., G*m? ,
dt. - 37
( dt >NLO—SS 10576 |:f6 + r 'f6 + r2 f6 ) ( )

with the value of the f§, f& and f& coefficients given in Appendix C. After using the transformation in (17), we have
checked that the above expression is equivalent to the one obtained in [95].

1. Nonprecessing (quasi-)circular orbits

We consider here the case of aligned-spin (quasi-)circular orbits. Since radiation-reaction effects first enter at 2.5PN
order beyond the leading effects, namely at 4PN and 4.5PN for spin-orbit and spin-spin contributions, respectively,
we can safely ignore them here while working to 3PN order. Hence, we can consistently replace # = 0 and v? = r? w?
in (36) and (37) to obtain the emitted radiation. However, we must still face a radiation-reaction force which may
induce the precession of the orbital plane. Even though the precession effects might be small, d€/dt < O(v®), these
may accumulate over time. Nonadiabatic methods, such as dynamical renormalization group, offer an alternative
approach that remains valid over a longer time-scale by resumming secular effects [114, 115]. In this work, however,

we restrict our results to time scales shorter than those induced by the secular evolution of the orbital plane. We find

dE 2

(dt> :—?S)Giim[(élJer‘_)SQ (45—25_+25n+)(52)+(Tltjfén_+ﬂ++(f4f2n+)y)22}
3228 12
~ s [ (B o~ e+ (CF - Fw)y)S°
+(—%5+%m_ Blory+ (-8o—-Hr —Bsr)v)(S%)

(B en - M+ (B Bok + k)t (B4 B ry)t) 3 (38)
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or in terms of the conserved-norm spin vectors,

7,2
<dE> _ 322w [(4+2/<;+)Sg—|—(45—2/<;,+25/<;+)(SCEC)+(%—5/{,+/€++(—4—2n+)1/)23]
SS

dt C5G3mA
322%v? 5239 | 41 271 43 43 2
TR me [(_W"Fﬁ‘s’i*_ﬁfﬂ"' (=% =2 r)v)Se
P B - Pkt (ot b - B ok0) (52
+ (*%+%5/€_*%H++ (%Jr‘ll—chﬁ_wL%m_)unL (%+%n+)y2)23] (39)

B. Angular momentum

The source multipoles allow us also to compute the radiated angular momentum via

dJ' iab (2 2 ;3 , 32 22 ;3 L ) ;@
7t =—Ge <5Iaj I,; +£Jaj Jy; +@Iajklbjk

1 3 ;a4
+28Jaij§j,1+~~~>, (40)

which may be also expanded into PN contributions as
dJi_(dJi) +<dJi> +<dJi> +{<dJi) +<dJi> }_}_(dJi)
dt dt Jy dt /1pn dt ) Lo-s0 dt ] 3pn dt ) Lo-ss dt /) NnLo-so

) () a

For completeness, we include here both the spin-orbit and spin-spin terms to NLO in the PN expansion. The results
can be written as

dJ’ GEPm2v? [ Gm 4, G*m? ,,;
< dt) = T8 93 "‘479% +38 2 93 :|a (42)
LO-SO L
dJ? G*mv? [ ,; Gm 4,
= TV i T oL 13
( dt )LO-SS 5rd {94 R }’ (43)
dJ’ GPm2vA [ o Gm {; G*m? ,, G*m3 4,
( 7 >NLO w© = T s | P + 95 + 95 + 595 :|7 (44)
dJ? G*mv?[1 o, Gm1l , G*m?*1 ,,
_ Y o 04 e 4 i - i 45
<dt )mo.ss 3514 [296 T 3%t g% } (45)

with the géo’l’z)i7 gio’l)i, gé0’1’2’3)i and géo’l’z)i coefficients displayed in Appendix C. The leading order spin-orbit and
spin-spin expressions agree with corresponding results in [100, 111].
As a nontrivial check, we have verified that the relationship
ar _1dE,,
dt  w dt

holds for spin effects to 3PN order for nonprecessing (quasi-)circular orbits.

(46)

C. Linear momentum & Center-of-mass

Finally, we can compute the flux associated with linear momentum and CoM of the binary systems, which evolve
due to the emission of GWs according to, e.g. [116],

dP' 2 @ 16 @, L@ w4 @ e
a :_G<63Iijk‘[jk + gl T+ g ik Ljm Toim + gz i 0 ) (47)

and (with G = mX?)

el
dt

i L o370 _ @@y, 2 (10) 18 _ 1) 5(2)
P —G(Ql(lijkljk —IijkIjk)+ﬁ(Jiijjk — TSI + ), (48)



13

respectively. We can once again expand in various PN contributions,

dP? B (dPi) n <dPi) n <dPi> N (dP’) n [(dPi) N <dPi> ] n (49)
dt dt ) px dt /1050 dt ) opn dt ) x1o-so dt ) 3pn dt ) 10.ss 7

aIld llke W lse7
1PN 2PN LO-SO |: 3PN LO-SS

Unfortunately, we do not have all the necessary source multipoles to complete the spin corrections to NLO in the
CoM, notably missing the NLO corrections to J;;, and therefore for the purpose of this paper we will keep spin-spin
effects at leading order. We do, however, have all the information to compute the NLO spin-orbit contributions to
the linear momentum. Inputing the source multipoles we find, in the CoM frame,®

dP? 8G3m*2 [ ,/ 8Gm 9 5 i 12Gm 5 5
( g >1PN = =05 -v <— . + 38(nv)* — 50v ) +n (nv)(r —45(nv)* 4+ 55v )} , (1)
pi 3,3, 2T , , ;
(d > - —SG# 4(nv) (v x ) —2(n x D)\ v? + (nxv) (=3 (n0) (n) — 2 (vz))} (52)
dt ) 1o.s0 157 i
i 3,032 T 2,2
(dP) _ 4G m5u hgi—i—Gmhéi—i—G ;n hgi], (53)
dt /) NLO-sO 945 r i r r
dP’ 2G3m2vA [ o, Gm 4,
LO-SS r L r

whereas for the CoM position we have

(dGz) B _,Ui (246G3m4y2 (nv) 46 G?m3 v? (’I’L’l}) (15 (77/(1)2 _29'02)>
1PN

dt 3573 10572
i (_ 160G *md 2 45G3m* 12 (89 (nw)? — 101 v?)
3574 10573
A G?m3 12 (225 (nv)* — 366 (nv)? v + 113 ('v2)2)> (55)
10572 ’
dG? G?m? 2 . Gm . G*m? .
= — kP 2=k 48 k2|, 56
< dt >LO-SO 1053 [ 5 1 ro 0 + 72 5 (56)
dG* G?mv?  Gm ., G*m? .
__ - 7 k(] [ kl 7 k2 7 . 57
< dt )LO_SS 105 r4 { 6 T r 6 + 72 6 (57)
The explicit expressions for the hg0’1’2)i, héo’l)i and k’éo’l’z)i, kéo’l’z)i coefficients are collected in Appendix C.

The calculation of the radiated linear momentum was also computed in [100], using the earlier results in [42, 91].
After transforming from the locally-flat and PN frames, through the relationship [46]

_ 2 G
SA:< LY TB>SA+('UA'SA)'UA+"" (58)

we find agreement for spin-orbit contributions to NLO in the PN expansion. However, we disagree on the spin-spin
corrections for generic orbits. We have explicitly checked that the difference is due to the omission of the finite-size
contributions to the current quadrupole and mass octupole moments.

9 Technically speaking, the condition X = 0 for the CoM frame becomes more subtle once we allow for non-inertial motion, due to GW
emission. However, these effects can be ignored to 3PN order thanks to its non-secular behavior, i.e. X = (9(:(:7/2)7 see e.g. [117].
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1. Nonprecessing (quasi-)circular orbits

The above expressions take on a much simpler form for the case of (quasi-)circular orbits. Using the conserved-norm
spin vector, they become

dpP? A2 33625 (3 0) 75206 (S, £) (1608 — 9888 v) (X ¢)
=27 ) (=13926211/2 1 ... c 7 c c
dt 315G{( 8920077 4 ) + Gm? e ( G'm? Gm? )
15/2 69600 240k_ 34800 K4 9
+ TGZmA T 2mrt T GZmA c
32400 k- 120K4 (—27+116v) 48(—181 + 580v)
(St 4 o LI 00, RO (513
2406 (-3+29v) 600k (—274+58v) 60k_ (—27+ 112v) 9
+ ( Iy + i — T b3 4+ (59)

for the linear momentum including leading spin-spin and up to NLO spin-orbit effects, whereas for the center-of-mass
position we have

dgi = _anIZ;)m {(—4068 Szt o) + /2 (2182(2;%250 f)  18(—439 21;1;1 v) (X f)) (60)
2| (- ot + o~ ) 82 o)
<1oz4227if 180 (1(1; ;12152 V) L 18y (—ggsint 2260 u)) (5.5.) ©2)
< 180 5G2;;13 v) 96k, (_GE)S??; 1130v)  9rk_ (—262977—;42268 1/)> 24 } L )

2.  Kick-velocity

An application of the above formula for the linear momentum flux is the derivation of the kick-velocity, V;% .,

obtained via
. 1 [t dP?
A— 4
Via= 5 | dt(dt) (64)

which we compute taking advantage of the relation in (19a). Performing the integration with the boundary condition
xz =0 at t = —o0, we arrive at

/2,2 ( _ B
Vi . 1629/2 12 (8, 0) N 8x /v < 9406 (S, ) + 3 (=67 +412v) (X, £)>
M 15G m? ARt

8 (2 K—+296(2+ K+)) 282 812 ( — 362+ 1350 k_ +1160v + 5 K4 (—27 + 116 V)) (Sc2e)

6 —
Tt 21 G2 mt 105 G2 m?

412 [5 (12+ Ky (27 — 58 ) — 116u) + R (=27 + 112 y)} 2

* 21 G2 m4 ’

(65)
where we have written the final expression in terms of the conserved-norm spin vectors. A similar result is given in
[100], with full agreement in the spin-orbit sector. Yet, the disagreement for spin-spin contributions remains.
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V. ACCUMULATED PHASE

Armed with the binding energy and radiated flux it is straightforward to compute the accumulated phase. Because,
the norm of the covariant spin variables are not conserved during the radiation-reaction timescale, we provide here
expressions in terms of the conserved-norm spin variable. We first obtain the evolution of the orbital frequency in
time over a period,

@ —L/Q{(IQQ—FQG/{ YU 82+ (1920 —96K_ + 960 k4 ) v (S. )
w2 SS_G2m4 + [¢ - + c ~c

+ ((g — 485Kk + 48k v+ (—192 — 96@)1/2) 23}

211/2

T

102072 886 10156 4128 2064 2 2
[<( 5 T o5 OR-t+ g kvt (=55 = St kv ) S

+ ((14%206—%32/{—?525—1—32246/{+N/+ (—415285—185645—205646/$+)l/2> (Se Xe)

+ ((7§912g7f5n_+1§§7n+)1/+ (774732569 +%5n_f%n+)yz+ (41528+20564n+)1/3> 23} (66)

Hence, performing the standard integration,
t
¢ = /dtw(t) = /dw# (67)

we arrive at

£—5/2

2 2
(Ad)ss = 35,7 {x [(—50 ~25k4) 82+ (=500 + 25k — 250 k) (Sc Be)
+ (156+2255n_225ﬁ++ (5O+25“+)V> 22]

+ 23 [ ( — —31%5 + 2421% Ok_ + —1586435 ke + (60+30k) l/) S?

N (-95}5_-ﬁgﬁm+-g%5am++-moa_2§ﬁﬁ+305K9L)<scza

+(Jﬁﬁﬂgwm+@§u+ﬁ%—ﬁ%m—%%gwwﬁmwuwﬁﬂw,w&
which agrees with the result in [95].

VI. CONCLUSIONS

Building upon the quadratic-in-spin conservative and dissipative results obtained using the EFT approach in [43, 45,
46, 93, 94] to NLO in the PN expansion, in this paper we have completed the derivation of the EoM, adiabatic invariants
and associated flux-balance equations for the energy and angular momentum of binary systems with spinning compact
objects. We then used these results to compute the bilinear-in-spin evolution of the orbital frequency and accumulated
phase for (quasi-)circular orbits to 3PN order, including finite-size effects, finding agreement with the value presented
in [95]. This is not surprising since, after all, the gravitational potential computed in [95] was shown to be equivalent to
the ones previously obtained in the EFT [43, 45, 46] and ADM [74, 75] approaches; and moreover, as we demonstrated
here, the source multipole moments in [95] are in complete agreement with those derived before in [93], after the latter
are expressed in terms of conserved-norm spin variables.

Our results here include also the angular momentum flux for the first time, which is necessary to compute the phase
evolution in elliptic-like orbits, allowing us to incorporate spin effects in the waveforms for generic configurations
[101, 102], thus extending the validity of the PN approximation towards higher frequencies. This will be crucial
for proper data analysis with spinning binaries, since eccentricity can rapidly deteriorate the accuracy of waveforms



16

relying on (quasi-)circular approximations [103]. Using the source multipoles and EoM we have also computed the
radiated flux of linear momentum, with which we obtained the kick-velocity for (quasi-)circular orbits, including linear
and bilinear spin effects to NLO and leading order, respectively. While perfect agreement is found with an earlier
derivation in [100] for spin-orbit effects, unfortunately we disagree in the spin-spin sector even for the case of black
holes (with k3 = 1). We trace the discrepancy to finite-size contributions in the current quadrupole and mass octupole
moments which were not included in the derivation in [100]. As it turns out, only the quadratic-in-spin correction to
Jikr at NLO is missing to complete the value of the kick-velocity at the same order. We are currently performing this
calculation. Moreover, building on the recent rederivation of the spin-independent radiated fluxes at 2PN in [118], it
is straightforward to continue pushing forward at the next order for spin effects in the EFT approach. The derivation
of GW observables to N2LO is underway.
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Appendix A: Equations of motion & Source multipoles

We summarize here the values for the spin-spin contributions to the acceleration and spin dynamics as well as the
source multipole moments in the covariant SSC, first computed to NLO in [43, 45, 46, 49] and [93] within the EFT
approach, respectively. As in the main text we use the short-hand notation (AB) = A - B whenever A # B, as well
as (ABC) = A - (B x C), throughout the appendices.

1. Acceleration
Spin effects in the acceleration enter at different PN orders,

a =aN + aipN +arLo-so + | azpN + aLO-SS} + anro-so + | aspy + anro-ss | + -+, (Ala)

where at Newtonian and 1PN order we have

. Gmn'

ay = — r2 ) (Alb)
; 2Gm (=2 + v) (nv) v J12G2m?2(2+v)  Gm(3v((nv)? —20?) —2v?
apN = ( 2 ) (n0) +n r§ )+ ( 5,2 )} (Alc)

The leading order spin-spin acceleration is given by

G 3

alo.ss = —i7 ((—8—4k4) (nS)+ (—46+2k_ —26k4) (nX)) S

+ [(_45+2n_ —25ky) (nS) + (26K +8v+ Ky (—2+4v)) (nZ)} »i

+ n' {(20+10n+) (nS)* + (206 —10K_ + 105 k4) (nS) (nE) + (=56 k- + k4 (5—10v) —20v) (nX)?

+ (—4-25K4) 8+ (46 + 2k —26k4) (ST) + (6h- +4v+ Ky (—142v)) 22} ) (A2)

while we write the NLO correction as

1 .. 1 ..
A5+GZ”2A;], (A3)
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with
Al = g { (724360 k_ — 36k, (nv) (vS) + (nS){( — 606k +120v + 60 k4 (1+ 1)) (nv)>
4 (= 24k (1+40)—24(1+8)) '02] + (@){(605(—%L V) 308Ky (24 1)
+ k(=60 +901)) (nv)? + (= 126k, (1+4v) — 125 (—1 +8v) + r_ (12 + 481)) vﬂ
+ (1206 — 36 0 ky + K (36 — T2v)) (nv) (’UE)} + 3 {(486 — 366 k4 + K- (36 — T2v)) (nv) (vS)

+ (nS) {(6051/+305n+ 2+ ) + ki (=60 + 901)) (nv)?
=126k (1+40) — 120 (1+80) + £ (12+48u))112} + (nZ)[(?)om_ (=24 1) — 120 (—1 + v)?
—30ks (—245v+202) (n)? + (126 k- (1 +4v) + 1264 (=1 +20) (1 +4v) +24 (1 — v + 817)) v2]

96 — 360k (—14 v) —264v +36 k4 (—1+3v)) (nv) (UE)} + u"{(mo Ky (=24 v) +240v) (nS)? (nv)

(

(—120K— (=2 + v) + 1208 K4 (=2 + v) 4+ 2406 (1 + v)) (nS) (nv) (nX)

(608K (—2+ ) — 60k (—2+ v) (=1 +2v) — 240 (—1 4+ 2v + %)) (nv) (nX)?

(=126 K- + K4 (60 —24v) — 48 (1 + v)) (nw) S?

(—240k4 (=3+ v)+72k5_ (=14 v) — 4856 (3 + v)) (nv) (S%)

(72+ 126K +/€+(84 24v) — 48v) (nS) (vS) + (— 126 Ky (=3 + v) —246v — 12k_ (34 v)) (nX) (vS)
(—126kK4 (—3+ v) =246 (—14 v) = 126_ (3+ v)) (nS) (vX)

(—366k_ +12/£+(3 6v+20%) +24(—2+ v +212)) (nE) (vE)

(

1205 (—3+20) +48 (=24 5v+ 1v2) + 12k, (3 — 8v +212)) (nv)22}

+ o+ + + o+

+ n' { (=360 — 606 K + 60 £4) (nS) (nv) (vS) + (— 2406 + 606 Ky 4+ 60K_ (=1 4 2v)) (nv) (nX) (vS)

+ (126 K- +12k4 (14 v) +24(3+ v)) (vS)* + (nS) (nX) { (—4206v +210k_ v — 2100 k4 v) (nv)?
+(—360/<;,V+2406/<c+1/+605(1+81/))v2}+(nS)2[(—4201/—210/<c+1/)(nv)2+(305%;,—1—60(14—81/)
+30k, (1 +8u))v2} + (n2)2{(1055/<_y+420y2 +105 k4 v (—1+2v)) (nv)?
+(—1506f£,u—301§+y(—5+8u)—601/(1+8V))v2]+.5'2 [(305m,+30m+(—1+u)+60(2+u)) (nv)?
(= 126k — 48k v —12(3+82)) v2] + (S2)[ (k- (60 = 150) +308 4 (~2+ 1) + 606 (4 + ) (n0)?
128% Kk, — 125 (54+8v) + k_ (— 12+96y))vﬂ+(—3605+605n++60m_(—1+2u))(nS)(nv)(UZ)

+

(

(K4 (60 —180v) + 605k (=14 v) + 120 (=2 + 7v)) (nv) (nX) (vE)
(F— (24— 60v) + 120 ky (=2+ v) + 246 (5 + v)) (v5) (vE)
(=66r_(—2+3v)—24(—2+Tv+ v*) — 64 (2—Tv+20%)) (v5)°
(

+ o+ + o+ +

(—=156K_ (=2+3v)—60(—2+6v+ v*) =15k (2— Tv+207%)) (w)?

+ (66K (—1+6v)+6ky (1 —8v+8v%) +12(—2+ Tv +81?)) »u?} 22}, (Ada)

Al =g [(82—125n,+36y+185+ (24 1)) (nS) + (185 (2+ v) + 35Ky (8+31) + 3k (—8+51)) (nE)}
+ 3 [(66(7+3I/)+35/<;+ (8+30)+3k_ (—8+5v)) (nS)

+ (30K (=8+ v) =20 (37 +18v) — 3k (—8+ 17w + 612)) (nE)}
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+ [(245#;, — 484y (24 v) — 6(35+ 160)) (nS)>

+ (k- (120 —48v) — 246Ky (5+2v) — 65 (33 +16v)) (nS) (nX)

+ (608K +6v (31 +16v) + 1264 (=5 +10v +41%)) (D)2 + (=46 k_ + 1064 (2+ v) +4(9+ 5v)) S?
+ (6K_ (—4+v)+40(9+5v)+25ky (12+50)) (ST)

+(

— k(124 1) —4v(9+5v) + ky (12— 230 — 1012)) 22} . (Adb)

2. Spin dynamics

In terms of the covariant spin vector, without yet transforming to a conserved-norm spin, the evolution equation is
given by

sy [ 3 Gm3 (nv) St n 2G mq mg (nSy) v N 2G m3 (nS;) v ~ 2Gmimo n' (vSy) 3 Gm3n' (vS;)
dt mr? mr? mr? mr? mr?

LO SO

3 C“

N ne2Gma (nx S1)" (nS) N 3G (n x 81)% (nSs) n G (81 x 8y)°

myrs r3 73

LO SS
dG*mmavn® (nSy) (nw) n G? mym3 (nv) St n §GZmmgv (nv) St n 3G m?m3 (nv)® St

+_

2r3 mr3 r3 2m3r?
_ G*mimg(nS)v'  3Gmim3(nSi)v'  GPmi(nS1)v' 3G mimy (nS:) (nv)® v
mr3 2mr3 2mpr3 m3r2
3GmIm3 (nS1) (nw)? vt Gm2mi(nv) Siv?  Gmim3 (nw) Siv?  §Gmav (nv) Siv?
a m3r2 B m3r2 a m3r2 a 2r2
2G m3may (nSy)viv?  4Gm2m3 (nS))viv:  2Gmim3 (nS1)viv?  GZm2mant (vS)
+ + + +
m3r? m3r2 m3r2 mr3
G?*mim3n’ (vS1)  GZmin'(vS)) 3 §G?*mmovnt (vSy) N 3G m3 mant (nv)? (vSy)
2mr3 2mr3 2r3 m3r2
. 3G mIm3n' (nv)? (vS) _ Gm3m3 (nv) v’ (vS) Gmy m3 (nv) v® (vS1) _2G m3 maniv? (vS;)
2m3r2 m3r2 m3r2 m3r2
o 2G m2m3n‘v? (vS;) n G mavntv? (vSy)
m3r? 272
NLO SO
G?man' (nS15:)  G?mivnt (nS1S:)  G?maovnt(nS1S:)  2G?ma (n x S1)* (nSy)
|- 4 + 4 + 4 o 4
T r T r
C3CHLGEmy (nx 81) (nS1)  12CTLGEmE (n x 81)' (n$1)  9G2m (n x S1) (nSh)
r4 myrs r4
GZmy (n x 81)i (nSy)  15CULGmE (n x 81)' (nS1) (nv)2  15G myma (n x 817 (nS2) (nv)?
+ + +
r4 2m?2r3 2m?2r3
3G2 m (Sl X Sg)l G2 mo (Sl X Sg)i 3Gm% (ﬂU)Q (Sl X Sg)z SGm1 mo (m})2 (Sl X Sg)i
— + — —
r4 r4 m2r3 2m?2r3
3G m32 (nv) St (S1nv) n 3G my my (nv) St (Sgnv) 3G'm3 (nv) S (Sanwv)
mmyrs m2r3 m2r3
3G my mg (nS152) (n )v CS;szg (nS1) (Synv) v* ~ 6G'myma (nSy) (S2nv) v’ 3G m32 (nSy) (Senv) vt
m2r3 m2myr3 m2r3 m2r3
901(51;2Gm1 my (n x 81) (nS1)v? 21 C’S;szQ (n x 81)" (nSy)v? QCS;ZGmg (n x S1)" (nSy)v?
+ + (
2m?2r3 2m2r3 2m2mqrs3

3Gm1 (n x 81)" (nS2)v?  9G myms (n x S1)* (nSs)v? 2G’ m?2 (S1 x 82)w?  5G myma (81 x S3)tv?
+ +
m2r3 2m?2r3 m2r3 2m?2r3
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6CHLGM3 (nS) () (v x 81)"  6CLLGmE (nS)) () (v x S1)' 3G m} (nSs) (nv) (v x 1)
m2r3 m2myr3 m2r3
3G'my ma (nS2) (nv) (v x 81)° 3G mymav® (vS51S2)  Gmivt (vS152) CSSszQ (n x S1)" (nv) (vS1)
B m2r3 B m2r3 B m2r3 B m2r3
B 3Gm2 (n x 81) (nw) (vSy) 3C£Q2Gm2 (n x 81)" (nv) (vS1) B 6G m2n' (Synv) (vSy)
mmyr? m?2myr3 mmqr3
30“ 2Gm3 (v x $1)' (v81) | 3GmE (v x S (v51) , 30ULGm3 (v x 81) (v5))
m2r3 mmqr3 m2myr3
3Gm3 (n x 81)" (nw) (vS3)  6G myma (n x S1)* (nv) (USQ) 2Gm? (v x 81)* (vSs)
o m2r3 o m2r3 m2r3
n 2G m1 Mo (’02><351)i (USQ) Foen (A5)
m2r
NLO SS

and similarly for particle 2 after exchanging 1 < 2.

3. Source multipoles

Using the results in [93] and translating to CoM coordinates, without yet performing the STF operation, we find
the following expressions for the source multipoles needed to 3PN:

1 .y o o
I(ZéPN) m{((;fi_H+)stj+4ﬁ2_l/512j+(5fi_l/IQ+I/)222]}, (Ab6a)
ij v P 845Gk_m 12Gm(114+23v) 6Grym(25+23v)
Tpn) = 84m{snj {(nS)( r B r B r )
5) (- 46 6G m (— 1—|—31/)_9Gﬁ,m(—13+1lu)_3§Gm+m(39+23u))}
r T r
4 omis [ 665Gm(r—1+3u) n 3Gﬁ,m£—9+7y) n 95G/<;+mr(3+111/))
600Gk_m 132Gm(—1+3v)  6Grkym(—1+33v
+ (TZS)(— . + (r )_|_ + (r )>:|
34 - 21
157 (2 56’;" L 8Gf+m+ (136K + 13k, ) v?)

+ vl [(4455_ +24k,) (0S) + (246 Ky + K (—24 4 481)) (vE)}

L Sin {(nS)(— 9G/Lm(;13+11y) B 35G/~@+m7§39+231/) B 25Gm(8r9+69u))

+ (D) (- 35Gm,m£—39+5u) N 4Gmu(fil+69u) n 3G/€+m(—39:83u+46y2))]

920G Krym  AGk-m(23+17v)

+ 35 [ 130 k4 + K (—13+ 26)) vﬂ _ S 281 (v%)
T T

+
665Gm(—1+31/) 3GK_m(— 9—|—71/)+95G/£+m(3—|—111/))
r r

+ 0% [ (n8) ( -

-z (- 36Gm,mr(9+13v)_3Gf<;+m( 1—1;3u)(9+22u)_4Gml/(;5+99u))}
L Sis [925Gr/<a+m B 4G/<;,m(r23+171/) + (13654 + £ (—13+260)) vz}

+ v'Y! [(24%+ + ko (—24+480)) (0S) + (Ky (24— T2v) + 246k (=1 + v) — 140v) (vE)}
iy {1126:1711/ B 26Gﬁ,m:46+ 17v) 2Gf<;+m(;46+75y)
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+ (K (13=390) + 136K (—1+ v) + 1400) 1)2]
+ vl [(22514_ — 22k, ) 8%+ (— 446k, + £ (44— 88)) (S)

4+ (=226k (=14 1) +28v + ry (=224 661)) 22}

i {(nS)Q (425Grfi_m B 24Gm(;9+201/) B 12Gﬂ+mi—9+20V))

6Gr_m(—11+12v 246G m (=9 +20v 60GKrkLm(—=11+40v
+ (nS) (n%) ( = ) _ c )_85GRim( )

+ () (24Gm1/(—9—|—20u) n 3(5G/<V,m(r—11+261/) n 3Gﬁ+m(11;481/+8()u2)

226G k_m 24Gm(—4+51/)+4Gn+m(4+151/)>52
r r

245Gm (—4+5v) QGH_TTL(;19+14V) n 25G/{+mr(19+301/)) (5%)

0G k— m(19+81/) _ 8Gmv(2+15v) Gn+m(719+30u+60y2))22]

r r "
2
H2Gmy(B) 40, 52 4+ (—H2EMY g, 02) 22)} 7 (A6b)
r T

)

(-
+
(-

+

+ 67 (

IE%EN) V{—ZﬁS’S]rk—i— (—0k_+ k)X SIrk 4 (—6k_ 4+ k) S D PP
2m

+(5K++n(—1+2u))2i2jrk}, (A6c)

J

(2PN) = v {2/{ (vx8)' 8+ (0k_ — k) (vxB) S +35 (vx )+ (6. — ky)(vx8) X

+ (vx )8 (= dry + 5(1—21/))}. (A6d)

Appendix B: Conservative sector
1. Binding energy

The coefficients of the binding energy in the CoM in (16) are given by

(124 6k4) (nS)? + (126 — 6 k— + 65 k) (nS) (nE) + (=36 Kk + K4 (3 —6v) — 12v) (nX)?
+ (—4—2K4) 8+ (46 + 2k —20k4) (SE) + (6K +4v+ Ky (-1 +2v)) B2 (Bla)

(=726 — 24 K- + 2465 k) (nv) (nX) (vS) + 48 k_ v (nv) (nE) (VS) + (85 Kk + 4Ky (—24 v) +8 (3 + v)) (vS)?
+ (30k_ + 60Ky (=54 v) + 126 (8+ v)) (nS) (nE) v* + (nS)? { (—60v — 30 K4 v) (nv)?

0
€6

+ (60K +6my (—A+ v)+12(4+ u))vﬂ + 52{(65n_+6/<;+ (—1+ 1) +12(2+ 1)) (n0)?

4 (—40k. —2ky (=54 ) —4(6+ v)) v2] + (SE)[(K;_ (12— 300) + 65 ks (~2 + 1)

126 (4+ 1)) ()2 + (= 26Ky (=7 + v) —45(12+ v) + 25 (—7+9V))v2}

+ (nE)Q[(156n_1/+601/2+15n+1/(71+21/)) (nv)? + (= 36K (=5+3) + Ky (—15+ 39y — 612)

—12(—4+ 120+ 7)) vﬂ + (K (24=T20) + 2405 (=1 + v) +T2(—1 4 3v)) (nv) (n%) (v)
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+ (K- (16 —36v) +40K4 (—4+ v) +85(6+ v)) (vS) (VE) + (— 20k (—44+5v) + k4 (—8+26v — 41/?)
—8(=3+9v+ 1%) (W) + (ns>[(—72 — 245K +245k4) (nv) (vS) + (X)( (605w +30kK_ v
— 306k v) (nv)2 — 30 k. vv?) + (=720 + 245Ky + K (—24 + 48v)) (nv) (vz)}
+[(85- (6= 90) + Ry (=64 210 = 65%) —12(=2+ 61 + 1)) () + (8- (~T+5¥) +4(~6+ 180 + v?)
+hy (T—190+207)) vﬂ 2, (B1b)

e¢= (=36 +96k_ —15k4) (nS)* + (— 320 — 246 ky + K_ (24 — 36v)) (nS) (nX)

+(30v —36k_ (—4+3v)+ k4 (—12433v)) (nE)* + (8 —35K_ +5k4) S?
+ (86 +86ky + Ko (=8+12v)) (SE) + (k4 (4 —11v) — 10v + S k- (—4+3v)) B2, (Blc)

2. Angular momentum

The coefficients of the angular momentum in the CoM in (28) and (29) are given by

0= 8" ((4+5v)(n)®—6v°) + v’ ((—=6+12v) (nS) (nv) + 46 v (nv) () + 4 (vS) + 25 v (vX))
+ n' ((=2=8v) (nv) (vS) + (nS) (=9v (nv)* + 6v°) + (nX) (=65 v (nv)* + 35vv?) — 65 v (nv) (vE)), (B2a)

G=n'((-1-4v)(nS)— (6+36v)(nX)) + S* (1 +4v)+ X" (6 +36v) (B2b)

0= [(6+ ki + kg (—1420)) (nS) + (66 + ki (1—3v)+ dkp (—1+ v) —20) (nz)} (v x §)
— 68 (Sn%) v + [(ﬁ,<1—3y)+ kg (—14 1) +2(30+ 1)) (nS)
4 (6—16v+ ki (6—200)+ iy (—1+4v—202)) (nz)] (v x D)
+ 8 [(f ki 4 ry (1—20)+6(2+ 1) (Snw) + (5o (1—30) + dky (—1+ 1) — v —35(2+ 1)) (mz)]

+n {65(nv) (SnT) + (nX) [(3y— 35(6+ ) (Snv) — 6(=2+Tv + 1?) (mz)}

+ (nS) [—6(3+ V) (Snw) +3 (v + 6 (4+ v)) (mz)}}

+ (n x S)i{(—36/£_+6(—3—|— V) + kg (34 60)) (nS) (nv)

+ [35_ (-1+ v)+36k 1+ v)+3(6(-6+ v)+ u)] (nv) (nS) 4+ (14+28k_ +6v —2rk; (14 v)) (v5)
+ (ke (2-3v)—v—0kr (2+ V) +35(4+ v)) (vE)}

(an)i[(35(—6+u)+3/€ (14 ) = 3v 43k (14 1)) (nS) (nv)
30k + Kkt (3—6v—60°)—6(3—9v+ 1?)) (nv) (nX)
k—(2—=3v) —|—u—5m+(2+1/)+5(14+31/))(v5’)

12 — 24 V) — 40y — 612 —|—I€+(—2+5V—|—2V2))(UE)}

64260 +60°+ k(6 —26v)+ Ky (—1+4v—207)) (vnE)] !

nxv)' [(24 3k: (34 1)) (nS)*+ (480+3k_ (34 v) —36ky 3+ v)) (nS) (nX)

4
4
n
+
4
4
+
+ (24-720+ 36k B+ V) +3r. B+ V) (-1+20) (nE)* 4+ Bry (1+ v)—2(T+2v)) S?

(-
(
(
[(— v+35(4+v)+ v (=1+30)+ ky (85— dv)) (Snw)
(-
(
(
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+ (=3k-(1+ 1) +3dk. (1+ 1) — 25 (13+2v)) (S%)

F(=36k (14 v) =3k (1+ 1) (-1 420) +4(=3+ 10V + u2))22}. (B2c)

Appendix C: Radiation sector

1. Energy flux

The coefficients of the radiated energy in (37) are given by

1

= (vS5)? [( — 86886 K + Ky (11424 — 9720 1) — 6 (529 + 3240v)) (nv)?

(4462 + 2676 6 ki + 3792w + ki (—684 + 1896 1)) vﬂ

n
+ (nS) (v )[(254645n 43384k (—17 + 120) + 48 (=581 4 1692 1)) (nv)?
+ (4800 — 118328 ki + k. (22200 — 8712v) — 17424 ) (n )vﬂ

n

(nX) (vS) [( Ko (41496 — T1232v) + 24 6 . (—1729 4 846 v) + 126 (1273 + 3384 v)) (nv)®
+ (=660 (161 +132v) — 128 k4 (—1418 + 363 v) + K_ (—17016 + 28020 v)) (nv) vz}

+ 82 {( — 35436 — 22740 k_ + 28224 v + 6 k4 (—2153 + 23520)) (nv)*
+ (49800 436840 k_ + iy (16452 — 15744 v) — 31488 v) (nw)* v?
— 16260 — 13746 k_ + 5136 v + 6 k4 (—671 + 428 1)) (u2)2]

(nS) (n¥) [( 606 iy (—1725 4+ 1192v) — 1206 (=591 + 1192 ) + 60 k_ (—1725 + 2054 v)) (nv)*
(—2448K_ (—32+25v) + 2880 k4 (—272+ 179v) + 60 (—10043 4 17184 v)) (nv)? v

(—125K_ (691 4 438v) — 128 k4 (—691 + 548 v) — 245 (—67 + 548 /) (vQ)Q]

(

nsS)? {(81570 — 129300k + k4 (90570 — 71520 v) — 143040 ) (nv)*
(241265 K_ + 12 (—4483 + 8592v) + £ (—75924 + 51552 v)) (nv)? v°
(29586 5 + iy (11250 — 6576 ) — 6 (85 + 2192 1)) (1;2)2}

(S%) [( _ (10644 — 5016 v/) + 2526 (—201 + 112v) + 120 k4 (—887 + 1176 v)) (nv)*

(3365 (—38+3v) — 960 k4 (—133 + 164v) — 66 (—11269 + 5248 v)) (nv)? v?

(126 k4 (=221 + 214 v) + 26 (—9377 + 2568 v) + K_ (2652 + 2928 1)) (v2)2}

(n¥)? [(90 6 ki (=575 +541v) + 30 k4 (1725 — 5073 v + 2384 %) + 60 (—307 — 1016 v + 2384 1%)) (nv)*

(8238 + 67806 v — 103104 v — 36 § i (—1088 + 783 v) — 36 k4. (1088 — 2959 v + 14321%)) (nv)” v*
66k (—691 +550) 4+ 6 (=515 — 638 v + 2192 1°) + k4 (4146 — 86221 + 6576 %)) (v“')ﬂ

—~

vS) [( — 246 Ky (—838 +405v) — 126 (1543 + 1620 ) + 24 £ (—838 + 1853 1)) (nv)?
—840k_ (—4+ 15v) + 240 k4 (—140 + T9v) + 26 (3065 + 1896 1)) 172] (vX)
nS) [( K (41496 — T1232v) + 246 k4 (—1729 + 846 v) + 485 (—233 + 846 1)) (nv)®

126 k4 (1418 + 363 1) — 65 (—2023 + 1452v) + k_ (—17016 + 28020 /) (n0) vﬂ (%)

+ + 4+ + o+ o+ + o+ + o+ o+ o+ + o+

—~ — —~ — —~

ny) [( — 246 K- (—1729 4+ 1907 v) — 192 (—174 + 193 v + 423 %) — 24 k4 (1729 — 5365 v + 1692 7)) (nv)?



23

1265k (—1418 + 1349 v) + 12 ky (1418 — 4185 v + 726 1) + 12 (—652 + 275 v + 1452 7)) (nv) v2] (vX)
(126 k_ (—838 + 1129 ) + 48 (—296 + 668 v + 405 %) + 12 k4 (838 — 2805 v + 810 17)) (nv)?
2200 — 7646 v — 37921 — 246k (=70 + 151 v) — 24k, (70 — 291 v + T91?)) uﬂ (vX%)?

+
+|
+
+ [( 9714 + 64788 v — 28224 1% — 66 ki— (—887 + 79T v) — 6 k4 (887 — 2571 v + 23521%)) (nv)*

+ (126 k- (=532 4 349v) + 12k (532 — 1413 v + 13121/%) 4 6 (2402 — 14085 v + 5248 %)) (nv)* v°

+ (= 37544 21194v — 5136 % + 6 5 s (221 + 15v) — 6 k4 (221 — 42T v + 42817)) (v“')ﬂ 2, (Cla)

fo = (204726 k_ — 24 (5125 + 161v) — 12 k4 (5338 + 161 1)) (nS) (nv) (vS)
+ (K- (42264 — 39978 V) — 60 £y (7044 + 161 v) — 46 (11608 + 483 1)) (nv) (nX) (vS)
+ (27240 — 4664 6 r— + 336 v + 14 (14652 4 168 1)) (vS)?

+ 82 {(2772 § ki +8(—6109 + 330v) + Ky (—23844 + 1320v)) (nv)?
+ (= 25720k + ki (21028 — T20v) — 72 (=581 + 201)) v2]

S)?2 [(300528 — 987880k + ki (135588 — 2028 ) — 4056 1) (nv)?
— 182752 + 123800 ki + 3984w + 24 5y (—3239 + 83 1)) vﬂ

SY) [( — (26616 — 12408 v) + 2645 (—209 + 10v) + 248 k4 (—1109 + 55v)) (nv)?

nS) (n )[( — 120 k4 (—13698 + 169 v) — 126 (—23537 + 338 1) + 108 ki (—1522 + 1085 v)) (nw)?

+ (n

(

(

(=808 Ky (=295 +9v) — 86 (—6109 + 180 ) + 16 k_ (—1475 + 688 1)) 'u2]
(

(K (90116 — 515120) + 46 ky (—22529 + 498 1) + 4.6 (—45929 + 996 1)) vﬂ
(

ny)? [(6 § k- (—13698 + 4967 v/) + 6 4. (13698 — 32363 v + 338 %) + 12 (467 — 22056 v + 338 7)) (nv)?

20 k- (—22529 + 6688 ) — 2 Ky (22529 — 51746 v + 996 %) — 4 (2425 — 46383 v + 996 %)) vﬂ

(-

(K- (42264 — 39978 V) — 6 k4. (7044 + 161 v) — 46 (12686 + 483 1)) (nS) (nv) (v)

(9808 + 69804 v/ + 3864 > — 6.0 i (—7044 + 3251 1) + 6 k4 (—7044 + 17339 v + 3221%)) (nv) (nX) (vE)
(336 6 (55 + v) + 46 Ky (4829 + 42v) + 4 k_ (—4829 + 4622 1)) (v5) (V)

( —4829 4 2290v) + £ (9658 — 23896 v — 168 %) — 16 (299 + 613 v + 21 1%)) (vE)?

|
(

+ + + +++ + + + + o+ o+ 4+

26
(—126K_ (—1109 + 286 v) — 12 k4 (1109 — 2504 v 4+ 110 %) — 8 (151 — 7717 v + 330 17)) (nv)?
4

8k (—2950 + 733 v) + 8 (551 — 7036 v + 180 %) + 4 14 (2950 — 6633 v + 180v2)) v‘ﬂ »2, (C1b)

[ = (936 + 486 K_ +4325% k. — 3456 v) (nS)?
+(—3840% K- — 1920 ky (—2 4 9v) — 166 (—49 + 216v)) (nS) (nX)
+(—488% Ky (—4+9v) + 480Kk (—4+17Tv) — 166° (-1 + 54v)) (nX)?
+ (= 168K —1446% k4 + 16 (=23 +720)) S + (128 0% k_ + 640 ky (—2 4+ 9v) + 325 (=7 + 36v)) (ST)
+(166% Ky (—4+9v) + 246 (-1 +12v) — 166 K (—4 + 17v)) B2, (Clc)

2. Angular momentum flux

The coefficients for the radiated angular momentum in (42)—(45) are given by

87 = 8" (=120 (nv)* + 264 (nv)* v* — 160 (v°)%) + v* ((vS) (=348 (nv)? 4+ 160 v*) + (nS) (780 (nv)? — 444 (nv) v?)



1i _
g3

2i
93

04
o

14
94

(nE (420§(nv) — 2286 (nv) v?) + (—2046 (nv)? + 885 v°) (vX))

vS) (120 (nw)® + 84 (nv) v?) + (nS) (=780 (nw)? v? + 444 (v*)?)
(—4206 (nv)? v* 4 2286 (v°)?) + (1206 (nv)® + 126 (nv) v*) (vE))
06 (nv)* +19206 (nv)? v? — 88§ (v?)?) X°,

)
z ((
(HE)
+ (—12
= 8 (76 (nv)? — 72v?) + v' (=175 (nS) (nw) — 766 (nw) (nX) + 113 (vS) + 44§ (vE))

+ n' (=109 (nv) (vS) + (nS) (45 (nv)? + 122v%) + (nX) (276 (nv)? + 475 v*) — 46 (nv) (vE))
+ (266 (nv)? — 225 v?) 2°

=n'(2(nS) - 5(n¥)) —28" 4 §%°,

= (v x8)° [(—24 —12k4) (nv) (vS) + (nS)( (120 + 60 k) (nv)? + (=72 — 36 K1) v°)

+ (nX)((606 —30k_ + 308 k) (nv)* + (=360 +18Kk_ — 180 Ky ) v?) + (120 + 6K — 65 K) (nv

+ (v x X)! { (=126 +6k_ — 65 k4) (nv) (vS) + (RS)( (606 — 30 Kk_ + 306 ky) (nv)?
+ (=360 + 18k — 185 k,)v?) + (n) [( — 306K + Ky (30— 60v) — 1200) (nv)?
+ (180 k- + 720+ k4 (—18+361)) ’U2i| + (68K +24v+ Ky (=64 12v)) (nv) (UZ)}

(n xv)' { —360 — 180 k) (nS) (nv) (vS) + (—1800 + 90 k_ — 906 k) (nv) (nX) (vS)

(
(
(ST)((—1206 4+ 60k — 606 k) (nv)* + (485 — 24 K_ + 245 k) v°)
(n%)? [(—210(Sn + Ky (210 — 4200) — 840 1) (nw)?

600 k_ + 2401 + 60 ry (— 1+2u))v}+(—1806+90n,—905n+)(n5)(m)(u2)

(

(906 K + 360+ 90Ky (=14 2v)) (nv) (nT) (vE) + (240 — 12k_ + 126 k4) (vS) (V)
(—66r_+ Ky (6—12v) —24v) (vE)* + [(305n, +120v 4 K4 (=304 60v)) (nv)?
(

+ o+ o+ o+ o+ o+ o+

+( =120k + ry (12 —24v) — 481/)1;2}22},

((—48 —24k.) (nS) + (240 +12k_ — 120 k4) (nX)) (v x S)’
[ 245—&—12/{_—126n+)(n5)+(—2—&—125/{_—&—481/—1—m+(—12+24u))(n2)}(vx2)i

(n x 8)"((—24 —12k4) (nS) (nv) + (=120 + 6K_ — 65 k) (nv) (nX)
(24 +12k4) (vS) + (126 —6K_ + 6 k4) (VE))
(

n x X)° {( 126 +6k_ — 68 £4) (nS) (nv) + (60 k- +24v + Ky (—6 + 120)) (nv) (nX)
(126 — 6k +66k,) (vS)+ (2= 65k + ry (6—120) — 240) (vz)}
(nxv)" [ —360 — 180 /4 ) (nS)* + (3606 + 180 k_ — 1806 k) (nS) (nX)

(906 K + 360 +90 k4 (—142v)) (nX)* + (96 + 48 k) S* + (960 — 48 Kk_ + 480 k) (SX)
(

i
.
n
n
n
.
n
+ (2 240K + Ky (24— 480) — 961) 22},

97 =8"(—105(1440v) (nv)® + 15 (—43 + 716 v) (nv)* v* + (2589 — 10608 v) (nv)* (v*)?

) (vX)

24+ 12k4) (0S)* 4+ (nS)?((840 4+ 420 k) (nv)? + (—240 — 120 k4 ) v*) + S%((—120 — 60 K4.) (nv)?
48 + 24k, )v%) + (nS) (nX)( (8408 — 420k + 4206 k) (nv)® + (—2406 + 120 k_ — 1205 K4 ) v

)

24

(C2a)

(C2b)

(C2c)

(C2d)

(C2e)
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95
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3i _
g5 =

+ (=1607 + 4004 v) (v?)?)+

“)%)
v’ | (vS) 2145—774Oy)(nv)4+30(—65+334y)( v)?v? + (1607 — 4004 v) (v?)?)
) (

(-

(nE)(?lO 5 (—4+ 35v) (nv)® — 306 (—49 + 388 ) (nv)? v* + 66 (—217 + 787v) (nv) (v?)?)

(nS )(1260( 1+ 6v) (nv)® — 30 (—53 + 496 v) (nv)® v + (—2874 + 8376 ) (nv) (v*)?)

(=158 (=79 +455v) (nv)* + 66 (—147 + 1427v) (nv)? v° + § (563 — 2477 v) (v?)?) ( }
v?)

) (v
)

+ o+ o+ o+ o+

n[ )(105 (1 4+ 40v) (nv)® — 1500 (1 4 2v) (nv)® v + (—639 + 588 ) (
nS)(—1260 (-1 + 6v) (nv)* v* 4+ 30 (=53 + 496 ) (nv)* (v°)* + (2874 — 8376 u) (v*)?)
n¥)(— 2106 (—4 + 35v) (nv)* v* + 306 (—49 + 388 v) (nv)? (v*)* — 66 (—217 + 787 v) (v?)?)
+ (5256 (54 13v) (nv)°® — 2706 (20 4+ 29 v) (nv)? v* + 36 (559 + 571 v) (nv) (v*)?) (’UZ)}

(
+(

+ X' (—5256 (5+13v) (nv)® + 156 (281 + 977 v) (nv)* v
— 156 (53 4 685 1) (nv) (v*)* + 6 (=563 + 2477 v) (v*)?),

8577 + 7320 ) (nv)* + (7022 — 15068 v) (nv)® v* + 7 (=155 + 972v) (v*)?)
vS)((—588 + 10982 ) (nv)? + (3138 — 8238 ) v?)

(—
(
)(—96 (1519 + 216 v) (nv)® + & (4789 + 1994 v) (nv) v?)
S)(—6(2750 + 1699 v) (nv)® + (3542 + 6802 v) (nv) v?)

+ (6(4313 + 1486 v) (nv)? — 176 (39 + 112v) v?) (vE)]

S'(
|
>

+ v
+ (n
+ (n

+n' [(vS)( (12570 — 10914 v) (nv)® + (—12836 + 9162 v) (nv) v*)

+ (nS)(—3(1381 4574 v) (nv)* + 6 (3919 + 2760 v) (nv)® v* + (—6057 — 11494 v) (v)?)
+ (n¥)(36 (=807 + v) (nv)* + 36 (5909 + 1242 v) (nv)* v* — § (6364 + 3679 v) (v*)?)

+ (-39 (—759 +296 ) (nv)® + 36 (—1729 + 674 v) (nv) v*) (UZ)]

+ 2 (=36 (—179 4 361v) (nv)* — 106 (336 + 85v) (nv)* v* + § (2023 + 1117v) (v°)?) ,

(-
Z(—2 (7711 +272v) (nv)® + (16218 + 2296 v) v?)
v’ (8(6227 + 386 v) (n

[(27954 +536) (nv

S) (nv)
) (vS) + (nE)( — 28 (5157 + 847 v) (nv)? — 24 (7151 + 163 v) v?)
+ (nS)(—4(5115 4+ 413 v) (nv)® — 12 (2392 + 189 v) v*) — 26 (7561 + 96 V) (nv) (’UZ)}

+ X (26 (—4040 + 541 v) (nv)* + 26 (3962 + 187 v) v?)

n'(—8(265+31v) (nS) — 206 (—12+ 7v) (nX)) + 8 (265 + 31v)S* + 206 (—12+ 7Tv)X’,

‘= (v x 8) { (vS) [( — 30208 k- — 280 K4 (14 v) —80 (=52 + 7)) (nv)?

19165 + 1y (680 — 2521) — 56 (68 + 9 1)) (n )vﬂ

+(
+ (¥ )[(14055+( 23+ 2v) + 28006 (—1+ 2v) — 140k (—23 + 88)) (nv)*
+ (= 1085 (—258 +19%) — 206 (=169 + 19) + 30 5_ (—86 + 3491/)) (nv)? v>
+ (ko (504 — 954 1) + 145k (— 36+191/)+45(—337+133y))(02)2}

+ (

nS) [(GOQO(M_ +1120 (=11 + v) + 140 54 (=3 + 4v)) (nv)* + (16280 — 51406 £

+366 (685 + 36 ) (nv) (nX) — 2 (14701 + 728 v) (vS) — 105 (1501 + 54 v) (v5

25

(C2f)

(C2g)

))

(C2h)

(C2i)
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+ k4 (20 — 380v) — 760 v) (nv)® v* + (3445 k_ + 8 (—449 + 133 1) + k4 (—664 + 532v)) ('v2)2}

+ [( — 108 k4 (=137 +14v) — 206 (57 + 14v) + K_ (—1370 + 6180 7)) (nv)®

+ (k_ (618 — 3706v) — 25261 — 65 k4 (103 + 210)) (nw) vﬂ (vE)}
+ (v x Z)! { (vS) [( —206(-223 +14v) — 105 k4 (—137 + 14v)

K (—1370 + 6180 ) (nv)® + (K (618 — 3706 /) — 848 (46 + 3v) — 65 k4 (103 + 21 1)) (nv) vﬂ

nS) [(5605( 25+ ) + 1406 Ky (—23+2v) — 140k (=23 + 88 1)) ()"
—206(—813+19v) — 108 k4 (—258 + 19v) + 30 k— (—86 + 349v)) (nw)? v*
K (504 — 954v) + 140 k4 (—36 + 191) + 45 (—687 + 133 1)) (zﬂﬂ

n )[(7140(%; (—23+45v) — 140 k4 (23 — 91w + 41%) — 280 (7 — 58 + 412)) (nv)®*

4
n
n
n
n
n
+ (6K_ (504 — 610v) + Ky (— 504+1618u—532u2)—8(63—568u+133u2))(02)2}
n

(
(
(106 k— (—258 + 533 1) 4 40 (84 — 568 v 4+ 191%) 4+ 10 k4 (258 — 1049 v + 381%)) (nv)” v*
[ (106 K (—137 + 316 v) + 40 (—21 — 83 v + 141%) + 10 k4 (137 — 590 v + 28 %)) (nv)?

+(—26K_(—309+895v) + 56 (=1 + 77v +9v%) + k4 (—618 + 3026 v + 252 17)) (nv)vﬂ (UZ)}

+ (n x v)° { (vS)? {(2280%, +40 (=3 4 142v) + k4 (—2100 + 2840 v)) (nv)?

+ (= 51208 +8(=99+19v) + k4 (—100 +761)) v?|

+ (n2) (vS) [( — 708Ky (—113 + 128v) — 1406 (1 + 128 1)

+ 70k (—113 4 4120)) (nv)® + (£ (1730 — 10090 v) + 108 k., (—173 + 157 1)

+206 (36 + 157 v)) (nv) v2] + (nS) (vS) {(7560 — 99408 ki — 358401 — 280 Ky (—21 + 641)) (nv)?
+ (40 4 42606 £ + 6280 + k4 (800 + 3140v)) (nv) vﬂ

+ §? [(4060 + 14008 K — 8400w — 7054 (—23 + 60)) (nv)"*

+ (— 14208 k— +40 (=90 + 181 v) + 20 k4 (—69 + 181v)) (nv)? v?

+ (1068 + 2485 i + k4 (486 — 6161/) — 12320) (v2)2}

+ (nS)? {(8820 5k +1260 (—13 +400) + 630 k1 (—13 +400)) (nw)* + (— 49006 1

— 420 k4 (=74 29v) — 280 (—49 + 87v)) (nv)* v* + (— 4660 — 140§ k_ + 3600 + 30 k4. (—59 + 60 v/)) (’02)2:|
(nS) (nX) {( — 1890 k— (—9 + 32v) + 6306 k4 (—27 +40v) + 12605 (—13 4+ 40v)) (nv)*
(—8406(—21429v) — 1400 k4 (—56 + 87v) + 140 k_ (=56 + 227 v)) (nv)* v*

(K- (1630 — 1240v) + 1806 (—29 + 20v) 4+ 100 £y (—163 4 180 1)) (fu?)?}

(S%) [( — 4205 (~19+20v) — 2106 k4 (—1 4 200) — T0k_ (3 + 201)) (nv)*

(406 (—174 +181v) + 208 k4 (24 181v) + K (—40 + 2060 v)) (nv)? v*

(ki (—238 — 3761) — 145k, (—17 + 44v) — 46 (=351 + 308 1)) (v2)2}

(

ny)? [( —1260v (=13 +40v) — 3155 k_ (=27 + 68v) — 315k (27 — 1220 + 801/%)) (nv)*



14 _
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706 k_ (—56 + 157v) + 280 (14 — 77 v + 87v°) + 70 k4 (56 — 269 v + 174 17)) (nv)? v
§ K (815 — 760 v) — 20 (28 — 289 v + 180 %) — 5 k. (163 — 478 v + 360 %)) (vQ)Q}

(
(
(vS) {( _ (4380 — 11960 1) + 808 (23 + 71v) + 206 Ky (—219 + 142)) (nv)?
(80 (—134+ 19v) + 40 k4 (103 +19v) + K_ (—412 + 1972v)) 1)2} (vY)

nS) [( 706 Ky (—113 +128v) — 1400 (—13 + 128v) + 70 k_ (—113 + 412v)) (nv)?

K- (1730 — 10090 v) 4+ 106 £y (—173 + 157v) 4+ 206 (8 + 157v)) (nv) vz} (vX)

20k (—103 +237v) + Ky (206 — 886V — T6v%) — 8 (35 — 1621 + 191/7%)) vQ} (v2)?

(350 K_ (—3+20v) + 140 (28 — 85V + 60%) + 35k (3 — 26 v + 120 7)) (nv)*
100K (2+39v) + ky (204350 — 3620 %) — 40 (84 — 251 v + 18112)) (nv)? v?

+ 4+ + + + + + o+ + + o+ o+

Sk (—1194+60v) + 4 (84 — 421V+308V)+/£+(119—2981/+616y2))(v2)2}22}

nY) [(70 § ki (=113 +270v) + 280 (—21 + 15 + 128 %) 4+ 70 k4 (113 — 496 v + 256 %)) (nv)®
100 k- (=173 + 583 v) — 40 (—21 + 43 v + 157v%) — 10k (173 — 929 v + 314 1%)) (nv) vﬂ (vY)

(
(
(
(=
[ — 106 k- (=219 +370v) — 40 (—49 + 88w + 1421°) — 10 k4 (219 — 808 v + 284 1%)) (nv)?
(2
&
(

27

(C2j)

= (8 x )" (=7926 (nv)*® + 9046 (nv) v*) + (v x S)° {(6648 — 14926 K + 48V + Ky (=92 + 24v)) (nw) (vS)

(nS) {(5772 § k- — 144k, (54 + 11v) — 36 (647 + 881)) (nv)?
(— 28240k +4(2530 + 279v) + ry (3838 + 558 1/)) fu?}
(nY) [( k- (6774 —10752v) — 126 (877 + 132v) — 60 k4 (1129 4 132v)) (nv)?

8 kp (3331 +279) + (3779 + 558 ) + K (—3331 + 5369 v)) UQ]

(
+ (46 K4 (1754 3v) + 86 (536 + 3v) + K (=700 + 2972v)) (nv) (vZ)}

+ (v x X)! {(45/<;+ (1754 3v) + 26 (1963 4+ 12v) + £_ (=700 + 2972v)) (nv) (vS)
[( Kk (6774 —10752v) — 726 (235 + 22v) — 60 k4 (1129 4 132v)) (nv)?
+

(

3331+ 279 1) + 6 (9419 4 558 ) + ~_ (—3331 + 5369 1/)) v2]

[( 60k (—1129 + 830 1) + 6 iy (—1129 + 3088 v + 264 1) + 6 (—447 + 5230 v

+52807)) (nv)? + (55 (—3331 + 2545 1) + K (3331 — 9207 v — 558 1) — 4 (=381 + 3974 v

)
+27902)) v } (2005 (=35 + 74v) — 4y (—175 + 720w + 617)
—6(—205+ 1695 + 81?%)) (nv) (uz)} + (n x S)! { (vS) [( — 8016 + 22386 K

+ 18841 + k4 (—966 + 942v)) (nv)® + (8012 — 8625 £ + 168V + Ky (448 + 84v)) 'u2]

+ (nX) [(6 §(399 +103v) + 36 ky (11354 103v) + k_ (—3405 4 8943 v)) (nv)® + (K (2295 — 5601 v)

— 150k (153 + 651) — 66 (782 + 325 1)) (nv) vﬂ + (nS) [(13632 46266 K
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+1236 v + 14 (21844 618v)) (nv)® + (32886 ki — 614 (217 + 3251) — 12 (1371 + 325v)) (nv) vQ}

+ [(n_ (1602 — 4947 v) + 30 k4 (—534 4+ 157v) + 6 (—448 + 157 1)) (nv)* + (36 (1133 + 28v)

+ 6y (655 +420) + K (—655 + 16821)) vﬂ (vZ)}

+ (nx %) { (vS) {( K- (1602 — 4947 v) + 6 6 (=940 + 157 v) + 36 k4 (=534 + 157v)) (nv)?

+ (6 kg (655 +42v) + 6 (4769 + 84v) + K_ (—655 + 1682 1)) vﬂ + (nS) [(35 k4 (1135 + 103 v)
+ 66 (2493 + 103v) + K_ (—3405 + 8943 1)) (nv)® + (K (2295 — 5601 v) — 15 k4. (153 + 65 1)
— 6.5 (2468 + 3251)) (nv) 02} + (n3) {(35;@_ (—1135 + 1439 1) + ki (3405 — 11127 v — 618 12)
—12(—380 + 1779 v + 103 °)) (nv)® + ( — 96 k_ (=255 + 257 ) + 12 (—394 + 1839 v + 3251%)
+ 3 K4 (=765 + 2301 v + 650 7)) (nv) uﬂ + [( —90k_ (=178 +301v) + Ky (—1602 + 5913 v — 9421?)
—6(269 — 17021 + 3141%)) (nv)? + (56 k— (—131 + 164v) + K4 (655 — 2130w — 841/%)
—2(—855+ 4373 v + 841%)) vﬂ (uz)} + (n x v)i {( — 117840 k— + 36 k. (T67 + 243 v)

+24 (3610 4+ 729v)) (nS) (nv) (vS) + (42 K- (—469 + 457 v) + 126 (3049 + 729 v)

+ 66 ky (3283 + 729v)) (nv) (nX) (vS) + (12900 k— — 6k (598 + 333 v)

— 4(2587 + 9990)) (v5)% + (ST)[ (60014 (135 + 53v)

+246 (574 + 265v) + K_ (—8100 + 5316 v)) (nv)* + (K_ (1476 — 2656 ) — 360 k4 (41 + 50v)

— 500 (115 + 72v)) vﬂ + 82 [( — 21246 k_ + 24 (543 + 265 ) + k4 (5976 + 3180v)) (nv)?

+ (11146 k- — 2k (181 + 900 ) — 4 (521 4 900 v)) 1;2} + (nS) (n%) [( Kk (78072 — 78042 v)

— 60 K4 (13012 + 2797 v) — 126 (13956 + 2797v)) (nv)? + (66 k4 (2653 + 1102v) + 125 (4023 + 1102v)
+61_ (—2653 + 3714v)) v2] + (nS)? {(23706 8k — 6 k4 (9061 4 2797 v) — 6 (29683 + 5594 1)) (nv)?
+ (= 72246 K +6(7003 + 2204v) + 4 (8694 + 6612 1)) vﬂ + (nx)? [( — 36K (13012 + 5105 )

+ 6 (—1869 + 26316 v 4+ 5594 1) + k4 (—39036 + 93387 v + 167821/%)) (nv)® + (36 K_ (—2653 + 1306 v)
+ K (7959 — 19836 v — 66121°) — 6 (—1519 + 9138 v + 2204 7)) vﬂ

+ (360 (923 + 243 V) 4+ 42 k_ (=469 + 457 v) + 60 k4 (3283 + 729v)) (nS) (nv) (vE)

+ (66 k- (—3283 +12351) — 24 (29 + 22351 + 729 %) — 6 k. (—3283 + 7801 v + 1458 %)) (nw) (nX) (v)
+ (k- 4878 3162v) — 180 k4 (271 + 111v) — 26 (2533 + 1998 /) (vS) (vE)
+ (1922 — 381 + 3996 > — 36 k_ (—813 + 97 v) + 3 k4 (—813 + 1723 v + 666 1)) (vE)?
gl

(786 — 15180 v — 6360 12 + 63 ki (—675 + 89v) — 6k (—675 + 1439 v + 530 12)) (nv)?

+ (0 k- (738 — 214 v) + 24 (— 95+401u+150u2)+21<a+(—369+845V+900U2))v2} 22},

— (v x 8) [( — 12688 K- +12(941 + 300) + £y (6122 + 180 1)) (nS)
+ (5054 (739 +18) + 26 (2543 + 900) + i (~3695 + 2446 1)) (n)]
+ (v x B)° {(605 (104 4+ 3v) + 50 ky (739 + 18v) 4+ ki (—3695 + 2446 v)) (nS)
+

(85 (—3695+ 1178 ) + k4 (3695 — 85681 — 180 ) — 4 (=54 + 2831 v + 907)) (nZ)]

28

(C2k)



+ (n x S)! [( — 25220 k_ 4 84 (703 +90v) + 8 (1303 + 180v)) (nS) (nv) + (186 (159 + 40v)

+ 6k (4073 4 360v) + K (—4073 + 4684 1)) (nv) (nX)
+ (1318 Sk +8(=926 +27v) + 4 ky (=901 +27v)) (vS)

(2461 — 2690 1) + 05 (—2461 + 541) + 26 (—1111 + 541)) (vz)}

n X E) {(245 (1874 30v) + d k4 (4073 4 360v) + K_ (—4073 + 4684 v)) (nS) (nv)

2461 — 2690 V) + § Ky (—2461 + 54v) + 25 (—1661 + 541)) (vS)

( —4073 4 2162v) + £y (4073 — 10308 v — 720%) — 6 (195 4+ 779 v + 2401%)) (nv) (nX)
(954 + 0 k- (2461 — 1372v) + 43221 — 216 % + K (—2461 + 6294 v — 108 1?)) (UZ)}

(nx 0)"[ (98500 — 6486 6 5 + 721+ G 0, (7469 + 61) (nS)?

(360 k4 (1425 + 1) + 26 (48905 + 36 ) + k_ (~51300 + 25908 /) (nS) ()

(2558 — 965421 — T20% + 63 i (—4275 + 1078 1) — 6 114 (—4275 + 9628 + 61%)) (n3)>2
+ (13000 K + 4k (—2924 4 3v) +8(~2891 +3v)) S2 + (k_ (12996 — 52121)

+128 k4 (—1083 + v) + 80 (—3124 + 3v)) (ST) + ( — 26k (—3249 + 653 v)

— 6(201 — 4355 + 41%) — 254 (3249 — 7151 v 4 612)) 22} .

N
.
N
-
N
N
N

3. Linear momentum and center-of-mass fluxes

The coefficients for the expressions in sec. IV C are given by

04
h5 _—

14
hs

214
hs

02
he

= (v x 8)"(=6695 (nv)> + 2516 (nv) v?) + (n x 8)* (29406 (nv)* — 5307 6 (nw)? v* + 26596 (v?

+ (v x )" (= 5331 (nv)* + 2513 (nv) v* + v (5952 (nv)* — 3464 (nv) v?))

+ (n x 2) (9195 nv)* — 9987 (nv)? v* + 2260 (v?)? + v (—5442 (nv)* + 8610 (nv)? v* — 4594 (v?)?))
+ (n x v)’ (- (15416 (nS) + 431 (nX)) + 3 (nw) (52876 (nS) + 1087 (nX)) v*

—2v% (22526 (v S) + 1481 (v2)) + (nv)? (63485 (vS) + 6024 (vX))
v (32658 (nv)® (nX) — 27615 (nv) (nX) v* — 15717 (nv)? (vE) 4 9247 v* (v)))
+ v* (=21 (nv)? (4636 (Snwv) + 274 (Snv)) + v* (90496 (Snv)
+ 4780 (nw)) + v (22089 (nv)? (Snv) — 18265 v (Snv)))
+ n' (= 1056 (nv) v* (136 (Snw) + 7 (Env)) + (nv)® (146046 (Snv)
+ 8304 (nw)) + v (—31146 (nv)® (Env) 4 27534 (nv) v* (Env))) ,

=4966 (nv) (v x S)" + (—6422 (nv) — 40 v (nw)) (v x B)"

+ (n x 2)" (3557 (nv)® + v (4618 (nv)? — 3372v%) + 1389 v?) + (n x S)" (—2092§ (nv)?® + 1056 § v°)

+ (nxv)" ((nw) (—1886 3 (nS) + 4930 (nX)) + v (2807 (nv) (n3) — 759 (v5))
— 120 (6 (vS) — 5 (vX))) 4+ v* (25686 (Snv) + 669 (Snv) — 2391 v (Snv))
+ n' ((nv) (—3460 6 (Snwv) — 1537 (Snv)) + 5563 v (nv) (Snv))

=-725(nx 8)",

— g { (nv)? [(19205 +4032 K- + 9605 k4 ) (nS) + (15368 5 — 384 k4 (4 + 5v) — 60 (—45 + 641)) (nz)}

))

+ (vS) (228 6 v? + 1104 5 _ v* + 1146 k4 v?) + (nw) [(nS) (—1776 5 v* — 3192 k_ v? — 888 1y v?)

29

(C21)

(C3a)

(C3b)

(C3ce)



+ (n%) (= 11526 k5 02 + 48 5y (24 + 37v) v + 12(—103 + 296 v) v2)}

+ (4950 k- v* — 6 (=329 + T6 ) v* — 3K, (165 + T6v) v*) (vE) + (nv)? [(—312 §—1962K_ — 1566 Ky ) (vS)

+

9035 i + 6 (—549 + 104v) + 3k (301 + 104)) (vz)}}

(-
+ { 15365/-6_ — 384Ky (44 5v) —12(251 + 320v)) (nS)
(-

1926 k4 (8 +5v) — 1925k (— 8+111/)7605(19+321/))(n2)}
(vS) (4956 K v*> — 8 (70 + 57v) v* — 3k (165 + 76 v) v°)
(nv){( %) (246 51 (48 + 370) 0% + 24k (—48 + 59v) v + 125 (131 + 148 1) v?)
(nS) (
( 36 Ky
[( 9035 + 156 (5 + 4v) + 3y (301 + 1042)) (vS)

— 11526 k- v + 48k (24 + 37v) v® + 12(219 + 296 1) v )}
(165 + 38 v) v* — 26 (—299 + 114 v) v* — 3k_ (—165 + 292 1) v*) (V)

o A

+ (66 (—185+520) + 33Ky (301 +521) + 3k (—301 + 5501/)) (vz)} } »

)
+ v (( 8888 — 588k — 4445 k) (v9)* + 82 (—12485v? — 120k _ v* — 6240 K, v?)

+ (nS)? (44046 v* — 156 K_ v? + 22020 K, v?)

+ (5%) (5046 k_ v® + 24 k4 (—21 4 104 v) v° + 4 (—449 + 1248 v) v?)

+ (nE)? (= 30k4 (—393+ 734v) v — 66 (—71 + 734v) v* + 3k (—393 + 1520 ) v°)
+ (nS) (nX) (— 23588 K v* — 6 ky (—393 + 1468 v) v° — 6 (—875 + 2936 v) v*?)

+ (— 1446 k- + 48Ky (3+37v) +2(—953 + 1776 v)) (vS) (vX)

+ (= 12K (64 25v) + 120 k4 (6 + 37v) + 28 (—257 + 444v)) (vE)?

n

(nv) { { (52685 + 2190 k_ + 26348 k4 ) (nS)

+ (= 2220k — 6k (—37 4 878v) — 6 (—127 + 1756 1)) (nz)] (vS)
+ | (—2226K_ —24(-93+439v) — 6 k4 (—37 + 878v)) (nS)

66k (—37+4390) + 6k (=37 +513v) — 65 (183 + 878 1)) (nz)] (vz)}

V)2 {(—8988 5 —1632k_ — 44946k, ) (nS)? + (28626 k_

Fop (—477 + 2996 1) + 6 (—989 + 5992 1)) (nS) (n%)
38 ky (—AT7 + 1498 1) + 6.6 (243 + 1498 ) — 3k _ (—477 + 2452v)) (nX)?
13446 + 468 K5 4+ 6720k,) 8% + (— 2048k — 125, (—17+ 224v) — 12 (=211 + 448 1)) (SX)

(
[
+ (-
+ (126 k4 (21 +52v) v? — 12K_ (=21 + 94v) v* + 85 (—37 + 156 v) v*) £?
+ (n
+6
(
(

+ (= 246(=254560) — 68k (—17+ 1120) + 6 5_ (—17 + 146 1)) EQD

+ n' ((US) {(nS) (19925 v? — 564 k_ v* + 996 6 ki, v?)

+ (n%) (= 7806 K v® — 24 (=89 + 166 v) v* — 12k (—65 + 166 1)) v2)}

+ [ (%) (= 1265, (=65 + 830) v — 126 (69 + 166 1) v* + 1215 (=65 + 2130) v?)

30
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he

31
+ (nS) (= 7806 K v — 125, (—65 + 166 ) v® — 12 (151 + 3320) v2)} (vE)

+ (nv)? { {(—8472 § —2172k_ — 42366 k) (nS) + (10328 K + 24 k4 (—43 + 353 v)

+ 6 (—1023 + 2824 v)) (nZ)} (vS) + [ (10320 k- + 24 ky (—43 4 353v) + 12 (=151 + 1412v)) (nS)

+ (12054 (—86 +353v) — 12K_ (—86 + 525v) + 65 (31 + 1412v)) (nz)} (vz)}

+ (nv)? [(126005 —1230K_ 463000 k1) (n5)? + (— 75308 K — 90 (—143 + 560 v)

— 30 k4 (—251 + 840v)) (nS) (nE) + (— 906 (=3 + 140v) — 155 k4 (—251 + 420v)
+15k_ (=251 +922v)) (nX)* + (—20166 — 210 k_ — 1008 § k) S*
+ (7988 Kk +42k4 (=19 + 96 ) + 48 (—25 + 168 1)) (S)

+ (210 ki, (—19+48v) + 365 (11 + 56) — 21 k_ (—19 + 861/)) 22}

+ (nv) [(14645 +1200k_ + 7326 K4) (vS)* + (nS)? (=7512 6 v* + 2934 k_ v*

— 37568 k4 v°) + S (19446 v* — 126 k_ v + 9726 Ky v?) + (ST) (— 10985 K_ v°

—72(=7+108v)v* — 18 k4 (—61 + 216 v) v°) + (nX)? (30 k4 (—1115 + 1252 1) v°

+66(—233 +1252v) v® — 3k_ (—1115 + 3482 ) v?)

+ (nS) (nX) (66906 k_ v* + 6 4 (—1115 + 2504 v) v* + 6 (—1709 + 5008 /) v?)

+ (4680 k- — 1254 (39 +244v) — 6 (=751 + 976 v)) (vS) (vX) + (6k— (39+44v) — 65 K (39 + 122v)

—60(—255+244v)) (vE)® + (=366 (194 54v)v® — 90 k4 (—61 + 108 v) v* + 9k_ (—61 + 230v) v?) EQD ,
(C3d)

= Si{(m}) [(605—&—32/{_ +300k4) (nS) 4+ (6k- + Ky (=1 =60v) —5(1 +24v)) (nZ)}

+ (126 —44K_ —60ky) (vS)+ (B9 —190Kk_ +24v + ky (194 12v)) (vZ)}

+ {(nv){(?Q—i— §k_+ Ky (—1=60v) —120v) (nS) + (k- (14+28v) — dky (14 300)
— 5(T+60)) (nz)} + (—67—190k_ +24v+ £y (194 120)) (05)
+ (=36°+ 6k (194 6v) + £ (—19+32v)) (m)}zi

v {(1925— 16K_ +966 k1) (nS)? + (— 1126 k- — 16 k4 (=7 + 24v) — 4 (—49 + 192v)) (nS) (nX)
— 80Ky (—T+120) +8k_ (—7+26v) —35(1+64v)) (nX)* + (—606 +20k_ — 305 k4) S?
500 k- + 10 k4 (=5 + 12v) + 5 (—13 + 48v)) (S%)

50k (=5 +6v)—5k_(=5+16v)+20(1+30v)) 22} + n{ [(24(5+52!€_+12(5l€+) (nS)

—45ky (5+3v) =4k (=5+Tv) — §(—1+24v)) (nz)} (v2) + (nv) {(_Qsza_gm, — 1418 k4) (nS)?
)

1146 k- + 6 £y (=194 94v) + 3 (=99 + 376 v)) (nS) (nX

(
(
(
(206 k- — 45k (5+6v) —3(—17+16v)) (nE } )+ {(205;‘4:_—4I€+(5+6V)—2(13+24I/)) (nS)
(
(
(3051 (—19+470) + 66 (1+47v) — 3k (—19+851)) (n%)2 + (666 — 195 + 330k, ) S°
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+ (59 =526k —264v —4ky (—13+331)) (SE) + (=666 — dry (=26 +33v) + k- (—26 +851)) 22} }
(C3e)
k2T = (v x 8)" (—24756 (nv)* + 3726 6 (nv)? v* — 11358 (v?)?)
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