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1 Introduction

Inclusive physical observables like total scattering cross sections and related quantities
are naturally defined within the perturbation theory in terms of cut Feynman integrals.
Particularly, particle decay cross sections at the level of N3LO in massless QCD require the
knowledge of cuts of four-loop massless propagator-type integrals (two-point functions).

While the optical theorem allows one to calculate massless total cross sections [1, 2]
with only the knowledge of the discontinuities of the propagators — without calculating
each cut separately — the knowledge of the cuts is necessary when they are used as a build-
ing block in calculations of massive processes, exclusive processes, or subtraction terms.
Examples of such cases include [3], where a subset of four-loop massless propagator cuts
were used in the large-mass expansion procedure needed for the boundary condition of
differential equations of B decay master integrals. Also [4], where cuts of three-loop prop-
agators were used to develop infrared subtractions scheme for exclusive 2-jet production
at NNLO. And finally [5, 6], where cuts of three-loop massless propagators were used in
boundary conditions for differential cross section master integrals.

The particular use case for cuts of four-loop propagators we have in mind is the ex-
traction of NNLO time-like splitting functions from a semi-inclusive decay cross section
at N3LO. The time-like splitting functions are currently known from the space-like case
via an analytic continuation procedure, which leaves one of the terms in quark-gluon and
gluon-quark NNLO terms undetermined [7-9]. A direct calculation is needed to fix those
terms. As discussed in [6, 10] this direct calculation requires the knowledge of decay cross
sections differential in the energy fraction of one of the outgoing partons — a calculation
for which the master integrals are not yet known, but can be determined via the differ-
ential equations method [11, 12], as long as the boundary conditions are known to fix the
integration constants. The cuts of four-loop propagators can be used for these boundary
conditions by noting that a differential cross section integrated over its parameters must
give precisely the fully inclusive one, so integrating over a semi-inclusive master integral
will relate it to the cuts of four-loop propagators, providing enough information to fix the
integration constants.

These considerations motivate us to calculate all the cuts of four-loop massless prop-
agators. Their 2-particle cuts (three-loop form factors) are already known from [13-15],
5-particle cuts are known from [16], and in this article we shall complete this knowledge by
calculating the master integrals for the remaining 3- and 4-particle cuts. To this end we
shall use dimensional recurrence relations [17, 18] as well as direct phase-space integration.
At the end we shall gather the values of all the cut master integrals — old and new — and
present all of them as e-series in the space-time dimension of 4 — 2¢, with coeflicients being
multiple zeta values (MZVs) [19] up to transcendentality weight 12. As an intermediate
step of our method we shall also present a recalculation of 1—3 two-loop amplitudes up to
weight 7 (building upon the known weight-4 results from [20, 21])).

What are cut integrals? To calculate a total cross section of an (off-shell or massive)
particle decay, one needs to integrate the probability density of the final state over its phase



space in all possible configurations,

awz/dpsnwpl,...,pnwsm
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: (1.1)

where S is the scattering matrix, and the phase-space element is defined as

n dd ;
dPS, = 2m)* ' (pr+-+pn— ) | e p)d27r5(p?) o(p?). (1.2)
i=1 4T
Once the scattering amplitude (p1, ..., pn|S|q) is expanded in perturbation theory as a sum
of Feynman diagrams,
ot
(p1,---,0nlS|q) = Agl_)m + ASQ_)m 4. = H'_jé + }—Q +..., (1.3)

expanding the modulus squared in eq. (1.1) gives rise to phase-space integrals of the form

* 7 *
o~ /dPSn AL (Agzn) Fo= /dPSn H;;\/< <Q) +... (1.4)

Each of the terms in this sum is a product of a decay amplitude, a (different) conjugated
amplitude, and a phase-space integration operation. Graphically, we denote these terms
combined, with dashed likes corresponding to the final-state momenta p;,

N\ F e 2

/dP83 H::l\é (Q) = /dPS3 H:j»\é \//—» = H'_*»\\H. (1.5)

These are the cut integrals. One might view them as two-point Feynman integrals parti-

tioned into two parts — the “left” and the “right” — with all propagators between the two

parts set on shell (or “cut”), and every vertex and loop integral in the “right” part complex-

conjugated. This view is useful for the optical theorem, which relates the discontinuity of
a virtual (uncut) diagram to its cuts.

Note that after cutting the integral into two parts, it is possible to continue the process

and cut each of the parts further, producing “generalized cuts” [22], as opposed to the
“unitarity cuts”, which we have here.

The goal of this paper is to calculate master integrals for all the (unitarity) cuts of
4-loop massless two-point functions (“propagators”).

Notation for the integrals. Throughout the paper we shall define our cut integrals in
d space-time dimensions as

dl; 1 del, 1
1= / (H (27T)d> Hm (1:/[ (27T)d) Hk:;?—z() dPS,,, (1.6)

i j 7’

~
“left” amplitude “right” amplitude

where dPS,, is the same as eq. (1.2); [ and !’ are the loop momenta; k and k' are the
propagator momenta, being linear combinations of I, I/, and the cut momenta p;; and the



signs of the 70 prescription depend on whether the propagator is to the left or to the right
of the cut. Note that the i0 prescription is only relevant for the propagators involved in
the loops, it does not matter for the rest of them.

In practical terms, it is often convenient to factor out a common prefactor from this
definition, and only work with the normalized integrals without it. For an integral in d
dimensions with n cut lines, my, loops to the left of the cut, mpg loops to the right, and
p propagators we shall factor out the full n-particle phase space PS,,, m + mpg one-loop
bubbles, and the full ¢ dependence as follows:

L(ntmp+mr—1)—p—n
[ = B™E (B*)"1PS,, (¢2) 2T metmas e g (1.7)

with the bubble B given by

d
s jmz T2(4-1)T(2-9)
B = =(—=1—10) 2 2 2 R 1.8
O P ( i0) (2m)? I'(d—2) (1.8)
and the full n-particle phase space by
2 r(d-1)
PS, = = = 2 . (1.9)
e-1 (4m)IT((§-1) (n—1)T((g - 1)n)

Note that both normalization factors—B and PS,, — are dimensionless, so the power of
¢? directly corresponds to the dimensionality of the integral.

This normalization removes all ¢> dependence along with any imaginary numbers from
J, making the normalized integrals real functions of d, and removing the distinction between
the “left” and the “right” amplitudes (this distinction is fully captured by the prefactors). It
also cancels the surface UV divergencies of the integrals; this, for example, makes one-loop
integrals finite when d is high enough to suppress the IR divergences. Finally, it normalizes
all of the following integrals to unity, simplifying dimensional recurrence relations: VVVVy
from table 2, VVVR; from table 11, VVRVj3 from table 12, VRRV; from table 5, VVRR4
from table 4, VRRR¢ from table 3, and RRRR; from table 13.

Classification of the cuts. Following the natural structure of the cut integrals we will
classify them by the number of loops to the left of the cut (denoted as “V”, for “virtual”),
the number of propagators cut (“R”, for “real”), and the loop count to the right (“V”
again).

For 4-loop propagators there are 6 classes of cuts: two-particle cuts VVVR and VVRV
(see table 11 and table 12), three-particle cuts VVRR and VRRV (table 4 and table 5),
four-particle cuts VRRR (table 3), and five-particle cuts RRRR (table 13). The purely
virtual integrals with no cuts we shall denote as VVVV (table 2).

State of the art. The master integrals for 4-loop massless propagators (VVVV) have
been first calculated in [23] up to transcendentality weight seven, and updated to weight
twelve in [24]. Importantly, the latter provides the results in terms of quickly convergent
nested infinite sums, suitable for numerical evaluation to arbitrary precision in arbitrary
space-time dimension d with the SUMMERTIME package [25].



The master integrals for 2-particle cuts of these propagators (VVVR and VVRV)
correspond to three-loop massless form-factor integrals; these were calculated in [13-15].
The corresponding SUMMERTIME files for these results are distributed with the package
itself.

The master integrals for 5-particle cuts (RRRR) — the five-particle purely phase-
space integrals — were calculated in [16], and SUMMERTIME files are available for these
results too.

What still remains unfinished are the 3- and 4-particle cuts: VRRR, VVRR, and
VRRV. A subset of these — 11 integrals in total — was calculated in [3] with either
direct integration or through Mellin-Barnes representation, with results provided in terms
of hypergeometric functions and/or series in £ up to transcendentality weight 6. In this
article we shall compute all these cuts completely.

2 4-loop virtual integrals (VVVYV)

There are 28 master integrals for 4-loop massless propagators in total. These were cal-
culated in [23], and we have depicted them in table 2. Five topologies listed in table 1
are sufficient to express all of these master integrals. The first three of them directly cor-
respond to the master integrals with 11 propagators (VVVVas, VVVVgs, and VVVVar
respectively), and the other two are sufficient to cover all the remaining simpler integrals.

To identify the master integrals for the cuts one can try to solve the integration-by-
parts (IBP) relations [26], but a simpler procedure turns out to be sufficient: it is enough to
construct all possible 2-, 3-, 4-, and 5-particle cuts of these 28 VVVV integrals, and remove
the symmetric duplicates from the obtained set. Further application of IBP reduction
reveals no additional linear relations between the obtained cut integrals — we have checked
this by using a combination of FIRE [27] and LITERED [28] during the computation of
dimensional recurrence relations. Moreover, we believe that the set of integrals obtained
this way constitutes a complete basis, because by the optical theorem any full cross section
can be expressed via the discontinuity of the VVVV integrals, and any discontinuity of
those can be expressed as a linear combination of these cut integrals (we shall construct
these relations explicitly in section 7).

3 1-loop 4-particle cut integrals (VRRR)

There are 35 master integrals for the VRRR cuts in total, all depicted in table 3. Out of
these, integrals 1, 2, 3, 4, 5, 10, 12, and 18 have been calculated in [3]. Integral 16 is trivial,
and normalizes to unity via eq. (1.7). Integrals 19, 34, and 35 have the one-loop amplitude
factorized, and thus can be expressed via the four-particle phase-space integrals from [29]
(recomputed to weight 12 in [16]).

3.1 Direct integration over the phase space

The four-particle phase-space is quite complicated [29-31]. The parametrization of dPSy
from eq. (1.2) in terms of the scalar products

1
s5= g itp),  wheel<i<j<d (3.1)



p 4 Topology H. Propagators in the indicated order:
* — v q— P15 ¢ —P1— P2 +Pa; ¢ —P1 — P2 — P3; P1+ P2 + Pp3;
PN P1+P2; P15 pa — P23 P2; P3 + Pa; P3; P
L 2 103 4 Topology M. Propagators: g — p1; ¢ — p1 + p2;
1R o q—p1+p2—p3;q—p1+p2—Pp3+pa;
NSO P1— D2+ P3 — Pai P4 — P1 — P3; D1 — P43 P15 P25 D3; Pa-

3 e 5 Topology N. Propagators: ¢ — p1; ¢ — p1 + p4;
q—p1+ D2+ P43 ¢ — p1+ P2+ p3+ pa;
NV P1 — P2 — P3 — Pa; P1 — P2 — P3; P1 — P25 P1; P2; P3; Pa-

Topology L. Propagators: q + p1 — p2; p2 — p1; ¢ — p2;
Nz P1; ¢ — P3; P3 — P25 P4 — P3; q — P43 P2; P3; Pa-

5 3

8 6, ! Topology J. Propagators: q + p1 — p2; p2 — p1; ¢ — p2;
NV P15 ¢ — P2+ D3 — Da; Pa — D3; D3 — P2; § — Pa; P2; D3} Pa.
0

1 9

Table 1. Generic topologies for 4-loop propagator master integrals.

has 5 degrees of freedom, and the following form:

1 3
sd—a  94—4d 5—3d d—5

3d—4 T3 T (Ag) 2 O(A4) O(sij) 5(1 - Z 5ij> HdSij7

dPSy = (q2) 2
where A4 is the Gram determinant,

0 512 513 S14

s12 0 s23 so4
A4 = —det

513 523 0 s34

S14 524 8314 0

(3.3)

Because the shape of the integration region is given by ©(Ay4) ©(s;;), with A4 being a

polynomial of the third degree, integrating over this region in the general case is a chal-

lenge. Parametrizations such as the “tripole parametrization” [29, 30] exist that remap

this shape onto a hypercube, but they do so at the expense of introducing square roots

in the mapping from s;; to the new parameters, which only allows one to complete the

integration analytically if the said roots drop out from the integrand.

Still, for simpler integrals such an approach is viable. Integrating VRRR; using the

tripole parametrization, we find
2d—6 ['(2d — 4)T'(3d — 4)
I(d-2)T(3d—6) "

VRRR; =+~ >~ = B*PS4(¢?)

(3.4)
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Table 2. VVVV master integrals for 4-loop massless propagators. The subscripts of the topology
names are the indices, they denote powers of the corresponding propagators.

Similarly for VRRR4 we get
2d—6 2d — 5T (3d — 3) T'(3d — 4)
d—3 I (3d—1)T(3d—6)

— =B PS4 (qz) (3'5)

VRRRy =+ >

In [3] a number of other VRRR integrals were calculated in a similar fashion. In the
general case though, this approach does not apply, and thus we shall turn to computing
these integrals differently: by solving the dimensional recurrence relations.

3.2 An overview of dimensional recurrence relations

Any Feynman integral I can be cast into a parametric representation (e.g. Feynman) in
which the space-time dimension d becomes a free parameter. This is true for cut integrals
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Table 3. VRRR, 4-particle cut master integrals. The index “x” denotes cut propagators.

as well, where a Baikov-like representation can be used (we shall use it in subsection 3.3).
With an insight gained from [17], it is then possible to shift d by +2, and express the
resulting integral I(d +2) as a linear combination of integrals in space-time dimension
d. Thus, a set of master integrals with shifted dimension J;(d & 2) can be expressed as
a linear combination of the same master integrals in space-time dimension d via the IBP
reduction, giving us dimensional recurrence relations (DRR). Using the terminology of [28],
the “lowering” DRR take the form

Ji(d +2) = My;(d) J;(d). (3.6)



We have constructed such DRR systems for all the cut configurations and VVVV using
L1TERED with FIRE. For all of them the matrices M turn out to be triangular, and eq. (3.6)
can be easily split into the homogeneous and inhomogeneous parts,

Ji(d+2) = Myi(d) Ji(d) + > Mi;(d) J;(d). (3.7)

The triangular form here is guaranteed by the fact that only a single master integral is
present in each sector, and thus no coupled blocks form. The general solution of this
recurrence relation system can be represented as

Ji(d) = Hi(d) wi(d) + Ri(d), (3.8)
where
e 7;(d) is a homogeneous solution satisfying H;(d + 2) = M;;(d)H;(d);
e R;(d) is a particular solution, determined by integrals from the lower sectors Jj;;

e w;(d) is an arbitrary periodic function, such that w;(d + 2) = w;(d); this function
cannot be determined from the DRR relations alone, and needs to be fixed separately.

The triangular form greatly simplifies the construction of the homogeneous solution com-
pared to the case of coupled blocks (explored for example in [32, 33]). For the diagonal

Mis(d) = C ];[ <;l _ ak> " (3.9)

the homogeneous solution can be immediately constructed as

Hi(d)=c: [] {r"k <;l - ak) or  (—1)2m[m <ak - g + 1) } . (3.10)

k

entries M;; of the form

Both forms of the factors are acceptable, and generally one should choose one or the other
depending on where it would be most convenient to have the poles and zeros of H(d)
located. The function HomogeneousSolution from the DREAM package [34] automates
this construction.

The particular solution R(d) can be constructed as an infinite sum,

oo -1
Ri(d) = Hi(d) {— e > }H;l(d+ 2k +2) Y " M;;(d +2k) J;(d+ 2k), (3.11)
k=0 k=—o0 Jj<i

where the direction of the summation is chosen depending on which one converges. With
the help of DREAM this sum can be evaluated numerically as a series in £ with arbitrary
precision — as long as the integrals from lower sectors J;<; are known, of course. Normally
this is a quickly converging geometric sum, and a precision of thousands of digits can be
easily achieved.

With H and R being well understood, the most difficult part of solving eq. (3.7) is
finding the periodic function w(d), which plays the same role as integration constants play
in the solution of differential equations.



3.3 Solving DRR for VRRR integrals

To fix w(d) we shall loosely follow the “dimensional recurrence and analyticity” method
(DRA) from [18]. As we shall soon see, only a simple incarnation of it is needed for the
VRRR integrals, but we shall return to the full method in section 8.

The overarching idea is to find restrictions on the possible forms that w(d) is allowed to
take by analyzing its analytic properties in the whole complex plane. Two essential sources
of information are used for this: the location of the poles in d of w(d), and its asymptotic
behavior in the limit Im d — 4oc0.

To perform such an analysis, let us first rewrite eq. (3.8) in the form

wi(d) = H; H(d) Ji(d) — H; ' (d) Ri(d) . (3.12)

(2 3

Because w(d) is periodic with a period of 2, we can restrict the analysis to a stripe in the
complex plane where Red € (do,do + 2] or Red € [do,dp + 2). It is useful to choose this
stripe such that .JJ, %!, and R have as few poles on it as possible. The poles of .J(d) are
particularly to be avoided.

Conveniently, all VRRR integrals normalized according to eq. (1.7) are finite in the
stripe (6,8]. All H; can be chosen according to eq. (3.10) to not have any zeros on this
stripe too. To analyze the behavior of R; constructed via eq. (3.11), the knowledge of
the previous integrals Jj; is required, having which we can evaluate R;(d) numerically
via DREAM. Proceeding with the solution steps for each J;, and plotting the numerical
values of R;(d) for d € (6, 8], every time we find that R;(d) is smooth and finite — which
is expected, because in eq. (3.11) we have an infinite sum with finite coefficients that
converges geometrically.

Because none of the integrals J(d), H~1(d), or R(d) have poles when Red € (6, 8], it
follows that w(d) is free from poles in d in the whole complex plane.

Next we shall turn to the investigation of the asymptotic behavior of w(d) in the limit
of Imd — +o00. For this we shall investigate each component of eq. (3.12) separately.

Asymptotic behavior of VRRR integrals. To investigate the behaviour of VRRR
integrals at Im(d) — +o00, a parametric representation is needed. To construct it, let us
first rewrite eq. (1.6) in the form

i 1
I= [ dPS — = BPS,J. 3.13
/ 4/(27f)d£11 [+ k)2 40 Hk’2 o (3.13)
\V_/
Ag Ar

where [ is the loop momentum, Ay, is the loop part of the amplitude (i.e. the propagators
that contain [), k; are some linear combinations of the cut momenta p;, Ay is the tree part
(i.e. the propagators that do not contain 1), and J is the normalized integral.

The loop amplitude Ay, entering this form can be parametrized with Feynman param-
eters, giving us

Ay _ T(d-2)T(n—3) "= T e 514
B r2(7_1)r( g)/<zi<]mj(k_k)) 2H i- (3.14)

~10 -



For the phase-space element dPS, the direct parametrization from eq. (3.2) can be used.
Specifically, to analyze the normalized integral J, this form with a factorized PS, will be
useful:

pS, 73 T(d—3)13(

3d—4 92d=5 P(d — 3\ T'(3d — —5
2

To analyze the asymptotic behaviour of |J(d)| in the limit Im d — oo, it is enough to note
that egs. (3.14) and (3.15) contain only two kinds of structures involving d: the Gamma
functions T'(« + Bd) and the powers 2%¢. The asymptotic behavior of T'(z) follows from
the Stirling formula,

ID(2)| = v2r e~ 3/ml |1y 2|Re=2 (1 + (’)(|Imz|_1>) . (3.16)
As long as the base of a power is positive, its modulus does not depend on Im d at all,
27| = 282, ifx >0. (3.17)

This suits our case, because the base of the power in eqs. (3.15) and (3.14) are all in fact
always positive. Combining all together, it follows that |J(d)| is bounded in the limit by

@] = [ Gt G Ar ~ C(Red) i, (3.18)
Asymptotic behavior of the homogeneous solutions. All the diagonal elements of
the DRR matrix for VRRR integrals have the form of eq. (3.9), with all a; € [0,7/3].
For this reason it is possible to construct the homogeneous solution via eq. (3.10), and to
avoid both poles and zeros at d > 14/3 by choosing the first form of the factors. Then,
applying the asymptotic of the Gamma functions to this construction, for each VRRR
master integral we find that

1H(d)] ~ C(Red) |Tm d|*, (3.19)

where o depends on the integral, but is always a small rational number, « € [0,5/2]. It is
important to note the absence of factors like e®™4l in this asymptotic that could appear
from eq. (3.16): it turns out that they cancel each other.

Asymptotic behavior of the particular solutions. Next, let us look at the particular
solution R(d) in the form of the infinite series from eq. (3.11). The bounds established so
far tell us that each term in that series is asymptotically bounded by C(Red) [Imd|”, for
some values of 5. To claim that the series as a whole is bounded similarly too, it is enough
to show that a series composed of these bounds converges. This is in fact the case, because
the dependence of the series terms on Red approaches an exponential irrespective of the
value of Im d, and the whole series converges geometrically. Thus, there is such 3 that

IR(d)| < C(Red) [Imd|”. (3.20)
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Asymptotic behavior of the periodic function. Because J, H, and R all have the
same form of asymptotic behavior, from the definition of w(d) in eq. (3.12) it follows that
w(d) is bounded similarly,

lw(d)] < C(Red) |Imd|”, (3.21)

for some . Furthermore, because w(d) is periodic, we can view it as a function of z,
z =™, (3.22)

In terms of z, the limit Im d — +o0 corresponds to z — 0, and Im d — —oo corresponds to
z — 00. Because w(d) has no poles in d, w(z) viewed as a function on the Riemann sphere
can only have poles at 0 and oco. Moreover, its growth at both of these limits is bounded
by |Imd|” = |In 2|7, which grows slower than any non-zero power of z. Then, representing
w(z) as its Taylor series, these constraints mean that only the 20 term is allowed. In other
words, this means that w(z) can only be a constant.

Fixing the constants. Now that we have determined that all w; for VRRR master
integrals are constants, what is left is fixing them. This is just one constant per integral, so
it is sufficient to for example calculate the leading term of e-expansion of each integral. To
make this easy, one can use the following observation: for a VRRR master integral with n
loop propagators, the superficial degree of divergence of the loop part becomes zero when
d = 2n (meaning that the integral begins to diverge logarithmically in the UV region), and
importantly no IR divergences are present in this d as well. Changing d to 2n —2¢ regulates
the UV divergence via a single ¢ pole, and being an UV pole, it does not depend on any
masses in the diagram. Therefore, one can just as well insert some mass m into the loop
without affecting the pole. Then, applying the large mass expansion [35] to the massive
diagram factorizes it into a massive one-loop vacuum bubble (equal to the massive loop
with external legs amputated) and a 4-particle phase-space integral (equal to the original
integral with the loop shrinked into a dot), while still not changing the pole.
For VRRR3; this process can be illustrated as follows:

LI prer-Qn e voferd) - o

5500 2
- _2Bps, + 0<50, q2> ,
3 m

all with d = 10 — 2¢e. The vacuum bubble here was evaluated via

d’t 1 i T(k—4 .
/(27T)d (2 —m? +i0)F (_1)k(271-)01(1*(]<;)2) (m?)2", (3.24)

and the 4-particle phase-space integral was reduced to the masters from [29] using IBP and
dimensional recurrence relations.

From here it is possible to determine ws; by inserting eq. (3.23) into the definition
of w from eq. (3.12) along with a high-precision numerical series for Rg3;(d) calculated by
DREAM.
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Finally, the same procedure needs to be performed for all other VRRR master integrals.
Interestingly, we have found that all w; are identically zero, except for wi, w4, and wig,
which all correspond to simple integrals.

This concludes the calculation of w; for VRRR master integrals. Together with H;
from eq. (3.10) and R; from eq. (3.11) this gives us the full solution to the DRR eq. (3.6)
in terms of nested infinite sums. With the help of DREAM or SUMMERTIME these sums
can be evaluated as a series in € around arbitrary d to any desired precision. We have done
so for d = 4 — 2¢ with 4000 digits of precision and have restored the analytical answers via
the PSLQ [36] algorithm in the basis of MZVs [19] up to weight 12 (see appendix C for the
precise definition of this basis). The results of this restoration up to weight 6 can be found
in subsection A.1. The full results up to weight 12 as well as the explicit expressions for the
sums in SUMMERTIME format can be found in the supplementary material, as described
in appendix D.

3.4 Cross-checks

One way to cross-check the obtained results is to recalculate them numerically. To this
end the form of eq. (3.13) can be used along with the Feynman parametrization of the
loop amplitude from eq. (3.14) and the tripole parameterization of the phase-space [29,
30]. Because VRRR integrals contain only one loop, their ultraviolet divergences manifest
themselves only in the prefactor of the Feynman parameterization. The infrared divergences
also disappear if we look at the series around d > 6. For this reason this parameterization
can be integrated directly via the standard Monte-Carlo numerical integration methods (we
use the Vegas algorithm [37] implemented in CUBA [38]) in d = 6 — 2¢, and then lowered
back to d = 4 — 2¢ via DRR — avoiding the need for methods like sector decomposition.

We have performed this numerical integration and can report that for each VRRR
integral the results for the first 3 orders in e match with the analytic answers within 1%
accuracy.

Additionally, we have compared our results for VRRR integrals 1, 2, 3, 4, 5, 10, 12,
and 18 with the weight-6 series reported in [3], and found them to match fully.

Finally, a cross-check based on Cutkosky rules will be described in section 7.

4 2-loop 3-particle cut integrals (VVRR, VRRV)

There are 22 VVRR and 9 VRRV master integrals; 27 in total, if one omits the duplicates
between these two sets. Both of these sets are depicted in table 4 and table 5.

Ideally we would like to calculate VVRR master integrals by solving the dimensional
recurrence relations just as we did in section 3. The difficulty here lies in the fact that
while for VRRR only one constant per integral was needed to uniquely fix the periodic
function w(d), for VVRR integrals dozens might be needed. Therefore we shall postpone
solving DRR — until section 8. Fortunately the 3-particle phase space is considerably
simpler than the 4-particle one, and we can return to the idea of direct integration over it.
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Table 4. VVRR, 3-particle cut master integrals with 2 loops on one side of the cut.
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9, J1110%x11%11

AV
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Table 5. VRRV, 3-particle cut master integrals with 1 loop on each side of the cut.
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In principle, the 3-particle phase-space volume element from eq. (1.2) can be parame-
terized in terms of the kinematic invariants

1
sij = e (pi +p;)? (4.1)

in the following way:

9d—3d 5 —d di
— oo (512513823) 2 O(1 — s12 — 813 — 823) ds12dsi3dsas,  (4.2)
T T (%)

dPS3 = (¢2)°

and the integration volume given by the J-function and the condition s;; > 0 is simple
enough that it is often possible to integrate eq. (1.6) directly, as long as both amplitudes
entering the integral are known. Specifically, one way to make the integration volume
explicit is

s23=1—512—3513

1 1—s12 d_d
/dPSgF N/ d812/ d813 (812813823)TF . (43)
0 0

In practice many of the amplitudes are only known as series in €, and a series expansion
operation does not necessarily commute with integration. To illustrate this issue, let us
consider the following integral:

VVRRg = @ — = / @u dPSs. (4.4)

The amplitude in the integrand here is a single-scale integral (the precise value is given by
eq. (B.7)), and just by dimensional analysis must be proportional to (q2312)d76,

{}%1 0, (4.5)
3
If we were to first integrate eq. (4.4) directly and then expand the result in e, we would get
T( 4-7) c (1
s = 243y g—d 2L —+(2In (47)—29—1)40() ) .
~X T AT T (30=y) ~ 384 \e TR UT T DHOE)
(4.6)

In contrast, expanding both the amplitude and the phase-space element in ¢ first using

«}%1 = C (1 2mspe + O(2), (4.7)
3 $12

multiplying it by the expansion of the phase-space element from eq. (4.2),

—-1)T'(3%

—
[MISHINT[-W

(812813823)T = (1 + (2 In (471') — 2’Y +2—1In (812813823)) €+ 0(52)) y (48)

dPSs (14 (2In(47) — 2y + 2 — In(s12813823)) £ + O(?)) x  (4.9)

1
12873

2
X 6(q* — s12 — 513 — s23) ds1ads13dsas,
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Table 6. Master integrals of the box topology.

and then integrating order-by-order in € would result in divergences corresponding to the
limit s;9 — 0 in each order of the series:

R EE ; A
»—@ — = 1287‘-3/0' d512/0 dsis <S%2 +O(€)> = 19873 (0 +O(6)> . (410)

This should not be surprising, seeing that the true e-expansion in eq. (4.6) starts with e !,

while the integrand in eq. (4.10) starts with €%, so integrating it order-by-order can never
give the expected series. In other words, the integral in eq. (4.4) is not infrared finite, and
the pole in e regulating this infinity cannot be obtained by integration in 4 dimensions.

Our solution to this problem stems from the fact that every Feynman integral is free
from infrared divergences if the dimension of space-time is high enough. This can be seen
already from eq. (4.2): higher d results in higher powers of the (s12513523) factor, which can
eventually compensate any singularity of the integrand in the infrared region. In particular,
at d = 6 all our 3-particle master integrals are infrared-finite. Thus, we can overcome the
divergence in eq. (4.10) by integrating the e-series not around d = 4 —2¢, but rather around
d = 6 — 2e. Once this is done, we can use dimensional recurrence relations to restore the
series in d = 4 — 2¢.

This procedure requires the knowledge of 1—3 amplitudes at 1 and 2 loops as series in
e, expanded around d = 6 — 2¢, and DRR for the phase-space master integrals themselves.

Note that there is nothing magical about the basis at d = 6 — 2¢ specifically: any
IR-finite basis would be sufficient for our purposes.

4.1 1-loop 1—3 amplitudes
Up to relabeling of p;, all the 1—+3 amplitudes at 1 loop fit into the box topology:

P
Q—m . (4.11)
p3

There are only four master integrals in this topology, with only two being meaningfully
distinct: the bubble and the box with one off-shell leg (see table 6). The values of these
are known from the literature for arbitrary d. See eq. (B.1) for the bubble, and eq. (B.2)
for the box.

In addition to the master integrals, a triangle with two off-shell legs also appears in
the VRRYV integrals. It can be found via IBP as

e Pod=3 2 g1 o N
3_d—4513+323(q) (pﬁ @D ) (4.12)
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PA NA NB

Table 7. Generic topologies for the 1—3 master integrals at two loops.

4.2 2-loop 1—3 amplitudes

The master integrals for these amplitudes were first calculated in [20, 21]. The results there
are provided as series in € with coefficients in terms of “2dHPLs”, a subclass of multiple
polylogarithms, up to transcendentality weight 4. This turns out to be insufficient for our
needs, because the e-finite parts of the VVVV integrals are known to contain (7, and thus
we need the amplitudes to at least that weight as well. Thus, a re-derivation of these
master integrals is required.

The overall idea of the method is to write down the differential equation system for the
master integrals in external kinematic invariants, solve it, and determine the integration
constants by enforcing regularity conditions on the solution. Let us do this step by step.

Topologies and master integrals. We start by determining IBP topologies that cover
the master integrals. Up to relabeling of p;, three topologies are sufficient: one planar
(“PA”), and two non-planar (“NA” and “NB”). These are depicted in table 7.

Solving the IBP relations in these topologies using LITERED [28] we arrive at 18 master
integrals in PA (see table 8), 22 in NA (table 9), and 29 in NB (table 10). Note that there
is an overlap between these three sets of master integrals, but this will not bother us.

There are only three independent external kinematic invariants for the 1—3 ampli-
tudes: ply, pis, and p3; (pij = pi + p;), with the incoming energy ¢* being the sum of all
three. This allows us to extract one of them as a dimensionful prefactor, with a function

of two dimensionless ratios remaining:

A (p%27p%37p%3) = (qZ)k A (ya Z) 9 (413)

where k is determined from dimensionality (+% for each loop, —1 for each propagator),

2 2
y:p%?’, and z:pi;. (4.14)
q q

Solution via differential equations in the e-form. Next, for each topology I =
{PA,NA,NB} we can differentiate the integrand of each master integral I; by y or z and
use IBP relations to express the derivatives as a linear combination of I; themselves, forming
linear differential equation systems,

I, 0 Iz
Li=M{"(dy )1, and oL =M(dy=2)1 (4.15)

Ay 0z
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PAg PA- PAg PAg PAqg
2 52 2 —y 2
1 3 L3 1 1 %y 3
PA 1y PAq2 PA3 PA 14 PAq5
2 | 2 | 2
1 3 ! 3 ! 3
PA16 PA17 PA18

Table 8. Master integrals for the 1—3 amplitudes in the PA topology.

To solve these systems as series in ¢, it is convenient to transform them into the combined
e-form, where the dependence on d of both M matrices is simultaneously factorized by a
basis change:

0 I, 0 I,z
a—yJi = 5S§j v) (y,2) J; and &Ji = 551‘(3’ )(y,z) J; (4.16)

where J; is the set of master integrals in the e-basis, related to the original basis I; via a

transformation matrix 7,

=19 (4.17)
and S;; are matrices of the form
(La) ALvk) ) AT=F)
Sy, 2) = — and Sy, 2) = — 4.18

In particular our S matrices only contain these six denominators (the “alphabet”):
{y,z,l—y—z,l—y,l—z,y+z}, (419)

which correspond to singularities at limits s;; = 0, and s;; = 1.
Once the e-form is constructed, writing down the solution as a series in £ becomes easy.
First, start at some arbitrary point, for example (y, z) = (0,0), and fix the value of
J = {J;} at the point as a series of constants,

J(0,0) = C(e) = * Y "k, (4.20)
k=0
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3 3 3 3 3
EN ENN
3 3

Table 9. Master integrals for the 1—3 amplitudes in the NA topology.

where kg is some arbitrary starting order of the series, chosen high enough to cover the
highest e-pole of the integrals.
Then, integrate along the z axis using the right side of eq. (4.16) to obtain

Q

30, 2) = , (4.21)

I | (0,0)—(0,2)

where W is the fundamental solution matrix of the corresponding differential equation
system constructed as a path-ordered exponential along the specified path,

WO 0502 = Pexp (5/0 dt S(I’Z)(O,t)> = (4.22)

z z t
_11+a/ dtS(I’Z)(O,t)+€2/ dtS(I’Z)(O,t)/ dt' ST (0,¢) +
0 0 0

Finally, use the left side of eq. (4.16) to obtain

_ I _ I I
J(y’ Z) - W( )‘(O,z)ﬁ(y,z)J(O’ Z) - W( ”(O,z)—)(y,z)w( )|(0,0)—>(0,Z)C’ (423)
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Table 10. Master integrals for the 1—3 amplitudes in the NB topology.

where

Y

Yy Yy t
:]l+5/ dtS(I’y)(t,z)+€2/ dtS(I’y)(t,z)/ dt' STV (', 2) + ...
0 0 0

Solution as multiple polylogarithms. Because the S matrices have the structure of
eq. (4.18), the iterated integrals in the general solution will result in terms of the form

gt [todt v T dt
G(a,b,...;x) = Sl = G(b,...:t). 4.25
@by = [ [ [ [, @)
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This is a class of functions known as “multiple polylogarithms” [39], “Goncharov polyloga-
rithms” (GPLs), or “hyperlogarithms”. If the set of parameters is restricted to {0,1, —1},
these correspond to a well known class of “harmonic polylogarithms” [40]. The set {0, 1,
1 —x, —z} corresponds to “2d harmonic polylogarithms” [20].

Note that for a consistent definition of GPLs, one needs to introduce a special case for

GO 0:a) = %ln(x). (4.26)

Because we have chosen to first integrate along the (0,0) — (0,z) direction, and our
alphabet is limited to eq. (4.19), eq. (4.23) will result in each J; having the form

Y CG(wly) Gwl; 2) (4.27)
where C are some constants, and the parameters of G are taken from sets
w, €{0,1,1 — z,—z}, and we € {0,1}. (4.28)

Finding the combined e-form. The possibility and usefulness of transforming the
differential equations into the form of eq. (4.16) were first pointed out in [41]. Later
in [42] an algorithm was described that constructs such transformations (in the form of
the matrices T;;) for differential equation systems in one variable. The algorithm was later
updated in [43] and [44, section 8]. Two implementations of that algorithm followed, in the
form of FucHsIA [45] and EPSILON [46] tools. Other approaches include CANONICA [47]
with its own algorithm based on a rational ansatz for T;; explicitly designed for differential
equations in multiple variables, and an approach based on finding integrals with constant
leading singularities [48].

While not being described in the original paper [42], the same algorithm treating
single-variable case can be reused for the case of multiple variables too. Here is how:

1. Look at the first system from eq. (4.15), the differential equation system in y, and
construct a transformation I, = Ti(jl’y) J](y) that reduces it to an e-form as described

in [42]. The variable z stands as a free parameter during this reduction.

2. Write down the differential equation system in the second variable, z, for the new
basis J ;y), and reduce that into the e-form as well, Jl-(y) = ﬂ(jl’yz)Jj.

3. If Ti(jl’yz) is independent of y and d — and this is the case in practice — then it will

not spoil the e-form in y, so that the combined transformation I; = J’i(f’y)i/’i(jl’yz)Jj

will result in an e-form in both y and z.
4. Tterate from step 2 for each of the remaining variables, if any.

This is an outline of the approach that FUCHSIA uses to find e-form transformations
for multi-variate systems,’ and how it was possible for us to compute the three TZ-(]D
from eq. (4.17).

We are using the new C+4+ version of FUCHSIA available at https://github.com/magv /fuchsia.cpp.
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Fixing the integration constants. To determine all the integration constants, it is
sufficient to use the following three conditions.

1. Some of the simpler integrals are known for arbitrary d in terms of Gamma functions
I', and hypergeometric functions oF; and gF>. In particular we fix the values of
integrals 1, 2, 3, 4, 7, 8, 9, 10, and 11 from the PA topology; 1, 2, 3, 4, 5, 6, 7, 8, and
19 from NA; 1, 2, 3,4, 5, 6, 7, 14, and 15 from NB. We have collected the expressions
for these integrals in appendix B.

Note that all 2-loop integrals have a common prefactor of the form (—q2 — iO)d.

The 0 prescription is specified here explicitly to fix the analytic continuation of the

In(—1) terms that will appear if one is to expand this prefactor in . Practically

speaking, because all the integrals are proportional to this factor, there is no need

to expand it: it is better to separate it out into a common prefactor, and only work

with the remaining part of the integral, which is free of imaginary numbers.

2. All of our integrals are massless, and therefore must only have discontinuities at limits
si; — 0 and nowhere else. On the other hand, the differential equations we are solving
also have poles at s;; — 1, as the list of denominators in eq. (4.19) demonstrates.
Thus, requiring that the apparent discontinuities of the general solution at s;; — 1
vanish will generate nontrivial identities between the integration constants. This
requirement can be written down by separating the terms proportional to In(1 — s;;),
and enforcing that the coefficient in front of them vanishes in the limit.

3. The planar integrals only have discontinuities at limits where adjacent momenta go
to zero. For the PA topology this means that it should be regular at s12 — 0
(ie. y + 2z — 1), as long as ¢> # 0. Similarly for the planar integrals from other
topologies. Here again we are looking at the logarithmic terms like In(s12), enforcing
the cancellation of the coefficients in front of them in the limit.

To apply the regularity conditions above one needs to separate the terms proportional to
In® (1 — si;), and require that the coefficient of each is exactly zero in the limit s;; — 1.
For the limit y — 1, to separate the divergent logarithms, it is enough to employ the GPL
shuffle relations to rewrite every G(1... ,@; y) in eq. (4.27) into a product of the divergent
factor G(1...;y) and a part finite at y — 1. For the limit z — 1 the same cannot be done
directly on eq. (4.27), because z appears in the parameter list of G(...;y). Instead, we can
rewrite eq. (4.27) into the reverse form,

A=) CGlwy2)Glwgy), (4.29)

where
wy €{0,1,1 -y, -y}, (4.30)

and factor our logarithmic terms from that.
Such a rewrite can be achieved by the quite general technique of recursively differen-
tiating the GPL and then integrating it back:

Gliiy) = G@ty).g+ [ deg G, (1.31)
0
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Practically speaking, a much more general incarnation of this technique is implemented in
the fibrationBasis routine from HYPERINT [49]. In our experience it is powerful enough
to perform these transformations up to weight 9. At weight 10 the recursion results in
too many terms so that memory and performance optimizations become necessary. For
this reason we had to implement this transformation manually in C++ with the help of
GINAC [50].

Note that applying the regularity conditions above to the weight-10 expansion of
eq. (4.23) only fixes the constants C up to weight 8. These results are quite large (megabytes
of text), and we are providing them in machine-readable format in the supplementary ma-
terial, as described in appendix D.

Interestingly, weight 8 amplitudes are insufficient to compute all of the VVRR integrals
to weight 8 as well: because of an apparent cancellation during DRR, some of the weight 8
information is lost, and VRRR integrals 20-23 can only be obtained to weight 7. Still,
this is sufficient for practical needs, because weight 7 corresponds to terms of the order &'
or higher. Moreover, after cross-checking these results we shall improve upon them in
section 8.

4.3 Cross-checks

One way to cross-check the obtained 3-particle cut integrals is to calculate them numer-
ically. This can be conveniently done by using sector decomposition as implemented in
FiesTa4 [51], all that is required is a parametrization of the integrals suitable for the
SDEvaluateDirect function (FIESTA does not construct such parametrizations automa-
tioncaly for cut integrals). To that end, the Feynman parametrization can be used for the
loop parts of the integrals, and the naive parameterization from eq. (4.2) can be used for
the phase-space parts.

Proceeding this way we were able to calculate the first 3 terms of the e-expansion for
each VVRR and VRRV integral numerically in d = 6 — 2¢ and d = 8 — 2¢. Note that
we were unable to do the same for the integrals in d = 4 — 2e: due to fairly high pole
orders, FIESTA has identified thousands of sectors in some cases, and the whole calculation
effectively froze. Still, a numerical match within 1% of accuracy for both 6 — 2¢ and 8 — 2¢
gives us confidence in both the 4 — 2¢ results and the DRR matrices.

Additionally, we have compared our results to the weight-6 series for VVRR 16, VVRRg,
and VVRRg reported in [3], and find them to match fully.

5 3-loop 2-particle cut integrals (VVVR, VVRV)

There are 22 distinct 2-particle cuts in total, all depicted in table 11 and table 12. These
integrals correspond to 3-loop form factors, and have been calculated in [13-15]. We list
these integrals here for completeness, and as a reference to the order in which their values
are presented in the supplementary material (as described in appendix D).
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1, L1110100¢11+ 2, Hio«+0111110 3, Lo111100%01% 4, H10++0101101 5, Ho14x0101001

T e

6, N1o1sx101111 7,L1101110%01% 8, Hioxx1110101 9, Ho1xx1110001 10, Ho1xx0110011

O A = DO O

11, N11osx101111 12, Niotssr10111 13, Hotsso111011 145 Nuot1110+111 15, Mit1ss111111

16, N111sx111110 17, Lasot1101011 18, Hitss1101101 19, Nittsw111111 20, Hitssr111111

P e

21, Justo1111111 22, J1110111%11%

Table 11. VV VR, 2-particle cut master integrals with 3 loops on one side of the cut.

O o n—o% OO0~ ~<XQ—>

1, Lo111+0010+1 2, L1101+1010%1 3, L1110%0011%1 4, J11501111%11

Table 12. VVRV, 2-particle cut master integrals with 2 loops on one side of the cut, and 1 loop
on the other.

6 5-particle phase-space integrals (RRRR)

There are 31 master integrals for the 5-particle cuts. All of these have been calculated
in [16], and we list them here for completeness. These integrals will be important for the

Cutkosky relations in section 7.

7 Relations from Cutkosky rules

By this point we already know all the cuts of VVVV integrals to at least weight 7. A good
test for the consistency of all these results is the optical theorem (Cutkosky rules, to be
more precise), which relates the discontinuity of the VVVV integrals to its cuts.
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Table 13. RRRR, 5-particle cut master integrals.

The general optical theorem comes from the requirement of unitarity of the scattering

matrix S,
STS =1. (7.1)
Introducing the transition matrix 71" as
S =1+1T, (7.2)
it follows that
iT 4 (1) = — (iT)"iT. (7.3)
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For a decay of a single particle with momentum ¢, rewriting this relation in terms of the
transition amplitudes produces

2Re (q|iT |q) = — (q| (iT) (le >ZT|q Z/dPSn\ 1, paliT | @) .

(7.4)
This is the optical theorem. Note that once the transition amplitude is expanded in terms of
individual Feynman diagrams, the right-hand side will consist precisely of our cut integrals
as in eq. (1.6).

Cutkosky rules [52, 53] provide a stronger form of this relation that holds not only for
the whole transition amplitude (g| i7" |q), but for each individual Feynman diagram F' that
comprise it too,

F+F* == CutF, (7.5)

where the sum goes over all possible cuts of the diagram, each cut being a partition into
two sides, with the right-hand side complex-conjugated, and the propagators between sides
set on shell, exactly like in eq. (1.6).

To write down these relations for the VVVV master integrals in this convenient form,
we’ll augment our integrals with Feynman rules stemming from a simple scalar field theory
with the Lagrangian of the form

1 2, M3 Moy
=—(0 — — e 7.6
5 (00)"+ 510 + o7 + (7.6)
The momenta-space Feynman rules corresponding to this Lagrangian are

<<:M3 ><:M4 §<:

p _ { . p . = +/(.2
C p2+i0 2m6t (p?) .

An additional prescription for cut integrals is this: every vertex and propagator to the
right side of the cut needs to be conjugated.

Note that the values of \,, are not important for us here, because a cut of a dia-
gram will have the same overall A factor as the initial diagram, which will thus factor out
from eq. (7.5).

With this in mind, writing down eq. (7.5) for each Feynman diagram corresponding to
a VVVV master integral, and mapping the cuts onto our master integrals, we obtain the
following relations:

2Im o000~ =+ 2Im—~ 000~ —2Im-o 0o (
2Im OO == [+ — +[+-O S + OO — (
2Im—<—=>— =4+ 2Rer< — (7.

m-EO0— =+ 1O + 1+ OO — O O (7.10
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(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)
(7.21)

(7.22)

(7.23)

(7.24)
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(7.27)

(7.30)

(7.31)

(7.33)
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21m~<X>Q~z—I~X>OH—I~<XOH +I_<X> —+ (7.34)
+2~\:>©~ —2~<7p +I_< ><>H+

o=

Inserting the values of our cut integrals into these relations, we find that they all hold
precisely. This concludes our cross-check.

8 Dimensional recurrence relations for 3-particle cut integrals

In section 4 we have postponed solving the dimensional recurrence relations for 3-particle
cut master integrals because we did not have enough information to fix all the w;. Since
that time we have obtained multiple terms of the £ expansion, as well as the Cutkosky
relations. This information combined will be enough to fix w; and solve the DRR. Such
a solution will upgrade our knowledge of 3-particle cut integrals from weight-7 series to
weight-12, and more generally will provide expressions that can be evaluated in arbitrary
d to arbitrary € order numerically with any desired precision.

8.1 DRA method by example: VRRV

We have already gone through the process of solving DRR in the simpler case of VRRR
integrals in section 3. Let us now consider the more complicated cases. To summarize,
following the “dimensional recurrence and analyticity” (DRA) method described in [18],
to solve DRR in the form of eq. (3.7) for a given integral, one needs to:

1. Solve all integrals in subsectors.

2. Choose a semi-open stripe of width 2 in the complex plane, such that Re d € (dg, dp+2]
or Red € [dy, dy + 2), and restrict the analysis to this stripe.

3. Construct the homogeneous solution #H(d) via eq. (3.10), trying to minimize the
number of its zeros on the chosen stripe.

4. Construct the particular solution R(d) via eq. (3.11).

5. Determine the set of poles and their multiplicities of J(d), H~'(d), and R(d) on the
chosen stripe.

6. Construct an ansatz for the periodic function w(d) by looking at the poles and the
behaviour at Imd — o0 of J(d), H~!(d), and R(d).

7. Fix the constants in the ansatz by expanding eq. (3.12) near the poles, and/or other
considerations.
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Let us illustrate these steps using a simple, but non trivial case of VRRVg from ta-
ble 5. The VRRV family of integrals is considerably simpler than the VVRR, because the
loop part of these integrals factorizes into a product of two one-loop integrals, for which
arbitrary-d expressions are known (see subsection 4.1), and which simplifies the pole anal-
ysis and makes a numerical evaluation of the integrals in arbitrary d easy via Monte-Carlo
integration.

We shall restrict our analysis to the strip of Red € (6,8], because all normalized
VRRV integrals are finite on it. The reason is that IR divergences are suppressed at
d > 6, and surface UV divergences are cancelled by the normalization of eq. (1.7). We
can verify this finiteness numerically via Monte-Carlo integration, which can be performed
by parametrizing the three-particle phase-space element entering eq. (1.6) via eq. (4.2),
and using the analytical expressions for the remaining two one-loop amplitudes found in
subsection 4.1. The result for VRRVyg is presented on figure 1a; it is finite as expected.

The homogeneous solution #(d). Next, to construct the homogeneous solution to
eq. (3.7), we need the diagonal element of the DRR matrix, M;;. For VRRVy it has the

form of 6 (d _ 7\ (d 2¢d _ 5\ (d _2\(d_1\2(d _ 1
5(d) = ?% (-3 (E-2"(5-3E- 5)2(5 —3) (5- §)2' (8.1)
TE-BE-DE-DE- D E-DE-Y
Note that the constant subtracted from d/2 in the factors is always < 7/3. This means

that it is possible to construct such a #(d) that is free of poles and zeros at d > 14/3.
Using eq. (3.10) and choosing the first form of factors does precisely that, resulting in

)T -)TE -G -1)

This answer can also be obtained via the HomogeneousSolution function from the DREAM

7ﬂ@:<@>gfg—§ﬂ%§—arg:
2

¥ DrE-HrE-Yro-H o
¥) T4 : :

—
~—
=
—~
[\ClIsH
|
Ul
~—
=
—~

package. This solution is indeed finite and free from zeroes on the stripe (6, 8] as can be

seen on figure 1b.

The particular solution R(d). With H(d) ready, the particular solution R(d) can be
constructed via eq. (3.11). The numerical evaluation of the nested infinite sums in that
formula is the main functionality of the DREAM package, and with its help we can plot
R(d) on d € (6,8] with arbitrary precision in many points. The result can be seen on
figure 1c. From this plot it is then easy to find the position of R(d) poles,

2 13 20 34 22 1
G- (28BS w2 s 3

37 27 37 5777 57 37 27 57

Using DREAM again, we can now evaluate the series for R(d) at d = d; — 2¢, and find out
the multiplicity of the poles. Only d = 7 and d = 8 turn out to be double poles, other
poles are single.

Because J(d) has no poles, and H~(d) has neither poles nor zeros on the stripe (6, 8],
from eq. (3.12) it follows that w(d) must have the same pole structure as R(d).
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Figure 1. Components of the DRR solution for VRRVg on the stripe d € (6, 8]. The plots show: (a)
the normalized integral itself; (b) the homogeneous solution; (¢) the particular solution; and (d) the
periodic function. These plots lack vertical scale indicators because they only aim at illustrating
the divergences of the functions.

The ansatz for the periodic function w(d). With this information it is now possible
to construct an ansatz for w(d). Note that just as it was for VRRR integrals, applying
eq. (3.16) to eq. (8.2) the asymptotic of H(d) at Imd — £o0o can be found as

6 Re%
()| ~ i <§5> ITm d]2. (8.4)
With similar arguments as in section 3, one can also show that |J(d)| and |R(d)| asymptot-
ically behave as |[Im d|”, for some «, and thus, so does |w(d)|. For VRRR integrals w(d) was
free from poles, and together with this asymptotic that meant that w(d) was a constant.
The difference with the case of VRRVyg is that w(d) does have poles to compensate for
the poles of R(d). To deal with them observe that if one is able to subtract from w(d)
an expression that would cancel its poles while simultaneously not altering the form of
its asymptotic behavior, then the resulting difference will have no poles, and by the same
argument could only be a constant.

For a function that cancels a pole at d;, but does not spoil the asymptotic behavior at
Imd — +o0, one convenient choice is a cotangent function,

Cy(d) = cot(g (d— d,;)) , (8.5)
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which in terms of eq. (3.22) is just

Cy(2) = iz + 2

7

(8.6)

z— 2z
one of the simplest functions with a single pole that is constant at both z — 0 and z — oo.

The whole ansatz can then be constructed as a sum of a constant term and Cg (d) for
each pole of multiplicity n,

w(d) =ao+ Y _a;xCh(d), (8.7)
ik
where a; j, are unknown are constants that need to be determined. Specifically for VRRVg
we might use

2

w(d) = ag [1 +a1 Cz(d) +az Cia (d) + a3 Cn (d) + as Cua (d) + (8.8)
+ a1 C7(d) + as o C3(d) + ag Cas (d) + a7 Czz (d) +
+ asg C% (d) + ag C% (d) + ajo,1 Cg(d) + a10,2 Cg(d) ] .

Fixing the constants in the w(d) ansatz. To fix these constants numerically it is
enough to insert the series for R(d; — 2¢) obtained via DREAM into eq. (3.8), and for each
d; from eq. (8.3) demand the cancellation of poles,

lim e (w(d; — 2¢) H(d; — 2¢) + R(d; — 2¢)) = 0. (8.9)

e—0
Note that because J(d) is finite, it drops out from these equations.
After a; have all been fixed numerically with high enough precision, we can reconstruct
their analytic values, obtaining the following:
20510,/57 3 1 45
W ="—2p a1 =—ag = —4 |1+ —, —az =ag = =, (8.10)

V2

V5
10 3 1
a3 = —a7 = ——= —a4 = g = —= 1-— a51:a101:0

45 29
16’ 102 = 716"

Reconstructing the rational constants here is easy enough; for the irrational ones we had

as,2 =

to resort to using an educated guess and the Inverse Symbolic Calculator.? The result of
inserting these values into the ansatz is plotted on figure 1d.

With the constants from eq. (8.8) now fixed, all that is left is to use DREAM to calculate
the e-series for J(4 — 2¢), and restore them in terms of MZVs. The results of this calculation
for all VRRV integrals up to weight 6 are listed in subsection A.3, and weight-12 results
along with the full expressions in SUMMERTIME format are available in the supplementary
material, as described in appendix D. All of these results of course match what we have
calculated via direct integration in section 4.

http://wayback.cecm.sfu.ca/projects/ISC/ISCmain.html
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8.2 Solving DRR for VVRR integrals

The case of the VVRR integrals brings another complication on top of what VRRV had:
not only the periodic function w(d), but also the full normalized integral J(d) has poles
now. These are ultraviolet poles coming from subdivergences. For VRRR and VRRV
integrals UV poles only came from surface divergences, and thus were suppressed by the
normalization factors from eq. (1.7); this is not the case for VVRR integrals.

Knowing the location and multiplicity of these poles is important because the ansatz
for w(d) from eq. (8.7) must now include them too. To determine these locations one can
apply FIESTA to the same parametrization as in subsection 4.3.

The way poles of J(d) complicate the calculations is by preventing the usage of eq. (8.9)
when J(d;) is divergent, because J(d; — 2¢) no longer drops out. In these cases one needs
to find additional sources of information to fix the corresponding constants in the ansatz.

VVRR integrals entering Cutkosky relations alone. One source of additional infor-
mation are the Cutkosky relations from section 7. Looking closely at relations in eq. (7.7)
through eq. (7.34), one can see that most of them contain no more that one VVRR inte-
gral. Only VVRRg with VVRR;1, and VVRR9 with VVRRgg enter in pairs in egs. (7.29)
and (7.33) respectively. The rest of VVRR integrals can be directly determined from those
relations, since we already have DRR solutions for all the other cuts.

Practically speaking, to obtain VVRR integrals in the same format as the other DRR
solution, we only use Cutkosky relations numerically: to evaluate w(d) in 1000 points using
eq. (3.12) with 100 digits of precision. From this plot we determine the poles of w(d),
construct an ansatz in terms of the cotangent functions from eq. (8.5), fix its constants
numerically via the MATHEMATICA function FindFit, and reconstruct them analytically
(more on this later).

The DRR solutions obtained this way can be double-checked by inserting their numer-
ical values into the Cutkosky relations at multiple d with high precision, by inserting their
reconstructed analytical expressions into the same relations, and also by comparing them
with the series at d = 4 — 2¢ calculated in section 4. All of these checks hold.

VVRRy and VVRR;j;. Integrals VVRRg and VVRR1; enter the Cutkosky relation
eq. (7.29) in a pair. Being different cuts of the same VVVV integral both have identical
diagonal DRR matrix elements, Mg g = Mi1,11, and thus identical homogeneous solutions.
It might seem like untangling them is impossible, but because they enter with different
prefactors — one being 2B, and the other B* — and because each Cutkosky relation can
be split into the real and imaginary parts, this turns out to be enough to uniquely fix both
wo(d) and wi1(d) just from eq. (7.29), and then proceed as explained above.

VVRR19 and VVRRgg. In the case of VVRR19 and VVRRyg the Cutkosky relation
from eq. (7.33) only constrains the sum of wig(v) 4+ wap(v). For these integrals we proceed
in the same way as in subsection 8.1, using eq. (8.9) with d; for which J(d;) is finite — this
is enough to fix most of the constants. For the rest, we compare the e-series for J(4 — 2¢)
with the ones calculated in section 4: using the first few terms of those series is enough to
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fix the remaining constants. The rest of the terms can be used to cross-check the results,
together with eq. (7.33), which provides another independent check.

Restoring the analytic expressions for the w ansatz constants. Once the con-
stants a; ) in the w(d) ansatz from eq. (8.7) are fixed numerically with high precision, it
is desired — even though not strictly speaking necessary — to reconstruct their analytical
forms.

For most integrals an educated guess and the Inverse Symbolic Calculator do the job,
but VVRR 7, VVRR9, and VVRRyy proved to be a challenge.

The basic difficulty is that as we have seen in eq. (8.10) these constants contain alge-
braic numbers, and for example an MZV basis with rational coefficients is insufficient to
reconstruct them. In the simple cases when a;j is a product of an algebraic number and
some power of 7, one can try dividing its value by consecutive powers of 7, and recon-
structing the rest in terms of radicals. If however a;j is a sum of terms with different =
powers, or even general MZVs, one would need to split these terms beforehand.

Fortunately we have experimentally observed that the particular solutions R(d) for
each of these integrals can in fact be reconstructed in terms of an MZV basis with rational
coefficients. Keeping in mind that the full solution J(d) should be representable in terms
of MZVs as well, from eq. (3.8) it follows that H(d) w(d) should be too. Then, expanding
around d = 4 — 2¢,

H(4 —2e)w(4 —2¢) = Z cre”, cx = Z Cj GG - - - 5 (8.11)

k=— J1:J25ee

where constants c;, ; are rational numbers, and can be reconstructed analytically via PSLQ.

From here it is possible to evaluate the left hand side numerically using eq. (3.10) for
H and eq. (8.7) for w, reconstruct ¢ ; via PSLQ in the basis of MZVs, then evaluate the
left hand side again symbolically, and finally solve for the constants a; ;, from the w ansatz.
The radicals we have seen in eq. (8.10) will appear here as the result of the expansion of
H(4 — 2¢) in an e-series.

The practical complication here is that fixing O(20) of a; j constants this way means
working with about the same number of terms in the e-series in eq. (8.11), and thus with
higher and higher transcendentality weights, and larger and larger MZV bases, all requiring
increasingly high numerical precision. This quickly becomes computationally expensive.

The trick is to exploit the observation that a;j seem to only contain powers of m, and
are free from MZVs otherwise. With this conjecture in mind, we can evaluate the left hand
side of eq. (8.11) symbolically, drop all terms multiplied by MZVs that are not powers of 7,
then evaluate the resulting series numerically, reconstruct them via PSLQ in the basis of
even powers of 7, and finally return to the symbolical series, solving for a;; in the form of

p

where a; 1, , are algebraic numbers. Because the basis of 7 powers is much smaller than the
general MZV basis, this procedure becomes computationally tractable.
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With all w(d) ansatz constants finally fixed, we proceed to evaluate the VVRR master
integrals as e-series around d = 4 — 2¢ with 4000 digits of precision, and restore the
results in terms of MZVs up to weight 12 using the basis from appendix C. These series
truncated after weight 6 are listed in subsection A.2. The full weight-12 results along with
the expressions in SUMMERTIME format are available in the supplementary material, as
described in appendix D. As a final check, these reconstructed series match what we have
calculated up to weight 7 via direct integration in section 4.

9 Conclusions

We have presented the calculation of the previously unknown master integrals for 3- and
4-particle cuts of massless four-loop propagators. Together with the already known 2-
and b-particle cuts this completes the knowledge of all such cuts. Both direct integration
over the phase space and the solution of dimensional recurrence relations were used in
the calculation, with the latter finally resulting in expressions that allow the numerical
evaluation of the integrals as e-series to arbitrary order with arbitrary precision via the
SUMMERTIME package.

In appendix A we have provided analytic expressions for 3- and 4-particle cut master
integrals restored via PSLQ in the basis of MZVs up to weight 6. The supplementary
material described in appendix D contain analytic results for all cut structures (including
2- and 5-particle cuts, as well as the uncut virtual loop integrals) up to weight 12, as well
as the corresponding SUMMERTIME files. We hope that these results gathered in one place
will serve as a complete reference.

All the results have been cross-checked via numerical integration, by comparing values
obtained via different methods, by comparing with the known results from the literature,
as well as by showing consistency with Cutkosky rules.

The same methods used here are applicable to the cuts of five-loop propagators as
well, although we expect that calculation to be harder for two reasons: firstly, solving IBP
relations for five-loop problems is computationally much more challenging; secondly, five-
loop propagators will have multiple master integrals per sector, so we expect the appearance
of coupled blocks in the DRR equations, as well as the appearance of elliptic integrals in
the amplitudes. Still, this is one viable direction for further research.

Another direction to go is investigating massive propagators and their cuts, with the
massless ones serving as boundary conditions for the differential equations.

Finally, our original motivation of calculating semi-inclusive cut integrals and time-like
splitting functions through them now becomes feasible, with the presented cut integrals
allowing us to fix the integration constants in the differential equations for the semi-inclusive
master integrals.
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A Results

Here we provide the values of the master integrals for 3- and 4-particle cuts of 4-loop
propagators as e-series around d = 4—2¢. The normalization of the integrals is as discussed
in section 1, with prefactors B and PS,, defined in egs. (1.8) and (1.9) respectively.

For brevity, the series here are truncated after transcendentality weight 6, which is
enough to cover all the e-finite parts of the integrals. The full results up to weight 12
are available in the supplementary material on arXiv, see appendix D for a description of
those.

Note that in all our results MZVs are defined as

ni bn2
TR DI . L/ (A1)

ni>ng>..>0 LS

which is a common “physicist” notation adopted by e.g. [19, 54], but which has the opposite
order of parameters compared to the “mathematician” notation used in [39, 49].
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B B
VRRV, = _Vp = B*WK)@ = 5 VVRRz. (A.67)

B Table of loop integrals

Here we collect integrals used during the 1—3 amplitude calculation. Most of them are
taken from [55], eq. (B.7) is from [56].

To obtain a series in ¢ from these integrals, the hypergeometric function ,F, needs to
be expanded about its parameters. This can be conveniently done using the Mathematica
package HYPEXP [54].

d
d
2
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5 27rd1 zr(d—?’) = (=a-i0) 12523 (B:2)

—4
2 d d d 1—s19—
512998 ) 7 g (9 @9 ¢ ITS127S08)
2 2 1—812

4
T /d d o d o 1-sp
+<512323> o Fy <—2, ¢ 9.2 . 812823) +

(B.1)

2 2 2 1—s903

d—4
512523 > 2 JF) <d_27 @_2; @_1; 1—s512—593 )
(1—812) (1—823) 2 2 2 (1—812) (1—523)

1 F3 4_1)T(3-a)

@ (3%_3) (_q —i()) (B.3)
2 df _d _ _
Q) —2 (3 )F(i(%d)_r(;’ d)I(d—4) (—g>—i0)" " (B.4)

~ 51 —



. e 1 - nd— a—a T2(2-1)T(3—d)T(2—2) I'(d—3
@m :(47T)d (—qz—z())d 4 (1—s1)" (2 ) (F(i%;_() 2) ( )_

_eT3(d_ _d ) 2
_;3;_38F (?(??féi’ ) (512)%3 o Fy (17 g_l;d_Q; ];122> ] (B.5)
q o p(d_l)Qr(d_z)r(S—d)
@m _ (47T)d 2 1“(3%—4) X (B.6)

d—2 d , d _ pi d—4 9 .\d—4
X2F1( 2 72_273_2,1_qg> (512) 2 (_q _7’0)

" 1 Cde M (d—4)T3(5-d)T(3—¢4)r(4¢-1

I'2(2-1)T(4—d)T(d—6) d

32— 2 F(1,1,5—d:6—d,4——:1

+ F(2d—7) 3 2<7 75 da6 d7 2a >+

r2(2-92)r(4—d)r(2—%)1(d-3

+ (=2 I L)i (2=5) I )3F2(1,d—4,2d—8;d—373d—5;1>—
I'(35-5) 2

I3(4-2)T(4—d
P 3 ( )4F3<1,d—l,d—4,2d—8;d—3,d_3,3d_5;1> '
I'(35-5) 2 2

C Multiple zeta values basis up to weight 12

For the purposes of reconstructing the analytical expressions from high precision numerical
results we use the following linear basis of irrational MZV combinations:

Weight 0: 1

Weight 2: (o
Weight 3: (3
Weight 4: (3

Weight 5:  (2(3,(5
Weight 6: (3, (3
Weight 7: (2 (3,2 G, Cr
Weight 8: 5,23, (3s,C5.3
Weight 9: 5 (3,¢3, G (5, ¢2 (r. Co
Weight 10:  (3,¢5 ¢35, (2 (3 G5, €5, (3 Crv (2 G5,3, Cr.s
Weight 11: (3 (3,6 (5, C5 G, G G5, G5 Crv G2 Coy 11, G5 G535 G 3,3
Weight 12: (5, ¢33, ¢4, 83 (3. Gs, €2 2, Ca C3 Cry 5 G G Co, €3 C5,3, G2 (7,3, Co,3, Co,a 1,1 -
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The MZVs here are defined as in eq. (A.1); the basis itself is extracted from the files
provided in [19].

D Supplementary material

Along with this article we provide supplementary material with all the results in machine-
readable (Mathematica) form. To quickly summarize their content, we provide:

*.d4

The values of master integrals for VVVV, VVVR, VVRV, VVRR, VRRV, VRRR,
and RRRR cut structures as series in ¢, expanded around d = 4 — 2¢ up to MZVs of
weight 12. The notation “Mzv[n,...]” in these files stands for ¢, .., as defined by
eq. (A.1). These values correspond to those from appendix A, with the prefactors of
B, B*, PS,, and (¢2)" omitted.

topologies

A mapping from a topology name (“L”, “J”, “H”, “M”, and “N”, as listed in table 1),
into a list of propagators. Here “p1”... “p4” denote loop momenta, and “q” denotes
the incoming momenta.

masters

A mapping from master names, for example “VVVR[2]” into integral definition via the
topologies, for example “H[1,0,x%,x,0,1,1,1,1,1,0]”, where integers denote powers
of the corresponding propagators, and “x” denotes which propagators have been cut.

* 1drr

Lowering dimensional recurrence relation matrices as in eq. (3.6) for each of the
master sets. In these files “nu” stands for %.

SUMMERTIME [25] files for each of the master sets. One can use these to calcu-
late series expansion of any master set around arbitrary d, with arbitrary precision.
For example, to calculate the values of the VRRV master integrals as series around
d =4 — 2¢ up to order 2 with 30 digits of precision, use this command:

Get["VRRV.st"] /. nu->2-ep // Map[TriangleSumsSeries[#,{ep,2},30]&]

1to3/*.d4

The values of the 2-loop 1—3 master integrals in topologies PA, NA, and NB (defined
in subsection 4.2) as series in ¢, expanded around d = 4 —2¢ up to MZVs of weight 8.
In these files the notation Hlogl[x,{w,...}] stands for G(w,...;x) as defined in
eq. (4.25). Variables y and z are as defined in eq. (4.14).
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1to3/*.1drr

Lowering dimensional recurrence relation matrices for PA, NA, and NB topologies of
the 1—3 master integrals.

1to3/*.my, 1to3/*.mz
Differential equation matrices Mi(jl’y) and Mi(jl’z), as defined in eq. (4.15).

1to3/*.t

Transformation matrices TZ.(].I) as defined in eq. (4.17).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] S.G. Gorishnii, A.L. Kataev and S.A. Larin, The O(a2)-corrections to oot(eTe™ — hadrons)
and T'(1~ — v, + hadrons) in QCD, Phys. Lett. B 259 (1991) 144 [INSPIRE].

[2] P.A. Baikov, K.G. Chetyrkin and J.H. Kuhn, Order a? QCD Corrections to Z and T Decays,
Phys. Rev. Lett. 101 (2008) 012002 [arXiv:0801.1821] [InSPIRE].

[3] M. Czakon, P. Fiedler, T. Huber, M. Misiak, T. Schutzmeier and M. Steinhauser, The
(Q7,Q1,2) contribution to B — X,y at O (a2), JHEP 04 (2015) 168 [arXiv:1503.01791]
[INSPIRE].

[4] A. Gehrmann-De Ridder, T. Gehrmann and E.W.N. Glover, Infrared structure of ete™ — 2
jets at NNLO, Nucl. Phys. B 691 (2004) 195 [hep-ph/0403057] [INSPIRE].

[5] A. Mitov and S.-O. Moch, QCD Corrections to Semi-Inclusive Hadron Production in
Electron-Positron Annihilation at Two Loops, Nucl. Phys. B 751 (2006) 18
[hep-ph/0604160] [INSPIRE].

[6] O. Gituliar, Master integrals for splitting functions from differential equations in QCD,
JHEP 02 (2016) 017 [arXiv:1512.02045] [INSPIRE].

[7] A. Mitov, S. Moch and A. Vogt, Next-to-Next-to-Leading Order Evolution of Non-Singlet
Fragmentation Functions, Phys. Lett. B 638 (2006) 61 [hep-ph/0604053] [INSPIRE].

[8] S. Moch and A. Vogt, On third-order timelike splitting functions and top-mediated Higgs
decay into hadrons, Phys. Lett. B 659 (2008) 290 [arXiv:0709.3899] [INSPIRE].

[9] A.A. Almasy, S. Moch and A. Vogt, On the Next-to-Next-to-Leading Order Evolution of
Flavour-Singlet Fragmentation Functions, Nucl. Phys. B 854 (2012) 133 [arXiv:1107.2263]
[INSPIRE].

[10] O. Gituliar and S. Moch, Towards three-loop QCD corrections to the time-like splitting
functions, Acta Phys. Polon. B 46 (2015) 1279 [arXiv:1505.02901] [InSPIRE].

[11] A.V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158 [INSPIRE].

[12] A.V. Kotikov, Differential equation method. The Calculation of N-point Feynman diagrams,
Phys. Lett. B 267 (1991) 123 [Erratum ibid. B 295 (1992) 409] [InSPIRE].

~ 54—


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(91)90149-K
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B259,144%22
https://doi.org/10.1103/PhysRevLett.101.012002
https://arxiv.org/abs/0801.1821
https://inspirehep.net/search?p=find+EPRINT+arXiv:0801.1821
https://doi.org/10.1007/JHEP04(2015)168
https://arxiv.org/abs/1503.01791
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.01791
https://doi.org/10.1016/j.nuclphysb.2004.05.017
https://arxiv.org/abs/hep-ph/0403057
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0403057
https://doi.org/10.1016/j.nuclphysb.2006.05.018
https://arxiv.org/abs/hep-ph/0604160
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0604160
https://doi.org/10.1007/JHEP02(2016)017
https://arxiv.org/abs/1512.02045
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.02045
https://doi.org/10.1016/j.physletb.2006.05.005
https://arxiv.org/abs/hep-ph/0604053
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0604053
https://doi.org/10.1016/j.physletb.2007.10.069
https://arxiv.org/abs/0709.3899
https://inspirehep.net/search?p=find+EPRINT+arXiv:0709.3899
https://doi.org/10.1016/j.nuclphysb.2011.08.028
https://arxiv.org/abs/1107.2263
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.2263
https://doi.org/10.5506/APhysPolB.46.1279
https://arxiv.org/abs/1505.02901
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.02901
https://doi.org/10.1016/0370-2693(91)90413-K
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B254,158%22
https://doi.org/10.1016/0370-2693(91)90536-Y
https://doi.org/10.1016/0370-2693(92)91582-T
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B267,123%22

[13]

[14]

[15]

G. Heinrich, T. Huber and D. Maitre, Master integrals for fermionic contributions to
massless three-loop form-factors, Phys. Lett. B 662 (2008) 344 [arXiv:0711.3590] [INSPIRE].

G. Heinrich, T. Huber, D.A. Kosower and V.A. Smirnov, Nine-Propagator Master Integrals
for Massless Three-Loop Form Factors, Phys. Lett. B 678 (2009) 359 [arXiv:0902.3512]
[INSPIRE].

R.N. Lee, A.V. Smirnov and V.A. Smirnov, Analytic Results for Massless Three-Loop Form
Factors, JHEP 04 (2010) 020 [arXiv:1001.2887] [INSPIRE].

O. Gituliar, V. Magerya and A. Pikelner, Five-Particle Phase-Space Integrals in QCD, JHEP
06 (2018) 099 [arXiv:1803.09084] [INSPIRE].

O.V. Tarasov, Connection between Feynman integrals having different values of the
space-time dimension, Phys. Rev. D 54 (1996) 6479 [hep-th/9606018] [INSPIRE].

R.N. Lee, Space-time dimensionality D as complex variable: Calculating loop integrals using
dimenstonal recurrence relation and analytical properties with respect to D, Nucl. Phys. B
830 (2010) 474 [arXiv:0911.0252] [INSPIRE].

J. Blumlein, D.J. Broadhurst and J.A.M. Vermaseren, The Multiple Zeta Value Data Mine,
Comput. Phys. Commun. 181 (2010) 582 [arXiv:0907.2557] [INSPIRE].

T. Gehrmann and E. Remiddi, Two loop master integrals for v* — 3 jets: The Planar
topologies, Nucl. Phys. B 601 (2001) 248 [hep-ph/0008287] [INSPIRE].

T. Gehrmann and E. Remiddi, Two loop master integrals for v* — 3 jets: The Nonplanar
topologies, Nucl. Phys. B 601 (2001) 287 [hep-ph/0101124] InSPIRE].

S. Abreu, R. Britto, C. Duhr and E. Gardi, From multiple unitarity cuts to the coproduct of
Feynman integrals, JHEP 10 (2014) 125 [arXiv:1401.3546] [INSPIRE].

P.A. Baikov and K.G. Chetyrkin, Four Loop Massless Propagators: An Algebraic Fvaluation
of All Master Integrals, Nucl. Phys. B 837 (2010) 186 [arXiv:1004.1153] [INSPIRE].

R.N. Lee, A.V. Smirnov and V.A. Smirnov, Master Integrals for Four-Loop Massless
Propagators up to Transcendentality Weight Twelve, Nucl. Phys. B 856 (2012) 95
[arXiv:1108.0732] [INSPIRE].

R.N. Lee and K.T. Mingulov, Introducing SummerTime: a package for high-precision
computation of sums appearing in DRA method, Comput. Phys. Commun. 203 (2016) 255
[arXiv:1507.04256] [INSPIRE].

K.G. Chetyrkin and F.V. Tkachov, Integration by Parts: The Algorithm to Calculate
B-functions in 4 Loops, Nucl. Phys. B 192 (1981) 159 [INnSPIRE].

A.V. Smirnov, FIRE5: a C++ implementation of Feynman Integral REduction, Comput.
Phys. Commun. 189 (2015) 182 [arXiv:1408.2372] [INSPIRE].

R.N. Lee, LiteRed 1.4: a powerful tool for reduction of multiloop integrals, J. Phys. Conf.
Ser. 523 (2014) 012059 [arXiv:1310.1145] [NSPIRE].

A. Gehrmann-De Ridder, T. Gehrmann and G. Heinrich, Four particle phase space integrals
in massless QCD, Nucl. Phys. B 682 (2004) 265 [hep-ph/0311276] [INSPIRE].

R.K. Ellis, D.A. Ross and A.E. Terrano, The Perturbative Calculation of Jet Structure in
ete™ Annihilation, Nucl. Phys. B 178 (1981) 421 [nSPIRE].

G. Kramer and B. Lampe, Jet Cross-Sections in eTe™ Annihilation, Fortsch. Phys. 37
(1989) 161 [INSPIRE].

— 55 —


https://doi.org/10.1016/j.physletb.2008.03.028
https://arxiv.org/abs/0711.3590
https://inspirehep.net/search?p=find+EPRINT+arXiv:0711.3590
https://doi.org/10.1016/j.physletb.2009.06.038
https://arxiv.org/abs/0902.3512
https://inspirehep.net/search?p=find+EPRINT+arXiv:0902.3512
https://doi.org/10.1007/JHEP04(2010)020
https://arxiv.org/abs/1001.2887
https://inspirehep.net/search?p=find+EPRINT+arXiv:1001.2887
https://doi.org/10.1007/JHEP06(2018)099
https://doi.org/10.1007/JHEP06(2018)099
https://arxiv.org/abs/1803.09084
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.09084
https://doi.org/10.1103/PhysRevD.54.6479
https://arxiv.org/abs/hep-th/9606018
https://inspirehep.net/search?p=find+EPRINT+hep-th/9606018
https://doi.org/10.1016/j.nuclphysb.2009.12.025
https://doi.org/10.1016/j.nuclphysb.2009.12.025
https://arxiv.org/abs/0911.0252
https://inspirehep.net/search?p=find+EPRINT+arXiv:0911.0252
https://doi.org/10.1016/j.cpc.2009.11.007
https://arxiv.org/abs/0907.2557
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.2557
https://doi.org/10.1016/S0550-3213(01)00057-8
https://arxiv.org/abs/hep-ph/0008287
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0008287
https://doi.org/10.1016/S0550-3213(01)00074-8
https://arxiv.org/abs/hep-ph/0101124
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0101124
https://doi.org/10.1007/JHEP10(2014)125
https://arxiv.org/abs/1401.3546
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.3546
https://doi.org/10.1016/j.nuclphysb.2010.05.004
https://arxiv.org/abs/1004.1153
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.1153
https://doi.org/10.1016/j.nuclphysb.2011.11.005
https://arxiv.org/abs/1108.0732
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.0732
https://doi.org/10.1016/j.cpc.2016.02.018
https://arxiv.org/abs/1507.04256
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.04256
https://doi.org/10.1016/0550-3213(81)90199-1
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B192,159%22
https://doi.org/10.1016/j.cpc.2014.11.024
https://doi.org/10.1016/j.cpc.2014.11.024
https://arxiv.org/abs/1408.2372
https://inspirehep.net/search?p=find+EPRINT+arXiv:1408.2372
https://doi.org/10.1088/1742-6596/523/1/012059
https://doi.org/10.1088/1742-6596/523/1/012059
https://arxiv.org/abs/1310.1145
https://inspirehep.net/search?p=find+EPRINT+arXiv:1310.1145
https://doi.org/10.1016/j.nuclphysb.2004.01.023
https://arxiv.org/abs/hep-ph/0311276
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0311276
https://doi.org/10.1016/0550-3213(81)90165-6
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B178,421%22
https://inspirehep.net/search?p=find+J+%22Fortsch.Phys.,37,161%22

[32]

[33]

R.N. Lee and V.A. Smirnov, The Dimensional Recurrence and Analyticity Method for
Multicomponent Master Integrals: Using Unitarity Cuts to Construct Homogeneous
Solutions, JHEP 12 (2012) 104 [arXiv:1209.0339] [INSPIRE].

R.N. Lee and K.T. Mingulov, Meromorphic solutions of recurrence relations and DRA
method for multicomponent master integrals, JHEP 04 (2018) 061 [arXiv:1712.05166]
[INSPIRE].

R.N. Lee and K.T. Mingulov, DREAM, a program for arbitrary-precision computation of
dimensional recurrence relations solutions and its applications, arXiv:1712.05173 [INSPIRE].

V.A. Smirnov, Applied Asymptotic Exzpansions in Momenta and Masses, Springer Tracts
Mod. Phys. 177 (2002) 1 [INSPIRE].

H. Ferguson, D. Bailey and S. Arno, Analysis of PSLQ, an integer relation finding algorithm,
Math. Comput. 68 (1999) 351.

G.P. Lepage, A New Algorithm for Adaptive Multidimensional Integration, J. Comput. Phys.
27 (1978) 192 [INSPIRE].

T. Hahn, CUBA: A Library for multidimensional numerical integration, Comput. Phys.
Commun. 168 (2005) 78 [hep-ph/0404043] [INSPIRE].

A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math. Res.
Lett. 5 (1998) 497 [arXiv:1105.2076] [INSPIRE].

E. Remiddi and J.A.M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15
(2000) 725 [hep-ph/9905237] [INSPIRE].

J.M. Henn, Multiloop integrals in dimensional reqularization made simple, Phys. Rev. Lett.
110 (2013) 251601 [arXiv:1304.1806] [INSPIRE].

R.N. Lee, Reducing differential equations for multiloop master integrals, JHEP 04 (2015) 108
[arXiv:1411.0911] [INSPIRE].

R.N. Lee and A.A. Pomeransky, Normalized Fuchsian form on Riemann sphere and
differential equations for multiloop integrals, arXiv:1707.07856 [INSPIRE].

A. Blondel et al., Standard model theory for the FCC-ee Tera-Z stage, in proceedings of the
Mini Workshop on Precision EW and QCD Calculations for the FCC Studies: Methods and
Techniques, CERN, Geneva, Switzerland, 12-13 January 2018, CERN Yellow Rep. Monogr.
3 (2019) 1 [arXiv:1809.01830] [INSPIRE].

O. Gituliar and V. Magerya, Fuchsia: a tool for reducing differential equations for Feynman
master integrals to epsilon form, Comput. Phys. Commun. 219 (2017) 329
[arXiv:1701.04269] INSPIRE].

M. Prausa, epsilon: A tool to find a canonical basis of master integrals, Comput. Phys.
Commun. 219 (2017) 361 [arXiv:1701.00725] [INSPIRE].

C. Meyer, Algorithmic transformation of multi-loop master integrals to a canonical basis with
CANONICA, Comput. Phys. Commun. 222 (2018) 295 [arXiv:1705.06252] INSPIRE].

P. Wasser, Analytic properties of Feynman integrals for scattering amplitudes, MSc Thesis,
Mainz University, Mainz Germany (2018) and online at
http://nbn-resolving.org/urn:nbn:de:hebis:77-diss-1000019670.

E. Panzer, Algorithms for the symbolic integration of hyperlogarithms with applications to
Feynman integrals, Comput. Phys. Commun. 188 (2015) 148 [arXiv:1403.3385] [INSPIRE].

— 56 —


https://doi.org/10.1007/JHEP12(2012)104
https://arxiv.org/abs/1209.0339
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.0339
https://doi.org/10.1007/JHEP04(2018)061
https://arxiv.org/abs/1712.05166
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.05166
https://arxiv.org/abs/1712.05173
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.05173
https://doi.org/10.1007/3-540-44574-9
https://doi.org/10.1007/3-540-44574-9
https://inspirehep.net/search?p=find+J+%22Springer%20Tracts%20Mod.Phys.,177,1%22
https://doi.org/10.1090/S0025-5718-99-00995-3
https://doi.org/10.1016/0021-9991(78)90004-9
https://doi.org/10.1016/0021-9991(78)90004-9
https://inspirehep.net/search?p=find+J+%22J.Comput.Phys.,27,192%22
https://doi.org/10.1016/j.cpc.2005.01.010
https://doi.org/10.1016/j.cpc.2005.01.010
https://arxiv.org/abs/hep-ph/0404043
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0404043
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://doi.org/10.4310/MRL.1998.v5.n4.a7
https://arxiv.org/abs/1105.2076
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.2076
https://doi.org/10.1142/S0217751X00000367
https://doi.org/10.1142/S0217751X00000367
https://arxiv.org/abs/hep-ph/9905237
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9905237
https://doi.org/10.1103/PhysRevLett.110.251601
https://doi.org/10.1103/PhysRevLett.110.251601
https://arxiv.org/abs/1304.1806
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.1806
https://doi.org/10.1007/JHEP04(2015)108
https://arxiv.org/abs/1411.0911
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.0911
https://arxiv.org/abs/1707.07856
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.07856
https://doi.org/10.23731/CYRM-2019-003
https://doi.org/10.23731/CYRM-2019-003
https://arxiv.org/abs/1809.01830
https://inspirehep.net/search?p=find+EPRINT+arXiv:1809.01830
https://doi.org/10.1016/j.cpc.2017.05.004
https://arxiv.org/abs/1701.04269
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.04269
https://doi.org/10.1016/j.cpc.2017.05.026
https://doi.org/10.1016/j.cpc.2017.05.026
https://arxiv.org/abs/1701.00725
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.00725
https://doi.org/10.1016/j.cpc.2017.09.014
https://arxiv.org/abs/1705.06252
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.06252
http://nbn-resolving.org/urn:nbn:de:hebis:77-diss-1000019670
https://doi.org/10.1016/j.cpc.2014.10.019
https://arxiv.org/abs/1403.3385
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.3385

[50] C.W. Bauer, A. Frink and R. Kreckel, Introduction to the GiNaC framework for symbolic
computation within the C++ programming language, J. Symb. Comput. 33 (2000) 1
[cs/0004015] [INSPIRE].

[61] A.V. Smirnov, FIESTA: Optimized Feynman integral calculations with GPU support,
Comput. Phys. Commun. 204 (2016) 189 [arXiv:1511.03614] INSPIRE].

[52] R.E. Cutkosky, Singularities and discontinuities of Feynman amplitudes, J. Math. Phys. 1
(1960) 429 [INSPIRE].

[53] G.’t Hooft and M. Veltman, Diagrammar, NATO Sci. Ser. B 4 (1974) 177.

[54] T. Huber and D. Maitre, HypExzp 2, Expanding Hypergeometric Functions about Half-Integer
Parameters, Comput. Phys. Commun. 178 (2008) 755 [arXiv:0708.2443] INSPIRE].

[65] T. Gehrmann and E. Remiddi, Differential equations for two loop four point functions, Nucl.
Phys. B 580 (2000) 485 [hep-ph/9912329] [INSPIRE].

[56] T. Gehrmann, T. Huber and D. Maitre, Two-loop quark and gluon form-factors in
dimensional regularisation, Phys. Lett. B 622 (2005) 295 [hep-ph/0507061] INSPIRE].

— 57—


https://arxiv.org/abs/cs/0004015
https://inspirehep.net/search?p=find+J+%22J.Symb.Comput.,33,1%22
https://doi.org/10.1016/j.cpc.2016.03.013
https://arxiv.org/abs/1511.03614
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.03614
https://doi.org/10.1063/1.1703676
https://doi.org/10.1063/1.1703676
https://inspirehep.net/search?p=find+J+%22J.Math.Phys.,1,429%22
https://doi.org/10.1007/978-1-4684-2826-1_5
https://doi.org/10.1016/j.cpc.2007.12.008
https://arxiv.org/abs/0708.2443
https://inspirehep.net/search?p=find+EPRINT+arXiv:0708.2443
https://doi.org/10.1016/S0550-3213(00)00223-6
https://doi.org/10.1016/S0550-3213(00)00223-6
https://arxiv.org/abs/hep-ph/9912329
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9912329
https://doi.org/10.1016/j.physletb.2005.07.019
https://arxiv.org/abs/hep-ph/0507061
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0507061

	Introduction
	4-loop virtual integrals (VVVV)
	1-loop 4-particle cut integrals (VRRR)
	Direct integration over the phase space
	An overview of dimensional recurrence relations
	Solving DRR for VRRR integrals
	Cross-checks

	2-loop 3-particle cut integrals (VVRR, VRRV)
	1-loop 1->3 amplitudes
	2-loop 1->3 amplitudes
	Cross-checks

	3-loop 2-particle cut integrals (VVVR, VVRV)
	5-particle phase-space integrals (RRRR)
	Relations from Cutkosky rules
	Dimensional recurrence relations for 3-particle cut integrals
	DRA method by example: VRRV
	Solving DRR for VVRR integrals

	Conclusions
	Results
	VRRR
	VVRR
	VRRV

	Table of loop integrals
	Multiple zeta values basis up to weight 12
	Supplementary material

