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ABSTRACT: Axion-like particles can source the baryon asymmetry of our Universe through
spontaneous baryogenesis. Here we clarify that this is a generic outcome for essentially any
coupling of an axion-like particle to the Standard Model, requiring only a non-zero velocity
of the classical axion field while baryon or lepton number violating interactions are present
in thermal bath. In particular, coupling the axions only to gluons is sufficient to generate
a baryon asymmetry in the presence of electroweak sphalerons or the Weinberg operator.
Deriving the transport equation for an arbitrary set of couplings of the axion-like particle,
we provide a general framework in which these results can be obtained immediately. If all
the operators involved are efficient, it suffices to solve an algebraic equation to obtain the
final asymmetries. Otherwise one needs to solve a simple set of differential equations. This
formalism clarifies some theoretical subtleties such as redundancies in the axion coupling
to the Standard Model particles associated with a field rotation. We demonstrate how
our formalism automatically evades potential pitfalls in the calculation of the final baryon
asymmetry.
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1 Introduction

The axion was introduced to solve the strong C'P problem [1-4], but has since matured
into a broader concept addressing many open questions in particle physics and cosmology.
These axion-like particles’ are pseudoscalars which couple to the Standard Model (SM)

In the following, we will for brevity refer to all axion-like particles simply as ‘axions’, using the term
‘QCD axion’ to refer to the axion addressing the strong C'P problem.



gauge fields and fermions via (classically) shift-symmetric couplings mediated by dimen-
sion five operators. For example, in the context of cosmic inflation, this shift symmetry
ensures a sufficiently flat direction in field space suitable to drive the exponential expan-
sion of the very early Universe [5]. In the context of dark matter, these small interactions
with the SM ensure that an axion dark matter candidate is sufficiently long lived, while
simultaneously providing an avenue for detection [6-8]. In the context of string theory,
axions are ubiquitous and typically arise as a result of the compactification [9-11].

Beyond all this, axions provide all the ingredients necessary to generate the matter
antimatter asymmetry of our Universe via spontaneous baryogenesis: a non-vanishing ve-
locity of a classical axion field spontaneously breaks C'PT', which, in the presence of baryon
number violating interactions, can generate a baryon asymmetry [12, 13]. This idea has
been pursued e.g., in refs. [14-21]. There are two main points which differ among these
works. Firstly, the motion of the axion may happen at any time between cosmic inflation
or the electroweak phase transition, with correspondingly different physical processes re-
sponsible for triggering this motion. Secondly, different studies chose different couplings
of the axion to the SM particle content, i.e., different linear combinations of the possible
shift-symmetric operators.

In this paper we provide a simple formalism to study this class of models in a more
systematic way. Starting from an axion a coupling to an arbitrary combination of clas-
sically shift-symmetric operators (with coefficients encoded in the source charge vector
ng) we compute the final baryon asymmetry taking into account all the SM equilibration
processes. A non-vanishing velocity of the axion biases the SM processes by acting as an
effective chemical potential, thus modifying the equilibrium state of the system. As long as
the baryon violating processes are involved in attaining this new equilibrium, the baryon
asymmetry becomes non-zero and its final value is conserved when the baryon violating
processes freeze-out (see figure 1 as an illustration). Therefore this mechanism generically
leads to a generation of a baryon asymmetry even if there is no direct coupling between
the axion and any baryon or lepton number violating operator.?

We formulate this process by an algebraic matrix equation with the entries of the
matrix encoding the various SM processes and the source vector ng corresponding to the
axion coupling. The only condition for baryogenesis is that the source charge vector ng
should not be fully orthogonal to the charge vector of the baryon number violating process,

2A similar idea was discussed in refs. [14, 15], where a baryon (and/or) lepton asymmetry is generated
from a scalar field that is not coupled to the baryon nor lepton current. They consider the case of an
operator Oy that violates both a global Peccei-Quinn symmetry U(1)pq and the baryon (and/or lepton)
symmetry U(1)pg, i.e., &LJ{;Q = ApqOv and B‘LJE, = ApOy with Apq and Ap characterizing the amounts
of violation of each symmetry. An axion coupling of ad,Ji, can generate the baryon (and/or lepton)
asymmetry because one can rewrite ady, JéfQ as adyJ4 by performing a field rotation associated with Qpq —
(Apq/AB)Qs. In this paper, we will show that adding such an operator is not necessary for baryogenesis
if we introduce an additional ingredient. See figure 1. There we illustrate our idea with a toy model:
Oy = 0u(Ji" + J5) = Oy and 9, J5 = Ox. As explained in the caption, a derivative coupling of ad, J§
can generate Qp although Jz is not broken by Oy. By applying this mechanism to a more realistic case,
we show, for instance, the SU(3) Chern-Simons coupling aGG can source the baryon asymmetry, although
it has nothing to do with baryon number violation.
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Figure 1. A schematic figure of our baryogenesis mechanism. Since the SM involves many
particle species and interactions, here we consider a toy model composed of two species and two
interactions as an illustration. Its current equations are 9,,J' = _0Ox 4+ Oy and 8“J2” = Ox, and
the degrees of freedom for @)1 and Q)2 are assumed to be the same. We would like to generate
Qp = Q1 + Q2, which is violated by Oy as 9,J%5 = Oy. Conventional spontaneous baryogenesis
introduces a direct coupling of a scalar field a to the @ g-violating operator as aOy or equivalently
ad,, J%. However, a coupling of aOx (or equivalently ad, J4') which is not directly related to the
Jp-current is enough for baryogenesis. A non-vanishing velocity (a # 0) biases Q1 and @2 through
aOx while Oy tries to wash out Q1. As a result, the new equilibrium solution (eq) is different from
the thermal equilibrium (th-eq) and has a non-vanishing Qp. After Oy freezes-out, Qp becomes
conserved, and we end up with @p # 0 (final) when @ = 0. The only way to avoid generating
®p # 0 is to couple the axion as a(cxOx + ¢y Oy) with cx + 2¢cy = 0. Then the axion velocity
only biases ()1 — Q)2 violated by —20x + Oy, which is orthogonal to Q5.

i.e., a baryon number violating process needs to be involved either directly in the axion
coupling or in the subsequent equilibration of the asymmetry. Our formalism correctly
accounts for two important technical points: i) the transport equation, which describes the
equilibration process, is independent of the choice of field basis related by field redefinitions
and ii) the charge vectors of the involved processes are a priori not linearly independent. In
particular, point i) implies that performing a field rotation mapping the axion coupling to
one operator (e.g., the electroweak sphaleron aWW) to another (such as the lepton current
ad,J1') does not change the dynamics of baryogenesis. Such operations, if performed
correctly, can therefore never change the condition for baryogenesis, and hence the resulting
baryon asymmetry should be given in a form invariant under this transformation.? Also,
if marginally relevant processes are involved, we have to track the time-evolution of the
baryon asymmetry in order to determine its final value, but our condition remains as a
necessary condition for successful baryogenesis.

As a concrete example we apply this formalism to baryogenesis around the electroweak
phase transition, invoking the original Peccei-Quinn axion and an Affleck-Dine type mech-

3 A similar point was noted in ref. [22]. Our analysis extends this result to non-equilibrium situations,
which in particular arise when marginally relevant processes are involved in the generation of the baryon
asymmetry.



anism to trigger the axion motion (see ref. [21]). In this case, a notable subtlety arises
because the charge vectors of the up-Yukawa, the down-Yukawa and the strong sphaleron
and not linearly independent. As a consequence, the generated charge asymmetries in
principle backreact on the axion equation of motion,* though in the parameter space of
interest this is not of phenomenological importance.

As a second example, we consider high-scale baryogenesis invoking the lepton-number
violating Weinberg operator as well as a coupling to the lepton current or to WW during
reheating (see ref. [16]). Since the electroweak sphaleron comes into equilibrium only when
the Weinberg operator drops out of equilibrium, the final baryon asymmetry (obtained by
numerically solving the appropriate differential equation) is suppressed compared to the
equilibrium solution (see also ref. [24]). We point out that, in the presence of the lepton-
number violating Weinberg operator, the couplings to the lepton current and to WW are
not equivalent. This is a consequence of the invariance of the transport equation under
field rotations.

In addition, by deriving a general condition for the axion coupling to trigger successful
baryogenesis, we show that other couplings such as the coupling of the axion to gluons,
aGG, which itself preserves baryon and lepton number, can account for the present baryon
asymmetry both in electroweak-scale [21] and high-scale baryogenesis.®

The remainder of this paper is organized as follows. In section 2 we derive the trans-
port equation describing the time evolution of chemical potentials in the presence of an
axion coupling to a set of operators (see appendix B for details). Without making any
assumptions on the particle content and operator involved, we lay out the framework to
compute the equilibrium solution and the final asymmetries. We explicitly demonstrate
the invariance of the transport equation under field rotations which seemingly change the
axion coupling and discuss backreaction of the induced chemical potentials on the axion
equation of motion (see appendix C for details). In section 3 we specify the relevant
Standard Model (SM) processes as well as their equilibration temperatures, extending the
discussion in ref. [26] by including the renormalization group running of the Yukawa cou-
plings. Sections 4 and 5 are dedicated to two concrete examples of baryogenesis around
the electroweak phase transition and reheating, respectively. We conclude in section 6.

2 Transport equation and basis independence

2.1 Transport equation

In this section, we discuss the general structure of the transport equation without specifying
a particular system. We take a rather general attitude and derive several properties that
hold for any transport equation in a homogeneous and isotropic system. Starting from the
current equation and symmetry properties, which follow immediately from the Lagrangian

“The backreaction to the axion is correctly taken into account in refs. [21, 23] in the case where the axion
couples to the strong Chern-Simons term, aGG. Our formalism generalizes this to an arbitrary transport
equation with an arbitrary axion couplings.

5Soon after we uploaded our paper on the arXiv, ref. [25] appeared, independently also pointing out
that aGG can source the B — L asymmetry in the presence of the Weinberg operator.



of a given system, we invoke linear response theory to obtain a simple linear algebra system
describing the equilibrium solution for all chemical potentials. Some concrete examples will
be considered in sections 4 and 5, with a particular focus on the resulting asymmetries in
the total baryon number. For the convenience of readers, we summarize our definitions of
indices and symbols in appendix. A.

Current equation. Our starting point is the following operator equation:
0l (x) =D nfOa(z). (2.1)
(03

Here J! is the current corresponding to a particle species ¢ (with ¢ = 1,---, N) and the
operator O, encodes e.g., the anomalous contribution F F or Yukawa interactions. For
each O,, there exists a vector nf* that specifies the charge of each species 4 involved in
the process of O, (see section 3 for details on these operators in the SM). For conserved
currents, the right-hand side of eq. (2.1) vanishes.

Transport equation. We can derive a transport equation by taking the expectation
value of both sides of this equation. As usual, we assume that the chemical equilibration
associated with the current equations is much slower than typical scatterings. This justifies
the approximation of kinetic equilibrium for the system, and hence the deviation from the
chemical equilibrium can be characterized by slowly varying chemical potentials u; for each
charge Jio . Let g; be a charge density of species ¢ defined by

0lt) = gy [ ' (@) = (£00,0)) 22

Throughout this paper, we assume homogeneity and isotropy of the system. We use this
property in the second equality. The connection to the chemical potential is given by

T2
¢i(t) = gimi(t) =, (2.3)
where T is the temperature of the ambient plasma and the multiplicity is ¢g; = 1,2 for a
chiral fermion and a complex scalar, respectively. We assume p; < T for all ¢ throughout
this paper. Note that one should introduce different chemical potentials for each species
which are distinguishable by any of the relevant interactions.

The left-hand side of eq. (2.1) gives

VOIER?’) /d%@ . <Ji(t, w)) = qz(t) . (2.4)

One may evaluate the right-hand side by computing the linear response of the system to
a small perturbation p;/T < 1. As can be seen from eq. (2.1), an operator a involves n
charges for each species i. Therefore, the expectation value of O, is given by

Vol(le) / &z (Ou(t, T)) = —T4 Ejzn;“;‘; (2.5)




where

3 TGH(w,0)

r
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, Golw,p) E/d4rr e T PE([Oa(z), 0a(0)]) - (2.6)
w=0
at the linear response.’® See appendix. B for the derivation and a more precise definition
of correlators. I',, represents the rate per unit time-volume for O,. For later convenience,
we also define the rate per unit time by

Lo

55 (2.7)

Yo =
Therefore the transport equation corresponding to the current equation (2.1) can be ex-
pressed as

ZFU 7 L= Zfan ng (2.8)

Conserved quantities. In general, this matrix I';; can have vanishing eigenvalues. Let
{nf‘} be a set of eigenvectors with zero eigenvalues. The presence of these eigenvectors

indicates that, if one pumps up a chemical potential as ), nAJZ-O7 it does not induce any
chemical reactions. Therefore this set corresponds to the conserved charges in this system.

One can see this by multiplying this vector from the left to both sides of eq. (2.8), leading to
0= an‘q’i — ga=const., qu= ZniAqi , (2.9)
j i

which is equivalent to
ZnA B e, (2.10)

with ¢4 being a constant. Here a constant c4 sets the conserved charge A of this system
as g4 = caT?/6.

Interaction basis. In general, some charge vectors can be expressed as a linear combina-
tion of the others. One may choose a complete set of vectors n$* (associated with O, ) that
are linearly independent, which we denote as {nf} For later convenience, we denote the

rest of the charge vectors as n;*

which can be expressed as a linear combination of {n'}.
Now the set of {n®} and {n'} forms a complete basis of the chemical potential space. Note
here that the vector spaces spanned by {n¢} and {n{'} are orthogonal because 0 = >_, nén#

for any & and A. Since the sets of basis vectors {n¢} and {n{'} are not orthonormal,
we define dual basis vectors {n¢} and {n{'} respectively such that Z ng 'B = 045 and
S afnP = 645, Note that we also have 0 = 3", adnf = 3. aftn Z nf‘ because

SThis T, is the linear response coefficient of interaction processes to a chemical potential. Regarding
sphaleron processes, one may alternatively define I' by the diffusion constant per unit volume of Chern-
Simons number. The latter one is twice larger than the former one by a fluctuation dissipation relation.
The difference comes from the average between the forward and backward sphaleron rates [23].



the vector spaces spanned by {n¢} and {n#'} are orthogonal. For notational brevity, we
introduce a collective notation {nX} = {n& nf} and {nX} = {np¢, '} with

S onafnl =oxy, Y. n¥nf=4;. (2.11)
i X=a&,A

We denote the number of the basis vectors {n&} ({n#'}) as Ns(N4). By definition, we
have N = N4 + Ny4. For later convenience, we further divide the basis vectors n? into
(n%+} = {32, a¢n% = 0 for all ap} and {n; '} = {nd| 3, A%n™ # 0 for some aa}.

T a

The latter set {n?”} involves a linear dependent relation with ng'® as n/® = > oy Uanay M

with UL

e, 7 0. Note that the dual vector n¢ is related to a conserved charge in the case
AOLH K3

~

where the interaction & is turned off if & € {a, }. In this case the conserved charge is
=2, 7’L?qZ and the corresponding chemical potential is pg =, gmf‘.7

2.2 Transport equation including an axion

Now we shall include a coupling to an axion. In particular, we will provide a general
transport equation in the presence of a non-vanishing velocity of the axion by assuming
that the change of the axion velocity is much slower than the typical interactions in the
ambient plasma (see appendix. B for the details of derivation and assumptions). As an
aside, we show that the resulting transport equation is invariant under field redefinitions
associated with charges in the current equation, which seemingly change the coupling to
the axion.

Coupling to the axion. Before discussing the coupling to the axion, let us briefly recall
the derivation of (2.1). Let {®} be a set of fields in the action S and consider a U(1)
transformation: {®'} = {¢@x®}. The current equation follows if the path-integral fulfills

[ ) U@ s = [ idu] Fopesionsd @t inose oo ineo .19
— [ [ i@y
X [1 +/d4a:z'0k (8-Jk - anoa> +O(9,3)] . (2.13)

with [du] being a measure of the path-integral and F[{®}] being a functional of {®}
invariant under the U(1);, transformation.® Here R in the first equation involves terms at
a higher order in 6. Differentiating with respect to 6, and taking 6, = 0, we obtain the
current equation (2.1).

"These conserved charges provide the physical intuition behind distinguishing between linearly indepen-
dent and dependent basis vectors, namely > . adnds = 0 and > A&NSA # 0, respectively. A linearly
dependent basis vector implies a reduced number of conserved charges when we turn off its corresponding
interaction.

$We take F[{®}] invariant under the U(1), transformation just for simplicity. If F[{®}] is charged under
this, we get the anomalous Ward-Takahashi identity associated with the commutator [Qg, F].



Now we are ready to couple the current equation (2.1) to a homogeneous axion field
a(t) with a decay constant f. There are two types of (classically) shift-symmetric couplings.
One is a direct coupling with the current:

a a
Lo=—=0 Jpy=—
FoR T

After integration by parts, this coupling can be regarded as an external chemical potential.

JP + (total derivative). (2.14)

The other is an indirect coupling to the current with an operator Og appearing in the
current equation:

a
f

at linear order in a/f. The second coupling respects the classical shift symmetry of a, if one

Lo=—--0g, (2.15)

can rewrite it as (a/f)05 = (a/f) 3, ﬁf@- Ji by reversing the transformation in eq. (2.12)
at linear order in a/f,? or if it is a total derivative of some other operator Og = 9- K3 (e.g.,
WW =29- Kws).!? More general couplings can be generated from a linear combination
of the two couplings in egs. (2.14) and (2.15), and hence these two are sufficient for our
discussion. These shift-symmetric couplings with the axion modify the transport equation
as follows:

: pi o alf
Gi=— ZFU% - ;Si. (2.16)
J

In the following, we discuss the source term .5; for each case.

Axion source terms. Let us start with the direct coupling to the current, given by
eq. (2.14). As already mentioned, this coupling can be regarded as an external chemical
potential of (a/f)J). Such an external chemical potential gives rise to a shift of py —
pr — a/ f, indicating up, = a/f at equilibrium. This observation implies the following form
for the transport equation:

: | a . . a
G = — Zfij ('l;f - J/f(sj > for the axion coupling ?JIS. (2.17)
j
This means that the source term in eq. (2.16) is given by

S; = Z Lijdk for the axion coupling %J,g. (2.18)
J

as expected.

91f we keep the nonlinear part appearing in the transformation (2.12), the equality should be (a/f )03 =

Sl (a/£)d - Ji + R({A’a/f}). However, throughout the main text, we assume that the axion mass
originating from this coupling is negligible and the typical time scale of axion motion is much slower than
1/T. Under these approximations, one may always rotate away a constant term in the axion, and also
expand the resulting equations in a/(fT"). These are the underlying reasons why we may use transport
equations at linear order in the axion field. Since we restrict ourselves to this case in this paper anyway,
we can drop the nonlinear part of a/f in this discussion.

10The Jatter case could be broken quantum mechanically by the instanton. This is why we said “classi-
cally” shift symmetric.



Next we move on to the coupling with an operator —(a/f)Ogs [see eq. (2.15)]. In
linear response, this interaction introduces a bias on the processes involving this operator.
Therefore, we expect

1RB)/ 2 (Ou(t,@)]a)s) = —Ta Zna“] + 65T aéf (2.19)

vol(

where the expectation value with a superscript of a/f implies the presence of the axion
coupling. We show that this relation indeed holds in appendix. B by means of linear
response theory. In the derivation of the transport equation from eq. (2.1), the expectation
value of the right-hand side should be replaced with eq. (2.19). Hence, the transport
equation becomes

ZnOT (Z % aéf a5> for the axion coupling — %05, (2.20)

implying that the corresponding source term in eq. (2.16) is given by

S; = an‘raéaﬂ for the axion coupling — %Oﬂ. (2.21)

For a more general coupling, it is convenient to introduce a source vector ng such that
Si=> Tanfng. (2.22)
«

Then we obtain, e.g., ng = . for the coupling of —(a/f)Op, and ng = nj for
—(a/f)> s ngOﬁ or —(a/f)0 - Ji. If the axion couples to a current Jg (= ZnZQJZ) where
nZQ is its charge vector, the source vector is given by ng = > n;ng".
Basis independence. So far, we have seen how the shift-symmetric couplings of the
axion given in egs. (2.14) and (2.15) give rise to the source terms in the transport equation.
However, there are subtleties in this computation because the coupling to the axion has
redundancies in its description owing to the current equations and the conserved charges.
As an illustration, let us consider a theory with —(a/f)0 - Ji. One may compute the
source term of this coupling and then obtain eq. (2.18). Instead, one may perform a field
rotation associated with the charge J?, which yields —(a/f) =, n{O, at linear order in a/ f
[see eq. (2.12)].1! The transport equation computed in this field basis should be the same
as the original transport equation sourced by —(a/f)d - Ji. In the following, we directly
confirm this basis independence of the axion coupling in the transport equation. In other
words, we will prove that the source vector ng does not depend on these redundancies of
the axion-coupling related to a field rotation.

1 Also, one may consider other transformations such as a field rotation associated with a conserved

charge. Then, one can replace the coupling with a nd - J;. Moreover, one could perform a field

itk
rotation associated with other charges and then rewrite this coupling in a more complicated form. All these
transformations of a field basis (which we simply refer to as ‘field rotations’ in this paper) give exactly the

same transport equation.



The fundamental building block of the independence under such basis transformations
is an equivalence between —ad - Ji and —a ), n3O,. Once we show this, other more
complicated transformations are just given by considering linear combinations of these
operators. Hence, a proof for these two couplings is sufficient. For the coupling of —(a/f)0
Jk, the source term is given in eq. (2.18):

Si = ZFijéjk: = Zl“an?n‘,j . (2.23)
7 a

On the other hand, the source term for —(a/f) >4 n’gOB can be obtained from eq. (2.21)

by multiplying nf and summing over . This in the end gives

Si=Y > nfTaldas =Y Taning, (2.24)
B [e% o

which coincides with eq. (2.23). Therefore these two couplings yield exactly the same
transport equations as expected. This proves that the transport equation is invariant under
such field rotations, i.e., the phenomenology of the axion couplings is basis independent.

2.3 Asymmetry generation

In this section, we discuss how the axion induces a non-vanishing asymmetry. Assuming
that the equilibration is faster than the axion dynamics, we first sketch how to obtain an
equilibrium solution of chemical potentials for a given set of conserved charges {c4} in the
presence of non-vanishing a. Then, we derive a condition for the couplings to the axion
so that the non-vanishing velocity a yields an asymmetry for a specific charge. We finally
discuss how this dynamics gives rise to a friction term for the axion, and point out a special
case where this friction term vanishes identically.

Equilibrium solution. Now we sketch how to obtain the equilibrium solution for a given
set of conserved charges {c4} in the presence of a source term. An equilibrium solution is
defined by ¢; = 0 for all 4. By multiplying 2¢ from the left to both sides of eq. (2.16) we
find the following set of equations:

Z“Sa/f Zarwé‘f — Zsagns a/J ZF B”J. (2.25)

Here we define

_ A _B T _ _A
T = neTyn = > U T UL, Sap= > AT an] = Uapl's. (2.26)
1,7 gl i

with

Usp = > asn] . (2.27)

Note that, if all the vectors {n{'} are linearly independent, i.e., & = ¢, the matrix becomes
diagonal, I'ng = I'adas, Sag = I'adag, because Uyg =D, ﬁ?nzﬂ = 0a-

~10 -



Since the matrix I‘d/;, is invertible,'? we obtain the following equation in ma-
trix notation [together with the conservation equations (2.10)], which determines the
equilibrium solution:

) ) 1 nv a/f né
(Mx;) (?) = (Zﬁy Aijﬂ'y ) . (Mx;) = ((g(m;‘)‘)> . (2.28)

Here 6 =1,--- ,Ng, A=1,--- ,Ng,i=1,---, N, and X runs through & and A. ¢4 and

pi represent the N4 and N dimensional vectors, respectively. (ng

&) is an Ng x N matrix,

a (gmf‘) is N4 x N matrix, and hence Mx; is an N x N matrix. Multiplying an inverse
matrix from the left,'® we obtain the equilibrium solution:

v aff
(l}) — (M) (Zﬂw 2555 T) . (2.29)
eq €A

where Ml}l is the inverse matrix of My; defined in eq. (2.28). Note that, if n} =c4 =0
for all A and v, the solution is a trivial one, u; = 0 for all 4. This formula is useful when
we calculate, e.g., the resulting present-day baryon asymmetry.

Asymmetry generation. Here we derive the condition to produce an asymmetry in a
specific charge. Suppose that we are interested in generation of a certain charge g¢, whose
effective chemical potential is given by

po =Y ging . (2.30)
7

Inserting eq. (2.29), we can estimate the charge g¢ in the presence of the source term ng
and non-vanishing conserved charges c4:

eq 1 n'y a/f
Mjg _ ((QZHZC)T> (Mz ) (Zﬂw aijﬁv > ’ (2.31)

where (g;n¢)T is a 1 x N matrix. In other words, this gives the condition on n& and cy
to obtain non-vanishing gc. In particular, in the case with vanishing conserved charges
ca =0 for all A, we get non-vanishing g¢ if the vector n}, fulfills

(Z gin CM 1r 5557> = v (2.32)

0,0,

12Quppose that a vector v® satisfies 0 = >oa ’U&F . The positivity of Ty, implies that 0 = >, ’U&U&B.
By restricting g to ,8 , the matrix Uy is invertible and hence v* = 0. It follows that I 5 s 1nvert1ble

13We provide a proof that the N x N matrix Mxy; is invertible. Suppose that a vector v* satisfies
0= Z Mx ;v By definition, we have Z Mmﬁ'g = 5043 which is non-zero. Hence, v® can be expressed as a
linear combination of n!, i.e., v' = 3", ni'wa. Now, 0=>, Mx;v"isrewrittenas 0 = >, za (>, n; gmf‘/).
The positivity of g; implies that 0 =3 , zani'. By multiplying 7 A" and summing over i, we find x4 =0
for all A. It follows that M x; is invertible.
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If all the vectors n* are linearly independent, this condition is further simplified as

L <ng?Mml> : (2.33)

These general formulae will prove useful when we discuss the condition to generate the
baryon asymmetry in sections 4 and 5.

The physical intuition behind this formula is the following: the C'PT-violating motion
of the axion biases the processes encoded in the source vector ng such that they induce non-
vanishing chemical potentials u; for the particles involved in these processes. Meanwhile
other processes (encoded in M lF 55 Bv) try to wash-out these chemical potentials. This
competition determines the equilibrium solution. In order to generate the charge go (which
could be e.g., baryon number), we need a gc-violating operator. The only way to obtain
a vanishing go in the equilibrium solution is by choosing specific couplings such that the
go-violating operator is not involved in this equilibration process. Eq. (2.32) or eq. (2.33)
indicate this specific coupling. After the decoupling of the go-violating interactions, the
non-zero value of go freezes out and becomes a conserved charge. From this it is clear that,
for C-genesis, we in particular do not have to couple the axion to the go-violating operator
directly. This opens up a variety of couplings successful in creating g..

Backreaction to the axion. So far, we have assumed that the production of asymme-
tries does not affect the dynamics of the axion. Here we discuss the backreaction to the
equation of motion for the axion, and derive the condition under which we can neglect
it. Since we have already proven the invariance under field rotations, the coupling to the
current can be rewritten as the coupling to a linear combination of operators O,. Hence,
it is sufficient to discuss the case with £, = —(a/f) >, n¢Os. The equation of motion for
the homogeneous mode of the axion then becomes

0=d+V'(a Zns (Oalass) =d+V'(a +ZnSfT ngﬁ%—Znyuj , (2.34)
J

where the axion potential is V'(a). In the second equality, we have used eq. (2.19).

Let us assume that the equilibration for the chemical potentials is much faster than the
axion dynamics. Under this approximation, we can insert the equilibrium solution given
in eq. (2.29) in the last term of eq. (2.34). Throughout this paper, we are interested in
the case where there are no primordial asymmetries for all the conserved quantities, i.e.,
ca = 0 for all A. In this way, we can evaluate the last term in eq. (2.34), which defines the
effective dissipation rate for the axion as

Zns T (ns Zno‘ eq) Zn%’ya a,@”s a, (2.35)

implying

V= f2T<a5 ZnaMlver}ks*) f2T(F Sap — > SasT51S, > (2.36)

15,0 3:p
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In the second equality, we have used nf* =) ; 5 ur i Z 5 Migl =4 B4 and the definition
of S5a = Usal'q in eq. (2.26). If this rate is much slower than the typical interaction
rate for chemical equilibration processes, the assumption of fast equilibration is justified
a posteriori.

We remark that there is a special case where the effective dissipation, ), 3 ngngfygfg 8
vanishes identically. Let us see when this happens. As shown in appendix. C, the condition
where the effective dissipation term vanishes is given by

Z’ya aﬁnsng =0 iff ng® Z and ng” , (2.37)

g

where we use the classification of charge vectors into linearly (in)dependent vectors, denoted
by the superscripts aa, o, a1, as introduced around eq. (2.11). For instance, if the axion
only couples to the operators whose charge vectors are linearly independent with respect
to all other interactions, i.e, n¢ # 0 only if o € {& }, the right-hand condition is trivially
fulfilled and hence the effective friction term vanishes. The non-vanishing effective friction
term arises only if the axion couples to an operator whose charge vector lies in the span
of the charge vectors of other interactions, i.e, ng # 0 for a € {&|,aa}. Still, in this case,
we could have a cancellation among the source vectors because the corresponding charge
vectors are linearly dependent, and if the cancellation occurs, the effective friction term
vanishes. The condition of ng® = >~ & aA & ng” takes into account when this cancellation
happens. If the condition (2.37) is fulfilled, the constant motion of the axion is never
stopped by the asymmetry generation. This means that a non-vanishing a together with
p; is a non-trivial equilibrium solution even after the inclusion of the backreaction.

We can roughly understand its physical reason as follows. Let us take the limit of
V(a) — 0 to get insight into the nature of this property. As we will see below, the above
non-trivial equilibrium solution exists if we get a new conserved charge in the limit of
V(a) — 0. By multiplying the current equation (2.1) by n¢ and taking a summation
over i, we obtain Y, n%d,J!' = >.5Uap05 = Oa + >_, UaapOa,- This implies O =
S Aol — > an UaapOan- Using this equation, we can rewrite the equation of motion
for the axion as

% (fa +) n%n?qi> => (Z nal Usyan — nSA> (Oanlass) (2.38)
a,i an Q|

Now it is clear that, if the condition (2.37) is satisfied, we have a new conserved charge that
is a summation of the axion shift charge fa and ) & ngﬁ?ql The presence of this new
charge in principle allows an equilibrium solution with both charges, fa and ) & n%ﬁ?‘qi,
non-vanishing, which implies @ # 0 in equilibrium. However, if the condition (2.37) is
violated, this new charge should vanish in equilibrium. This means that there must exist
a process driving the axion velocity to zero, which is nothing but a non-zero effective
friction term.

3 Transport equation in the Standard Model

In this section, we review the transport equation within the SM in the symmetric phase,
before discussing the coupling to the axion in the subsequent sections.
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3.1 Standard Model interactions and charge vectors

Let us first specify the number of chemical potentials required to describe the system. The
SM consists of the right-handed lepton ey, the left-handed lepton Ly, the right-handed
up-type quark uy, the right-handed down-type quark dy, the left-handed quark @y, and
the Higgs H, where the index f runs from 1 to Ny with the number of flavors being Ny = 3.
The vector of chemical potentials hence has 5Ny + 1 components:

(MZ) = (,U'el sy Megs Megs L1y Loy L35 Huys Huss Hugs Hdy s Mda s Hdss HQ1s HQ2 s Q35 MH) . (31)

The SM transport equation is written by means of this chemical potential vector:
. I
G = —%:ran;?ézn;*jf. (3.2)
J

Here « runs over the SM interactions relevant for the chemical equilibrium, which are
the electroweak sphaleron, the strong sphaleron, the lepton Yukawa, the up-type quark
Yukawa, and the down-type quark Yukawa.

As we are interested in the evolution of the chemical potential in the early Universe,
we should take into account the effect of the expansion of the Universe. Denoting H as
the Hubble parameter, we rewrite the transport equation eq. (2.16) by the replacement of
4i — G; + 3Hg;. Assuming the radiation-dominated era, we obtain 7' = —HT and

gm? T?
90 M’

(3.3)

where g, (= 106.75) is the effective degrees of freedom of relativistic particles. The trans-

port equation is now written as'

d rpey 1 aa of 1 ofalf
it (1) = T H[an <T> -7 <T)

J

; (3.4)

where we have included an axion source term. When the prefactor in the right-hand side
becomes larger than of order unity, the square bracket in the right-hand side is driven to
be zero within of order one Hubble time. It is thus convenient to define an equilibration
temperature, below which a given interaction is in equilibrium within the time-scale of the

Hubble expansion.
B

i

Let us focus on an interaction f in the right-hand side of eq. (3.4). Multiplying n
and taking a summation over 7, we obtain

_dlflT ( i ”iﬂ/;) - _Z; (”5)275[2”5(#) s <a/Tf)

i J

..., (35)

14This is not the case before the reheating completes. We implicitly assume that the reheating tempera-
ture is much higher than 10'® GeV throughout this paper for simplicity.
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Interaction | Weinberg WS SS Y. Y, Y,
r,/r KW ";gj: FRWSOS 1Kgsad Ky, Y2 kY, Y Ky, Y2
T, [GeV] | 6.0 x 10'2 | 2.5 x 10'2 | 2.8 x 10 | 1.1 x 10° | 4.7 x 10° | 1.3 x 10'2
Interaction Y., Y. Y; Yy Y, Y,
o /T KY., Yo KY., Yo Ky, Ui RvYi | Rvav: | KvaYp
T,[GeV] | 1.0 x10% | 1.2 x 10™ | 4.7 x 10™ | 4.5 x 10 | 1.1 x 10° | 1.5 x 10'2
Table 1. A summary of the rate per unit-time volume I', and the corresponding equilibration

temperature T, for the SM interactions and L-violating interaction by the dimension five Weinberg
operator [see eq. (5.3)]. See the main text for the explicit values of the numerical coefficients kq.
The differences with respect to ref. [26] are discussed in the main text.

where the dots represent the other interaction terms. Then the quantity >, nf wi/T does
not change much by the interaction f if

Zl (n?)Q'yg < H.

> (3.6)

We define the equilibration temperature of the interaction S by the threshold of this
condition.!?

In the following, we give the rate per unit time-volume I'y, the charge vector n{', and
the equilibration temperature T, for each interaction, see table 1. It is important to include
the renormalization group (RG) flow of the parameters to evaluate these quantities, which
we have done using SARAH [27].

Before going to the details of the interactions, we comment on the differences of our
calculation of the equilibration temperature with respect to ref. [26]. As explained in
footnote 15, we include the factor of Zl(nzﬁ )2/g; in the definition of the equilibration
temperature of Yukawa interactions rather than 1/gr, the latter of which is used in ref. [26].
We also take into account the renormalization-group running of the Yukawa (as well as
gauge) couplings, not only for top Yukawa but also the other Yukawas. This is quite
important especially for the bottom Yukawa, where T}, decreases by an order of magnitude.

We also use updated sphaleron rates following ref. [28].
Electroweak sphaleron. The electroweak sphaleron involves all the left-handed
WS

fermions, which are charged under SU(2)w. The corresponding charge vector, n,' >, is

defined so that

(3.7)

Zn}’vsm - Z (MLf + 3'“Qf) :
i

f

5ref. [26] defines the equilibration temperature of the weak and strong sphaleron processes by 6yws = H
and 4vyss = H, respectively. These are equivalent to our definitions. However, they define those of Yukawa
interactions by v;/gr, = H, where g1, is the degrees of freedom of left-handed lepton (quark) for lepton
(quark) Yukawa interaction. This is different from ours by a factor of 7/2 for the lepton Yukawa and 18/4
for the quark Yukawa.
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Figure 2. Equilibration temperatures for individual SM interactions, T,. Each dashed line in-
dicates the range from 107, to T, within which one can expect non-trivial effects due to partial
equilibration. The solid arrows (starting from the vertical lines) indicate that the interactions are
in equilibrium for T" < T,,. At the top of the figure, we also show the decoupling temperature of
lepton number violating interaction via the dimension five Weinberg operator as a vertical line,
above which it is in equilibrium [see eq. (5.5))]. The dashed line starts from 7, /10 in this case, as
this interaction is weaker for lower temperature.

The sphaleron rate per unit time-volume in SU(/V.) gauge theory with Ny vector fermions
and Ny complex scalars is given by [28-33]

N.g*T? mp N2 -1 54
mp
v = N.aT (m 2 3.041> , (3.9)
2N.+ Ns+ N
m2 = cne N N oo (3.10)

6

where g (= V4ma) is a gauge coupling constant. Using m3, = (11/6)g37? in the SU(2)
weak sector of the SM, we thus estimate the rate as

Tws = %agﬂ, (3.11)
where rkws ~ 24 for T = 102GeV.10 Comparing the rate per unit time,

YWS Zl(nyVS)Q /g; = 36I'ws/T3, to the Hubble parameter, one may estimate the equili-
bration temperature as

Tws ~ 2.5 x 10" GeV . (3.12)

16This sphaleron rate is about 1.3 times larger than the one reported in ref. [34]. If one use the latter
rate, Tws is estimated as 1.9 x 10'2 GeV.
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Strong sphaleron. The strong sphaleron involves both left- and right-handed quarks,
SS

i

an‘ssﬂi = Z (2uq; — by — ay) - (3.13)
( f

which are charged under SU(3)c. The charge vector, n;>, is given so that

Substituting m% = 2g§T2 into eq. (3.8), we can estimate the rate per unit time-volume as

Tsg = %agﬂ (3.14)
where rgg ~ 2.7 x 10? for T = 10 GeV. Comparing the rate per unit time,
vss > (n35)%/g;i = 24T'sg/T®, to the Hubble parameter, we get the equilibration
temperature:

Tss ~ 2.8 x 10" GeV . (3.15)

Lepton Yukawa. In general, the lepton Yukawa is an Ny X Ny matrix, Yef 7" 1f the
effect of the neutrino mass can be neglected, one may redefine the leptons fields so that
the lepton Yukawa becomes diagonal, i.e., (Yef ! ) = diag(ye, yu, yr). Let us take this field

basis and denote the corresponding chemical potentials as pe, and pr,. The charge vector,

v

n;° ,is given so that

ff
> 0 pi = —pe; + pn; — pa- (3.16)
7

The rate per unit time-volume is estimated as

Uysr =y, (a) y2 T, (3.17)

where we have made the dependence of Ky, on ag explicit, which arises from taking into
account 2 <» 2 scattering processes with single gauge boson emission/absorption (among
others). The prefactor sy, is estimated in ref. [26] as ky, (ag) =~ 1.7 x 1073, From this, we
obtain the equilibration temperature of the lepton Yukawa for each flavor:

Ty ~1.1x10°GeV, T, ~4.7x10°GeV, T, ~1.3x10"GeV, (3.18)

11
where we have used Zl(nfe V2 /g; = 7/4.

Quark Yukawa. Since there exist two Ny x Ny matrices corresponding to the up-type
and down-type quark Yukawas, we cannot diagonalize them simultaneously. This is the
origin of the well-known CKM matrix which leads to flavor changing processes. At very high
temperature, only the top Yukawa is in equilibrium, and other quark Yukawa interactions
start to become efficient as the Universe cools down. As we discuss in the subsequent
section 3.2, special care about the quantum coherence of different flavors is required in
order to describe this process properly. As a result, we have to take an appropriate field
basis in each temperature regime. These effects have been investigated in the context of
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flavored leptogenesis [35-38]. Below, let us just neglect these subtleties for the moment,
and estimate a typical size of transport coefficients.

£f
The charge vector for the up-type quark Yukawa, nly“ , is given by:
vt
Zni Wi = —pay + p1Q, + 1 - (3.19)
i

In an appropriate field basis of quarks, the transport coefficient is dominated by its diagonal
part, which is estimated as

Uysr = kv, (a2, a3) yz TV, (3:20)

where Ky, is again estimated in ref. [26] as ky, (a2,a3) ~ 1.0 x 1072 for T ~ 10'2 GeV,
1.2 x 1072 for T ~ 10? GeV, and 1.5 x 1072 for T ~ 10° GeV, respectively. We estimate
it as Ky, ~ 8.0 x 1073 for T' ~ 10 GeV from the running of a3. Again the dependence
of Ky, on as and a3 is made explicit. As an indicator, let us estimate the corresponding
equilibration temperature for the diagonal part:

Ty, ~1.0x 10°GeV, T, ~12x 10" GeV, T, ~4.7x 10" GeV, (3.21)

ff
where we have used Zz(nf“ )2/g; = 3/4. The equilibration temperature of the top Yukawa

is comparable to the maximal temperature allowed by the constraints on the tensor-to-
scalar ratio [39].

!

The charge vector for the down-type quark Yukawa, nzfd , is given by:
Ydff'
Dot = —ppay + pQ, — (3.22)
i

Again, in an appropriate field basis, the transport coefficient is dominated by its diagonal
part, which is estimated as

FYdff = Ky, (a2, a3) yﬁfT4, (3.23)

where Ky, ~ Ky, [26]. As an indicator, we evaluate the equilibration temperature for the
diagonal part:

Ty, ~45x10°GeV, T, ~11x10°GeV, T, ~1.5x10?GeV, (3.24)

11
where we have used Zi(nfd )2/gi = 3/4.

3.2 Conserved quantities and decoupling

As we have seen in the previous section, some interactions in the SM may not be efficient
in the early Universe. Therefore, we expect that the number of (approximately) conserved
quantities depends on the temperature of the ambient plasma. In sections 4 and 5, we
discuss the generation of baryon asymmetry around 7' > 102GeV and T > 10'3 GeV
respectively. In the following, we summarize conserved quantities for these two cases. We
also mention the quantum coherence from different flavors.
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T 2 102GeV. At the temperature right before the electroweak phase transition, all
the SM interactions are in equilibrium. Without loss of generality, we can take a basis
of chemical potentials so that the transport coefficients for the up-type quark Yukawa
become diagonal (FY . i) = Ky, Y2 ; T*5 ;4 while those for the down-type quark Yukawa have
off-diagonal elements. The unitarity of the CKM matrix implies FYdfl + FYdf2 + FYde =
Rydyng4. As can be seen from egs. (3.7), (3.13), (3.16), (3.19), and (3.22), we have 17
charge vectors in this basis. Out of 17, 12 charge vectors are linearly independent since we
have the following 5 relations among the charge vectors:

nZ-SS _ nZ/“H n nz/um n nz/usg n ngzdll n nzzdzz N nz/dss ’
nz,/dll N nz/dm N nz/d:as _ 3/5,1 N nz/;z N nz/d% ’
L E P
nzfdu + nz/‘?s = nz/‘ilg + nz-/dal . (3.25)

Therefore, the charge vectors of interactions span a 12-dimensional subspace out of 16,
which indicates the presence of 4 conserved quantities. The 4 charge vectors orthogonal to
the charge vectors of interactions correspond to U(1)y, U(1)p—r, U(1)n,—L1y, U(1)1y—Ls:
11 1222 1 1 11111
(n?y): _17_17_17_77_77_77777777_77_77_777777777 )
272 27333 3 3 36662
QB-L 1111111
. =(-1,-1,-1,-1,—-1,-1,=,=,=, =, =, =, =, =, = 0
(nl ) < ) ) ) ) ) ?37373’3’373’37373? )

(n*™1"2) = (1,-1,0,1,-1,0,0,0,0,0,0,0,0,0,0,0),

)

(n*"27"3) = (0,1, -1,0,1, -1,0,0,0,0,0,0,0,0,0,0). (3.26)

7

The set of (linearly independent) 12 charge vectors and 4 conserved charge vectors (3.26)
forms a complete basis of the 16-dimensional chemical potential space.

T 2 103 GeV. In section 5, we discuss the B — L asymmetry generation from the
dimension five Weinberg operator, which gives the origin of the neutrino masses. Since the
Weinberg operator is efficient above T~ 10" GeV, we are interested in the properties of
the SM transport equation at this high temperature regime. In this regime, many of the
SM interactions are not efficient, and only the following interactions are relevant: the top
Yukawa and the strong sphaleron are efficient; the electroweak sphaleron, the bottom and
tau Yukawa are marginal.

Let us briefly mention an appropriate field basis to treat the quantum coherence from
different flavors. For T' ~ 10'3 GeV, the relevant quark Yukawa interactions are only the
top and bottom Yukawas, and hence we can take a field basis of quarks which completely
diagonalizes both the up/down-type Yukawa matrices: y,u3Q3 - H and y,d3sQ3H t. Aside
from these top and bottom Yukawa interactions, no interactions distinguish different fla-
vors. Therefore, we expect that charges for ()3, us, and dz in this field basis would differ
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from other quarks while the charges for the first and second generation quarks are the
same. We should take this field basis since otherwise we need to take into account the
coherence of different flavors which is beyond the formalism developed in this paper as we
see below. The subtleties arise when one would like to use another field basis d’f which
does not diagonalize the Yukawa interactions. As an illustration, let us suppose that we
take the field basis of the third generation down-type quark where the bottom Yukawa
is not diagonal, i.e., ypd3QsH' with d3 = Zf Ugfd}. As explained above, we expect a
different charge density for a particular linear combination of d’f, ie, d3 = > ¥ Ugfd/f.
Therefore we need to describe the evolution of “charges” among different flavors for d’f

because Qg = [, > p U}3U3f/df dy = Jo2sp U}3U3f/Qd/ff/. Our transport equation is
not applicable to this d’f basis because we assume that the charge densities do not develop
coherence among different flavors. A sophisticated formalism to deal with this quantum
coherence has been developed in the context of flavored leptogenesis. See refs. [35-38] for
more details.

Now we are ready to discuss conserved quantities. As explained, in this temperature
regime, the first and second generation left-handed leptons are indistinguishable. The same
statement holds for the first and second generation left-/right-handed quarks. One may
take common chemical potentials for them, i.e., pur, = pr, = L, QL = HQs = HQi2>
Huy = fus = Hugs, a0d fg, = [y, = [dy,- The first and second generation right-
handed leptons are decoupled from all the interactions relevant for their asymmetry pro-
duction, and hence their corresponding charges ., with f = 1,2 become separately
conserved quantities. Therefore, we can focus on the chemical potentials of 10 species,

e., p; with ¢ = 7, L1s, L3, u12,t,d12,b,Q12,Q3, H. The multiplicity factor is given by
gi = 1,4,2,6,3,6,3,12,6,4 respectively. The charge vectors of each interaction in this
basis are

( WS

SS

)= (02,1,0000630)
(n$S) = (0,0,0,— —2,-1,4,2,0),
(n)7) = (— 10100,0,0,0,0,1),

) =(0,0,0,0,-1,0,0,0,1,1),

) = (0,

(n,"
( 0,0,0,0,0,0,—1,0,1,—1). (3.27)

&

ny

These linearly independent vectors span a 5-dimensional subspace out of 10. The remaining
5 vectors orthogonal to eq. (3.27) correspond to U(1)y, U(1)p—r, U(1)uy—dis, U(1)L15—2Ls,
and U(l)BIQ,QBS:

1 122 1 1111
(nQY) = _17 T oY 97 9Y9) o) aipipro |0
¢ 2 2°3'3 3 3662
111111
(niQB_L) = <_17_1a_17 777777 0) )
3
Quyp—dys
(n, ) = (0,0,0,1,0,—1,0,0,0,0),

)
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(n*™127255) = (~2.1,-2,0,0,0,0,0,0,0) ,

7

QByy—28B3 1 21 21 2
(nz ) <O7O70737 33 33 370 (3 8)

The set of 5 charge vectors (3.27) and conserved charge vectors (3.28) forms a complete
basis of the 10-dimensional space of chemical potentials.

4 Spontaneous B + L-genesis before the electroweak phase transition

Since the B 4+ L symmetry is violated by the electroweak sphaleron within the SM, it is
tempting to discuss the possibility where the present-day baryon asymmetry is generated
via this process. At high temperature but below Tyyg, the electroweak sphaleron is effi-
cient and could source the B + L asymmetry. After the electroweak symmetry breaking,
its rate per unit time is exponentially suppressed and B + L becomes an approximately
conserved quantity. Therefore, if we could generate the B + L asymmetry right before
the electroweak phase transition, the resulting asymmetry can explain the present baryon
density. The minimal scenario in this context is electroweak baryogenesis, which is unfor-
tunately excluded by the observed Higgs mass and the lack of the sufficient C'P-violation
in the CKM matrix. However, as is known in the literature, the presence of an axion can
reopen the possibility of baryogenesis at the electroweak phase transition [19, 21, 40, 41].

In this section, we consider spontaneous B + L-genesis prior to the electroweak tran-
sition. Suppose that the axion, which couples to the SM particles with (classically) shift
symmetric couplings, has a non-vanishing velocity around the electroweak phase transition.
Though we do not specify the mechanism, one could for instance consider the coherent ax-
ion rotation initiated by a higher dimensional explicit breaking term [21, 42] or the onset of
coherent axion oscillations. As demonstrated in section 2.2, the non-vanishing velocity of
the axion biases the chemical potentials. Consequently, the B 4+ L asymmetry is generated
by the B + L-violating electroweak sphaleron, which can account for the present baryon
density - even if the axion is not directly coupled to the electroweak sphaleron. We clarify
the condition of the coupling to the axion in order to generate the B 4+ L asymmetry.
We will see that couplings to the axion which have seemingly nothing to do with B + L
current, e.g., the coupling to the strong sphaleron aGé, can generate the sufficient B + L
asymmetry as shown in ref. [21].

4.1 Basic properties of the transport equation

Reduction of chemical potentials. As discussed in section 3.2, all SM interactions
are in equilibrium around the electroweak phase transition. This yields four independent
conserved quantities, namely Qy,@B-r, Qr,—1,, and Qr,_r,. Since we are interested in
a situation where they have no primordial asymmetries, we have ¢y = cp_r = cr,—1, =
CLo—r1; = 0 [see eq. (2.10)]. In order to reduce the number of species in the chemical
potential vectors, it is convenient to implement the last two conditions from the beginning.
If we do not have primordial asymmetries in Qr,, -1, and @1, r,, leptons in different flavors
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have the same properties.!” We can take common chemical potentials, i.e., e ;= He,
,"LLf = UL for f: 1,'” ,Nf.

As we have seen in section 3.2, the charge vectors of the SM interactions involve 5 non-
trivial linearly dependent relations among the charge vectors (3.25). If the axion couples
to operators Oy, , which are not involved in these relations, we can simplify the equilib-

rium solution (2.29) as y;* = >, M, Aid/ f where the actual value of the transport

zou_
coefficients does not matter. On the other hand, if the axion couples to operators involved

in these relations Od” or Oq,, the equilibrium solution cannot be simplified in this way,

eq N —1p—1 N N
rather we have p;" = Zéuﬁw Mid” Fdnﬁn Sﬁm La/f. Here the matrix 25“ a”ﬁHSBH’Y

depend on the actual value of the transport coefficients. This explicit dependence should be

does

dominated by the smallest interaction among linearly dependent relations because we have
> 5 I‘;Hl BHS By — 55[“7 once one of them is switched off. Therefore, while we need to keep
a value of the smallest transport coefficient, we can take others to be infinite at the end of
computations. Since we restrict ourselves to a quark-flavor independent axion coupling, i.e.
the axion can only couple to the entire up/down-type quark Yukawa, the relation among
the strong Sphaleron and quark Yukawas in eq. (3.25) is quite important. The first genera-
tion up/down-type Yukawa interactions are the smallest couplings among them. Hence, in
order to estimate the equilibrium solution at leading order, we can take common chemical
potentials for the second and third generation right-handed quarks, piy,, = ftu, = ftuy and
Hdys = [dy = ftdy, While those for the first generation take different values. Moreover, we
can take ug = pg, = pHQ, = M@, since they are related by a = Yde and Yde that are
controlled by the second and third generation down-type Yukawa couplings.

As a result, we can reduce the number of species in the chemical potential pu; from
16 to 8 as ¢ = e, L,uy,u2s,d1,dss, @, H. The corresponding multiplicity factor is g; =
3,6,3,6,3,6,18, 4 respectively. One may readily read off the charge vectors in this basis
from egs. (3.7), (3.13), (3.16), (3.19), and (3.22):

(nVS) = (03000090)

(n3%) = (0,0 1,-2,6,0),

(n)e) = (— 1,1,00000 1),

(™) = (0,0,-1,0,0,0,1,1),

(n]") = (000 -1,0,0,1,1),

(n, 1) = (0,0,0,0,~1,0,1, —1),

(n,"*) = (0,0,0,0,0,—1,1,—1) . (4.1)

Y. Y. Y, Y. .. .
Here we have niSS =n, " +2n; "% +n; g 2n,; %23 Two conserved quantities corresponding
to Qy and Qp_y, provide

122 1 111 11111
Qv _ [ 4 L+ 4=« L L 11 Qp-ry_(_4 _1 221212
(ni )_( 17 273737 37 37672>7 (nz ) < 17 1,3,3,373,3,()) . (42)

7For a lepton-flavor dependent axion coupling, this is not the case. We restrict ourselves to a lepton-flavor

independent axion coupling throughout this paper for simplicity.
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Transport matrix. Here we provide explicit forms of matrices FdB and Sap that are
useful in obtaining equilibrium solution. Throughout this section, we choose the com-
plete basis of the charge vectors for interactions as nf‘ with & = WS, Y., SS, Y., Ya,, Yi,s-
Together with nf‘ with A = Qy,Qp_1, they form a complete basis, and it is straightfor-
ward to compute its dual basis ﬁZX . From this, we obtain the inverse matrix of My, in
eq. (2.28) as

22 5 _13 5 15 30 _5 _ 3

237 79 79 79 79 79 79

2 3 _4 g _9 _9 3 _T

237 158 79 158 79 158 79

7 _13 _206 o 61 122 6 _ 5

79 79 237 79 79 79 237

7 13 3 _q{ _18 36 6 _ 5

-1\ 79 79 237 79 79 79 237
Mix)=|5 5 5 0 58 42 _7 19 [ (4.3)

79 79 237 79 79 79 237

5 2 _2 g 2 _31 _71 19

79 79 237 79 79 79 237

6 _1u 4 g 3 3 _ 1 T

79 158 237 158 79 158 237

1 _15 9 g _39 _39 13 _ 4

79 158 79 158 79 158 79

and also transport matrices I'; 5 and Sas in eq. (2.26) as

I'ws
I'y,
(F h) _ T'sg + Fyul —2Fyul —1—‘Yu1 —2Fyu1
ap _2FYu1 4Fyu1 =+ Fyu23 2Fyu1 4Fyu1 ’
—Fyul QFYul FYdl + Fyul 2FYu1
—2Fyu1 4Fyu1 2Fyu1 Fyd23 + 4Fyu1
I'ws
I'y,
Tss Ty,
(Sag) = . . (4.4)
Ty, —aTy,
Ty, Ty,

Iy, —2Ty,,

Here Fyu23 and Fyd23 in this matrix may be expressed as functions of Fyuf and FYdf
with f = 2,3 because we have taken common chemical potentials for the second and
third generation right-handed quarks. As explained, the actual values of the transport
coefficients only matter if the axion couples to an operator whose charge vector belongs to
the set of linearly dependent charge vectors. Moreover, to evaluate the equilibrium solution
at leading order in this case, we only need to keep the smallest interactions to be finite
while taking the others to infinity at the end of the computation. Therefore, the precise

values of Fyu23 and Fyd23 are not important as long as I“yul,l“yd1 < Iy, Fyd%, which

237
is always fulfilled in our case because of Yy, Yd, <K Yuss Yus, Yds» Yusz- One can check this
explicitly starting from the full 16 x 16 matrices and taking yu,, Yd, < Yua, Yus, Ydy s Yus at

the end of the computation.
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4.2 Equilibrium solution including the axion

Now we are ready to discuss the equilibrium solution for the chemical potentials y; in the
presence of an axion with non-vanishing a. From this, we get the condition of the axion
coupling in order to generate a baryon asymmetry. We also discuss the condition so that
the axion is not stopped by the backreaction.

Condition for baryogenesis. The B 4+ L asymmetry is given by

2
aB+L = pB+r—  With  ppyr =3 (e +201) + puy + frug + 2 (Hugs + Hdag) + 61q -

6
(4.5)

The equilibrium solution for the chemical potentials p; is given by eq. (2.29), with the
matrices Mix, I'y5 and Sap given in egs. (4.3) and (4.4). Let’s suppose for simplicity
that we do not have any primordial asymmetries for g, or ¢p—r, i.e., c¢q, = cqz_, = 0.
The baryon asymmetry can thus be expressed as a linear combination of the source terms
appearing on the right-hand side of eq. (2.28), incorporating the couplings to the axion.
A non-zero baryon asymmetry is generated as long as the source vector is not orthogonal
to the direction in a-space which is subject to baryon number changing interactions, as
derived in eq. (2.32). As mentioned, we assume that the axion couples to the SM particles

. . . Yu Yu

in a flavor independent way, which means that the source vectors fulfill n?‘ =ng' =ng>
Y, Y,

and ng‘i = ng"' = ng'?. Inserting the expressions in egs. (4.3) and (4.4) we obtain the

condition for generating a B + L asymmetry:

(ngvs, n?, ngs, ngd, n?g/“) e v,]f"'L (4.6)
with
1}B+L o E 94 —99 —3(7ryd1 + 5Pyu1) 18PYd1 —18Fyu1 (47)
v 79 ’ ’ Fyul + FYdl ’ Fyul + FYdl ’ Fyul + FYdl

The appearance of the interaction rates for the strong sphaleron and up/down-type
Yukawas in the last three entries in the first line is due to the linear dependence be-
tween the respective charge vectors, as discussed above. Here we have used the fact that
Iy, Ty, < Tss Ty, . Iy, . From eq. (2.31), the equilibrium solution for the B + L
asymmetry is now immediately obtained as

_ B+L ~ @
Meél-i-L - Zvv ng? : (4.8)
¥

To give some concrete examples, the coupling to the electroweak sphaleron, (n%) =
(1,0,0,0,0), or a direct coupling to the B + L current [see below eq. (2.22)],

a a a a 1 « «a a
(nS) - ZH?B+L (nl ) - (ne) + (nL> + g(nu + g + nQ) = (67 07 07 070) ) (49)

clearly satisfy the condition for generating a baryon asymmetry. This is not surprising
since both operators violate B + L. By performing a B + L rotation of the SM fermions,

— 24 —



the coupling to the electroweak sphaleron can be rewritten as the coupling to the B + L
current. The above two charge vectors ng coincide up to an overall factor reflecting the
invariance under this field rotation.

According to the condition above, a coupling to the strong sphaleron (ng) =
(0,0,1,0,0), the lepton Yukawa (n%) = (0,1,0,0,0), and the up/down-type quark Yukawas
(ng) = (0,0,0,0,1),(0,0,0,1,0) will also generate a baryon asymmetry. The coupling to
the strong sphaleron aGG is particularly interesting because it is present in QCD axion
models. These examples are more surprising since these operators do not violate B + L.
However, they generate an asymmetry for the left-handed leptons/quarks, which can then
be converted into a baryon asymmetry by the electroweak sphaleron.

More generally, this result explicitly demonstrates that a generic shift-symmetric cou-
pling of an axion to SM particles typically generates a baryon asymmetry - in fact there
is only one particular linear combinations of operators which, when coupled to the axion,
does not source a baryon asymmetry. This is because, unless we choose a very specific
coupling such that the electroweak sphaleron is not involved in achieving the equilibrium
with @ # 0, the baryon asymmetry is generated. Since there is no reason for this specific
coupling to be realized, we conclude that the generation of the baryon asymmetry is a
generic consequence of the axion coupling to the SM particles if the homogeneous axion
velocity is non-vanishing at the electroweak phase transition.

Backreaction to the axion. Let us briefly discuss the effective friction term (2.36) for
the axion.'® As shown in eq. (2.37), the effective friction term vanishes identically if the

axion couples to the electroweak Chern-Simons term or the lepton Yukawa:

i i
Yaws = Yay, = 0. (4.10)
On the other hand, the charge vectors for the strong sphaleron and the up/down-type
Y, Y, .
idl +2n, 23 Hence, if the
axion couples to these operators, the effective friction term becomes non-zero (for VSffss see
also refs. [21, 23]):

quark Yukawas are linearly dependent: n$S = nzful + 2n3~/“23 +n

1 1
2 -1 -1
Py, +Ty,

1 9

{f eff

’yngu = ﬂmed =~ 2 —1 1 - (411)
2T Iy, + Ty,

eff
7a,SS -

Here again we have used I'y, ,I'y, <T'ss, Ty, ,I'y, . One can see that all of them have
a similar value, i.e., '72%8 ~ ygg/u/d ~ Ky,y2T3/f?. By comparing it with the Hubble
parameter, we get the following condition for neglecting the backreaction:
f2
T
Restricting the discussion to below the Peccei-Quinn breaking scale, T'/f < 1, this implies
that the backreaction can be neglected for f > 10% GeV.

>10%GeV . (4.12)

B Throughout this paper, we assume that the SM particles are in equilibrium. This, however, implicitly
assumes that the tachyonic instability of the gauge field via the Chern-Simons coupling aWW is sup-
pressed. In our case, this assumption is fulfilled because the typical axion velocity we have in mind is
small, a/fT ~ 10719, and the non-abelian gauge field acquires the magnetic mass term from the ambient
plasma (see e.g. [43]).
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5 Spontaneous B — L-genesis around the reheating epoch

In this section, we consider an example of spontaneous baryogenesis at T~ 102 GeV, i.e.,
during a much earlier epoch than the previous example in section 4. It is well-known that
the SM left-handed neutrinos are massive, which cannot be explained within the dimension
four operators of the SM. A simple way to explain the neutrino masses is to introduce the
dimension five Weinberg operator (suppressing species indices) as

my

L, = (L-H)*+Hec., (5.1)

B QU%W
where m,, is the mass of the left-handed neutrino and vgw ~ 174 GeV is the Higgs vacuum
expectation value. This operator provides effective masses for the left-handed neutrinos
after the electroweak symmetry breaking, and may be obtained from integrating out heavy
right-handed neutrinos. Being a dimension five operator, the Weinberg operator becomes
more effective at high temperatures. As it violates lepton number, it (with the help of an
axion) can be a source of B — L asymmetry in the early universe.

An overview of our B — L-genesis scenario in this section is as follows. We introduce an
axion and its shift symmetric coupling to the SM sector, e.g., aW W or aGG. Suppose that
the axion develops a non-vanishing velocity before the Weinberg operator decouples from
equilibrium. The chemical potentials for the SM particles are then biased toward nonzero
values via the shift-symmetric couplings. As a result, a B — L asymmetry is generated by
the lepton number violating Weinberg operator. As we will see shortly, the lepton number
violating interaction decouples at the temperature of order 103 GeV. If the axion keeps
moving until this moment, the produced B — L asymmetry is never washed out afterwards,
and is eventually converted to the baryon asymmetry of the present universe.

More explicitly, the baryon asymmetry in the present-day Universe, Yg (= 9 x 1071}
from observation [44]), is given in terms of the final B — L asymmetry as

T3 CopnT? pp— -
Yp=18 " KB _ bl PB-L g HB-L

s  6sT 6s T

(5.2)

where s = 272 /459, T3 denotes the entropy of the thermal bath with g, o = 43/11 counting
the effective degrees of freedom, and Csp,, = 8/23 indicates the sphaleron conversion fac-
tor translating the B — L asymmetry into a baryon asymmetry at the electroweak phase
transition.

In this section, we compute the resulting B — L asymmetry well after the decoupling
of the Weinberg operator. We also clarify the condition of the coupling to the axion so
that the B — L asymmetry is generated. We will see, for instance, the coupling to the
strong sphaleron, which at first glance has nothing to do with B — L or B + L charges, can
produce a sufficient B — L asymmetry.

5.1 Transport equation including the Weinberg operator

Weinberg operator. Here we summarize the basic properties of the Weinberg oper-
ator (5.1). We assume that it is flavor-universal for simplicity. Then the rate per unit
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volume is also flavor-blind and is estimated as
2T6

EW

FW = KW (53)
where Ky ~ 3 x 1073. We define the decoupling temperature of the lepton number vio-
lating process mediated by the flavor-universal Weinberg operator, Tyy, by looking at the
coefficient of the transport equation for the total lepton number density:

dInT T

2 3YW (oML, T BLy + HLs o HH
=— 2 282 ) 4 A4
Z ( L Y

d 2/’LL1 +,U’L2 +NL3 _2N7H
3T

We thus define the decoupling temperature by 5y = H. It is calculated as

(5.5)

2
Tw ~ 6 x 10'2GeV x (0'05 eV)

my

Note that the lepton number violating interaction is in thermal equilibrium when the
temperature is higher than Ty. On the other hand, the other (SM) interactions « (the
sphalerons and the Yukawa interactions) are in thermal equilibrium when the temperature
is lower than T,. This is the reason why we refer to Tw as the decoupling temperature as
opposed to the term equilibration temperature used for the other interactions.

Transport equation. We are interested in the transport equation around the tem-
perature of T ~ Ty ~ 1013 GeV. As we discussed in section 3.2, we can focus on
the chemical potentials of 10 species at such a high temperature,, i.e., p; with ¢ =
7, L19, L3, u12,t,d12,b, Q12, Q3, H. We further assume that there is no initial charge asym-
metry between u12 and dy2, or ¢y,,—q4,, = 0, in this section. It allows us to combine u12
and dj2 as qi2. In summary, the chemical potentials of our interest are p; with

izT: L127 L37 q12, t, ba QlZa Q37 Ha (56)

and the multiplicity factor is g; = 1,4, 2,12, 3,3, 12,6, 4 respectively. The charge vectors of

the relevant interactions are!”

( WS

0,2,1,0,0,0,6,3,0),

(
(n$S) = (0,0,0,—4,—1,-1,4,2,0),
(nf") = (-1,0,1,0,0,0,0,0,1),
(n}*) = (0,0,0,0,-1,0,0,1,1),
(n)*) = (0,0,0,0,0,-1,0,1, 1),
(

( Wia
’L

3
(2

0,2,0,0,0,0,0,0,2),

)
)
)
)=
) =
)=
) = (0,0,2,0,0,0,0,0,2). (5.7)

(n)”

19WWe should note that there are three lepton number violating interactions though we combine two of
them into a single charge vector nfvu. The interaction rate should be then given by I'w,, = 2I'w, = 2I'w.
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These linearly independent vectors span a 7-dimensional subspace out of 9. Note that all
the charge vectors n$* are linearly independent, and hence the axion does not have any
friction term in equilibrium. The remaining 2 vectors orthogonal to eq. (5.7) correspond
to U(1)y and U(l)BIQ,QBS:

ary_(_, 1 112 1111

(™) < 2726’3 3662/

QB12*2B3 — 0001_% _21_20 5.8
(’I’L ) <7 ’ 73> 37 3,33 3a : ()

(2

These vectors form a complete basis of the 9-dimensional chemical potential space. Here
that U(1)p—_r is no longer a conserved charge because of the Weinberg operator. The
transport equation of our system is given by eq. (3.4), which we show here again for
reader’s convenience:

“ar (1) =5 S | S () - (*F)

with the charge vectors n{ defined above.

, (5.9)

Since the bottom/tau Yukawa couplings and the electroweak sphaleron are only
marginally relevant at 7 ~ 10'3 GeV, we may further ignore them when we discuss the
equilibrium solutions in section 5.2. These interactions are however fully included in our
numerical results in sections 5.3 and 5.4.

5.2 Equilibrium solution including the axion

In this subsection, we discuss the equilibrium solution to get a rough idea of the B — L
asymmetry generation in our system. Our primary goal here is to derive a condition for
the axion source vector ng to obtain a non-zero B — L asymmetry in equilibrium.

In this subsection, we ignore the bottom and tau Yukawa interactions in order to
simplify our analysis. The right-handed tau lepton 7 then plays no role and hence we omit
it. The right-handed bottom quark b can be combined with ¢12 (we denote them as ¢) by
assuming that there is no initial asymmetry between b and q12. We can also combine L9
and L3 as L by again assuming that there is no initial asymmetry between them, since we
take the lepton number violating process as flavor-universal. Thus, the chemical potentials
of our interest reduce to p; with

i:Lv q, tv Ql?; Q37 H7 (510)

and the multiplicity factors are g; = 6,15, 3,12, 6, 4 respectively. The charge vectors of the
relevant interactions are

n; - sy Uy Uy Uy 0y ) n; = y T Yy Ty Ty 4y ’
V5) = (3,0,0,6,3,0 S8) = (0, =5, ~1,4,2,0
(nzYt) =(0,0,-1,0,1,1), (nW) =(2,0,0,0,0,2), (5.11)

7

and the conserved charges are )y and @B,,—2B, With their charge vectors

11 2111 Q 2 21 2

Qy Bigy—2B3

)= (-2, =, 2, -, -, = : =(0,=,-2,-,-2,0) . 5.12
(nl ) ( 2’157376’672)7 (nz ) (’15’ 3’37 3’ ) ( )
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As the electroweak sphaleron is only marginally relevant, we may further ignore it. In such
a case the baryon number )p is also conserved, whose charge vector is

Qs _ (gl 1 11, 5.13

nl <737373737 * ( . )
The B — L charge vector in this basis is expressed as
Qp_1 1111

. =(-1,-,-,-,2,0. 5.14

n = (L35 (5.14)

In this case, all the charge vectors of the interactions are linearly independent, and hence
we can directly apply eq. (2.33) as a condition for the source vector n¢ to generate a
non-zero B — L asymmetry. The condition reads

(ng3, 0 n¥ nl) L ﬁ(%, —114, 270, —345), (5.15)

if the electroweak sphaleron is in equilibrium, and
(nP ng,nd) L 5—4(—3, 18, —23), (5.16)
if the electroweak sphaleron is decoupled, respectively. Accordingly, the B — L asymmetry

is given by

M%]jL = <;1$ngvs - %n%s + gn? — 151;n‘§v> a/Tf, (5.17)

if the electroweak sphaleron is in equilibrium, and

M?—L_ 9 ss, 27T vy, 69 w)a/f

T = <—44n5 2978~ 478 ) 7 (5.18)

if the electroweak sphaleron is out of equilibrium, respectively. Here we have assumed
cy = CB,,—2B; = 0 for the former case and cy = cp,,—2p, = cg = 0 for the latter case.

The conditions (5.15) and (5.16) tell us that, in the presence of the Weinberg operator,
it is difficult not to produce the B — L asymmetry once the axion has shift-symmetric
couplings to the SM particles which are relevant at that temperature. In order not to
produce the B — L asymmetry, the axion has to couple to the operators in a specific form
such that its source vector is orthogonal to the right hand side of eq. (5.15) or (5.16). There
is no reason for this to be the case, and hence we conclude that the generation of the B — L
asymmetry is a rather generic consequence of the axion shift-symmetric couplings to the
SM particles if the homogeneous axion velocity is non-vanishing around 102 GeV.

So far we have studied the equilibrium solutions. In the next section, we study three
concrete scenarios numerically, without assuming equilibrium. First, we study the scenario
that the axion couples to the divergence of the B — L current, a scenario often consid-
ered in the context of spontaneous baryogenesis.2’ Second, we study the coupling aW W,

20Here we consider the B — L current, not the lepton current, to match with ref. [16], which does not
incorporate the electroweak sphaleron in the transport equation. We have numerically checked, however,
that the final B — L asymmetry is almost the same for these two cases (the lepton current case tends to
be slightly more suppressed). This is because the axion directly couples to the Weinberg operator in both
cases which gives the dominant source of the B — L asymmetry generation.
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which is also studied in refs. [16, 18, 20]. As one can see from eq. (5.15), it can produce
the B — L asymmetry if the electroweak sphaleron is efficient enough. In reality, how-
ever, the electroweak sphaleron is only marginally relevant when the Weinberg operator
is efficient (or T 2> 10'3GeV). Thus, the resultant B — L asymmetry is expected to be
suppressed compared to the above estimation based on the full equilibration of the elec-
troweak sphaleron. We will study this suppression factor numerically below. We also clarify
an issue in refs. [16, 18] and its relation to the basis independence. Finally, we study the
coupling aGG, which might be the most non-trivial scenario. We can see from eqs. (5.15)
and (5.16) that a nonzero B — L asymmetry is generated even if the axion couples only
to the strong sphaleron or the top Yukawa coupling, which by them self cannot generate
baryon nor lepton asymmetry. Below we numerically confirm that it is also the case without
assuming equilibrium.

5.3 Nwumerical results

Now we study the B— L-genesis at T' ~ 102 GeV by solving the full transport equation (5.9)
numerically. Although we have ignored the bottom and tau Yukawa interactions in the
previous section 5.2, we fully take them into account in our numerical code. Thus the
chemical potentials of our interest are p; with

Z‘:7—7 L127 L37 q12, ta b7 Q127 Q?n H7 (519)

and we have solved the transport equation (5.9) for them by assuming that there is no
asymmetry at the end of the reheating,

(T = Tg) = 0, (5.20)

where TR is the reheating temperature.
The axion acts as an external force in eq. (5.9). We consider two types of the axion
dynamics. For the first case, we simply take

o/t _

21
T = (5.21)

with 7y being a constant. We also consider a more realistic case that the axion starts to
oscillate harmonically around its potential minimum at T" = Ty, and decays at T = Tyec-
An oscillating scalar field scales as

¢ = v(t) sin (myt) @:-%?u (5.22)

Therefore, we parametrize the axion dynamics assuming radiation domination as

o/ _ T 1/21n Tose 2—1
T ~M\1.) ° T

where we have taken the axion mass as m, = 2H (T = Tos) and O is the Heaviside theta

O [(Tose — T) (T — Taeo)] (5.23)

function. Here 79 parametrizes the initial velocity of the axion. The final B — L asymmetry
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is proportional to 7y since the transport equation is linear. Note that Tosc 2 Tw 2 Tdec
is needed for the B — L-genesis since otherwise either the produced asymmetry is washed
out after the axion decay (for Tgec. > Tw ), or no asymmetry is produced (for Thee < Ty ).

Below we show our numerical results of the resulting B — L asymmetry for three
shift-symmetric couplings: ad,J4_, where Jh_, is the B — L current, aWW and aGG.
Since the lepton number violating process is well-decoupled at the end of our numerical
computation (that is 7' = 10'° GeV), it can be directly translated to the baryon asymmetry
in the present universe. We fix T and 19 as

Tr =10%GeV, n9=1077, (5.24)
and the SM parameters as
go = 0.55, g3 = 0.60, yr =1.0 x 1072
y; = 0.49 yp = 6.8 x 1073, m, = 0.05eV, (5.25)

in our numerical results below. For the oscillating axion case, we fix the model parame-
ters as

Tose = 1013 GeV,  Tyee = 10" GeV, (5.26)

in this subsection. The dependence of the final B — L asymmetry on these parameters is
studied in the next subsection.

B — L current. First, we consider the shift-symmetric coupling to the B — L current:
(a/f)0uJ% ;. This type of coupling is probably most common in the context of the spon-
taneous baryogenesis, since it can be understood as a pure shift of the chemical potential
of the lepton number charge as we saw in section 2.2. The purpose to study this coupling
here is two-fold. First, we demonstrate how our formalism applies to this most common
example. Second, we highlight a difference between this coupling and the coupling to the
electroweak sphaleron aW W, which we study next.

Since this coupling shifts the chemical potential of the quarks and leptons, the axion
source vector is given by

q12

1
ng =Y nPlnd = —n? —ng, —ng, + 5 (Mg, i+ £, +nd) . (527)
i

From eq. (5.7), it is given as
(ng) = (0)07070707 _2,_2)7 (528)

where the ordering of the interactions is a = WS, SS, Y, Y3, Y, Wia, W3. Note that it has
non-zero entries only for the Weinberg operators. This is due to the fact that they are
the interactions that violate the B — L symmetry, and hence enter into the B — L current
equation. With this information, we can solve eq. (5.9) numerically. The results are shown
in the left panel of figure 3. We can see from eq. (5.2) that for parameters in the ball-park
of eq. (5.24), a sufficient amount of the B — L asymmetry is produced from this coupling.
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Figure 3. The time evolution of the B — L asymmetry produced from the shift-symmetric coupling
(a/f)0,Jh_; (left panel) and (a/f)WW (right panel) for constant a/(fT) (solid) and oscillating
a/(fT) (dashed).

Electroweak sphaleron. Next, we consider the shift-symmetric coupling to the elec-
troweak sphaleron: (a/f)WW. The axion source vector in this case is given by

n% = (1,0,0,0,0,0,0), (5.29)

where the ordering of the interactions is « = WS, SS, Y., Y;, Yy, Wia, W3,

We show our numerical result in the right panel of figure 3. It can be seen that, although
this coupling can produce the B — L asymmetry, the amount of the B — L asymmetry is
quite different from the coupling to the B — L current. In particular, the final B — L
asymmetry is suppressed by O(10) (notice the different y-axis normalizations n the two
panels of figure 3) for both the constant case and the oscillation case with T, = 1013 GeV
and Tyee = 10" GeV. This suppression can be understood as follows. The Weinberg
operator is only the source of the B — L violation in our scenario, and hence it has to
be effective to produce the B — L asymmetry. At the same time, the axion source term
which in the current case is the electroweak sphaleron has to be effective to produce the
B — L asymmetry. As we saw in sections 3.1 and 5.1, however, the latter is at most only
marginally relevant when the former is effective and vice versa, resulting in the suppression
of the resulting B — L asymmetry.

Here we comment on ref. [16]. They started from the same coupling (a/f)WW as we
do. They performed a chiral rotation of the leptons to remove this anomalous coupling, and
wrote down the Boltzmann equation by assuming that the chemical potential of the lepton
number charge is biased by the axion in the rotated basis. This treatment is, however,
not entirely correct in the presence of the Weinberg operator, since the operators WW
and the divergence of the lepton current are equivalent only when there is no additional
source of the lepton number violation.?! In other words, once one performs a chiral rotation
to remove the anomalous coupling, the axion couples both to the lepton current and the

21 This was also noted in ref. [45], based on explicitly examining the Boltzmann equations in these two
particular field bases. In our formalism, this invariance is automatic for any basis transformations by

definition as we have shown.
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Figure 4. The time evolution of the B — L asymmetry produced from the shift-symmetric coupling
(a/f)GG for constant a/(fT) (solid) and oscillating a/(fT) (dashed).

Weinberg operator. Its couplings are such that the final expression of the source vector is
still eq. (5.29), i.e., the same as the original coupling (a/f)W W, which follows from our
general proof of the basis independence in section 2.2. Thus, the coupling (a/f)W W should
not be interpreted as a pure shift of the chemical potential of the lepton number charge.
This subtlety is of phenomenological importance since the final B — L asymmetry can be
quite different in the case of (a/f)WW compared to, e.g., (a/f)0uJ%_;, particularly for
the case in which the weak sphaleron is only marginally relevant at the decoupling of the
B — L violating process as we saw above.

In a similar spirit, it was noted in ref. [18] that there can be a strong suppression in
baryon asymmetry for the case in which the weak sphaleron is not efficient at the decoupling
of the B — L violating process. By using the same chiral rotation as ref. [16] and discussing
spontaneous baryogenesis, it was argued that this chiral rotation should not be performed
if the weak sphaleron is not efficient. Here we emphasize that one can however always
perform the chiral rotation without specifying a state with which one takes an expectation
value. As the transport equation is basis independent, a non-vanishing velocity of the
axion just biases the weak sphaleron after we perform the chiral rotation completely. To
understand whether this bias on the weak sphaleron in the B + L current is transferred to
the B — L asymmetry, we need to know how all the relevant SM interactions are involved in
attaining equilibrium with a # 0, and hence the chiral rotation, which leaves the transport
equation unchanged, does not help us to understand this property.

Strong sphaleron. Finally we consider the axion coupling to the strong sphaleron:
(a/f)GG. The axion source vector in this case is given by

n% = (0,1,0,0,0,0,0), (5.30)

where the ordering of the interactions is « = WS, SS, Y., Y, Y3, Wia, W3,

In figure 4, we show our numerical result. A sizable amount of the B— L asymmetry can
be produced from the coupling to the strong sphaleron. At first sight, it might be surprising
since the strong sphaleron has nothing to do with the B — L nor B + L symmetry. It is
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Figure 5. The final B — L asymmetry produced for different values of the axion decay temperature
Tuee. The axion oscillation temperature is taken as Toee = 1012 GeV in the left panel, and Tpe. =

10" GeV in the right panel.

nevertheless easily understood as follows. First of all, we have to use the Weinberg operator
to create the B — L asymmetry since it is the only source of B — L violation. Since the
Higgs and the leptons are involved in the Weinberg operator, the chemical potentials of the
Higgs and/or the leptons have to be biased to create the B — L asymmetry. In our case, the
axion coupling (a/f)GG first introduces a bias to the chemical potentials of the quarks.
This bias in the quark sector can be transferred into the Higgs sector by, e.g., the top and
bottom Yukawa couplings, and the lepton sector by, e.g. the electroweak sphaleron. Once
the Higgs and /or the leptons have a bias in their chemical potentials, the B — L asymmetry
is created through the lepton number violating process. In short, a bias in a certain sector
is eventually transferred to all the other sectors once we have a sufficient variety of the

interactions. It is essentially what we have seen in section 5.2.

5.4 Dependence on axion model parameters

In the previous section 5.3, we have fixed the axion model parameters as Ths. = 102 GeV
and Tye. = 101 GeV. In this subsection, we briefly discuss the dependence of the final

B — L asymmetry on these parameters.

Dependence on axion decay temperature. First we study the dependence of the
final B — L asymmetry on the axion decay temperature Tye.. In figure 5, we plot the
final B — L asymmetry for different values of Ty... The axion oscillation temperature is
Tose = 1013 GeV in the left panel, and T = 104 GeV in the right panel, respectively.

As is clear from the figure, the final B — L asymmetry does not depend on Tye. for
Taee < 1013 GeV. This is reasonable since the lepton number violating process decouples
around this temperature, and the B — L asymmetry is conserved irrespective of the axion
dynamics afterwards. For Tye. = 10'3GeV, the final B — L asymmetry is an oscillating
function of Tyec, following the axion oscillation. In particular, not only the first oscillation
but also the later oscillations affect the final B — L asymmetry, especially for the coupling
adyJ ]_’;7 7, With Tose = 10'* GeV. This is because, in this case, the axion dynamics is directly
coupled to the lepton number violating process that is quite effective at high temperatures
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Figure 6. The final B — L asymmetry produced for different values of the axion oscillation tem-
perature T,s.. The axion decay temperature is taken as Tyee = 10! GeV.

and hence the chemical potentials can track (part of) the axion oscillations. Nevertheless,
the final B — L asymmetry on average is within roughly an order of magnitude from the
asymptotic value for Tye. < 1013 GeV.

Dependence on axion oscillation temperature. Next we study the dependence of
the final B— L asymmetry on the axion oscillation temperature Tysc. In figure 6, we plot the
final B — L asymmetry for different values of Tps.. We focus on the asymptotic value of the
final B — L asymmetry for Ty, < 10'3 GeV here, and hence the axion decay temperature
is taken as Thee = 101 GeV.

We can roughly divide the parameter space into two regimes: Tose < 103 GeV and
Tose = 1013 GeV. In the former regime, T,s. < 103 GeV, the final B — L asymmetry is
an increasing function of Tys.. This is understood from the fact that the lepton number
violating process decouples at T ~ Ty ~ 10'3 GeV, and hence its effect is suppressed
by vw/H afterwards. Indeed, the B — L asymmetry depends roughly linearly on Tys in
this regime, which is consistent with the above reasoning since vy /H o T. In the latter
regime, Thse > 102 GeV, the final B — L asymmetry is a decreasing function of Tog.. This
property is easy to understand for the couplings aWW and aGG since these interactions
are not in equilibrium, and hence the produced B — L asymmetry is suppressed by yws/H
and ~sg/H for the first oscillation in this regime. A larger value of Tos (for fixed ng)
thus translates to a smaller value of the axion velocity when the axion couplings become
effective. The situation is more tricky for the coupling ad,Ji ;. In this case, the axion
source term is effective even for the first oscillation since the axion directly couples to
the lepton number violating process that is more effective for higher temperature. Still,
the final B — L asymmetry is suppressed for a larger value of Toe.. This is because the
interaction is strong enough so that pp_j follows (part of) the axion dynamics, as one
can also anticipate from the right panel of figure 5. Since the axion oscillates a lot, the
produced B — L asymmetry is cancelled in the course of the oscillation, resulting in the

suppression shown in figure 6.
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6 Conclusion

Axion-like particles not only solves the strong C' P problem but also has an ability to account
for several cosmological issues such as inflation, the dark matter, and the baryon asymmetry
of the universe. In particular, the axion(-like particle) is likely to be in a motion in the
early universe, providing a source of the C'PT symmetry violation. If the axion is coupled
to the SM, this CPT violation is transferred to the SM sector and, with the help of a
baryon number violating process, can be the origin of the baryon asymmetry of the present
universe, referred to as spontaneous baryogenesis [12, 13]. In this paper, we have developed
a formalism that systematically accounts for spontaneous baryogenesis by an axion with
general (classically) shift-symmetric couplings to the SM sector. It consists of charge vectors
ng* that characterize charges of particles that are involved in a given operator O, and a
source vector ng that encodes couplings of the axion to the operators O,. Assuming thermal
equilibrium, the final baryon asymmetry is obtained by solving simple linear algebraic
equations [see eq. (2.31)]. Our formalism is also ready for numerical implementation so
that the final baryon asymmetry is easily computed even without assuming equilibrium [see
eq. (3.4)]. Equipped with this formalism, we have revealed several aspects of spontaneous
baryogenesis on both the theoretical and the phenomenological side.

On the theoretical side, we have shown that the transport equation and hence the final
baryon asymmetry are invariant under a field rotation involving the axion (see section 2.2).
The explicit form of the axion coupling depends on the choice of the field basis. For instance,
an anomalous coupling to the SU(2) Chern-Simons term, aWW W, can be eliminated by a
chiral rotation of the leptons. The axion then couples to the divergence of the lepton
current, ad,JY, and (if present) to other lepton number violating operators such as the
dimension-five Weinberg operator (L - H )2. Since the chiral rotation is merely a field
redefinition, physical quantities should not depend on the choice of this field basis, which is
automatically satisfied in our formalism. Here we emphasize that the basis independence
is not just an academic exercise. Without accounting for this properly, one may be lead to
a wrong estimation of the final baryon asymmetry. For instance, one may be tempted to
regard the coupling aW W just as a chemical potential of lepton number by a chiral rotation.
This is, however, not appropriate in the presence of the Weinberg operator, since the axion
also couples to the Weinberg operator after the chiral rotation. Taking into account all
the axion couplings properly which appear after this chiral rotation, one ends up with
exactly the same transport equation as originally obtained with just the aW W coupling.
This demonstrates that the field redefinition never helps to understand the dynamical
of spontaneous baryogenesis because it does not change the governing equation, namely
transport equation. As a result, we find the final baryon asymmetry originating from the
coupling aWW (in the presence of the Weinberg operator) to be an order of magnitude
smaller than the baryon asymmetry obtained for a coupling to the lepton current if the
weak sphaleron is only marginally efficient at the decoupling of the lepton number violating
process (see section 5.3). Since our formalism is basis-independent, it automatically takes
into account this sort of subtleties.

We have also discussed the backreaction of the SM processes to the dynamics of the
axion. The axion coupling to the SM operator may act as a friction term in the axion
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equation of motion, slowing and eventually stopping the motion of the axion. In section 2.3,
we have derived a condition under which the axion friction term identically vanishes. The
condition essentially states that the friction term vanishes if one can define a new conserved
charge from a combination of the axion shift symmetry and the fermion rotation [see
eq. (2.37) for its precise definition]. The parameter space of the axion to obtain the correct
amount of the baryon asymmetry is less restricted if this condition is met, although a
non-zero friction term does not necessarily spoil the spontaneous baryogenesis.

On the phenomenological side, we have derived a condition for the axion couplings to
produce the baryon asymmetry [see section 2.3, in particular egs. (2.32) and (2.33)], which
is invariant under a field rotation involving the axion. It turns out that, once the axion
has shift-symmetric couplings to the SM sector, it is rather difficult not to produce the
baryon asymmetry, as long as we have a baryon number violating process. In particular,
the axion does not have to couple directly to the baryon number violating operator. The
physical intuition behind this is as follows. The axion coupling to one specific operator
generates a bias in the chemical potential of particles that are involved in that operator.
This bias is in general transferred to other particles via other interactions and eventually to
the baryon number violating process, resulting in the production of the baryon asymmetry.
As concrete examples, we have considered baryogenesis at T' > 10?2 GeV in section 4, and
T > 10'3 GeV in section 5, respectively, where the baryon number violation is sourced
by the electroweak sphaleron in the former case, and the electroweak sphaleron together
with the Weinberg operator in the latter case. We have derived a condition of the baryon
asymmetry production for these specific cases, and confirmed that the baryon asymmetry
is indeed a generic outcome of the axion shift-symmetric couplings. For instance, we
have shown for both cases that an axion coupling to the SU(3) Chern-Simons term, aGG,
ultimately leads to the generation of a baryon asymmetry, although this operator itself has
nothing to do with the U(1)p_r- nor U(1) g4 r-violation. Our findings open up a variety of
new possibilities to produce the baryon asymmetry of the universe from axion-like particles.

Along the way, we have summarized the basic properties of the SM transport equation
in section 3 as they are required in sections 4 and 5. In particular, we have estimated
the equilibration temperature of the SM processes, i.e., the strong/electroweak sphaleron
and Yukawa interactions, below which they are effective (see table 1 and figure 2). Our
estimation improves ref. [26] by including the RG running of the Yukawa couplings in
addition to the gauge couplings. It is important especially for the quark Yukawa couplings
as the strong interaction drives them to smaller values at high energy. This section may be
useful not only for the spontaneous baryogenesis but also for other baryogenesis scenarios
such as the flavored leptogenesis [35-38].
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A Definitions of symbols and indices

We summarize the definitions of symbols and indices in table 2 and table 3 for the
reader’s convenience.

Symbol Definition Size Equation
Jt current corresponding to a particle species ¢ N
O. operator for an interaction o Ny
ng vector that specifies the charge of each species ¢ involved in | N, x N
the process of O,
nj“ vector that specifies the conserved charge A Nax N
q; charge density of species 1 N eq. (2.2)
i chemical potentials for each charge ¢; N eq. (2.3)
gi multiplicity or effective degrees of freedom N eq. (2.3)
Iy interaction rate per unit time and volume Ng eq. (2.6)
Ya interaction rate per unit time (= T',/(T3/6)) N, eq. (2.7)
L;; N x N matrix form of interaction rates, (= 3_, Taniny) N x N eq. (2.8)
qa conserved charge density for A, (= >, ni'q;) Ny eq. (2.9)
ca conserved charge for A, (= qa/(T3/6)) Na eq. (2.10)
ng, at dual basis vectors Nga, Na eq. (2.11)
a/f axion field a(t) divided by its decay constant f eq. (2.14)
Si source term, (= >, Taning) N eq. (2.16)
ng source vector, or charge vector that specifies the charge of the N, eq. (2.22)
axion involved in the process of O,
Lis N x Ng matrix form of interaction rates, (= Z” ﬁf‘l“wﬁf) Ng x Ng | eq. (2.26)
Sa Ng % N, matrix form of interaction rates, (=, ﬁffgnf) Ng x N, | eq. (2.26)
Uap matrix that represents linear dependence, (= >, ﬁ?nlﬁ) Ng x N, | eq. (2.27)
Mx; matrix constructed from complete sets, (= (ng, g;ni)7) N x N eq. (2.28)
qc a certain charge specified by a charge vector n¢ eq. (2.30)
v¢ direction of source vector that results in g =0 N eq. (2.32)
*ygiﬁ matrix that represents the backreaction to the axion Ny X N, | eq. (2.36)
Ka numerical coefficient of interaction rate for « Ny table 1
Te equilibration temperature for an interaction « N, eq. (3.6)
ag, ag fine structure constants for SU(2) and SU(3)

Table 2. Definitions of symbols.
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Index Definition Length Example

I Lorentz index, sometimes omitted 4 WW = W/L,,W‘“’

flavor index Ny (=3)
i index for particle species N i=e, L,q Q,...
« index for interactions N, a=WS, SS, Y, ...
A index for conserved charges Ny A=Qy,Qp_L, ...
X collective index for & and A Nag+ Ny

(=N)

& index for a complete set of Ny,

linearly independent vectors ng*

aa index for « other than & N, — Ng

by index for a set of vectors n¢
that are orthogonal to nf® for all aa

Q| index for & other than & |

Table 3. Definitions of indices.

B Derivation of transport equation

Here we provide an explicit derivation of the transport equation in the linear response for
the sake of completeness, in particular deriving egs. (2.5) and (2.19). We first derive the
transport coefficients without the coupling to an axion and then discuss how this coupling
sources the bias in the transport equation.

B.1 Transport equation without axion

We derive egs. (2.5) and (2.8) in the linear response, starting from the current equation of

9-Ji=>» nfOq, (B.1)

without the shift-symmetric coupling to an axion such as egs. (2.14) and (2.15). The
following derivation is a slight extension of ref. [46].

Density operator. In the following derivation, we adopt the Heisenberg picture where
the density operator p does not evolve with time. Let us first construct such a density
operator suitable for our purpose. To derive the transport equation, we would like to
perturb the system with chemical potentials and see how the system relaxes to equilibrium.
A naive choice of p e~ (=22 1iQ)/T with H being the Hamiltonian and Q; being i d?’xJiO
does not commute with the Hamiltonian H because @); is not a conserved quantity.
Instead of ), 1;Q;, we introduce an operator f d3x X which is time independent in a
certain limit and is identical to ), ;Q; in the limit that the charges are conserved [i.e.,
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Y aniOq = 0in eq. (B.1)]:

t
X(t,w)z/ dt’ <’ Z,u,JOtm (B.2)

¢
= Z i J2(t, ) — / dt’ e =1 Z L Z nOu(t', ). (B.3)

In the second line, we performe integration by parts. Note that we should take € \, 0 in the
end of computation. Differentiating it with respect to ¢, one finds its time-independence in
the limit of € ™\, 0:

d t
—Xt x) —eZuZ 62/ dt’ e~ Z,uiJio(t’,w)—)O for eN,0. (B.4)

We take the following density operator as a functional of X, which is time independent
and hence commutes with the Hamiltonian:

—F(H-[d3z X)

Tr [e—%(H—fd%cX)} ’

p=

o~ T (H=32 1iQi)+X
= . — : (B.5)
Tr [G—T(H—zi uszx}

where in the second line we define
t
==X o[ a et o,w). (B.6)

This operator is regarded as a slight modification of a grand canonical ensemble and ac-
counts for the non-conservation of charges ();. We will see why this operator is useful for
our purpose.

The underlying assumption of the transport equation is that the typical time scale of
chemical equilibration is much slower than other reactions. This motivates us to expand p
in a series of X:

1

14+ T/T dr e~ H =22 miQi)T x o (H=22; 11iQi)T _ <X>GC PGC 5 (B.7)
0

where the grand canonical ensemble is defined as

o~ (H-3, 1iQ)/T
PGC = [e~ (H-Sim@)/T] °

(B.8)

An expectation value with the subscript ‘GC’ is taken by the grand canonical ensemble:
(Oa)cc = Tr(pacOs). Conversely, an expectation value with no subscript corresponds

replacing pgc — p.
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Transport coefficients. In order to have the transport equations, we would like to
evaluate eq. (B.1) by means of the grand canonical ensemble, namely

(I e = Zn . (B.9)

The left-hand side gives g;f1;7%/6 for u; < T. Our goal in the following is to evaluate the
right-hand side.

We first see why the density operator (B.7) is useful for this purpose. In the Heisenberg
picture, time evolution of any operator is given by the commutator with the Hamiltonian,
which is also true for the current atJQ =i[H, Jio]. An immediate consequence is that any
operator evaluated with p given in eq. (B.5) does not evolve in time because the density

operator commutes with the Hamiltonian, which also holds for the current, <JZO> = (0. This
observation implies

(Oa) =0. (B.10)

As a result, by using the perturbative expansion (B.7), we obtain a non-trivial relation
between (Oq)qc and an correlator of O:

alac = Z e / dg e =0T

T ~(H=5 Qi) () (Yo (H =5 mi@)T _
X /0 dr <Oa(w) (e Op()e (Op(x >GC>>GC
BHj ! 4ot et =t)p
T/—ood z'e

dr (Oa(z) (0(t' + it, ") — <05(a:’)>c)>c . (B.11)

Rk

X

h
Nl

In the second line, we have dropped higher orders in y;/T and used the fact that /7 can
be regarded as a complex time-evolution operator. In accordance, the expectation value is
taken by the canonical ensemble

e—H/T

PO = T [T (B.12)

The subscript ‘C’ indicates the expectation value under the canonical ensemble. Assum-
ing that the correlation drops for t' — —oo, i.e., (Oa(2)Os(z’)) = (Oq(x))(Os(z')), the
integrand can be expressed as

(Oulw) (Os(t +i7,2') — (05(2")) ) Vo /

tl

d
At {0n(a) 1, 05(¢" + im0

) C

(B.13)
Rewriting the differentiation with respect to t” as i7, one may perform the 7 integration
explicitly, which results in

t/

t
Ou)ac ™ Zn?pj/ d'a’ e _t)/ dt”i<[Oa(az),05(t",m’)]>c . (B.14)
5,8 B

—00
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Here we have used the Kubo-Martin-Schwinger relation:
(Oa(z)Os(t" +i/T,x')), = Tr [pCOa(x)e_H/TOg(t”,w')eH/T] = (0p(t",x")Ou(x)), -
(B.15)

Now we are ready to evaluate the transport coefficient at the leading order in the
interactions and p;/T'. For later convenience, we define the spectral function for O, by

Ggﬁ(x —2)= <[Oa(a:),05(x')]>c , Ggﬁ(w,p) = /d41: ei“’t_ip'mGgﬁ(x). (B.16)
Inserting eq. (B.16) into eq. (B.14), we arrive at the following expression

otti TGo(w,0)

n A
— J T 2w w0
7 -

dw 1 1Gp (,0) =

2w —dciw P

algo = Zn 1 hm (B.17)

Here we utilize the fact that the spectral function is an odd function in w, i.e., Ggﬂ(w, 0) =
—G%5(~w,0). In the second equality, we also use G%4(w,0)/w = oG4 (w, 0)/w. Finally,
from this equation, we arrive at the following expression of the transport equation and
its coefficient:
TGA(w,0
era”a a“ﬂ To=— C;W) . (B.18)
w

w=0

One can calculate T',, [or G5 (w,0)] by a diagrammatic calculation in a finite-temperature
field theory.

B.2 Source term from the axion

Now we turn on the shift-symmetry couplings with an axion. As discussed in the main
text, the coupling given in eq. (2.14) just shifts the chemical potential as p +— ur —a/f.
A more non-trivial one is a direct coupling with the operator Og

Lint,g = ——0g. (B.19)

In the following, we derive eq. (2.19) by regarding a/f as an external time-dependent field
in the linear response.

Linear response. Let us first recall the basic formula of the linear response theory.
Suppose that we turn on eq. (B.19) at tin;. After tiy, all the fields obey the Hamiltonian
with an explicit time dependence on the axion:

H(t)=H + ab(ft)/d% Op(t,x) for > tiy;. (B.20)

Integrating the Heisenberg equation for O,, we obtain

t
Ou(t, )]y f — Oa(tini, ) :i/ dt’ [H(t’),oa(t’,w)!a/f] ’ (B.21)
t

ini
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where the operator with a subscript a/f implies that it evolves under H(t). Now we take
an expectation value with the grand canonical ensemble (B.8):

<Oa(m)|a/f>GC - <Oa(tini7m)>GC :i/ dt’ <[H(t/)70a(tlvm)|a/f]>gc

tini

+ a(t/)Z/ d*z’ ([0p(t', "), Oalt',®)lass])

f Lini
(B.22)
Here, we note that the first term in the right-hand side is given by
t t
z/t dt' ([H(t'),0a(t';®)|a/¢]) o = z/ dt’ ([H(t"), 0a(t',2)]) o
t
+i/ At ([H(t), 0a(t'2)lass] e
tini
= (Oa(x))ac — (Oaltini, T)) g (B.23)

where we drop the cross term between a/f and p;/T and keep the term at the linear order
in a/f and p;/T. Hence we can drop the subscript of a/f or replace the grand canonical
ensemble with the canonical ensemble. Then we use the fact that the canonical ensemble
commutes with Hamiltonian and drop the second term in the first line. Substitute this
into eq. (B.22), we obtain the well-known formula of the linear response theory:

(Oa(®lass)e — Oalts o= —i [ a'a! ([0a(w), 05(a)] )

—o0 f
— / t '/ Gl (x — a:’)a(;/) : (B.24)

where we keep the term at the linear order in a/f and p;/T. We also send the initial
time tip; to —oo. In the previous section, we have estimated (O, (¢, ))gc. This equation
indicates how the axion coupling changes the expectation value of O, at the linear order

ina/f.

Source term from the axion. In order to derive the source term in the transport
equation, we assume the time evolution of axion is so slow that one may perform the
gradient expansion a(t') ~ ag + a(t — t') with ap and a constant. Roughly speaking, the
axion mass is assumed to be much smaller than a typical interaction rate in thermal plasma.
Let us discuss the contributions from a and & in the right-hand side of eq. (B.24) separately.

We start with the time independent part of the axion field. One may express the
right-hand side of eq. (B.24) as

_Z/ diz /GP (x—2') = 7 Pv/g:wagﬁ(w,()), (B.25)

where ‘Pv’ represents the Cauchy principal value. The behavior of eq. (B.25) is related to
the mass of the axion which depends on the structure of the current equations. Suppose
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that the charge vector n?

associated with the coupling agOg is not in the span of the charge
vectors of all other operators. In this case, one may rewrite this coupling as ag ), ﬁf a-J;.
Since the axion field is now constant, this coupling vanishes after integration by parts.
This observation implies that eq. (B.25) becomes zero in this case. On the other hand, if
the charge vector nZ’B can be expressed by a linear combination of other charge vectors, one
cannot rotate out the constant axion field ag. In this case, eq. (B.25) is non-zero in general.
This implies a non-zero mass of the axion and hence breaking of its shift symmetry because
the expectation value of Og enters in the equation of motion for the axion. In the following,
we assume that the axion mass coming from this coupling is negligible for simplicity (see
also footnote 9).

We move on to the contribution from the non-zero axion velocity, a # 0. The right-
hand side of eq. (B.24) can be expressed as

.t
4 n__2a p [ AW ) P
_Z/ d:cGaﬁx—x)(t—t)_—f/oodt /271_6 0,G" 4(w,0)
a dw 1
= 2 R, W
Fim i e Cas@,0)
afp s (B.26)

In the last line, we have used the definition of the transport coefficient in eq. (B.18).
Summing up all the equations obtained so far, we can write down eq. (B.24) as follows:

akj
(Oa(@)ajf)qe = —Ta Z J+ r 00 (B.27)
reproducing eq. (2.19).

C Proof of the condition for vanishing backreaction

Here we provide an explicit proof of eq. (2.37). Let us consider the axion coupling of
(a/f) >, n%0q. The effective friction term (2.36) is given as

1
Vel g = f2T<Fa5a5 > SLTLLS; ) (C.1)

The inverse matrix, F;é’ should not be confused with 1 /FdB' Let us recall that the in-
teraction indices « is composed of these for the basis vectors & and the rest aa whose
charge vector can be expressed as a linear combination of the basis vectors. Further-
more, the basis vectors are classified into {nlaL} {n&|>°, n¢nss = 0 for all aa} and
{n?”} = {nd| Y, n¢ng™ # 0 for some aa}. By definition of Lis and Sap given in eq. (2.26),
we have S&BL = Fdéém and Fézﬁl = F&‘Saég Therefore the effective friction vanishes if

A 5. ff ff
o — (] Or B — /BJ_a Le., fygﬁélﬂ - fyZOéBi =0
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Now we move on to the converse statement of eq. (2.37). One may express F&B as
follows:
T
Tas=Tads5+ > UsasTan UL 4 (C.2)

an
where we use U ; af = (5 . Note that Usqa, is non-zero only if & — ¢ by definition. In the
limit of I',,, = 0 for all aa, one finds F 1 =T, 15 and Sap = I'gdag. Therefore, we get

Wgﬁaﬁ =0 for I'n, = 0. We would like to understand how ’ya 0B changes in the presence
of non-vanishing I', . For this purpose, it is useful to consider the differential equation of
vt 5 with respect to I' .

Z saaaﬁns—[ngA_(nS'ST'F_l'U)aArZO’ (C.3)

where we use the following shorthanded mnotation (ng - ST - T=! . U)y, =
2 84,5 S%’YF’YP Upan- We also use that F;; is a symmetric matrix. One can see that

the effective frlctlon term in (C.1) is a monotonically increasing function of Ty, ,

Since 'ya s = 0 at T'qy = 0, the effective friction term also vanishes with a non-
vanishing ', , only if the right-hand side of eq. (C.3) is saturated for any I',,. Hence, our
goal is to understand the condition of ng® = (ng- ST -T'~!-U),,. By definition, one can
show that the sectors {¢) } and {&), aa} are completely decoupled, i.e. F 1 = Fa_ 5 05,5

1Pl
and Us | o, = 0, and hence this condition can be rewritten as
B 5\| -1
Z s léﬁA% Z Loa UBMH an’m Usjoa Z ns L I Bi Uigoa (€4
Ba Tl B
We can further use the identity
. R o T
Lay%a8) = Loy gy = Uaypalsa U/BAﬁu (C:5)
and finally obtain
8 Bi _
> [nSA =Y nd'Up l%% Y TsaUbya a5, Usjaa | =0. (C6)
Pa B &)

In order to have ng® = (ng - ST.1-1.U),, for any I',,, we need to find a solution to
eq. (C.6) which holds for any I'y,. Hence, the only possible solution is

n’gA - Z U, = 0, (C.7)

because 0g,a, — Ed\l»‘?\l LN UﬂTAdHF;HI@” U;YHOCA = 08 aa for 'y, = 0, which is invertible.

This completes the proof of the following statement:

Znsns% op =0 iff ng® — anuUdHaA =0. (C.8)

all
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