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ABSTRACT: We develop a factorization framework to compute the double differential cross section
in soft drop groomed jet mass and groomed jet radius. We describe the effective theories in the
large, intermediate, and small groomed jet radius regions defined by the interplay of the jet mass
and the groomed jet radius measurement. As an application we present the NLL’ results for
the perturbative moments that are related to the coefficients C; and Cy that specify the leading
hadronization corrections up to three universal parameters. We compare our results with Monte
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Carlo simulations and a calculation using the coherent branching method.
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1 Introduction

The physics of jets and their substructure has seen rapid development during the past decade.
Originally designed for boosted object studies and pile-up mitigation at the LHC, the tools of jet
grooming now play a key role in defining problems at the forefront of collider phenomenology [1].
Recently, soft drop grooming [2]| (generalizing the modified mass drop algorithm |3, 4|) has been
widely studied, as the special nature of the algorithm enables a high precision description of
measurement of infrared and collinear safe (IRC) observables in perturbative QCD. Furthermore,
due to reduced sensitivity to nonperturbative effects of hadronization and contamination from
the underlying event (UE), groomed jet observables are often more suited for LHC than their
ungroomed counterparts. This has fueled a widespread interest in perturbative calculations of a
variety of interesting jet based observables (see [5] for a review) such as the groomed jet mass [6-
10], groomed angularities [11], soft drop thrust [12, 13], groomed multi-prong jet shapes [14],
groomed jet radius [15], energy drop [16], as well as calculations related to jets initiated by heavy
quarks [17, 18].

Groomed jet observables have also found applications in the field of nonperturbative (NP)
nuclear physics, such as in improving our understanding of hadron structure by accessing the NP
initial state in the form of structure functions such as the PDFs and the polarized /unpolarized
TMDPDFs via scattering experiments such as DIS. This program entails that the observables
chosen have small final-state nonperturbative effects, while at the same time be sensitive to the
initial state hadronic physics. Groomed jets with an identified light /heavy hadron in the jet were
proposed as probes of TMD evolution and distribution in [19, 20]. Other observables defined with
jet grooming such as transverse momentum spectrum of groomed jets [21] also meet this criteria.
Soft drop jet observables have also recently been studied in the context of precision measurements
at the LHC, such as the strong coupling constant « [22] and the top mass [18]. To obtain precision
collider physics analyses using groomed observables, theoretical control and understanding of final
state NP effects is as essential as an accurate description in the perturbative regime, since the NP
effects can be as significant as higher order perturbative corrections.

Analyses of NP corrections for jet substructure have been carried out in Refs. [4, 6, 23, 24]. In
Ref. [24] a field theory based formalism was developed to analyze nonperturbative (NP) corrections
to soft drop jet mass due to hadronization. There the leading nonperturbative modes relevant
for the largest hadronization correction to the groomed jet mass were identified, and were used
to demarcate the regions modified by grooming in the jet mass spectrum into the soft drop
nonperturbative region (SDNP), where the NP corrections are O(1), and the soft drop operator
expansion region (SDOE), where perturbative contributions dominate, while NP corrections are
small but still relevant for precision physics. It was shown that the leading nonperturbative



corrections in the SDOE region are governed by the opening angle of the soft drop stopping pair,
or the groomed jet radius Ry, at a given jet mass m?], that determines the catchment area of the
nonperturbative particles. This led to the observation that the dependence of the hadronization
correction to the jet mass on kinematic parameters, namely the jet mass m?] and jet energy
Ej, and grooming parameters zq,¢ and [, can be described in perturbation theory by specific
moments of a multi-differential distribution involving the opening angle of the stopping pair.
After this factorization of effects, one is then left with universal nonperturbative parameters that
only depend on Agcp.

This appearance of the multi-differential groomed jet distributions motivates obtaining a more
fundamental and precise description of these cross sections. In recent years there has been sig-
nificant progress on the analytic treatment of multi-differential! distributions. Some of the most
significant recent advances [25-27| have been made using SCET [28-32]. In particular, double
differential cross sections have allowed us to understand correlations between two different ob-
servables, such as simultaneous measurement of two angularities on a single jet |25, 26]. Doubly
differential cross sections, such as 2 and 3-point energy correlation functions have been used to
calculate the distribution of the groomed Do at NNLL accuracy [33, 34], and have been used to
develop novel formalism for non-global logarithm resummation [35]. In Ref. [27] a joint resum-
mation for O-jettiness and total color singlet transverse momentum qr was performed at NNLL
accuracy, where the novelty of this work lies in the fact that the two observables have different
sensitivity to the recoil effects, leading to different logarithmic structures that are simultaneously
resummed.

In Ref. |24] two kinds of hadronization effects were identified that are specific to the groomed
jet mass in the SDOE region: “shift” and “boundary” corrections. The shift correction results from
contribution of the NP particles that survive the jet grooming, whereas the boundary correction
captures the effect of modification of the soft drop test due to hadronization. Both effects were
shown to be directly proportional to the parton level moments of the relative angle 6, of the
stopping pair, which is equivalent to the groomed jet radius (often called Ry in the literature).
We reserve the notation 6, to refer to this opening angle and will use R, for the cumulative
version of this variable. This SDOE region is dominated by resummation, and the modes with
collinear-soft scaling responsible for setting 6, play a crucial role in summing the logarithms, as
well as in determining the hadronization corrections.

The SDOE region [24], where the parton level geometry determines catchment area of the NP

particles, corresponds to jet mass values satisfying

QAqcp /1 m% N\ =5
<1, 1.1
m? <QQM> (1.1)

where Qcut = 2°Qzcut for hemisphere jets in ete™ collisions and is defined in Eq. (2.2) below for
generic jet radius R and for pp collisions. @ stands for the large momentum such that Q = 2FE;
for the eTe™ case and Q = 2pr cosh(ny) for pp collisions. Ej is the energy of the groomed jet, m s

!By multi-differential we refer to observables where the same set of particles in a given jet region is subjected
to multiple measurements, and exclude cases that are essentially the overall kinematic information/property of the
entire jet, such as jet rapidity or jet-pr.



is the measured jet mass, and z.yt, 8 are the Soft-Drop grooming parameters. QCD perturbation
theory implies we can write the cross section in terms of jets initiated by a light quark or gluon

d O.had

= ) Nu(®, R, zeut, B) - (1.2)

dm2d® ;’
K=q,g JEES

d O.had
dm%d(l) J

where N, includes virtual corrections important for the normalization, as well as contributions
from the rest of the event (such as parton distributions in the pp case), and determines the
relative contribution from quark and gluon jets. It depends on the jet radius, R, the phase space
variables of the jet denoted by ®;, as well as the soft drop parameters, since it accounts for
radiation that has been groomed away. For eTe™ collisions the phase space variable is simply the
energy, ®; = {E;}, while for the case of pp collisions involves it pseudorapidity and transverse
momentum, ®; = {pp,ns}.
The leading hadronization corrections in dod/ dm? take the following form:

dohad de”® d de"®
al = - Q@ CK 2 cut» 7R 1.3
dm?]d(I)J dm%d‘bj Q 1k dm?}( l(mJanz t /8 )dm?]dq)J> ( )
QYo+ BTE,) do*
: == Cy 3 cut» 7R 79 g SR
+ m?} 2 (m,]7 Q? Zeut /8 ) dm%d@] +

where &, is the partonic cross section for the jets initiated by the parton x = ¢,g. The three
universal hadronic parameters QF,, TT,, and YT, have dimensions of energy, are O(Aqcp), and
encode the nonperturbative information in the power corrections. In contrast, the dimensionless
coefficients CT 5 (m%, Q, Zeut, 5, R) determine the perturbative prefactors in the SDOE region, while
also describing the dependence on the kinematic and grooming parameters. A key point to note
is that the factorization for power correction terms in Eq. (1.3) was derived so far only at leading
logarithmic (LL) accuracy [24]. The LL nature of the analysis allowed for the use of strong
angular ordering to prove factorization of the nonperturbative matrix elements. Thus, while the
partonic cross section dé”™ can be improved independently order-by-order in perturbation theory,
the factorization of the leading power corrections in Eq. (1.3) beyond LL are likely to involve
additional NP parameters with new perturbative coefficients, which we indicate by the ‘..." in
Eq. (1.3). By definition we include in C; and Cy all terms beyond LL that are still proportional
to the same combination of the 3 hadronic parameters shown in Eq. (1.3).

At LL accuracy, the Wilson coefficients CT o(m?%) are related to moments of the 6, distribution

for fixed m:

1 0 m%/Q* /2
Cimd) = i (%) - O5d) = G (L= want))) . (1)
where the angle brackets represent averages that take into account the resummation of the large
logarithms in the SDOE region. We have, for simplicity, suppressed the dependence on arguments
other than m?, In the second term the delta function ensures that the correction is only relevant
for kinematic configurations that lie on the boundary of soft drop failing or passing test. A
calculation at LL accuracy of Eq. (1.3) and the functions Cf(m%) and C5(m?) in the coherent
branching formalism was presented in Ref. [24]. The LL results for these functions were shown to



be in a reasonable agreement with the parton shower Monte Carlo (MC) simulations. From the
point of view of phenomenological relevance, the terms appearing in the LL treatment are likely to
suffice to capture the bulk of the NP corrections in the SDOE region, with higher order NP effects
being below the level of perturbative uncertainty in parton-level predictions for groomed cross
sections. However, since the coefficients CT and C% are defined such that they do not contain
leading double logarithmic terms, ~ (o In?)*, they are so far not known with even a leading
treatment of resummation effects. This requires an analysis beyond LL order, which is a main
goal of our work here. At the same time we intend to provide a more realistic assessment of
perturbative uncertainties from higher order effects.

In Ref. [15] results were presented for the cumulative soft drop Ry distribution at NLL accu-
racy in SCET, including resummation of non-global logarithms due to CA clustering effects. The
factorization for groomed jet mass was developed and studied at NNLL accuracy in Refs. [6-§]
and N3LL accuracy for 3 = 0 in Ref. [36]. In this paper we build upon these results and describe
the joint resummation of the soft drop cross section differential in the jet mass and cumulative in
R, at NLL + NLO accuracy in the SDOE region.

Our analysis will involve so-called non-global large logarithms [37, 38| that occur due to
correlations between emissions across boundaries in phase space, and start at O(a2ln?X), with X
involving a ratio of scales associated to the measurements or specifying the phase space boundaries.
In our case a boundary is introduced by measurement of 6§, (as well as the jet boundary R).
Another type of logarithm can be introduced by the jet clustering algorithm [39] such as the C/A
used in the definition of the soft drop reclustering. These are referred to as abelian clustering
logarithms, and are induced by uncorrelated soft emissions close to the jet boundary. Various
techniques have been introduced to compute the non-global effects [35, 37, 38, 40, 41] and abelian
clustering effects [42-46]. For our analysis we will follow Ref. [15], where both effects were studied
in detail and accounted for in the cross section single differential in groomed jet radius. We
will find the same pattern on non-global effects and clustering effects for the double differential
distribution considered here. We also find that these contributions have only a small impact on
the calculation of C} and C¥.

As a first application of our double differential cross section framework, we compute the
following partonic moments that are related to CiQ(m?,):

dét  \-1 0 d25"
ME(m2, ® 1, zeus, B, R z<7) /d@ 9 YO 15
1 (my, @, zeu, 5, 1) dm?d®, 92 dm3df,dd (1.5)
Mn©(m3 (I)Jazcut ﬁ R) = (Nn((I)J R, zcut B)ﬂ) -
—1 9 M 9 9 9 dm?]d@J

d26% ()

m? 2 d
dfy—2 N(®, R, Zeut, B,€) 7577 77—
X/ [ (@1, B 2o ,€) o g 4,

Q2 b, dt

GQNG;]

The normalization factor N, introduced in Eq. (1.2) remains unchanged for the doubly differential

e—0

distribution and hence drops out in the ratio defining the M{(m?) moment for the channel .
In the distribution dé"(e) the soft drop test has been shifted by a small £ to implement the ¢
function in Eq. (1.4), which then also impacts the normalization N,. For a single emission the



modification for the Soft-Drop condition reads

Osa = O(2 — zeut0?) = Oga(e) = O(2 — zewsbl +¢) (1.6)

with the obvious generalization to the case of more emissions. This modification preserves the
IRC properties of the groomer for ¢ — 0. The superscript ‘@’ in M f?(m%) signifies that the
double differential distribution is evaluated at the “boundary” of the soft drop constraint, which
is implemented via this e-derivative.

From Eq. (1.4) we have C; = M{ and Cy = M"$ at LL order. We have used the notation for
the moments displayed in Eq. (1.5) to stress that these functions can be defined independently
of their interpretation at LL accuracy as the Wilson coefficients C7 2. Furthermore, higher order
resummed results for the corresponding double-differential cross sections immediately translate
into perturbative predictions for M{* and M fi@ at the same accuracy. At NLL order and beyond we
anticipate that a significant portion of the higher order results for C 2 will still be captured by the
moments M{* and Mf(?, such that C; ~ M{ and Cy ~ M’_"?. In the subscript 6, ~ 9; in the second
line of Eq. (1.5), the angle 67, defined below in Eq. (2.4), refers to the largest kinematically allowed
groomed jet radius for a given measured jet mass value. The subscript signifies that the cross
section is calculated only in the large 6, region where the corrections related to ¢, measurement
can be treated in the fixed-order perturbation theory, which is the most relevant region for Cs.
There are other regions of the groomed jet radius spectrum that we will discuss, where this
is not the case. We will show that carrying out calculations of these moments via the double
differential cross section offers us unique insights as to which contributions to the cross section
lead to deviations from the LL definitions of the Wilson coefficients in Eq. (1.4). By identifying
the relevant effective theories, we will see that these contributions come precisely from the regions
of phase space that break the strong-ordering assumption of the partonic radiation. Restricting
ourselves to the large 0, region allows us to determine the corrections that are consistent with the
geometry which is a key part of the definition of the parameters Qf,, T7,, and Y7, and thus the
terms needed to determine higher order corrections to the coefficients C; and Cs.

Following the strategy formulated in Ref. [15], we preferentially work with the cumulant of
the R, distribution:

dS*(Ry) /Ra " d%6"
0

7 d0,dm>dd,;

= 1.7

We will carry out the analysis for the cumulative cross-section d¥*(R,) at next-to-leading-log-
prime (NLL') accuracy, where in accordance with the standard convention, the NLL resummation
is supplemented by including all O(as) terms in the factorization formula. In this work we focus
on the case of eTe™ collisions, such that in the dijet limit, only the quark initiated jets will be
of relevance. Note, however, that for the observable we are considering the leading non-trivial
dependence on R, enters at O(a). This is because at least one emission off the energetic jet
initiating parton is required to set a non-zero value of the groomed jet radius. We will come across
scenarios where this R, dependent contribution appears in fixed-order perturbative terms. In order
to consistently implement resummation in these cases we will include additional O(a?) cross terms
resulting from combining the aforementioned O(«y) fixed-order corrections with terms needed for



a reasonable definition of NLL resummation. In other cases, where the kinematic hierarchies allow
for the R, dependence to be factorized (thus facilitating resummation of logarithms of R,) the
standard prescription for NLL’ resummation applies.

The outline for the rest of the paper is as follows: In Sec. 2 we discuss the kinematic constraints
on the joint R, and m ; distribution and the relevant effective theory modes that enter the analysis.
The EFT analysis identifies three different regions of resummation. We present the factorization
theorems for each of these regions in Sec. 3 and discuss the calculation of the moments M7 and
Mﬁ?. We briefly discuss extension of results in this paper to pp collisions leaving an in-depth
phenomenological analysis to future work. In Sec. 4 we describe the resummation in each of the
three regimes, as well as the resummation of boundary corrections to the cumulative cross section
upon shifting the soft drop condition as in Eq. (1.6). This section also compiles the key formulae
for the factorized cross sections in the large, intermediate, and small R, regimes, needed for the
CT and CF calculations. The various factorized cross sections are then combined in Sec. 5 to
arrive at the final result for the cumulative cross section that smoothly interpolates across these
three regimes. In Sec. 6 we employ the results for matched cross section to calculate and perform
a numerical analysis of the moments C? ~ M{ and C§ ~ M?®, and compare the results with
parton shower Monte Carlos and earlier coherent branching results. We then conclude in Sec. 7.
Various more technical results and derivations are discussed in appendices.

2 Kinematic constraints on the R, distribution and mode analysis

In this section we discuss how the kinematic constraints imposed by the groomed jet mass mea-
surement and the grooming condition result in the modes relevant for our effective field theory
description of the double differential cross section. In this work we focus our analysis on jet
measurements in eTe~ collisions, while describing generalizations needed for the pp case.

Before discussing the various regimes that result from hierarchies within the kinematic bounds
on Ry, we first briefly review the soft drop algorithm and set up the notation. Soft drop reclusters
the jet using the Cambridge/Aachen algorithm [47, 48|, and navigates the clustering history
backwards, testing at each node the condition?

min(Ei,Ej) sin(ﬁij/Q) h + -
BB E; > Zeut (ﬁSiD(R86/2) , (eTe” case), (2.1)

min T; > PT; R;:\B
(p pj)>zcut( U) ,

pp case) ,
pr; + D13 Ry ( )

where in the pp case R;; = ((n; — n;)* + (¢i — ¢j)2)%. So long as the tests keep failing, branches
with lower energies or prs are dropped, and the algorithm proceeds to the next node. As soon
as one node passes the test, the algorithm stops and the remaining branches are kept in their

2Here we do not explore the possibility to use soft drop as a tagger, and we will restrict our analysis to 8 > 0.
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Figure 1: Kinematic constraints on the range of R, for § = 0, 1,2 with @) = 1000 GeV and z¢yt =
0.1. The Ry is constrained between 6.(m?%) and Gg(mz, Qcut, ). The dot-dashed vertical green
line corresponds to the groomed to ungroomed transition. The shaded brown region demarcates
the phase space where hadronization corrections are critical. In the bottom-right panel we show
the distribution of the double differential distribution from PYTHIA for representative values of
Zet = 0.1, B = 1 and logy, mQJ/E?] = —1.5. We also display locations of the NLL kinematic
boundaries and a rough estimate of the angle RQNP below which hadronization corrections become
significant.

entirety. To keep expressions compact, it is convenient to introduce the quantity

1 Ree _ﬁ
Qeut = QZcut [\/5 sin ( 20 )} ; (eTe™ case), (2.2)
2 cosh A
Qcut = QZcut (RW) ) (pp case) .
0

In the following we take R§® = /2, so Eq. (2.2) reduces to Qeut = 28Q zeut . This quantity should
not be confused with the (ungroomed) jet radius, that we assume is large, R ~ 1 with R < 7/2.

We now discuss the expected bounds on the angular distribution, and define the different
regimes of the analysis. Measuring the groomed jet mass m; limits the possible range of R, to



the following values:
0c(m%) < Ry < min{65(m3, Qeut, B), R} . (2.3)

These bounds result from the jet mass measurement m ; while demanding the soft drop passing
condition, which constrains the values of R, to the range shown. Up to the NLL accuracy these
angles are given by

my
Qc(mg) = Ea

* 2 _ m2J ﬁ
eg(mjanutaﬁ) - Q(Qcht) ’ (2'4)
where the expression for 67 holds for both pp and ete™ cases with the corresponding definitions
of Qeut in Eq. (2.2). If we had Ry < 6.(m?%) then the jet mass would be constrained to be
smaller than the desired value mj, and hence kinematically forbidden. While, on the other hand,
having R, > 07 implies that the large-angle radiation passing the jet grooming constraint would
necessarily yield a value of the jet mass larger than the one measured. These kinematic bounds
on Ry are displayed for 8 =0,1,2, Q = 1000 GeV, zcyt = 0.1 and R =1 in Fig. 1. (The brown
shaded regions will be discussed below.) In the final panel of Fig. 1 we also show the parton level
6, distribution of the cross section with fixed m; from a PYTHIA 8.2 simulation. We see that the
kinematic end points 6.(m?%) and 6% (m7%, Qeut, 8) in Eq. (2.4) are consistent with the results from
PyTHIA 8.2 parton shower.

For larger jet masses where Hg(m?],cht, B) > R, the jet radius constraint limits R, < R.
This happens for jet masses given by

m3 > (m§)” = QQeuy sin* 7 g : (2.5)
with an analogous result for mg in the pp case (see Eq.(3.33) of [49]). This region is referred to as
the ungroomed region in the context of single differential jet mass cross section, and here power
corrections to the jet mass spectrum of O(m?%/(QQcyt)) cannot be neglected. Technically, in this
region the grooming is still active but here the effects of grooming on the single differential soft drop
mZJ cross section are described via a fixed order treatment. Having an additional measurement
of groomed jet radius, however, further necessitates resummation for logarithms of R,, which are
also important in the ungroomed region.

In the following we will focus on the SDOE region defined by Eq. (1.1) where the following
small angle approximation can be assumed:

eg(m?]anutaﬁ) < R (26)

For the pp case the angles are cut off by Ry < R/cosh(n;) and hence the condition in Eq. (2.6)
is replaced by 07 < R/ cosh(ny). For the purpose of setting up the effective theory description,
we will interpret the inequality Eq. (2.6) in a hierarchical sense. With the inclusion of grooming,

we therefore have 4 expansion parameters in our EFT namely 0., 07, Ry, and zcyt. In the SDOE

*

5> which then leads us to consider three possible hierarchies between

region we also have 6, < 0
our expansion parameters.

1. Large groomed jet radius: b <Ry SO0; <R,



2. Intermediate groomed jet radius: . < Ry < 9; < R,

3. Small groomed jet radius: b SRy <O0; <R

The main analysis in this work will focus on these scenarios, and we will extrapolate the results
to the cases where 6 < R or m; > mg by encoding a basic description of these regions, but
without trying to enforce the same resummation precision that we achieve for regions 1, 2, and
3. Since the perturbative moments in Eq. (1.5) are naturally computed through an integral over
the groomed jet radius, their determination for a specific value mj require either combining or
considering transitions between contributions from all three regimes.

We now return to discuss the brown shaded region in Fig. 1. With the addition of the R,
measurement, the m; dependent condition in Eq. (1.1) for the single-differential spectrum should
be further qualified to provide a restriction in the two-dimensional m;—R, plane. For low jet
masses, nonperturbative effects become O(1) and the SDOE approximation in Eq. (1.1) no longer
holds. This happens for jet masses in the soft drop nonperturbative region (SDNP) defined by

Aqep\ 5
— . 2.7
cht ) ( )

For such low jet masses, any emission that stops soft drop is nonperturbative with a virtuality

m5 < (m3)spnp = QAQCD(

p?~ A(QQCD. When we include an additional measurement of R, within the bounds in Eq. (2.3),
the emission that stops soft drop can become non-perturbative for small Ry, irrespective of the

value of my. The corresponding angle is obtained by solving the constraints p? ~ AQQCD and

z = zcuth which implies that the emission will be nonperturbative when

2~ 2 cht
The angle (Rg)np is the same as the 05cgs defined in Ref. [24] in the context of the SDNP region.
In Fig. 1 we shade the regions R, < RgNP brown for the various values of § in order to highlight
that in these regions hadronization corrections are O(1) and cannot be ignored. The impact of
the nonperturbative region grows with increasing 3, so while the perturbative constraints defined
in Eq. (2.3) are applicable for the entire range for § = 0, the NP region already covers a large
part of the allowed phase space for 8 = 2. Thus for the combined R, and m; measurements, the
SDNP region is defined by Eq. (2.8) which automatically implies Eq. (2.7), and the SDOE region

is defined by
1+ 1+
(};g ) S <(Rg2)Np> ’ (2.9)

which automatically implies Eq. (1.1). Since the partonic moments M{ and M ’f? defined in
Eq. (1.5) involve integration over the entire allowed range of R, for a given jet mass, terms in
the perturbative expression can become sensitive to small renormalization scales, which must be
frozen at a scale 2 1GeV to ensure they remain valid. If we studied hadronic versions of the
moments M{ and M"9, then in some cases (like 3 = 2) they would differ substantially from
their partonic counterparts (which are related to Cf,Q), due to significant contributions from the
brown region of Fig. 1. In the next section, we take detailed look at each of the regimes 1,2,3 and
determine the corresponding factorization formulae utilizing a mode analysis in SCET.
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Figure 2: The mode picture for three regimes of large (left), intermediate (center) and small
(right) groomed jet radius, labeling emissions with their energy fraction z and angle € relative to
the emitting particle. The area shaded in yellow corresponds to soft dropped radiation, while the
area hatched in magenta is vetoed by the measurement (black lines), where dashed segments do
not enforce vetoes. Emissions in the area shaded in grey lie out of the initial (ungroomed) jet.

3 Factorization

In this section we discuss the modes that arise in the three regimes discussed above. These modes
are best depicted in the Lund plane shown in Fig. 2, where we have chosen the variables 6, the
angle of a soft /collinear emission relative to the jet axis, and z, the energy fraction relative to the
total jet energy E; (or pr in case of pp collisions). Every point on the phase space corresponds to
an emission off the jet at a given angle and with given energy fraction. The choice of Inf~!-Inz~!
helps us to focus on the soft-collinear emissions that are far away from the origin [6]. In these
coordinates distinct points correspond to emissions that are exponentially far apart. Here the jet
mass measurement corresponds to a line with slope —2, the equation of the soft drop constraint
is a line with slope 3, and the equation § = R, is a vertical line. The three regimes are shown in
the three panels of Fig. 2, and differ due to the location of the vertical Ry-line. At LL accuracy,
in the soft-collinear limit, the probability of an emission in a certain region of the Lund plane is
uniform in the logarithmic coordinates. Emissions that are vetoed at LL accuracy correspond to
the area hatched in magenta, while the area shaded in yellow identifies soft dropped emissions.
The various modes that enter the factorization analysis are located on the boundary of the vetoed
region, at the intersections of the various constraint lines, and are indicated by colored circles.
Since these modes are far from the origin they are either soft, collinear, or both soft and collinear.

It is useful to determine the momentum scaling of the modes represented by colored dots
in Fig. 2. We start with the modes that are common to all the scenarios, and in subsequent
subsections describe the additional collinear-soft modes that are specific for each of the three
regimes. In what follows, we will specialize our analysis to an eTe™ collider. In the dijet limit,
the differential jet mass cross section cumulative in R, can be expressed as

d¥X(R - d¥X1(R,,
7( g) :N;+6 (Q7R,Zcut;/37M) ( J M) .

3.1
dm% dm?] (3.1)

This notation holds for both hadron and parton level cross sections. Note that in the dijet limit,
at leading power we have E; = Q)/2, and hence we drop the differential d®; = dE; here and
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in the expressions below. The normalization factor qu+e_ obtains contribution both from hard
modes with p* ~ @, as well as from the hard-collinear mode with # = R and z ~ 1 which scales
as

pt ~ Q(tan2 g, 1, tan g) . (3.2)

Here and below we display the momenta scaling in the light-cone coordinates p* = (p™,p~,p.)
defined with respect to a light-like reference vector ny = (1,7;) in the direction of the jet axis
7y, such that

7 ﬁ’l} + n/j - H

P= St e (3-3)
where 7/} is an auxiliary light-like four-vector satisfying ﬁ?, =0 and ny-ny = 2. The hard and
hard-collinear modes are the same mode for R/2 ~ 1. We assume that the jet has been identified
via an TRC safe jet algorithm and the details of auxiliary measurements outside the jet will be
irrelevant to our analysis here. The global-soft (Sg) mode is located at the intersection of the soft
drop line and the jet radius constraint at § = R, and also contributes to fo. These Sg modes
account for the radiation that was initially clustered in the jet but failed to pass soft drop. These
modes have momentum that scales as

R/ R R
ng ~ cht tanﬂ g(tan 5, 1, tan 5) . (34)

We find it helpful to isolate the hard and global-soft contributions as follows:

N;+€_ (Q, R, zeut, B, 1) = Zﬁg(QvRa 1) ®q §g¥’j(cht’R757u) ) (3.5)
J

where the effect of grooming is entirely accounted by the global-soft function §g Here ®q
indicates that the angular integrals in the two functions involved cannot be done independently
since both the modes have the same angular scaling, i.e. they cannot be distinguished by their
angular separation. The sum j in the convolution in Eq. (3.5) sums over the individual Hard
partons. This means that there are new logarithms, known as non-global logarithms (NGL’s)
in the ratio of the virtualities of the two modes that are involved in the angular convolution,
and which can only be resummed by doing a more sophisticated resummation or RG evolution.
Analytical resummation using the complete factorization formula is difficult and Monte Carlo
techniques are usually used for resumming these NGLs.
Following [15], at NLL accuracy, the NGL’s can be accounted for by writing

> NIHQ, R, 1) ®a SE (Qeuts R, B, 1) = No(Q, R, 1) SE(Qeuts, R, B, 1) (et B, R), - (3.6)
J

where the new functions N, and Sg are obtained by doing independent solid angle integration and
the leading effect of the NGL’s is accounted for by the function Eé. The global-soft function Sg is
a matrix element of soft-Wilson lines with the modes of global-soft scalings, and has been extracted
at two loops |6, 50]. The hard function N, for dijet production in e*e™ collisions is known up to
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three loops for the hemisphere case where it is determined by the quark form factor [51-56], while
for calculations with a jet of radius R see Refs. [57-61]. Note that the N,(Q, R, i) function appears
universally for any eTe™ dijet observable involving a dijet based eTe™ measurement. We note
that the NGL’s associated with the function :5% do not affect the measurement of our observables
directly but only modify the overall normalization. While this is important in determining the
relative fractions of quark and gluon jets in pp collisions, in this paper we only consider the e*e™
case and hence only deal with quark jets. At the same time, the observables we are interested in
are the normalized moments of the double differential cross section which actually do not depend
on §g and N7 functions. We will therefore ignore the EqG function in our numerical analyses and
discuss only the other angular averaged functions. For consistency we will leave E‘é explicit in the
formulae in this section.

Next we describe the collinear mode (C) represented by a blue/purple dot in Fig. 2. This
is the largest energy mode, z ~ 1 that contributes to the jet mass. Requiring m?] < E?] results
in the mode being at the smallest angle. Thus, the energetic emissions represented by this mode
always pass grooming, and have momenta scaling as

2
my

pe ~ (6,62777%1) : (3.7)

Note that the corresponding angle for these modes is 6. = 2m;/Q.

As shown in Fig. 2, additional soft-collinear modes arise from the interplay between the jet
mass measurement, the grooming condition, and the R, constraint, and depend on whether we are
in the regime with large, intermediate, or small groomed jet radius. We will discuss these modes
and formulate the factorization formulae for the cross section in Eq. (1.7) for each of these regimes
in turn. In general the ungroomed fat jet of radius R is typically initially isolated with the anti-k'T
algorithm and is subsequently reclustered in the soft drop procedure using the C/A algorithm.
Thus, in addition to NGL’s, sequential clustering algorithms give rise to “clustering logarithms”
associated with independent emissions that appear at the same order as the NGL’s. They can also
be accounted for using a multiplicative function in the manner of Eq. (3.6). We describe them in
detail in App. C.2 and discuss them in each region of factorization in the following subsections.

3.1 Large groomed jet radius

We start for the case represented on the left of Fig. 2, where the groomed jet radius is comparable
with the maximum angle Ry < 6 (m?], Qcut, B). Here soft drop is stopped by a wide-angle emis-
sion with relatively large virtuality, described by a collinear-soft mode (orange), with (4, —, 1)

momentum scaling

2 0* 2
L my g = 1
Pos Q(95/2)<2 g5 ). (3:8)

If other such emissions pass soft drop, their virtuality is large enough to contribute to the groomed
jet mass. In this case there is a single collinear-soft mode in addition to the modes discussed above,
and the factorization formula is given by a generalization of the jet mass factorization formula [6]
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to incorporate a more differential collinear soft function:

dX(Ry)
de

ZNJ Q, R, 1) ®9 S& (Qeut, R, B, 1) (3.9)

1 1
Q7 [t m3 - Qe 52 [T RWQE? o]
:Nq(Qanu) (QCUt)R /87 )E (ZcutaﬁaR)
1
< QT [det gy — Qe S2 [ QLT RQLT 8]

In the second equality we have made use of Eq. (3.6) to perform the angular integrations. In
Eq. (3.9) the contributions from collinear regions are encoded in the jet function Jy(m?, 1), which
is universal across various ungroomed and groomed event shapes and known up to three loops [62—

1
65, and by the collinear-soft function S¢ [ﬁ*Q;ﬁf ,RgQol’ . B, 1] that we introduce here, together
with renormalization group evolution for the scales between these functions. Since these modes
contribute additively to the groomed jet mass measurement, they enter with a convolution in

Eq. (3.9). For this integration we use £T = m?/Q, the small momentum component of collinear(-
1

1+

cut. allows for rewriting S, as a combination of

soft) radiation. Extracting the overall factor of @
only the arguments in brackets. Note that in the following discussion and also in later sections,
we will keep the k index generic when discussing factorization functions, with k = ¢ being the
relevant case for eTe™ collisions.

1
The collinear-soft function S¥ [EJFQ”B RyQetl, B, 1] in Eq. (3.9) is closely related to the

cut cut »
1
collinear-soft function that appears for the single differential jet mass distribution S [KJFQ;&B , 3, u] ,
but with an additional constraint from the groomed jet radius. Including the R, measurement at

one loop for ete™ collisions yields the following result:

2 aC AN R 1 s
SE (et 1+57 ) — & R@( 7 tan g)lo <> ,
( Qeut ) 2+8 =« (cht) 2 E*Q% g Oeut tan2+? %
(3.10)

where Cy = Cp = 4/3, Cy = C4 = 3 are the standard SU(3) fundamental and adjoint quadratic

Ry
Casmirs. In general, we note that results for ete™ collisions can be expressed in terms of tan = e

which allows for a smooth transition to R, < R region for large jet masses. For the kinematic

Ry R
range we explore, tan 5 ~ <% and we recover the functions of combinations €+Q01Jt6 and RyQ 17,

which applies for both eJr - and pp collisions,

SE(et ﬁR ﬁﬁ =S5t 5 3.11
c cht ) chut y Oy W cht y s b ( . )
_1
L olel 2 gz - (Hagra)T) Ly, £ Qe :
- 215 cut 5 “eut E+Qﬁ (Qﬁ Rg)2+/3
cut cut 2
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We elaborate on this function further in Sec. 4.3 when we discuss the resummation of large
logarithms in this regime.
For the single differential jet mass cross section in the SDOE region, Ref. [6] showed that the
1

148

Q and zcy dependence enters the collinear-soft function S% through the combination ¢TQ. 7,

as we have displayed in Egs. (3.9) and (3.11). For the double differential cross section we now
show that the additional measurement R, appears in the combination 2¢*/R,, or equivalently

1
Ry Q.f7 . For a given set of momenta {p!'} that enter the calculation of the collinear-soft function

we perform the rescaling

=k pe= (@) ke, = (@) R (31
Hence, the angle of these subjets or particles in the new (dimensionless) coordinates {k%, k%, k;-
is given by

1
0; ; 0t N\ 2Pk
2Pl _ Ti , (3.13)
2 b; cht kz

Similarly the relative angle between any two particles or subjets, 6;;, after this rescaling becomes
91] = (€+ /Qcut) 2+P 5 921, where the rescaled relative angle is only a function of the new coordinates,
91] = 01] (ki, kj). In addition to the soft drop test, and the jet mass measurement, that already
appear for the single differential distribution, we now have an additional comparison of angles 0;;
with R, such that the measurement function now additionally involves

I e®, -0 =1]] @<2 - (5;)% (k)> (3.14)

i,j€J 1,5€J

R 1 148 R, 1+/3
=TT o5 - (aid) a0 ) = T] o "3 - (i) #a,00).
i 1,j€J

Here the ¢,5 € J product is over all subjets ¢ and j which are present when the jet grooming
has terminated. Eq. (3.14) together with the arguments for the single differential case from [6]
1 1

demonstrate that only the variable combinations RgQCﬂ? and €+Q§ appear.

Finally, we note that the NGL’s for the modes with § ~ R described by the function
Z&(zeut, B, R) only affect the overall normalization, they do not affect the normalized moments
that we are interested in for C; and Cs, and hence we ignore Eé for the rest of the paper. NGLs
usually appear due to correlation between emissions at the jet boundary. In our case, we also have
a boundary associated with the groomed jet and it is natural to ask whether there are NGLs that
appear here. A calculation in App. C.1 shows that for the large R, regime, the associated loga-
rithms are not large logarithms, and hence can be treated in fixed order perturbation theory.The

same will also apply to the abelian clustering logarithms described in App. C.2.

3.2 Intermediate groomed jet radius

We next turn to the case of groomed jet radius measurement in the intermediate regime, whose
modes are depicted in the central panel of Fig. 2. Because here R; < 67, the soft drop is
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now stopped by an emission with smaller angle (marked CSg in yellow). The virtuality of these
emissions is too low to contribute to the jet mass measurement; however, the groomed jet mass
is affected by emissions with larger virtuality that see the groomed jet boundary (marked CSy,,
shown in red). We can think of these two modes as a refactorization of the collinear-soft, CS,
mode from the large groomed jet radius regime into CS,, and CSg; modes at the same angle R,
with the following (+, —, 1) momentum scaling:

PCSp ™~ Cﬁ%(?, ég, 1> , DCsg ~ Qm( )HB(}; ;g, 1) . (3.15)

Given the scaling in these formula, we see that both the resulting collinear-soft functions will
give emissions at the same angle while being hierarchically separated in their energy. This is a
similar situation to the one described in [41] with the result that the factorization for this process
is complicated by the presence of NGLs. Specifically, it leads to a multi-Wilson line structure for
the matrix element of the CS,; modes, with a Wilson line for each final state CSy, emission. We
have already encountered for a similar hierarchy of energies between the global soft and the hard
function in Eq. (3.5), which accounted for wide angle emissions (6 ~ 1) leading to a multi-Wilson
line structure for the function §g in Eq. (3.5). Hence, following Eq. (3.6), the factorization formula
for this regime is given by
d¥(Ry)

dm2g :NQ(Q7 R7 ,U,) Sg‘(QCut? R7 67 ,LL) Eg(ZCU-t? 57 R) (316)
J

[ gl = Q6 ) Y8 ) o0 SEARQET )
R/2 ’ - R/Q’ c g cut yH) s

The hard, soft, and jet functions are the same as in Eq. (3.9). Consistent with the mode picture,
we now find two collinear-soft functions, where the subscripts ¢4 and ¢, specify the modes that
are responsible for stopping the groomer and contributing to the mass measurement, respectively.
Here, as in Eq. (3.5), ®q indicates that the angular integrals in two functions involved cannot be
done independently and the sum j in the convolution sums over contributions from various CSp,
partons. However, unlike the NGL’s in the global soft function, the NGL’s associated with the
Sé Sgg functions do affect the measured quantities R, and m; and hence must be more carefully
accounted for. To do this we write

25%( 2l M) 29 §q79( QHB 1) (3.17)
- Cm R/2’ C g cut > y M .

q+

Smmerom?):

[1]

dq+ /= q+
— q 1+,5 q

where the functions S¢ Sq are obtained by doing independent solid angle integration over each

Cm>

function and the NGL’s are included in the function Eqs. The double differential cross section is
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given by

dX(Ry)
dm%

:Nq(QaRau)Sg(chtaRa/Bnu')EqG<zcut767R) (R chJt/Bv Y ) (318)

et dg™ 9 +t—qt q"
_ E+ q =4 .
X/ Rg/2 (Rg/2)2+/8chth(mJ Q JM) Scm< Rg/2 7/”‘) S((Rg/2)2+Bcht7/B)

A detailed calculation of the lowest order result for =% is presented in App. C.1, yielding

—q + 87‘1’ q+

.
Hs<(Rg/2)qz+5Qm,B) ~ 5((%/2?2%) CrCa (%) - El(wm), (3.19)

while the calculation of abelian clustering logarithms is presented in App. C.2. We will make use

of these results in Sec. 6 to demonstrate that the numerical impact of leading NGLs and abelian

clustering logarithms is negligible at the order we are working (within our perturbative NLL’

uncertainties). For this reason we do not need to bother with resummation of these logarithms.
At one loop the results for the two collinear-soft functions in Eq. (3.18) are

C, 1 1 2 2
RO I A L e - 3.20
Sty FlgQeur’ 5 1) or 14612 0 \ Q2 (Ry/220+A ) 12 (3.20)

+ + _ + +
()=o) + e [2a (G )+ 3R

Here we define the plus functions

Lo(z) = [WL (3.21)

x

to integrate to zero over the interval z € [0,1]. The result in Eq. (3.20) for S¢ was presented
in [15], while the calculation for S¢ is analogous to that of jet mass (or jet angularities) with
a specified jet radius R, here replaced by R4 [57|. Expanding away terms that are needed for a
large R, but are power corrections for this intermediate R, region, we have the following relation
between functions in the large and intermediate R, regions

1 1 20+ R2+6 "
Ss(«e*cz;;ﬁ,RgQ;ﬁ, ) = SE(RQLT  Bo) St (T=om) [HO(QQ”)]. (3.22)

g a

This refactorization can be checked from Eq. (3.20) by making a comparison with with Eq. (3.11).

3.3 Small groomed jet radius

Last, we consider the regime . < Ry < 67, where the groomed jet radius is set by the small-
est opening angle compatible with the jet mass measurement. Here the collinear-soft radiation
responsible for stopping grooming CS, has an angle comparable to the more energetic collinear
emissions but does not contribute to the jet mass measurement. The modes CS,, and C thus
collapse into a single mode that has the following scaling set by the groomed jet radius:

2

PG ~ QTR(? ég,l) ~ (%,Q,mJ> . (3.23)
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The second relation shows that in the small R, region, the scaling of the mode is equivalent to
the momentum scaling of the collinear mode in Eq. (3.7). For this case the factorization formula
for the cross section reads

dX(R
dqg,ﬁg) = (Q;g>2Nq(Q7R7H) (QCutaR /8 M)E (ZcutaBaR) (324)
J 2
. 2

Z Cllletﬁ’ 7!“’) ®ch[Q2R2’QRg’ }
k

- (Qi Q) Qo ) Z s )
2

2

1
x SL (RgQeni + By 1) C [QZR

QaQRgv :|‘—'C(Zcut76a )
Following the same argument that lead to Eq. (3.16) for the case of intermediate groomed jet
radius, the factorization formula given here also contains NGLs associated with the function
pair §Cg,€q and the function pair :S’\%’k, Ng’k which each encode emissions at two different sets of
angles, R and R, respectively, but are hierarchically separated in energy. As for the intermediate
case, we can write the factorization in terms of the angular averaged functions and a function
E¢ (zcut, Ry, B). The calculation for ZY, is very analogous to that of Z% in Eq. (3.17) and is
discussed in App. C.1.

In this EFT regime, power corrections in the ratio 6./R, = 2m;/(QR4) cannot be neglected,
and are captured by the new dimensionless collinear function C4[m3/(Q*R3), QRg, u1] in Eq. (3.24),
which describes energetic emissions that set the groomed jet mass. The collinear-soft radiation
with similar opening angle, but much lower energy, responsible for stopping grooming, is still de-
scribed by the same chg function as in the regime of intermediate groomed jet radius. Consistency
of factorization with the case of intermediate groomed radius requires

1 m> aer ot 4m?
iy it @] = [t —ar st () 1+ 0G|

N (3.25)

We have computed this new jet function at O(«y), finding for quarks

2 4m? asCp 4m? o 4?3 4p* 7 bt
Cq[Q2R2’QR9’ } - 5(33@2) o 5(Q2R§)( In QR §1HQ2R§ ty- 12)

4m? 1 1 16 3 16m>
Q(QR9—4mJ)£g(nl‘])[4ln<+2 1- mJ) - mJ]

Q*R? 2 Q?R2) " 2 Q’R2
4m?,
— 20(QR, — 4m ) L1 (W> . (3.26)
g

This result provides an explicit check on the refactorization in Eq. (3.25) when expanding away
power corrections in the ratio m;/(QR,). Note that C? depends on the renormalization scale
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only through the Dirac delta function term in the first line of Eq. (3.26). Therefore, as expected
by RG consistency with the remaining m; independent functions in Eq. (3.24), the anomalous
dimension for C? is independent of the groomed jet mass. Since in this small R, regime we have
4m?/ (QZRE) =0?/ Rf] ~ 1, the terms in C? with more non-trivial m; dependence do not involve
potentially large logarithms. We also note that these non J-function terms in Eq. (3.26) vanish
for Ry < 26, (rather than 6., as expected from Eq. (2.3)). This is a one-loop accident due to the
single-splitting geometry of the event at this order, so the phase-space region 6. < Ry < 20, will
be filled by higher-order corrections and RG evolution.

3.4 Implementation of moments M{ and Mg?

Having discussed the factorization formulae for the double differential cross section d¥(R,)/dm?
in the three regimes we now turn to how we use this cross section to determine the moments M}
and Mg?.

According to the definition in Eq. (1.5), the moment M{ (related to the coefficient C{ of the
shift power correction), simply requires taking the normalized first angular moment of the double
differential distribution. Explicitly,

0 0
max ) d d¥(Ry) max d d¥(Ry)
M (m?) = [/ do, 2 < g > ]// do < g : (3.27)
! emin I 2 ng dm?} Rg:tgg amin 7 ng dm?] Rgzeg
We can remove the need to explicitly take the R, derivative in Eq. (3.27) by integrating by parts,
such that
Omax A1 (Omax) 1 [Omax a%9(0,)] / do?
Mj(m3) = | == o — / do K : 3.28
1(my) [ 2 dm% 2 Jo.. g dm% dm?] ( )

Note that despite C{ being determined by contributions from the large R, region, we are free to
use the cross section which interpolates smoothly between all regions of R4 here. This is because
when we integrate this moment starting from the lower limit 6,,;, contributions from the small
R, or intermediate R, regions are power suppressed. We will describe the resummation of the
large logarithms of jet mass and groomed jet radius present in the double differential distribution
in three regimes in the next section, and combine the results from each regime in Sec. 5 to obtain
a consistent description across the entire mj-R, phase space of interest. This result will then
be used to calculate the moment M{(m?) via Eq. (3.28) and will be interpreted as a result for
C(m?) at leading power.

Next we turn to the moment M“$ that is related to the coefficient C (m?) which is the Wilson
coefficient for the power corrections at the boundary of the groomed region and hence is evaluated
when the soft drop condition is just satisfied, and was defined above in Eq. (1.5) using the soft
drop condition with a small shift in the threshold energy cut by € in Eq. (1.6). The derivative
with respect to ¢ evaluated at e = 0 allows us to to implement the § function in Eq. (1.4) as can
be seen by expanding the shifted measurement in Eq. (1.6) to first order in £.® This is the effective
soft drop condition that we will implement on our final state. For the purpose of considering the
renormalization group consistency, it is simplest to first do the resummation, and only take the
derivative with respect to ¢ after obtaining the RG evolved functions.

3Note that we use e for the shift to soft drop condition and e for the dimensional regularization parameter.

,18,



In contrast to M{(m?%), since the computation of Mg?(mg) involves an an average value of
the inverse groomed jet radius it appears to be more sensitive to the small angle regime of the
6, spectrum. However, as part of the definition in Eq. (1.5) we also include the restriction to the
large Ry region (6, ~ 0;‘), since as discussed earlier, the non-perturbative parameters and Wilson
coefficient C§ encode the geometry associated to this region as part of their intrinsic definitions.
Therefore to compute the partonic coefficient C, we must restrict ourselves solely to the region
where large R, regime contributes. We will describe in Sec. 5.2 how this is accomplished. Note
that this is also consistent with the fact that the nonperturbative brown shaded region in Fig. 1
should not contribute to the perturbative Wilson coefficient C§. From the mode analysis in Fig. 2
we saw that the large IR, and the small R, regimes constitute the upper and lower boundaries
of the R, values with intermediate R, filling the bulk, so the large R, region is separated from
the NP region shaded in brown. Finally, we will show in Sec. 4.5 that taking LL limit of our
calculation of the soft drop boundary cross section in the large R, regime derived in Sec. 4.4
reproduces the LL result for C4 from Ref. [24].

3.5 Extension to pp collisions

While in this paper our focus lies on the simpler case of eTe™ collisions, we, however, note
that most of the expressions derived here and in the subsequent sections have straightforward
extensions for calculations for pp collisions. We discuss them briefly here and leave a more in-
depth phenomenological analysis of the double differential measurement on groomed jets in pp
collisions to future work. Factorization for jets in pp collisions can be studied either in the context
of exclusive N-jet measurements [57, 66|, or while being inclusive over the external radiation |8, 15]
and restricting to small jet radii, R < 1. In the following discussion, we will focus on the inclusive
case where a single jet is being groomed and studied. In hadron collisions, we will have jets
initiated by both quarks and gluons in the final state, and thus the cross section will involve a
sum over K = ¢, g. The equivalent of the normalization factor in Eq. (3.1) will now also account
for parton distribution functions and the hard scattering cross section. In particular, the following
analog of Eq. (3.1) will now hold true for inclusive jet measurements in the pp collisions:

d%(Ry)

di’i(Rga /’L)
deJd(I)J

= NEP Q;, R, 2 aﬁnua"' )
2 N out ) dm2d®

K=4q,9

(3.29)

where we sum over the contributions to the cross section for the jet initiating parton x = g, g.
Here, the large momentum component of the jet is no longer the center of mass energy @), but
now must be related to the jet pr as p; = 2prcoshny, and thus the normalization function Ny
now additionally depends on the phase space variables of the jet ®; = {pr,ns}. We also display
its dependence on additional quantities denoted by ‘...” that include any other variables pertinent
to the activity outside of the jet, such as veto on additional jets or momenta of any non-colored
particles. The function NE? also contains the parton distribution functions.

In inclusive measurements, the meaning of the global-soft radiation remains the same as
above: the global soft mode Sg continues to describe the radiation from the jet initiating parton,
or any external soft radiation clustered with the jet, that has been groomed away. Thus the
decomposition of the normalization factor in Eq. (3.5) and the further factorization of the leading
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NGL effects at NLL' accuracy in Eq. (3.6) continue to hold for the pp case:

ng(®J7 R7 Zcut) ﬁ? - ) = Z ngpp)j(q’h R7 - ) 0 §Z‘7j(cht7 Ra /87 ,U,) (330)
J

=N (g, R, .. ) SG(Qeuts R, B, 1) EG (2eut, B, ),

where we make use of the pp version of the definition of Qcy in Eq. (2.2). Here, the function
E&(zeut, B, R), as before, describes the leading NGL effects for the jet initiated by parton k.

We also can observe that the component of the cross section d¥" in Eq. (3.29) that is sensitive
to the jet mass and groomed jet radius, i.e. the collinear and collinear-soft radiation that is kept
after soft drop, will be described via the same factorization functions, such as the jet function
Ji in Eq. (B.6) and the collinear function C* (shown only for the quark jets) in Eq. (3.26),
and the collinear soft functions S¥, S¢, and S¢  in Egs. (3.11) and (3.20). This also include
the functions Z¢ and Zf accounting for leading NGL’s in Eqgs. (3.17) and (3.24), but with an
additional dependence on the jet initiating parton x. Thus, from Eqs. (3.29) and (3.30) we see
that the factorization formulae for large, intermediate and small R, regimes in Egs. (3.9), (3.18)
and (3.24) can extended in a straightforward fashion to the pp case.

4 Resummation

Having setup the EFT factorization in the three regions, with the formulae in Egs. (3.9, 3.18,
3.24), we next implement resummation of large logarithms by exploiting these equations. The
resummation in SCET is carried out via a UV renormalization in the EFT and a subsequent
renormalization group evolution (RGE) of these matrix elements. The RGE evolves these matrix
elements from their natural scales p; where logarithms are minimized to a common final scale p
and results in resummations of large logarithms of ratios of the u; scales. The resummed cross
sections will then allow us to extract the moments M{(m?%) and M?S (m?) introduced in Eq. (1.5).
For simplicity, we consider jet production in an eTe™ collider, and discuss resummation for the
double differential cross section in the three regimes discussed above.

As we mentioned above in Sec. 1 we will carry out the resummation at NLL' accuracy,
where in addition to the NLL resummation, we will include NLO fixed order corrections to the
perturbative functions in the factorization formulae in Egs. (3.9), (3.18) and (3.24). In Tab. 1
we summarize the orders to which the cusp anomalous dimension I'*"*P[ay], various non-cusp
anomalous dimensions 7;[a;], and 8 function are needed to achieve LL, NLL and NLL’ accuracy.
We collect expressions for the evolution kernels, anomalous dimensions, and details of evolution
in App. A. In the intermediate R, regime, the R, dependence appears directly through the
evolution scales, and there are no further complications. However, in the large R, regime we
see from Eq. (3.11) that the R,-dependence is only seen at one loop in the collinear-soft function
through a fixed-order term. Thus in the large R4 regime we must include additional R, dependent
fixed order terms as indicated in the next to last column of Tab. 1. Similarly, in the small R,
regime, the measurement of the jet mass appears as a fixed order correction on top of the R,
measurement. As we can see from Eq. (3.26), the leading order (LO) distribution for m; > 0
starts at one-loop. Thus, in our NLL' treatment we will include additional fixed order terms
relevant for these regimes, as indicated by entries in the last two columns of Tab. 1.
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Here a generic function F in the factorization theorem is assumed to have a fixed order
expansion of the following form:

Fla) = foain(j;)m%, (4.1)

m=0n=1

where Lr are logarithms (transformed to Laplace space, m?] — s, see App. A for details) and

the af,,, are coefficients which may contain non-logarithmic dependence on the variables. For
1 1
the large R, factorization formula, the collinear-soft function SF [EJFQ;RB , RchlJf , ,,u] receives

a one-loop R, dependent correction that does not involve logarithms of p, which we indicate
by asa% (Rg / 9;). This one-loop term constitutes the LO distribution of R, in this regime and
depends on R, through the dimensionless ratio R,/6;, where 07 was defined above in Eq. (2.4).
At NLL' order one would additionally add the R, dependent O(a?) terms in the large R, regime,
in order to include the dependence on R, to one higher order. In our analysis we only include the
O(a?) terms indicated in Tab. 1 which are determined by lower order anomalous dimensions and
the one-loop constant terms, which omits the currently unknown O(a?) Ry-dependent term in
AS% (we will estimate the impact of this term in our numerical uncertainty analysis). Finally, as
R, — 0, the ratio Ry/ 03 becomes a power correction leading to factorization in the intermediate
regime, where the standard treatment of NLL' counting applies.

A similar reasoning applies to the regime of small R,, where the collinear function C? defined
in Eq. (3.26) receives one-loop, non-logarithmic corrections depending on mj. As mentioned
above, for mj; > 0, this is the LO distribution in the small-R, regime, which we denote by
asa$y (62 R?), with 0. defined above in Eq. (2.4). We include the additional O(a3) fixed-order
terms in this regime at NLL/ in the same multiplicative way, as summarized in the table. Thus we
note that the treatment of terms is slightly different in the three regimes. We will further justify
our specific approach through the smooth matching between regimes as well as parametrize the
uncertainty due to the unknown non-logarithmic 2-loop pieces in Sec. 5. Furthermore, we note
that, up to NLL’ accuracy, we do not need to consider O(a?) corrections to the j;-dependent SCET
functions parametrized by F in Tab. 1 (such as the jet, collinear-soft and global-soft functions)
as their inclusion with O(a,) LO distributions in the small or large R4 regimes will only enter at
O(a?).

In the following, we first discuss the simpler cases of resummation in the small and intermedi-
ate R, regimes and set up the relevant notation. Then we turn to the large R4 region, where the
interplay between the LO term depending on R,/ 03 and RG evolution requires more complicated
calculations with Laplace transforms. Finally, we describe the resummation for the boundary
corrections relevant to the calculation of C§(m?), where we must account for the shifted soft drop
condition in Eq. (1.6). Lastly, we note that the double differential cross section is affected by non-
global logarithms, which require resummation for a complete treatment of the double differential
cross section in all regions. In Sec. 3 we have shown how these affect the factorization formulae
for our cross section in each of the regimes, appearing in the functions Zf,, 2%, and Z%. In our
numerical studies in Sec. 6 we will consider the leading order NGLs as well as abelian clustering
logarithm that appear in these functions. We find that for C{ and CJ they only have an impact
that is comparable to other missing O(a?) corrections, and hence resummed results for =%, 28,
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rewse v Blag) ag”L}ZO Large R, additions Small R, additions
2
LL | ay - o« . +as ajs (52 +as afo ()
92
NLL ag Qg ag - —i—asafo(@—*) +ozsaf0(R—02)
2
NLL | o a5 o2  az) af;L +a2af5 Zaﬁ[/ +o2 afy (7% Za{;L]
=0

Table 1: Highest order of the anomalous dimensions and fixed order terms that are needed for
the given accuracy. The last two columns indicate additional fixed order terms that are added in
the large R, and small R, regime respectively.

and ch are not necessary for the calculation of these coefficients at NLL’ accuracy. Below in sec-
tions 4.1, 4.2, 3.3 we therefore explain how to carry out the resummation of logarithms associated
to the scales appearing in the remaining functions in the factorization formulae.

4.1 Small R,

Resummation takes on the simplest form in the regime of small R4, where the factorization struc-
ture is purely multiplicative. As written in Eq. (3.24), each function depends on a common and
arbitrary renormalization scale u. Any one specific choice of u induces in the fixed-order ingredi-
ents large logarithms of the ratio of widely separated scales (indicated by the function arguments),
which can be minimized by choosing instead using a different scale u; for each function. These
scales are then connected to a common scale p via renormalization group (RG) running, which is
how the resummation of large logarithms is carried out in SCET.

Including the appropriate resummation factors, as discussed in App. A.1, the RG-evolved
cross section in the small R, regime reads

dE(RQ> m2j 1 [ ( ) ( )]
= Neve (Q’ ( )cut7 87 R, W N5 b S) Kesg (Hopicsg ) HEe(pspte ( .2)
2 Rs\2 " '4 gs) €
d(ln m ,) (Q 29 ) A
_ Mesg csg (Hottesg) [ e\ welkspic) q e ‘ L% .
X (()cut(];g)l—‘rﬂ) (@ RQQ) ch[ Zggcut ’chg:|[ QQR!Q]aQ}EgHU/ .."C(Zcut’ (3, Rg) ,

where the dimensionless prefactor qu"OI is given by

Y R —
N; Ol(Qv chtaﬁv R7 ﬂa MNa /LgS) = NQ(Q’ Ra IMQ) Sg;’ (cht tanl—i_ﬁ 57 ﬁv Ng8> ‘:‘(é’(zcuta 67 R) (43)

» eKN‘I (,U'#N)‘i‘Kgs(Hngs) ( UN )UJN‘Z (HvHN) ( /-Lgs )MQS(N7NQS)
Q tan % Qeut tan!th %

The resummation kernels are defined in Eq. (A.10). For compactness, in the subscripts of scales
px and kernels Kx and wx, we use the shorthand notation gs, csg and c for the symbols S¢, Sgg
and C” respectively. The functions are RG evolved from their respective scales u; to a common
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scale u, where natural scales are
R R R, \1+8 R
PN = Qtan — 9 M;in Qeut tan' ™ 9 2?;1 cht( g) st = Q?g . (44)
Here the superscript ‘can.” denotes the canonical choice of the scale.

The function C* that appears in Eq. (4.2) is a generalization of Eq. (3.26) which includes
two-loop terms, given by

2 m> a,Cp 62 asC 4 412
q = & ¢ (e sVF 2 4 K
(QT) 5 C [QQRQ,QRg, }_ - aw(Rg) 14 = ( b’ 41 Q2R2> (4.5)
B 4p2 a;Cp\2 o o (64 (06/2)2 9
+ IDQZRE + ( - ) a20a10<% R; ) +O0(aZ).

Following the notation in Tab. 1 we have identified the LO small R, distribution for non-zero jet
masses as

(i) =0 w) (3 oyt 7) -5 ()

In the square brackets of Eq. (4.5) we have included the logarithms of u/(QR,/2) that are gener-
ated at two-loops due to the anomalous dimension of the C? function and the running coupling.

(4.6)

Furthermore, we have switched to the distribution differential in In m?,, where the Jacobian factor
m? is absorbed (in the case of quarks) in the combination turning the distributions in Eq. (3.26)
into ordinary functions, and leading to the expression in Eq. (4.6) for the LO distribution. The
parameter ago is included in order to parameterize the uncertainty resulting from our lack of
knowledge of the two-loop non-logarithmic corrections in the small R, regime. For this uncer-
tainty analysis we are making an approximation that the non-logarithmic corrections have the
same functional form as the leading order distribution. At the same time, the modified argument
of the function afo in the second line reflects the difference in the end points of the LO and NLO
distributions. In the LO distribution in Eq. (3.26) the end point of the R, distribution is given by
R;“in|Lo = 20.. In contrast, the calculation of minimization of R, for a given jet mass for three
particle configuration at NLO yields an end point at Ry""|xpo = (8/5)0. in the small angle limit,
which was computed in appendix B of Ref. [7]. In Sec. 6 we will vary the parameter ago in the
range [—2m, 27] to obtain an estimate of the uncertainty from missing O(a?) terms.

4.2 Intermediate R,

Resummation in this regime is conveniently performed in Laplace space, where convolutions over
the groomed jet mass reduce to ordinary products. Taking a Laplace transform in the variable x
conjugate to m%, Eq. (3.18) yields

/OO 2 dE(RQ) e—xm2
0

d(m3)
dm%

No(Q, R, 1) S*(Qcus, B, B, 1) E&; (2cut, B, R) (4.7)

X Sgg(Rchlu?’ 7:“’) j‘](xa ) Cm (‘T QR9/2 M)é ( (Rg/2)2+BQcht76)a
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where jq, SY

Cm

results for .J,, and ng are provided in Egs. (B.8) and (B.18) respectively, and that of Zf for the

and é% are the Laplace transforms of Jg, S¢, and =% respectively. The one-loop

leading term in Eq. (C.7). Details of the Laplace transform between momentum and position
space are presented in App. A.1.

At NLL' accuracy, the simple one-loop expressions of the functions in Eq. (4.7) make it
straightforward to take the inverse Laplace transform. To simplify the final formulae after taking
inverse Laplace transform, we introduce an alternative notation for the Laplace space expressions,

Je[log(e™zp3), ()] = Ju(z, 1),

S5 [log(€ ™ uptcs,, )s cvs(fiesn )] = S5 (U, fes,y)
25 [log(e729), B, a5 (ug)] = %[, 8], (4.8)

where we notice that the dependence of the functions on the r.h.s. on their first argument is

can.

cs, scale defined

purely logarithmic. Note that in the function ég we make use of the physical u
in Eq. (4.4) in the argument of the running coupling. In Eq. (4.8) we have made explicit the
Laplace space logarithms and the factors of running coupling. In terms of this notation, the cross

section (for m?% > 0) with RG evolution made explicit reads

d%(R 1
d7(n2g) - WN?OI(Q, Qeut, By R, 113 11N 5 pgs) o [ Ko (g )+ ca Guptce) + s )]
J J

X (Cgcm(/;zj/gmw)wcsg (Hsttesg) (,LL%)‘*’J(H»MJ) (Q%)wcsm(u,umm)

my

< 58 RyQI7 e, T [0 + 1og (:}3), )] 8, [on-+ 102 (L5252, e, )|

=q
X i—tS

L (49)
Q=0 (pcsm 1J)

Rg 8 can. QVEQ
o0t los (<0;<m3,czcut,ﬂ>) )’ﬁ sl )] -0

with the same prefactor N? | defined in Eq. (4.3). We have identified the RG invariant single

vol
logarithmic kernel @& as

aj(/”’cs',n? /JJ) = Wes,, (,va Ncsm) + CUJ(/L, :U'J) . (410)

The first argument involving the derivative dn in the Laplace transforms of the jet and the
collinear-soft functions in Eq. (4.9) is understood to replace the logarithms that appear in the
corresponding Laplace space expressions in the notation described in Eq. (4.8). In the subscript
Mes,, We introduced the shorthand label cs;, for the symbol S . The collinear scale in Eq. (4.4)
is now replaced by the two mass-dependent canonical scales

2m?
Hesnm = QRZ, ;o uft=my. (4.11)

In the small R, limit when Ry = 6. = 2m /@ both of these scales merge such that pis? = u =

CSm
can.

us™ = my. Indeed, as required by RG consistency, the evolution factors in Eq. (4.9) reduce to the
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ones in Eq. (4.2) in this limit. Details of the Laplace transform between momentum and position
space and formulae for evolution kernels in Eq. (4.9) are presented in App. A.1, and the one-loop
results for the anomalous dimensions relevant for NLL running are collected in App. A.2.

4.3 Large R,

We now derive a formula for the resummed cross section in the region 6?2 < R, < Hg(m?,)
The factorization structure and the one-loop ingredients relevant to this regime were discussed in
Sec. 3.1. NLL/ resummation requires introducing a number of new functions, whose notation we
describe below, while leaving presentation of the full expressions to App. B.1.

The key ingredient of our analysis is the collinear-soft function displayed at one loop in
Eq. (3.11). Since its anomalous dimension is unaffected by the R, measurement, it has the same
RG evolution as the collinear-soft function that enters the single differential jet mass distribution.
At the same time, the R, dependence only arises at one loop, which makes the O(as) correction
to the collinear-soft function the leading order contribution to the double differential cross section.
This motivates rewriting the collinear-soft function in the following multiplicative manner:

_1 _1 _1 _1
Se[er QAT QLT .| = [art Qi sE[e - #hQiT B (412)

1 1
X ASECFQET RQET 8|
1

where the collinear-soft function SE[(TQ..", 8, 1 is singly differential in the jet mass and is re-
sponsible for RG evolution, whereas the R, dependent corrections are incorporated via ASY, which
is by construction independent of the renormalization scale. Eq. (4.12) is just a reorganization of
the perturbative series. However, including one-loop corrections in both functions on the r.h.s.
allows us to supplement our predictions with terms of the form {leading RG logarithms} x {leading
R, corrections}, which when taken together first appear at O(a?). In fact, we define NLL/ accu-
racy for the double differential distribution in the large R4 region based on this reorganization.
However, we stress that such a prescription does not capture all O(a?) terms in the collinear-soft
function and in particular misses the genuine two-loop R, dependent corrections. We obtain an
estimate for the uncertainty from these missing two-loop terms via the procedure described below.

To make the ASY term in Eq. (4.12) explicitly independent of u, we can further rewrite it as

AS" [ﬁ@cﬁ ,RgQgﬁ , } - 5(#@3? ) (4.13)

1
(@il )"

1
Qi B u]

1
1+ 1+8 1
+f e pglal(e — ¢9)QIT 6.1] A5
(&Q HtB )2+ﬂ
2 cu
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where we have defined the one-loop contributions

1
1 + N 1+8
[Bol | p+ 1+B _ + 1+8 _as(:u’)ﬂo 1+ 1 ¢ cht 2
ASPIE QLT Bn] = 6(r Q87 ) - 0 (575) e Lo B oEd, w1
1
B +)T+B 0
AsOd = Dl g1 sl 2 g g los() (1+QS(M>C a20> +0(a3).
(&Q?)%rﬁ ™ 2+ l Q0
2 cu

(4.15)

The function AS’([;C”] carries the R, dependent one-loop term in Eq. (3.11), while AS? o renders the
convolution in Eq. (4.13) p independent at NLL' accuracy by compensating for the NLL running
of the coupling in AS; O] This separation is again just a reshuffling of the perturbative series, as
the O(a?) cross terms are predicted from RG consistency of the double differential cross section.
The construction to make the R, dependent correction ASY in Eq. (4.13) explicitly independent
of p can similarly be generalized at higher orders. Finally, we note that expanding Eq. (4.12) to
O(as) we recover the one-loop expression of the collinear-soft function given above in Eq. (3.11).
As a further check, the R, dependent term vanishes when R, = 67 (f =1 in Eq. (4.15)), and
the collinear-soft function cumulative in R, of Eq. (4.12) reduces in this limit to the collinear-soft
function single differential in the groomed jet mass.

Since our treatment lacks the 2-loop non-logarithmic R, dependent corrections, we have
parametrized the resulting uncertainty in Eq. (4.15) via the parameter agg which we will vary in
our uncertainty analysis. This estimate utilizes an approximation that the two-loop corrections
have the same functional form as that of the one-loop term, but with an unknown normalization.
In the numerical studies presented below we will consider variation of agg in the range [—2, 27].
We will return to discussing this when we study the numerical results in Sec. 6.

To carry out resummation in Laplacle space the transform of the collinear-soft function is

defined with respect to the variable £tQ1%%:

cut
1 1 43 1
5 (5. RyQIT o) = Qi [ arte (0T 52 QI R,QLT 5] . (a16)
Egs. (4.12) and (4.13) in Laplace space read
. 1 _ s 1
S5 (5. RyQaud - B.10) = S5 (5,8, m)ASE (5, RyQLT B) (4.17)
- 1 - R \2+8
NSz (s, RQI7 . B) = 1+ A5 (s 8, ASI (s @ (B0) ) (4.18)

where the Laplace transforms of the individual terms are given in Egs. (B.22) and (B.23). Hence,
the cross section in the Laplace space takes on the form

0

de

= Nq(Q,R, ©) S (chth B, N)E (2eut, B, R)

Ry<0%

~ ~ __1 . I _1
< Ty, 1) SE(2QQent 7 B1) ASE(0QQui 7 ReQETB) . (419)
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In App. B.2 we show that carrying out RG evolution in Laplace space and transforming back
to momentum space yields the following result for the resummed cross section at NLL' accuracy
for the product of terms on the second line of Eq. (4.19),

dS(R do?[0 e R
R ) (120
mJ RQSQ; mJ (_ ) g Q:(:)(Mcs ,,U,J)

Note that this notation follows Eq. (3.29) where the functions associated to normalization were
factored out. The function of the differential operator dg in Eq. (4.20) (along with the first term
in brackets in Eq. (4.20)) coincides with the single differential jet mass cross section in its fully
factorized form:

do? [89] 1

deJ = miaNgVO](QaQCut)BvR7H; :U’Nnugs) (42]—)

2 w _1 wcs( 5 cs)
o o [Kes(pcs) + K (i) (Lé) 7ot ) <QN208 ( Hes >1+5> ot
my my cht

P [89 + log (:g) as(w)] S4 [89 +log <?%cs (5:;)%) , B, ozs(ucs)] ,

where the Laplace space logarithms in the jet and collinear-soft functions are replaced by the
argument in brackets. Here, in analogy with Eq. (4.8), we have defined the alternative notation
for the Laplace transform of the collinear-soft function

- 248 -

Se [log (se"Fu1+7), B, a(ucs)} = 55 (s, B, pes) » (4.22)
with the explicit one-loop expression given in Eq. (B.25). As in Eq. (4.10), we have introduced in
Eq. (4.20) the RG invariant combination

O (ftesy ) = Wt py) + Wes (1, fes) = W (fhes, pr) 5 (4.23)

with the definition of w; g, provided in Eq. (A.10). The RG evolved normalization factor N% | in
Eq. (4.21) is the same as Eq. (4.3). Along with the scales that are in common with the small and
intermediate R, regimes in Eqs. (4.4) and (4.11), the logarithms in the S and the corresponding
RG evolution factors are minimized by the following choice of the collinear-soft scale:

can m% % ﬁ
pcan: = <5) Q7. (4.24)

Note that since all the scales and anomalous dimensions for this regime are independent of Ry,
so is the function of the derivative operator in Eq. (4.21).

The effect of the cumulative R, measurement on Eq. (4.20) is accounted for entirely by the
kernel OF defined as

orfen ()" 5] = a0 o 10s (21 (427 )

9; m% cht
do 5 anacd| (Be)\HP
></2m.e 0 ASY Q<9;) B thes | (4.25)
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which is p-independent by construction and vanishes at R, = Hg(mg,cht, B). Here Agf[ﬁ o) s
expressed in the notation equivalent to that in Eq. (4.22),

ASP log (se7 i), 5,0 (1es)| = AL (s, 8, 1es) (4.26)

see Eq. (B.26). The explicit expression for Q" is given in in Eq. (B.33). To make a connection
with the notation introduced in Tab. 1, we can identify the LO distribution in the large R4 regime
that multiplies the NLL evolution factors in Eq. (4.21) as

(5 8) = @ [Blhe ) et

4.4 Boundary Corrections in the Large R, region

,B] +0(a?). (4.27)

Next we discuss boundary corrections to the soft drop cross section in the regime where Ry <
Hg(m?,, Qcut, ), relevant for computing the e derivative in Eq. (1.5). We first compute the bare
collinear-soft and global-soft functions with the shifted soft drop condition in Eq. (1.6). This will
allow us to identify the relevant corrections to the double differential cross section at first order
in the shift parameter e. We will find that both the function of the derivative operator do?(0q)
and the evolution kernel Q7 in Eq. (4.20) receive O(e) modifications.

4.4.1 Boundary corrections to bare soft matrix elements

The O(e) corrections to the soft matrix elements lead to logarithmic and non-logarithmic terms
proportional to Ry p Qe/Qcut- Again, we keep the k index general here and will use results for
k = q for the eTe™ case. This can be seen from the bare result for the collinear-soft function with
the shifted soft drop condition defined in Eq. (1.6) given by

QL7 SE 0%, Ry, Qunt, Bua(€), B 1] (4.28)
asCy (n2eE)e / dptdp~ — n
= — A
T T(1—¢ ) (prp- )1+e ng ( p ) ( )] )
where the condition to pass or fail the R4 constraint are written respectively as
_ o Rg p+ % . _
@Rg_@(2 (;) 5 @Rg:1*@Rg. (429)
Expanding
@Sd(é‘) = Ogq +0q + 0(62), (4.30)
where 6o = 0(2 — Zeuwt0?), yields?
1 1
S QLT RyQLT Buale). o] = SEE [ QLT RQE 6] (4.31)

_1 _1
Q€ Sn[l ],bare |:£+Q1+B R9Q1+B ,/.L:| + 0(82) ]

Q cut » cut »
cut

“We include the argument ©4q(¢) to indicate that the corresponding functions are evaluated with the shifted

soft drop condition in Eq. (1.6). We then indicate O(e) boundary corrections to various functions by including a
subscript € to distinguish them from the O(°) part.
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The O(£°) term in Eq. (4.30) simply results in the usual soft drop condition, returning the bare
one-loop version of the collinear-soft function in Eq. (3.11), while the O(e) correction is

cut cut
_ sC. € )6 + +
- 2 ‘|2‘ 5 : ™ <Q/:ut ) 2 F((el’YE_ 6) él;j:ut (c];cut)

@@g N (5;)2%) [0(¢7 —p™) —a(7)] - 5(6*)@((615;)2iﬁ _ 1;9>

We have used the dgq to perform the integral over p~, and have isolated the contribution from the

QL7 el b‘“e[ﬁQ”‘* RgQ“B Nt } (4.32)

2
— 2 (14¢)

X

soft-drop failing piece, proportional to §(¢1), so as to regulate the integral for p™ — 0. The term
proportional to §(¢7) in the third line is no longer scaleless as it is bounded from below. Solving
the remaining integration, we find for 8 = 0 and 8 > 0 respectively:

Sn[l ],bare |:£+Q 1+ﬁ RgQﬁ =0, M}

cut » cut »
o Cl A cht < £+cht > 1
- - 75 f cu + £ + @ - 1 5
T ( €UV ( Q t) 0( M ) (%QCUt)Q £+cht
1
- Vado 1
S:’[El},bare [e = RQICM2+B’ RchllILtﬁ ,8>0, :U’]
(% Qcut )
L ~
_ 2 as(p)Cy (%chljtﬁ)i(2+ﬂ) 5_%(2) o —-1) (4.33)
92 _1_5 T (%)5 0 [72(21++ﬂﬁ) .

We see that for § = 0 the € > 0 regulator results in a UV pole, while for g > 0 the result is a
power correction and dimensional regularization is not needed. Here, we have defined®

L8(z) = L9z) + %5(:}5) . Lz) = [@(”3)} L a#0 (4.34)

xlfa

We can carry out a similar calculation for the O(e) boundary corrections to the global-soft
function. In full analogy with Eq. (4.31), we find that up to O(g?) terms

QE
Qout

where the additional argument ©yq(e) denotes now the shift in the soft drop failing condition.
The result for the O(e) correction to the bare global-soft function with shifted soft drop reads

wCo [EUV +2log <cht/éangz>] (B=0)
X

] eeo

®We note that for @ > 0 the function £3(x) is equivalent to 1/z'~ which has an integrable singularity as  — 0.

S [Qeons R 8. ©ca(e). 1] = S [Quan. BoBup] + 5 SE [Qeun, R Bp] . (435)

1] bare [cht)R /87 ] -

(4.36)
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where the additional terms not shown for 8 > 0 are O(1) and not relevant to the discussion here.
The details of this derivation and complete results for 5 > 0 are provided in App. B.3. We see
that the additional single logarithmic UV divergence for 8 = 0 case has the opposite sign to that
in Eq. (4.33), as required by RG consistency. Interestingly, we now find that for § = 0 the one-
loop collinear-soft and global-soft functions develop a non-zero non-cusp anomalous dimension
proportional to €. With conventions for prefactors in anomalous dimensions, summarized in
Egs. (A.13) and (A.16), we find

Sk Qe

SK/
70c(57 Zcut) =—%° (Eazcut) = 70(Eazcut) = 8C,

" cht

Hence, for f = 0, the NLL/ resummed cross section for shifted soft drop will involve additional

(B=0). (4.37)

running between the global-soft and collinear-soft virtualities due to this non-cusp anomalous
dimension. We now turn to addressing how the various O(g) corrections are combined with the
other EFT matrix elements so as to arrive at the result for resummed cross section with shifted
soft drop condition.

4.4.2 Assembling the ingredients

Having found that the shift in the soft drop condition induces different O(¢) modifications
to the collinear-soft function on the Lh.s. of Eq. (4.12), we now generalize the decomposition in
the r.h.s. of that equation to account for these additional boundary terms. Since the correction
for 5 = 0 consists of logarithms induced by the extra anomalous dimension in Eq. (4.37), we

1
find it appropriate to combine this term with S¥ [KJFQ(T, ,,u] in the r.h.s. of Eq. (4.12), which
is responsible for RG evolution. On the other hand, the non-logarithmic, R, dependent terms
in Eq. (4.33) can be written as a function of the variable ¢ and are treated in the same way as
the AS£C"] piece in Eq. (4.15). Thus, we express the renormalized collinear-soft function with

cumulant R, measurement and soft drop shift as follows:
1 o 1 1 "
S QAT RQET  Bua(e), 81| = / A0t QLT SE[ (6" = 01)QET By 55.075° (&, Zent)

cut » cut » cut » cut »

1 1 1 1
X / 40"+ ASE [(W—W)Q“ﬂ R,QL7 ]ASQE [WQ“‘* R,QL7 } (4.38)
Here the collinear soft function for single differential jet mass measurement includes the addi-
tional logarithm that is generated for 5 = 0 in Eq. (4.33), as signaled by the extra argument

K

(55,0769 ¢ (ezcut), and is modified as follows:

- K - e a,Ck 1 1T Qen
SE [ QI B 850 (e )] = 217 QET 5] + 830 g o (e

G 7o) 4
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while the term ASF

Cc,e

is defined analogously to AS¥ given in Eq. (4.13):

: 5 : At QLY 1y ~Top
AS5 [ QT BQLT 8] = 60 Q57 ) + / (CHASW (5 = £9)QE7 8.1

RgQéJt@)ZJrﬁ
1
e 1 QP
(Y S A5G % B, ul . (4.40)
cht (J) (&Qp}@)}h@

The ASgﬂ o] piece is the same as that defined in Eq. (4.14) and is again included to cancel the
dependence due to the running coupling at NLL/. Finally, from Eq. (4.33) we have

ASICxl |7 — % B — 4.41)
C,E - R ﬁ 2‘1’6’ y | = ( .
(T Qeur’)
2 as(p)Cy zfﬁ 9(5* 1) as(1)Cr s, 2
2+ B T ( (B > 0) (6) + g2(21_:-§) 1+ T ) € + O(as) :

Here the ©(8 > 0) signifies that the first term is only present for the 5 > 0 case, whereas the
second term applies for all 5 > 0. As we shall see later, this second term contributes to the bulk
of the boundary corrections, and hence to Ca(m?).

Note that in defining ASf, in this way we factored out the R;’B power present in Eq. (4.33) for
B > 0. Comparing this scaling with the O(g) correction to the global-soft function in Eq. (4.36),
we see that the R;B power dominates the sin™?(R/2) power in the R, < R approximation
which is formally still valid in the large R, region. Thus we expect boundary contributions to
the global-soft piece (for f > 0) to be numerically insignificant, and we will leave them out
from our numerical predictions. Finally, since we lack the knowledge of the non-logarithmic
two-loop boundary corrections in S¥ that cannot be predicted by the anomalous dimensions we
have included an additional parameter aggc,a in spirit of Eq. (4.15) in facilitate estimating the
uncertainty resulting from these terms. We will come back to this again in Sec. 6 when studying
the perturbative uncertainties.

Taking the Laplace transform of Eq. (4.38), performing an expansion up to O(¢), and dropping
terms that are O(a?) we explicitly get

5 (5. By Qi Bua(e). Bn) = 55 (. RyQL7 B (4.42)

%

1 ~ - ~ 248 R\ 2+8
* (R 7 S B ASR s,8)ASE (s Qe ()8 m)

fig 2
2

R,

2O g ses i) ASI (s @ (B2)" .1

_l’_

5 286 (08 (%)™ .) 285 (0B ()" 0 .

(%)
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where we used Eqs. (4.17) and (4.18) to expand the Laplace transform of the ASY term, while
the Laplace transform of the ASC[%} term is given in Eq. (B.50). The first line reproduces the
O(&%) result in Eq. (4.12) and vanishes when taking the e derivative in Eq. (1.5). The second
line describes boundary corrections induced by the additional logarithm present for g = 0, while
the remaining lines encode boundary corrections that are R, dependent. The product of the two
AS([;CN} functions in the last line is important to ensure a smooth transition to the regime R, < 07,
which justifies including the boundary corrections AS{, multiplicatively in Eq. (4.38).
Likewise, we express the global-soft function with O(e) corrections as

Qe 2050y log< % )

cht 7" cht tan g

S&[Qcuts R, ©sa(e), B, 1] = S [Qeut, R, B, 1] + d50 (4.43)

Qe ©(8>0)
Qeut sin® (E)

with the result for p-independent ASF _ piece given in Eq. (B.43).

+ Sg [cht,R,ﬂaM]ASg’,g [chtaRwﬁ] 9

4.4.3 Cumulative boundary cross section

With all the ingredients for the shifted soft drop condition at hand, we are finally in the position
to write resummed results for the cumulative cross section. Eq. (4.19) is still formally valid, but
the global soft and collinear-soft functions that appear there now include boundary corrections
according to Eqgs. (4.38) and (4.43). As a consequence, the equivalent of Eq. (4.20) has two kind
of terms:

o. dX(R,, 0
dE(RgaGst(e)) _ ( g ,3,0720(87 ZCU‘E)) + QE dAEE(QRg) +O(€2) (444)
dm? dm? Qcut  dm7

They describe boundary corrections to the NLL RG evolution and the R, dependence respectively,

and we now examine them in turn. The first term reduces to the O(e?) cross section for positive
B but, for § = 0, includes the additional one-loop fixed order logarithms and running due to the
O(e) one-loop non-cusp anomalous dimension displayed in Eq. (4.37). Since these corrections do
not depend on the jet mass, they can be absorbed in a generalization of the operator do"(dq) in
Eq. (4.21) yielding

a3 (R97 6,3,070 (57 zcut)) _ do? [aﬂy 5,3,070 (Eg Zcut)] C’YEQ n Qq |:Q & ﬁ:|

5
Q:‘IJ(HCS 7#J)

(4.45)

while the evolution kernel in brackets is unchanged. The operator is obtained from the following
O(e) modifications to its analogue in Eq. (4.21):
1. The collinear-soft function in Eq. (4.20) includes the additional O(¢) logarithm in Eq. (4.42).

2. The global-soft function includes the additional O(¢) logarithm in Eq. (4.43).
3. The collinear-soft function has additional running:
q
Kcs (Ny Hes) 56,0’7(?5 (57 Zcut)) = Kcs(uy :U’cs) - (55,0 n (70 (57 Zcut)a H, MO) 5 (446)

where the LL single logarithmic evolution kernel n(T', i, po) is given in Eq. (A.11) from the
one-loop non-cusp anomalous dimension.
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4. The normalization factor N, gvol has additional running due to the global soft function:

Sq
Ky (Na Hgs, 5ﬁ,070c(5> Zcut)) = KgS(Na NgS) + 08,0 77('70(5a Zeut)s s NO) . (4.47)

The second term in Eq. (4.44) consists of the residual O(g) non-logarithmic, R,-dependent
corrections to the collinear-soft and global-soft functions in Eqs. (4.40) and (4.43), which apply
for every 5 > 0. Since these terms do not alter evolution, but have a nontrivial dependence on
the jet mass and Ry, they require a different kernel than Eq. (4.25):

ol [Q Y= (ﬁ)w , 5} NG {ag +log (Q”CS (L )iﬂ> 8, as(ucs)} (4.48)

0; m2J cht

do ~ ~
X / i egQQASLCeK] (QU’ B, ,ch) (1 =+ Asgjn] (Q’U, B, Mcs)) )

T

but use the same function of the derivative operator, do"(9q) defined in Eq. (4.21), valid for € = 0:

aAS(R)[  _de'fon] (1t R,
dmipcey  dmy o\ (H2)f . [Q % ’B] (4.49)
o5 > 0) e
+ — ASq cu ,R, ™ _0O) ’
sin® (&) G| Qeuts 1,6 I(=9) ) o=t (uewsir)

The explicit expression of the evolution kernel QF between jet and soft scales for shifted soft drop
is given in Eq. (B.51). Note that the term ASF _ for 8 > 0 at NLL’ accuracy contributes only to
the boundary correction in the single differential jet mass cross section, and is thus independent
of Ry. In the following, we will simply ignore this term as this is also power suppressed compared
to the term in the first line in Eq. (4.49).

At this point, we have the soft drop boundary cross section which is cumulant in the groomed
jet radius. In order to evaluate Cy, following Eq. (1.5), we need to switch to the cross section
differential in the groomed jet radius and further take the ¢ derivative. We perform this explicitly
in App. B.4, where we compile the results for the boundary cross section differential in R,. The
large R, regime discussed so far is the only relevant geometry in the definition of C§(m?%). For
completeness, we discuss in App. B.3 the boundary corrections in the intermediate and small R,
regimes and show consistency with the results in the large R, regime as R,/ 9;(m3) — 0.

4.5 Recovering the Leading Logarithmic Coherent branching result

In this section we make use of the results derived above for the cumulative cross section and
the boundary corrections to demonstrate that the EFT that we have developed reproduce the
computation of C1 and Cy at LL accuracy within the coherent branching formulation from [24].
This also makes explicit how the EFT encodes the strong angular ordering limit used there. The
LL results for C and Cy were derived by considering a chain of emissions that are ordered in their
respective contribution to the jet mass.® The emission at the largest angle is required to satisfy

SFormally, the emissions are to be angular ordered, but in the derivation the angular ordering is replaced by
their ordering in the jet mass, i.e. in the variable p; = z;6? for the i*" emission. This approximation is essential to
set the resolution of the jet mass measurement.
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soft drop and set the jet mass. This leads to the following expressions for the two moments:

ciony = (WD) " [l [ G 5T hpmr ™
x@(z_@3(3y>5(m3_;1m2),
ety =G (B2) " [ae [ 3o mcr

<o G (3) ol - ).

where Cg(m?]) / m% is the single differential jet mass distribution and is given at this order by,

dofy, e i O, (@38 :
q LL _ WO CF . _R(262)
ch b = it / / s (L0) b2 (451)

( (5) )il - ).

where the result for Cp(m?) is valid up to LL. In Eqs. (4.50) and (4.51) we have rewritten the
soft drop condition in Eq. (2.1) terms of Qcus. In the expression for C{ and Cf, the condition is

imposed on the last emission with energy fraction z and angle 6. In case of C§ we see, however,
that the soft drop © function is replaced by ¢ function in order to capture the corrections at the
soft drop boundary. The radiator, Rq(ﬂg), results from all the emissions at larger angles that are
either vetoed by the jet mass measurement or that fail soft drop (and the virtual emissions). The
radiator resums double logarithms of 67 /6., which however cancel out in the ratio in Egs. (4.53)
and (4.51). The splitting kernel pg, is given by

1+ (1—2)? 1

Pgq(2) = o, o (4.52)

Terms that are power corrections in the z — 0 limit are formally beyond LL accuracy, and we will
drop them in the following; in the EFT formulation, these are captured by the NLO corrections
to the jet function. Simplifying Eq. (4.50) and using the LL limit of pgq(2) in Eq. (4.52) we get

R 2
a2y _ —Re02) [ ACF mgfe oo
Clm?)|,, = e w Lo, (T2 )e0; - 0). (4.53)
—“RO2) R 4e29C 9
qr. 2 _67 R i mjUc *x
Cl(mj)‘LL_Cg(m?]) 9, 0% 2 as( 6 )6(09 9),

Al = S | e 2 eran(@un(3) )2 (3) "5 (1-(5)")

where we have expressed the results in terms of the angular bounds 6. and 6} defined in Eq. (2.4).
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To establish a connection with our results, we must compare with the large R, regime of
Sec. 3.1, since due to the associated geometry for power corrections in the SDOE region of the
single differential jet mass distribution, this is the primary regime that is relevant for defining the
coefficients C; and C».” Thus, the EFT prediction for the LL double differential cross section in
this regime is obtained from the cumulant in Eq. (4.20),

d269 d Tdo?, [d YES
SRR EAT TR\
dm5db, Ry<0; AR, dm? '(—Q) 0% Ry=0,
d R
R g
=e R Q10,27 3 . (4.54)
AR, [ 0% ] Ry=0,

In the second line we have used that the evolution in this regime is independent of the groomed jet
radius and identified the LO differential operator with the exponential of the radiator R%. This
follows by setting the Laplace space fixed order ingredients in Eq. (4.21) to unity.

We now notice that the fixed-order corrections in Eqgs. (4.53) and (4.51) are described by a
single splitting function, in contrast with the convolution in Eq. (3.9): this implies in particular
that the coherent branching result ignores corrections induced to the kernel Q¢ by evolution in
Laplace space. We can therefore take the limit of no evolution by setting Q@ — 0 in Eq. (B.33),

obtaining
R 2as(HCS>CF 05
q -9 — * _ 9
Q7|0 — 0, 7 ,,8] O(0; — 0,) == ln<Rg) , (4.55)
where we have used that under the integral
1
eI = — 0@ + O(Q). (4.56)

Furthermore taking €2 — 0 limit corresponds to using the same scale in both jet and the collinear-
soft function. This is analogous to using a single splitting function p,q in the coherent branching
formalism that is not factorized into jet and collinear-soft function. In Sec. 6 we will observe this
difference to have some impact on the results. Next, we choose the natural scale choice for p.s in
Eq. (4.24) noting that
2 90 can.
Moy = Mes - (457)
0
g

This corresponds to setting 6 = 67 in Eq. (4.53), with the difference between the two expressions
being beyond LL accuracy. Substituting Eq. (4.55) in Eq. (4.54) gives the integrand of Eq. (4.53).

"We note that the coherent branching description is based on ordering in a single variable, the jet mass con-
tribution of each emission, p; = z;62Z. This is in correspondence with the mode picture in the large R, regime
where the measurement of jet mass provides a distinction between the various EFT modes (see Fig. 2, left). This
is, however, not the case with small and intermediate R, regimes: in the case of small Ry regime, the primary
measurement is the groomed jet radius which distinguishes the modes based on their angular separation. In the
intermediate Ry regime an analogous treatment in coherent branching would presumably involve ordering in two
different variables.
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The LL coherent branching result for C; then trivially follows by including the additional factor
0/2 in the angular integration.

To obtain the LL coherent branching result for Cs from the EFT formalism we can follow
the same steps. We first notice that the anomalous evolution induced by boundary corrections at
B = 0 affects the cross section beyond LL, and we can thus ignore this correction. The relevant
cumulant cross section for large Ry is then given by Eq. (4.49). Differentiating in R, we get up
to O(g?) corrections

67 (e) . d [(R\B . R
i 1 A2 =e R | (=2 0,22 4.58
) cen g [(B) e =

_ e—'Rq Qe as(:u'cs)CF <079)7(1+5) eVes Efﬂ <1 . ( 99 )2+ﬁ>

B Qcut ™ 2 F(_Q) 0 ‘95(7”?7)
The first line is obtained from the same manipulations as in Eq. (4.54), while the explicit expression
in the second line follows from differentiating the kernel Qf given in Eq. (4.48), which reduces to
Eq. (B.51) when discarding NLO corrections. In order to compare with the coherent branching
result, we again expand out this result in the limit Q& — 0. Using the expansion in Eq. (4.56),

T(iQ)'C‘;Q <1 - (%)uﬁ) — 0 <1 - <%>2+5) (4.59)

Q as(pes)Cr (@)*‘”ﬁ)(g <1< Oy )”5) . (4.60)

Rggeg cht ™ 2 9; (mﬁ)

so that
d

de

d5EL(5 )
o dmi3dd)

Including the factor of mQJ/ Q?, according to our definition of C4 from Eq. (1.5), this yields the
LL coherent branching result of Eq. (4.53). Finally setting 6 = 67 using the § function and noting
that
05\ 1+8
cht (?g)

we find that the arguments of the running coupling in the two expressions also match.

— e, (4.61)

5 Matching the three regimes

Here we describe our strategy for consistently matching the results in various regimes so as to
obtain a smooth interpolation across the entire phase space of m?]—Rg measurement. Which of the
three EFTs come into play will crucially depend on the range over which the groomed jet radius
varies for given values of 2.y, 8 and the jet mass. In the following we first describe the basic
strategy for implementation of the matched cross section in Sec. 5.1 using profile functions for
scale choices [67, 68] and weight functions which control the contribution from different EFTs [27].
In Sec. 5.2 we generalize the weight function construction to depend on two variables that track
where we are in our two dimensional phase space so that the appropriate factorized formula can
be used. Next in Sec. 5.3 we describe the profile functions for each of the large, intermediate,
and small R, regimes, and then in Sec. 5.4 how we vary them to obtain an estimate for the
perturbative uncertainty.
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5.1 Implementation of matched cross section

Here we describe our implementation of the complete cumulative-R, and differential jet mass soft
drop cross section. This will then set up the groundwork for evaluation of the moments CﬁQ(mg).
An important ingredient are the profile functions for our different EFT regions, which are the
functions used for the renormalization p; scales in the factorization formulae, and which depend
on both m; and R,. First we recall the set of scales that are relevant for the various kinematic
regions:

Large R, region : Ry < 05(m7, Qeut, B) < R Marge = {175 fgss Hes ) 5
Intermediate R, region : Qc(m?]) < Ry < 9;(m3, Qcut, ) Hint = {17 Hgs, sy, » Besy ) s
Small Ry region : 0.(m%) S Ry fismall = {Hes tgs, Hes, }

Plain jet mass region : R, SR Hplain = {07, s } - (5.1)

In this analysis we will focus exclusively on the groomed region described by our EFT, although we
will also extrapolate our results into the ungroomed region. In the groomed region, we construct
the interpolation between different EFT regimes via the following formula:

dzmatched = dzint|uhyb + (dzlarge - dzint) ’,ularge + (dzsmall - dzint) |Hsmall 3 (52)

where d¥;(m?) for i ={large, int, small} stand for the cumulative-R, factorized cross section
formulae in the large, intermediate and small R, regimes respectively. We have also indicated the
choice of profile scales used for jet, global-soft and collinear-soft scales used in these factorization
formulae utilizing the notation introduced in Eq. (5.1). In Eq. (5.2) the cross sections in the large
and small R, regimes are evaluated with their respective profile scales, whereas the intermediate
R, uses either the profile scales in Eq. (5.1) (in the two subtraction terms), or a set of hybrid
profiles denoted by gy, The hybrid pyy, profiles are designed such that they interpolate between
the fismall, Mint and parge sets as follows:

Hhyb = (,Uzsmall)wsman (/iint)wint (,ularge)wlarge ) Wsmall + Wint + Wiarge = 1, (53)

where the exponents 0 < w; = w;(my, Ry) < 1 should turn on/off in the appropriate regions and
add up to one [27]. We give an explicit construction of these weight functions below for our case.

For now, we note that in the large R, region we will have wjarge = 1 (and hence wgman =
Wint = 0) such that the ppy, profiles are the same as the set Hlarge- The term dzint’marge in
Eq. (5.2) corresponds to evaluating the intermediate R, cross section with large R, profile scale
settings, i.e. by setting pics,, fes,, —> pes- This leads to exact cancellation of the terms dXip| .
and dXip| [arge 111 the Ry S 0; region where wjarge = 1, and hence the matched cross section is
given by

dzmatched = dzlarge‘ularge + (dzsmall - dzint) |usma11 ’ Rg S 9; ) (wlarge - 1) . (54)

The term dXing|u,,,., here denotes the intermediate R, cross section evaluated with the fisman
profiles, i.e. by replacing ps,,, g — te. Thus the difference (dﬂsmau — dEint) | jteman SUPPlements
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Eq. (5.4) with the power corrections that are missing in both the intermediate and large R,
factorizations in the 0. < R, region.

Similarly, in the small R, region we will have wgman = 1 (and thus wiarge = Wing = 0). As
a result, the pny, profiles will coincide with pisman and the terms d3in| Lihyh and d¥ing |y, D
Eq. (5.2) will cancel exactly. Hence, the d¥atcheq in this region will be given by

dzmatched = dEsmall|usman + (dzlarge - dzint) |marge 5 90 5 Rg 5 (wsmall = 1) . (5~5)

By using fi1arge profiles in the intermediate R4 cross section we turn off the additional resummation

relative to the large 174 regime, so that the second term (learge — dEint) captures the power

| rare
corrections that are missing in the intermediate and small R, factorizations iil the Ry < ¢ region.

Finally, if there is a contribution purely from the intermediate region where wi,; = 1, the
fnyb profiles will be the same as the bulk intermediate R, profiles in Eq. (5.1). Here the term
dXint| g, 0 Eq. (5.2) provides for the essential intermediate R, resummation, whereas the other
two terms contribute the power corrections from the large and small R, regions. We will find
that the intermediate regime only has a dominant weight for larger values of 3, and even then in
a rather small range of phase space. When the intermediate regime is not relevant the formalism
we develop simply implements a smooth transition between the small and large R, EFTs with
Wing = 0 throughout the entire range of Ry (for a fixed m). The smooth variation of w;(m?%, R)

will ensure consistent interpolation between all these regions.

5.2 Weight functions

Here we describe the implementation of weight functions w;(m?, R,) that appear in Eq. (5.3). We
first recall that the transition from the large Ry EFT, Ry < Hg(m?], Qcut, B), to the intermediate
EFT corresponds to the canonical CS; and CS,, scales becoming well separated. On the other
hand, transitioning from the small R4 EFT, Hc(m?,) < Ry, to the intermediate EFT happens when
Ry > 6.(m?), resulting from separation of the canonical CS,, and the collinear scales. We can

therefore characterize the regions with two power counting parameters defined as

C" factorizes into J, and S7 : Amin(Rg) = Hesm o 1, (5.6)
M
S¢ factorizes into S¢ and Sg Amax(Rg) = Heso 9.
: lu’CSm

Here the p scales stand for the virtuality of the modes determined by {m?]7 Ry, Q, Qcut, B} such
that

omy B(m3) ( R, )2+B (5.7)
QRg/2 Rg ’ Qg(mgy Qcut; /8) ’ .
which is consistent with Eqs. (3.25) and (3.22).8 Note that Api, grows with R, while Apax

decreases with Ry, and in particular they become equal when R, = 0;, where

_ QQcu (Rg>2+ﬁ B

Amin (Rg) Amax (Rg) m2 Y
J

2

1 3 ﬁ
05 Qo ) = [0.(6327) 77 =2 (20)" L7 53)

S Although the power corrections between the small and intermediate R, regimes are of the form 67/RZ, it is

the power counting parameter Amin = 0./ R4 that is the important one, since it controls the size of the logarithms
in the transition between leading power contributions in different regimes.
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Whether or not the additional resummation in the intermediate R, region is essential is given by
the condition Amin(0:) = Amax(0:) < 1. In our numerical analysis below we replace the strong
inequality by a factor of 3, such that for intermediate EFT resummation to be significant we
require

5) 6 5 (5.9)

When this condition is not satisfied, we directly match the cross section in region R, < 67 to

Auin(60r) = A (01) = [(W)ﬁ%] &1

0. S Ry. We refer to this as the “two-EFT scheme” since it does not include the intermediate R,
regime. In the opposite situation, when the condition in Eq. (5.9) is valid, then the additional
resummation in the intermediate R4 region is needed, thus defining a “three-EFT” scheme. For a
fixed value of {Q, Qcut, 8}, this happens at smaller jet masses. In the three-EFT scheme we can
further identify the two angles where respectively the small-R, and large-R, power corrections
are equal to 1/3,

1
et,min(mg) = 30c(m2j) s Ht,max(m3> chta ﬁ) = 3248 eg(m?], chta ﬁ) . (5'10)

This suggests that intermediate R, resummation is important for 6; min < Ry < 04 max-
Finally, we introduce a transition function which smoothly interpolates between 0 and 1,

1 0—40

X(0,0,) = ~ [1 + tanh (rtt>] , (5.11)
2 emax - gmin

where 14 controls the rate of the transition and is normalized with respect to the range of inte-

gration. In our numerical analysis in Sec. 6 we use r; = 20. This transition function is used to

construct the weights win; and wiarge for the two- and three-EFT schemes:

2-EFT scheme: wiarge = X (Ry,0;), Wing = 0, (5.12)
3-EFT scheme: wiarge = X (Rg, max{0s max,0:}), Wint = (1 — X(Ry, Ht,max))X(Rg, Ot min)

and Wsmall = 1 — Wiarge — Wint in either of these cases.

In the 2-EFT scheme, the large R, EFT is employed for R, > 0; and small R, for R, <
6;. Here the intermediate R, resummation is not present and the piece dXiy| pnyy 10 EQ. (5.2)
serves mainly to provide an interpolation between these two regimes. In the 3-EFT scheme, the
intermediate R, resummation is effective in the range 0; min < Ry < 0¢max. Note that wiarge in
this scheme reduces to the corresponding weight in the 2-EFT scheme when Eq. (5.9) is valid
with equality sign. The transition function X (R, 0 min) in win, turns off the intermediate R,
resummation for Ry < 0y min. Furthermore, in the 2-EFT scheme, we have 0 yin > 0; max Which
automatically drives wiyt to 0.

5.3 Profile functions

With the exception of the hard and global-soft functions, the logarithms that appear in the various
matrix elements in the soft drop cross sections depend on the jet mass and groomed jet radius, and
thus vary along the spectrum. Hence, to minimize these logarithms, the renormalization scales
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must also vary accordingly in the resummation region as discussed in Sec. 4.2. Additionally, for
larger jet masses where R, S R we enter the ungroomed region where the soft drop resummation
must be turned off. For smaller jet masses, when we approach the nonperturbative region the soft
scale must be frozen to an O(1) GeV value. This requires some care since the boundary of the
nonperturbative region is a non-trivial function of both m ; and R, measurements. Hence, in order
to consistently describe the entire jet mass spectrum, we make use of profile functions [67, 68|
which depend on the jet mass and groomed jet radius. In this work we limit ourselves to the
profile functions for eTe™ collisions and leave the extension to the pp case to future work.

5.3.1 General strategy and canonical relations

In this section we first review the canonical relations between the scales that form the basis for
implementation of the profile functions. To set up the notation we first consider a relatively simple
scenario of plain jet mass resummation for a jet with radius R. The relevant canonical scales are
the hard, jet, and the (ungroomed) soft scales:

can R can can m2J
HN':Qtan<§>, By =myg, Bs W = =T 7R\ (5.13)
Qtan (5)
such that the endpoint of the spectrum is at m; = mg, . = Qtan(R/2), where the jet and the
soft scales merge with the hard scale. Thus, the seesaw relation
Wy = p s (5.14)

between the three scales is at the heart of the soft-collinear factorization in what is often called
SCET].

When we include soft drop grooming, the canonical hard and the jet scales remain the same,
whereas only the soft sector is modified, splitting into the global-soft and collinear-soft scales:

can. __ 148 R can. __ m2J % ﬁ
/’Lgs - cht tan (5) Y ILLCS - (5) cht ° (5'15)
We see that pes is independent of the jet radius R. These scales are relevant for the single
differential jet mass distribution as well as in the large R, region. For the single differential jet
mass case the canonical scales were first discussed in Ref. [6], with the generalization to include R
dependence given in Refs. 8, 49]. We note that the collinear-soft and global-soft scales are related
by the following condition:

2+68 _ ( )1+,6’

(fhes) Hs gs

2\ 148
= (52) e (5.16)
UN

This relation can be understood from RG consistency, noting that the z.,t and 8 dependence must
cancel within the soft sector, as jet and hard functions do not depend on these parameters. The
relation in the second line is obtained using Eq. (5.14) and we will use it below in implementing
the profile for our jet scale.
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In the intermediate R, region, the collinear-soft sector further splits into CS,; and CS,, modes,
with the canonical values of the corresponding scales being

2
can. _ my can. __ (&) 145
/'Lcsm Q(Rg/2) ’ :U’csg cht 9 .

They satisfy the following see-saw relation:

(NCS)2+B = (N057n)1+ﬂﬂcsga (518)

which holds for all values of R,. This relation will be used below to define the p,,, profile. It is

(5.17)

analogous to the relation in Eq. (5.16) as can be seen by setting R, = R. We will elaborate on
this more below.

Lastly, we consider the canonical scales in the small R, region. In addition to the p4s and
Hes, scales given above, the jet and the CS;, scale in the intermediate region merge into a single
collinear scale. As we saw in Sec. 3.3, the logarithms in the collinear function C* are minimized
for p ~ QRg4/2, hence the canonical scale is given by

QR,

I[,Lgan. = T, (519)
and the canonical relation between three scales in the small R, region reads
1
fle = UN (M“g> - (5.20)
Hgs

In deriving this relation we have replaced R,/2 — tan(R4/2), capturing some of the power
corrections in R,/2 that are important in this region. Again, we will use the see-saw relation
in Eq. (5.20) to fix the u. profile. Furthermore, given the consistency between the small and
intermediate regime, the following canonical relation also holds:

M?] = Hc Mesp - (5.21)
This relation is relevant in the ungroomed region, as can be seen by substituting B, — R in
Eq. (5.14).
Consistency of the intermediate R, with the small and large R, regions

It is worthwhile to explore the behavior of the scales in the intermediate R, region as R, approaches
its upper and lower kinematic bounds. At the upper limit R, — Gg(m?,, Qcut, B) (in the groomed
region) the scales merge into the p.s scale,

Hesm, (mzja Ry = 9;) = Hesg (Qcut R, = 0;) = Ncs(m?]: Qeut) , for my < mojv (5.22)

as can be seen by substituting R, = Hg(m?], Qcut, B) in Eq. (5.17), with ¢} defined in Eq. (2.4).
In the ungroomed region the upper limit is set by the jet radius, and the collinear-soft scales for
R, — R < 9;(m3, Qcut, B) behave differently:

Les,, (m?], R,=R) = ,us(m3) , for my > mg, (5.23)

sy (Qeut, Ry = R) = pigs(Qcuts R) for my > mOJ. (5.24)
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This suggests that, unlike for groomed to ungroomed transition for the single differential jet
mass distribution, there is a smooth transition between the intermediate and the ungroomed
region owing to the additional R, measurement. Here the soft drop resummation is automatically
turned off as pcs, approaches jigs, whereas pcs,, — ps provides for the essential plain jet mass
resummation in the ungroomed region. We stress, however, that the intermediate R4 regime still
lacks the power corrections of O(m?%/(QQcut)) in the ungroomed region.

Next, we note that upon decreasing R, the p.s,, scale meets the jet scale as IRy approaches
the lower limit of the angle of the collinear mode:

Hes, (M3 Ry = 00) = py(m3). (5.25)

On the other hand, from Eq. (5.17) we see that p., keeps decreasing on reducing R,. Being the
smallest of all the scales, for a given jet mass it becomes nonperturbative first for R, ~ (Ry)np
defined in Eq. (2.8). Thus we will first implement the p.s, profile so as to consistently freeze it to
an O(1GeV) value in the nonperturbative region.

Rescaled variables

To simplify the expressions we will work with the following unit-interval variables corresponding
to jet mass and Ry:

2y _ M3 m3 _ tan (%)
§(my) = 02 tan? % = (usen)2” Y(Ry) = W~ (5.26)

Here we use ui™ = Q tan(R/2) to keep it distinct from py which we will vary to study perturba-
tive uncertainty. From Eq. (2.5) we see that for m% > m@ we enter the ungroomed resummation
region. Here we turn off the soft-drop dependent resummation in the soft sector by merging the
collinear-soft and global-soft scales to the ungroomed soft scale. In terms of £, the transition point
is given by

& m?\(?; = Qg;t tan” (%) cos®+P) (g) = % cos?+P) <§> . (5.27)

We note that as a result of the cos>™#(R/2) the transition to ungroomed region happens slightly
earlier than the value of £ = £ for which the global-soft and collinear-soft scales merge:

Kgs cht B8 R
=—==——tan" | = ). 5.28
Hgs=Hcs UN Q ( 2 ) ( )

o=¢

In the following we will, however, ignore the difference between 50 and & and take & in Eq. (5.28)
to correspond to the groomed and ungroomed transition point. From Eq. (2.3) the phase space
in the variables ¢ and 1 is then given by

Ymin(€) = VE < ¥ < Ymax(§) =min {¢*(€), 1}, 0<e<1, (5.29)

and is shown in Fig. 3. Here ¢*(§) corresponds to v for R, = Gg(m?], Qcut, B), and is given by

Pr(§) = (fo)%lﬁ (5.30)
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Figure 3: The range of values of allowed v values as a function of £ are shown by the region
between the solid (magenta and blue) lines. The dot-dashed (green) line indicates where the
transition to the ungroomed regime takes place. The maximum value of ¢ corresponds to Ry, =
05(£), or ¥ = R in the ungroomed regime.

For £ > o, i.e. in the ungroomed region, I, is bounded above by the jet radius I, which limits

Y <1
We now summarize the canonical scales in terms of £ and v variables:

1. Canonical scales for plain jet mass:

R
P = Qtan T, e = pke, g = Ve, (5.31)

2. Canonical scales for large R, region (with pn and gy same as above):
can. can. can. can. ﬁ M can. * 1+:8
Hgs = UN o, Hes = UN gO §2+8 = Hgs [1/} (5)] > §<&- (532)
3. Canonical scales for intermediate R, region (with px, py and p4s same as above):

can. __ can.g can.

Hes,, = HN E y :ucsg = :U’gsqzz)l—i-ﬁ . (533)

4. Canonical scales for the small R, region (with pn and 145 same as above):
B = S (5.34)

We will find the expression of p.s in terms of * in Eq. (5.32) useful to construct the p.s profile
below.

Lastly, we note that in the small angle limit, we have ¢ tan(R/2) = tan(Ry/2) ~ R4/2. Since
using the variable 1 allows us to smoothly connect all the profiles from small to large values of
R,, we also additionally replace all the appearances of R,/2 in the factorization formulae above
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by 1 tan(R/2). The difference between the two is a power correction, and when R, is O(1)
it automatically results in the correct expressions. This includes all the fixed-order results for
factorization functions in App. B, the appearances of R,’s in the logarithms (which are simply
the canonical scales displayed above), the pre-factors in soft drop boundary cross section (see
Eq. (4.49)), in the ratios v = (Rg/ﬁ;f)z‘w that shows up in the resummation kernels in the large
R, region (see Eqgs. (4.25) and (4.48)), in the weight functions in Eq. (5.12), and as well as any
non-logarithmic dependences on Ry (such as in the collinear function in the small R, region in

Eq. (4.5)).

5.3.2 Profile functions for double differential cross section

We now turn to implementing the profile functions based on these canonical scale choices and
relations. Our goal is twofold: accounting for freezing of any perturbative scale that approaches
Aqcp and providing a way to estimate perturbative uncertainty though scale variation. We
consider profile variations in the next section. We base the freezing behavior of all the scales on
the the p.s, profile, defined as follows:

Hesg (w) = Hgs frun (Qb(Rg)H_,B) s (535)
where frun(1)) is defined by
P>
fran(®) = {yo(l “5) PR (5.36)
(G 2yo <p <1

In the resummation region fics, () ~ f1gs1 1P, consistent with Eq. (5.17). The transition of the
Hes, scale into the NP region is determined by

ng Aqcep
= > ,
v (Ngs/l GeV) Qcut

where ng is an O(1) number that controls the value for the perturbative scale we freeze to which

(5.37)

is > Aqcp. Recall that it is mandatory for the scales to be frozen in this manner, since the entire
formalism is based on perturbative expansions of things like the anomaous dimensions. In the
numerical analysis presented in Sec. 6 we use ng = 0.75 which from Eq. (5.36) corresponds to
onset of the freezing of the coupling at y = 1.5 GeV.

Note that jics, has the lowest virtuality, so it is always the first scale to enter the NP region
when the jet mass grows smaller. To freeze in turn the scales with larger virtuality as we ven-
ture into the NP region while maintaining the canonical scaling relations, we now simply insert
Eq. (5.35) in the canonical relations derived above. First, as seen from Eq. (5.32), the collinear-soft
scale can be derived using fics, (1) by setting Ry = Gg(mg, Qcut, 8). Thus we have

thes(&) = pgs frun<[w*(€)]l+5) = Hgs fmn((;)%> , £<&. (5.38)

We note that, compared to the plain jet-mass soft scale in Eq. (5.13), the collinear-soft scale should
become nonperturbative at yet smaller jet masses in the SDNP region defined by Eq. (2.7). This
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Figure 4: Profile scales p; as a function of the groomed radius at fixed jet mass (top left) and

as a function of the mass at fixed radius (top right), for § = 1. For more clarity the former plot

uses a logarithmic scale, while we omit the hard scale py in the latter. At small groomed radii

(large jet masses) fics,, and py merge into pc, while at large radii (small masses) fics,, and pcs,
become a single soft-collinear scale u.s, consistent with the mode picture.

is correctly captured in Eq. (5.38) because from Eq. (5.36) we see that the pcs(§) profile freezes
for £ < &spnp where

208 (m7F)s Aqep (Aqep )\ 155
Esprp = &o(2y0) TP > ( J)zDNP =9 ( Q )Hﬁ, (5.39)
125N uN Hgs
which is consistent with Eq. (2.7).
Having defined the pics(§) and pics, (1) profiles we can now use Eq. (5.18) to implement the

Lies,, profile as follows:

1

1+
pes (€) ] L f<k, (5.40)

sy (1)
while using Eqs. (5.14) and (5.16) we implement the profile for the jet scale as follows:

Hesm, (53 ’QZ}) = ch(g) [

€)= [m e (©) (’“‘M(’S))] L < (5.41)

Finally, using Eq. (5.20) the p.(¢) profile is given by

1

1+38
) = i <“M(¢)> | (5.42)

We have so far defined the profile functions only in the groomed region for £ < &. A complete
analysis of the distribution in the ungroomed region is beyond the scope of this work. We will,
however, extend our results into the ungroomed region making use of the following extensions of
the collinear-soft profile scales:

Large R, : fes = Hgs = ps(§) = pn§, (€ > &), (5.43)

Intermediate/Small Ry : Pesy = Mgs s  Hesy, = Hs(§) = unE (€>¢&). (5.44)
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Figure 5: Hybrid profile scales ppyp,; for 8 = 0 and 8 = 2, shown as a function of the groomed
radius R, at a fixed jet mass. The bottom panels show the transition functions that give weight to
the various regimes. In the left panel we have a situation involving the 2-EFT situation, whereas
in the right panel we have a 3-EFT case.

The large R, transition occurs when we cross the dot-dashed green line in Fig. 3 for values of v
that place us near the upper solid magenta line, whereas the intermediate/small R, transitions
occur when we cross the dot-dashed green line when we are far from all solid lines, or close
to the lower blue line, respectively. Note that in the large R, regime the resummation related
to jet-grooming must be immediately turned off as & > &. This is the same as the groomed
to ungroomed profile transition for the single differential jet mass case, which was discussed in
Ref. [49]. In case of intermediate R, regime, however, this happens more smoothly owing to its
more factorized nature. Finally, the jet and the collinear scales remain the same in the ungroomed
region.

In Fig. 4 we show the profile scales resulting from the above formulas picking 8 = 1. In the
left panel we show them as a function of the groomed jet radius for a fixed jet mass. The scales
satisfy the joining condition for the end points of the R, spectrum: fics, fics,, and pcs,, merge at
the end point R, = 9;(m3, Qcut, B), whereas py and pes,, merge into p. at the lower end point
Ry = 0.(m?%). In the right panel of Fig. 4 we fix the R, to a representative value of R, = 0.3 and
plot the scales as a function of the jet mass. Our choice of Ry = 0.3 < R implies that the entire
allowed mass range lies within the groomed region. Once again we see the expected behavior
when the scales join. The profile functions for other values of 8 look qualitatively similar.

As we discussed above in Sec. 5.1, the implementation of the matched cumulative R, cross
section involves constructing hybrid profiles iy, that select the appropriate set of scales from each
regime following Eq. (5.3). These involve the weight functions w;(m?, R,) that we constructed in
Sec. 5.2. In Fig. 5 we show the hybrid profiles for § = 0 and 8 = 2 for a given jet mass value in
the upper left and right panels respectively. In both these plots we show the scales only in the
region where they are valid (except for the global-soft scale that is common to all). The u. scale
splits off into p; and pecs,, as we transition out of the small R, regime, and the pcs,, and ps,
scales merge into the single collinear soft scale p.s as we enter the large R, regime. In the bottom
panels we show the weight functions that correspond to that specific choice of jet mass and and
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soft drop parameters. In the case of 3 = 0 we transition directly between the small and large R,
regimes, thus providing an example of the 2-EFT scheme. In this case the scale ps,, only serves
to provide an interpolation into the large R, region. On the other hand, we see that for 3 = 2
there is a significant region where wi,; > 0 and the intermediate R, resummation is active.

5.4 Perturbative uncertainty

We now briefly discuss our prescription to assess the perturbative uncertainty of the EFT results
by means of scale variations and varying the unknown O(ag) non-logarithmic terms necessary for
NLL/ resummation in the large and small R, regimes through the parameters a$, af{j, and aggig
that appear in Egs. (4.5), (4.15) and (4.41) respectively. Note that we will not consider variations
in the ungroomed region, leaving a more detailed analysis of this transition to future work, and
hence we often cutoff our plots with uncertainty bands prior to hitting this transition.

5.4.1 Scale variations

In this analysis we will consider the following three types of scale variations:

1. Vary the hard and global-soft scales by a multiplicative factor, and let this variation prop-
agate to other scales through the canonical relations:

H}/\?ry (gs) = €gsiN ngry (egs) = egsugin' . (5.45)
Here we will vary ey, from the default value of egs = 1 to egs = 1/2 and 2. Note that we
vary the pyn and pgs scales simultaneously. This is to ensure that the variation does not
affect the groomed to ungroomed transition point &y defined in Eq. (5.28). This variation
will affect all the scales in Egs. (5.35), (5.38), (5.41), (5.40) and (5.42).

2. A variation of the jet mass and R, dependent scales from their canonical values in Egs. (5.13),
(5.15), (5.17), and (5.19) while maintaining the various see-saw relations in Egs. (5.14),
(5.16), (5.18), and (5.20). This is done such that the variations are frozen to the default
value at the end point. More specifically, we first define the variation of the ps, scale as

B (9,0) = gs Frary (179)] " frun (4179) (5.46)

and use it to derive variations of other scales. Here we make use of the following trumpet
function fyary(?) to turn off the variation at the end point ¢ = 1:

2(1 —2?), P < 0.5

1+2(1—1)?, 05<yp <1’ (5.47)

fvary(w) = {

The choice o = 0 returns the default profile choice, and varying o = £1 allows for variation
in the resummation region up to a factor of 2. In accordance with Eq. (5.38), the variation
of ps scale is given by

148

B (€, ) = g [fy<(§0)ﬂ>] a f<(§0>g> L t<q

Having defined a-variations of jics, and jics, the corresponding variations of ju, pes,, and
vary

pe scales are derived using Eqs. (5.41), (5.40) and (5.42) by replacing fics,.cs — Hesgies-
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3. A variation that relaxes the canonical see-saw relations that we used to derive the ps,,, .1,
and p. scales. The two sets of canonical relations, Egs. (5.16) and (5.18), and Egs. (5.14)
and (5.21), are a consequence of soft drop and cumulative-R, constraints respectively. The
two sets are equivalent when R, — R, where both constraints are lifted. For convenience,
we define an auxiliary plain-jet mass soft scale ps(&, ) using Eq. (5.16):

ez
ﬁs (5) = s (5) [/%'L;S)] ’ f < 50 . (5'48)

We now parameterize the deviations in the p.s,, scale upon modifying the soft-drop see-saw
relations in Egs. (5.16) and (5.18) with a small exponent p:

~ 248 _ 148 _ 148 1—
Feen)] =[O ) = )] ] T (5.9)
Solving for p.s,, yields the variation
1 —(1-p)
1+ 1+p+8
Y (6,10, ) = oo €) !““(5)] [“CW)] . (5.50)
Hgs Hygs

Next, we apply the same strategy to the p; and pcs,, scales by entering deviations in
Egs. (5.14) and (5.21) through a small exponent ~:

() = o] o] (5.51)

-

- [Hzary(qp, 7)} s |:,Ufcsm (&, 1#)} 1

Note that we have set p = 0 in Eq. (5.50) as these two variations are independent. Solving
for the scales py and p. yields the variations

1757
M}ary(éa’)/) = [,UJN} LA [Mcs(ﬁ) (/J;s(f)) ] ) (5.52)
gs
e
M\czary(d}’ ’7) = un [,U/CSg (¢)] ‘
Hgs

5.4.2 Parameterizing variation of the O(a?) non-logarithmic terms

We now consider the variations of the two-loop parameters ago, ag(‘)', and agg . introduced in

Egs. (4.5), (4.15) and (4.41) respectively in order to assess uncertainty of our lack of knowledge of
these terms. We first note that in combining the cross section through the recipe in Eq. (5.2) we
are relying on the fact that the intermediate R, cross section reproduces the EFT result on either
end of the R, spectrum up to power corrections. This is guaranteed to hold from Egs. (3.25)
and (3.22) when all the functions are expanded to a given order. Given our complete knowledge
of O(as) pieces, we can use the construction in Eq. (5.2) to NLL accuracy. However, when we
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include O(a?) pieces in the small and large R, regimes to account for NLL' resummation, the
missing non-logarithmic pieces parameterized by ago spoil this delicate cancellation when they
extrapolated into the intermediate regime. We solve this issue by explicitly multiplying the O(a?)
fixed-order pieces in the large and small R, regimes by the weight factors wi(m?], R,) so that they

are set to zero when extrapolated into other regimes:

ASgman = A5 (a$0) + weman(m2, Ry) d8? (@S),  (my > 0), (5.53)

small small

dzlarge = dE[O] + dz[l] (afé) + Wiarge (m%, RQ) dzl[z]rge(agé) ’

large large

where the terms dX% are O(a?). The axl”

Jarge UETI in the large R, regime is simply the single

differential jet mass cross section, and does not contribute to the differential R, measurement.
By demanding mj > 0, the O(a?) §-function piece in the small R, regime does not contribute.
The O(a,) terms depend on the LO expressions in Egs. (4.6) and (4.27) in the large and small R,
regimes respectively. The O(a?) terms are the additional pieces required to achieve NLL/ accuracy
which include the cross terms shown in Tab. 1, as well as the parameters a$, and agf) that are
included for uncertainty estimation. Thus, we achieve the reasonable outcome that the variations
induced by these parameters will be limited to the region where the corresponding weight function
w;(m?, Ry) is non-zero.

Having constructed the matched cumulative R, cross section, we will use it directly to evaluate
C’f(m%) The uncertainties resulting from scale variations and 2-loop parameter variations will
then be directly translated to uncertainties in predictions for Cf(m%). For computing C5(m?)
we will, however, only make use of the large R, boundary cross section at the differential level.
Since we have no contribution from the small and intermediate R, regime, we adopt the following
prescription following Eq. (5.53):

dol?(e)
Og~0} dmdf,

d do(e) ) d [ doel(e)
dm%dﬁg

de dm?2do, Wiarge(7, 09) 72

. (5.54)
Og~03

From this equation we see explicitly that the cutoff on the large R, cross section appearing in the

large

determination of Cf is directly determined by Wiarge-

6 Numerical results and comparison with Monte Carlo simulations

Having set up the formalism, provided the method to match across different regimes and described
our prescription for quantifying the perturbative uncertainty, we are now in position to present
the numerical results for the matched cumulative-R, cross section and the moments C§(m?) and
Cd(m?%). We build our ¢+ + code based on the core of the SCETLIB package [69], extending it for
soft drop observables, and cross checked the numerical results using MATHEMATICA. We will first
present the results for the matched double differential cross section in Sec. 6.1, and then use it to
calculate C¥(m?) in Sec. 6.2 and C§(m?) in Sec. 6.3 in the manner described in earlier sections.
For definiteness, we fix z.yt = 0.1, £y = 500 GeV and R = 1 throughout the whole analysis, but
we sample different values of the soft drop angular weight 5. Along with the numerical results for

the moments we will also present a comparison with parton shower Monte Carlo predictions.
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Figure 6: The matching prescription smoothly interpolating between the three EFT regimes is
shown for the distribution cumulative in R,, at NLL’ accuracy, for different values of g and a
fixed value of m;. The large R, (red dashed) and small R, (green dashed) predictions include
fixed-order corrections that are relevant in the respective plotted range; the profile-improved
intermediate prediction (blue, dot-dashed) does not yet include these corrections while resumming
large logarithms in the central region. We obtain the matched result (solid black) by weighting
the three curves with the exponents w;(R,) shown in the bottom panels, and subtracting the
overlap (grey) as described in the text.

6.1 Results for the matched cross section

Following the strategy outlined in Sec. 5.1, we now utilize the profile and transition functions
described in Sec. 5.2 and Sec. 5.3 to smoothly match the cross section across all our EFT regimes.
Here we consider explicitly the cross section cumulative in R, which determines CY as well as
the normalization factor C{ it depends on, whereas C§ will be calculated at the differential level
using the prescription in Eq. (5.54). Since our focus is on making predictions for Cizz, where NGL
effects turn out to be small, we will not include the effects of the NGL functions Zf,, E%, and Zf,
in our results for the double differential cross sections (despite the fact that the resummation of

NGL effects may be important). We leave inclusion of NGL effects in the double differential cross
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section to future work.

In Fig. 6 we show the various components that enter the calculation of the matched cross
section for B = 0,1, and 2 plotted as a function of R, for a representative jet mass value of
logyo(m%/E%) = —1.7. In order to explain the legend and the meaning of each curve, consider the
first panel with 8 = 0. The solid black line is the matched cross section that is evaluated after
combining the cross sections in the three regimes according to Eq. (5.2). The results for cross
section in the large Ry EFT, dXarge| oy, and in the small Ry EFT, d¥gmanl ., evaluated with
their corresponding profiles are shown by the red dashed and green dashed curves respectively. The
overlap of the intermediate Ry with either of these regimes are shown in gray-solid for dXint|y,,,.
(labeled as “Large Ry w/o O((Rg/0;)2+ﬁ)”), and gray-dotted for d¥int|,,,.., (1abeled as “Small R,
w/o O(GC/RQ)”). We see that the d¥int|,,,, term matches with the d¥arge term as Ry — 0,
such that the power correction O((Ry/ 9;)2+5 ) becomes small. Likewise, the d¥intp,,,., cross

’Nlarge

section merges with the small Ry result as Ry — 07, up to the 0(92 / RE) power correction. Finally,
the blue-dot-dashed curve that spans the entire range of R, values is the interpolation Yi| .
that make use of the hybrid profiles described in Eq. (5.3). The hybrid profiles are constructed
to reproduce the large-R, and small-R, profiles in their respective regions. The weight functions
w;(m?%, Ry) given in Eq. (5.12) demarcate the boundary of each region and govern the behavior of
the hybrid profiles. Thus, we see that i/, , matches exactly with the d¥in|y,,,. (gray-solid)
in the large Ry regime and d¥in|, ., (gray-dotted) in the small-R, regime.

As mentioned in Sec. 5.2, for the cases f = 0,1 the intermediate R, resummation is not
present (for the jet mass value shown in Fig. 6) as there is simply no room for this EFT to be
valid according to Eq. (5.9), whereas for 5 = 2 there is a significant region where the intermediate
R, EFT is valid. For each of the three 3 values that we show, we see that our choice of the weight
functions corresponds with the size of the power corrections as determined by difference of the
large and small R, cross sections with the corresponding intermediate R, overlaps.

Next we show in Fig. 7 our estimate of perturbative uncertainty on the NLL' cumulant cross
section, again for § = 0, 1, and 2. The uncertainty bands in the top left plot are obtained by
varying the profile scales as described in Sec. 5.4 (magenta) and by varying the quantities ago and
agg that parametrize our ignorance of the two-loop constants terms in respectively the small R,
and large Ry EFTs (green). Specifically, we vary both a256 and ago in the range [—2m, 27|, and take
the envelope of the two independent variations. We notice that scale variation is the dominant
source of uncertainty at large Ry, while at small R, the perturbative uncertainty is mainly set
by the ago term. As discussed below Eq. (4.6), the lower endpoint of the distribution receives
perturbative corrections starting at NLO. It is clear from Eq. (4.5) that this effect is captured by
variations of agm resulting in a non-vanishing error band below the endpoint of the central value.
This effect has no equivalent in the scale variations, where by construction we set ago = 0 and use
the same LO endpoint as for the central value.

The top right plot in Fig. 7 shows for = 0 the breakdown of the scale uncertainty into the
three independent variations listed in Sec. 5.4: overall scale uncertainty obtained by simultaneously
varying the hard and soft scales by a factor 2 (red band); variations of collinear-soft scales by a
trumpet factor, setting o = +1 in Eqgs. (5.46) and (5.48) (yellow band); and uncertainty due to
relaxing the canonical relations between scales, achieved by varying p,y € [—0.1,0.1] in Egs. (5.49)
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Figure 7: Theoretical error on the cross section cumulant in R, for log;o(m?%/E%) = —1.7 and

different values of 8. The central curve (black dashed) is obtained with the matching prescription
described in the text, while the colored bands probe respectively scale variation (magenta), and
variation of the fixed order two-loop constants agg and a$y, collectively denoted as ab, variation
(green). In the top right plot, the envelope of scale variations for § = 0 is broken down into
various components: overall variation by a common factor (red), variation by a trumpet factor
preserving canonical relations (yellow), breaking of canonical relations (green).

and (5.51) (green band). We see that the three sources of uncertainty have similar size, with the
trumpet factor playing the most relevant role. A similar qualitative behavior occurs for § =1, 2,
so for simplicity we do not plot the breakdown for these cases, and only show the envelope of
scale variations and the fixed-order uncertainty due to the parameters {a,} in the lower panels
of Fig. 7.

Before moving on to the numerical results for C7 and C, we anticipate that the theoretical
uncertainty for these two observables will look rather different than the one just shown for the
double differential cumulative cross section. In particular, the part of uncertainty that only
depends on the jet mass but not on R, will cancel in the ratio of the angular moments in Eq. (1.5)
and the cumulant distribution, since effectively this means they are normalized point by point in
the m?] spectrum. We anticipate that this will lead to smaller uncertainties for both the C{ and
C§ coefficients.
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Figure 8: Comparison between the LL (blue dashed) and NLL’ (red) effective theory predictions
for the perturbative coefficient C1, the LL predictions from coherent branching formalism (black
dot-dashed) and Monte Carlo simulations (colored markers), for different values of 5. The vertical
dotted magenta line signals the transition from the SDNP region at small m; to the perturbative
SDOE region at larger m ;.

6.2 Results for Cf

We now show predictions for CY, based on the NLL/ expressions for M; obtained by evaluating
Eq. (1.4) on the resummed cross section described in Sec. 4 and shown in Sec. 6.1. We then
compare these EFT results against Monte Carlo simulations and numerical results from coherent
branching. We explicitly present predictions for quark jets, expecting gluon jets to follow the
same qualitative behavior. We set again F; = 500 GeV, R = 1, and z¢,t = 0.1, and explore the
three cases 8 = 0,1, 2 across the mass range —3.5 < logo(m?/E%) < —0.5. At low jet masses, the
double differential distribution on which we base our predictions itself becomes nonperturbative.
However, these NP effect should not be included in C7, which is by definition a purely perturbative
coefficient. What portion of the jet mass range is significantly affected by NP corrections crucially
depends on the value of 3. Our method of calculating C{ automatically deals with this as discussed
in Sec. 5.3.

In Fig. 8 we present central values for our EFT results for C{ at both LL and NLL’ orders.
These results are compared to results from coherent branching and from Monte Carlo simulations.
For the latter, we consider predictions from PyTHIA 8.2 [70], VINCIA 2.2 [71] and HERWIG 7.1 [72],
where the jet reconstruction and soft drop are performed using FASTJET 3.3 [73]. We signal the
region where NP effects are relevant by showing the transition from SDNP to SDOE region, as
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Figure 9: Error estimate for the NLL’ and LL effective theory predictions for the perturbative
coefficient Cj. We do not estimate LL uncertainty in the ungroomed region, where the EFT
description loses validity. NLL’ error bands are tiny and examined in more detail in Fig. 10.

defined in Eq. (1.1). Note that PyTHIA, HERWIG and VINCIA return very similar results for
C{ [24]. At intermediate and large masses the NLL’ predictions differ significantly from the ones
from coherent branching, in better agreement with the Monte Carlo, while the LL EFT prediction
lies in-between these two results. In the SDNP region the NLL’ and LL coherent branching curves
agree very well with each other, while the LLL EFT result shows some deviation. The fact that our
LL EFT predictions differ from the LL coherent branching derived in [24] is not too surprising:
the EFT description is more refined in that it involves matching the three regimes via profile scales
and including additional sources of resummation, but (as we discussed in Sec. 4.5) the LL-EFT
result lacks some of the corrections that are present in the splitting kernel pgqy(z). These power
corrections have a small effect for C4, thus the difference is driven by the additional resummation
included in the LL EFT results.

In Fig. 9 we reconsider the EFT predictions, now including also our estimate of their pertur-
bative uncertainties (repeating the Monte Carlo simulation results for reference). While the LL
uncertainty band (blue) is obtained from scale variation, the NLL’ uncertainty band (orange) is
obtained from the envelope of scale variation and variation of the two-loop fixed-order constants
{aéo}. Since our estimates for the perturbative uncertainty does not cover the ungroomed region,
we exclude values m; > mg® in the plotted range. We observe good convergence between the two
orders, with only the 8 = 2 results being slightly outside the LL uncertainty band. The most
striking feature is the very small size of the NLL’ uncertainty band, whose width becomes notice-
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Figure 10: Theoretical uncertainly on the NLL’ predictions for C, estimated through scale
variation (magenta) and by varying the two-loop fixed-order constant (green). When the jet mass
is perturbative, both methods return very small error bands, thus we normalize variations to the
central value for clarity. The impact of including the leading NGLs (black dashed) is even smaller.
The top right panel shows the breakdown of the envelope of scale variation for g = 0, as in Fig. 7.

able only for 8 = 2 (low panel). Given that for the NLL' cumulant cross section the variations
are rather large (see Fig. 7), the tiny uncertainty bands for C{ are due to cancellations between
numerator and denominator of Eq. (3.27). Indeed, we know that the leading double logarithms
cancel in the ratio to all orders in perturbation theory.

To further study the small NLL’ theoretical uncertainty, in Fig. 10 we show the relative
difference of the variations to the central curve. As we did for the cumulant in Fig. 7, we separate
scale variation (magenta) and the variation of the two-loop constants (green). Again, we do
not show the perturbative uncertainty beyond the groomed region. We first notice that in the
SDOE region the uncertainty, of a few percent, is dominated by the unknown two-loop term.
Scale variation gradually takes over in the SDNP region, which becomes larger as  increases (for
B = 2, scale variation grows up to ~ +15% at the lowest jet mass we consider, but for clarity we
limit the range shown on the vertical axis to £10%). For 8 = 1, 2 the enlarged uncertainty at high
jet mass comes from varying the two-loop constant ago in the small R, region, whereas variations
of the large R, term a% are roughly constant across the mass range, and effectively negligible.
The situation is different for 8 = 0, where varying agoc gives the dominant contribution. That the
variations from the small R, region are less relevant for this 3 was already clear from Fig. 10. In
the top right plot of Fig. 7 we further break down the scale variations for the 5 = 0 case into the
three different sources, where the same descriptions made for Fig. 7 apply.

In Fig. 10 we also show the shift to the central curve obtained when including the leading
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Figure 11: Comparison between the NLL'/ LL effective theory predictions for the perturbative
coefficient Cy (red/blue dashed), the analogous predictions from coherent branching formalism
(black dotdashed) and Monte Carlo simulations (colored markers). The last panel shows the
impact of the additional anomalous dimension 7g(e, zcyt) present in the boundary distribution in
the case 8 = 0, where we zoom on the range of validity of our EFT.

O(a?) NGLs and abelian clustering logarithms (black dashed). We observe that the leading NGLs
always lie within the small error bands, and in particular are well within our NLL’ uncertainty
bands in the perturbative SDOE region. This justifies our choice of not resumming these classes
of logarithms, treating them as the same order as other (missing) two-loop contributions. For
this reason we have neglected them from our central predictions for C{. Finally, we tested the
dependence of our results on the choice of weight functions discussed in Sec. 5.2. Specifically, we
modified the inequality in Eq. (5.9) to > % and > i (thus varying the range where the intermediate
R, EFT is included) and changed the transition rate r; between EFTs in Eq. (5.11) by a factor
2. We find that in both cases the variations lie within our uncertainty bands.

6.3 Results for C]

Based on the definition in Eq. (1.5), we obtain numerical results for C4(m?%) by using only the
large Ry EFT, setting up the calculation at the differential level, and weighting the large R, cross
section according to Eq. (5.54). We consider the same kinematical values as for C{, and plot
the comparison between our LL and NLL' EFT results, the LL coherent branching prediction,
and MC data in Fig. 11. For this observable the spread between different MC results is much
larger, with HERWIG predictions being systematically lower than PYTHIA and VINCIA. We see
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Figure 12: Error estimate for the NLL' (orange band) and LL (blue band) effective theory
predictions for the perturbative coefficient C4, at different values of 3. The right top panel shows
the breakdown of the LL envelope into the various sources of variation, showing that the large
error is induced by the trumpet variation (yellow) rather than by breaking the canonical relations
(green). The same panel shows that at NLL varying the two-loop constant (blue) dominates over
the scale uncertainty (red).

that our calculations are in good agreement with the MC in the region of validity of the EFT,
with a preference for the HERWIG results for larger 5. Unlike the treatment in [24], here we do
not make the small jet radius approximation in the coherent branching LL predictions, i.e. we
distinguish tan(Ry/2) # R,/2. This ensures that the coherent branching and EFT calculations
both have their transitions to the ungroomed region at the same value of the jet mass. Although
the impact of these corrections for C{ were minimal, here they induce considerable corrections
to C4 at large mass, shifting the peak of the distribution towards larger values and improving
the agreement with MC data. This happens because the boundary cross section, on which the
calculation of C is based, is highly peaked at larger R,, where the Ry;/2 < 1 approximation is
less justified. We stress, however, that a more accurate description of this region would involve a
an extension of our EFT to account for power corrections O(m?%/(QQcut)) that become relevant
at the groomed-ungroomed transition point, m(()ee) defined in Eq. (2.5), which we do not attempt
here. We further notice in Fig. 11 that the LL coherent branching result is systematically larger
than the LL EFT result. Compared to NLL/, the LL coherent branching result is similar for 8 = 0
but systematically larger for § =1, 2.

As noted in Sec. 4.5, our LL EFT predictions include extra resummation in Laplace space,
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which is absent in the LL coherent branching results, while the latter include some additional
power corrections through the splitting function py,. We find that at the large jet masses
(logyo(m%/E?) > —1.5) the disagreement is almost entirely due to the power corrections, while
at smaller jet masses the additional evolution in the EFT becomes more important. Finally, in
the bottom right plot we show the effect of including the extra anomalous dimension (e, zeut)
from Eq. (4.37), which is present only in the case 8 = 0. The NLL' result is shown before (dashed
magenta) and after (red) including the fixed-order logarithms and additional running induced by
70 For more clarity, we zoom on the range [—3.5, —1.5] in the logarithmic jet mass variable, leav-
ing out the ungroomed region. We observe that this contribution is important across the whole
plotted range, and brings the calculations much closer to the MC predictions.

We also show the LL and NLL EFT results with theoretical uncertainties in figure Fig. 12,
again restricting to the region m; < m§® where grooming is active. The NLL' errors are estimated
again by combining scale variation with variations of the two-loop non-logarithmic term via agg’g
introduced in Eq. (4.41). We see that the error bands shrink from LL to NLL/, but unlike C7,
their size is still significant at NLL’. For this reason we do not show relative variations here. For
B = 0 the NLL' curves have excellent agreement with the MC data, while 3 = 1 and 3 = 2 show
some tension, especially at large jet masses, which can likely be attributed to power corrections
that we have not added to the EFT results, as inferred from the comparison with the LL coherent
branching results for 3 = 1,2 in Fig. 11. Note that since the C§ calculation is carried out with
the large R, cross section, that the NGL and clustering effects present for the corresponding
double differential cross section only modify the normalization, and hence cancel out in the ratio
of moments that determine C4.

While the NLL/ uncertainty in Fig. 12 has roughly the same size for all 8, the LL band becomes
larger as 8 decreases. To investigate this further, we show the breakdown of variations for 8 = 0 in
the top right panel of Fig. 12. The LL uncertainty, entirely determined by scale variation, is once
more decomposed into the variation of the collinear-soft scale by a trumpet factor (yellow) and the
breaking of the canonical relations (green). We find that the overall variation of the hard and soft
scales is irrelevant for Cf, and hence have not displayed it here. In the same plot, the NLL band
is decomposed into scale variation (red) and variation of the two-loop constant a%’a (blue), where
we vary agg’a € [—m,m]. We see that the variation of the two-loop constant dominates over scale
variation across the whole range in the jet mass. This is because the denominator in Eq. (1.5)
does not involve agg’s (which parametrizes uncertainty in the boundary cross section), and hence
unlike other variations does not have a cancellation in the ratio of moments used to compute C3.
We also checked that variations of the weight functions through the parameters in Egs. (5.9) and
(5.11) have a small impact compared to the theoretical error. (Note that even though C4 uses
only the large R, regime, it still involves the weight function as in Eq. (5.54).)

7 Conclusion

In this paper we have set up an effective field theory description of processes involving jets which
are groomed using soft drop, where the jet mass and groomed jet radius are simultaneously
measured. Focusing on dijet production in eTe™ collisions, we presented factorization formulae
formulated using SCET in order to resum large logarithms in the cross section which is differential
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in these two variables. We also combined the three EFT regimes that span the phase space of the
double differential measurement to obtain a coherent description of the double differential cross
section across the whole range of kinematics where grooming is active.

As a first application of this formalism, we computed two angular moments of the double
differential cross section: the average value of the groomed jet radius, M7 (m?]), and the average
value of the inverse groomed jet radius for emissions at the soft drop boundary, M9 (m?%). Apart
from being interesting observables in their own right, they are closely related to the Wilson
coefficients C(m?) and C4(m?%) which describe the leading nonperturbative corrections to the
soft drop jet mass cross section [24]. By making the correspondence Cf ~ M{ and C§ ~ M“S,
we use our NLL' calculation of the moments to determine these Wilson coefficients with higher
precision than previously available. This leads in turn to a more accurate description of the
leading nonperturbative corrections to the groomed jet mass.

We determined the regions of validity of three different EFT regimes based on their value
of the groomed jet radius Ry, combined them using profile scales, and estimated the theoretical
uncertainties on the double differential cross section and its angular moments via scale variation.
The NLL/ improved computation involved, in certain regimes, fixed order ingredients at O(a?)
accuracy. We parameterized unknown 2-loop terms that are not predicted by the renormalization
group equations, and included them in our estimate of perturbative uncertainty. We also compared
our predictions with parton shower Monte Carlo simulations and found that the two agree within
uncertainty in the region of validity of the formalism. Although we did not resum the nonglobal
logarithms in our factorization formulae, we showed that they cancel in C3. We computed the
leading effects on Cf finding them to be not larger than other missing O(a?) effects included in
our uncertainty estimate.

While we have focused on the application of simultaneous measurement of the groomed jet
radius and the jet mass, we expect the EFTs explored in this work to have a much wider applica-
bility, and our work to pave the way to analogous computations for other groomed jet observables.
Single differential jet based observables, such as the jet mass and jet angularities, have exciting
prospects for measurements of standard model parameters such as the strong coupling constant
as and the top mass m;, with grooming playing a key role in reducing contamination in jets. Hav-
ing a double differential cross section prediction at hand offers complementary ways of extracting
these parameters.

The double differential cross section includes a resummation of large logarithms of the groomed
jet radius, and this resummation remains relevant even when m is taken to be in the ungroomed
region. The study of power corrections for the multi-differential cross section in this region are also
rather interesting. In the future work, we envision extending our double differential predictions
to the ungroomed region, to achieve a more complete description of the double differential cross
section.

One of the greatest advantages of jet grooming is the decrease to the impact of nonpertur-
bative corrections compared to those in ungroomed jets. Grooming also significantly reduces
contamination from multi-parton interactions, and is thus an invaluable tool for carrying out phe-
nomenology with jets, and for analyzing heavy ion collisions. In hadronic collisions, measuring
observables on groomed jets also allows for much cleaner access to the initial state hadron struc-
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ture, which is one of the principal goals of nuclear physics. By bringing under control the small
nonperturbative effects from final state radiation, we are one step closer to the accurate extraction
of hadron structure functions such as the transvere momentum dependent parton distributions.
Additional natural areas for future explorations of multi-differential groomed jets include for
transverse momentum observables and for the phenomenology of jets in heavy ion collisions.
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A Formulae

A.1 Laplace transforms and RG Evolution

Here we present the details of the resummation of large logarithms via RG evolution. Our notation
follows that of Ref. [74]. We consider a generic MS renormalized SCET matrix element F(q, ),
with jr the mass dimensions of q. When F(q, ) enters factorization theorems in a Laplace
convolution over the momentum space variable g, its renormalization group equation (RGE) reads

udclif(q, w) = /dq/ vr(a—dq', 1) Flg, 1), (A1)

where v is the anomalous dimension in momentum space. In SCET such functions are ubiquitous
and result from the fact that UV renormalization of soft and collinear matrix elements accounts
for double poles in the dimensional regulator, that are in turn reminiscent of the double IR poles
of the corresponding QCD matrix elements. The presence of double poles in counterterms, and
the convolution nature of the factorization theorem, lead to nontrivial running such as the one
shown in Eq. (A.1). To solve of Eq. (A.1), we consider the Laplace transform of F given by

Fla,p) = /OOO dge " F(q,p), (A.2)

such that x has mass dimensions —jr. The formula for inverse Laplace transform reads
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where the real number ¢ determines a vertical contour in the complex plane that leaves any pole
of F to its left. In position space, the RGE is simply multiplicative:

prgp P o) = ) Fe ) = [Crlo] (57 rlo]| o), (A)

where the anomalous dimension® 57 (z, 1) consists of a cusp piece I'#[a], responsible for resum-
ming double logarithms, and a non-cusp part yz[as]. The cusp part, I'z[as], is proportional to the
cusp-anomalous dimension such that I' r[as] = kzCI'"Plag], where C, = Cp or C4. Eq. (A.4)
has a formal solution

c+ioco dr . .
Flg, 1) = /dq’ Ur(qg—d', 1, o) F(d', o) =/ 5 @ UFR(w o) Fapo),  (AD)
in terms of the evolution operator
O (i, 10) = €57 080) (75 587 yor (o) (A.6)

The evolution kernels K and wr are obtained from integrals of the anomalous dimensions,

Kr(p, o) = K, o) + K3, 110) (A7)
K% (p, po) = jr /:(::)) ﬁd[z]l“;[a] /:(MO) ﬁd[zl,]

K(pup) = [ (()) Saslal,

() = [ ((j Soatral.

involving the QCD beta function S[as], whose perturbative expansion we give in Eq. (A.13). We
also state the results for functions F'(u, ) that enter the factorized cross section as multiplicative
factors (and not through convolutions) with pup being the energy scale specific to F. Here the
RGE is directly given by

uim, ) = 71, ) P (1, o) = |Dplexs]log (ﬂ%) ()| F(i o) (A8)

with the solution for evolution from scale pg to p being

wr (koper)
BN B, ip), (A9)

F(p, pr) = Ur (i, po; i) Fpo, ) = e<r ko) (;TF
where the evolution kernels Kr and wp are again given by Eq. (A.7). The kernels in Eq. (A.7)
depend on the specific function F (or F') only through the anomalous dimensions: we can thus

rewrite them in terms of two universal kernels

K;(.ua IUO) :ij(F]:[asLlu’v/«‘O) ) K;—(/.L, IUO) = n(Vf[Oés],Ma /«‘0) ) wf(u’ /’LO) = U(Ff[as]aMaMO) y
(A.10)

9Had there been higher powers of the logarithm in Eq. (A.4) the factorization into soft and collinear matrix
elements would not have been possible. This has been shown to be true explicitly up to four loops [75].
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whose explicit NLL expressions are

F. o) = 5 [+ 200 (B ), (A1)

Fo 47 1 Fl ,81 ﬁ
K(T', p, o) = 450 [as(/m)<1nr+ o 1) + (Fo = ﬁo> (r—1—1Inr)— T@)ln T] (A.12)

where 7 = a5 (1) /as(po). Here the perturbative expansion of a generic anomalous dimension I'[oy]
and [[as) is written as

n+1

ZF< )nﬂ, B[%]——MSiﬁn(Zﬁ) (A.13)
n=0

and the terms relevant for NLL resummation read

2 T
o — 4, ISP = 40 67 7N %7 (A.14)
9 3 9
11 4 34 5
By = ?CA — gTRnf , B = 30124 — 4Tgny <CF + 3CA) . (A.15)

A.2 One-loop anomalous dimensions

We state here one-loop results for the anomalous dimensions of the various functions appearing
in Eq. (4.9) with the cusp and noncusp pieces defined as in Egs. (A.4) and (A.8). The RGEs of
these functions are given by

d
prgs 198 N"(Q, R ) = el log ( )+ wela] (A.16)

R
Qtan 5

d m> 7
10gC’“‘<J,QR, >:I‘~aslog + ver[as]
b go Qo) =Terlan) <Q”;) Yoo

d .
o log Jy (2, ) = Ty, [cs] log (e xp®) + v, [ovs]
d qk VE
o log S (y,11) = T [as]log (e"Pyp) + vsn [vs]

108 S22, ) = Tl Yo (€72 F5) + s (9) ).

Pl log (— ) + s (8)la)

Qcut tan!+5 %

: JerFSgg [as] log KW)] + s, (B)[cs] -

d . 1
M@logSG(QCutaRaﬁau) - 1+

d K
Mdilogs ( gQé&LtBa s ):
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and the inverse Laplace transforms for J, S¢ and S7 are defined as follows,

c+100 dx em?
Jﬁ(m3¢u) = / ) Tm € JJ,Q(QJ‘,,LL) ) <A17)
£+ c+i00 dy o+ .
2 (7 Ry/2’ ) :/ oo 270 C o S5, ()
g c—100

gr £+ 1+B etre dz zﬁ*Q t Sn
C ( cht ) /-’L) o c (Z, /'L) 9
c

—i00 27TZ

such that the mass dimensions of z, y, and z are respectively
—jr. = =2, —jsz =1, —jsr = —(24+8)/(1 +8). (A.18)

The cusp pieces in Eq. (A.16) are multiples of the universal cusp anomalous dimension I""*P[a]
and are given by

I [as] = —Fgg [as] =Ty, [as] =—T'¢x [as] = Fng [as] = FSg [as] = FSgg [as] = =20, TP [as] )
(A.19)

and the one-loop noncusp pieces are

N4 J ca N9 J, c9 SE.. Sk SE Se
M=% = = —6Cr, % =% =% =20, %" =% =% =% =0.

(A.20)

We can now check the RG consistency relation for the factorized cross section for doubly
differential m?, and R, measurements. Written in position space, the dijet cross section for jet
masses is given in the intermediate regime by Eq. (4.7). By differentiating with respect to the
renormalization scale, it is immediate to show that the sum of the cusp terms must vanish,

K 11 H 2
I'yxlagllo <7) + = Tgx [l lo (—) + T Jagllog (e7Ex A.21
N [ 3] g Qtan g 21 T SG[ 5] g cht t&n1+’8 % Jn[ 3] g ( 2 ) ( )

1
B\ 18 2 v, @1 gL —
+rsgg[as]1og[(%) Rg] + T, [ou]1og (77020 = 0,

and that the noncusp pieces must also add to zero from RG consistency,
Ynelas] + v, o] + s os] +vse o] + sz, [as] =0, (A.22)

as can be easily verified at one loop from Eq. (A.20). This puts nontrivial constraint on the /3
dependence of the global-soft and collinear-soft non cusp anomalous dimensions. As a consequence
of the refactorization in Eq. (3.22) in the regime of large groomed jet radius, the relation

BT 2 . Q g\ N o5 28
P, o 1°g(<czcut> )+ T lodog (70 20) = Dol log (2720 nH)
(A.23)

is also enforced by RG consistency.
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B One-loop results

In this appendix we collect the one-loop results for the ingredients appearing in the double dif-
ferential cross section. We start from the functions that enter the factorized expression for the
cross section cumulant in Ry and describe their evolution, then we move on to describing the
ingredients of the boundary cross section that enters the definition of C1.

B.1 Results for the cumulant distribution

B.1.1 Global-soft function

The global soft function accounts for the soft radiation which is groomed away, namely lies within
the original jet but fails the soft drop test. The one loop correction for eTe™ collisions requires

computing
k[1],bare asCy (NQSFYE)E / dp+dp— a
cut, 41, Y, = y B.1
SG [Q t R /8 M] F(l _ 6) (p+p,)1+€ @Sd @R ( )
where Cy = Cr and Cy = Uy, the condition for failing soft drop is
0,\ B T 4+p-
Ou = @(zcut (250 2)" - pg”) , (B.2)
with sin?(6,/2) = p*/(p* + p~), and O constrains radiation within a jet of radius R,
Or=0( tan — — 4/ — | . B.3
R ( an 5 p_> ( )

Solving the integration in Eq. (B.1) we get

2

K _ ars (1) Cie 1 2 H o1
SG[chtyRy/BaH] =1+ - |:(1+B) log <W> 24<1+6) (B.4)

B (2—25)(2Li2[8m2 (g)] + log? [COSQ SD] .

Expanding for small jet radius, R < 1, one retrieves the familiar expression

K Qs Cp 1 2
5S¢ [cht,R,Bvﬂ] ~ 1+ (Z)Hﬁ [log2 (Q('MR)HB) — 24] . (B.5)
cut\ 9o
B.1.2 Jet function

The one-loop result for the jet function is well known [62, 63] and given by

3y = o3y 4 O | Cop (mIy " L miy sy T
Je(m5, 1) = 6(m3) + - ,u2£ <M2 ) S M2£0( P ) d(m7) (C’,{ 1 cl) . (B.6)
The Laplace transform is defined as (see Eq. (A.17))
j,@(a:,,u):/ dm? e*meJJ,{(m?],u), (B.7)
0
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such that Eq. (B.6) gives

JH 2
s (#) %log2 (7Fxu?) + 0 log (" zp?) — C,{% +cfl, (B.8)

Je (x,,u) =

where the one-loop non-cusp anomalous dimension for the quark and gluon jet functions are

J J
’Yoq =6CF, 709 =209, (B,9)

the one-loop constant terms being

7 reep CA 2 10n /T
q_ 1 g _ 11 o0 T L YYAR B.10
ATy ATy 2<9 3> 9 (B-10)
Equivalently, following to the alternative notation in Eq. (4.8), we write Eq. (B.8) as
- C J.Lc 2
Je[ts, au(u)] =1+ (1) [;e?, + 7% 0y — CH% + c';} . (B.11)
T

B.1.3 Collinear-soft functions at intermediate R,

The CSg function describes emissions that live at the groomed jet boundary and pass soft drop.
At one loop, it requires computing

2008) [ dptdp~ (R _
Ii[l bare 1+B _ a,Cy, (/1/ € ) / D ap ] g P+
Sh (RgQeut » B 1) = — ra—o ) ) o5 b Oud , (B.12)

o - +\ 8/2
1 —ofP_ _ p_
Osqa = 1 — Oy @( 0 Zeut <p_) > , (B.13)

with

where the last equality uses that for collinear-soft radiation p™ < p~. This leads to the eTe™
equivalent of the one-loop result of [15],

Co 1 p m?
gEm o Gsbe L2 - B.14
Se, (ByQeurt 5 1) T 1+ 5{% (cht(Rg/2)<l+ﬁ>> 24]’ (B4

The CS,, function describes emissions at the groomed jet boundary that set the jet mass

(therefore, they automatically pass soft drop in this regime). From the bare one-loop expression

29) [ dptdp~ (R +\ /et
H[l] bare 1+B _ asCx (u”e™) / P ap g _ [P -
S (ReQuil 6.0 = = 17— | oy @5 p= (5<p+p 1), (B.15)

we get

20" 20" asCy [—2 120" 20"
S~ ( )—5( ) son |\ 2 5( ) , B.16
Ry’ P e e +24R (B-16)
which is the equivalent to the result for the soft function for ungroomed jets of radius R — R,

computed in Ref. [57] (up to a different choice in normalization). Following Eq. (A.17) the Laplace
transform of S, is defined as

b l/an ot { Van }

gn — UR Rg/2 Gk B.17
Cm(“"U/) Rg/2 Cm R /2 ( )
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such that at one loop
2

55 (wp) =14 % { log? (u evEu)_g]. (B.18)

In the notation of Eq. (4.8), useful in our final expressions for the resummed cross sections,

_ 2
55, [Laes )] = 14 220zl g2, E2). (B.19)

B.1.4 Collinear-soft functions at large R,

In the large R, case, the collinear-soft function knows about both the mass measurement and the
soft-drop condition. At one loop, we need

! 2evB)e [ dptdpT Rz pt\ ttp _
k[1],bare [ p+ ) 1+B 1+B _ asCy (:U’ € ) / pap I g P p
Sc (ﬁ cht 7R cht y Py b ) T F(l — 6) (p+p_)1+€ © 4 = (5( p+ 1) esd )

(B.20)

yielding the result presented in Eq. (3.11). Given our multiplicative treatment of this function,
see Eq. (4.12), we need to separate the terms that contribute to RG evolution from the ones that
depend on R,;. The R, independent function coincides with the collinear-soft function for single
differential jet mass distribution. Its one-loop result in the MS scheme is

1 1
Se(0" QT Bon) = 5(¢*QET) (B.21)
1
Cras(p) | —2(1+B) Qeni. ™ 2“‘5
T I G
Tool@eBut Lot +h
where £;(x) = [@(x)h‘%”]jL is the standard plus function which integrates to zero on x € [0, 1].
Following the convention for Laplace transform in Eq. (4.16) we have at one loop
. asCh 1+ 5 9 245, w2 B(33+4)
K -1 _ 1 BBy — — B.22
Se(s:8m) =1+ = [ (2+/5> o8 (1) ~ i+ B+ 5 (B.22)

Likewise, Laplace transforms of other pieces appearing in Eq. (4.17) for NLL' resummation in the
large Ry region are also defined with respect to the momentum variable ¢* following Eq. (4.16),
such that at one-loop we find

ASI (s, ) =1+ SR (2 Dl (s, (Ba23)
L IRy 2+8 C. 2 0
AS[CN (Z—SQSQ[B( ) , B, )Z—asﬂ m% _br[b 2] ,
b=0

where the incomplete Gamma function is defined by

oo o0 8
['[b, 2] E/ dtt*le7t = Zb/1 dtt*~le %z_bf[b z]

_ / T a0l e gy
1
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In our alternative Laplace space notation, we have

- B as(pres)Cr 1+8Y\., 7 BBB+4)
Sc [Lcsvﬁaa(:ucs)] =1+ T [_ <2+ﬁ>LCS - ﬂ(l +ﬂ)(2+6) ) (B'25)
JED _ ., as(w)Bo 1+ B
ASZ [Les, B, as(pes)] = 14 = (2+B)LCS, (B.26)

for Egs. (B.22) and (B.23) respectively.
B.2 Derivation of the large R, resummed cross section

In order to derive Eq. (4.20) and obtain an explicit expression for the kernel QF defined in
Eq. (4.25) we first write down the cross section in Laplace space in Eq. (4.19) with resummation
made explicit using Eqs. (A.6) and (A.9):

> s
/ dm? e="™ P(0y) = Nevol(Q, Qeut, B, Ry s juy pgs ) effcalrottes) H s (o)
0

dm3 Rg<0%
2 & 1\ Wes(kyptes) - 1
:uiJ @ (ko) Q,Ufcs & 1+ 2 v @(tes,ttr) aq T 148
X <m%) < mQJ <cht) > (mee E) Jq(xuU«J) c(xQcht aﬂaﬂcs)
. 1 _ 3
X <1 -+ A5£ﬂ0] (xQchtJrB , B, ,UCS)AS£CF] (xQcht (%) o , B, ch)) . (B'27)

Here we have decomposed the collinear-soft function as in Eqs. (4.17) and (4.18), setting k = q.
We recognize in the first two lines of Eq. (B.27) the resummed, single differential jet mass cross
section, described in distribution space by the differential operator in Eq. (4.21). We now write
a;m?, = p such that the functions J and S? depend on their arguments only through the logarithms

2 _1
Ly =log (%) +1log(o) +ve,  Ls, =log (Ci:;g (5) HB) +log(o) +7e  (B.28)
J J cu

and note that the argument of the Rj-dependent piece A§£CF in Eq. (B.27) reduces to the

combination

xQQm(%)M - @(Rg)w. (B.29)

05

Abbreviating @(fies, py) = © and (Rg/ﬁg)”ﬁ = v, the inverse Laplace transform of Eq. (B.27) in
terms of dummy variable r conjugate to g for r = 1, yields

d%i(Ry)

do? |0 ~ -
s _47L%) / dge@gﬂ<1+ASW(LSC,ﬁ,asmcs))AS?ﬂ(pv,ﬁ,w). (B.30)
my

— 5 :
Ry<0% de 21

Noting from Eq. (B.23) that Agcw o] depends on its argument only through the logarithm defined
in Eq. (B.28), written in the notation of Eq. (B.26), allows us to rewrite it as a function of dq and
recognize in the second term of Eq. (B.30) the definition of Q¢ from Eq. (4.25). This completes
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the derivation of Eq. (4.20). To find an explicit expression for this kernel, that also holds for
Ck]

Kk = g, we take the inverse Laplace transform of A§£

@ o —b _ /oo b—1 /dQ o(l—vt) Q
/27”,6 0 (gv) F[b,gv] =/ dtt 97 € 0

from Eq. (B.23), which gives the integral

@(1 — U) —b
= —— v "Bll —v;—Q,}]. B.31
Here we used the incomplete Beta function
1—v
B[l —v,—Q,0] = / de =711 — 2)> L. (B.32)
0

Including the constant factors, we get the result

o*[0,0= (@) ,/3] gl {ag 1 log (% (5= )li‘*),ﬁ, as(uwﬂ (B.33)

9; cht
b—0> ’

1—v 1—
o v B[l —v;—-Q b]( :/ ld—xm—ﬁ—llog Ux. (B.34)
0

" eVESL 92 as(pres)Cr
rN—-Q)2+p T

where we can equivalently write

< @(171))%1)_53[171} —Q, b

b=0 —x
B.3 Results for the boundary cross section

We now provide results and derivations for boundary corrections to soft matrix elements. We first
consider the case of global-soft function. We then present results for the boundary corrections to
the S, function in, that would be needed to compute the boundary cross section in the small and
intermediate R, regions. Finally, we give an explicit result for the kernel QF defined in Eq. (4.48).

B.3.1 Global-soft function with shifted soft drop

Here we derive the one-loop expression of the global-soft function with shifted soft drop condition,
following the analogous derivation preformed for the collinear-soft function in Sec. 4.4. In analogy
with Eq. (4.31) we can write

k[1],bare N asCy (,U/2€’YE)€ dp+dp_ —
SG [cht7R767@Sd(E)nu’} - T F(l —6) (p+p7)1+665d(€)eR
K are € are
= S Qeut, R, By 1] + g Se P Qeut, R, B, 1] + O(E?). (B.35)

where the first term is the global soft function for the cross section cumulant in R, that we
computed in Eq. (B.1), the constraint ©r was given in Eq. (B.3), while ©g(e) refers to the soft
drop failing condition with & shift (without small angle approximation):

. . ON\NB  pT4p
Oua(e) =© (zcut(sm Ep) — ]% — 5) (B.36)
+ —
o (P P O\ 2
= Oy 5(5( 0 zcut(sm 2) + O0(e7),
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The O(e) correction in Eq. (B.35) is then given by substituting the soft drop condition with —dgq
term in Eq. (B.36), which fixes p~ to the following value:

+ o2
75 (P 2+8 +
cht ( )2+ﬁ |:1 (cht) :| R p < cht~ (B37)
This leads to
Ii[]. ],bare 2 «aCy W 2e (67}3)6
[cht;R ﬁ7 ] - 2+ﬁ T <cht) F(l — 6) (B38)

dpt [ pt IR+ pt \ate ] 0 R/ p"\5i7
() [1_< ) ] @<sm_< ) )

cht cht cht 2 cht

We first consider the case of § = 0 for which the result is given by

H[l Jpaxe [cht, R,B= ] + virtual term = @sCl [1 + 2log (“)] : (B.39)
™ euv Qcut tan 2
Note that we only considered the real emission term in the measurement function in Eq. (B.35).
We then demand that the virtual term, which we have not explicitly included, appropriately turns
the IR pole in Eq. (B.39) into a UV pole.

Next we consider the case of 5 > 0. Here, we note that the integral is power law IR divergent
and will be set to zero in dimensional regularization. This results from the fact that we are
trying to factorize the soft function at subleading power but without considering the full set of
operators that appear at this order. Hence, in order to resolve this ambiguity it is helpful to
consider the combined measurement resulting from the shifted soft drop condition in Eq. (B.36),
the Ry constraint in Eq. (4.29) (without small-angle approximation), the jet radius constraint in
Eq. (B.3), along with p* measurement applied to the matrix element defined by a single soft mode
(i.e. not factorizing it into a global-soft and a collinear-soft mode). In this case, the measurement
function is given by

Ofull (er, ot Rg) =0Op @sd(€)@3g5(€+ — p+) + @sd(5)5(€+) + @Ré(er) — 5(€+)

= ©16:4(e)[Or,d(¢ —o(e7)], (B.40)

where the three terms in the first line correspond to emissions that pass the jet radius constraint,
that fail and the virtual term. The ones that are clustered in the jet radius are then tested for
(shifted) soft drop condition and the R, constraint as in Eq. (4.28). Writing Osq(e) = Ogq + €6sa
and using the § function to fix p~ to Eq. (B.37), we find

[ v onen st 1) - 55 (5 - @206 1 ()] (B.41)
- @(m? - (CJ;;)W> [6(¢7 —p*) —o(eh)] + @<st < (gut)”‘* < sin ?)5(%).

The first term in the second line when expanded in small-angle approximation matches with
the corresponding term in the measurement function that we used above for the ¢*-differential
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collinear-soft function S, in Eq. (4.28). The second term proportional to §(¢1) is of interest to
us and when integrated over p™ leads precisely to the bare O(g) correction in Eq. (B.38) but
now with p* integral bounded below due to R, measurement, which then renders it IR finite.
This Rg-dependent term in the factorized cross section is captured in the O(e) modification
to the collinear-soft functions: the ¢T-differential S, as seen in Eq. (4.32), or equivalently in
the cumulative-Ry 57 function if we are considering intermediate R, regime as we show below.
Thus, we can consider the integration in Eq. (B.38) including the lower bound on p™ due to R,
measurement, and identify the pieces depending on R and R, as parts of the global-soft and the
collinear-soft functions respectively. We then arrive at the following result for § > 0:

e Qe R, B, 1] = (B.42)
Gen) = -Coafw ()50
I S LGOI SHER O

The result for S,'fg[ la]’bare with R replaced by R, and

dropping the subleading terms in Ry < R. This leads to the result presented below in Eq. (B.44).
The terms in Eq. (B.42) are included in the ASE, _ piece in Eq. (4.43) for NLL’ resummation
as follows:

}s}bare is simply negative of the result for Sg[

K as(fgs)Bo o
ASG’g [chtv R, B] = @(ﬁ > 0) 1+ * log (W)] (B.43)
u 2
asligs)Cr |2 . g B 2B B 2 It
X - 5 sin” 2 @(0<ﬁ<2)B[sm 2,1 2,0}+55,210gtan 5 )|

where as in the case of Ry-dependent collinear-soft function in Eq. (4.13) we have included a Sy
term to cancel the p dependence due to the running coupling.

B.3.2 Boundary Corrections for intermediate and small R,

Here we discuss the soft drop boundary cross section in the intermediate and small R, regimes.
In both of the regimes where Ry < 67 it is the S¢ function that receives O(e) corrections upon
shift to the soft drop condition. This allows to treat the two cases where on equal footing and
results in considerable simplifications, since none of the boundary corrections now depend on the
jet mass. In this work we only provide the details of the boundary corrections in the soft sector
in these regimes and leave further studies of the corresponding resummation to future work.

As commented below Eq. (B.42), the results for boundary corrections to Sg, are closely related
to the corresponding corrections to the global-soft function. Following the reasoning described
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there, we find

Sn[l} bare | p cht ’* ( ) B8, M} 1] bare[ chlJtﬁ? L ] (B.44)
_ _ Qe oGl B
(ﬁ_O) B cht ™ |:6 +210g<cht(R2‘g)>:| 7
. Qe B2 as(u)Cp
E>0 =5 (3) 5

Again, as required by consistency with RGE and the large R, case, for 3 = 0 we find a UV pole,
which cancels against the global-soft function in Eq. (4.36). Hence, we have an additional running
between the scales piys and pics, resulting from the non-cusp anomalous dimension

S5 €
Yo 7 (&, Zeut) = —0(€, zeur) = —8C% Q.
cht

In analogy with the treatment of the boundary corrections to the global-soft function in Eq. (4.43),

(8 =0) (B.45)

we write the O(e) corrections to the CS, function as

® K QE as ,Uz CK
S [RgQéJf,@ a(e), B, } _ [ gQ;;f,ﬁ u] 2550cht(7T)Lcsg (B.46)
Qe 8(8>0) . T
+5— Qcut T) |: QchJtﬂvﬁu M:| Ach 5|: QchJtB7 } )
2
where
K 8 —2 o (:U’)CH Qs (:u)ﬁ()
ASE < [RQUE 5] = 0(5 > 0) 7 Sk (1 y ol (B.47)
and the logarithm being
Lcsg = log (M) . (B48)
cht(Tg)

Like in Eq. (4.13) for the large- R, collinear-soft function, Eq. (B.46) includes an additional 5y term
to compensate for the 1 dependence of the running coupling, such that the non-logarithmic cor-

rection AS{’;’ [ ,Q en , ﬂ} is explicitly p independent at NLL/. This result consistently matches

cut
with the boundary correction in the large R, region stated above in Eq. (B.51). To see this we
can take v — 0 limit in Eq. (B.51) finding

do 0 —2 a5 (ptes)Cr €759
li —S e2o2A [C J s) = — —2
o50 ) 2mi © Seet(0v: B, pes) B T INGEN

(B.49)

which results in the right coefficient so as to match onto the boundary correction in Eq. (B.47).
B.3.3 Boundary corrections to the collinear-soft kernel

Here we explicitly solve the Laplace transforms in Eq. (4.48), which define the evolution kernel

[Cr]

Qf governing boundary corrections to the cross section in the large R, region. The AS:c™ piece
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defined in Eq. (4.41) transforms into
. 248, R\ 2+
[Ck] — +8 (229
ASC,& (Z Scht ( 9 ) 7/6)3#) (B50)
2 as(p)Cr 2. g B
== SR o _ Y- £
B [@(5>0)r( 2+5) r( 2+57z>],

where the incomplete gamma function was defined in Eq. (B.24). Using this result we find

do SIC. i 2 as(ﬂcs)cn e’YEQ
/27” GQQQASLC; ](Qvaﬁnucs) - 9 4 B T I“(_Q)
B B p
X v2+8 (@(,@ > 0) B[— Q, —m} —-6(1- U)B[l —v; =, _W]> . (B.51)

We now state the result for the second term in Eq. (4.48), which involves again Eq. (B.23)

2
2 as(u)C’H> evEs

255« ) Tey (B9

211

/ @ egQQAgLCaK] (vi 67 MCS)A‘§£CK] (vi 67 MCS) = - (

dx
1—=z

“o(y-0) [ )

B.4 Calculation of Cf from the differential boundary cross section

1—
20 o 11—
v

1—v
x v7? (@(5 > 0)B[—Q,b]O(1 — v)/
0

_ -8
b=575

Here we set up the calculation of C§ based on the cross section differential in groomed jet radius,
i.e. by taking the R, derivative of the large I?, cumulative cross section with boundary corrections
described in Sec. 4.4. We first consider the case of § > 0 and then include the additional terms
that appear for § = 0 at NLL. Based on the relation with the moment Mﬁ? defined in Eq. (1.5)
adapted for the eTe™ case considered here and following our prescription for computing the large
R, differential boundary cross section in Eq. (5.54), C§(m?) is given by

do  mj [Ome 2 o d do(Ogy(e))

C2q(m?]) = deg eiwlarge(mja 99)7
g

= B.53
dm? Q% Jy de  dm?dd, ’ ( )

large Ry,e—0

where the double differential boundary cross section is computed in the large R, theory and is
matched to zero at small angle using the weight function wia,ge as described in Sec. 5. We switch
to the auxiliary variable v = (6,/ 9;)2+5 introduced in Eq. (4.48),

do m?  [Vmax 9 d do(Bg(e))
C(m? :J/ AV ———Wiarge(m?, 0y (V) — ——22 ) B.54
2( J)dmg Q2 Umin 09(1)) . ge( ’ g( ))de dmgdv large Rg,e—0 ( )

and following the decomposition of the cumulant in Eq. (4.44) we write
do(Ogq(€)) _ idZ(Rg(U),@Sd(g)) _ idE(Rg(v),égvofyo(s, zcut)) N Qe dAo. (B.55)

dm?dv dv dm? dv dm? Qeut dmAdv’
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where each of the two terms in the r.h.s. is defined as the v-derivative of the equivalent contribution
in Eq. (4.44). The first term is only present for 5 = 0, while the second contributes for each .

We now compute the two terms in turn, starting from the second. This requires differentiating
Eq. (4.49), where we note that the term involving S¢ is independent of 6, (or v),

dAo. (i)ﬁda[&z] d

8
— (55 0110
dm%dv deJ dv (v < ’U’B])

_ o (i)ﬂda[aﬂ] Sl {

S :Z( 2« Mcs)CF)R{[_:i](Q’U’ﬁ)], (B.56)

2+ s

In the second step we extracted the operator §£ﬁ ol [89] from the definition on Qf in Eq. (4.48)
(omitting for brevity the remaining arguments) and we organized the remaining v dependent
terms as a perturbative expansion in «a,. By taking derivatives of the inverse Laplace transforms
of respectively Eqs. (B.51) and (B.52), we determine the coefficients RY and R

RU(Q,v,8) = L1 —v), (B.57)

RZ(Q, v, ) = B[-Q,5)0(1 — v)u"B[L - v,b— Q,0] - O(8 > 0)@(% )

o P T O W ()

Let us now move on to the first term in Eq. (B.55), which is the v-derivative of Eq. (4.45),

idZ(Rg(v),557070(6,zcut)) _ do [89,5570’70(6,,%%)] i

(B.58)

8
b=573

q
dv dm? dm? va [Q’U’/B] (B.59)
B do [8Q7 6,8,070 (57 zcut)] &18o] e’yEQ 2 ag (,ch)CF
= an? S¢ [ag]r(_m R R UB[l—U —-0,0].

Here we used that do [89, 55,070(5,2'(“)] does not depend on the groomed jet radius, extracted
Scw o] [89] from the definition of Q7 in Eq. (B.33), and took the v derivative of the inverse Laplace
transform in Eq. (B.23). Expanding the operator do [8@, d8.070(€, zcut)] to O(e), we get

do [89, 55,070 (5a Zcut)] . do [aQ]

9
n(VO(EazCut);ﬂc&,U/gs)] (BGO)

+ 3,0

)

do |0 0
Qe dolon — }[2as(ugs>cF log (L R)_asmcs)cpa
Qe dmj m Quut tan § ™

where the kernel 7’]("}/0(6,Zcut)) in Eq. (A.11) arises from the O(e) expansion of the Sudakov
exponent, and the additional terms in the second line result from the O(e) logarithms in the
global-soft and collinear soft function in Egs. (4.43) and (4.39) respectively. Note that after
taking inverse Laplace transform the log in the collinear-soft function is replaced by the derivative
OJq. Additionally, the two terms are evaluated at different p arguments. Furthermore, do [89 — O]
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denotes setting to zero O(as) (or higher) corrections in the term do[dq] so as to account purely
for the evolution factor in Eq. (4.21). We can now finally combine Eqgs. (B.56) and (B.59) into
the double differential boundary cross section in Eq. (B.55). Substituting in Eq. (B.54) yields our
final formula

do m? Umax dy 2
Ci(m?)— = J / — — Wiaree(M%, 0, (V
2( J)dm?] Q0cut /o v Gg(v) la ge( J g( ))

min

do [aﬂ — 0] 2a5 (/”LQS)CF Hgs O‘s(/lcs)CF
X (55,0 a2 [ - log <cht tom ]2%) — - 3@} B[l — v, =, O]

2 as(ﬂcs)c do |0q| -
+ 2+ ﬂ T L dgl?]] SgBO] [89] 55,0 77(’70(57 Zcut>7 Hes, Ugs)B [1 — v, —Q7 O]
15 2\B 2 ay(pes)CF eVES
= () | RW 2 et
+ 028 (9;) [Rg (Q2,v,8) + <2+5 - )Rg (Q,v,ﬁ)} }) ek (B.61)

As discussed in the introduction, the geometry relevant to the non-perturbative corrections
multiplying C§ requires computing this Wilson coefficient using only the large R, theory, which
is enforced by the weight function wyarge(m?,6(v)) in Eq. (B.61). This is consistent with the idea
that C§ should describe only perturbative physics. We note however that the integrand has an
overall behavior ~ 1/v, which enhances NP effects at low jet mass. To make sure that there are
no residual NP effects in Cf, we adopt a prescription analogous to the one used for freezing the
scale p., in Eq. (5.35),

L (U
L
v (0 [frun(wl-‘rﬁ)] 1+8
where 1), 9* are the auxiliary variables defined in Egs. (5.26) and (5.30), and the first equality is

exact in the Ry < 1 limit. The profile function fu, defined in Eq. (5.36) smoothly freezes its
argument when approaching non-perturbative values.

(B.62)

As a final remark, we notice that in the region m?] < mg where grooming is active, Umax = 1
and Eq. (B.57) requires solving the class of integrals

N 1 (—In(1—wv))"
In('Umin, Q) = (99 [IO('Umin, Q)} = /Umin defn(v) s (B63)
where the derivatives arise from the operators do[0q| and Slfl [0a] in Eq. (B.61). To avoid
numerical instabilities, we deal with these integrals using the subtraction

1 —In(1 —v))’ 1 —In(1 —v))
PR ) R R G ) YOS TET) B YEUY (R e ki) 1 DAY
(1—-v) (1—-v)

min min
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Similarly, we handle the singular integrand in the first term in Eq. (B.58) using

/ ()
- / B ng;)ﬁ? - 1 S (B.65)
where
f@) = 1ixlog (1;”“’) (B.66)

C Calculation of NGLs and Clustering effects

C.1 Nonglobal logarithms

The functions 2%, EL, introduced in Egs. (3.17) and (3.24) can be expanded as a perturbative series

in as. Here we compute the first nontrivial correction, which arise at O(a?), starting from the
function =% that describes the NGLs in the intermediate R4 region. To avoid plus distributions
we switch to the function cumulative in jet mass. Following [15], when the clustering effects are
ignored we can write

(03 /Rg)**
/ ’ dr 2L(r,8) =1 —CFCA 043 /dwl / dx2/ de 1(12%/ deg 463
0 leJ T Jogg 2w

02 =z cos ¢
_ _ 8 Ze M _ 2
X O(x1 — x2) O(x2 zcuth) ) ( 1 5 (1 cl)> [T p—"—— (C.1)

where ¢; = cos0;, s; = sin6; and the dependence on the (cumulative) jet mass variable is implicit
in (0./2)? = 05/ 2)28Qcut/Q. Here the integration variables z;, 6; and ¢; represent respectively
the energy fractions, colatitudes, and azimuths of the strongly ordered emissions. The geometry
relevant to the NGLs requires the largest emission to lie inside the groomed jet and the second
emission to lie out of it.

The energy integrals can be done easily and yield

(9;/Rg)2+6 e\ 2 dgb d(b 02
Eq _ 1 _ s 1 2 c _ 1 _
/0 dr Z4(r, B) CrCa (7%) /1 3 der 5 /2 gjd 2520 e 1-c)

X €08 92 11n2< : b ) . (C.2)
2

(1 — C1C2 — S1S82 COS ¢2)3182 2 1— Cl)Zcuth

Since the gluon 1 is restricted to be inside the jet, 61 < R, < 1, we can approximate the factor
of 1 — ¢; inside the logarithm as 67/2. At the same time, taking into account clustering effects as
in [15], the dominant term in the R, < 1 limit gives

03/ Ro)*+* > 2 02
_ = 2 m2 e
/O dr 24(r, f) ~ 1 CFCA (2 ) ~ln (zcuth+2> . (C.3)
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The factor % is the final coefficient taking into account clustering effects to the NGLs for the single
differential distribution, and we find that it is unaltered by the jet mass measurement.

The leading NGLs in the other two regions can be obtained from the intermediate R, expres-
sion in Eq. (C.3) by taking appropriate limits. For the large groomed jet radius regime R, = o5
and the NGL contribution goes to 0 as was expected. For the small groomed jet radius regime we
can formally set 6. = R, and the dominant contribution in this EFT is

772 2 3
Eln (Zcut I2y) (C4)

which is larger than the contribution for the case of intermediate groomed jet radius. Finally, we

4 s\ 2
2L (2zeu ~1l—— (—S>
i zenes Ry ) % 1= 5 CrCa (5

can switch back from Eq. (C.3) to distribution space, finding

2
=4(r, B) ~ 3(r) — CrCa (%)2%51(7«). (C.5)

This function enters the double differential cross section in a convolution with the other jet mass
dependent ingredients in Eq. (3.17). The Laplace transform of Z%(r, 8) is defined as follows:

S0 = [ dre =), (©6)
such that from Eq. (C.5) we have
=a - Qg 2 472 B 2

In addition, to simplify the final expressions for the resummed cross sections, we write

2 4n2 T

ZL[Lxcr, By as(p)] =1 — CpCa (%(u)) — <L12\IGL + 2> : (C.8)

2T 27 6

To get a rough estimate of the impact of these leading NGLs on the double differential
distribution, we find it more convenient to replace the convolution with the cumulative value in

Eq. (C.4), such that
—q B s\ 2 42 62
=%(r, 8) — 6(r) [1 CrCa(52) 5o <zcuth+2 , (C.9)

which gives an upper bound to the absolute size of the O(ay) contribution.

C.2 Abelian clustering logarithms

In this section we account for the leading logarithms arising from clustering effects of the C/A
algorithm while implementing soft drop for independent emissions. To this aim, we first consider
a naive implementation of the soft drop algorithm where clustering logarithms are absent and
see how clustering effects modify this result. The naive implementation simply tests for the SD
condition for each particle independently, i.e. the allowed phase space for each emission is

O(2i — 2ent0?)O(Ry — 0;) + O (zewd? — zi) . (C.10)
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However, we know that the C/A algorithm recursively clusters partons with minimum angular
separation; since the SD algorithm works backwards through the history of the clustered jet, the
grooming condition is then effectively applied on subjets instead of individual partons. Therefore,
(in the case of 2 collinear-soft emissions that gives the leading configuration) we can have a scenario
where one of the partons would fail soft drop and the other would pass if tested independently, but
the two get clustered with each other first and with the collinear parton later. The SD condition
is now tested on the entire collinear-soft subjet, which will pass the test. In this case the softest
parton has been pulled inside the groomed jet, violating the naive measure in Eq. (C.10). Instead,
in case the most energetic collinear-soft emission is clustered with the collinear parton first, then
the naive implementation of the measurement is correct.
Let us denote the portion of phase space where the naive measure is violated by

Oc/a = O(dy — R)O(R2 — d2)O(dy — di2) (C.11)

where di2 is the relative distance of the collinear soft emissions and d; their distance from the jet
axis, so that parton 1 is at a distance greater then R, from the jet axis while parton 2 is within
R, from it. For 1 and 2 to be clustered first, we then need da > di2. Expressed in the small angle
approximation, this becomes

Oc/a = O(07 — R2)O(R, — 03)0(—07 + 2016 cos ¢2) , (C.12)

where we have assumed without loss of generality that ¢12 = ¢2. The allowed phase space requires
that parton 1 must fail SD while parton 2 can either pass or fail (with energy fractions zo > x1).
However, for parton 1 to be pulled inside the jet, we need that parton 2 passes soft drop. If we
ignore for the time being the mass measurement, and consider only a cumulative R, measurement,
the naive result without clustering effects reads

Mindep. (Rg) = /dHZ G(Zcutef - 551)@(1'2 - Zcuteg)e)C/Aa (013)

where we have abbreviated the two-parton phase space in the strongly ordered limit as

/dH2_<% ) /dxl/dxg/dé?l/deg/d¢1/d¢2 (C.14)

Let us now account for clustering effects. The idea is that since parton 1 is pulled inside the jet,
it never gets individually tested for SDand can in fact also be allowed to pass SD in this region
of phase space. Therefore the measurement in Eq. (C.13) gets modified to give us

Mcluster(Rg) = /dH2 9(51;2 - Zcuteg)@C/A . (015)

We now express the result as a correction on top of the naive result by subtracting it out the from

the full result to isolate the clustering effects:

1
AMalg(Rg) = Mcluster - Mindep. - ? / dH2 @(1’1 - Zcuteg)e(xQ - Zcuteg)eC/A7 (016)
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which agrees with the integrand quoted in [15]. The factor of 1/2! takes into account the scenario

where we interchange the labels 1 and 2 in the strongly ordered phase space measure in Eq. (C.14).
We can now extend this result to our case where we also have a jet mass measurement on the

groomed jet. The naive value in Eq. (C.13) with a cumulative jet mass measurement becomes

Mindep. (Mm%, Ry) = /dH2 O (zeutdy — 21)O (9 — Zcuteg)@((9(:(7”'”62(1))2 - 1‘293> Oc/a, (C.I7)
which upon including clustering corrections becomes
M puster(m?, R / dIly O(6? — 2163)0 (33 — 2ewt0s)O(6? — 2263)O¢/a , (C.18)

where we note that the parton 1 will contribute to the jet mass regardless of whether it passes or
fails since it is part of our groomed jet. Therefore the correction from the algorithm becomes

AMa,(m%, Ry) = /dH2 [@(93 — 2163) — O(zeutt) — 21)|O (22 — zeutly)O(02 — 2263)O¢ 4 -
(C.19)

To extract out the leading logarithmic behavior, we notice that none of the terms in Eq. (C.19)
are sensitive to the difference between 6; and 6>, and hence can approximate 1 ~ 6 ~ R, in the
integrand, such that

0(0% — 2163) — O (2ot — 11) ~ O(62 — 21 R2) — O(2cur RS — 21) (C.20)
O(zg — zcutﬁg) @(03 — .:UQQ%) ~ O(rg — zcuth’B) @(9(2: — $2R3) ,

which allow us to factorize the angular and energy integrals,

ST

dx dx
X / 3311 [@(92 _ leQ) @(Zcuth — x1)] /2 O(xe — ZcutR )@(92 — xQRg)

_ 1[G\ /d01 /d92 /d<z>1 /d@
- 2! ™ ZcutR5+2 o

The angular integral is now identical to the one in [15]|, which can be solved to yield

2
AMalg(m?]aRg) = l (O[SCK>2 121112 ((HC(WL%))) . (C.22)

2! T 54 Zeut Rg-i—Q

AMalg (m?l'v RQ) <

We see that the leading abelian clustering logarithms have the same functional form as the NGLs
in Eq. (C.3), but are further suppressed by the factor £;. Furthermore, this result shows that just
like the NGLs, the leading clustering logarithms also Vamsh in the large R, regime, consistent
with the existence of a single collinear-soft mode rather than two modes that know about R,
separated in virtuality. On the other hand, they are maximized in the small R, limit, 6. = Ry,
where the effect of the mass measurement drops out and we find back the result of [15].
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We also note that in this calculation we have not considered the scenario when both partons
naively fail the SD condition but pass if clustered together. This is evaluated in [6] and would
lead to a sub-leading single logarithmic contribution o log X compared to the correction explicitly

considered here.
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