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ABSTRACT

Focusing petawatt class laser beams to a variety of spot sizes for different applications is expensive in cost, labor, and space. In this paper, we
propose a plasma lens to flexibly resize the laser beam by utilizing the self-focusing effect of laser in plasmas. Using a fixed conventional
focusing system to focus the laser a short distance in front of the plasma, we can adjust the effective laser beam waist within a certain range,
with the plasma lens acting as an adjustable eyepiece in a telescope. Such a setup is a powerful tool for laser wakefield accelerator experiments
in state-of-the-art petawatt laser projects and allows for scanning focal spot parameters.
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I. INTRODUCTION

Owing to the remarkable developments of laser technology in the
last decades, petawatt-class laser projects are springing up around the
world.1 For example, the extreme light infrastructure (ELI) project is
building several 10 PW laser facilities in Europe,2,3 the Vulcan 2020
project is building a 20 PW laser facility in UK,4 and the Gwangju
Institute of Science and Technology (GIST) in South Korea has
reported its establishment of a 4.2 PW laser facility, which has recently
opened for user applications.5 The Shanghai Institute of Optics and
Fine Mechanics (SIOM) has built a 10-PW-level laser system named
Shanghai Superintense Ultrafast Laser Facility (SULF-10 PW laser)
and is ambitiously aiming for a 100 PW level laser facility named the
station of extreme light (SEL).6,7

Manipulation of such powerful lasers is a big challenge due to the
lack of high damage-threshold optical materials. The current solution
is to use large beam apertures so that the laser power is spread across a
large area of the optical element to prevent damage. For example, SiO2

has a damage threshold on the order of 1 J/cm2 if it is irradiated by a
femtosecond laser.8 If we assume that the laser pulse duration is 50 fs,
the wavelength is 800 nm, and the laser beam is spatially perfectly
Gaussian, to focus a 1 PW laser beam, a mirror with at least 0.34 m
diameter is required to prevent mirror damage, resulting in high costs
for high-quality focusing optics. The cost issue is compounded by the
fact that for each laser system, multiple focusing systems are required
for different applications: short focal length optics for laser–solid inter-
actions and long focal length ones for laser–gas interactions. A particu-
larly demanding application is laser wakefield acceleration (LWFA),
where the laser beam should be focused to a matched spot size that

stabilizes laser propagation in the plasma, with the size of this matched
spot changing with laser power, plasma density, and plasma channel
depth in the external guiding case.9–14 For photon–nuclear interaction
applications, a changeable laser spot size is also advantageous for max-
imizing the electron flux.15

Besides the requirement of variable laser spot sizes, the long
focal length is also challenging. In order to avoid damaging laser

optics, the beam near field diameter D must scale as D /
ffiffiffi

P
p

with
laser power P. The f-number N � f =D / kw0, where f is the focal
length, w0 is the laser beam waist at focus, and k ¼ 2p=k is the wave-

number for a laser with wavelength k. Thus, f / w0

ffiffiffi

P
p

/ P=a0,

where a0 � 8:5� 10�10kðlmÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I0ðW=cm2Þ
p

/
ffiffiffi

P
p

=w0 is the nor-

malized laser amplitude and I0 is the peak intensity. For laser–solid
interactions, radiation-reaction or quantum electrodynamics studies
the largest a0; thus, a short focal length is required.16–19 For LWFA
studies, a moderate a0 is required even with increasing P to maximize
the charge of the accelerated electron beam and the energy gain,12

resulting in the focal length f / P being extremely long. For exam-
ple, focal lengths on the order of 10 m are required for 1 PW lasers,20

while for 10 PW (100 PW) lasers, the focal lengths would be on the
order of 100 m (1 km). With such scales presenting obvious difficul-
ties, a focusing system with a variable focal spot size and small foot-
print is urgently required.

In this work, we introduce such a telescope system employing
the laser self-focusing effect in plasmas.21 The scheme is illustrated in
Fig. 1. A high power laser beam is prefocused to z0 by a conventional
focusing system with a focal length of f0 to a spot size of w0. After
propagating a distance d, the laser enters the plasma region starting at
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z1. After another distance l, the laser beam is refocused to a spot size
w2 at z2 because of self-focusing effects.

21 Consequently, the total func-
tion of this system is to focus the laser to a spot size of w2 within a dis-
tance of L ¼ f0 þ d þ l, and the plasma acts as the eyepiece of this
telescope system. Due to the strong plasma response, L can be much
shorter than a conventional focusing system resulting in the same spot
size. In addition, w2 is adjustable by changing d, l, and the plasma den-
sity np. Compared to previous studies on plasma lenses for lasers,22–25

the herein proposed concept does not require a preformed structure
and is preferably suitable for petawatt class lasers.

This paper is organized as follows. In Sec. II, an analytical model
describing the plasma eyepiece in the weakly relativistic regime is
developed. In Sec. III, an empirical model is found based on particle-
in-cell (PIC) simulations. The empirical and analytical models are
compared in Sec. IV and a full scale LWFA simulation employing the
proposed scheme is shown in Sec. V. The adjustment limits and the
perspectives for 10 to 100 PW LWFAs are discussed in Sec. VI, and
Sec. VII concludes the paper.

II. WEAKLY RELATIVISTIC SELF-REFOCUSING MODEL

The evolution of the laser pulse in an underdense plasma in the
long pulse and slow profile variation assumptions is given by26

r2
? � i2k@z

� �

~a ¼ n
1

c
� 1

� �

~a; (1)

where z is the laser propagation distance, n is the local plasma electron
density, and c is the plasma electron Lorentz factor. Normalized units
are adopted with densities being normalized to the background plasma
density np, wavenumbers to the plasma wavenumber kp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

4prenp
p

,
where re � 2:82� 10�15 m is the classical electron radius, and lengths
normalized to the plasma skin depth k�1

p . Under the paraxial approxi-
mation, the cylindrically symmetrical normalized laser vector potential
~a, including the transverse phase modulation but excluding the laser
quiver factor exp ð�ikz þ ixtÞ, is given by

~a ¼ a exp iur2ð Þexp � r2

w2

� �

; (2)

where r is radius, a ¼ aðzÞ is the axial normalized laser vector poten-
tial amplitude, u ¼ uðzÞ is the spatial phase modulation factor (effec-
tively, the radius of the wavefront curvature is k=2u), and w ¼ wðzÞ is
the laser spot size.

In general, solving Eq. (1) analytically is difficult. However, it has
been found that under weakly relativistic assumptions where the
plasma density is unperturbed n¼ 1, the approximate solution of
Eq. (1) for a linearly polarized laser beam can be obtained by calculus
of variations27–29 as follows (derivation is given in Appendix A):

jaj2w2 ¼ ja0j2w2
0; (3)

d2w

dz2
¼ 4

k2w3
1� ja0j2w2

0

32

� �

; (4)

where Eq. (3) represents the conservation law in the case of negligible
energy loss and frequency shift (which is true if the propagation dis-
tance is short compared to the pump depletion length) and Eq. (4)
describes the evolution of the laser spot size in the weakly relativistic
regime a� 1.30

We apply Eq. (4) to our case, with the initial conditions at the
vacuum–plasma interface (z¼ z1) reading

w1 � wjz1 ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d2

z2R

s

; (5)

dw

dz

�

�

�

�

z1

¼ w2
0d

z2Rw1
; (6)

where zR ¼ kw2
0=2 is the Rayleigh length. After integrating Eq. (4), the

refocused spot size can be found by requiring dw=dz ¼ 0 and is given
by

w2 � wjz2 ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d2

z2R
� 1

1� 1þ d2

z2R

 !

32

a20w
2
0

v

u

u

u

u

t

: (7)

The length of the plasma eyepiece l is given by

l � z2 � z1 ¼
d

a20w
2
0

32
1þ d2

z2R

 !�1

� 1

(8)

with the limit

d < zR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a20w
2
0

32
� 1

r

� dM: (9)

Thus, dM is the upper limit of the prefocusing distance d for self-
refocusing to occur.

Equations (7)–(9) show that in the analytical model the effective
laser spot size w2 and the plasma eyepiece thickness l are functions of
k, w0, a0, and d, indicating the parameter space to be scanned in the
simulation studies in Sec. III.

III. SIMULATIONS AND EMPIRICAL FORMULAS

The analytic model presented in Sec. II is valid for a0� 1, while
commonly LWFAs operate in the nonlinear regime (a0 > 1), where

FIG. 1. Illustration of the telescope system. The laser is focused in vacuum to z ¼ z0
with a waist of w0 by a conventional optical system and then enters a plasma at z
¼ z1. The plasma can thereafter reshape the wavefront so that the wavefront becomes
flat again at z ¼ z2 with the laser size w ¼ w2. In the bottom subplot, the solid red
curves illustrate the transverse envelope, and the dashed red curves illustrate the
wavefront of the laser beam.
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plasma electrons are strongly expelled from the laser propagation
path, generating the so-called plasma blowout. To examine the behav-
ior of the plasma eyepiece in the blowout regime, three-dimensional
(3D) particle-in-cell (PIC) simulations using the code OSIRIS31 were
performed. To characterize the plasma eyepiece, the refocused spot
size w2 and plasma eyepiece thickness l were found by scanning a
four-dimensional parameter space of (k, w0, a0peak , d), where a0peak is
the peak normalized laser amplitude along the laser comoving coordi-
nate n ¼ z � ct, and �a0 ¼ a0peak=2 is the averaged value along the
laser temporal profile (to compare the analytical model which uses an
infinite long pulse with the simulations which use finite laser pulses,
we define �a0 as the averaged laser amplitude in the simulations and
take a0 ¼ �a0 � a0peak=2 in all the following discussions). The longitu-
dinal profile of the laser pulse is a bell shape (both the rise and fall
envelopes of the laser take the form 10X3 � 15X4 þ 6X5 in the range
0 � X � 1 where X ¼ jn� n0j=s and n0 is the pulse center). The ini-
tial full-width-at-half-maximum (FWHM) pulse duration is sFWHM

¼ 4 (time is normalized to x�1
p ¼ k�1

p c�1). The simulations were per-
formed using a window of length 10, comoving with the laser pulse in
the positive z direction with the speed of light. The transverse extent of
the simulation box was adjusted to be between 10w2 and 12w2. After
convergence test, the number of cells adopted is shown in Table I.
Simulation time steps were set close to the Courant condition to mini-
mize numerical dispersion. The number of macroparticles per cell is 8,
and they are initiated with a thermal momentum of pth=mec ¼ 0:01.

For each simulation, snapshots of the absolute value of the laser
electric field are projected to the x-y plane (front view). Two-
dimensional Gaussian fits are then performed to obtain the spot size
w for each snapshot. Example simulation results are shown in Fig. 2. A
laser with k¼ 10 and a0peak ¼ 10 is focused to w0 ¼ 4 at z0 ¼ �100.
It then enters the plasma region starting at z1 ¼ 0 and self-refocusing
occurs. As seen in Fig. 2(a), w reaches a local maximum w2 ¼ 8:7 at
z2 ¼ 1046 4 for the half-infinite plasma case, plotted as black squares.
In the case of a limited plasma region ending at z2 [which is plotted as
red circles in Fig. 2(a)] in the region z > z2, the laser spot size approxi-
mately evolves as

w ¼ w0e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z � z0eð Þ2
z2Re

s

; (10)

where w0e is the effective focal size, z0e is the effective focal position,
and zRe ¼ kw2

0e=2 is the effective Rayleigh length with k¼ 10 in this
case. The evolution of the spot size in the vacuum of the rear side can
be fitted by Eq. (10), resulting in z0e ¼ 53:8 and w0e ¼ 8:0. The data
in the region z< 200 are ignored in the fit because the far-distance
measurement can better represent the beam size due to the

nonperfectly Gaussian profile of the laser beam. The mismatch z0e 6¼
z2 and w0e 6¼ w2 is due to the laser transverse profile not being per-
fectly Gaussian at z ¼ z2 (containing higher-order modes) as
highlighted in Figs. 2(e) and 2(f). However, with only a 10% difference
between the spot sizes, w2 is used as the effective spot size in the
following.

A. Effective focal size vs prefocusing distance

The dependence of the ratio w2=w0 on the prefocusing distance d
for varying laser peak amplitudes at focus a0peak , wavenumbers k, and
focal spot sizes w0 is shown in Fig. 3. It can be seen that w2=w0 and d
approximately obey the relation

TABLE I. Resolution (longitudinal � transverse) used for simulations presented in
the current work, verified by convergence test.

k Number of cells

10 512� 5122

20 1024� 5122

30 1024� 5122

40 2048� 5122

FIG. 2. Example PIC simulations with k¼ 10, w0 ¼ 4; a0peak ¼ 10, d¼ 100 and
plasma region at z> 0 (thus the laser is prefocused at z ¼ –100). (a) Spot size
w as a function of propagation distance z, for a half-infinite plasma which has a uni-
form profile from z¼ 0 to þ1 (black squares) and a limited plasma region from
z¼ 0 to z ¼ z2 (red circles), with z2 ¼ 10464 in this case. The green curve is a fit
by Eq. (10) for the red circles for z> 200. (b) Side view (slice at y¼ 0) of Ey at the
beginning of the simulation. (c) Front view (projection to the x-y plane) of jEy j at
the beginning of the simulation. (d) Side view of the plasma electron charge density
at z � z2. (e) Side view of Ey at z � z2. (f) Front view of jEy j at z � z2. The solid
blue lines in (c) and (f) are the line projections of the front views, and the dashed
green line in (f) is the Gaussian fit of the blue solid line with the coefficient of deter-
mination R2 ¼ 0:996, showing that the laser envelop only slightly deviates from a
Gaussian profile.
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w2

w0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d2

f2

s

; (11)

where f is a parameter that depends on k and w0, but only weakly
on a0peak . f can be regarded as a modified Rayleigh length to be dis-
cussed in Sec. IV. As is evident from Fig. 3(c), when d is very small,
the behavior of w2=w0 deviates from the general trend. This is caused
by large cavitation (LC), occurring when a > w2 as described in
Appendix B.

A weak dependence of f on a0peak appears over a large parameter
range. Although it may be not intuitively understandable, such a weak
dependence is a natural requirement for self-refocusing to occur. Due
to the laser pulse having a limited duration, a0ðnÞ changes along its
temporal profile with the center having a maximum value of a0peak,
whereas a0ðnÞ is smaller at the front and rear of the pulse. Were f to
have a strong dependence on a0, self-refocusing of different temporal
slices would be different, rendering a global uniform refocusing of the
laser pulse impossible. In other words, only in the regime where such
weak dependence is satisfied, can self-refocusing be observed.

The variation of f with zR and k is plotted in Fig. 4(a). For a fixed
value of k a linear dependence of f on zR is observed. Thus the data in
Fig. 4(a) can be fitted with f ¼ azR þ b, with the resulting fit parame-
ters a and b shown in Fig. 4(b).32 The dependence of a and b on k is
again found from a linear fit as

a ¼ ð�0:00276 0:0017Þkþ ð0:9506 0:028Þ; (12)

b ¼ ð�1:176 0:20Þkþ ð�12:66 2:7Þ: (13)

The expressions for a and b then allow for an empirical expression for
f to be obtained:

f � 0:95zR � 1:2k� 13; (14)

where the k-dependence of a is neglected, since for k � 40 the first
term on the RHS of Eq. (12) is less than 10% of the second term.

Note that if zR is not large enough so that f � 0, a local maxi-
mum of w can never be reached regardless of the value of d. Also
when f is positive but small, w2 is sensitive to variations of d, because
dw2

2 ¼ w2
0f

�2dd2.

B. Plasma eyepiece thickness vs prefocusing distance

Some examples of the plasma eyepiece thickness l as a function
of the prefocusing distance d are plotted in Fig. 5. It is evident that l is
almost proportional to d for a fixed k and w0. Some exceptions are
seen in Fig. 5(c) for small values of d, again due to large cavitation
occurring when a > w2 as described in Appendix B. The variation of
plasma eyepiece thickness l with d is modeled with the relation

FIG. 3. The effective focal size—vacuum focal size ratio w2=w0 vs the distance
from the vacuum focus to the plasma d for k¼ 10 (top) and k¼ 20 (bottom). In
each of the subplots, k and w0 are fixed, while a0peak varies from 6 (black squares),
10 (red circles) to 14 (blue triangles). The green lines are the fits by Eq. (11), with
the parameter f shown in the legends.

FIG. 4. (a) The modified Rayleigh length f as a function of vacuum Rayleigh length
zR with k¼ 10 (black squares), 20 (red circles), 30 (blue triangles), and 40 (yellow
inverted triangles). (b) The linear fit parameters a (black squares) and b (red dots)
vs k, where the fit function is f ¼ azR þ b. The dashed lines are the linear fits,
and the vertical lines are the error bars.

FIG. 5. Plasma eyepiece thickness l as a function of the prefocusing distance d for
different values of k, w0, and a0peak ¼ 6 (black squares), 10 (red circles), and 14
(blue triangles). The vertical lines are error bars due to the simulation dumping
intervals. The green dashed lines are fits by Eq. (15), with the slope v shown in the
legends.
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l ¼ vd; (15)

where v is a fit parameter depending on both k and w0.
The variation of v with the vacuum spot size w0 is then plotted in

Fig. 6. As can be seen, all data points lie approximately on the same
curve regardless of the value of k. An expression for v can now be writ-
ten as

v ¼ lw�
0 (16)

and performing a fit to the data presented in Fig. 6 results in
l ¼ 21:06 1:8 and � ¼ �2:086 0:05. Thus,

v � 21:0w�2:08
0 (17)

and the final empirical formula for the plasma eyepiece thickness l is
obtained as

l � 21:0
d

w2:08
0

: (18)

C. Limitation of the prefocusing distance

Although in all of our simulations the laser powers were chosen
to be higher than the critical powers for relativistic self-focusing29

[P=Pc ¼ a20w
2
0=32 > 1 so that the RHS of Eq. (4) is negative], self-

refocusing does not always occur because the initial conditions in our
case dw=dzjz1 > 0 may lead to monotonic increasing w. An example
of self-refocusing not occurring is shown in Fig. 7, where k, w0 and
a0peak are fixed while d changes from 420 to 450. It can be seen that for
d¼ 420 and 440 the local maxima of w exist while for d¼ 450 the
curve does not have a local maximum. Thus the threshold value of d
for self-refocusing to occur is approximately 445, or dlim ¼ 44565 in
this case.

In Table II, some values of the threshold for refocusing obtained
from simulation results dlim are compared with the analytical results
dM from Eq. (9). One can see that in some of the cases, specifically for
a0peak ¼ 6; dlim agrees with dM reasonably well, while in the other
cases dM > dlim. Finding the general expression for dlim is computa-
tionally expensive; thus, we take dM to represent dlim.

D. Influence of pulse duration

In the previous discussion, we took the averaged information of
the laser temporal slices. The slice differences can be small if the laser
beam has a long pulse duration. However, in short pulse cases, the slice
differences may be important. Thus, in the following, we discuss pulse
duration effects.

Figure 8 shows the influence of changing the initial pulse dura-
tion s for two example cases. It is evident that with s increasing from 2
to 19, both w2 and l decrease. The influence of s is stronger at smaller
values of s. This is due to a shorter laser pulse creating a higher gradi-
ent in the plasma electron density, which then has a higher impact on
the laser evolution. In a longer laser pulse case, only the front of the
laser experiences a high electron density gradient, while the majority
of the laser pulse is in a relatively longitudinally uniform density
region. This is the physical reason behind the effect of changes of s
becoming less severe for longer values of the pulse length.

Although the refocusing effect changes with pulse duration s,
the resulting variation of w2 is less than 10% for all cases. The varia-
tion of l is large, but less influential as explained in the following.
Because dw/dz approaches 0 while w approaches w2, the change of
w near the maximum is too small to ensure an exact measurement of
l, resulting in a larger error in l. Meanwhile, because l is usually much
shorter than the limiting length scales in LWFAs as shown in Sec. V,
knowing the exact value of the plasma eyepiece thickness l is less
important.

FIG. 6. The ratio v ¼ l=d as a function of the vacuum focal size w0 for k¼ 10
(black squares), 20 (red circles), 30 (blue triangles), and 40 (yellow inverted trian-
gles). The green dashed line is the fit of all the data by Eq. (16).

FIG. 7. Examples of laser spot size evolution, showing the threshold of d for self-
refocusing to occur. The parameters are k¼ 20, w0 ¼ 4, and a0peak ¼ 10. The
three curves are for d¼ 420 (red dashed line), 440 (black solid line), and 450 (blue
dashed line).

TABLE II. Comparisons of the threshold for refocusing obtained from simulations
dlim and from the analytical model dM.

k w0 a0peak dlim (65) dM k w0 a0peak dlim (65) dM

10 4 6 115 150 20 2.83 6 105 89

10 165 271 10 155 183

14 175 388 14 225 268

6 6 305 544 4 6 265 299

10 365 937 10 445 542

14 365 1324 14 595 776
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In all the simulations of Secs. IIIA–IIIC, we have chosen s ¼ 4,
where w2 and l approximately take the median values with respect to
what is shown in Fig. 8. Thus, we consider our former conclusions reli-
able for a wide range of s, i.e., s � 2, which covers the resonant condi-
tion s 	 p.

IV. COMPARISON OF THE SIMULATION RESULTS,
ANALYTICAL MODEL AND THE EMPIRICAL FORMULAS

By comparing Eqs. (7) and (11), an analytical correspondence of
f can be written as

fa ¼ zR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1þ d2

z2R

� �

32

a20w
2
0

s

: (19)

This suggests that fa mainly depends on but is smaller than the
Rayleigh length zR which is similar to the empirical expression for f in
Eq. (14). Also by comparing Eqs. (8) and (15), an analytical correspon-
dence of v can be found as

va ¼
1

a20w
2
0

32
1þ d2

z2R

 !�1

� 1

: (20)

In the limit of the laser power being much higher than the critical

power for self-focusing a20w
2
0=32 
 1,29 applying the weakly relativis-

tic approximation a0�1 (thus w0 
 1) and with the assumption of
short distance from vacuum focus to plasma d � zR, Eq. (20) reduces

to va / w�2
0 , which is again similar to the empirical expression for v

in Eq. (17).
The variation of the refocused spot size w2 and the plasma eye-

piece thickness l with prefocusing distance d in both the empirical for-
mulas and the analytical model (by setting a0 ¼ �a0 ¼ a0peak=2) is
compared to some simulations in Fig. 9. It is evident that in most cases
the empirical formulas fit the simulations well, but the analytical
model only partially agrees with the simulations for a smaller a0peak.
The disagreement arises from the fact that for a0peak 
 1, the plasma
cannot be regarded as unperturbed; thus, the weekly relativistic
assumption used in the analytical model is no longer applicable.

V. FULL SCALE LWFA SIMULATIONS

In order to show the physical scales of the plasma eyepiece explic-
itly, unnormalized units will be used in this section. Using Eqs. (11),
(14), and (18), and applying the matching condition12 at z2 (i.e.,
kpw2 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi

a2peak
p

where a2peak is the peak normalized laser vector

potential amplitude at z2), a plasma eyepiece is designed for a 1 PW,
800 nm laser with 108 fs pulse duration. A linear density ramp from

z ¼ �20k�1
p ¼ �216lm to z1 ¼ 0 is followed by a density plateau

with density np ¼ 2:43� 1017 cm�3 (thus k�1
p ¼ 10:8lm and

x�1
p ¼ 35:9 fs). The laser frequency is thus x=xp ¼ k=kp ¼ 84:7.

The FWHM pulse duration is s ¼ 3x�1
p in order to match the pump-

depletion length to the dephasing length,12 and the laser vacuum focus

is set to z0 ¼ �80k�1
p ¼ �864lm with w0 ¼ 2k�1

p ¼ 21:6lm, thus

a0peak ¼ 8. The influence of the density transition region is neglected;

thus, the prefocusing distance is kpd ¼ 80. According to Eqs. (11),

(14), and (18), this setup results in w2 ¼ 4k�1
p ¼ 43:2lm and

a2peak ¼ 4, with plasma eyepiece thickness l ¼ 397k�1
p ¼ 4:29mm.

A simulation has been performed with the parameters discussed

above, setting the simulation box size to 17k�1
p � 40k�1

p � 40k�1
p and

number of cells to 4096� 256� 256. The time step is Dt ¼ 4:147
�10�3x�1

p . Snapshots of a transverse slice through the laser pulse and

laser spot size/amplitude evolution are shown in the top panels of

Fig. 10. At around z ¼ 292k�1
p , the laser size w is increased to 4k�1

p

and the laser peak amplitude apeak is reduced to 4.33 At later times, the

FIG. 8. The effective focal size w2 and the plasma eyepiece thickness l vs the laser
pulse duration s for two cases. Case 1: k¼ 10, w0 ¼ 6; a0peak ¼ 14, d¼ 160
(solid lines and solid markers). Case 2: k¼ 20, w0 ¼ 3:5; a0peak ¼ 10, d¼ 100
(dashed lines and hollow markers). The black color is for w2, the red color is for l,
and the vertical lines on the red markers are the error bars due to the simulation
dumping intervals.

FIG. 9. Comparison of empirical formulas Eqs. (11), (14), and (18) (red solid lines),
the analytical model Eqs. (7) and (8) (blue dashed lines), with the example simula-
tion results (black squares). The parameters are k¼ 10, w0 ¼ 6, and a0peak ¼ 6
for (a) and (b), and 14 for (c) and (d). (a) and (c) compare the effective spot size
w2, while (b) and (d) compare the plasma eyepiece thickness l.
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laser front becomes not well guided and at around z ¼ 2000k�1
p the

spot size w stabilizes at about 5:9k�1
p . The mismatch between the mea-

sured (w2, l) and the prediction from the empirical formulas has two
reasons. One is the change of pulse duration: xps ¼ 3 is used here

while the value xps ¼ 4 was used for obtaining the empirical formu-

las. The other is the error from the extrapolation of the results for
10 � k=kp � 40 to k=kp ¼ 84:7. In a real experiment, one can avoid

these errors by scanning d around the value given by our empirical

formula. Nevertheless, the blowout radius remains at about 4k�1
p for

later times. Although a small bunch of electrons with a charge of 16 pC
is self-injected in the wake, the charge of this bunch is negligible com-
pared to the loading capacity of this wake which is a few nanocoulombs
according to Eq. (10) of Ref. 12 and Eq. (10) of Ref. 34. Moreover,
according to Eqs. (3) and (4) of Ref. 12, both the pump depletion length

ldep � ðk=kpÞ2xpsk
�1
p ¼ 2:15� 104k�1

p ¼ 232mm and the dephasing

length ld � 2
3
ðk=kpÞ2w2 ¼ 1:91� 104k�1

p ¼ 206mm are much larger

than l; thus, the plasma eyepiece does not significantly shorten the accel-
eration length.

To highlight the performance of the plasma eyepiece, a simula-
tion without the plasma eyepiece was performed with a0peak ¼ 4;
w0 ¼ 4k�1

p ¼ 43:2lm and kpd ¼ 0. The results of this simulation are
shown in the bottom panels in Fig. 10. The spot size w and laser peak
amplitude apeak evolution, shown in Figs. 10(d) and 10(h) for the sim-
ulation with and without the plasma eyepiece, respectively, have differ-
ences for the two cases. Nevertheless, the laser spot size approaches
kpw ¼ 5:5 in the case without the plasma eyepiece, which is similar to
the value of kpw ¼ 5:9 for the simulation with the plasma eyepiece.
The spot size does not become stabilized at the matched value of 4.
This is due to the front of the laser being not well guided. Moreover,
a bunch of electrons is also injected due to the evolution of the driver
in this case, with the charge 15 pC being similar to that in the former
case.

The similarities in the results of the two cases clearly highlight
the usefulness of the plasma eyepiece. For the 1 PW laser simulated,
reaching a spot size of w0 ¼ 43:2lm without a plasma eyepiece
requires a focal length of about 20 m. By prefocusing the same laser to
w0 ¼ 21:6lm with a focal length of 10 m and employing the plasma
eyepiece, the similar effective spot size is achieved.

VI. DISCUSSIONS

One may notice f in Eq. (14) has to be positive, which gives a
limit

ffiffiffiffiffi

np

nc

r

¼ kp

k
>

6:8þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

47þ 1:3kzR
p

kzR
; (21)

where nc ¼ k2=4pre is the critical density for the laser. Moreover,
although a0peak does not noticeably influence the parameters f and v,
it influences the upper limit of d for the refocusing to occur. To find
this upper limit by simulations is extremely consuming in computa-
tional resources. Nevertheless, we found the analytical correspondence
dM in Eq. (9) gives a satisfactory estimation for this limit specifically
when a0peak � 6 as shown in Table II. Thus, we use Eq. (9) together
with Eq. (11) and take a0 ¼ a0peak=2 to obtain the laser spot size limit
to which the plasma eyepiece can adjust,

1 � w2

w0
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
a20peakk

2
pw

2
0

128
� 1

� �

z2R
f2

s

: (22)

For example, a 1 PW laser beam, being prefocused to w0 ¼ 20lm
(thus a0peak ¼ 8:6), can be adjusted by a plasma eyepiece with the den-
sity np down to 2� 1017 cm�3. And if we fix the plasma density to
np ¼ 5� 1017 cm�3, the spot size w2 can be adjusted up to 67 lm just
by shifting the prefocusing position up to dM � 2:8mm in front of
the plasma region.

FIG. 10. Two 2-cm-long 3D PIC simulations showing the LWFAs with or without a plasma eyepiece. Top: with plasma eyepiece. The laser beam has kpw0 ¼ 2 and is focused
at z ¼ �80k�1

p . Lu’s matching condition is satisfied at around z ¼ 292k�1
p . Bottom: without plasma eyepiece. The laser beam has kpw0 ¼ 4 and focused at z¼ 0. Lu’s

matching condition is satisfied at z¼ 0. The pseudocolor plots show the side views of the laser beams and the plasma densities, and the right-most plots show the evolution of
the laser beam front-view size (w, black lines) and the laser peak amplitude (apeak , read lines). The locations of the snapshots taken in (b) and (f) are marked as dashed lines
in (d) and (h). An animation showing the whole process is available in the supplementary material.
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Some sets of plasma eyepiece parameters for LWFAs driven by
800nm wavelength lasers with powers of 10 and 100 PW, resulting
from our empirical expressions and satisfying the matching condition
kpw2 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi

a2peak
p

, are shown in Table III. Full 3D simulations to verify
these parameter sets are, however, extremely consuming in computa-
tional resources, thus requiring fast algorithms such as the quasi3D
algorithm.35–37

For some setups with short laser pulses, it may be difficult to sat-
isfy xps > 2 as discussed in Sec. IIID. One can still apply our design
by staging the plasma region: a plasma eyepiece stage with a high
plasma density so that xps > 2 is satisfied, and an acceleration stage
with a long dephasing length (low plasma density). The w2 adjusted in
the first stage does not have to be the matched spot size of the first
stage; instead it should be the matched spot size of the second stage.
The location of some specific injection mechanism such as ionization
injections,38–47 density transition injections,48–50 and optical injec-
tions,51–53 should be placed after the plasma eyepiece stage for stable
electron injections into the wake.

VII. CONCLUSION

A telescope system with a plasma eyepiece based on the self-
focusing effect was introduced to overcome the experimental limita-
tions for focusing high power lasers to a variety of spot sizes. With a
prefocusing optical system to focus the laser to a waist of w0, adjustable
effective focal spot sizes w2 > w0 can be achieved by changing the
preplasma focusing distance d and the plasma density np. Empirical
formulas for w2 and the plasma eyepiece thickness l were developed as
Eqs. (11), (14), and (18). The focal length can be reduced by the factor
of w2=w0 if we compare this system with conventional focusing ele-
ments that result in the same laser spot size. Further reductions of the
focal length may be achievable by cascading plasma eyepieces.

The upper limit of the effective focal spot size is determined by
the upper limit of the prefocusing distance dlim. We found the analyti-
cal correspondence dM expressed by Eq. (9) presents a satisfactory esti-
mation for dlim specifically when a0peak is not large (a0peak � 6); thus,
the spot size range that the plasma eyepiece can adjust is given by
Eq. (22). A more universal expression for dlim requires further studies.

In previously proposed plasma lenses in the nonblowout regime,
where ponderomotive force is negligible a=w2

�0:1, a transversely

preformed plasma can perfectly resize the laser beam.22–25 For absolute
blowout cases Eq. (B10), the ponderomotive effect dominates and
the laser beam cannot be focused by the plasma. Our scheme operates
in the transition regime, with both relativistic self-focusing and
partial blowout (0:1� a=w2 < 1). It is suitable for resizing the laser
beams at the petawatt level to moderate intensities for wakefield
accelerations.

SUPPLEMENTARY MATERIAL

See the supplementary material for the laser-plasma evolution
animation for the two cases in Fig. 10.
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APPENDIX A: A DERIVATION OF THE EQUATION OF
LASER SPOT SIZE

In this section, we give a derivation to Eqs. (3) and (4) using
calculus of variations similar to Anderson and Bonnedal,27 but with
a more explicit form of plasma response, i.e., the RHS of Eq. (1).

If we assume the relativistic factor of an electron is mainly
contributed by the quiver motion driven by the laser, i.e.,

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j~aj2=2
q

, and write down the Lagrangian

L ¼ i

2
~a@z~a

� � ~a�@z~að Þ � 1

2k
jr?~aj2

� 2

k
1þ j~aj2

2

� �

1

2 � j~aj2
4

� 1

2

4

3

5

;

(A1)

where ~a is complex and ~a� is its conjugate. Thus, Eq. (1), in the
case of unperturbed plasma density n¼ 1, is equivalent to the extre-
mum problem

0 ¼ d

ð ð

2prdr � dz� L z; r; ~a;~a�; @z~a; @z~a
�;r?~a;r?~a

�ð Þ; (A2)

where we have assumed a cylindrical symmetry, r is the radial axis,
and the integral is taken in the whole space.

Next, we assume the laser holds the form Eq. (2), where
a ¼ aðzÞ; u ¼ uðzÞ, and w ¼ wðzÞ. One should notice that in this
section a ¼ jaj exp ð�iuÞ is complex because it also contains the
Gouy phase uðzÞ. And, for convenience, we define

F .ð Þ ¼ exp �.2
� �

; (A3)

where . � r=w; thus, the partial derivatives of ~a are

TABLE III. Plasma eyepiece parameters for 10 and 100 PW laser driven LWFAs.
The dephasing length Ld, the optimal pulse duration sopt for matching the pump
depletion length with the dephasing length, and the energy gain DW for LWFAs
according to Lu et al. are also shown.12

P (PW) 10 10 100 100

a2peak 4 4 4 4

np (cm
�3) 2:4� 1016 2:4� 1016 2:4� 1015 2:4� 1015

w0 (lm) 30 40 60 70

w2 (lm) 136 136 431 431

d (mm) 35.6 17.7 694 563

l (m) 0.98 0.27 49 29

Ld (m) 6.52 6.52 206 206

sopt (fs) 303 303 958 958

DW (GeV) 97.7 97.7 977 977
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@z~a ¼ a0

a
þ iu0r2 � r

w

w0

w

F0

F

� �

~a; (A4)

@r~a ¼ i2ur þ 1

w

F0

F

� �

~a: (A5)

With Eqs. (A4) and (A5), we rewrite Eq. (A1) as

L ¼ i

2
aa�0 � a�a0ð Þ þ jaj2

2k

� 	

F2 þ u0 � 2u2

k

� 	

jaj2r2F2

� jaj2F02

2kw2
� 2

k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jaj2F2

2

s

� 1

0

@

1

A

: (A6)

Define a reduced Lagrangian by taking transverse integration

L �
ð

2prdr � L

¼ b1
i

2
aa�0 � a�a0ð Þw2 þ jaj2w2

2k

� 	

þ b2 u0 � 2u2

k

� 	

jaj2w4 � b3
jaj2
2k

� Q
2w2

k
; (A7)

where

b1 ¼
ð

2p.d.� F2; (A8)

b2 ¼
ð

2p.d.� .2F2; (A9)

b3 ¼
ð

2p.d.� F02; (A10)

Q ¼
ð

2p.d.�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jaj2F2

2

s

� 1

0

@

1

A

: (A11)

Thus, Eq. (A2) is reduced to

0 ¼ d

ð

dz �L z; a; a�; u;w; a0; a�0; u0;w0� �

: (A12)

With the Euler–Lagrange equation, we obtain

@L

@a
� d

dz

@L

@a0
¼ 0 :

0 ¼ � 2w2

k
@aQþ b1 ia�0w2 þ ia�ww0 þ a�w2

2k

� �

þb2 u0 � 2u2

k

� �

a�w4 � b3
a�

2k
; (A13)

@L

@u
� d

dz

@L

@u0
¼ 0 :

0 ¼ � 4u

k
jaj2w4 � jaj2w4

� �0
; (A14)

@L

@w
� d

dz

@L

@w0 ¼ 0 :

0 ¼ b1 i aa�0 � a�a0ð Þ þ jaj2
k

� 	

wþ 4b2 u0 � 2u2

k

� �

jaj2w3 � 4Q
w

k
:

(A15)

By multiplying a on both sides of Eq. (A13) and taking its imagi-
nary part, we recover Eq. (3) (note a@aQ is real); by taking its real
part and comparing with Eq. (A15), we have

b2
u0

2
� u2

k

� �

þ b3
4kw4

¼ Q� a@aQ

kjaj2w2
: (A16)

From Eqs. (3) and (A14), we obtain

� 2u

k
¼ w0

w
; (A17)

which also suggests k=2u is the radius of the wavefront curvature.
Thus,

w00 ¼ b3
b2k

2w3
1� 4w2 Q� a@aQð Þ

b3jaj2

" #

: (A18)

By inserting Eq. (A3) in Eqs. (A8)–(A11) one can obtain b2 ¼ p=4;
b3 ¼ p and Q� a@aQ ¼ pjaj4=128þ Oðjaj6Þ. Finally, Eq. (4) is
recovered.

One may notice the assumption that the laser holds the form
Eq. (2) may not be correct, i.e., the laser may not perfectly maintain
a Gaussian profile after propagating a while in plasma. In this case
to define a laser radius w is arbitrary. Thus Eq. (4) is just an approx-
imate function for the laser spot size evolution in plasma.

APPENDIX B: LARGE CAVITATION CONDITION

When the ponderomotive force of the laser exceeds a thresh-
old, the plasma electrons near the laser axis are completely evacu-
ated because the static electric field cannot balance the
ponderomotive force. Naturally one may conclude that in such con-
dition, the laser at the cavitation area behaves as if it is in vacuum.
Furthermore, if the cavitation radius is larger or equal to the laser
size parameter w, almost the whole laser beam behaves as in
vacuum.

We assume the laser beam is long enough so that only the
transverse ponderomotive force is taken into consideration:26

Fp ¼ Fpr ¼ � 1

4�c
@rA

2 ¼ �@r�c; (B1)

where the force is normalized to mecxp; A ¼ AðrÞ is the transverse
normalized vector potential profile of a linear polarized laser beam,

and �c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

1þ A2

2

q

is the averaged Lorentz factor for the quivering

electrons. If electron cavitation does not occur, i.e., electron density
(normalized to plasma density np) ne > 0 everywhere, the trans-
verse electrostatic force and the ponderomotive force balance each

other Fpr ¼ Er . And from Gauss’s law 1
r
@rðrErÞ ¼ 1� ne, one may

find the relation between the electron density and the averaged
Lorentz factor54

1� ne ¼ � 1

r
@r r@r�cð Þ ¼ �r2

?�c: (B2)

However, Eq. (B2) has nonphysical results when the laser pondero-
motive force is stronger than the electrostatic force that an electron-
vacant ion column can provide. According to Gauss’s law, an
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electron-vacant ion column has the transverse electrostatic field
(normalized to mecxp/e)

Er ¼
1

2
r for r � rc; (B3)

where rc is the cavitation radius. If we assume the laser has a
Gaussian profile

A ¼ a exp � r2

w2

� �

; (B4)

one may expect cavitation to occur when

@rFpjr¼0 > @rEr jr¼0; (B5)

which leads to the cavitation condition

a2

w2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2

2

r >
1

2
: (B6)

Particularly, under the strongly relativistic condition a2 
 1, Eq. (B6)
is approximated as

a

w2
>

1

2
ffiffiffi

2
p : (B7)

Moreover, when Eq. (B6) holds, the cavitation radius rc is obtained
by applying Fp ¼ Er at r ¼ rc to Eqs. (B1), (B3), and (B4) as

r2c
w2

¼ � 1

2
ln

w2

16a2
w2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w4 þ 64
p� �

� 	

: (B8)

We define the large cavitation condition to be rc � w, so that the
majority of the laser beam is in the electron-vacant ion column,
which leads to

w2

16a2
w2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w4 þ 64
p� �

� exp �2ð Þ: (B9)

This condition can be simplified if we assume w2 
 1; thus, we
finally obtain the large cavitation (LC) condition

a

w2
� 1; (B10)

where w is normalized to k�1
p .

The physical idea of the large cavitation condition is similar to
the upper limit power for laser self-guiding.55 However, in Ref. 55,
the averaged Lorentz factor �c was mainly contributed by the longi-
tudinal motion of electrons, i.e., �c / A2. In our case the transverse
motion of electrons dominates; thus, �c / A.

One may notice that we use a and w without the subscription
0 because they can change during the propagation, and the cavita-
tion and noncavitation states can switch. The matching condition
by Lu et al.12 is 1=4 ¼ a0peak=w

2
0 ¼ 2a0=w

2
0; thus, a0peak reaching the

LC condition is 8 times the matching condition with the same w0.
We show one example PIC simulation in Fig. 11. The initial

parameters are d¼ 0, a0peak ¼ 50 and w0 ¼ 4; thus, a0 ¼ a0
¼ a0peak=2 ¼ 25 and Eq. (B10) is satisfied and large cavitation
occurs at the vacuum–plasma interface. That is why for a short
distance the laser size behaves similar to that in vacuum. One can

observe this similarity by comparing the solid line with the dashed line
in Fig. 11(a). Then a decreases and w increases; at some distance
a=w2 ¼ apeak=2w

2 ¼ 1 appears. Although before a=w2 ¼ 1 occurs,
the solid line does not exactly overlap with the dashed line, the loca-
tion where a=w2 ¼ 1 is approximately the transition from “vacuum
like” to “plasma like”: before this point the w vs z curve behaves simi-
lar to that in vacuum, and after this point the curve presents self-
refocusing. Figure 11(b) shows the electron density slice at this transi-
tion point, in which a clear large electron-vacant column can be seen.

Furthermore, if we assume that the laser pulse evolves exactly
the same as in vacuum for a=w2 > 1, a further distance should be
added to d in the cases of a1=w

2
1 > 1:

deff ¼ max d; zR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a0

w2
0

� �2
3

� 1

s

2

4

3

5; (B11)

where d is still z1 � z0, and deff is the effective value replacing d
when using Eqs. (11) and (18). Correspondingly, l also increases to
its effective value

leff ¼ l þ deff � d; (B12)

where l is obtained by Eq. (18) and leff is total length of the plasma
eyepiece. This explains why in Figs. 3(c) and 5(c) the w2=w0 and
l are slightly larger than the fit lines for some relatively small values
of d.
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