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1 Introduction

Inflation has become the leading paradigm to explain homogeneity and isotropy of our
universe. The observations by the WMAP [1] and Planck [2] satellites, as well as the
BICEP/Keck telescopes at the south pole [3], provide us with powerful tools to explore
the early stages of the cosmological history and to understand the inflationary epoch.
Moreover, beyond serving as tests for many inflationary models proposed throughout the
years, these data are also beginning to constrain top-down constructions attempting to
embed inflation into a theory of quantum gravity. In fact, inflation is also one of the most
promising means to explore the physics at energy scales requiring a candidate theory of
quantum gravity such as string theory.

Hybrid inflation, introduced by Linde in [4], is a mechanism of slow-roll inflaton which
achieves the end of the slow-roll phase, driven by one scalar field, through an instabil-
ity induced by the coupling with another scalar, which then undergoes a rapid ‘waterfall’
roll to the minimum. The slow-roll phase itself is dominated by a large field-independent
vacuum energy — hence hybrid inflation ‘hybridizes’ between ‘new’ slow-roll inflation and
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‘old’ false-vacuum inflation. Interestingly, this vacuum energy domination implies that hy-
brid inflation possesses a small-ish field displacement corresponding to the last about 60
e-folds of observable inflation, ∆φ60 .MP, which nevertheless does not become parametri-
cally small. Hence, hybrid inflation naturally constitutes a mechanism realizing high-scale
inflation which can accommodate the ‘Swampland Distance Conjecture’ (SDC) [5].

Motivated by these features, we are proposing a regime of harmonic hybrid inflation
driven by two axions acquiring a purely non-perturbative periodic scalar potential, and
outline several roads towards realizing this regime in type IIB string theory.1 Axions are
an ubiquitous presence in most models of string compactifications, see e.g. [7–10]. String
theory axions appear with an exponentially wide spectrum of masses suggesting some of
them as suitable inflaton candidates. For inflationary models with axions see e.g. [11, 12]
and references therein. We also note the very recent model of ‘hybrid monodromy in-
flation’ [13] which rather complementarily employs axion monodromy [14] from massive
4-forms [15, 16] to realize the mechanism of ‘mutated hybrid inflation’ [17]. If we loosen
the notion of hybrid inflation to include the smooth sense of ‘smooth hybrid inflation’ [18]
(which otherwise mostly resembles two-field hill-top inflation), then there is also [19] con-
taining a field theory realization of smooth hybrid inflation involving two axions, as well
as a regime of aligned inflation reminiscent of hybrid dynamics in [20].

As an immediate benefit, the limited field range ∆φ60 . MP implies that harmonic
hybrid inflation works with sub-Planckian axion decay constants fa . MP. This renders
our realization of hybrid inflation with axions consistent with bounds on the axion decay
constant from controlled string compactifications [7, 21] as well as from arguments about
weak gravity (WGC) [22].

Moreover, the cosine-form of the scalar potential in our model leads to a limited viola-
tion of the Lyth bound which generically relates the slow-roll field range and the primordial
gravitational wave power measured by the tensor-to-scalar ratio r, as already noticed [23] in
models of hybrid natural inflation involving a single axion [24]. We will see, that harmonic
hybrid inflation is capable of producing a tensor to scalar ratio r = 10−4 . . . 10−3. However,
we find in addition that the inclusion of breaking the Z2-vacuum degeneracy of harmonic
hybrid inflation is necessary to avoid domain wall problems. For the otherwise minimally
tuned setup this widens the predicted range of the inflationary observables such that our
mechanism generates primordial tensor modes in the range 10−4 . r . 0.01. Our string-
inspired embedding of hybrid inflation with two axions is thus testable with upcoming
CMB B-mode polarization searches (CMB-S3: e.g. Simons Array [25], Simons Observa-
tory [26], Bicep Array [27]; CMB-S4 [28–30]; and space missions such as e.g. PIXIE [31] or
LiteBird [32, 33]).

Our paper is organized as follows. In section 2.1 we consider the effective single field
approximation of the model. In section 2.2 we generalize the previous analysis including
a non-vanishing phase in one of the cosine terms in the scalar potential, and we evaluate
the impact this has on phenomenological predictions. We then discuss the exit from the
inflation regime: respectively in section 2.3 an analysis of the parameters required to meet

1Such a regime may appear also in the many-axion setting studied in the ‘Axidental Universe’ of [6].
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the experimental constraints is performed, and in section 2.4 we address the domain wall
problem caused by the Z2vacuum degeneracy. Based on this we take a look at vacuum
stability and regimes of slow-roll eternal inflation in section 2.5. In section 3 we present
two possible, qualitatively distinct ways to embed our model in string theory: one way is
to consider C4 axions in a Large Volume Scenario (LVS) [34] with three blow-up moduli,
the other way is allowing for the presence of magnetized branes in order to generate a
potential for C2 axions. We conclude by mentioning a possible application of our model to
the thraxion scenario described in [35].

2 Hybrid inflation with two sub-Planckian axions

2.1 The toy model

We start our discussion by looking at the structure of Linde’s original hybrid inflation
model [4] with two scalars φ, χ. The terms of the scalar potential relevant for the hybrid
mechanism read

V = λ

4 (χ2 − v2)2 + gχ2φ2 + ∆V (φ) , (2.1)

where ∆V (φ) is the non-constant slow roll potential for the inflaton field φ along χ = 0.
Two important features of this model are the presence of two end-of-waterfall minima at
χ = ±v, φ = 0 and the bi-quadratic coupling that provides stabilization of χ = 0 beyond
the waterfall critical point of φ.

With this as guidance, we can guess a two-field axion-like potential of the form

V = Λ4 + Λ̃4 −
(
Λ̃4 + Λ4 cos (c1 φ1)

)
cos (c2 φ2) , (2.2)

where Λ and Λ̃ are energy scales to be specified later (with Λ̃ > Λ) and the coefficients
ci ≥ 1 are proportional to the inverse of the axion decay constants fi in units of MP. We
take the two fields φ1 and φ2 such that their kinetic terms are canonically normalized. Note
that φ2 plays the role of the inflaton field and determines the mass of φ1. As φ2 evolves in
time, its cosine eventually flips sign and renders φ1 tachyonic. This is exactly the dynamic
of the classic hybrid inflation model.

At this point it is instructive to perform a ‘backward’ comparison of our axion model
with the original hybrid inflation model. In eq. (2.1) the potential is given up to quartic
terms in the field χ as well as quadratic in φ, and the structure of the potential covers both
the position of the hybrid inflation valley and the minima. We can now expand the axion
potential eq. (2.2) up to quartic order in φ1, φ2, assuming for simplicity Λ̃4 = Λ4. If we do
this expansion around c1φ1 = π, φ2 = 0, the resulting scalar potential resembles eq. (2.1)
qualitatively — but the two waterfall minima occur at values which are O(1) shifted from
their position at (c1φ1 = {0, 2π}, φ2 = 0) in the full potential eq. (2.2). We conclude,
that the higher-order terms of the ‘harmonic’ cosine terms — dictated by the instanton
expansion — are crucial for the full field space structure of the model, which we are thus
motivated to call ‘harmonic hybrid inflation’.2

2We note, that in general finding the global minimum and at least a subset of all critical points of such
harmonic potentials is non-trivial but achievable using the methods described in appendix A.
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We can recast the scalar potential (2.2) in the canonical form

V = Λ4
1[1− cos (c1φ1 + c2φ2)] + Λ4

2[1− cos (c1φ1 − c2φ2)] + Λ4
3[1− cos (c2φ2)]. (2.3)

by a suitable identification of the parameters, namely

Λ4
1 = Λ4

2 ≡ Λ4/2 ,
Λ4

3 ≡ Λ̃4 .
(2.4)

Clearly, the first line is a tuning condition to be fulfilled by any UV realization of the
mechanism.

For practical use, we define the following quantities

V0 = Λ̃4 + Λ4 , α = Λ̃4 − Λ4

Λ̃4 + Λ4
, and c = c2 . (2.5)

In a hybrid inflation model, we require the following three conditions on the parameters
to be satisfied:

1. Presence of a de Sitter saddle point in the potential. Inflation will start close to this
saddle point in order to inflate a sufficient number of e-folds. This amounts to

Λ̃ > Λ . (2.6)

If this condition is violated, a local minimum will develop that traps the inflaton field
instead.

2. The dominance of vacuum energy
α� 1 . (2.7)

This allows for inflation with sub-Planckian field displacements, without the same
amount of fine tuning of the initial conditions as usually required in natural inflation.

3. The inflationary solution should undergo a fast ‘waterfall transition’. To achieve this,
we additionally assume c1 � 1. This drives φ1 much more massive than H inside
the valley for values larger than the ‘waterfall critical point’ φ2,cr = π/(2c), but it
becomes strongly tachyonic −m2

φ1
/H2 � 1 after the inflationary trajectory crosses

this point.

Between the de Sitter saddle point and the waterfall critical point the waterfall field is
stabilized at φ1 = π/c1 and, after integrating out φ1, the scalar potential takes the effective
form

Vinf(φ2) = V0 (1− α cos(c φ2)) . (2.8)

We evaluate the viability of our model by computing the slow-roll parameters and the
inflationary observables. The slow-roll parameters measure the deviation from an exact de
Sitter solution and are defined as

ε ≡ −∂ logH
∂N

, (2.9a)

η ≡ −1
2
∂ log ε
∂N

, (2.9b)
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i.e. the first slow-roll parameter ε measures the relative change of the Hubble parameter in
one expansion time of the universe. Similarly, the second slow-roll parameter η captures
the relative change of ε. The number of e-folds N can be expressed in cosmic time via the
relation dN = Hdt.

In the slow-roll and single-field regime they can be approximated in terms of derivatives
of the scalar potential as follows

ε ≡ − Ḣ

H2 = 1
2
φ̇2

H2 ≈
1
2

(
V ′inf
Vinf

)2
=

= 1
2α

2c2 sin2 (c φ2) +O(α4) ,
(2.10a)

η ≡ − ε̇

2εH ≈
V ′′inf
Vinf
−
(
V ′inf
Vinf

)2
, (2.10b)

where all the energy scales are in units of MP and a prime denotes a derivative with respect
to φ2.

The number ∆N of inflationary e-folds away from the waterfall critical point φ2,c can
be derived from

∆N ≡
∫ tc

t
Hdt =

∫ φ2,cr

φ2

H

φ̇2
dφ2 = −

∫ φ2

φ2,cr

dφ2√
2ε
, (2.11)

where in the last step one needs to employ the second Friedman equation. By performing
the integral and inverting the resulting expression we find a relation between the field φ2
and the number of e-folds

φ2(∆N) =
2 arctan

(
eαc

2∆N
)

c
, (2.12)

discarding higher order corrections in α. Here we assume we inflate from a point close to
the saddle point φ2 = π/c towards the waterfall critical point φ2,cr = π/2c at ∆N = 0, but
equivalently inflation could start close to any of the other saddle points φ2 = (π + 2πn)/c
towards the transition points φ2,cr = (2πn± π/2)/c. The above solution allows us to write
the first slow-roll parameter as a function of e-folds

ε(∆N) = 2αγ e2γ∆N(
1 + e2γ∆N)2 , (2.13)

where we define
γ ≡ αc2 . (2.14)

Moreover, the second slow-roll parameter is then given by

η(∆N) ≡ 1
2ε

∂ε

∂∆N = γ
1− e2γ∆N

1 + e2γ∆N . (2.15)

Notice the hierarchy |η| � ε. The tensor-to-scalar ratio and the spectral tilt are given by

r = 16ε ,
ns = 1− 2ε+ 2η .

(2.16)
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Figure 1. Hybrid inflation potential driven by the two axions φ1 and φ2, for the choice c2 = 1,
c1 = 10, α = 0.01, corresponding to Λ̃4 = 1+α

1−α × Λ4 ' 1.02Λ4. The slow-roll regime is along the
valley parametrized by the φ2 direction, while in the φ1 direction the waterfall is displayed. Black
dot: the inflationary saddle point. Blue region: complete region of initial conditions supporting at
minimum 60 e-folds of slow-roll inflation. There is no significant initial condition fine-tuning present
in this model. Solid green: slow-roll part of a sample inflationary trajectory providing 60 e-folds
of slow-roll inflation before reaching the waterfall critical point φ2,cr. Fire ball: explosive growth
of tachyonic quantum fluctuations with loss of classical rolling description. Dashed green: would-
be classical waterfall evolution neglecting quantum fluctuations for the same sample inflationary
trajectory after crossing the waterfall critical point φ2,cr.

Therefore, as usual in small field inflation, the tensor-to-scalar ratio is highly suppressed.
The spectral tilt is to a high level of precision determined by the value of γ only (given
some value of ∆N). If we take ∆N between 50 and 60 e-folds the 1σ constraint that
ns ∈ [0.9627, 0.9703] [2] translates into γ ∈ [0.0185, 0.0229]. In other words, the parameters
Λ, Λ̃ and c are degenerate, however, they need to be fine-tuned such that the resulting ns
falls within the observed window. As an explicit example (figure 1), if we choose the
following values for the parameters, α = 0.02 and c = 1, this model predicts

for ∆N = 50 :
{
r = 0.0013
ns = 0.969504

for ∆N = 60 :
{
r = 0.00094
ns = 0.966847

More generally, in figure 2 we show the analytical predictions for ns and r based on
eqs. (2.13) and (2.15) with ∆N = 60, varying log10(γ) ∈ [−3,−1.5] and log10(α) ∈ [−3,−2].
As discussed before α only moves the prediction for r up or down and ns is very sensitive
to the value of γ. As we will consider in a moment, we have to break the symmetry in φ1
in order to avoid the formation of domain walls. Therefore, this toy model is not the end
of the story and we will see that the predictions are also highly sensitive to the amount of
symmetry breaking.
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Figure 2. We show the analytical predictions for ns and r varying log10(γ) ∈ [−3,−1.5] and
log10(α) ∈ [−3,−2] (purple-to-white contour) together with the 1σ and 2σ confidence contours
found by Planck [2] (grey and mint contours, respectively), where they combined the Planck data
the with BICEP2/Keck Array [3] and BAO [36–38] data.

2.2 Effect of instanton-induced phases

Since axions arising in string theory enjoy perturbative shift symmetries as non-linear
realizations of the underlying 10D p-form gauge symmetries, axions acquire a scalar poten-
tial via non-perturbative instanton effects (unless monodromy-generating sources of stress-
energy such as branes or fluxes are present as well). These instanton effects generating the
scales Λ4

i of the periodic axion potentials they induce, possess an ab initio arbitrary complex
phase. In string theory realizations the 1-loop determinants of such instanton contributions,
entering the scales Λ4

i , become functions of moduli VEVs. Since we can tune the VEVs by
the choice of quantized background fluxes of p-form field strengths, the value of the phases
of the instanton effects is adjustable. Hence, in principle all of the three cosines in eq. (2.3)
can have a non-vanishing but finite adjustable phase, which was omitted in the discussion so
far. However, two phases out of three can be reabsorbed thanks to the shift freedom given
by the presence of two axions. In the following, we evaluate how much the inclusion of the
remaining phase will change the model and how it will affect the inflationary predictions.

Without loss of generality, we choose to keep the phase ϑ in the single-axion cosine
term. Again, during the slow-roll evolution of φ2 we can integrate out φ1. This leaves
us with

V
(ϑ)

inf (φ2) = V0 − Λ̃4 cos (c2φ2 + ϑ) + Λ4 cos (c2φ2) , (2.17)

and the equations determining the slow-roll parameters change accordingly. In fact, the
first slow-roll parameter becomes to leading order in α and ϑ

ε(ϑ) ' c2
2
2

(
α sin(c2φ2) + 1

2ϑ cos(c2φ2)
)2

+O(α2ϑ, α2ϑ2) . (2.18)

We require ϑ . 0.1 in order to have vacuum energy domination during the slow-roll
regime. Otherwise, for bigger values of ϑ the hybrid mechanism is spoiled, because the
inflaton-dependent part of the scalar potential controls the inflaton dynamics, which in
turn drives the model into the large-field regime. The results of the analysis for the inclu-
sion of the phase are displayed in figure 3. There is a whole set of (α, ϑ, φ2) combinations
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ns = 0.98

ns = 0.97

ns = 0.96

↵

#

�init
2

�N = 60

Figure 3. Regions in parameter space spanned by the two harmonic hybrid inflation potential and
resulting predictions for ns and r. We evaluated which values of the parameters α, φ2 (meaning
its starting point on the cosine) and especially ϑ fit best the experimental data. In the first plot,
the three surfaces are the regions of parameter space which give the three values of ns that are
displayed; the red one is the space spanned by the values of the parameters that give 60 e-folds.
The intersections of this with the other three surfaces give the best choices of parameters that
can reproduce the experimental data. In the second plot, we show more precisely the interplay
between α and ϑ at a given spectral tilt. In the third plot, we compare the Planck contours with
the numerical predictions for ns and r keeping c = 1 fixed while varying log10(α) ∈ [−2.0,−1.5] and
ϑ ∈ [−1/15, 1/15]. Notice that here we allow the phase to take both positive and negative values.
The purple contour is the region where the analytical approximation for small ϑ holds. This will
be useful to compare the modifications from the perfect hybrid due to ϑ with the ones following
from the Z2-symmetry breaking terms (see 2.4).

that can actually give good hybrid inflation lasting (at least) 60 e-folds. Notice that be-
low a certain value of α, the value of the phase giving the required ns becomes basically
fixed. Thus, one could balance the values of α and ϑ in order to have the least amount of
fine-tuning possible.3

3We wish to point out in passing, that it may be possible to get the instanton phases discussed in
this section to vanish dynamically in appropriately arranged field theory realizations involving bi- or tri-
fundamental matter representations coupled to three non-Abelian gauge groups. We thank N. Kaloper for
illuminating discussions on this point, but leave this possibility and the potentially stringent constraints
imposed by string theory embeddings of such setups for future work.
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2.3 Preheating and domain walls

At the end of inflation the hybrid valley false vacuum has to decay into the true vacuum.
The onset of this transition is controlled by the inflaton field, which allows for tachyonic
growth of the waterfall field as the inflaton crosses the critical point. Tachyonic preheating
proceeds similar to a second order phase transition, via a spinodal decomposition. The
spinodal time and the average size of the domains have been computed originally in [39, 40]
and have been refined beyond the quench approximation in [41–43]. However, in order to
avoid the domain wall problem [44] either the tachyonic instability should be avoided or the
vacuum degeneracy needs to be broken such that asymmetry generates a pressure pushing
the true vacuum domains to grow with a rate that depends on the surface tension of the
domain walls. For the latter option we need ∆V � V0π

4/c2
1 such that domain walls will not

dominate the energy budget in the universe [45]. In order to break the vacuum degeneracy
we necessarily need to break the Z2 symmetry around the inflationary trajectory. Our
model naturally allows for such a breaking by assuming different axion decay constants
multiplying φ1. We investigate this simple generalization in section 2.4. Additionally, such
a setup removes the tachyonic instability and hence no domain walls are formed in the
first place. This drastically changes the physics of preheating, as it does not proceed via
the spinodal instability. Instead, a period of parametric resonance [46–48] will most likely
follow and the post-inflation phenomenology may be enriched by the formation of two-field
oscillons [49], an exciting possibility we wish to investigate in more detail in future work.

2.4 Breaking the Z2 vacuum degeneracy

As discussed in the previous section, in our toy model of harmonic hybrid inflation, the
two vacua providing the possible endpoints of the waterfall regime have a Z2-symmetry (in
the φ1 direction). This leads to the formation of domain walls after inflation. Therefore,
we should break the symmetry to avoid such a scenario incompatible with our universe.

2.4.1 Summary of Z2 symmetry breaking effects

The simplest way to do so is to generalize the potential eq. (2.3) to the form

V = Λ4
1

[
1−cos

(
c+

1 φ1+c+
2 φ2

)]
+Λ4

2

[
1−cos

(
c−1 φ1−c−2 φ2

)]
+Λ4

3[1−cos(c2φ2)]. (2.19)

Choosing c+
1 6= c−1 will break the Z2 vacuum degeneracy, but it also removes the tachyonic

instability at the end of inflation and no domain walls are formed. Moreover, preheating
does not proceed via tachyonic growth. (Assuming that c+

1 − c−1 is not exponentially
close to zero, which we expect to be the case in the possible string embeddings that are
discussed in section 3). To see why the tachyonic instability characteristic for tachyonic
preheating disappears, we notice that the inflationary trajectory proceeds along a straight
line φ1 = π/c1 only in the presence of the Z2 symmetry. When the Z2 symmetry is broken,
the waterfall field φ1 gets stabilized at a value depending on the expectation value of the
inflaton field φ2. This is illustrated with the red solid line in figure 4. More precisely,
in presence of the unbroken Z2 symmetry, the signature of the Hessian changes along
the inflationary slow-roll trajectory φ1 = π/c1 from (−,+) to (+,−) at a single point
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Figure 4. Contour plot of the determinant of the Hessian of the deformed potential given in
eq. (2.19) with c±

1 = c1(1 ± δ) and c±
2 = c. We choose the same values of the parameters as in

figure 6, namely δ = 0.02, α = 0.01, γ = 0.011 and c1 = 10. The red solid curve shows where the
gradient of the potential in the φ1 direction is vanishing, and provides initially a good proxy of the
inflationary trajectory. The black cross, on the other hand, shows the vanishing of the gradient
in case the Z2 symmetry would be unbroken, that is, for δ = 0 instead. The highlighted central
contour specifies where the determinant of the Hessian changes sign. This contour shrinks to zero
size as δ → 0, while the rest of the contours remain similar.

(φ1 = π/c1, φ2 = φ2,cr). Once the Z2 symmetry is broken, we see in figure 4 that the path
given by ∂φ1V = 0 approximating the slow-roll part of the inflaton trajectory enters a region
with Hessian of signature (+,+) while turning away and missing the former critical point
before reentering a region with signature (−,+). From this it is self-evident that the point
like transition from (+,−) to (−,+) signature on a classical trajectory with φ1 = const.

characteristic of the tachyonic preheating instability is simply gone once the Z2 symmetry
is broken. This means φ1 never develops the tachyonic preheating instability, except in the
presence of a Z2 symmetry.

We will look at a minimal deformation of this kind, choosing a symmetric deformation
c±1 = c1(1± δ) while keeping c±2 = c, Λ4

1 = Λ4
2 = Λ4/2 and Λ4

3 = Λ̃4, which should be close
but slightly larger than Λ4 (see the discussion around eq. (2.7)). Notice that the effect of
symmetry breaking becomes larger if we move further away from φ1 = 0. At the same time,
a set of global minima are still located at φ1 = 0 and φ2 = 2πn/c . From here onwards we
restrict ourselves to inflation in the neighbourhoods of these minima.

We shall now quickly summarize the effects of this Z2-symmetry breaking before pro-
viding the details. Breaking the degeneracy in the minimal fashion described above has
consequences. First, the maximum of the potential in φ2 in the hybrid valley around
φ1 = π/c1 is shifted from its original position at φmax

2 (δ = 0) = π/c. Next, the symmetry
breaking implies that the ‘waterfall’ regime, involving tachyonic preheating proper as well,
in the strict sense is lost and replaced with a waterfall-like rapid exit from inflation once
φ2 < φ2,cr. Furthermore, the loss of degeneracy implies that there are now two inequivalent
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Figure 5. Same as figure 2 but now we compare the Planck contours with the analytical predictions
for n(δ)

s and r(δ) and log10(γ) ∈ [−2.0,−1.5], where we vary log10(|δ̃|) ∈ [−2.0,−1.0] while fixing
α = 0.01. The region δ̃ > 0 corresponds to inflationary trajectories with wide initial condition range
of the type shown in figure 6 ending up in the false minimum at φ1 = 2π/c1, φ2 = −O(δ̃).The com-
plement δ̃ < 0 corresponds to trajectories which in figure 6 start with φ2-values beyond the saddle
point with little allowed initial condition space, and end up in the true minimum at φ1 = φ2 = 0.

inflationary regimes: one starting from φ2 < φmax
2 towards φ2 = 0 and another starting

at φ2 > φmax
2 towards φ2 = 2π/c in the neighbouring vacuum region. In addition, with

increasing δ the field trajectory will become more and more curved in its entirety due to
the increasingly broken Z2-symmetry of the inflationary valley, which will cause sizeable
changes in ns and r. As we will see in figure 7 and figure 8 using the full numerical anal-
ysis, maintaining compatibility with observations forces us to keep δ � 1 maintaining a
near-hybrid inflation regime.

2.4.2 Analytical treatment of Z2 symmetry breaking effects

First we study analytically a small breaking of the Z2 symmetry. We start by expanding
the potential to linear order in c1φ1δ. The result is

V (δ) = V (0) + c1φ1δ
Λ4

2 (sin+− sin−) +O
(
(c1φ1δ)2

)
. (2.20)

Here, V (0) denotes the hybrid potential eq. (2.3) and we introduced the short-hand notation
sin± ≡ sin (c1φ1 ± cφ2). The higher-order terms in the potential are the ones arising from
the series expansion at least quadratic in c1φ1δ, the even terms coming with factors of cos±.
Hence, we see that choosing δ 6= 0 breaks the Z2 vacuum degeneracy between the two vacua
left and right of the inflationary valley with an amount of ∆V ∼ (πδ)2Λ4, allowing us to
avoid the domain wall problem. Repeating the same steps as in section 2, the effective
potential for φ2 in the c1φ1 = ±π +O(δ) valley is, to leading order in δ, given by

V
(δ)

inf = V0
(
1− α cos(cφ2)∓ αδ̃ sin(cφ2)

)
+O(π2δ2), (2.21)

where we defined δ̃ ≡ Λ4

Λ4+Λ̃4
πδ
α = 1−α

2
πδ
α . Notice that the phenomenology will be close to

our hybrid inflationary toy model only if |πδ| � α. For larger α . |πδ| � 1 the inflationary
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trajectory might still be of the hybrid kind, in the sense that inflation happens along a
straight line c1φ1 ≈ ±π and ends almost instantaneously at a critical value of φ2. However,
the potential is twisted and the saddle points are displaced along the φ2 direction. This
squeezes or stretches the effective potential and is the reason why the phenomenology is
substantially modified. We therefore trust the following analytical predictions only in the
regime |δ̃| � 1 and we will study larger deformations numerically. From the effective
potential we compute the slow-roll parameter

ε(δ) ≈ 1
2c

2α2
(
sin(cφ2)∓ δ̃ cos(cφ2)

)2
, (2.22)

where we neglected corrections of order O(α, δ̃2) inside the round brackets. Moreover, using
the expression for V (δ) we find that φ1 becomes tachyonic at cφ(δ)

2,cr = 2πn± arctan
(

1
πδ

)
≈

cφ2,cr, i.e. the waterfall transition point is approximately unchanged. Next, by integrating
over the slow-roll parameter we express φ2 as a function of e-folds. Two branches of
solutions emerge

φ
(δ)
2 (∆N) =

2 arctan
(
eγ∆N

)
c

± δ̃

c

(
1− eγ∆N

)2

1 + e2γ∆N (2.23)

where as before we defined γ ≡ αc2 and we discarded corrections that are of higher order
in δ̃. Moreover, we assume that we start inflation in the neighbourhood of the saddle
point close to cφ2 = π and move towards the critical point close to cφ2 = π/2. The
alternative trajectories starting close to cφ2 = −π moving towards cφ2 = −π/2 have
equivalent phenomenology with these two solutions, but with the ± sign swapped. In
light of the numerical analysis, we therefore cover all possible outcomes by solving for the
inflationary solution that starts close to cφ2 = c1φ1 = π where δ takes both positive and
negative values. Therefore, we take ± to be + from here onwards. The first slow-roll
parameter is then given by

ε(δ)(∆N) = 2αγ
e2γ∆N

(
1− δ̃ + e2γ∆N (1 + δ̃)

)2

(
1 + e2γ∆N)4 . (2.24)

Moreover, the second slow-roll parameter is, to leading order in δ̃, given by

η(δ)(∆N) = γ
1− e2γ∆N

1 + e2γ∆N + 4γδ̃ e2γ∆N(
1 + e2γ∆N)2 , (2.25)

and, as before, provides the dominant contribution to ns. The tensor-to-scalar ratio and
the spectral tilt read

r(δ) = 16ε(δ),

n(δ)
s = 1− 2ε(δ) + 2η(δ).

(2.26)

In figure 5 we plot the analytical predictions where we fix ∆N = 60 and α = 0.01. We
vary log10(γ) ∈ [−2.0,−1.5] and log10(|δ̃|) ∈ [−2.0,−1.0]. Within the regime of validity of
the analytical approximation, the predictions are very sensitive to the value of γ, and only
mildly dependent on δ̃.
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Figure 6. We illustrate the amount of fine-tuning of initial conditions in a deformed hybrid
potential with δ = 0.02, α = 0.01, γ = 0.011 and c1 = 10. In blue the patch of the potential around
the saddle point (black dot) from which at least 60 e-folds of inflation will originate is shown.
Moreover, in green two example trajectories of respectively 50 and 60 e-folds are shown.

2.4.3 Numerical analysis of Z2 symmetry breaking effects

Next, we study larger deformations numerically. In order to set appropriate initial condi-
tions we have to identify the location of the saddle point,4 which we numerically search for
in the neighbourhood of c1φ1 = π and cφ2 = π, given some δ. Even though the potential
might get twisted substantially, it turns out we do not need much fine-tuning of the initial
conditions. In figure 6 we show an example of a deformed hybrid potential with δ = 0.02
and α = 0.01 (this corresponds to δ̃ ≈ 3.1.) Moreover, we take γ = 0.011, because, as we
will see in a moment, this gives predictions compatible with the CMB constraints. Using
the relation γ ≡ αc2, this means that c ≈ 1.0. The blue patch around the saddle point
is the region from which at least 60 e-folds of inflation originate. Moreover, two example
trajectories of respectively 50 and 60 e-folds are shown. They are separated by 5− 10% of
the total field range of φ2 between the saddle point and the minimum of the potential.

We solve for the background solution until the end of inflation using the transport
code [50] and evaluate the Hubble slow-roll parameters at 60 e-folds before the end of
inflation to estimate the tensor-to-scalar ratio and the spectral tilt. For a few of the most
deformed potentials that are still compatible with the Planck data we explicitly check that
two-field corrections are negligible at times that the CMB modes cross the horizon. We
keep α = 0.01 fixed and vary log10(γ) ∈ [−2.0,−1.5] and log10(|δ̃|) ∈ [−2, 1]. The results
are shown in figure 7 and 8. Figure 7 shows the actual predictions for ns and r and figure 8
maps these to the implied constraints on δ̃ and γ, given the 1σ and 2σ confidence intervals
of Planck. We confirm that the analytical results capture the predictions well if δ̃ � 1, and
that in this regime the inflationary observables are only mildly dependent on δ̃. However,

4For a discussion of finding critical points in a more general scalar potential that is a sum of cosines
(and/or sines), but where the coefficients appearing in front of the fields are integers, see appendix A.

– 13 –



J
H
E
P
1
2
(
2
0
2
0
)
1
6
1

Figure 7. We compare the Planck contours with the numerical predictions for ns and r

computed through the Hubble slow-roll parameters, where we vary log10(|δ̃|) ∈ [−2.0, 1.0] and
log10(γ) ∈ [−2.0,−1.5], while fixing α = 0.01. The black dotted lines correspond to fixed γ to
{0.013, 0.017, 0.021, 0.025}, from right to left, respectively. The region δ̃ > 0 corresponds to infla-
tionary trajectories with wide initial condition range of the type shown in figure 6 ending up in
the false minimum at φ1 = 2π/c1, φ2 = −O(δ̃).The complement δ̃ < 0 corresponds to trajectories
which in figure 6 start with φ2-values beyond the saddle point with little allowed initial condition
space, and end up in the true minimum at φ1 = φ2 = 0.

for larger deformations both δ̃ and γ become important to determine the observables, as
one can see in both figures. On the other hand, changing α only shifts the value of r up
and down, and therefore the degeneracy between c and α remains within the current CMB
limits. However, since we require c ≥ 1 the observational constraints demand α . 0.02
which translates into the upper bound r . 0.01. Interestingly, even though we are on
the boundary of small field and large field inflation, the tensor-to-scalar ratio approaches
r ∼ 0.01 already for deformations δ = O(0.01). If in addition we only require minimal
tuning on the parameters (that is, |δ̃| ∼ 0.01 and α ∼ 0.01, and not smaller) the tensor-
to-scalar ratio becomes bounded from below as well r & 10−4. As we see in figure 8,
maintaining compatibility with observations and at the same time c ≥ 1 forces us to keep
δ = 2α

(1−α)π δ̃ . 3× 2α
(1−α)π , maintaining a near-hybrid inflation regime. This need to tune δ

small represents a requirement for an embedding of the inflationary mechanism into string
theory, as there the quantities c±1 and c±2 will be determined by discrete data of the string
compactification such as intersection numbers and p-form flux quanta. This will limit the
tunability of δ and we will return to this question in section 3.

Let us finally stress that the inflationary predictions are very sensitive to the deforma-
tions of the hybrid potential, and moreover, we only considered the simplest modification
so far. Therefore, the model lacks a clear prediction and it could be more informative to
allude to a statistical approach as in [51].
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Figure 8. We randomly sample points in the same parameter range as figure 7 (i.e. fixing α = 0.01)
and select the ones within the 1σ (green) and 2σ (grey) Planck confidence contours. The corre-
sponding values for δ̃ and γ are shown. In the region δ̃ > 0 the points corresponds to inflationary
trajectories of the type shown in figure 6 ending up in the false minimum at φ1 = 2π/c1, φ2 = −O(δ̃).
In the complement δ̃ < 0 the points correspond to trajectories which in figure 6 start with φ2-values
beyond the saddle point, and end up in the true minimum at φ1 = φ2 = 0.

2.4.4 Comparison with the effect of a non-zero instanton phase

Let us now compare the results of section 2.2 and section 2.4. By looking at eqs. (2.18)
and eq. (2.22) we see that the phase ϑ coming from the instanton effects generating the
potential and the asymmetry δ̃ which is needed to break the Z2 vacuum degeneracy produce
a similar correction to the first slow-roll parameter. Thus, by comparing the expressions
for ε(ϑ) and ε(δ), we can extract a relation between these phases, which reads

ϑ = − 2α
1 + α

δ̃ . (2.27)

The above relation was derived analytically and it holds only for ϑ . α. This means
that in this regime ϑ and δ̃ are degenerate. The predictions for the tensor-to-scalar ratio
and the spectral tilt in the presence of ϑ in this regime (figure 3 the small, central purple
contour) and of δ̃ (figure 5) are the same once the values of ϑ and δ̃ are related by the
factor of eq. (2.27) (notice also that in figure 3 α is varied and c = 1 is fixed while in 5
α is fixed while γ ≡ αc2 is varied). For ϑ > α we could not perform the same analytical
comparison, thus we cannot prove the degeneracy for all values of our parameters. The
complete contours were obtained with the slow-roll approximation in figure 3 whereas for
figure 7 we solved the full equation of motion.

2.5 Comments about eternal inflation and vacuum decay

We shortly describe two observations here, while we leave a more detailed analysis of
these aspects for future work. The inflationary valley of our harmonic hybrid model by
necessity contains an inflationary saddle point with εV = 0, |ηV | � 1. We can now apply a
comparison between the variance 〈δφ2〉q = H2/(4π2) of quantum fluctuations of the light
inflaton scalar in near-dS space-time and the classical slow-rolling speed φ̇ = −V ′/(3H)
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to argue for the presence of eternal inflation [52–54] driven by quantum diffusion near
the inflationary saddle point in our model. Arguments based on this comparison between
quantum diffusion and classical rolling as reviewed e.g. in [55, 56] show that the relevant
criterion εV . V/(12π2), |ηV | < 1 when applied to exact hybrid inflation (δ = 0), produces
a region satisfying the criterion around the saddle point, which is several hundred times
wider than the average quantum fluctuation size H/(2π). For the exact hybrid limit δ = 0
our models thus supports slow-roll eternal inflation.

However, avoidance of domain walls dictates δ 6= 0 and moreover the scenarios for string
theory realization of harmonic hybrid inflation we later discuss indicate that |δ| & 0.01.
For such values of δ we observe that the region potentially supporting eternal inflation
around the inflationary saddle point shrinks drastically. Its width reduces to a few times
H/(2π), rendering the existence of robust eternal inflation for these Z2-symmetry broken
models doubtful. A much more detailed analysis is clearly necessary. If the outcome were
the continued existence of this tension between model viability in the string theory context
and ability to support eternal inflation, this would suggest two possible interpretations:
we may either use it as evidence against slow-roll eternal inflation, or conversely, as an
opportunity to predict the most likely size of δ once a well-defined measure for eternal
inflation is found.

In presence of the Z2-symmetry breaking our setup contains a whole set of non-
degenerate local minima with vacuum energy splitting of order V0δ

2 whose vacuum energy
increases with increasing φ1-distance from the set of global minima at (φ1 = 0, φ2 = 2πn/c).
Between the local minima of this mini-landscape there will be tunnelling instanton tran-
sitions described by Coleman and de Luccia (CdL) [57] (for very recent work re-analyzing
CdL tunnelling using the Hamiltonian-Wheeler-DeWitt approach, see [58]).

We next recall, that the inflationary trajectories starting from wide initial conditions
always end up in one of the two false minima at (φ1 = 2π/c1, φ2 ' 0 or φ2 ' 2π/c). As
we expect these slow-roll trajectories due to their large region of initial condition space to
dominate the inflationary slow-roll dynamics, we need to tune the vacuum energy of the
false minima at (φ1 = 2π/c1, φ2 ' 0 or φ2 ' 2π/c) to match the current-day vacuum energy
∼ 10−120M4

P. The adjacent true minima (φ1 = 0, φ2 = 2πn/c) then are comparatively deep
AdS vacua with vacuum energy of order −V0δ

2. Applying the CdL tunnelling description
to these dS-AdS vacuum neighbours, we find that the so-called bounce action of the CdL
instanton scales as B ∼ 1/Vcurrent c.c. ∼ 10120. Hence, tunnelling out of the false post-
inflationary minimum into the nearest global AdS minimum is highly suppressed, with a
life-time τ = Γ−1 ∼ eB ∼ 1010120 similar to the dS Poincaré recurrence time. Again, a more
detailed study of the complete coupled system of CdL up and down transitions between
the various dS vacua of the Z2-broken setup is left for future work.

3 Towards a string theory embedding

Axions in string theory arise as integrals of p-form gauge potentials over nontrivial cycles
of the compactification manifold. Consider a type IIB string theory compactified to 4d on
an orientifolded Calabi-Yau three-fold. We assume a choice of 3-form fluxes such that they

– 16 –



J
H
E
P
1
2
(
2
0
2
0
)
1
6
1

stabilize the complex structure moduli at a high mass scale while generating an effectively
constant superpotential W0 [59]. In the 4d N = 1 low-energy theory, O3/O7 planes
project the Kähler moduli space in even and odd subspaces with dimensions h1,1

+ and h1,1
−

respectively. This forces a rearrangement of the scalar degrees of freedom into h1,1
− axion

multiplets Ga = ca − τba, a = 1, . . . , h1,1
− , coming from the 2-forms B2 and C2, and h1,1

+
complexified Kähler moduli

Ti = 1
2kijkt

jtk + i

∫
Di

C4 + 1
4e

φkiabG
a
(
G− Ḡ

)b
(3.1)

where i = 1, . . . , h1,1
+ , the ti are the 2-cycle volumes and the kijk are the triple intersection

numbers [60]. In section 3.1 we shall focus on orientifold projections such that h1,1
− = 0,

that is we consider only the axions θi coming from the integral of the C4 potential. After
that, in section 3.2 we will also discuss a possible setup with C2 axions as their presence
could potentially avoid the domain-wall problem in an easy way.

3.1 C4 axions

When considering only the C4 axions θi, the expression eq. (3.1) simplifies to

Ti = 1
2kijkt

jtk + i

∫
Di

C4 = τi + iθi (3.2)

where the scalar field τi is the volume of the 4-cycle divisor Di. The volume of the Calabi-
Yau can then be expressed in units of ls as

V = 1
6

∫
X
J ∧ J ∧ J = 1

6kijkt
itjtk = 1

3τit
i. (3.3)

At the classical level and in the absence of branes, each θi enjoys a continuous shift
symmetry. However the presence of the O3/O7 orientifold planes induces D3- and D7-brane
charges. In order to cancel their tadpole, we must include D3-branes and D7-branes in the
compactification setup. Such branes will break the continuous shift symmetry of θi into
a discrete one by inducing non-perturbative corrections to the superpotential. Harmonic
hybrid inflation can then be obtained if we allow stacks of multiply-wrapped D7-branes
on some of the 4-cycles. We will now discuss one mechanism to get the harmonic hybrid
potential eq. (2.3) from an LVS embedding.

Start with assuming the volume V of a Calabi-Yau three-fold to be large compared to
ls and to have the following Swiss-cheese like shape

V ∼ ατ3/2
b − βτ3/2

s − γτ3/2
s1 − δτ

3/2
s2 , (3.4)

where α, β, γ, δ are constants depending on the geometry of the manifold. For an explicit
example of a Calabi-Yau with such volume see e.g. [61]. Employing an LVS-type string
compactification should allow us to use moduli stabilization to obtain a mass hierarchy
among the axions. This is necessary to reproduce the dynamics of hybrid inflation mod-
els in general. However, we consider two additional terms compared to the classic LVS
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Swiss-cheese volume [34] because θb, the axionic partner of τb, is almost massless as it re-
ceives scalar potential contributions from Tb-dependent non-perturbative corrections which
are highly suppressed by the compactification volume, i.e. mθb ∼ e−V

2/3 ∼ 0 (see [62] for a
derivation of this statement). Moreover, when one stabilizes τs, it can be shown that its ax-
ion θs gets stabilized as well, and in such a way that they gain approximately the same mass
mθs ∼ mτs ∼ m3/2. Therefore, θs is a rather heavy particle and it is frozen during inflation.
We then infer that these two axions are not good candidates to reproduce our harmonic hy-
brid inflation. Thus, we should add two more blow-up moduli and arrange for their axions
θs1 , θs2 to be ultra-light but more massive than the axion corresponding to the base. The ax-
ionic mass hierarchy obtained from compactification should bemθb � mθs2

< mθs1
≪ mθs .

In general, the Kähler potential receives corrections both in string loop expansion
and in α′. In a typical LVS setup, one chooses to include the contribution of the leading
α′3 correction (coming from the ten-dimensional R4-term [63]) and neglects string loops
contributions. The Kähler potential is then

K = −2 log
(
V + ξ

2

)
+ δKgs + δKO(α′4) =

= K0 + δKgs + δKα′ ,

(3.5)

where ξ is a function of gs given by

ξ = −χ(CY3)ζ(3)
2(2π)3g

3/2
s

, (3.6)

and χ(CY3) is the Euler characteristic of the Calabi-Yau 3-fold. In (3.5) by δKgs (resp.
δKα′) we collectively mean all the string loop corrections [64–66] to the Kähler potential
(resp. all α′ corrections). Considering only K0 and the leading α′ correction, the F-term
scalar potential can be split into three terms, namely

V K0
F = Vnp1 + Vnp2 + Vα′ (3.7)

where

Vnp1 = eK0Kjk̄
0 ∂TjW∂T̄kW̄ , (3.8)

Vnp2 = eK0Kjk̄
0

[
W̄∂TjW∂T̄kK0 + h.c.

]
, (3.9)

Vα′ ∼ 3ξ|W |2

16V3 . (3.10)

We will now address the form of the superpotentialW in our model. We allow the tree-level
superpotential W0 to receive non perturbative corrections Wnp of the type

W = W0 +Wnp =
= W0 +Ase

−asTs +As2e
−as2Ts2

+As1e
−as1(n1

s1Ts1+n2
s1Ts2) +As2e

−as2(n1
s2Ts1+n2

s2Ts2).

(3.11)

These corrections can be explained as follows. Consider 4 stacks of D7-branes. One stack
wraps the 4-cycle associated to Kähler modulus Ts, and another one wraps the 4-cycle
associated to Ts2 . These two stacks give rise to the usual non-perturbative corrections
to the superpotential from gaugino condensation (i.e the second line of eq. (3.11)). Then
the other two stacks wrap two different cycles which are representative of two different
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divisor classes, each one being a linear combination of the divisor classes of Ts1 and Ts2 .
Finally, we allow for the D7-branes of these last stacks to wrap the cycle multiple times [67].
This information is encoded in the winding numbers njsi and their inclusion modifies the
superpotential corrections as in eq. (3.11).

Here we will anticipate the crucial point of this type of embedding: in order to recover
the effective potential eq. (2.3) we will need to require n2

s2 < 0. From now on the nega-
tive sign will be extracted. We might worry about this linear combination with negative
coefficients, for the following reason: in order for the non-perturbative corrections to the
superpotential to arise, the stacks of branes must wrap rigid and ample divisors [68, 69].
It is therefore natural to wonder if the fact that n2

s2 < 0 necessarily spoils the ampleness
condition. We argue that this is not always the case. In fact, the divisors corresponding
to the Kähler moduli in the exponents could be themselves linear combinations of toric
divisors, and not just toric divisors. Therefore we may be able to change base and re-write
the exponents of eq. (3.11) in a way in which only toric divisors appear, and with positive
coefficients. If this is the case, we may be able to satisfy the requirements of rigidity and
ampleness. A concrete example of this can be found in [70]. We should now point out
that the Calabi-Yau required for our model is certainly not present in the catalogue of
Swiss-cheese solutions found in [71], where only stack of branes wrapping toric divisors
are considered. It would be very interesting to extend the catalogue of [71] including the
possibility of wrapping branes on linear combinations of toric divisors, in order to find
examples of Calabi-Yaus that can support this model as well as to widen the possibilities
to realize LVS moduli stabilization.

Moduli stabilization with LVS mechanism forces

∂TsWnp ∼
W0
V
. (3.12)

To achieve scale separation between the axions θs1 and θs2 with respect to θs, we choose
as1 , as2 , τs1 and τs2 such that

∂Ts1
Wnp ∼ ∂Ts2

Wnp ∼ ε
W0
V

, (3.13)

where ε < 1. If V−1 � ε � 1, then axions get stabilized after Kähler moduli. The
dominant terms for the θs1 , θs2 axions are then the ones of order O

(
εV−3). It can be

shown that these are given by the Tsi T̄sj (+h.c.), i, j = 1, 2, terms in Vnp2 , namely

Vnp2 (θs1 , θs2) = 1
V2

[
Kij̄

0 W0∂TsiWnp∂T̄sj
K0 + h.c.

]
. (3.14)

Plugging in this equation the derivatives of the superpotential

∂Ts1
Wnp = −as1As1n

1
s1e
−as1(n1

s1Ts1+n2
s1Ts2)

− as2As2n
1
s2e
−as2(n1

s2Ts1−n
2
s2Ts2) (3.15)

∂Ts2
Wnp = −as2As2e

−as2Ts2

− as1As1n
2
s1e
−as1(n1

s1Ts1+n2
s1Ts2)

− as2As2n
2
s2e
−as2(n1

s2Ts1−n
2
s2Ts2)

(3.16)
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and using the fact thatKij̄
0 K

0
i = −1

4τj , the potential for the θs1 , θs2 axions can be written as

Vnp2 (θs1 , θs2) = 2W0
V2 τs2as2As2e

−as2τs2 cos (as2θs2)

+ 2W0
V2 as1As1

(
n1
s1τs1 + n2

s1τs2

)
e−as1(n1

s1τs1+n2
s1τs2)·

· cos
[
as1

(
n1
s1θs1 + n2

s1θs2

)]
+ 2W0
V2 as2As2

(
n1
s2τs1 − n2

s2τs2

)
e−as2(n1

s2τs1−n
2
s2τs2)·

· cos
[
as2

(
n1
s2θs1 − n2

s2θs2

)]
.

(3.17)

Our harmonic hybrid inflation potential eq. (2.3) is recovered if we take θsi = φi/fsi
as explained below,

Λ̃4 = 2W0
V2 as2τs2As2e

−as2τs2 (3.18)

and by requiring the prefactors of the two mixed cosines to be equal:

Λ4 = 2W0
V2 as1As1

(
n1
s1τs1 + n2

s1τs2

)
e−as1(n1

s1τs1+n2
s1τs2) =

= 2W0
V2 as2As2

(
n1
s2τs1 − n2

s2τs2

)
e−as2(n1

s2τs1−n
2
s2τs2) .

(3.19)

We now discuss how to incorporate the Z2-symmetry breaking. For this, we need to
keep in mind that we need stacks of at least 2 coincident D7-branes for each instanton
effect to generate a superpotential and in turn the scalar potential above. Hence we have
that asi = 2π/Nsi with Nsi ≥ 2 in the cosine terms of the scalar potential. The effective
coefficients of the two axion fields in the two cosine terms in the scalar potential thus read

c+
1 ≡

2π
fs1

n1
s1

Ns1
, c−1 ≡

2π
fs1

n1
s2

Ns2
,

c+
2 ≡

2π
fs2

n2
s1

Ns1
, c−2 ≡

2π
fs2

n2
s2

Ns2
,

(3.20)

where for simplicity we assume that the string compactification has produced diagonal
kinetic terms for the two axions of the form Lkin = 1

2f
2
s1(∂θs1)2 + 1

2f
2
s2(∂θs2)2, implying

canonically normalized axion fields θsi = φi/fsi . Hence, maximizing the field range of the
inflaton φ2 and thus r while keeping fs2 ≤ MP sub-Planckian implies a relation between
wrapping numbers and gauge group ranks: n2

si = Nsi/2π. The simplest choice achieving
this would be Ns1 = Ns2 = 6 which produces c±2 ' 1.

Next, maintaining inflationary dynamics behaving nearly like exact hybrid inflation
requires a mass hierarchy between mφ1 � H � mφ2 and a small amount of Z2-symmetry
breaking by setting c±1 = c1 ± δc with δc � c1 as in section 2.4. The first condition
requires c±1 & 10 implying n1

si & 10n2
si . Since the n2

si are integers, their smallest difference
δc = 1 implies a 10%-level Z2-symmetry breaking. A level of 1% Z2-breaking is possible
for the same δc for a choice of Ns1 = Ns2 = 60 and wrapping numbers n1

s1 = 100 + δc,
n1
s2 = 100 − δc and n1

si ≈ 10n2
si , for n

2
si = 10, while maintaining the φ2 field range and

φ1-φ2 mass hierarchy.
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3.2 C2 axions

We now discuss a second scenario for generating the potential eq. (2.3). C2 axions present
in Calabi-Yau orientifolds with h1,1

− > 0 can acquire a periodic scalar potential if the
relevant stack of D7-branes present in the compactification is magnetized [67]. Then, the
gauge kinetic function is modified and depends holomorphically also on the h1,1

− axion
multiplets Ga. In this way, the continuous shift symmetry of the odd axion ca is broken
to a discrete one at the level of the superpotential W when we consider also its non-
perturbative corrections. The other axions θi can be stabilized at a higher scale than ca

by considering one additional unmagnetized stack wrapping another representative of the
homology class. With this setup, gaugino-condensation on different D7-branes stacks gives
rise to the non-perturbative corrections of the form

Wnp =
∑
ζ

Aζe
−aζ
(
Tζ+ikζmnFmζ

(
Gn+ τ

2F
n
ζ

))
. (3.21)

Here

• kζmn are the triple intersection numbers between the divisors ζ = D1 . . . D3, and the
odd 2-cycles Σ(−)

m/n.

• m,n run from 1 to h1,1
− and ζ runs over the wrapped divisors D1 . . . Dh1,1

+
.

• FmDi are the fluxes each stack on the divisor Di carries, but they also refer to only
one (m) of the two C2 axions each time.

In this setup we shall consider h1,1
− = 2 and h1,1

+ = 3. As before, consider the complex
structure moduli to be stabilized at a higher scale. Assume also that the τDi , θDi and bm are
stabilized by a combination of the LVS mechanism, string-loop corrections and/or higher
order F-term contributions, D-terms and by unmagnetized D-branes, and that the ba = 0
are at their minimum. Next, assume that both odd cycles Σ(−)

1,2 intersect with the divisors
corresponding to τD1 and τD2 while only Σ(−)

2 intersects with the divisor corresponding to
τD3 . These are conditions on the non-vanishing intersection numbers. They combine with
the splitting of the intersection numbers indices kABC , k = 1 . . . 5 into the even indices
A = (ζ,m) and the restructuring of the 2-cycle volume moduli into 4-cycle N = 1 Kähler
moduli containing 4-cycle volumes τζ and the 2-form axion chiral multiplets Gm. If the
inversion relation between the 2-cycles vA and the (τζ , Gm) can be performed explicitly,
this may result — to provide a simple example — in a volume schematically of the form

V ∼
(
τD1 + kD1

mnb
mbn

)3/2
−
(
τD2 + kD2

mnb
mbn

)3/2
−
(
τD3 + kD3

22 (b2)2
)3/2

,

where : m,n = 1, 2 .
(3.22)
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In this case, the potential for the cm axions takes the form

V =
∑
ζ

Λ4
ζ

[
1− cos

(
aζk

ζ
mnF

m
ζ c

n
)]

= Λ4
D1

[
1− cos

((
aD1k

D1
11 F

1
D1 + aD1k

D1
21 F

2
D1

)
c1

+
(
aD1k

D1
12 F

1
D1 + aD1k

D1
22 F

2
D1

)
c2
)]

+

Λ4
D2

[
1− cos

((
aD2k

D2
11 F

1
D2 + aD2k

D2
21 F

2
D2

)
c1

+
(
aD2k

D2
12 F

1
D2 + aD2k

D2
22 F

2
D2

)
c2
)]

+

Λ4
D3

[
1− cos

(
aD3k

D3
22 F

2
D3c

2
)]
.

(3.23)

Next, the fact that the stacks of NDi D7-branes are wrapped on each divisor Di

producing the instanton contributions in W implies that aDi = 2π/NDi . The intersection
numbers kζmn are fixed numerical quantities for a given CY manifold, while the fluxes
FmDi are integers. Finally, canonically normalizing the axions cm will replace c1, c2 with
φ1/f1, φ2/f2, where f1, f2 represent the axion decay constants of the canonically normalized
axion fields φ1, φ2. Hence, the resulting terms(

aD1k
D1
11 F

1
D1 + aD1k

D1
21 F

2
D1

) φ1
f1
≡ c+

1 φ1(
aD2k

D2
11 F

1
D2 + aD2k

D2
21 F

2
D2

) φ1
f1
≡ c−1 φ1(

aD1k
D1
12 F

1
D1 + aD1k

D1
22 F

2
D1

) φ2
f2
≡ c+

2 φ2(
aD2k

D2
12 F

1
D2 + aD2k

D2
22 F

2
D2

) φ2
f2
≡ c−2 φ2

(3.24)

will typically have c+
1 6= c−1 and c+

2 6= c−2 (unless particular combinations of the aD1,2 , the
triple intersection numbers, and the gauge flux quanta appearing in eq. (3.24) are chosen
in very particular combinations). At most, they typically can be tuned by choosing the
flux integers to be nearly the same to some finite accuracy, leading automatically to the
situation of section 2.4. Hence, embedding harmonic hybrid inflation into string theory
along these lines generically avoids the hybrid inflation domain wall problem. Thus, by
tuning appropriately the triple intersection numbers and the flux quanta, the potential
eq. (2.19) can be recovered.

The perks of using the C2 axions instead of C4 axions are that one has more freedom
in tuning parameters to recast the needed potential, and that interestingly they are better
for phenomenological purposes as well.

3.3 Outlook — thraxions

So far we have discussed two possibilities to obtain harmonic hybrid inflation potentials us-
ing non-perturbative quantum effects to provide the required scale suppression and period-
icities. However, even in the absence of perturbatively exactly massless harmonic 2-form ax-
ions, recent work pointed out that CY compactifications with warped multi-throat regions

– 22 –



J
H
E
P
1
2
(
2
0
2
0
)
1
6
1

contain ultra-light radial KK-modes of the would-be C2-axion harmonic zero mode. These
so-called ‘thraxions’ acquire a periodic cosine potential due to the compactness of the CY
manifold with periodicity enhanced by flux monodromy to roughly Planckian values [35].

Furthermore, a recently found database listing all ambient-space descending O3/O7-
orientifolds of the set of Complete Intersection Calabi-Yaus (CICYs) contains thousands
of explicit examples of compact CYs whose topology supports the existence of such thrax-
ions [10]. For other O3/O7-orientifold constructions in the Kreuzer-Skarke database
see [72, 73].

As each pair of homologically related conifolds generate one thraxion with its scalar
potential, a compactification with multiple double-throats may lead to a sum-separable
scalar potential of multiple cosine terms for multiple thraxions. Since the thraxion kinetic
terms will generically have mixing due to the structure of the intersection numbers of the
underlying CY manifold, the scalar potential after diagonalization of the kinetic term may
in certain cases very well take the form hereby proposed for harmonic hybrid inflation. We
leave the study of this intriguing possibility for future work.

4 Conclusions

Let us now discuss what we have found. We have seen that a sector of two axion fields with
a purely non-perturbatively generated scalar potential contains a mechanism for realizing
hybrid inflation. The structure of scalar potential turns out to be highly constrained by
the discrete shift symmetries of the axions. Bottom-up, we managed to construct the
most simple toy model field theory setup consisting of three cosine potential terms for two
axions producing the hybrid inflation coupling structure. Next, we analysed the influence
of initial condition choices on the occurrence of successful inflation, showing that harmonic
hybrid inflation generates observationally viable slow-roll inflation for a wide range of initial
conditions.

Hybrid inflation setups generating the hybrid behaviour by means of a bi-quadratic
coupling between the inflaton and the waterfall field usually show a Z2-symmetry between
the two degenerate final vacua of the scalar field trajectory. This Z2 symmetry leads
to domain wall production overclosing the late universe. As a remedy, we show that
controlled Z2-symmetry breaking of adjacent axion vacua is achievable for the price of a
moderate amount of tuning of the coefficient of the axions appearing in the arguments
of the cosine terms in the scalar potential. Including this Z2-symmetry breaking when
otherwise minimally tuning the setup leads to prediction of primordial tensor modes with
the tensor-to-scalar ratio in the range 10−4 . r . 0.01, directly accessible to upcoming
CMB observations.

Moreover, we found that the presence of an inflationary saddle point with ε = 0 and
|η| � 1 produces a regime of quantum diffusion driven slow-roll eternal inflation as long
as the Z2-symmetry breaking parameter δ � 1 is small enough. As we need δ > 0 by
some finite amount is necessary to avoid the domain wall problem, this may indicate that
harmonic hybrid inflation shrinks the field space region available for eternal inflation and
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might conceivably even favor its absence.5 We observe furthermore, that harmonic hybrid
inflation looks compatible with certain UV arguments supporting constraints f .MP and
∆φ60 .MP on the axion periodicity and slow-roll field range, respectively.

However, we need to be more cautious. Note that the fine-tuning of initial conditions
needed to generate enough inflation quickly increases once we choose the larger of the
two axion decay constants sub-Planckian by a significant amount. As this implies rather
fφ2 .MP instead of fφ2 �MP, a concrete realization of our mechanism needs to check if
higher instanton harmonics with instanton actions of e.g. gravitational instantons gener-
ically scaling as Sinst.,n ∼ nMP/fφ2 remain sufficiently suppressed (see e.g. [15, 21, 74]).
We leave the necessary more detailed analysis, clearly dependent on UV input, for future
more complete string theory realizations.

Finally we also outlined several roads towards constructing harmonic hybrid inflation in
type IIB string theory on Calabi-Yau orientifold compactifications. We provide arguments
that the relevant scalar potential can arise either from C4 axions via multiple-wrapped
D7-brane stacks, from C2-axions acquiring scalar potential from D7-brane stacks magne-
tized by quantized gauge flux, or potentially from thraxions in bifid-throat regions of CY
orientifolds.
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A Critical points and some number theory

In order to solve the two-field dynamics of harmonic hybrid inflation numerically, it is useful
to know the location of the saddle points and minima to set appropriate initial conditions.
For our toy model in eq. (2.2) the fundamental domain (centralized around the minimum)
of the fields is given by c1φ1 ∈ [0, 2π) and c2φ2 ∈ [0, 2π). It’s easy to check that some
interesting points are located at

(c1φ1, c2φ2) = (0, 0) (global minimum), (A.1a)
(c1φ1, c2φ2) = (0, π) (global maximum), (A.1b)
(c1φ1, c2φ2) = (π, π2 ) (waterfall transition), (A.1c)
(c1φ1, c2φ2) = (π, π) (inflation saddle point), (A.1d)

5We leave possible connections between this observations and attempts to connect a better understanding
of potential constraints on de Sitter space with the absence of slow-roll eternal inflation in the context of
the swampland conjectures for future work.
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assuming that α > 1. For the assumptions listed in section 2.1 the region around the saddle
point (π, π) is suitable to start an extended period of inflation. Consider, however, a more
general potential of the form

V = Λ4
1[1− cos (d1φ1 + c1φ2)] + Λ4

2[1− cos (d2φ1 − c2φ2)] + Λ4
3[1− cos (c3φ2)] . (A.2)

In this case it becomes non-trivial to find a set of equivalent points. First of all, assuming
that ci and dj are integers, the fundamental domain is now given by gcd(d1, d2)φ1 ∈ [0, 2π)
and gcd(c1, c2, c3)φ2 ∈ [0, 2π) which may now contain multiple minima and suitable saddle
points to host inflation. We might not be able to find all critical points analytically,
however, we may still find a non-trivial subset of them by looking for field coordinates
where each cosine is equal to +1 or −1 (such that the gradient of the potential vanishes).
If all cosines equal +1 (−1) we are clearly in the global minimum (global maximum) of the
potential. For the other combinations we have to look at the Hessian, whose determinant
is given by

det∇∇V =
( 2∑
i=1

Λ4
i d

2
iσi

) 3∑
j=1

Λ4
jc

2
jσj

− (Λ4
1c1d1σ1 − Λ4

2c2d2σ2
)2

. (A.3)

Here σi ∈ {+1,−1} is the value that each cosine takes. We can rewrite this as

det∇∇V = Λ4
1Λ4

2(d1c2 + c1d2)2σ1σ2 + Λ4
1Λ4

3d
2
1c

2
3σ1σ3 + Λ4

2Λ4
3d

2
2c

2
3σ2σ3 . (A.4)

If, for instance, similarly to the toy model, Λ4
3c

2
3
(
Λ4

1d
2
1 + Λ4

2d
2
2
)
> Λ4

1Λ4
2(d1c2 + c1d2)2, we

have a saddle point for σ1 = σ2 = −σ3 = 1. More generally, to inspect any of these critical
points, if they exist, we have to solve the following set of equations

c1φ2 + d1φ1 = m1π + 2πN1, (A.5a)
c2φ2 − d2φ1 = m2π + 2πN2, (A.5b)

c3φ2 = m3π + 2πN3 , (A.5c)

with mi ∈ {0,±1}. Eliminating φ1 and φ2 we find the following constraint

c3d2N1 + c3d1N2 − γN3 + c3µ− γm3
2 = 0, (A.6)

where we defined γ ≡ d2c1 + d1c2 and µ ≡ d2m1 + d1m2. Now, if

r ≡ c3µ− γm3
2gcd(c3d2, c3d1, γ) ∈ Z (A.7)

a solution for Ni is given by

N1 = −rn1, (A.8a)
N2 = −rn2, (A.8b)
N3 = rn3, (A.8c)

where ni solves the diophantine equation

c3d2n1 + c3d1n2 + γn3 = gcd(c3d2, c3d1, γ) . (A.9)
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A solution for this equation can be found by applying the Euclidean algorithm. The
corresponding critical point is then located at

φ2 = m3 + 2N3
c3

π, (A.10a)

φ1 = m1 + 2N1
d1

π − c1φ2 (A.10b)

= c2φ2 −
m2 + 2N2

d2
π .

Where we should map the particular solution back to the fundamental domain.
Let us highlight three examples where we go through the steps outlined above and see

which critical points we find.

• The hybrid model with ci = 1 and di = 10, but with the amplitudes arbitrary. We find
the following critical points:

(φ1, φ2) = (0, 0) V = 0, (A.11a)
(φ1, φ2) = (0, π10) V = 2(Λ4

1 + Λ4
2), (A.11b)

(φ1, φ2) = (π, π10) V = 2Λ4
3, (A.11c)

(φ1, φ2) = (π, 0) V = 2(Λ4
1 + Λ4

2 + Λ4
3), (A.11d)

where the first and last points are clearly the global minimum and maximum. The
two middle ones are saddle points if the determinant of the Hessian is negative, i.e. if
50(2Λ4

1Λ4
2 − Λ4

1Λ4
3 − Λ4

2Λ4
3) < 0.

• The slightly deformed hybrid model with ci = 1 and d1 = 9 and d2 = 11. We find:

(φ1, φ2) = (0, 0) V = 0, (A.12a)
(φ1, φ2) = (0, π) V = 2(Λ4

1 + Λ4
2), (A.12b)

(φ1, φ2) = (π, π) V = 2Λ4
3, (A.12c)

(φ1, φ2) = (π, 0) V = 2(Λ4
1 + Λ4

2 + Λ4
3). (A.12d)

Now the condition of the two middle critical point to be saddle points reads 100Λ4
1Λ4

2 −
121
2 Λ4

1Λ4
3 − 81

2 Λ4
2Λ4

3 < 0.

• The much deformed hybrid model with ~c = {3, 6, 15} and ~d = {40, 45}. We find six
critical points:

(φ1, φ2) = (0, 0) V = 0, (A.13a)
(φ1, φ2) = (0, π5 ) V = Λ4

2, (A.13b)
(φ1, φ2) = ( π15 ,

8π
25 ) V = 2Λ4

3 + Λ4
1, (A.13c)

(φ1, φ2) = (3π
5 ,

2π
25 ) V = 2Λ4

3 + Λ4
1, (A.13d)

(φ1, φ2) = ( π15 ,
3π
25 ) V = 2Λ4

3 + Λ4
1 + Λ4

2, (A.13e)
(φ1, φ2) = (3π

5 ,
7π
25 ) V = 2Λ4

3 + Λ4
1 + Λ4

2, (A.13f)

where the second to fourth solutions are saddle points if 32Λ4
1Λ4

3 − 81
2 Λ4

2Λ4
3 − 25

4 Λ4
1Λ4

2<0.
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We see that elementary number theory allows us to find a few non-trivial critical points
within the fundamental domain of the scalar potential. This search ‘algorithm’ can be easily
generalized to a theory living in a higher dimensional field space and with an arbitrary sum
of cosines and sines. With the knowledge of the obtained set of critical points within the
fundamental domain, one has a good starting grid that might speed up the numerical search
of e.g. other saddle points or local minima where inflation can start or end. The structure
and method discussed here for finding a subset of critical points may also prove useful in
more general multi-axion settings as e.g. [6].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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