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Abstract

We show that dark matter can be accounted for by an axion that solves the
strong CP problem, but is much lighter than usual due to a Z,, symmetry. The
whole mass range from the canonical QCD axion down to the ultra-light regime
is allowed, with 3 < N < 65. This includes the first proposal of a “fuzzy dark
matter” QCD axion with m, ~ 10722 eV. A novel misalignment mechanism occurs
~trapped misalignment- due to the peculiar temperature dependence of the Z,,
axion potential. The dark matter relic density is enhanced because the axion field
undergoes two stages of oscillations: it is first trapped in the wrong minimum,
which effectively delays the onset of true oscillations. Trapped misalignment is more
general than the setup discussed here, and may hold whenever an extra source of
Peccei-Quinn breaking appears at high temperatures. Furthermore, it will be shown
that trapped misalignment can dynamically source the recently proposed kinetic
misalignment mechanism. All the parameter space is within tantalizing reach of the
experimental projects for the next decades. For instance, even Phase I of CASPEr-
Electric could discover this axion.
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1 Introduction

Were an axion-like particle (ALP) to be ever discovered, it would be compelling to explore
whether it has something to do with the strong CP problem [1-4], and/or whether it can
be a viable dark matter (DM) candidate [5-7]. The canonical QCD axion (aka “invisible
axion”) satisfies

QCD . \/E . my,
m =m, [ ——, where z=— 1.1
P = me b e (11)
and mf;)CD, far [, mr,m, and m, denote respectively the axion mass, the axion scale,

the pion decay constant, and the pion, up and down quark masses [8-13]. Eq. (1.1) holds
whenever QCD is the only confining group of the theory, irrespectively of the ultraviolet
(UV) model details. A departure from this m,-f, relation always requires to extend the
gauge confining sector beyond the Standard Model (SM) QCD group.

Axions that solve the strong CP problem but are heavier than the canonical QCD
axion have been explored since long and revived in the last years [14-30]. In contrast,
solutions to the strong CP problem with lighter axions were uncharted territory until
very recently.

The goal of this work is to determine the implications for DM of a freshly proposed
dynamical —and technically natural—- scenario [31, 32|, which solves the strong CP problem
with an axion much lighter than the canonical QCD one. Its key point was to assume that
Nature is endowed with a Z,- symmetry realized non-linearly by the axion field [31, 32].
N mirror and degenerate worlds linked by the axion field would coexist with the same
coupling strengths as in the SM, with the exception of the effective 0,-parameters,

ﬁ—j\iﬁ + 2 (g, 4+ ) GGy | + (1.2)
—kzo SMk 87.‘. a N k k. DEEEEIEY .

Here, Lg\;, denotes exact copies of the SM total Lagrangian excluding the topological
GGy, term,' 0, € [—, ) is defined in terms of the axion field a, 6, = a/f,, and the dots
stand for Z,~-symmetric portal couplings among the SM copies.

The solution to the strong CP problem of this Z,s scenario required N to be odd.
Overall, the ~ 10 orders of magnitude tuning required by the SM strong CP problem is
traded by a 1/N adjustment, where N could be as low as N' = 3 (viable solutions were
found with 3 < N <47 for f, < 2.4 x 10" GeV, and any A for larger values of f, [32]).
The resulting axion is exponentially lighter than the canonical QCD one, because the non-
perturbative contributions to its potential from the A" degenerate QCD groups conspire
by symmetry to suppress each other. This can be intuitively understood from the large
N limit of a non-linearly realized Z,, shift symmetry, which is a continuous global U(1)
symmetry: the axion acts as the Goldstone boson of the discrete symmetry [33]. Its mass
thus vanishes asymptotically for large A as befits a U(1) Goldstone boson. Indeed, it
has been shown [32] that in the large N limit the total axion potential is given in all
generality by

Mafa
7
'The SM is identified from now on with the k& = 0 sector and this label on SM quantities will be often
dropped in the following.

Vi (6,) =~ cos(NG,), (1.3)




where now the axion mass in vacuum obeys

QNmfrfﬁ 1 /1—=z
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m N32ZN (1.4)

which is exponentially suppressed (o ZN) in comparison to (maQCD)2.2

The crucial properties of such a light axion are generic and do not depend on the
details of the putative UV completion. An important byproduct of this construction is an
enhancement of all axion interactions which is universal, that is, model-independent and
equal for all axion couplings, at fixed m,. The detailed exploration of the Z,, paradigm
and of the phenomenological constraints which do not require the axion to account for
DM can be found in Ref. [32].

We will determine here instead the parameter space that solves both the strong CP
problem and the nature of DM within the Z,, framework under discussion. The question
of DM is of strong experimental interest and very timely, in particular given the plethora
of projects targeting light DM candidates, down to the region of “fuzzy” DM [34]. For
instance, CASPEr-Electric [35-37] probes directly the anomalous gluonic coupling of
the axion via an oscillating neutron electric dipole moment (nEDM): the strength of
that coupling cannot be modified for the canonical QCD axion irrespective of the model
details, unlike other axion-to-SM couplings that can be selectively enhanced [38-44]. We
show here that, in contrast, a hypothetical early discovery at CASPEr-Electric could be
interpreted as a solution to the strong CP problem via a Z,, reduced-mass axion, because
of the same-size enhancement of all axion couplings in such a scenario.

It will be shown that the cosmology of the Z,, axion exhibits several novel aspects.
The cosmological impact of hypothetical parallel “mirror” worlds has been studied at
length in the literature (for a review, see e.g. [45]). In particular, the constraints on
the number of effective relativistic species N g present in the early Universe imply that
the mirror copies of the SM must be less populated —cooler— than the ordinary SM
world [46]. This requires in turn that the SM has never been in thermal contact with
its mirror replica. Fortunately, mechanisms that source this world-asymmetric initial
temperatures while preserving the Z,, symmetry may arise naturally in the cosmological
evolution [47-49]. It has also been suggested that DM could be simply constituted by
mirror matter, for which relevant constraints apply given the differences in temperatures.
Note, nevertheless, that in most cases only one replica of the SM was considered, while
large NV could significantly modify those analyses. Furthermore, an axionic nature of DM
has not been previously considered in the mirror world setup with a reduced-mass axion.”
While gravity and axion-mediated interactions are naturally small enough, the impact of
other possible (Zy-symmetric) interactions on the thermal communication between the
SM and its mirror copies will be discussed.

The evolution of the 7, axion field and its contribution to the DM relic abundance
will be shown to depart drastically from both the standard case and the previously
considered mirror world scenarios. Due to the peculiar temperature dependence of the
Z )\ axion potential, the production of DM axions in terms of the misalignment mechanism
is modified. The scenario results in a novel type of misalignment, with a large value of

*Note that the value of m, for N’ = 1 should be equal to m2® given in Eq. (1.1), while Eq. (1.4)
only holds in the large A/ limit.

% An axion heavier than the QCD one has been contemplated as DM, within a Z, setup which realized
linearly the symmetry [50].



the misalignment angle. In particular, we will show that the relic density is enhanced
because the axion field undergoes two stages of oscillations, that are separated by an
unavoidable and drastic —non-adiabatic— modification of the potential. The axion field is
first trapped in the wrong minimum (with § = 7), which effectively delays the onset of
the true oscillations and thus enhances the DM density.* We will call this new production
mechanism trapped misalingment. Note that inflation played a crucial role in previous
dynamical setups advocated to drive the initial misalignment to 7 [53-55], while our
mechanism results directly from temperature effects.

Furthermore it will be shown that, in some regions of the parameter space, trapped
misalignment will automatically source the recently proposed kinetic misalignment mech-
anism [56]. In the latter, a sizeable initial axion velocity is the source of the axion
relic abundance as opposed to the conventionally assumed initial misalignment angle.
The original kinetic misalignment proposal [56] required an ad-hoc Peccei Quinn (PQ)-
breaking non-renormalizable effective operator suppressed by powers of the Planck mass,
Mp,. In contrast, we will show that the early stage of oscillations in the Z,, axion frame-
work naturally flows out into kinetic misalignment.

The interplay of the different mechanisms is studied in detail. Moreover, although
general phenomenological consequences of a large misalignment angle were studied in
Ref. [57], we will identify the main novel consequences that follow from the scenario un-
der discussion. On the phenomenological arena, we discuss the implications of the Z,,
reduced-mass axion for axion DM searches, namely those experiments that rely on the
hypothesis that an axion or ALP sizeably contributes to the DM density. More specif-
ically, the experimental prospects to probe its coupling to photons, nucleons, electrons
and the nEDM operator are considered. The analysis sweeps through the whole mass
range down to ultra-light axions (with masses m, < 107 eV), within the Z,, axion
framework under discussion. The present and projected sensitivity to the number of pos-
sible mirror world N will be determined, and the constraints obtained will be compared
and combined with those stemming from experiments which are independent of whether
axions account or not for DM [32].

The structure of the paper can be easily inferred from the Table of Contents.

2 Cosmological constraints on mirror worlds

The existence of a hypothetical parallel mirror world, with microphysics identical to that
of the observable world and connected to the latter only gravitationally, has a non-trivial
impact on cosmology (for a review, see e.g. [45]). In particular, extra relativistic species
in the early Universe (mirror photons, electrons and neutrinos) affect the number of
effective neutrino species Nz that can be measured through: i) the abundances of light
elements —in particular Helium— at the time of Big Bang nucleosynthesis (BBN), i.e. at
T ~ 1MeV; ii) through the damping tail in the cosmic microwave background (CMB)

“While this manuscript was being written, Ref. [51] appeared where a trapping mechanism was used
in a different context, i.e. to reduce the axion DM abundance. Conversely, an alternative enhancement
mechanism has also been proposed recently [52].



power spectrum at recombination, 7" ~ 0.26eV. Present data yield [58—60]5
BBN: Ng =289+057, CMB: Ny = 2997033 . (2.1)

In order to satisfy these constraints in the presence of one mirror world, its temperature
T’ needs to be smaller than that of the SM, Tj. In the Z, scenario under discussion the
different £ > 0 copies of the SM could have different temperatures 7}, < Tj, and hence
different energy densities p;, and entropies sy,

. o

Pr = %9*(7}@)7??, S = Egs(Tk)Tg> (2-2)

where g, and g, denote the effective degrees of freedom related to energy and entropy
density, respectively. In principle, the functional forms g,, g, could have an extra k-
dependence through the respective 6, parameters, but the overall impact is expected
to be minor and will be disregarded in the following. Moreover, we assume here that
thermally produced axions give a negligible contribution to N.g. This is typically the
case for f, > 10" GeV [61-63].

The different sectors evolve in time with separately conserved entropies, therefore the

ratio of entropy densities 75 = (s;/s) is constant, while the ratio of temperatures is given
by

B,
where from now on 7" will denote the temperature of the SM copy, T' = Ti,. The Hubble

expansion rate depends on the total energy density of the Universe. In a radiation
dominated era with A/ mirror worlds it reads

1/3
:| E’ykbk(T,Tk), for k’El,...,N—l, (23)

473 Nt
H(t) = —
(t) I
k=0

T  4ar® Tt _
ME ~ 5o

9:+(T) (1), (2.4)

with the number of effective degrees of freedom g,(7") given by

N-1
9.(T) = g.(T) (1 +> cwﬁ) 7 (2.5)

and ¢, (T, T) = 9. (Ti) /9:(T)] - [9:(T) /g (T)] .

Let us discuss next the implications for N.g. In the SM, ¢, (T = 1MeV) = 5.5 +
;ZNeSé\/I — 10.83 where NoM = 3.046 is the effective number of neutrino species. Anal-
ogously, at recombination ¢,(7" = 0.26eV) = 3.93. It follows from Eq. (2.5) that the
contribution of the ensemble of N worlds to AN = Ng — Nox* at BBN and CMB is
given by

4 N-1 N-1
BBN: ANy =g (T =1MeV) > ¢y = > i < 0.067, (2.6)
7 k=1 k=1

’For BBN, the constraint corresponds to BBN + Yp + D in Table V of Ref. [58], translating their
68.3% CL result for the number of neutrino species N, to a 95% CL value N, = 2.85 & 0.28, and
N.g = 1.015N,. For CMB, the combination of TT+TE+EE+lowE+lensing+BAQO data by Planck
2018 [59, 60] is considered here; note that due to the disagreement between local and CMB measurements
of the Hubble expansion parameter H, the constraint on AN, would weaken to N.g = 3.27 £ 0.30 if
H, measurements were included.



N-1 N-1
4
CMB: ANy = ?g*(T =0.26¢eV) Z ave = Z e < 0.13, (2.7)

k=1 k=1

where the bounds on the right-hand side stem from the constraints in Eq. (2.1). These
expressions illustrate an interesting prediction of the mirror world(s) scenario: the devia-
tion in the number of measured effective neutrino species with respect Nesé«w s not constant
but varies with temperature. That is, it may vary with time as certain mirror species will
become non-relativistic at different times in the evolution, because of the different tem-

peratures of the mirror worlds.

¢, ~ 1 approximation

The temperature dependence of the function g, is quite flat in most regions of interest,
9s(Thz0) =~ gs(T). Within this approximation by ~ ¢4 =~ 1, and the parameter -,
directly gives the ratios of temperatures
1y,
T )
which remain constant throughout the Universe evolution, with v, < 1 for all £ # 0.
This approximation is valid as far as the temperatures involved correspond to the same
plateau of the N g distribution (see e.g. [64]). In other words, as long as the number of
relativistic degrees of freedom does not change between 7). and T" and thus ¢; ~ 1 holds.
This is the case at the CMB temperature, where Eq. (2.8) holds for all k because all
exotic worlds are cooler than the SM one. For temperatures around the BBN region, we
have checked that the approximation is still good as long as 7, is not too small, e.g. better
than 25% for 7,9 2 0.1, which does not change noticeably the analytical expressions.
We will work in this framework all through the rest of the paper, except for the numerical
results. More details can be found in Appendix A.

In general, the A/ — 1 copies of the SM may have different temperatures. In this case
Egs. (2.6)-(2.7) allow to constrain the temperature of the hottest of them, 7,

max)

Vi (2.8)

T, T,
BBN: 2 <051,  CMB: =2 <0.60. (2.9)

If all mirror images of the SM are instead assumed to have the same temperature, Tj, ~ T"
for k # 0, the most restrictive bounds follow,

! /
BBN: Z < L CMB: Z < & (2.10)

row=nr T
It is interesting that BBN data set the most constraining bound on N.g, in spite of CMB
measurements being more precise. This is due to the temperature dependence of the
mirror worlds contribution. Moreover, this non-trivial dependence represents a smoking
gun for the existence of the latter, as it generically predicts incompatible measurements of
Ng from BBN and CMB. Specifically, the scenario predicts in all generality the following
discrepancy:

N-1 N-1
Neg™ = Ng™® =3.92) oy = 3.92) . (2.11)
k=0 k=0

If such a difference were to be experimentally established, it would allow to predict the
temperature of the mirror worlds e.g. in the two limiting cases in Eqgs. (2.9)—(2.10).
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Constraints on portal couplings

The SM must avoid thermal contact with its mirror copies all through the (post-inflation)
history of the Universe so as to fullfil the condition 7}, < T'. This implies that the in-
teractions between the SM and its copies need to be very suppressed. Non-renormalizable
interactions such as gravity and axion-mediated ones are naturally small enough, while
the Higgs and hypercharge kinetic portal couplings can potentially spoil the condition
Ty+o < T. For instance, in the Z, mirror case T'/T < 0.5 requires both portal couplings,
defined as £ D k|H|*|H'|"+eB" B}, where H and H' (B"” and B;,,) denote respectively
the SM Higgs doublet (hypercharge field strength) and its mirror copy, and s and € are
dimensionless couplings, to respect k,€e < 107° [65]. Even smaller couplings are needed
in the Zy case with A/ > 2. This can suggest a ‘naturalness’ issue for the Higgs and
kinetic portal couplings, as they cannot be forbidden in terms of internal symmetries.
Nevertheless, such small couplings may be technically natural because of an enhanced
Poincare symmetry [66, 67]: in the limit where non-renormalizable interactions are ne-
glected, the k,e — 0 limit for the ensemble of portals corresponds to an enhanced pN
symmetry (namely, an independent space-time Poincaré transformation P in each sec-
tor). This protects those couplings from radiative corrections other than those induced
by the explicit PN breaking due to gravitational and axion-mediated interactions, which
are presumably small.

2.1 On asymmetric SM/mirror temperatures

The microphysics responsible for the evolution of the early SM Universe and of its mirror
copies is almost the same. Which mechanisms can then source different temperatures for
the SM and its replicae?

One difference in the microphysics of our setup is the axion coupling to the GWG’“ v
pseudo-scalar density in Eq. (1.2): the effective value of the 6 parameter differs for each
sector k, 0, = 2k /N (and thus relaxing to zero in the SM with probability 1/N — see
Sect. 3). This implies that nuclear physics would be drastically different for the SM and
its mirror copies. Indeed, the one-pion scalar exchange parametrized by the effective
baryon chiral Lagrangian,

N—

Lypr Dy Z

k=0

—_

My, My Sin 0, Th

NN, , 2.12
[m2 +mJ 4 2m,my cos Hk]l/Q fo B (2.12)

where m;, and N}, denote respectively the pion and nucleon fields and ¢, is an O(1) low-
energy constant, induces long-range forces (i.e. not spin-suppressed in the non-relativistic
limit) among nucleons in all worlds but the SM one [68]. This may lead to different
thermalization histories of the mirror copies, modulated by their ‘distance’ k from the
SM sector (k = 0). Qualitatively, nucleons are kept longer in thermal equilibrium in the
mirror replicas of the SM due to this extra interaction channel, which could play a role
in generating different temperatures. However, a quantitative estimate is complicated by
the fact that the interaction in Eq. (2.12) becomes relevant only around the QCD phase
transition.

Previously in the literature, mirror world scenarios leading to sufficiently different
temperatures relied on specific inflation implementations. Some of them could also hold
in our Z,  scenario. For instance, in the so-called asymmetric inflation it is argued that
the initial condition after inflation may be very different for the SM and the various



mirror copies, even if they have very similar microphysics dynamics. This mechanism
was proposed in the context of an exactly Z, symmetric mirror world [47, 48]. Two
inflaton fields would be present: ¢ for the SM and ¢’ for its Z, mirror copy, respectively
slow-rolling towards the minimum of their potentials (the generalization to the case of
Zy is straightforward). Inflation ends when the potential steepens and the inflaton field
picks up kinetic energy so that it starts to oscillate towards the minimum of its potential.
In this process, quantum fluctuations can be such that the two inflaton fields do not
necessarily reach their minimum at the same time, even in the same spatial region. In
regions where ¢’ reaches its minimum first, any mirror particles produced due to its
oscillations are diluted by the remaining inflation driven by the second field ¢. Hence,
by the time when ¢ reheats the SM sector, the density of mirror matter will be very
small, and in consequence 7" < T. Quantitatively, whether such asymmetric inflation
scenario can be realized or not depends on the shape of the inflaton potential [48]. An
alternative idea to achieve different temperatures is that the inflaton itself transforms
non-linearly under the Z,  symmetry [49]: this automatically implies different values
for the inflaton fields in each mirror world, and thus different thermal histories. In the
present paper we will not commit ourselves to a specific mechanism realizing different
SM/mirror temperatures, but simply assume as a working hypothesis T} .o < T

Mirror baryonic matter has been advocated to explain partially or even totally the
nature of DM, in the context of the Z,-symmetric mirror world (see e.g. [45]). This may
be achieved, in spite of the lower temperature of the mirror world, by means of a proper
baryogenesis mechanism in the mirror sector [46]. In the following, we will not dwell with
mirror baryonic DM (which is assumed to give a negligible contribution due to the lower
temperature of the SM mirror copies) and focus instead on axionic DM.

3 Z, axion dark matter

One of the key ingredients in order to compute the axion relic density is the temperature
at the onset of oscillations around the true minimum, since it determines for how long
axion oscillations are damped (and therefore to what extent the relic density is diluted).
In the traditional scenario, that corresponds to the temperature at which the Hubble
parameter is of the order of the axion mass. We analyze here the intrinsic differences
between the Z,, scenario with a reduced-mass axion and the canonical QCD axion.

An important question is whether the Z,  axion can account for the observed DM
density, without requiring any further adjustment other than the inherent 1/A tuning
needed to solve the strong CP problem, i.e. to choose 6, = 0 as the vacuum for the SM
world among the N possible 0, values, 0, = {+27¢/N} with £ =0,1,..., (N —1)/2. Tt
will be demonstrated in this section that this is indeed the case.

We will focus here on the study of the axionic zero mode, assuming spatial homogene-
ity and the pre-inflationary PQ breaking scenario.

3.1 Temperature dependence of the Z,, axion potential

At temperatures well below the critical temperature of the QCD phase transition, T" <
Toep ~ 150 MeV, the customary QCD axion potential is well approximated by the
zero temperature chiral potential. However, the chiral expansion breaks down close to
Tqep- Lattice computations of the topological susceptibility x(7') are instead available
for the cross-over regime, from which the QCD axion mass is estimated. As the exact



temperature dependence is not known, we will parametrize the QCD axion potential at
finite temperature V(6,,T) by weighing the zero temperature expression of the chiral
axion potential V' (6,) by a h(T") factor

V(0,,T)=V(0,) x h(T) = —m> 3\/1 - (4m¢sin2 (%) < WT),  (3.1)

where

nMT) =

1 fOI' T < TQCD
{ 52)

T (0%
(%) fOI' T > TQCD

Constant terms in the potential have been left implicit in this expression, as irrelevant
for the axion mass and cosmological evolution. The coefficient o parametrizes the power-
law behaviour at high temperatures. Unless otherwise stated, o = 8 will be assumed,
as suggested by the dilute instanton gas approximation (DIGA) and in agreement with
some lattice computations [69]. Note, however, that the potential in Eq. (3.1) differs
from the DIGA-motivated cosine potential commonly assumed for the QCD case: our
parametrization ensures that V(,,7T) is a continuous function of the temperature not
only around the minimum but for any field value 6,,.

The generalization of the ansatz above to the total Z,, axion potential is simply given
by the sum over the A different potentials,’

Vi(0,,T) = Zmﬁfw\/l—( Am, md)Q sin? (92 +%k) < WTL),  (3.3)

m, +my

where the power-law temperature suppression is assumed to be k-independent and as
given in Eq. (3.2), that is, a;, = « for all k. Furthermore, h(7},) = h(bpvT) =~ h(y.T),
see Eq. (2.3) and Appendix A. Irrespective of the specific 7y, values, three temperature
regimes can be distinguished which are qualitatively different. They are determined by
the minimum and maximum value of 7,

Vmin S 83 S Vmax (34)

corresponding respectively to the coolest (,i,7") and the hottest (Yya1’) mirror copies
of the SM, see Fig 1.

Low temperatures T' < Tcp

The potential for all N replicas is well approximated by the —exponentially suppressed—
zero-temperature potential in Eqgs. (1.3) and (1.4),

VAt (0,.T) = Vi (6,) | (3.5)

with minima at 27k/N for N odd.

This potential depends on all the temperatures of the different mirror worlds, but the simplified
notation Vi (0., T, Ty ... Tr_1) = Vi(6,,T) is used here for simplicity. This notation also reflects the
fact that the SM temperature T' —being the largest— is the dominant driver of the Universe evolution.
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VAT (04, T)
£ TQCD /mein
T TQCD/’YmaX

VAT (04, T)
+ Tqcp

Ve (6a,T)

Figure 1: Range of temperatures corresponding to qualitatively different behaviours of
the Z,, axion potential. The acronyms HT, MT and LT stand for high, medium and low
temperatures, respectively.

Medium temperatures Tocp < T < TQep/Ymax

In this regime, only the SM contribution to the total potential is temperature suppressed.
It is weighed down by a factor (TQCD /T)a, while all other contributions are still well
approximated by their zero-temperature potential,

a N-1
V¥ (,,T) ~ (TQTCD> V(0,)+ > _ V(0, +2rk/N)
k=1

— KTQTCD)Q - 1} v(o,) +A§V(6a +2mk/N)

k=0

- Toep a_ I e BV V. VN Y
_{( T ) 1} V(4,) —m; NG 1+ZN (—1)" 2™ cos (NE,)

2, V(). (3.6)

where in the last step the term o 2V has been neglected compared to the size of V(6,).
It follows that the total axion potential is well approximated in this regime by minus the
QCD zero-temperature axion potential, that is, the single k = 0 world contribution with
the opposite sign. The potential thus depends only on f, and its minimum is located at
0, =*+m.

High temperatures T > Tqcp/Ymin

The temperature effects are now important for all N replicas. In the simplified case with
all N'— 1 mirror worlds having the same temperature (Tjo0 = 1", Viso =7, biso = )

HT TQCD “ TQCD o«
VT (0, T) = (=57 ) V) + (=5 > V(b + 21k/N)
k=1

T

11



T, ¢ ' T “
- (235 Ve - )] T - (755) V) 60
where in the second step we neglected again the exponentially suppressed Z,, contribution
at T = 0 and the definition 7" = 77V’ was used. As for the medium temperature regime,
the total axion potential depends essentially only on f, and its minimum is located at
0, = £ m. In the more general case in which the mirror copies of the SM have different
temperatures, only the coldest world will give a sizeable contribution to the potential,
and the minimum will no longer be at 4+ although typically not too far from it, see
Fig. 2.

0.75 0.75
0.84 0.67 0.67
. 059 059
[Ny
H 067 052 0.52
E 0.44 % 0.44 }:
5 e S
< 0.4+ 0.36 - 0.36 —
o
g 0.28 0.28
AN
02 021 021
W 0.13 0.13
00 _W”——
; ; , 0.05 0.05

0
ga:a/fa

Figure 2: Temperature dependence of the Z; axion potential. Left panel: all mirror
worlds have the same temperature, v, = v = 0.5. Right panel: mirror worlds have
different temperatures, v; = 0.5, 7, = 0.25. The low and medium temperature potentials
do not depend on 7;, as it can be appreciated by comparing the two plots.

In summary, temperature effects lead to regimes in which the minimum of the to-
tal axion potential is displaced to #, = + 7 or similar large field values. This high-
temperature shift of the minimum parallels that at finite density, previously identified in
Refs. [32, 70, 71] and recently employed as well in Ref. [72]. This phenomenon is rich in
consequences. In particular, it follows that the axion mass at finite temperature,

1 | d*V(0,,T)
my(T) = —, | ———= , 3.8
D= | (33)
is given —in the three temperature regimes discussed above— by
(1 ,[1—z
i NN for T < Toep LT

% 1+2
my(T) = Mt 8 V2

fOI' TQCD < T < TQCD/'Ymax MT

Ja 1— 22
T «a
1\/; (7 QTC]Z > for  Toep/Ymin <T HT.
\ - min min

(3.9)

The LT expression for m,(T') equals that for the zero-temperature mass m, in Eq. (1.4),
as expected. In contrast, for the intermediate temperature case it corresponds to the
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tachyonic mass of the QCD axion at the top of its potential,

1 [d*V(8 1
mlP = [ e, (3.10)

0,=m
which differs from m3“® by a factor ~ 1.7 because the QCD chiral axion potential is
not a cosine, and its curvature around maxima and minima are slightly different. Thus
Eq. (3.9) can be rewritten as

( mg, fOI' T < TQCD LT
QCD
mgx for T, <T <T max MT
mg(T) ~ X ) QCD QCD/V
T (03
\ manD (ﬁ) for TQCD//ymin <T HT.
(3.11)

In summary, at low temperatures the Z,, axion mass depends both on f, and N and is
exponentially suppressed by a factor N2 In contrast, at medium and high temperatures
it only depends on f, in the large N limit, and is of the order of the canonical QCD axion
mass in vacuum and at high temperature respectively.

3.2 Z, axion misalignment

We analyze here the consequences of the temperature-dependent Z,, axion potential for
axion DM production. The axion relic density can be estimated from the solution to the
equation of motion (EOM) for a classical, non-relativistic and homogeneous scalar field
0, in an expanding Universe:

. . 1
0, +3HO, + FV’(QG) =0, (3.12)

a

where V'(6,) = dV(6,)/df, and the spatial gradients have been neglected. For a field
oscillating near its minimum, V'(6,) ~ m2(T)f>6, is a good approximation and the
potential matches that of a damped harmonic oscillator. The behaviour of the solution
depends then on the interplay between two variables, the axion mass m,(7T") and the
Hubble parameter H(T'), which both vary with temperature.

We discuss next the evolution of the axion mass as a function of T', f, and N. As
the Universe cools down, the axion mass progressively grows from its initial vanishingly
small value at high temperatures, until it suddenly drops down around Ticp (feeling the
P exponential suppression of the potential) and reaches then a constant value. This is
shown in Fig. 3, where the Z,, trajectories are depicted in blue for different values of N.
The figure illustrates the N-independence of m,(T) at high and medium temperatures (in
the large N limit), while it becomes N-dependent at low-temperature, see also Eq. (3.9)
and Fig. 2. At some point in that trajectory, the mass overcomes the Hubble friction
—depicted in green— and the axion starts to oscillate.

There are two qualitatively distinct regimes, depending on whether this crossing hap-
pens after or before the axion mass abruptly drops at Tgep (as illustrated in Fig. 3).
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Figure 3: Axion mass vs. Hubble temperature dependence. Left panel: “simple ALP”
misalignment regime (i.e. scalar with constant mass) corresponding to one stage of oscil-
lations. Right panel: trapped misalignment regime with two stages of oscillations. Note
the degeneracy in NV of the trajectories in the medium and high-temperature regimes.
The value ;-0 =7 = 1/10 has been used.

Let us denote by £ the value of f, for which the canonical QCD axion would start to

a

oscillate precisely at Tcp,

crit — Mafr VZ 2x 10" GeV, where Mgy = 1.67 H(Tqep) ~ 2.9 x 107 eV,
Merit 1 + 2
(3.13)

Whenever m, > mg; (m, < myy) Hubble crossing takes place just (more than) once
in the cosmic trajectory. The factor 1.67 for mg,, stems from our criteria for the onset
oscillations that better fits the numerical solution to the EOM, as argued further be-
low. Strictly speaking, the value of f™* for the Z v axion is slightly larger than that in
Eq. (3.13), see Eq. (3.10); this small difference will be taken into account in the numerical
results and figures, but disregarded in the discussion below for the different regimes of
oscillation. In Fig. 3, f, = f<™ corresponds to the case in which the (green) Hubble

line would cross the canonical QCD axion trajectory (i.e. N =1, ) exactly at the
flattening point of the latter, i.e. ~ Tiycop.

3.2.1 One stage of oscillations: simple ALP regime

For f, > f< the T = 0 potential is already developed when the axion starts to oscillate,
see left panel of Fig. 3. Oscillations only take place around the true minimum 6, = 0,
and the relic density corresponds to that of a “simple ALP” with constant mass. This
single regime of oscillations with constant mass applies as well to the standard QCD
axion scenario (i.e. N'=1in Fig. 3) for large enough f,. The evolution of the axion field
is straightforward and goes as follows:

T > T,. At high temperatures the axion field is frozen at a given and arbitrary initial
misalignment angle #; due to Hubble friction, H > m,(T). As the Universe cools down
the Hubble parameter diminishes, until the friction term intercepts the m,(T") trajectory
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at a temperature 7} such that

Since T} < Tep, the true vacuum potential has already developed when the axion field
starts to oscillate. In consequence, its mass at T is already the zero-temperature mass:

my =meg, Wlth Qa(Tl) = 91 s 91 =0. (315)

T, > T. The axion fields keeps oscillating around 6, = 0 until nowadays and its mass
is almost constant, m, ~ 0. It is adequate to apply the WKB approximation provided
my > {ma/ma,H /H }, i.e. provided the oscillations are much faster than both the
expansion rate of the Universe and the rate at which the mass changes, which is the case
here. The adiabatic approximation predicts the existence of a conserved quantity [5-7], an
adiabatic invariant N, that can be interpreted as the comoving number of non-relativistic
axion quanta, defined for a generic axion mass m, as

3
1. 1
N, = Pal  _ const. : with Do = Eesz + émejﬁg, (3.16)
myg,

where a denotes the scale factor and p, the axion energy density. For the regime under
discussion, it follows from NN, conservation between 7} and today that the current energy
density p, o can be expressed as

N, 1 a\’
pa,O = ma? =3 mc2b (‘91 fa)2 (_1> ) (317)
0

2 ag

where ay and a; denote respectively the value of the scale factor today and at the onset of
oscillations, a; = oz(Tl).7 The latter can be expressed in turn in terms of the axion mass
using Friedmann equations and the conservation of entropy, a; o 1/y/m,Mp;, allowing
us to obtain the ratio of the axionic relic density to the current DM abundance ppy; as a
function of m,, 0; and f,.°

Pa,0 myg 91 fa )2
ol w5p /2o (e ) 7)), 3.18

where F(T}) = (g*(Tl)/3.38)% (95(T1)/3.93) " is an O(1) factor and ppy ~ 1.26 keV /cm?
from Planck 2018 data [60]. For the Z scenario under discussion, it follows from Eq. (1.4)
that this ratio can be rewritten in the large A limit as

3/2
p’ﬁ ~ 048 NP8 N/ g2 (ﬁ) F(T). (3.19)

"Whenever the initial misalingment angle is large, the relic density in Eq. (3.17) needs to be corrected
by the so-called anharmonicity factor, see Appendix B.

The slight discrepancy with respect to the result in Ref. [73] is due to the use of the updated value
of ppu ~ 1.26keV /em® from Planck 2018 data [60] and a different choice for the onset of the oscillations
that better fits the numerical result (1.67 H = m,, instead of 3H = m,,, see e.g. Refs. [74, 75]).
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The initial axion misalignment 6, can a priori take any value in the [—m,7) interval
and the axion field will roll down to the closest minimum” among the A possibilities.
Thus it is with probability 1/N that the final #-parameter will correspond to the CP-
conserving point § = 0. In other words, in order for the simple ALP regime to solve the
strong CP problem and also account for DM it is necessary and sufficient that the initial
misalignment angle lies in the interval 8, € [—7 /N, 7/N') within the simple ALP regime,
for any f, > 2 x 10" GeV.

Eq. (3.17) also indicates that the simple ALP solutions which account for the relic
DM obey (see Fig. 7)

mgfa o const. , (3.20)

to be compared with the Z,, axion mass relation, that for a given N predicts m,f, o
const. This behaviour is depicted in the {m,, 1/f,} plane in Fig. 6 by continuous su-
perimposed lines (for different values of #,), together with some experimentally excluded
regions as a reference (while the complete set of present and projected sensitivity regions
is depicted in Fig. 11). It follows from Fig. 6 that the simple ALP Z,, solutions can solve
both the strong CP problem and account for DM mass down to the region of fuzzy DM
(Mg ~ 107** eV) and for any value of N > 3,

3.2.2 Two stages of oscillation: trapped misalignment

For f, < f&'* two different potential minima develop during the Universe evolution
from high to low temperatures, see Fig. 3 (right panel). In a nutshell:

e A first phase of oscillations takes place around ¢, = 7 at temperatures above Tqcp,
because temperature effects are important then and the axion mass is unsuppressed.

o At Toep the true minimum 6, = 0 develops (while m becomes a maximum). The
axion mass suddenly becomes exponentially suppressed due to the Z,  symmetry.
Oscillations around 6, = 0 will start whenever the kinetic energy becomes smaller
than the height of the potential barrier.

These two stages are thus separated by a drastic (non-adiabatic) modification of the
potential. This novel axion DM production mechanism is named trapped misalignment.
Its cosmic evolution is illustrated in Figs. 4 and 5 for toy-model trapped trajectories
(blue), versus that of a QCD-like axion ( ) with the same zero temperature mass.
Let us expatiate next on the evolution details.

T > T;. In this period, the behaviour is alike to that for a simple ALP, see Eq. (3.14).
Before Hubble crossing at T}, the axion field is frozen and remains constant at an arbitrary
initial misalignment angle 6.

T, > T > Tgcp- The finite temperature effective potential is relevant in this range,

see Eqs. (3.6) and (3.7), and the initial axion velocity is 6; = 0. Thus, the axion “is
trapped” in this first stage of oscillations around 6, ~ 7 from T} until Tqcp. Its mass is

9Note that the relevant axion field displacement that should enter in Eq. (3.19) corresponds to the
field distance to the closest minimum and it is only when the closest minimum is 6, = 0 that the field
distance coincides with 6.
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unsuppressed due to the explicit Z, breaking by the thermal background: m,(T') raises
progressively until it stabilizes at ~ m2°P

Trapping causes a delay of the start of oscillations around the true minimum 6, = 0,
as compared to T} for the canonical QCD axion and the simple ALP scenarios. The
consequence is an enhancement of the DM density, as the dilution time is thus shortened.

In Figs. 4 and 5 the evolution for a QCD-like axion (i.e. N' =1, ) is shown
to oscillate around ¢, = 0 since well before Toop. In contrast, for A' > 3 (blue) the
oscillations around 6 = 7 take place from T} down to Tycp. The crucial impact of the
trapped stage is thus to delay the onset of oscillations around the true minimum, and to

set the initial value of 6, and 0, at Tiep,

0 = ea(TQCD> ~ T, étr = ea(TQCD) . (3-21)

It is not possible to predict the exact value of étr. However, an order of magnitude
estimate stems from the energy density when the temperature approaches Tqcp, applying
N, conservation to the adiabatic interval [T7, Tqep),

N, 1 a 5
Pa,QCD = pa(TQCD) = mff,SD 3 = §m1m§,£D (—1) (91 - 7T)2fa27 (3-22)
aqQcep aqQcop

which shows that the precise value of p, gcp depends on the arbitrary initial misalignment
angle with respect to the high-temperature minimum in 7: (¢; — 7). This dependence is
inherited by the mean velocity at the end of this period, which follows from the equality
of the mean kinetic and potential energies for a harmonic oscillator,

3/2
) 1 CD aq
(02) = —1/m;m3S (— 16, — 7| . (3.23)
tr \/5 a, aQCD
T = Tyep- At this point, the low-temperature potential for the Z,, axion scenario

develops (see Egs. (1.3), (1.4) and (3.5)), and thus 6, = m becomes a maximum. The
abrupt exponential suppression of the axion mass was shown in Fig. 3 for different values
of V. Tt illustrates that the two stages of oscillation are separated by a sudden, inherently
non-adiabatic, modification of the potential as 1, /m, > m,. The energy density of the
axion just after the transition at Tiycp reads

N? N
that is, the total energy density at this point is larger or equal than the maximum potential
energy (the height of the barrier 2m2 f2/N?). What happens next depends crucially on
the value of étr, which acts as initial condition for the subsequent period. It determines
at which temperature the second stage of oscillations begins:

1. 1.
pa,tr = 591321‘ 3 + [1 - COS('I\[&W)] = 5931" 3 + 2 (324)

e For very small axion velocity, 6,, < 2m, /N, oscillations around one minimum may
start closely after Thcp. This case will be denoted below “pure trapped misalign-
ment”.

e For large enough étr so that the kinetic energy dominates p, ., 9tr > 2m, /N, the
axion field will roll over the top of the barriers for a long time before its oscillations
start at a temperature sensibly lower than Thcp. This case will be denoted as
“trapped+kinetic misalignment”.
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3.2.2.1 Pure trapped misalignment: étr ~ 0

Tqocp > T. Were the axion velocity exactly zero at Tep, étr = 0, the setup would not
be viable: the axion would simply roll to the closest minimum 6, = (N —1). This is
precluded by the experimental limit on the nEDM that implies 6 < 10719

Nevertheless, étr may be very small but not zero. Even a tiny kinetic energy may
suffice to allow the axion to go over some potential barriers, because the misalignment
set by the trapping corresponds to a maximum of the zero temperature potential. In
Sect. 3.2.3 the minimum kinetic energy necessary to roll over O(N') potential barriers™
will be estimated and shown to be attained in most of the parameter space. The axion
field will then end up in the CP-conserving minimum 6, = 0 with 1/N probability.

An estimation of the time required for the axion to go from one maximum to the next
is 0t ~ 2w /m,. To overfly only ~ A barriers a very short time is required because in this
regime m, < H, i.e. the difference between Tcp and the temperature at the onset of
oscillations around the true minimum is negligible. In conclusion, for étr < 2m, /N the
kinetic energy is not large enough to extend beyond ~ Thcp the delay time accumulated
during the trapped period (see Eq. (3.24)). The value of 6, when it starts to oscillate
from the top of the barrier closest to 6, = 0 is

0, ~ Ai/ . (3.25)
The evolution is illustrated in Fig. 4, which depicts the numerical solution for a toy
example exhibiting pure trapped misalignment (blue) and compares it with that for
a QCD-like axion ( ) with the same zero temperature mass. The figure reflects
the enhancement of the relic DM density in the trapped case. The latter can be easily
computed analogously to that for the usual misalignment mechanism. After the transition
at Tycp, the adiabatic approximation is valid again since m, ~ 0, m, > H. From the N,
conservation law —Eq.(3.16), and the initial conditions at the onset of the second stage
of oscillations {02 ~ /N, 0, ~ O}, it follows that the current axionic relic density p, g
is given in the pure trapped case by

N, 1 5 /m 2 (aqcp ’
_ _ 1 s 3.26
pa,0|tr Mg CL3 2 Mg <Nfa> < ao > ) ( )

0

where aqcp = a(Tcp). For a given final vacuum mass m,, it demonstrates an en-
hancement of the relic density in the scenario with a Z,  trapped axion vs. that with
a simple ALP, for two main reasons: i) the relative scale dependence is larger by a
factor (aqep/a;)® and does not depend on the axion mass; ii) the initial misalignment
angle is fixed to 6, ~ 7/N, while for the simple ALP it is arbitrary within the in-
terval [—7 /N, 7/N). Note that the current relic density in the pure trapped scenario
becomes independent of the initial misalignment 6, unlike the case of the simple ALP
and QCD-like pre-inflationary scenarios.

For the Z) reduced-mass axion under discussion, the product m,f, —and thus p,
in Eq. (3.26)— is a function of just one unknown: N, see m, in Egs. (1.4) and (3.9).
Substituting this dependence in the ratio

m m 3/2 - f 2
tr cri

1OStric‘cly speaking, about N'/2 barriers must be overflown to approach the 6, = 0 minimum, but we
will obviate this finesse as it does not change the order of magnitude estimates intended here.

pa,O

PDM
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Figure 4: Axion evolution for the Pure Trapped misalingment vs. that for a canonical
QCD axion, illustrating the relic density enhancement for the same final zero-temperature
mass m,.

it follows that

Pa,0 7 2
& ~15x10 —. 3.28
PDM |¢r VN ( )

Thus in the pure trapped regime the value of N' compatible with simultaneously solving
the strong CP problem and accounting for the ensemble of the DM density is

N ~21. (3.29)
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This line of constant relic density is highlighted in Fig. 6 (purple) for relatively small f,
values. Indeed, Eq. (3.26) predicts that the relic density solution in the {m,, f,} plane
has to be a line parallel to those defining the canonical QCD and Z,, axion bands, because
in all these cases the parametric dependence is m, f, = const. The estimate in Eq. (3.29)
disregards anharmonicity corrections and in order to qualitatively account for the latter
ones the axion DM region will be represented as a band in the figures of Sect. 4.

3.2.2.2 Trapped-+tkinetic misalignment: sizeable étr

Tqcp > T > Ty. If the axion velocity at Toep is large enough, 0, > 2m, /N, the
axion field has enough kinetic energy to roll many times over the barriers before it starts
to oscillate around some minimum, triggering the kinetic misalignment mechanism. The
onset of oscillations is thus delayed until much later than Tcp.

In this regime, the WKB (adiabatic) approximation is not valid anymore and the axion
energy density is diluted as o a”° due to the expansion of the Universe (as illustrated in
Fig. 5). This can be shown by noting that éa 12 is the Noether charge density associated
to the PQ symmetry [56] and therefore it decays as éa x a? as long as the axion mass
can be neglected.13 In consequence, a comoving PQ charge ¢, can be defined which is
a conserved quantity,

Qxin = eaa3 = const . (330)

This regime of rapidly decreasing energy density ends up at a temperature T, at which
the kinetic energy becomes of the order of the height of the barrier, and thus the axion
can no longer overcome it,

Lo 2 me 3 ) — ) Mg
§6a(T2)fa - 2 N2 — 9(1,2 = GG(TQ) - 2 W . (331)
At this point the axion will start a second stage of oscillations, see Fig. 5. Enforcing the
conservation of gy, from Toep until 75, and using Eq. (3.31), it follows that the scale
factor at the onset of the second stage of oscillations ay = a(75,) can be expressed as

L\ 13
)3 Mg 3 N O,
Gin = B aqep = 2 N = L= |5 aqep - (3.32)

T, > T. The axion finally starts the second stage of oscillations around one of the N
zero-temperature minima at random. Thus, the 1/A probability of the Z,, axion sce-
nario [31, 32| to solve the strong CP problem (i.e. the final #-parameter to corresponding
the CP-conserving point 6 = 0) will be maintained when accounting for DM.

In order to determine the axion relic density today, the adiabatic approximation is
again appropriate after 7,. The comoving number of axions N, is constant during this

"The size of this correction will be different in general for the pure trapped case and the simple ALP
regime since in the former H <« m,, see Appendix B.

12Equivalently7 if the axion kinetic energy at the end of the trapped period 9t2r fg /2 is much larger than
the maximum potential energy 2m? f2 /N 2,

'3 Alternatively, the dilution of the axion velocity can be obtained from the axion EOM in the massless
limit: éa + 3H9a =0 = 9aa3 = const.
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Figure 5: Axion evolution for the Trapped+Kinetic misalignment vs. that for a
canonical QCD axion, illustrating the strong enhancement of the relic density enhance-
ment for the same final zero-temperature mass m,,.

final period (and different from that during the first oscillation period N,). Using ¢, in
Eq. (3.32) and the mean axion velocity at Thep in Eq. (3.23), N, is well approximated
by [56]

3 2 3 )
pa, a mafaa 6 T
M:nfzsz:ﬁﬁ@w. (3.33)
Finally the relic density today,
m&
pa70|tr+kin = _3N‘;’ (334)
Qg
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can be written as

QCD 3
Mg/ MM a-a

=C VISR g, — ) £2, (3.35)
tr-+kin \/§N ag

where C' denotes a deviation from the analytical —exactly adiabatic and harmonic— esti-
mations above, to be computed numerically. For our setup, we find numerically C' ~ 2,
which confirms the result first obtained in Ref. [56]; this correction will be included in all
figures below for the kinetic+trapped mechanism.

The comparison in Fig. 5 between the trapped-+kinetic evolution (blue) with that for a
QCD-like axion ( ) shows how the delay produced by the kinetic-dominated period
results in an enhancement of the current axionic relic density, which is even stronger than
in the pure trapped scenario. The period of kinetic misalignment has been shortened in
the figure for illustration purposes.

The comparison of the resulting axionic relic density with that for the pure trapped
scenario in Eq. (3.26) shows two competing effects. In fact, for the kinetic+trapped
scenario:

e the dilution factor is smaller, (, /alaQCD/a0)3 VS. (aQCD/aO)3;

pa,O

e the relevant mass scale is larger, mlmggD VS. My,.
Hence, it will depend on the specific point of the parameter space whether the ki-
netict+trapped or the pure trapped mechanism gives the dominant contribution (see
Section 3.3).

The ratio of the predicted axion relic density to the observed DM density can be
obtained following same the procedure applied for the simple ALP regime, yielding

QCD 9
My, Mg Mg 7 fa ’91 _ 7T|
tr+kin N 79 W (mz)ritml)l/4 |:1012 GGV} N fkinJ(Tl) y (336)

where Fi,1(77) is a function of the degrees of freedom at play, which can be found in
Appendix A together with further details. The relic density depends on the temperatures
of all the different SM copies via the value of m; (i.e. the ~, values, see Egs. (2.3) and
(2.8)). In the simplified case in which all the copies of the SM have the same temperature
Thozo ~ T', Eq. (3.36) can be written —for large A and for the largest possible kinetic
misalignment contribution'*~ as

pa,O

PDM

p f 5/6 N2
fon ~ 0.64 (109 &v) A Faa@). (330
DM |tr+kin, max

where Fi, (1) is another function of the degrees of freedom at play, see Appendix A.
It also follows from the results above that the trapped+kinetic DM solutions behave
in the {m,, 1/f,} plane as

pa,O

PDM

oc my fr912 (3.38)
tr+kin

"“Here the maximum axion velocity at the end of the trapped period is considered, i.e. twice the mean
axion velocity in Eq. (3.23).
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in contrast to m, f, = const. for the pure trapped case in Eq. (3.26). The trapped+kinetic
trajectories that account for DM are illustrated by double lines in Fig. 6, for different
values of the initial misalignment angle 6;.

3.2.3 Solving both the strong CP problem and the nature of DM

We estimate here the minimum kinetic energy necessary in the trapped regime for the
axion to roll over at least O(N') maxima after Toop. The result will be of general interest
whenever f, < & and of practical relevance mainly for the pure trapped misalignment.

Since the trapping forces 6,, ~ 7, the corresponding total energy density is always
larger than the maximum potential energy (the height of the barrier 2m2f2/N?). As the
axion rolls over ~ A different maxima, the energy density is diluted due to the expansion
of the Universe,

agep \'
pa(aQCD+N) = Pa,tr (Q—) ) (339)
AQCD+N

where aqcp,p is the scale factor when the axion has rolled over just A' maxima after
Tqep, and p parametrizes how strong is the dilution (we find numerically that p ~ 1.5).

The minimal kinetic energy K, necessary for the axion to be able to roll over just N
maxima before oscillating must saturate the condition

2 2 p
(Kmin+2mafa) ( aQcp > . (zfa ' (340)

N? aAQCD4N N?

Given the Hubble parameter in a radiation dominated Universe H(t) = % and the Fried-
mann equation in Eq. (2.4), it follows that the temperature Toop, s after overcoming
N maxima (corresponding to a time difference of §t ~ 27N /m,, see discussion before
Eq. (3.25)) is

47T3 1/4 MP] 27TN T(%CD
T, = | —yg,(T, ~ T — 8.2 — (3.41
QCD+N [45 g ( QCD)] 2(tQCD i 27r/\f/ma) QCD m, o ( )

where tqcp is the time corresponding to Tep, and the approximation 27 /m, < tQCD15

has been used, as in this regime H < m,. The corresponding dilution factor reads

( aqcp )p ~ (TQCD-H\/')p ~1-82p 27N Thep (3.42)

aAQCD+N Tocp m, Mp

Substituting it in Eq. (3.40), the minimum kinetic energy required is determined,

4T m TQCD
PN M,

To evaluate how probable it is to simultaneously solve the strong CP problem and explain
DM, K,;, needs to be compared with the mean kinetic energy generically expected at
Tqep- It follows from Eq. (3.23) that

Ko~ 82p— —2 96D g2 (3.43)

1 a 3
Ko = 102 12 = SmymS® (—) (6 — 7P (3.44)

1
2 aQCD

®Or equivalently 27N TéCD < mg Mpy.
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In the case in which all mirror copies but the SM have the same temperature 7" and
taking for example 7' = 0.2, the latter equation can be rewritten as

1/6

1 T14 SSD 5

K, ~ T (% 0, — )2 f2 x K, (3.45)
Pl

where £ is a numerical factor that ranges in the interval (4 — 8). This implies that the
axion field will roll over at least A/ barrier tops whenever

N Taop V%, qcpvsss )
Mo S rsap \ ) (e )0l (3.46)

We compare next the parametric dependence of all DM axion solutions —which also solve
the strong CP problem— discussed up to this point. They are depicted in the {m,,1/f,}
plane of Fig. 6 and for several values of 6;:
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Figure 6: 7, axion solutions that solve both the strong CP problem and account for
DM. The superimposed single continuous lines indicate either simple ALP solutions or
pure trapped ones, while double lines denote trapped+kinetic misalignment regions. The
tenuous oblique lines for various values of N indicate Z, axion solutions to the strong
CP problem. Solid colors denote regions experimentally excluded by axion-nEDM [76] or
astrophysical data. Further constraints and prospects can be seen in Fig. 11.

e In the excluded grey area the strong CP problem is not solved since the condition
in Eq. (3.46) is not satisfied. This precludes any DM solution with N < 9, although
only for m, > mey ~ 4 x 107 eV.
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e The stars indicate for each trajectory the point below which f, is large enough
(f, > fafrit) so that the oscillations around the true minimum start after the zero
temperature potential is fully developed. This is the “simple ALP” case with DM
solutions obeying m, fi o const.

e Above the stars, double (single) continuous lines indicate trapped+kinetic (pure
trapped) trajectories. For large values of f, within the f, < f<™ range, the
trapped+kinetic solution tends to dominate the parameter space, while for small

f. the pure trapped mechanism sets the relic density.

e The kinetic kick received by a given trapped+kinetic trajectory when its f, value

is smaller than ™ (but very close to it) can be clearly seen. Above that point, the
slope of the trajectory obeys m, ;9/ 2 — const., as explained around Eq. (3.38).

e The pure trapped regime, that populates the top of the figure for small enough f,,
corresponds to the continuous N ~ 21 line, whose slope obeys m, f, = const.

Overall, Fig. 6 shows that good solutions to both the strong CP problem and the nature
of DM exist within the Z, axion scenario whenever m, < 10~ eV, down to the fuzzy
DM region (m, ~ 1072 eV). In the range me S my S 10™* eV the number of worlds
must be A ~ 21. For the lighter axion scenarios, m, < mg,;, values of N up to ~ 65 are
possible.

Finally, note that this analysis has focused only on the axion zero mode as a first step.
Within the trapped mechanism the axion field self-interactions may become important
whenever the axion is not close to the minimum. Non-linearities will induce the produc-
tion of higher momentum axion quanta, i.e. axion fragmentation [77]. The consequences
of the fragmentation of the axion field within the trapped misalignment mechanism is
left for a future work.

3.3 Trapped vs. non-trapped mechanisms

The trapped mechanism identified in this paper is actually more general than the axion
setup with a non-linearly realized Z,, shift symmetry discussed above. Trapped misalign-
ment could arise in fact in a large variety of QCD axion or ALP scenarios.

In QCD axion models, any additional PQ-breaking source at low energies needs to
be extremely suppressed in order to comply with the nEDM bounds. However, the high-
temperature axion potential is largely unconstrained. Indeed, any PQ-breaking source
which is active only at high energies may induce a displacement of the potential minima
at high temperatures. The axion field can then get trapped in its displaced minimum
for a certain period of time, until the low-energy QCD potential develops. This can
dramatically change the relic density predicted today, due to the trapped misalignment
phase. An enhancement can be expected whenever the transition between the two phases
of the potential is non-adiabatic'® and takes place at a smaller temperature than the
oscillation temperature in absence of trapping. The parametric dependence of the axion
relic density on the {m,, f,} plane is a hallmark of the different misalignment mechanisms
discussed above. Table 1 summarizes the results presented earlier on (see Egs. (3.20),
(3.26) and (3.38)). It also shows the generic m, dependence of the axion-SM interaction
couplings g,xx ~ 1/f, (with X denoting a generic SM field) for each DM production

61 regimes which are mainly adiabatic, a reduction of the axion relic density may result instead [51].
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Misalignment mechanisms Pa0 Gaxx X< 1/f,

Simple ALP \/m_afc? i/t

Trapped m2 f2 m, (3.47)
Trapped+Kinetic m, ;9/ 12 m(112/19

QCD-like mz/fo m2/12

Table 1: Parametric dependence of axion relic density and axion couplings g,xx (for a
fixed axionic relic density), for the different types of misalignment mechanisms discussed
in the text.

scenario discussed above. For comparison, the corresponding results for the canonical
QCD axion scenario are shown as well (within the Z, axion there is no regime where
the QCD-like relic density formula applies other than for N' = 1). In Table 1 (and in
all figures), for the QCD-like and trapped+kinetic cases the DIGA value av = 8 has been
assumed (see Eq. (3.2)).""

The differences in slope shown in Table 1 are illustrated qualitatively in Fig. 7. The
crossing point of all lines but the trapped+kinetic misalignment trajectory corresponds
to M- The figure shows intuitively how the experimental parameter space is populated
differently in the trapped mechanisms (blue tones) compared to that of the QCD axion
( ). For a given m, to which an experiment is sensitive, the value of the signal
strength expected g,xx ~ 1/f, is generically larger in the trapped regimes, and thus the
experimental reach is higher.

4 Implications for axion dark matter searches

In this section we discuss the implications of the above Z,, scenario for axion DM searches,
namely those experiments that rely on the hypothesis that the axion sizeably contributes
to the DM relic density. More specifically, the Z,, axion coupling to photons, nucleons,
electrons and to the nEDM will be discussed. The whole mass range from the canonical
QCD axion mass down to the ultra-light QCD axion regime (with masses m, < 1071
eV) is considered, including the fuzzy DM regime down to m, ~ 10722 eV,

All the couplings considered but the axion-nEDM coupling are model dependent: they
can be enhanced or suppressed in specific UV completions of the axion paradigm. We will
explore for each of those the parameter space coupling vs. m,. On the right-hand side of
the figures, though, the naive expectations for f, when assuming O(1) couplings will be
indicated as well. This is done for pure illustrative purposes as the relation between f,
and axion couplings is model-dependent.

In contrast, the value of the axion-nEDM coupling only depends on f,, that is, it
only assumes that the axion solves the strong CP problem. The same model indepen-

af(514+3a)/(2(4+oc)) (a+2)/(°‘+4)f3 i

For arbitrary a, p, < m in the trapped+Xkinetic case, while p, o< m,,
QCD-like misalignment, from which the corresponding m, dependence of ¢, x x « 1/f, can be obtained.
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—— Trapped + Kinetic gaxx « m1%/1®
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Figure 7: Sketch of the parametric dependence of g,xx(m,) for a fixed axionic relic
density, for the different types of misalignment discussed. For the QCD-like and the
pure trapped cases, the DIGA-inspired power-law temperature suppression is assumed,
i.e. @« = 8. The dashed line reminds that the pure trapped Z,s scenario can only take
place for m, > mg;;-

dence holds for previous analyses of highly-dense stellar objects and gravitational wave
prospects, which in addition did not need to assume an axionic nature of DM. These
efforts led to strong constraints on the {m,, f,} parameter space [32, 70, 71], which can
be thus directly compared with the prospects for axion-nEDM searches.

The figures below depict with solid (translucent) colors the experimentally excluded
areas of parameter space (projected sensitivities). The blue tones are reserved exclusively
for experiments which do rely on the assumption that axions account sizeably for DM,
while the remaining colors indicate searches which are independent of the nature of DM.
In case the axion density p, provides only a fraction of the total DM relic density ppu,
the sensitivity to couplings of axion DM experiments should be rescaled by (p,/ppm)" >

Crucially, we have shown in Sect. 3 that in some regions of the {m,, f,} plane the Z,
axion can realize DM via the misalignment mechanism and variants thereof, depending on
the possible cosmological histories of the axion field evolution in the early Universe. The
identified regions will be superimposed on the areas of parameter space experimentally
constrained /projected by axion DM experiments.

In order to compare the experimental panorama with the predictions of a benchmark
axion model, the figures will also show the expectations for the coupling values within the
Zn-KSVZ axion model developed in Ref. [32]. The canonical KSVZ QCD axion solution
(i.e. NV = 1) is shown as a thick yellow line, embedded into a faded band encompassing the
model dependency of the KSVZ axion [38, 40]. Oblique orange lines will signal instead
the center of the displaced yellow band that corresponds to solving the strong CP problem
with other values of AV, that is, for a Z,s reduced-mass axion, see Eq. (1.4).

The entire DM relic density can be accounted for within the 7, axion paradigm in
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the regions encompassed by the purple band in the figures."® These correspond to initial
values of 0, (from the misalignment mechanism) which range from 6; = 3/A down to
0, = 0.003/N. The figures illustrate that in the pure trapped regime the relic density
is independent of the initial misalignment angle. In contrast, for the simple ALP and
the trapped+kinetic mechanisms it does depend on the value of 6, (in the latter case,
through its dependence on the axion velocity at Tep).

4.1 Axion coupling to photons

The effective axion-photon-photon coupling g, is defined via the Lagrangian

0L = igwaFF, (4.1)
with [78]
«
9o = G (E/N —1.92(4)), (4.2)

where E'/N takes model-dependent values (E and N denote the model-dependent anoma-
lous electromagnetic and strong contributions). This coupling is being explored by a
plethora of experiments, as illustrated in Fig. 8. For reference, predictions of the bench-
mark Z,~KSVZ axion model [32] are depicted for £/N = 0. The conclusion is that, for
a large range of values of A/, an axion-photon signal can be expected in large portions of
the parameter space of upcoming axion DM experiments, if the Z,, axion accounts for
the entire DM relic density.

4.2 Axion coupling to nucleons

The axion coupling to nucleons N (N = p,n),

gaN = CaNmN/fa ) (43)

is defined via the Lagrangian term

0, a_—_
L =C,n 2’}(1]\77“75]\[, (4.4)
with [78]
Cop = —0.47(3) + 0.88(3) ¢ — 0.39(2) ¢ — Clysea» (4.5)

Cpn = —0.02(3) + 0.88(3) cj — 0.39(2) € — Cogea »

where C, ,eq = 0.038(5) ¢ +0.012(5) ¢ +0.009(2) ¢ + 0.0035(4) ¢} denotes a “sea-quark”
contribution in the nucleon, while in the reference Z,~-KSVZ axion model cg = 0 for all
quark flavours ¢q. The parameter space of the axion-nucleon coupling vs. axion mass is
displayed in Fig. 9. It demonstrates that no signals can be expected in the axion DM
experiments foreseen up to now.

The band’s width accounts qualitatively for corrections to the analytic solutions obtained in the
previous section, see e.g. comment after Eq. (3.29) and Fig. 6. For instance, in the trapped regime a
factor of 2 uncertainty on f, has been applied.
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Figure 8: Axion-photon coupling vs. axion mass. Axion limits readapted from [79] in-
clude: laboratory axion experiments and helioscopes (dark green) [80-83], axion DM
experiments (blue) [84-93] and astrophysical bounds (green) [94-98]. Projected sensi-
tivities appear in translucent colors. The orange oblique lines represent the theoretical
prediction for solutions to the strong CP problem within the Z, paradigm, for the bench-
mark axion-photon couplings E/N = 0 and for different (odd) numbers of SM copies N.
In the purple band area the Z,, axion can account for the entire DM density, in addition
to solve the strong CP problem.

4.3 Axion coupling to electrons

The axion coupling to electrons,

gae = Caeme/fa ) (4'7>

is defined via the Lagrangian term

d,a
SL=C, QLfa ey vse, (4.8)
with [61, 106]
30 [E f GeV
0 a
= — | =1 == —-1.92(4)1 4.

Cuo =t 2% | 10w (22 )~ o200y 108 (5] (49)

where in the reference Z,~-KSVZ axion model cg =0 and E/N = 0. The parameter space
of the axion-electron coupling vs. axion mass is displayed in Fig. 10. It shows that axion-
magnon conversion techniques [107, 108] could barely detect a Z, reduced-mass axion

29



) ‘ v, [Hz|
1070 A0 0T 00T A AT AT A0 A0 AT AP 40 A8 A 400 40 0

old 10°
107 comagnetometers

(]
10-8 SN1987A
107

1079
10—10 ?5)
101 ; / : £ ‘ E
g '/ O 29 v, 1010
S 0247 » 2
Proton Storage Ring 1011; ‘
10-13 &=
QLS
4 1012 =z
1071 g
10-1 o
. 1014
10—16
A {10%
10717 _A‘?{')f"
B N N C R S SR S Rt S S A A S\ S S S S S S
07070740 A0 0T 0T A0 A0 A0 A0 T A0 A0 AT A0 A0 A0 A0 A0 407 A0
mg [eV]

Figure 9: Axion-neutron coupling vs. axion mass. Axion limits readapted from [79]
include: axion DM experiments (blue) [99-103] and astrophysical bounds (green) [104,
105]. Projected sensitivities appear in translucent colors, delimited by dashed lines.
The orange oblique lines represent the theoretical prediction for the Z,, axion-neutron
couplings, for different (odd) numbers of SM copies N. The purple band encompasses
the region where the Z,, axion can account for the entire DM density. The two theoretical
predictions are represented for the benchmark value cg =0.

which would account for DM. It would be interesting to explore whether experiments
which probe the axion electron coupling with different techniques, such as QUAX [109],
will be able to test this scenario in the future.

4.4 Axion coupling to nEDM

The axion coupling to the nEDM operator provides a crucial test of the Z,, axion setup:
it only depends on f,, that is, on the assumption that the axion solves the strong CP
problem, see Eq. (4.11). Unlike the couplings discussed above, it does not depend on the
details of the UV completion of the axion model. The signal thus depends solely on f,
and m,,.

In fact, standard mechanisms to enhance QCD axion couplings via large Wilson coef-
ficients do not modify the size of the nEDM coupling, which is fixed purely by the QCD
mg-f, relation. In contrast, the Z, axion setup under discussion is responsible for a
“universal” enhancement of all axion couplings (including that to the nEDM operator),
for any given m, mass, following the rescaling with N of the modified m,-f, relation in
Eq. (1.4).

Were the relic DM density to be entirely made up of axions, an oscillating nEDM
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Figure 10: Axion-electron coupling vs. axion mass. Axion limits readapted from [79]
include: solar axion experiments (dark green) [110, 111], axion DM experiments (blue)
[107, 108] and astrophysical bounds (green) [112] and hints (grey band) [113]. Projected
sensitivities appear in translucent colors, delimited by dashed lines. The orange oblique
lines represent the theoretical prediction for the Z,, axion-electron couplings assuming
2 =0 and E/N = 0, for different (odd) numbers of SM copies A/. The purple band
encompasses the region where the Z,, axion can account for the entire DM density.

signal d,(t) could be at reach [76],

\/ 2 oca.
V ZPDM, local cos(mgt), (4.10)

dn(t) =94 i

where g, = Cyp,,/(m,, f,) is the coupling of the axion to the nEDM operator, defined via

the Lagrangian term
sr=—Llmay Jall 411
= _im_nﬁnaw%n , (4.11)
where C,,, = 0.011(5) e [114] and ppy, 10cal = 0.4 GeV/ cm® is the local energy density of
axion DM." For instance, the axion DM experiment CASPEr-Electric [35, 99, 115] em-
ploys nuclear magnetic resonance techniques to search for an oscillating nEDM. Its reach
in the {m,, f,} parameter space is displayed in Fig. 11. The reach of other techniques to
probe an oscillating nEDM based on storage rings [116] are also illustrated there, together
with present constraints which exclude N 2 65.
Fig. 11 demonstrates the brilliant prospects of CASPEr-Electric Phase I and II to
discover a Z,s axion in a large range of light masses and for 3 < N < 65 if such axion

Note that the local relic density differs from the mean relic density as measured through the CMB
and used in Eq. (3.27).
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Figure 11: Model-independent constraints in the {m,, f,} plane, including axion DM
experiments (blue) [76, 99, 116] astrophysical (green) and finite-density constraints (or-
ange) [32, 70, 71]. The nEDM bounds have been relaxed by a factor of 3 to take into
account the stochastic nature of the axion field, see Ref. [117]. Projected sensitivities
appear in translucent colors (those relative to finite-density effects can be seen in Fig. 8
of [32]). The purple band encompasses the region where the Z, axion can account for
the entire DM density.

accounts for DM. In particular, the Z,, axion paradigm with reduced mass is —to our
knowledge— the first axion model that could explain a positive signal in CASPEr-Electric
Phase I (and large regions of Phase IT), and at the same time solve the strong strong CP
problem. Canonical QCD axion models that exhibit large enough nEDM couplings to be
detectable at these experiments predict automatically too heavy axions and therefore out
of their reach. The figure illustrates in addition that future proton storage ring facilities
may access the region of interest, albeit only in a small parameter region with large N
and 0, values.

Furthermore, data on highly dense stellar objects share with the oscillating nEDM
signal its model-independence character: they directly provide constraints on the {m,, f,}
parameter space. Those data have the added value of not relying on an axionic nature for
DM. They have already set strong constraints on the {m,, f,} parameter space [32, 70, 71].
For the Z,, axion scenario under discussion, they implied a strict limit on the number
of mirror worlds: 3 < N < 47 for f, < 2.4 x 10" GeV. They also provide tantalizing
discovery prospects for any value of f, and down to AN/ ~ 9 —possibly even lower— with
future neutron star and gravitational wave data, down to the ultra-light mass region, see
Fig. 8 in Ref. [32]. It is thus of crucial interest to compare them with the oscillating
nEDM projects described above. Fig. 11 tends to this task and shows that present finite-
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density data leave wide open the complete parameter space that CASPEr-Electric I, 11
and III can cover, with exciting synergy prospects between both type of approaches.

4.5 Ultra-light QCD axion dark matter

The very light pseudoscalar DM candidates usually referred to as ultra-light axions, with
mass in the range m, € [10_22, 10_10] eV, do not customarily address the strong CP
problem. This is because, for the canonical QCD axion, such light masses would imply
trans-Planckian decay constants, f, > Mp;. In contrast, the Z,, axion scenario is —to our
knowledge— the first axion model of fuzzy DM that can also solve the strong CP problem.

Ultra-light axions are typically searched via gravitational interactions, with no refer-
ence to their highly suppressed couplings to the SM (for a recent White Paper see [118)).
The Z, scenario offers instead an interesting complementarity between strong CP related
experiments and purely gravitational probes of fuzzy dark matter.

Whenever the ultra-light DM axions obey cosinus-like potentials, they are also subject
to CMB constraints on the matter-power spectrum, due to the presence of anharmonic
terms which impact the growth of perturbations (see e.g. Refs. [119, 120]). This implies
a bound around the recombination era on any additional energy density fluctuations
beyond cold DM, dp/p < 1072, corresponding to ag(2uee)/fu < 1077 [121], with ag(2rec)
denoting the axion field amplitude at the recombination redshift z Expanding the

1, 2 2

axion potential around the minimum, V(a) ~ smga” — %/\aa4 +..., the bound translates

into a condition on the quartic coupling [121]

rec*

P A, eV* i
55|~ — S 1077, (4.12)
Meag eq myg,

Ref. [121] considered such constraint in the context of the Z,  axion model of Ref. [31].
We here revisit the latter analysis with the formulae derived in Ref. [32] for the Z,
scenario under discussion. For the latter, the potential in the large A limit —Eqgs. (1.3)
and (1.4)— corresponds to a quartic coupling given by

Ao =mafa /N7, (4.13)

and the bound in Eq. (4.12) translates into A/ < 85. This constraint does not impact the
DM prospects discussed in this paper, as N' 2 65 values are already excluded by either
finite density constraint or nEDM data, see Fig. 11.

In summary, the Z,, scenario under discussion allows us to account for DM and solve
the strong CP problem in a sizeable fraction of the ultra-light axions parameter space:
m, € [10_22, 10_10} eV. For instance, Fig. 8 shows that a photon-axion signal could be
at reach for the upper masses in that range, provided 6, takes sizeable values and the
kinetic misalignment regime takes place. More importantly, in that entire mass range
a model-independent discovery signal is open for observation at the oscillating nEDM
experiments such as CASPEr-Electric, see Fig. 11. The latter figure also points to the
exciting prospects ahead, because the near-future data from high-density stellar systems
and gravitational wave facilities should cover that entire mass region, for any value of 6,
and down to N' ~ 9.
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5 Conclusions

This work constitutes a proof-of-concept that an axion lighter —or even much lighter—
than the canonical QCD one may both solve the SM strong CP problem and account for
the entire DM density of the Universe. Large regions of the {m,, f,} parameter space to
the left of the of the canonical QCD axion band can accomplish that goal.

While the implications of a Z shift symmetry to solve the strong CP problem (with
a 1/N probability and N degenerate worlds) have been previously analyzed [32], leading
to a lighter-than-usual axion, the question of DM and the cosmological evolution was left
unexplored. We showed here that the evolution of the axion field through the cosmological
history departs drastically from both the standard one and from previously considered
mirror world scenarios.

In particular, we identified a novel axion production mechanism which holds whenever
fo <32 % 10" GeV: trapped misalignment, which is a direct consequence of the
temperature dependence of the axion potential. Two distinct stages of oscillations take
place. At large temperatures the minimum of the finite-temperature potential shifts from
its vacuum value, i.e. # = 0, to large values, e.g. # = m, where the axion field gets trapped
down to a temperature T' ~ T(ycp. The axion mass is unsuppressed during this trapped
period and thus of the order of the canonical QCD axion mass. The underlying reason is
that the SM thermal bath explicitly breaks the Z, - symmetry, because its temperature
must be higher than that of the other mirror worlds. This trapped period has a major
cosmological impact: the subsequent onset of oscillations around the true minimum at
0 = 0 is delayed as compared with the standard QCD axion scenario. The result is an
important enhancement of the DM relic density. In other words, lower f, values can now
account for DM.

We have determined the minimum kinetic energy K, required at the end of trapping
for the axion to roll over ~ A/2 maxima before it starts to oscillate around the true
minimum (so as to solve the strong CP problem). We showed that the axion kinetic
energy is of O(K,,;,) in sizeable regions of the parameter space, fuelled by the (much larger
than in vacuum) axion mass at the end of the trapped period. In this pure trapped
scenario, the final oscillations start at temperatures smaller but close to T' ~ Tcp.

In fact, the axion kinetic energy at the end of trapping is shown to be in general
much larger than K ;,. Trapped misalignment then automatically seeds kinetic misalign-
ment [56] between 1" ~ Tt and lower temperatures. The axion rolls for a long time over
the low-temperature potential barriers before final oscillations start at T < Tiep, ex-
tending further the delay of oscillations around the true minimum ensured by the trapped
period. In consequence, the trapped+kinetic misalignment mechanism enhances even
more strongly the DM relic density.

Our novel trapped mechanism is more general than the Z,, framework considered
here. It could arise in a large variety of ALP or QCD axion scenarios. For instance, it
may apply to axion theories in which an explicit source of PQ breaking is active only at
high temperatures and the transition to the true vacuum is non-adiabatic. Note also that
in our scenario kinetic misalignment does not rely on the presence of non-renormalizable
PQ-breaking operators required in the original formulation [56]. It is instead directly
seeded by trapped misalignment, which is itself a pure temperature effect.

For values of the Z,, axion scale f, 2 3.2 x 10'" GeV, the trapped mechanism does
not take place, since there is only one stage of oscillations. The 7" = 0 potential is already
developed when the Hubble friction is overcome, and the axion oscillates from the start
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around the true minimum 6, = 0. The relic density corresponds then to that of a simple
ALP regime with constant axion mass, alike to the standard QCD axion scenario.

We have determined the current axion relic density stemming from the various mis-
alignment mechanisms, analyzing their different dependence on the {m,, f,, N} vari-
ables. The ultimate dependence on the arbitrary initial misalignment angle has been
determined as well for the simple ALP and trapped+kinetic scenarios. For the pure
trapped scenario, the relic density turns out to be independent of the initial misalign-
ment, which results in a band centered around N ~ 21 to account for the ensemble of DM.
Overall, DM solutions are found within the Z,, paradigm for any value of 3 < N < 65.

The results above have been next confronted with the experimental arena of the so-
called axion DM searches. As a wonderful byproduct of the lower-than-usual f, values
allowed in the Z,, axion paradigm to solve the strong CP problem, all axion-SM couplings
are equally enhanced for a given m,,. This increases the testability of the theory in current
and future experiments. In consequence, many axion DM experiments which up to now
only aimed to target the nature of DM, are simultaneously addressing the SM strong
CP problem, provided mirror worlds exist. We have studied the present and projected
experimental sensitivity to the axion coupling to photons, electrons and nucleons, as a
function of the axion mass and A. It follows that an axion-photon signal is at reach
in large portions of the parameter space of upcoming axion DM experiments, while no
such prospects result for the coupling to nucleons, and only marginally for the coupling
to electrons.

A different and crucial test is provided by the aGG coupling (that fixes the value of
1/f,), which can be entirely traded by an axion-nEDM coupling. The signal has two
remarkable properties, for any given m,: i) in all generality, it does not depend on the
details of the putative UV completion of the axion model, unlike all other couplings
considered; ii) its strength is enhanced in the Z,, paradigm, which is impossible in any
model of the canonical QCD axion. It follows that the Z,, paradigm is —to our knowledge—
the only true axion theory that could explain a positive signal in CASPEr-Electric phase
I and in a large region of the parameter space in phase II. The reason is that a traditional
QCD axion with an nEDM coupling in the range to be probed by that experiment would
be automatically heavier, and therefore outside its reach. Such a signal could instead
account for DM and solve the strong CP problem within the Z,, scenario. The same
applies to the Storage Ring projects that aim to detect oscillating EDMs.

Furthermore, our results demonstrate a beautiful synergy and complementarity be-
tween the expected reach of axion DM experiments and axion experiments which are
independent of the nature of DM. For instance, oscillating nEDM experiments on one
side, and data expected from highly dense stellar objects and gravitational waves on the
other, have a wide overlap in their sensitivity reach. Their combination will cover in the
next decades the full range of possible N and m, values, in the mass range from the
standard QCD axion mass down to ~ 10™%* eV, that is, down to the fuzzy DM range.
To our knowledge, the Z), axion discussed here is the first model of fuzzy DM which also
solves the strong CP problem.
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A Ratios of g, and g,

Throughout the paper, different ratios of the number of degrees of freedom in the SM and
the mirror worlds appear. They need to be computed numerically and correspond to O(1)
corrections that in large regions of the parameter space can be neglected. This allows the
derivation of simple analytical formulas for the different observables, such as the contributions
to Ngg, or the axion relic density. In this Appendix we review the definition of these quantities
and compute them numerically as a function of both the SM and mirror, temperatures for
different values of ;. To this aim, the tabulated effective number of degrees of freedom (for the

SM case) as a function of temperature provided in Ref. [122] will be used (see also Fig. 12).

1021 s

0% 100 100 10° 108 107
T (GeV)

Figure 12: Effective number of degrees of freedom.

Ratio of temperatures vs. v,: b, (T, T},)
The function by (T, T},) defined in Eq. (2.3),

1/3
be(T, Ty,) = [gs(T)} _ LT (A1)
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is shown to approach 1 for Tj, > Tcp in the right plot in Fig. 13. Therefore the approximation
b, (T, T},) ~ 1 can be safely adopted in the computation of the high-temperature axion potential

in Eq. (3.7).
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Figure 13: Numerical evaluation of b, (7', T},) as a function of the SM temperature T" (left)
and of the k-th mirror world temperature 7}, (right), for different values of ;.

Bounds on 4, through Ng: ¢, (T, T},)

The ratio

o (T,Ty) = [

9.(T)

2]

(A.2)

which appears in Eq. (2.5), has been depicted in Fig. 14. The left plot shows that its value
is (T = 1 MeV,T;,) < 1.2 whenever the SM BBN is taking place, i.e. T~ 1 MeV. In
consequence, the approximation ¢ (7, T},) ~ 1 can be safely applied when using the experimental
limits in Eq. (2.1) to extract bounds on 7, from Eq. (2.6).
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Figure 14: Numerical evaluation of ¢, (7, T},) as a function of the SM temperature 7" (left)
and of the k-th mirror world temperature T}, (right), for different values of ;.



Trapped+kinetic misalignment: Fy;, o(Ty,TY)

The prediction for the relic density in the kinetic+trapped misalignment scenario in Eq. (3.36)
involves the ratio

3
\/9*(T1)9*(TQCD) g 3.93
Frina(T1) = 333 ) (A.3)
~ \/95(T1)g4(Tqen)
which feeds into the final result in Eq. (3.37) (see also Appendix C) through Fy;, o:
Fiin, 2(T1, T1) = Fign1 (T1) X o' (T, T])'? %  (Tapn, Than) ™" x (3.38/9.(11)) /"2 =
3
\/g*(Tl)g*(TQCD) ! 3.93 9:(TY) e [g* (TBBN)] 1/12
3.38 \/gs (T))9s(Toep) | 195 (Tll) 9« (T]IBBN)
95(Thpx) V9 3.38 12
X , (A4)
9s (TeBN) 9+(T1)

where Thpy denotes the temperature of all the mirror copies of the SM when the temperature
of the latter is Tgy >~ 1 MeV.

The numerical evaluation of Fy;, o can be found in Fig. 15. It shows that its values lie in the
range 0.45 — 0.85, depending on the temperature at the onset of the first stage of oscillations,
T;, and on the value of ;.
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Figure 15: Numerical evaluation of Fy, o(7},77) as a function of the SM temperature T
(left) and of the k-th mirror world temperature T}, (right), for different values of ;.

B Anharmonicity function

The relic density of a scalar field with a harmonic potential can be computed analytically
using the adiabatic approximation. However, pseudo Goldstone bosons are in general described
by periodic potentials that only resemble a harmonic potential close to the minimum. If the
initial misalignment angle is large # 2 7/2, the onset of oscillations gets delayed leading to
an enhancement of the relic density. This enhancement can be parametrized via the so-called
anharmonicity factor f,,;,. For an ALP-like regime, one can use an empirical formula proposed
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in Ref. [57] which encodes this deviation from the harmonic result:

1o (a\’ 0,0

Pa,0 = ima <> elfafanh(el) . (Bl)
ag

The definition of f,,,(6;) thus depends on the criteria chosen to define the onset of oscillations

at temperature 77. In our case, T correspond to the temperature in which the axion mass term

overcomes Hubble friction as given in Eq. (3.14). For the case of a simple ALP regime with

102_
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Figure 16: Comparison of the empirical formula in Eq. (B.2) for the anharmonicity factor
with the numerical result in the simple ALP case.

constant mass and a cosine potential, and for large misalignment angles 7 — 6; < 1072, our
numerical result is in excellent agreement with the Ref. [57] proposal. However, the latter does
not apply for small misalignment angles, as it does not have the expected limiting behaviour

0,—0 . . . .. o .
fann (61) 775 1. For this reason, we will employ the following anharmonicity prescription:

[1 — log (1 - (91/7r)3>] - for 7 —6,>107%,

Jann(01) = (B.2)
0.06 [log (%) + 4 log <10g (%))} for w—0;< 10_2,

where the first expression is inspired by Ref. [123], which obtained an expression for the anhar-
monicity factor for the QCD axion (we have adapted it so as to fit our numerical result for the
constant mass ALP); and the second expression is taken from Ref. [57].

C Maximal relic density in the trapped-+kinetic regime

The predicted relic density in the trapped-+kinetic scenario of Eq. (3.35) can be rewritten as
1/4
N79\/m7<m2m3213>1/4 mggD / (fa>2|91|]_-_ - o
tr+kin eV m:c))rit mq 1012 GeV N kin,1\£1/ >
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where Fi, 1(T7) was given in Eq. (A.3). The relic density depends via m; on the full temperature-
dependent potential in Eq. (3.3) and therefore on the temperatures of all the different worlds
(i.e. T and the values of vy, see Eq. (2.3)). In the simplified case in which all the mirror
copies of the SM have the same temperature Tj,_o = T’ one can use the potential in Eq. (3.7)

to express the factor (ma(‘%SD / ml)l/ 4 as a function of the parameters of the finite-temperature
potential,

@
2a+8

1/4 CD
(@29) (T mEP -

<1.67 % 1.66 g*(T1)>4a+16 . (C.2)

my Tocep

For v = 8 it results in a parametric dependence on the mass scales of the scenario of the form

fo N\ 164
<1012Ge\/> N (©3)

from which the parametric dependences shown in Table 1 follow.

Finally, the maximal relic density that can be generated by the trapped-+kinetic misalign-
ment mechanism can be obtained as a function of f, and N, by choosing the value of 4’ that
saturates the Nog bound in Eq. (2.6). In the case of the Z, axion mass in Eq. (1.4) we obtain

1/12
ms (mdP) 2

a,m

pa,O mg,
R v i
PDM eV

9 4
Merit TQCD

5/6 _N/2
Pa,0 fa z
— ~0.64 | ——— —= 01| Frin. 2(T1), C4
(109Gev) Nl/g | 1| k ,2( 1) ( )

PDM |tr+kin, max

where Fi, o(T1) can be found in Eq. (A.4).

20 Corresponding to v = 0.51/(N — 1)1/40/_1/4(TBBN, Tgen), with ¢ = Cro£0-
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