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Abstract

This work concerns the quantum Lorentzian and Euclidean black hole non-
linear sigma models. For the Euclidean black hole sigma model an equilibrium
density matrix is proposed, which reproduces the modular invariant parti-
tion function from the 2001 paper of Maldacena, Ooguri and Son. For the
Lorentzian black hole sigma model, using its formulation as a gauged SL(2,R)
WZW model, we describe the linear and Hermitian structure of its space of
states and also propose an expression for the equilibrium density matrix. Our
analysis is guided by the results of the study of a certain critical, integrable
spin chain. In the scaling limit, the latter exhibits the key features of the
Lorentzian black hole sigma model including the same global symmetries, the
same algebra of extended conformal symmetry and a continuous spectrum of
conformal dimensions.
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Figure 1: Space-time diagram for the Lorentzian black hole (1.1)). The cross defined by the equation UV = 0
is a horizon, while the metric possesses a physical singularity on the hyperbola UV = 1.

1 Introduction

It was observed by Witten in ref. that the two dimensional space equipped with the metric

dUdV

(dULBH)2 = m

(1.1)
exhibits the characteristic features of a black hole geometry. As depicted in the space-time diagram
in fig.[I] it possesses a horizon at UV = 0 as well as a curvature singularity at UV = 1 just as the four
dimensional Schwarzschild black hole in terms of Kruskal coordinates. There is no globally defined
time coordinate for the metric. Rather, there is a Killing vector that is time-like only in regions I and

IT of fig[l] and space-like in regions III and IV.

Similar to the 341 dimensional black hole, the Euclidean version of is of prime interest. The
latter can be introduced in the spirit of the Hartle-Hawking analytic continuation . It is performed
by a “Wick rotation” of the Killing coordinate T' = % log(—U/V) from region I to pure imaginary
values. This makes U and V satisfy the reality condition V' = —U*. Then, ignoring the overall
negative sign, the Lorentzian metric becomes one of Euclidean signature:

dudu*

(downn)* = =7 -

(1.2)
The manifold equipped with (doggy)? may be embedded into three dimensional Euclidean space and
visualized as a half-infinite cigar as shown in fig.[2] The tip is located at U = 0 while in the domain
|U| > 1, where the metric becomes flat, the target manifold resembles a half-infinite cylinder.

Figure 2: Visualization of the 2D manifold with metric ((1.2)).



For each of the metrics (doypy)? and (dogsy)? one can associate a Non-Linear Sigma Model (NLSM)
whose classical dynamics is governed by the actionﬂ

1 [, UMV
Sun= g5 [ 0 S0 (1.32)
QU (7= 07)
_ L [ g, U

It is a challenging problem, in general, to assign a meaning to a quantum NLSM whose target space
metric is of Lorentzian signature. In particular the status of the quantum Lorentzian black hole
NLSM is rather tentative. Contrary to this the quantum Euclidean black hole NLSM is a well studied
CFT [1,|3H12].

In refs. [9,/10] an explicit formula was presented for the partition function Zggy. The latter is
defined as a Euclidean path integral involving the Euclidean action with the world-sheet compactified
on a torus. The partition function contains a divergence which comes from the contribution of the
asymptotically flat domain of the target manifold:

ZEBH - Ze(smg) + Zérgi) . (1'4>

The singular part is somewhat universal. It coincides with the partition function of two free bosons,
one of them being compactified, arg(U) ~ arg(U) + 27, while the other, log |U|, taking values in a
segment of length o< log(1/€). Thus, as the regularization parameter € — 0,

Z5m8) o log(1/€) — 400 . (1.5)

On the other hand, the finite part Z{52) in depends on the infra red regularization of the target
manifold, which can be thought of as being the result of interactions with an external thermostat.
In the works [8-10] the Euclidean black hole NLSM occurs in the context of bosonic string theory
on AdSs. This provides a particular regularization. Its major advantage, which makes it especially
attractive from the stringy point of view, is that Zggy is invariant w.r.t modular transformations of
the world-sheet torus. Then an immediate question arises concerning the full equilibrium density
matrix Pggy corresponding to such a regularization. The latter can not be recovered from just the
knowledge of the partition function, which is given by the trace of ﬁEBHH A conjecture for prppy was
put forward in the original work [9]. However numerical analysis shows that the proposed expression
fails to reproduce the modular invariant partition function.

In ref. [26] Ikhlef, Jacobsen and Saleur made the interesting proposal that the Euclidean black
hole NLSM is the CFT governing the scaling limit of a certain integrable spin chain. This opened a
potential way of obtaining the equilibrium density matrix pgpy. In the recent work [31] an extensive
study of the spin chain was performed and the original conjecture from [26] was re-examined. Here,
based on the results of that work, we address the following questions:

(i) What is the correct expression for pgpu?

(ii) What is the space of states of the Lorentzian black hole NLSM and how to assign to it a
meaningful equilibrium density matrix prgy? In turn, how would the latter be related to its
Euclidean counterpart?

'In this paper we use the following conventions. We assume Minkowski signature for the world-sheet (z°,z') = (¢, z)
so that 9y = 9° = %, o =-0'= ail with the space co-ordinate belonging to the segment = € [0, 27]. The integration
measure is taken to be d?z = dz®dz'. The Plank constant is a positive dimensionless parameter. We'll also use the
Levi-Civita symbol €,, = —e"”, below, which is defined as ep1 = —€10 = 1.

2We use the non-standard convention that the trace of the (equilibrium) density matrix rather than being one,

coincides with the partition function.



2 Classical gauged SL(2,R) WZW model

2.1 The classical action

The Lorentzian black hole NLSM can be obtained by gauging a non-compact one dimensional subgroup
of the classical SL(2,R) WZW model. Following the work [1] consider the classical action

S = % / d%% [aMUa“VJrauxaMYHog(X/Y) 9, U8,V (2.1)

+ 0, (YO'X = XOY) + ea, (UD,V — VO,U) - a,a XY |.

Here the integrand in the first line is just the classical Lagrangian density of the usual WZW model [13],
Lwzwlgl, expressed via the matrix entries of the fundamental WZW field

g — <_)§/ }U,> € SL2,R) . (2.2)

Note that the term involving log(X/Y") comes from the Wess-Zumino term and, up to a total derivative,
can be rewritten in various ways by employing the constraint

XY +UV=1. (2.3)

The second line in (2.1]) contains the gauge potential a,,. The action is invariant w.r.t. the infinitesimal
gauge transformation of the form

X=60wX, 0Y=—-6wY, U=6V=0; da,=0,(w). (2.4)
This can be seen by rewriting the Lagrangian density corresponding to the action (2.1)) as
1 [ o, UorV

L= sl 1zov — (1=UV) fuft+€70,C, (2.5)
with
fu=ay,—3 0ulog(X)Y) — € J¥ , C, =1 log(X/Y)(U,V —Vo,U) (2.6)
and
The extremum condition %S = 0 leads to the equation
ay =3 Oulog(X/Y) + € J¥ . (2.8)
The field strength corresponding to this vector potential is given by
Ouay, — 0pay, = 05t €y . (2.9)

It vanishes for any solution of the classical equations of motion, which includes the continuity equation
OuJ* = 0.

In the orthodox formulation of the gauged SL(2,R) WZW model, the matrix valued field g is
assumed to be periodic:

g(t,z+2m) =g(t,x) . (2.10)



If we take U and V from the domain
0<UV <1, (2.11)
it is natural to fix the gauge by setting [1]
X=Y (2.12)

which, in view of eq. , results in a, = €, J”. Then, after eliminating the auxiliary field a,, the
action S becomes that of the Lorentzian black hole NLSM . Note that, as was also pointed
out in [1], if we take the SL(2,R) picture literally the full target space of the Lorentzian black hole
NLSM would contain two copies of the regions III and IV in fig.[I] corresponding to the cases X,Y > 0
and X,Y <O0.

2.2 Generalized boundary conditions

In what follows we’ll consider the gauged SL(2,R) WZW model, but with more general boundary
conditions than . It is instructive to discuss the latter using another formulation of the classical
field theory [6{14]. In this description the Lagrange density is just the sum of that of the WZW model
and the massless Gaussian theory:

L = Lyw|G] +2010n . (2.13)
The interaction is introduced through the constraints
Y=3Tr[0?0GG Y -0n=0, T=1Tr[c*G10G]+In=0, (2.14)

where we use 8 = 3(dy + 01) and 0 = 1(8y — 91). If the infinitesimal gauge transformation of the
WZW field and the massless Gaussian field is defined as

0G = % (O’ZG + GO’Z) ow , 0,0n = €,,0"” (dw) , (2.15)

then 6L turns out to be a total derivative provided the constraints (2.14) are imposed. The classical
field theory, thus defined, is equivalent to the gauged WZW model governed by the action (2.1). In
particular for any field configuration satisfying the equations of motion for (2.13)), (2.14]),

g =e2%? Gez ay = —€,0"n + Ow (2.16)

would be a solution of the Euler-Lagrange equations associated with the action (2.1)). Here w is an
arbitrary periodic function w(t,z + 27) = w(t,x), which appears as a manifestation of the gauge
invariance of the model.

To specify the boundary conditions, let us first recall some basic facts concerning the phase space
of the WZW model (see, e.g., |[13}[15,16]). The latter is conveniently described in terms of the left and
right WZW currentsﬂ

OGG™ = L%, , G 19G = R, , (2.17)

3Here and below we use the notation t4 for the 2 x 2 real traceless matrices,

1 0 0 1 0 0
tB:(o —1)’ t+:(0 o)’ t’:(l 0>: (arte] = fante

Indices are raised and lowered via the Killing form defined as

KAB:%Tr[tAtB] s HAcIiCB:(;E .



which satisfy the closed set of equal-time Poisson Bracket relations:

{LA(t2), LP(t,y)} = =3 kAP 6 (x —y) — § fAPC LO(t,2) (2 — y)

{RA(t,2), RP(t.9)} = +5 k4B 8/ (0 — ) + 3 FA80 RE(t, ) 8o — ) (2.18)

{LA(t,x),RB(t,y)} =0 .
Assuming that the currents are periodic fields,

LA,z + 21) = LA(t, ) | RA(t,z + 2m) = RA(t,x) , (2.19)
the center of the Poisson algebra is generated by two elements

- w0427 ~ —zg—2m
Q::TI'|:7)€XI)<+/ deAtA)] , @zTr[Bexp</ da:RAtA>} . (2.20)
o —x9

We will focus on the field configurations such that the values of the central elements are restricted by
the inequalities

—2<€ €<2 (2.21)

and use the parameterization
¢ =2cos(2nP) , ¢ = 2cos(2mP) (2.22)
with real P and P. In this case the path ordered exponentials inside the traces in may be

expressed as

To+2mw )
$exp<+ / deAtA> = M et2mibo? pr-l (2.23)
X

0

—xg—27 B B = B
3exp<—/ deAtA> = M 2mbe" pp-t

—x0

where the 2 x 2 real non-degenerate matrices M and M depend on the initial integration point xg.
If we require them to be SL(2,R) matrices, then e*?™7?" and e=2"F?" are uniquely defined. At the
same time there is an ambiguity in M and M of the form M — +M e'%?’ and M +— +M 97’
with arbitrary real ¢ and ¢. This can be fixed using the Iwasawa decomposition for SL(2, R) matrices,
which allows one to specify that

d 0 1 b _ d 0 1 b ) -
Mo (C V(D () (D) e a0 e

The values of the currents at ¢ = 0 are not enough to fully define the time dependence of the
matrix valued field G(t, z). Indeed the equations of motion in the WZW model are given by

dLA =0, ORY=0. (2.25)
This implies that

G(t,z) = Qt +2) G(0,20) Q(t — ) , (2.26)



where

Qu) = <73e}x:p<—|—/$:dacLAtA> (2.27)

Q) — ?exp<—/_zodeAtA>,

while G(0,z0) is an arbitrary SL(2,R) matrix. Its entries, together with the initial values of the
currents, constitute the full set of the initial data. We consider the field configurations at ¢ = 0 to be
such that

G(0,z9) = M " M~ , (2.28)

where M, M are the same as in (2.23)), (2.24) and « is some real number. This is motivated through
the following arguments. Assuming L“ are given, the path ordered exponent Q(u) (2.27)) solves the
linear differential equation

oW = LAt . (2.29)

However Q(u), apart from the WZW currents, also depends on an arbitrarily chosen initial integration
point z¢ at which it becomes the identity matrix. At the same time ¥p = Q(u) M is the Floquet
solution of the matrix ODE , which is fixed unambiguously provided M is taken to be of the
form . A change in the initial integration point zo to xj, would result in the transformation
Wp s Wpel? where ag = ag(zo, x(). The solutions of the ODE with periodic coefficients possess
the band structure. Thus the parameter P labeling the Floquet solutions ¥ p can be defined such that
P € R and 2P ¢ 7, where the band number coincides with the greatest integer less than P + % The
above carries over to the Floquet solution Wp = M~ (@) of the barred counterpart of the ODE
(2.29). This way the construction of the WZW field G(t,x) given by eqs. and involves
the Floquet solutions as well as an additional variable oo ~ o + 27. Thus the algebra of functions on
the phase space of the WZW model, generated by the currents L* and R4 subject to the periodic
boundary conditions , should be extended by the inclusion of the compact generalized coordinate
a. The latter can be viewed as a dynamical variable canonically conjugated to the sum 27 (P + P).

As for the difference, we assume that e2™(” -P) = e?™k  with % <k < % being a fixed parameter.
Equivalently,

P—-P=k+w (weZ) (2.30)
so that the integer w labels different disjoint components of the phase space.

The boundary values of the WZW field at ¢ = 0, defined by the formulae (2.26]) and ([2.28]), satisfy
the relations

G(0,x0 + 2m) = M > M~ G(0,20) = G(0,9) M *™7" M~ . (2.31)
This implies
Tr[G(t,x +27) (G(t,x))*l} — 2 cos(27k) | (2.32)
which should be imposed along with the periodicity condition for the currents (2.19)). In fact there
is an extra condition which needs to be taken into account. Substituting the matrix M (2.24)) into
eq.(2.31) one finds

Tr[(—iay) G(0, zo + 27) (G(O,xo))_l] = sin(27k) (d? + d~2 + d2b?) . (2.33)

8



This results in the inequality

Tr[(—ioy) G(t,z +27) (G(t,z)) " }/sm(zwk) >0 (2.34)

The constraints (2.14]) will only make sense when both derivatives dn and dn are periodic:
on(t,x + 2mw) = dn(t,x) , on(t,x +2m) = on(t,x) . (2.35)

In view of the relation ([2.16), the gauge field a,(z,t) in the original formulation of the gauged WZW
model is also periodic,

au(t, x4 2m) = au(t, x), (2.36)

as was implicitly assumed in our initial analysis of the model. The boundary condition ([2.32)) as well
as the inequality (2.34)) are invariant under the gauge transformation and therefore the field g satisfies
the similar relations

Tr[g(t,x +27) (g(t,x))*l} = 2 cos(27k) (2.372)

Tr [ (—ioY) gtz +2) (g(t,z)) " } /sin(27k) > 0 . (2.37b)

Let us make the following important point. In the case of the gauged SL(2,R) WZW model with
k = 0, the conditions yield g(t,x + 27) = g(t, z), i.e., periodicity of all the matrix elements
X,Y U,V. In turn one can use the gauge fixing condition X =Y. However for k # 0, since X and Y
are no longer periodic fields, the same gauge fixing condition is not applicable. This makes the model
with k = 0 (which is equivalent to the Lorentzian black hole NLSM) a very special one that is not
obtainable literally through a naive k — 0 limit.

The Poisson structure of the massless Gaussian model, whose Lagrange density is given by the
second term in the r.h.s. of (2.13)), reads as

{On(t,x),0n(t,y)} = —{n(t,2),dn(t,y)} = 5 & (@ —y), {In(t,x),dn(t,y)} =0.  (2.38)

With the boundary conditions (2.35)) imposed, the center of this Poisson algebra is generated by

21 21
d _ dz -
Py = / o, P, = / oy (2.39)
0 0

The general solution of the equation of motion ddn = 0 is

n(t,z) = % (f(t +xz)— f(t— :L")) (2.40)

where, in view of the boundary conditions, the arbitrary functions f and f are quasiperiodic:

flu+2m) = f(u) + P, , flu+2m) = f(a)+ P, . (2.41)

The constraints (2.14]) imposed on the WZW field G and the Gaussian field, combined with ([2.40)),
yield the relations

L} =-1of, R} =-10f. (2.42)

l\)h—l



It is easy to see now that the matrix G, satisfying the equations of motion, can be brought to the

form
G(t,x) = e~ 2/ (tHa)o? &(t,x) e 2/ (t=2)o , (2.43)
where & is such that
06 & =c t_ ¢t GG =6 t_ — &t (2.44)
with
& =eTL, &p=—eT LT
& =et'R, & =—e RT. (2.45)

The latter are real chiral fields, 9+ = 064 = 0, subject to the quasiperiodic boundary conditions
Ex(u+2m) = B ¢4 (u) Ex(a+2m) = B Ex(a), (2.46)

where B = ™1 and B = e2™P1. We set B = B or, equivalently, P, = P (assuming that P, and Pn
are real). In this case, as it follows from egs. ) and ( -, the field 7 is periodic:

n(t,x +2m) =n(t,x). (2.47)

Note that the on-shell gauge potential a,, entering into the initial formulation of the SL(2,R) gauged
WZW model, satisfies the condition

B=DB=exp (j{dx“ au> : (2.48)

2.3 The phase space

Consider now the classical fields defined through the relations

=& 6, Wit =4 (606 — €1 06)
(2.49)
- = cl)
=& &, Wi =4 (608 —& 08 ) .
Using (2.45) they can be rewritten in terms of the WZW currents along with dn and dn:
Wi = ()2 — (I3 +LTL), WP =20nLtL-+1(L*0L~ — L-9L")
(2.50)

W = (Gn)? — (B2 + R*R™), W) =20yR* R+ L (R'OR~ — R-OR")

It is straightforward to check using the PB relations (2.18]) and (2.38) that the W fields Poisson
commute (in a weak sense) with the constraints T and Y ([2.14)),

{Wj(d)(tvx)v T(tv?/)}‘rzo = {W]'(Cl)(t?m)7 T(t’ y)} =0
(2.51)

(W (,2), Tt 9) Y g = (W5 (1,2), Tt )} = 0

10



Since W2(Cl) and ng) coincide with the nonvanishing components of the stress energy tensor, the
Hamiltonian commutes with Y and Y. Also it is easy to see that

{T(t,:v),T(t,y)} = {T(t,:):),'f(t,y)} = {T(t, x),T(t,y)} =0 (2.52)

and, hence, the system of constraints ([2.14)) are of the first class. The W fields are “classical observ-
ables” which are

(i) chiral
WD = w4 ), W WD (- a) (2.53)
(ii) real
(W) =W, (@) =W ) (254
(iii) periodic
WD (w4 2m) = WD () W a4 2m) =W (@) . (2.55)

They generate a closed Poisson algebra in the following sense. Straightforward calculations lead to

{3 (), W3 ()} = = (W3 () + W™ (12)) ' (r = w2)

(WD (ur), W™ (un) } = =3 Wi () & (ur — uz) — OWS™ (ur) 8(ur — ) (2.56)
(WD (ur), Wi (uz) } = =L (W (ur) + W™ (un)) 0" (ur — ua) — 8" (ur — ug) x

(WA ) + WA (w2) + 25 () WP (w2) = 35 (9 WE™ (ur) + P WS () )

Here W4(Cl), which appears in the last line, is expressed in a form similar to (2.49):

Wi =2 (¢, 0% + ¢ 0%,) — & ac, 06 . (2.57)

Analogous relations hold true for the “barred” fields. A recursive computation of the Poisson brackets

of the W fields amongst themselves yields two infinite sets {Wj(d) }j; and {WE-CZ)};;}Q. We'll refer

below to the fields from these sets as the (classical) W currents. All of them satisfy the conditions
i)-(iii) as well as (2.51)). The integer j = 2,3,... coincides with the Lorentz spin of W while the
(1)-(iii) ger j = 2,3, p ;

(<)

Lorentz spin of Wj is given by (—j). The W currents form a quadratic Poisson algebra |17]. Since
all the Poisson bracket between the W currents of different chirality vanish, we’ll refer to it as the
classical W4, ® W, - algebra.

The above considerations suggest that the phase space for the gauged SL(2,R) WZW model,
subject to the boundary conditions (2. 19|) (|2 32)), (2.34) and (2.47) is made up of the symplectic leaves,
I'p pp , labeled by the real numbers B (| as well as P, P, which satisfy the relation P— P =k +w
with w € Z. On each leaf the symplectlc form is non—degenerate The algebra of functions on the

leaf, F} P B, is generated by the currents Wj(d)( ) and W( )( ), subject to the reality and boundary

conditions (2.54), (2.55)), which form the classical W, ® W - algebra

11



There are two evident continuous symmetries. The first one is the U(1) invariance w.r.t. a shift
of the compact variable « ([2.28]),

Uy = 27 s ellatd)r” (2.58)
The other one corresponds to the transformation
Ry : n(t,z) —n(t,z) +6 . (2.59)

Both symmetry transformations are canonical, i.e., they preserve the symplectic structure. They have
no effect on the W currents and act trivially on the symplectic leaves. The gauged SL(2,R) WZW
model also possesses the global symmetries, which leave the Lagrange density (2.13), the constraint
as well as the boundary conditions imposed on the fields unchanged. We’ll use the notation D
for the Z5 symmetry, which acts on the fields and the symplectic leaves as

G— —0YGao¥, n—-n
D . (2.60)
I'spp=Tppp-

Also, by CP symmetry, we’ll mean the invariance under the transformation
CP : G(t,z)— (G(t,—1)) ", n(t, z) — nt, —z) . (2.61)

Note that the condition P— P = k+w (w € Z) is unchanged when P + —P , P — —P. This suggests
that the action of CP on the symplectic leaves is described as

CP : FP,P,B — F7P,7}37B . (262)

3 Quantum gauged SL(2,R) WZW model

3.1 BRST quantization

Once the gauged SL(2,R) WZW model is formulated as a classical dynamical system possessing con-
straints of the first class one can consider the problem of its quantization within the BRST approach.
Here we briefly sketch the algebraic procedure for the construction of the chiral component of the
space of states.

The chiral component of the energy momentum tensor of the quantum theory is split into three
terms:

irtotal = TWZW + TGauss + Tghost . (31)

The first one is [18]

2
kap LALE . (3.2)

Twzw = -

n + Cv
It is built from the left currents of the WZW model

LAw) =n~! i jA gmimu (A=3,4) (3.3)

m=—0o0

whose Fourier coefficients obey the commutation relations
A B AB i pAB -C
[]m7jr ] =Nk % 5m+r,0 - %f C Jm4r - (34>

12



Here the level (central element) of the Kac-Moody algebra has been denoted by n. It is related to the
Plank constant as 5
7
h=—. 3.5
- (35)
The constant Cy entering into (3.2]) stands for the so-called dual Coxeter number:
Curt® = L AC ) 150, (36)

and in the case under consideration Cy = 2. The second term in (3.1)) represents the contribution of
the massless Gaussian field,

Tooanss =N (877)2 (3.7)

with
on(u) = n"z Z Ay €7 [am,ar] = 5 Omir0 - (3.8)

Finally T, is the chiral component of the energy momentum tensor for the bc- system:
T nost = 100cC . (3.9)

The ghost fields have conformal dimensions (Ay, A.) = (1,0) and, as with the chiral fields L# and 9n,
can also be expanded in the Fourier series

bu) =Y bye ™, clw)= Y cme ™, (3.10)
where
{bmaCT} - 5m+7‘,0 ) {bm7b7'} = {Cm’cr} =0.

The Virasoro central charge of the be-system is equal to (—2), so that the total central charge asso-
ciated with the energy momentum tensor (3.1]) is given by
3n 6

1-2=2-— .
n+2+ n-+2

(3.11)

Ciotal — Cwzw + CGauss + Cghost =

The highest weight representation for the combined chiral algebra generated by the Fourier coef-
ficients j,ﬁ, Gy b, ¢y 18 constructed in the usual manner. First of all one requires that the highest
state is annihilated by all the positive frequency modes with m > 0. Since the zero modes of the
WZW currents satisfy the commutation relations

(g, i8] = =1 4B 58, (3.12)

the highest states form a representation of the sl algebra. It makes sense to require that it is an
irreducible one, characterized by the value of the Casimir operator

Co = —rap i , (3.13)

which in the sly case is usually denoted as ¢(¢ + 1). Rather than ¢ we will employ the parameter
p=L+ % Together with this quantum number the highest states can be labeled by the eigenvalues
of the zero modes jg’ and ag:

Celpop,s) = (p* = 1) Ipo, s), Joloops)=wlp.ps),  aolpop,s) = = lpps) . (3.14)
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The highest states form a representation not only of the sl algebra but also the simple fermionic one
{bo,co} =1, bBE=c2=0. (3.15)
Thus we supplement the set of conditions defining them with

€o \p,u, S>+ = 07 |p,,u, S>— = bO ‘pwu’a S>+ : (316)

The highest weight representation is built by the action of the negative frequency modes jf,‘“ s by Cmy
with m < 0 on the highest state multiplet. The corresponding linear space will be denoted by A, 5. The
latter possesses a grading induced by the Virasoro algebra generator Lgml). For given L =10,1,2,...,
the level subspace A&Q is finite dimensional and all its states have the same conformal dimension
A, s+ L with

2 1 2

VA S
A, s = + . 3.17
L n—+2 n ( )

Note that the conformal dimensions of the primary states do not depend on the quantum number .

The parameter p and its barred counterpart p are related to the central elements —
of the Poisson algebra of the WZW currents. In particular the sum p + p can be identified with
the eigenvalues of the operator —i % with « being the dynamical variable from . Then the
compactness condition a ~ «a+ 27 yields the quantization rule p+p € Z. This, in view of the classical

relation (2.30)), leads toE|
p=3u+n+2) (k+w)), p=3—-(n+2)(k+w)) (wwez). (3.18)
At the same time s may take any real value,

sER. (3.19)

The central role in the BRST approach belongs to the BRST charge and the ghost number operator.
These obey the relations

QgRST =0, [QBRST? (jghost:| = QBRST . (3.20)
In the case at hand they read explicitly as

2
ili/ du (L? — 9n) c(u) = (§§ — vnaog) co + Z (42, — Vnam) com (3.21)
0 m#0

QBRST =

™

T L T (b b
Qghost_/o 27 C(U) - OCO+ Z( —mCm — C—m m) .

m=1

It is easy to see that both operators commute with the zero mode of the current L3(u):

[jg>QBRST] = [jgaqghosc] =0. (3.22)

Let p be an eigenvalue of jg corresponding to one of the states from the highest state multiplet of
A, s. Consider the eigenspace A, ;s C Ap s such that

]g Ap,,u,s = /LL 'Apnu»s ‘ (3'23)

“Here we identify the difference p —  with (n 4 2) (P — P). Within the semi-classical analysis where n > 1, n and
n+ 2 are indistinguishable. The finite renormalization n — n + 2 may be advocated for using similar arguments as those
in the work [6].
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Since both the BRST charge and ghost number operator act invariantly in this subspace, one can
introduce the component of the factor space Ker[Qgrsr|/Im[@prsr| with zero ghost number,

Ap,/hs C Ker[QBRST]/Im[QBRST]|.Ap,#,s : Janost “ZP%S =0. (3.24)

The operators QBRST, Qanost and jg’, all commute with the energy momentum tensor
[QBRST’ﬂotal(u)] = [quhosm]—‘total(u)] = [j(:];?]—jtotal(u)} — 0 . (325)

This implies that .Zp,”,s is a naturally graded space and similar to A, s admits the decomposition
o0
1 T
Ap,[,L,S = @ A;E)“L)L,S N (3-26)
L=0

The dimensions of the level subspaces .ZI(,LBL s depend essentially on whether or not ; — s vanishes. This
difference is the coefficient in front of the ghost zero mode ¢g in when the action of the BRST
charge is restricted to the eigenspace A, , s. Consider the highest states |29, w,s)x. If p # s, then
the state |p, i, s)+ is annihilated by the BRST charge. On the other hand Qgrsr|p, 4, s)— # 0 and is
proportional to |p, i, s)+. This implies that the level subspace ﬂé?z,s with p # s is trivial. In the case
when p = s both highest states are annihilated by the BRST charge. However only |p, s, s)+ has zero
ghost number so that dim (ﬂéogs) = 1. Recall that |p, s, s)+ is a state from a sly irrep characterized
by p. The eigenvalues of jg’ for the other highest states from the multiplet are given by u = s +im,
where m is a nonzero integer, and hence the difference y — s for these states would be nonvanishing.
Proceeding further, it is straightforward to check at least for small values of L = 0,1,2,..., that all
the spaces jj(DLLS are trivial for p # s, while the dimensions of .Zg’gs with generic p is equal to the
number of bipartitions of L.

3.2 W, -algebra

Perhaps the easiest way to explore the linear structure of the factor space .Zp,”,s is to bosonize the
;[(2, R) current algebra [19-21]. This allows one to isolate the physical states in A, s and to show that
dim (,Z,SLQS) coincides with the corresponding dimensions of the level subspaces of the highest weight
representation of the quantum W, -algebra. The bosonization of ;[(2, R) requires three chiral Bose
fields. The spin 2 current which commutes with L3(u) is identified with Wa(u). It can be arranged so
that

Wy = (89)? + (0p)? + %, (3.27)

i
vn+2
which involves only two of the chiral fields. By construction the field Wy commutes with the BRST
charge and ggnost. Using the Operator Product Expansion (OPE),

o(u) p(0) = —% log(u) + O(1), I (u) 9(0) = —% log(u) + O(1) , (3.28)

a simple calculation shows that

c 2 1
Wa(u) Wa(0) = ot a2 W5(0) — — 0W3(0) + O(1), (3.29)
u U U
where the central charge
6
=2 ,
c ) (3.30)
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coincides with ¢y from eq. (3.11). The spin 3 W current is also obtained from the commutativity
condition with L3(u). However, it contains an ambiguity related to the addition of Ws(u). The
requirement that Ws(u) be a primary conformal field, i.e.,

W (1) Wi (0) = —% Ws(0) — % aW3(0) + O(1) (3.31)

fixes it up to an overall multiplicative factor. We take

_n+8 oo 2 - 2 __in 2 n 3
W3 = 3n+6(819) +2(0p)“09 +ivn +2 07 0V N O 0 19+6(n+2) 0”09 . (3.32)

As in the classical case, the currents Wy and W3 generate a closed algebra, whose commutation
relations may be conveniently encoded via OPEs. In particular, the spin 4 current is obtained via the
OPE of W3 with itself:

e+ T)(2e—1)  (e+T7)(2c—1)

Wg(u) Wg(O) = 9(6 — 2)u6 3(C _ 2)u4

(Wal) + Wa(0)) = 5 (Wala) + Ws(0)

2¢% +22¢ — 25

+ Wi(u) +WE(0) + 30(c_2)

(02 Wa(u) + 82W2(0))) +o(1). (3.33)

The definition of Wy, in principle, is not unique and contains the freedom in the addition of any of
the spin 4 fields 9?°Wa, W3 as well as the composite field W2. Fixing Wy as in eq. (3.33), it turns out
that the singular terms oc u~% and «=3 are absent in the OPE

(c+10)(17c + 2)

We(u) Wa(0) = 27—y

Wa(0) — % Wi(0) — % OWA(0) + O(1). (3.34)

This way, by recursively computing OPEs one can generate the full set of quantum W currents
{W;(u)}32,. In the classical limit with n — oo,
; !
W, — nd/? WJ@ (3.35)
and the quantum W, - algebra becomes the classical Poisson algebra, whose first few PB relations are

given in (2.56) [17].

The quantum W currents, similar to the classical ones, are periodic fields and can be expanded in
a Fourier series,

c = —imu
Wjlu) = =57 dja+ D> Wj(m) e : (3.36)

m=—00
Note that the expansion coefficients for the Wa current, defined in such a way, satisfy the Virasoro
algebra commutation relations:

[Lins L) = (m = 7) Lypgr + 5 m(m® — 1) 8mro (L = Wa(m)) . (3.37)

The Fourier modes Wj (m) are used in the construction of the highest weight irreps of the W, - algebra.
The highest state is defined by the conditions

W (m) [w) = 0 (vm > 0), W;(0) [w) = wj |w), (3.38)

where w = (w9, ws) is the highest weight. Notice that the component wsy is equal to the conformal
dimension of the state. It turns out that |w) is fully specified by the relations (3.38)) with j = 2,3.
The linear span of states

Wao(=11) ... Wa(—lm) Wa(=1}) ... Wa(=I,))|w) (3.39)
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with1 <) <lp <...<lpand1 <l <) <... <1, form arepresentation of the W - algebra which
is usually referred to as the Verma module. The latter is a graded linear space, and the dimensions
of its level subspace with L = >, 1; + >,/ I}, is given by pary(L) — the number of bipartitions of L.
For generic values of the highest weight w and the central charge ¢, the Verma module is an irrep of
the W, - algebra. However, under certain conditions imposed on the parameters, it may contain null
vectors — highest states occurring at non-zero levels. In this case the irrep can be obtained from the
Verma module by factoring out all of the invariant subspace(s) generated by the null vector(s). We’ll
parameterize the central charge by n according to , and the highest weight w by the pair (p, s)
as

2 1 2
bp-—z s
= —=A 3.40
2 n+2 +n b ( )
2s ( p? (3n +4)s? 2n+3 )
wy = —— - )
s Va\n+2 3n(n+2) 12(n+2)

In turn the highest weight irrep of the W, - algebra will be denoted by W, s = W_,, .

The motivation for swapping from w to the pair of parameters (p, s) is based on the following. The
bosonization formulae (3.27) and (3.32)) introduce the structure of the W, Verma module in the Fock
space JFp. The latter is the space of the representation of two independent copies of the Heisenberg
algebra, generated by the Fourier modes of 99 and dy, whose commutation relations are the same as
in eq. . The space Fp with P = (£ 5-) is characterized by the highest weight — the values of

Vnt2’ /n
the zero modes of the chiral fields 0¢, 0y in Fp:

2 2
du P du s
— 0 = — — OV =—. 3.41
| % %l [ oln= (3.41)
Then egs. (3.27) and (3.32)) yield that the highest weight w = (wa,ws) is related to p and s as in (3.40)).

3.3 Space of states

So far we have been mainly focused on just one chirality. Of course, all the above follows through for
the other chirality as well. This way one concludes that the algebra of extended conformal symmetry
for the gauged SL(2,R) WZW model coincides with W, ® Woo. In turn the full space of states,
H (o) " can be decomposed into the irreps W@S ® Wp,s of this algebra. At this point we put forward
the conjecture that for generic values of the twist parameter k, the linear structure of #H(¢") ig
described by

=
I

S
Heom) = (N / ds Wps @ Wps  with
R

3 k +
’ . (3.42)
wWEZ 2 (k

]
Il

The subscript “cont” is used to emphasize the presence of the direct integral in the above linear
decomposition.

Let’s clarify the condition that —% <k< % be generic. What we mean by this is that (n+2) k ¢ Z.
Then, if s is real, each of the irreps W, s and W; s coincide with the Verma module. The corresponding
character,

chp,5(q) = Trw, , [qm(o)‘i } , (3.43)
is given by
1 s2 2
Ttw Tt
chy s(q) = % (p,s generic) , (3.44)
(@, 9)%
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where (q,q)5? is the generating function for pary(L):

o)

H A—q Zpar2(L) q- . (3.45)

L=0

Each term in the linear decomposition (3.42)) can be interpreted as being the result of the quanti-
zation of the algebra of functions on the classical symplectic leaf I'p p 5. One can make the following

identification )

B=en |, (3.46)

while in the classical limit -+ —> P The classical theory possesses a set of global symme-
tries, which were descrlbed 1n egs. and are inherited by the quantum model. Regarding
the continuous symmetries, the operators Z/{¢, and Ry, being restricted to a Wo, ® Wy, irrep, are
proportional to the identity operator:

Uy(Wps @Wps) = PPN, oW, (3.47a)
Ro(Wps @Wps) = Wy @W,, . (3.47D)
The generator of the Zo symmetry, D, acts as the intertwiner,
D: Wps @Wps > Wy s @ W, s (3.48)
and satisfies the following relations with the W currents
DW;(u)D = (1) Wj(u), DW (@)D = (—1) W;(a) . (3.49)
Similarly, the action of the CP transformation is described by the formula

CP : Wis @Wps = W_p s @W_5s CPWj(u) =W,;(u)CP . (3.50)

In the classical theory the W currents are real fields (see eq. (2.54])). Upon quantization, this
translates to the conjugation conditions

(Wi(u))

The latter induce an inner product for the states belonging to the irreps W; s ® W, 5. In the case
when the central charge ¢ < 2 it turns out that such an inner product is not a positive definite one [5].
This way the space of states H(™) is equipped with the structure of a pseudo-Hilbert space. The
conjugation conditions are not sufficient to fix the inner product of the W, ® W, primary
states, Wy s, which, in general, has the form

*

=W;u*) , (WJ’('L_L))* = W;(u*) . (3.51)

<‘Ilul’w/7sl 7\Iju,w,s> = Nu,w,s 511/711 5w’,w 5(3/ — S) . (352)
Notice that, though the coefficients N,y s contain the ambiguity
Nugs = Nugs [Cagsl? (3.53)

a change in the normalization of the primary states has no effect on the sign of Ny , for given u, w and
s. Thus, despite the ambiguity, the “norms” Ny, s are an important characteristic of the quantum
theory.

18



4 Lorentzian black hole NLSM

4.1 Space of states

The field theory governed by the action with periodic boundary conditions imposed on U and
V' corresponds to the gauged WZW model with k = 0. However, as was already pointed out, even
at the classical level this case requires some special attention. A brief examination of formula
specialized to k = 0 shows that each term Wj s ® W), s in the decomposition of H (o) appears together
with W,ﬁ,s ® W_ps. Both of them are equivalent representations of the Weo ® Wa - algebra. This
signalizes the presence of an additional global symmetry that would commute with all of the W
currents

CW;(u) = W;(u)C, CW(a)=W;a)C . (4.1)

(cont)

We will refer to it as C conjugation. The space of states H is splitted into the two components

Hleom) = gy(con) (R 3l (42)

having definite C parity +1 (even) and —1 (odd). As linear spaces, each of the components are
identical Together with the W currents, C also commutes with the symmetry operators D, CP and
Ro:

€, D] — [C, ] — [C, Re] — 0. (43)

However with Z]¢ it satisfies the relation

CU,C=U_g . (4.4)
Hence, since ¢ ~ ¢ + 27, the operator C commutes only with U, — the generator of a 180° rotation.

At the classical level, the action of the U, transformation, as follows from the general formula
(2.58) and ([2.28)), reduces to flipping the sign of the matrix G:

G— -G, n—n
Ur . (4.5)
I'spp—=Tppp

At the same time, the action of the C conjugation can be identified as

G— —0°Go*, n—n
C : (4.6)
Tppp—=T_p_pn

which is similar to the relation for the Zy symmetry transformation Dﬁ Recall that applying
the gauge fixing condition X =Y (see (2.12))) in the original formulation of the gauged SL(2,R) WZW
model, results in two identical copies of the Lorentzian black hole NLSM corresponding to the cases
X =Y >0and X =Y < 0. The C conjugation intertwines these two copies. By “symmetrizing”
them one can arrange so that C, by definition, would act as the identity operator in the Lorentzian
black hole NLSM.

To get more insight into the symmetries and the global structure of the phase space of the classical
model, it is useful to consider elementary solutions of the classical equations of motion. These may be

®The space Wp s ® Wy, with p = —p = %(n+ 2) w turns out to be C invariant and the splitting into its C even and C
odd components requires some clarification. This will be addressed in sec.(0]
SFor k # 0 the C invariance of the model is broken by the condition (2.34)).
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constructed by setting f = f = 0 as well as &4 = P and £+ = P in the general relations (2.42))-(2.45)),
yielding

Ut,2) =V (t,z) =sin ((P+ P)t+(P—P)z). (4.7)

One can easily see that the equations of motion corresponding to the action (1.3a)) are indeed satisfied.
The periodic boundary condition for U and V requires that the difference P — P be an integer,

P-—P=0,+1,+2,..., (4.8)
which coincides with ([2.30]) for the case k = 0.

The explicit solutions provide some hints concerning the action of the global symmetries on the
phase space. There are two evident space-time symmetry transformations of the model (|1.3a)). Namely,
time-reversal and parity conjugation, which are defined as

T : U(t,x)— U(-t,x), V(t,x) » V(-t,z) (4.9)
P Ultzx)— —-U(t,—x), V(t,z) = =V (t,—x).

The extra sign in the definition of P is a matter of convention since the transformation U, : U — —U,
V — —V is also a symmetry. The solutions (4.7)) are unchanged under the P7T transformation. More
generally, we will assume that two solutions related via PT belong to the same symplectic leaf, i.e.,

The action of P and 7 on the fundamental fields, as described by formula (4.9)), induces the action of
these transformations on I' 5 p 5. We make the assumption that two solutions related through separate
P or T transformations belong to different symplectic leaves. A brief examination of (4.7) motivates
that

T: I'ppp—=T_p_pn

An immediate consequence is that PT maps I'p pp to I'_p _p p. In view of the condition (4.10) the
following identification must be made

Uspp=l_p_pp- (4.12)

Notice that the latter is required for setting the C conjugation (4.6) to be the identity transformation
for the Lorentzian black hole NLSM. Then, without loss of generality, one can assume that

P+P>0. (4.13)

It should be emphasized that the identification (4.12) is expected to hold true only in the case k = 0,
as otherwise neither P nor C separately are symmetries of the model.

Taking into account (4.13)) one arrives at the conjecture that the space of states of the Lorentzian
black hole NLSM is given by

H OB = é [ é /®d8 W, @ W,s
u=0 R

W=—00

b
I

with (4.14)

]|
I

20



At first glance, in view of the above discussion of the C conjugation, the formula seems to be a
straightforward consequence of . However, one should keep in mind that the notation W, ,
stands for the drreducible highest weight representation of the W -algebra. For (n 4+ 2)k ¢ Z and
s € R each of the irreps W s and W, s coincides with the Verma module. However for k = 0 some of
the Verma modules become reducible. It turns out that (see, e.g., [22,31])

(r—m(n—i—Q)), m,r=1,2,... . (4.15)

N[ =

Verps = Wp,s EB Wotm(n+2),s for p=
Note that the character of W, , in the direct sum reads as

mr p:%(r—m(n—i—Q)), m,r=1,2,...

(4.16)
(9,9)% s € R, n—generic,

while the character of W, ,(n42),s is described by eq. (3.44). This way the C even component of the
space ([3.42) as k — 0 admits the decomposition

Aot = e Gl i) (4.17)
Here HB%) ig given by (4.14), while the space H™u) ig 5 direct sum of two components,
’H(null) — Hgilull) @,H(_null) ) (4.18)

The latter are decomposed identically into the irreps of the algebra of extended conformal symmetry

—+0c0 o) L
WY = @ [ WouoWoe  (p=dvrbd2s). (419
v,w=1

The highest state in either one Wp, s or W, s, appearing in the integrand, coincides with the null vector
in the original Verma module (see (4.15)).

There is a simple minded argument in support of the dropping of the “null” component in (4.17))
for the construction of the space of states of the Lorentzian black hole NLSM. The space H ™ admits

an evident symmetry, which interchanges the subspaces ’HSNH) and H(jmu) in (4.18). On the other
hand, there is no clear manifestation of such an additional Z5 symmetry for the model described by

the classical action (1.3al).

4.2 Minisuperspace approximation

For a better qualitative understanding of the quantum NLSM it is useful to consider the model
within the so-called minisuperspace approximation. This entails taking into account only those field
configurations that do not depend on the space co-ordinate z, such as the classical solutions with
P = P. We still keep U and V to satisfy the constraint 0 < UV < 1 corresponding to the union of
regions IIT and IV in fig.[[} For a preliminary analysis it is convenient to parameterize U, V from this
domain as

U=¢e® sin(®), V=e¢©sin®); oc (-5,5), ©€(~00,00). (4.20)

Then the minisuperspace version of the classical action (|1.3al) reads as

) _ ;;/dt (92 — tan’(®) 62) . (4.21)
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Since the generalized coordinate © is cyclic, its conjugate momentum Ilg = — tan?(®) © is an integral
of motion. The effective Lagrangian (the Routhian) for the non-cyclic degree of freedom is given by
1 .

Lot = 5 (@2 — Veg(@)) ,  Ver(®) = —1I§ cot*(®) . (4.22)
The latter describes a 1D particle falling to the origin ® = 0. An elementary calculation shows that
for any value I1g # 0 the particle, starting its motion at ¢ = 0, reaches the origin in a finite amount of
time tgy < 400. For t > gy the motion remains undetermined. Thus the action (4.21)) specifies the
time evolution of the mechanical system only within a finite time interval (except for the trajectories
with IIg = 0). To continue the classical trajectories for ¢ > tgy the unbounded effective potential
should be somehow regularized. There are of course numerous ways of doing this. A simple minded
one is to replace Veg(®) = —II3 cot?(®) by a smooth potential V;(éeg)(q)), which together with its
derivative is bounded from below within the infinitesimal interval ® € (—e, €). Outside this interval
Vé(f;eg)(fb) = Veg(®). To keep the original symmetry of the potential we assume that the regularized
one is an even function:

V(f;eg)(q,) _ Vé(f;eg)(—q)) ) (4.23)

€

Then the motion of ® becomes globally defined and periodic for any values of Ilg # 0.

With basic intuition from quantum mechanics, we can predict the symmetry properties of the
minisuperspace stationary wave functions. First of all, that the regularized potential is an even
function of ® implies that the stationary states may be assigned a parity o = +1,

U $OU, V) =0 (—U, -V) = 0 0O(U, V), (4.24)

where we now switch to the original target space coordinates (U, V). This relates the values of the
wave function in the domains IIT and IV from ﬁg. Next, ¥(?) can be chosen to be an eigenfunction
of the operator Ilg = ?8@ = Uy — Voy):

i

Ilo U'9) = 2hs W(7) . (4.25)
It follows that
(o) (U o)
vOUV) = (v ) FOWV). (4.26)

The minisuperspace approximation ignores the presence of the oscillatory modes so that the wave
functions \I/é“) are expected to correspond to Wa, ® W primary states, characterized by p = p and

s (it is instructive to compare egs. (4.24]) and (4.25) with (3.47a)) and (3.47b)), respectively). In turn

the minisuperspace energy becomes A, s + Ap s = 2A,,  in the leading non-vanishing order of i = 2%
(the approximation is reliable only in the limit n — co). Namely,

B = b (242 1) (4.27)

At this point p can be thought of as a real number parameterizing the minisuperspace energy E(ms)

and the corresponding wavefunction \I/;(;US) . Since the highest weight is an even function of p,

v (UV) = UV, (4.28)
As was emphasized previously, one can assume that p =p > 0.

Though the highest weight of the W, irrep w = (w2,ws3) is not sensitive to the sign of p, as
follows from ([3.40]) it does depend on the sign of s: ws(p,—s) = —ws3(p, s). Thus the primary states

22



characterized by (p, s) and (p, —s) are distinguishable. They are related through the Z, transformation,
so that

> o Gy
D \IJI(%S)(U’ V) - \Ilp,*s(U7 V) . (429)
On the other hand, by definition, this symmetry interchanges U and V:

RASHUASER I ANE (4.30)

Combining the above two relations with (4.26)) one concludes that

. U\® ., v - -
V(U V) = <V> FOWV), where F9(z)=FY) (2)=F"(). (4.31)

p,s —-p,s p,=

Having described the symmetry properties of the stationary wave functions, we turn to deriving
them explicitly. In the work [6], a minisuperspace analysis was performed for the NLSM with
the fields U, V belonging to region I from ﬁg. (or equivalently IT). Though this is not the domain
of interest, we can still follow the same line of arguments of that paper. In particular, up to a trivial
factor, the minisuperspace Hamiltonian coincides with the “dilatonic” Laplacian:

R h 1 ..

where the metric is the one in and the dilaton field is given by
D=1log(1-UV). (4.33)
The stationary Schrodinger equation H(™) U = E(™) U reads explicitly as
—((1=UV) 8ydy — 1 (U8 + Vo)) ¥ =2 E™) ¥ . (4.34)

Using the general form (4.26) for the stationary wave functions and parameterizing the energy as in
([4.27), it is straightforward to show that F'(z) = z7i¢ F;SZ) (z) obeys the Gauss hypergeometric equation

p(1—2)F'+ (1+2is—2(1+is)2) F' — (A +is+p) (3 +is —p) F = 0. (4.35)

Keeping in mind our preliminary analysis, the ODE (4.35) is applicable only in the domain €? < z < 1
with a small regularization parameter € < 1 (recall that z = UV = sin?(®)).

The function Féf’s) (2) ([4.31) is a certain linear combination of 2% o Fy (%iis+p, %:l:is—p, 1+42is, 2),
which can be specified as follows. Applying the elementary identity

ePV=G (U7 H™) ¥y — Ty H™) ) = % ) (eD\/—G G (W20;V75 — xy;aj\pg)) (4.36)

to the pair of stationary wave functions ¥y, Ws corresponding to the energies E{ms), Eéms) and then
integrating the result over the domain B, : €2 < UV < 1, one obtains
h

(ES™) — ™) / AUdV ePV-G ¥V, = i dleP (020, U} — 070,V,) . (4.37)

Here the integral in the r.h.s. is taken over the boundary of B, which is the union of UV = €? and
UV = 1. Also, 9, stands for the normal derivative to 0B.. As was discussed before, the wave functions
possess a definite parity. Due to this either the wave function or its normal derivative vanishes at
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UV = 0. Hence as ¢ — 0 the horizon UV = 0 does not contribute to the r.h.s. of eq. .
Further, since the dilaton factor e” vanishes at the black hole singularity UV = 1 one could make the
whole boundary integral vanish by imposing that both the eigenfunctions and their normal derivatives
remain finite at UV = 1. In this case the wave functions corresponding to different energies would be
orthogonal w.r.t. the inner product

(U, Wy) = dUdv ePv-G uiw, . (4.38)
o<Uv<1

This suggests to take Fé? (z) in (4.31) as
Fzgf‘;,)(z) =25 oF (5 +is+p, 5 +is—p,1;1—2) (2 <z<1) (4.39)
or, equivalently,
F(z) = Apis 2 9P (3 +is+p, 5 +is —p, 1+ 2is; 2) (4.40)

+ Ay z i gFl(% —is —I—p,%—is —p,1—2is;2) ,

where
I'(—2is
Aps = =7 ( 1) : : (4.41)
(5 —is —p)I'(5 —is +p)
For z <« 1 it is convenient to use the variable y such that z = eY. Then F,E;) asymptotically
approaches to a superposition of two plane waves
F(Q) = Ap s ™Y+ Ay, e (1 < (—y) < 2log(1/e)) . (4.42)

The regularized interaction discussed before in the domain (—y) > 2 log(1/e) results in a quantization
condition for s

e 038 () = & (4.43)

The phase shift 6™ here depends on the precise form of the regularized potential. As ¢ — 0, the
spectrum of s becomes continuous and is characterized by the density of states

P (s) = 2 log(1/e) + £z 956" (p,5) . (4.44)
The corresponding minisuperspace wave functions would be orthogonal w.r.t. the inner product (4.38]):

(v os),, \If](fs) ) X O p 0o O(s' — ) . (4.45)

(/
v,
Here we use the Dirac d-function for s since the latter can be any real number. At the same time the
Kronecker symbol indicates that p belongs to some discrete set. The quantization of p seems rather
natural once we note that the term %(p2 — %) in the formula for the minisuperspace energy
can be interpreted as the contribution of the non-cyclic degree of freedom ®, which executes periodic
motion in the regularized effective potential. This is consistent with our discussion of the quantization
of the Lorentzian black hole NLSM. Setting w = 0 in formula giving the admissible values of p
and p, one has 2p =2p=v =10,1,2,... . Also d,/, in can be ignored — the sign factor o is not
an independent quantum number and is defined by the parity of the integer v (see eq. (3.47al) with

o =m).
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5 Low energy states of the Z, invariant spin chain in the scaling
limit. Continuous spectrum

In the seminal work [23], Baxter introduced a multiparametric, integrable, statistical system that
covers a variety of classes of critical behaviour. In particular, it was observed in [24] that the Z,
invariant spin chain, corresponding to a certain specialization of the parameters of the general Baxter
model, is critical and possesses a continuous spectrum of scaling dimensions. The spin chain was
subsequently studied in the works [25-30]. In the recent paper [31] a systematic analysis, including
a study of the finite size corrections, was performed. Arguments were presented that the low energy
states, in a suitably defined scaling limit, organize into the space H(©™) whose linear structure is
described by eq. . This led to the idea that the critical behaviour of the spin chain is governed
by the gauged WZW model. Here, accepting the conjecture, we use the results obtained for the lattice
system to move forward in the study of the field theory.

5.1 Global symmetries and Hermitian structure

The subject of our interest is a spin 3 L chain of length N, which is always an even number, governed
by the Hamiltonian[’]

N
H sin(2 mzz:l (sm T O — (O O F 0B, 00, o+ 07, 07 1)
— isin(y)(ofom 1 +obob 1) (051 — i) ) + Necot(29)1. (5.1)

The operators o2 stand for the Pauli matrices that act non-trivially in the m-th factor of the tensor
product
In=ChoC3_ ® - -C? (N — even) . (5.2)

They are taken to satisfy the quasiperiodic boundary conditions:
U]%H—K = eimﬂk O-ét ’ UJZV+€ = O'Z (E = 1v 2) ) (5'3)

where
ok =1(ok £ioY) . (5.4)

m

The Hamiltonian commutes with the z projection of the total spin operator

1 N
=32 o [s*, H] =0, (5.5)
m=1

which is the infinitesimal generator of the U(1) symmetry. The action of the finite rotation Z;{¢> on the
local spin operators is given by

Uy oy Uy = e orp Uyoi Uy = o, (5.6)

m

Another evident symmetry of (5.1) and (5.3) is CP-invariance. The corresponding transformation is
described through the formula

CPoECP=0F. 1 CPo2,CP = —0%41-m (m=1,....N). (5.7)

"The Hamiltonian defined by eq.(2) in the work [30] coincides with VHV~!, where H is as in (5.1), while V=
ij\ri/Ql exp ( 1 Oom— 1)
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A characteristic property of the model is the presence of an additional Zy symmetry. The adjoint

action of its generator D on ¢ is more involved and for odd m reads as
- - 1
+ + -
Do, D = P (Um+1 —isin(y) afnﬂai) (5.8a)
) 2 1 . . _ _
Do, D = —5— (Ufnﬂ —sin?(y) o7, + 2isin(y) (o} 1 Om+ o1 o) > ,
c02(7)
while for even m:
A A 1 + .
DoiD = cos(7) (am_l +isin(y)oto?, ) (5.8b)
~ A 1 . . . _
Do, D = o2() (afn,I —sin®(y) oF, — 2i sin(y) (o, 00 1 +oh o) ) .

The lattice system also possesses the time-reversal symmetry generated by the anti-unitary transfor-
mation 7T, such that

N
7A'\I!_<Haf§1> VA U e Wy . (5.9)
m=1

With the anisotropy parameter in the domain 0 < 7 < 7, the spin chain (5.1)), (5.3]) is critical.
However, different types of critical behaviour occur depending on whether v € (0, %) or v € (3, m).
The relation between the spin chain and the gauged WZW model, which was proposed in the work [31],

occurs in the former case. Then 7 is related to the parameter n = 27 /k from the field theory side as

T
n+2

v (0<n<+00). (5.10)
The twist parameter k € (— %, %] in ((b.3)) is identified with that entering into the boundary condition
(12.32]).

The Hamiltonian (5.1)) is not Hermitian w.r.t. the usual matrix Hermitian conjugation of = (OT)*.
Nevertheless one can introduce a conjugation,

~

O* =x;' Of X, , (5.11)

for which the Hamiltonian satisfies
H =H. (5.12)

The expression for the matrix X, = X} is given by formula (19.62) in [31]. It should be kept in mind
that the x- conjugation does not correspond to any positive definite inner product. A manifestation of
this is that some of the eigenvalues of the 2V dimensional matrix H are complex. The analysis of [31]
shows that the conjugation in the scaling limit induces the field theory conjugation for the W
currents in the space H(©"*) | Moreover it yields that the normalization of the Wa, ® Wi primary
states can be chosen such that their “norms”, i.e., the coefficients N,y s entering into eq. , are
given by

u+t 2 (n+2)(k+w)

T+ 72 T+ 75) P=3uty
u—3(n+2)(k+w)

with
I'(1+2p)T(1+ 2p) =

Nygs = (5.13)

N[—= D=

Note that the norms are independent of s, while the quantum number u is identified with the eigenvalue

of the operator S*:
u=5°=0,+1,%£2,... . (5.14)
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Similar to the gauged WZW model with k = 0, the spin chain subject to periodic boundary
conditions possesses an extra symmetry — that of C conjugation. For the finite lattice system the
matrix C is given by

N
C=cn (nm)%afn o where N = (—1)™ 14 (5.15)

m=1

and the choice of the overall sign factor, c?\, = 1, is a matter of convention Since C anticommutes
with the z projection of the total spin,

CS* =-SC, (5.17)
the C even and C odd components of the space of states of the spin chain would not be invariant w.r.t.
the action of the U(1) transformation (5.6)), except the case ¢ = 7. Nevertheless |S?| =0,1,2,...is a
well defined quantum number for the states from each component. Taking the scaling limit results in
the spaces Hg,%ﬁt) and 7_[(()30; 2 , which appear in eq. . Recall that of special interest is the subspace

#(1BH) of Héice)ﬂt), which is expected to serve as the space of states for the Lorentzian black hole
NLSM. The Hermitian structure of HB" is specified through the conjugation conditions of
the W currents as well as the norms of the primary W, ® W, states occurring in its decomposition.
The latter may be obtained from via a taking of the limit k — 0. However, special care is
needed for the states with u = 0 and w # 0, as the I'- functions in that formula become singular. The
issue is treated in the work [31] with the result that

<\I]u’,w’,s’ ’\Puvw’5>LBH = NékyBH) 5u’,u 5w’,w 5(8/ - S) ) (518)
where
i 2
(—1)¥ sin(m(n + 2)w) W= 0, w0
m(n + 2)
NS =1, NP = . . (5.19)
F(l—w+n—+2)F(1+w+n+2) e>lLweZ

Fl+u—(n+2)w)I'1+u+ (n+2)w)

Then H®B® is a pseudo-Hilbert space equipped with a non-positive definite inner product. This
would reflect the fact that the target space for the NLSM ({1.3al) has Lorentzian signature.

5.2 Density of states

The distinguishing feature of the spin chain , in the parametric domain 0 < v < 7 is that
the spectrum of the rescaled energy (€ — Eyac) N, though it remains discrete for finite NV, becomes
densely distributed as N — oco. The analysis of the scaling limit leads to a certain density matrix for
the gauged SL(2,R) WZW model as well as the Lorentzian black hole NLSM. Here we give a brief
summary of the relevant results obtained in refs. [24-31].

A key role in the description of the scaling limit of the Z, invariant spin chain belongs to the
so-called quasi-shift operator B. The latter was first introduced in ref. [26]. The expression for this

8We found it convenient to set

(5.16)

(—1)N/4 N/2 — even
CN = .
1 N/2 — odd

For N/2 even the ground state, i.e., the state with the lowest possible energy (ordered w.r.t the real part), of the lattice
Hamiltonian with periodic boundary conditions is non-degenerate. With this choice of ¢y its C parity is equal to +1.
When N/2 is odd there are two ground states, forming a Z» doublet, which are distinguished by their C parity.
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operator, in the conventions adopted in this paper, is given by eq. (8.4) of the work [31]. The quasi-
shift operator belongs to the commuting family of matrices, which includes the Hamiltonian H, the z
projection of the total spin S and the lattice translation operator K, whose matrix elements read as

bnbn—1--b1 _ ink(a14a2) sON-2 ON_3 by _1
() NNt = etmelantaz) N2 G Th L e (5.20)

Here the indices a,, and b,, take the values + and label the states in the space (5.2]).

Each eigenstate belonging to the low energy part of the spectrum can be assigned, together with
5%, the “winding number” w = 0,+1,+2,... and a pair of non-negative integers (L,L), which are
referred to as the levels. In view of the conjectured relation with the gauged WZW model, we swap
the notation S* in favour of u (see (5.14))) and also use p and p defined through eq. (3.18). The extensive
numerical work performed in refs. [24-30] suggests that the large N behaviour of the eigenvalues of
the Hamiltonian H and the lattice translation operator K is described by the formula

drve (P2 +p? 202 1 _ L
E = exN 4 L+L N—1=¢ 5.21
Coo N + — <n+2+n gLt + o ) (5.21a)
4ri [ p? — p? _
K = — L-L)). 5.21b
P ( N ( n+2 * ( )
Here
2 > inh (2 2(n + 2
o= 20 [Ty ) o = 202 (522
T Jo sinh (**==2) cosh(t) n

while the correction term O(N _1_6) contains an infinitesimally small positive € > 0 (for a more detailed
description of the correction term see ref. |[30]). The structure looks typical for the low energy
spectrum of a critical 1D system, where the states organize into the conformal towers [32]. However,
an unusual feature is the presence of the N -dependent term o b* with b = b(N). The latter turns
out to be related to the eigenvalue of the quasi-shift operator computed on the state

b(N) = % log(B) , BY =B . (5.23)

It is important to keep in mind the following point. In writing the asymptotic formulae as
well as we have implicitly assigned an N dependence to a stationary state ¥ = Wy. For a
general lattice system there are obvious difficulties in doing this, i.e., forming Renormalization Group
(RG) trajectories for individual states. Of course, since the space of states of a finite lattice model has
different dimensions for different lattice sizes, the problem only makes sense for the low energy part
of the spectrum. It is clear how to assign an N dependence to the ground state or, for that matter,
the lowest energy state in a disjoint sector of the space of states (say in a sector with given value of
S# for the case under consideration). However forming individual RG flow trajectories for low energy
stationary states that are densely distributed does not seem to be a trivial task. For the Zs invariant
spin chain the problem was discussed in ref. [30] and essentially exploits the integrable structure.

It turns out that the large NV behaviour of b = b(V) for a state ¥ = Wy can be described through
the asymptotic relation

b Tow () _ a+0(log(1/e)‘°°), o= (_1)%—52 . (5.24)
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Here dg (b) depends on the stationary state under consideration and, for future convenience, we swap
N for the parameter €, defined as

n+42 )

-1 _ 2 F(
val(1+1)

Formula resembles the quantization condition of a particle in a potential well of length o log(1/¢)
with dg being the phase shift picked up by the particle at the turning points. It has the same form as
the quantization condition appearing in our discussion of the Lorentzian black hole NLSM. For
the “primary” states, corresponding to vanishing levels L = L = 0 in eq. , the explicit formula
for the phase shift was proposed in ref. |26]:

(5.25)

€

iog(s) _ T(5+p—is)T(5+p—is)
(3 +p+is)D(2 +p+is)

(L=L=0). (5.26)

In the later work [33] a closed form expression for dg was obtained for an arbitrary low energy state.

There is a class of low energy states such that Sm (b(N )) — 0 as N — oo. In the scaling limit they
form the space H(©™) whose linear structure is described through the decomposition (3.42)) into the
highest weight irreps of the W, ® W, - algebra with ¢ = 2 — . As usual, the exact knowledge of the
phase shift is sufficient to derive the density of states that occurs in the continuous limit. In particular,

let pgl’)l“)(s) As be the number of states with given p, p, L and L such that Re(b(N)) € (s,s + As).

Then as € x N~! — 0, the density of states is given by
2 B T
P’ () = = pary(L) pary(L) log (1/€) + gy (s) + o(1) | (5.27)

where the finite part reads as

1 L ar. ar. T
) = g oclos | P )™ (@P(e)™ ) (5.25)
with
D) (s) (F(é +p— 18)>P“2“) S tatp—is) (Fta—p—is]"0 -
S)=| —— '
' G +p+is) G+atp+tis)(F+a—p+is)

a=0

Recall that pary(¢) denotes the number of bipartitions of ¢. The integers d,(¢) appearing in the
exponent in the last formula are defined through their generating function,

1 nL(nH»l)
— m _ma+
xa(q):i( e E_O(—l) q = dal(t (5.30)

9, =0

(cont)

Introduce the density matrix p, which as an operator acting in H that commutes with the

CFT Hamiltonian and total momentum operator

~ _ c ~ _
Hepr = Lo+ Lo — 13 Pepr = Lo — Lo - (5.31)

Being restricted to the level subspace of the highest weight representation Wj s ® W, s, the operator
p is given by

_(L,L)
2 AN
— | = tog(1/e) + 22 )

_ Ppp \°) | SAps—agtL
pary(L) pary(L)

P w0ens Q SRR (5.32)
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where A, ¢ is as in ([3.40)), while q and q = q* are two complex conjugated numbers such that |q| < 1.
The contribution of the low energy states forming (") in the scaling limit to the spin chain partition
function reads as

log (1/e) e I p?
Z(cont) — n . q +n+2 q 12+n+2 5.33
) TG @E 2 (5:33)

X yw=—00

Z Z S WO S G RS W S il
+ / ds pLL) q 12+n+n+2+Lq 12+n+n+2+L,

u,w=—00 LL>0
where Sm(r) = —ﬁ log(qq@). This can be equivalently expressed as the trace of the density matrix:
7 (cont) _ Tryy(cont) (D) - (5.34)

It is possible to perform the sum over L and L in the second line of the formula ([5.33)) and show
that

~(E7L)(S) L L _ _Tﬁ(sa Q) + T'p(S, q)
5 q'q- = - = (5.35)
L%:O i ™ (9 D)3 (9 D5
with

1 .

Tp(s,9) = B Z V(3 +p+ios) (5.36)
o=+
dz (2,93 1 o
+ }{ — > = ®(z,1,5 +o'p+ios) .
lz|<1 271 (Za q)oo(zil 9, q)oo 2 Z ( 2 )

o,0'=+%

Here ¢(a) = 0y logI'(cr), while ®(z,1, @) stands for the Lerch transcendent,

o0 m

z

D(z,8,a) = mrar

(5.37)

m=0

The relation (5.35) is useful for the numerical computation of Z(cont).

6 Density matrix for the Lorentzian black hole NLSM
Since HP%) ([@4.14) is expected to be the space of states of the Lorentzian black hole NLSM, the
equilibrium density matrix

PLBH HOBE |y 94 (0BH) ) [ﬁLBm I:ICFT] = [pALBHa pCFT] =0 (6.1)
is of special interest. The space H(“P") admits the decomposition

LBH @ @ HLBH ) (6.2)

u=0 w=—00

(LBH)

The operator p; gy acts invariantly in the sectors Hyw ’, which are the linear span of states with given
quantum numbers u and w. In a similar manner,

cont @ @ IH cont (63)

u=—00 W=—00
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nt)

and the sectors Hyy ~ are invariant subspaces for p (5.32) for any value of k including k = 0.

When u = 0 and for any w € Z, the highest weight representations W; s ® W, s with k # 0 remain
)

irreducible at k = 0. In the last case, the irreps are also C invariant. As a result, the subspace H(LBH

coincides with the C even component of ’H[()mnt). The latter occurs in the scaling limit of the low

energy states with S* = 0 and given w. It turns out that for fixed N > 1 the difference between the
number of C even and odd such low energy stationary states is of order one. Furthermore, in the limit

N — oo the density of C even and odd states with fixed L, L, p = —p = (n + 2) w is the same and
coincides with %pg;“) described by egs. (5.27)-(5.29) (for further details see sec.17.4 from ref. [31]).
Thus the restriction of the density matrix pogy to the level subspaces of the irreps occurring in the

(LBH)

decomposition of Hg " is given by

2 o’ (s)
R s — Z | %1001 __"pp 7/ 6.4
PrLen |W1(3L,)S®Wz(>],“§ 2 |7 og(1/€) + pary(L) parg(L) o
% glremFtl gArem St | (p=-pP=3(n+2)w, wel).

For w = 0 the irreps Wp s @ Wp.s, like in the previous case, remain irreducible at k = 0. Also the

subspaces ’H( B and %(Cont) for u > 0 are equivalent. Hence the operator ppy restricted to the level
subspaces of the correspondmg irreps is given by the same formula as ([5.32)):

~(L,L)
2 Ppp (8)
x s ) pary (D)

Aps—atl (p p= %1%,2,...).

(6.5)

pLBH‘W ®W}(}Lg
x giremath g

However some care is needed in specializing the density of states top = p = % u for odd u. In this case,

as follows from eqs. (5.28]) and ((5.29)) the function ﬁgz’,L)(s) contains a simple pole at s = 0, making

its integration over s ambiguous. The ambiguity can be resolved by starting with non-zero k and
performing the limit k — 0. Using the Sokhotski-Plemelj formula one finds

[\e][oV)
DOt

,...) (6.6)

Y Y

N[ —

Ay (5) = PV (5537 () ) + (para(L) d, (D) —pary(D) 3 (1) 8(s)  (p=p=

where the symbol P.V. stands for the principal value, while the integers d,(L) are defined through
their generating function in eq. (5.30)).

When u > 0 and w # 0 the subspaces H&Lf ") and Hl(ff,)m) do not coincide. In turn, the operator

Preu can not be obtained through a k — 0 limit of p. Instead, one should return to the lattice system

and compute the density of low energy stationary states that become part of HI(ILV? ™ in the scaling

limit. To express the result, together with the function @,(, )( ) (5.29)), we use

~ 11 s\ dalllte) 1y e da(l]-p)
30 = [] <§++ﬂ) <§+ﬂ> 6.7)
o \z Tat+p+is 3 t+ta—p+1s

a=

p(% + p — is) | Para(t)—pary(f—mr)
(Fsrs)

, where =1lr_1ln42
%—i—p—i—is) P=2 2 ( )ym
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The generating function for the exponents da(ﬁ | + p) entering into the above product is given by

o o0

1 ; ag 1G+D m4i) r
Z (U1 £p)d = — D (=) T (1)) (6.8)

Note that we take by definition pary(¢—mr) = 0 when ¢ < mr. With this notation, the density matrix
restricted to the subspaces W( ) . ® W(L) with

—1(n+2)w and u>0,w#0 (6.9)

NO|—=

p=su+in+2)w, p=

is given by

~ 2 ]_ L A _ T _c ~
PLBH ‘W;%Z@W&g = (77 log(l/ﬁ) + %85(]0; )(5) + f;gL)(S) )> X qu,s 5atL qAZLS 21 tL 1, (610)

where
V4
log D} (s) or om0
pal"Q(e)
p(@)(s) — 0 (p:%r—%(n—l—Q)m) . (6.11)
log®,"(s)

pary({) — pary(¢ — mr)

7 Low energy states of the Z; invariant spin chain in the scaling
limit. Discrete spectrum

The low energy spectrum of the Zs invariant spin chain consists of two classes of states which are
distinguished by the large N behaviour of the eigenvalue of the quasi-shift operator. Up till now we
have been focused on the states, where the imaginary part of b(NV) vanishes as N — oo. In the
scaling limit these organize into the space H(°™), For (n + 2)k ¢ Z the linear structure of this space
is given by ([3.42)), while its Hermitian structure is specified through the conjugation conditions
along with the inner product of the W ® W, primary states - For the states from the
second class limpy_, (V) is a pure imaginary number whose admls:51ble values form a discrete set.
The energy-momentum spectrum is still described by the large N asymptotic formula . We'll
refer to the space into which the states organize in the scaling limit as H(159). Here we quote the
results of ref. [31] regarding its linear and Hermitian structure for (n + 2)k ¢ Z.

7.1 Decomposition into the irreps of the algebra of extended conformal symmetry

The space H(459) ig splitted into two sectors

g4(disc) _ 7y (disc,+) @H(disc,—) . (7.1)
In turn for each of the spaces,
H(disc,i) _ @ Hﬁdvisc’i) (72)
u,weZ

where, similar to ( ., the components 7—[( 50%) are formed by the linear span of states with fixed

value of S* = u and winding number w. For H(dlsc +)

W oo ® W - algebra is given by

the linear decomposition into irreps of the

HE = @ (Hi) o i) *3)
o=%1
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with
HED = D Whoige @ Whoina - HEY = D Wroida @ Whoin, - (7.4)

a€X(p) acX(p)

Here q, and g, are defined as
_ 1 _ 1
Ga=-p—1—a, do=-P—b-a. (7.5)
The summation in ([7.4]) is taken over the non-negative integer a restricted to the set
E(p):{a:a€Z+, —p—”TJ“QSCL<—%—p} (7.6)

as well as 3(p), which is given by the same formula with p substituted by p.

The linear structure of Hl(ldgl,sc =) is more involved. To describe it, in addition to p, p, q, and q,, we

use the notation

pr=3u+3(n+2)(k+w+1), pr=3u—3(n+2)(k+w+1)
p-=3zu+i(n+2)(k+w—1), po=tu—Ss(n+2)(k+w—1) (7.7)
1, = —p— "3t —a, q,=-p—"3—a.
Then
HileD) = @@ (HhD o HED) o niD) o HiD) ) (7.8)
o==+1

and the decomposition of each of the four spaces HE{‘W‘J into the irreps of the Wy, ® W, - algebra reads

explicitly as

= @ Wp+7o'1q;1 ® Wp_,.,o’iqu ) ,HEI = @ Wp701qa ® Wp-‘raglqa

a€¥1(p) a€¥z2(p) (79)
= @ Wp ,oiqh, W, ,0i(q » H1(1 = @ Wp ,oigh, ®Wp ,oiq!,

a€Ya(p) a€X1(p)

The summation index a takes negative integer values and runs over the sets

Yi(p) = {a: a€Z_, —p—"THSa<—%—p&:a<—u}
(7.10)
Yo(p) = {a: a€l_, —p—"THSa<—%—p&:a2—u}
and Y1(p), Y2(p), which are defined by the analogous formulae.
All the chiral irreps appearing in the decomposition of (4% are of the form
Wop - Sm(p) = RNe(v) =0, p+itiveZ (7.11)

with some choice of the sign £. In this case the irrep of the W, - algebra does not coincide with the
Verma module as the latter contains null vector(s). It turns out that if either p + % +iv=—-a€Zor
P + 5 —iv = —a € Z and 2p ¢ 7Z, the character of W, , is given by [22]

12 P 1
q 2 +2 1iym? ptg=l
chy(q) = BCTE > (—1)m grletalt . - (7.12)
» /oo m=0 P generic
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Note that when 2p, 2iv € Z, while 2(p +iv) is an odd integer then, assuming also that n is irrationalﬂ

1 V? p2
S ik 0o
q 12 n n+2 m m72 m —lv m v _1
chy,(q) = @l E (-1)™q (q Hel=lvl] — q(mt1)(pl+Iv+1) 2), (7.13)
7 oo m=0

where Sm(p) = Re(rv) = 0 such that |p| £ [v] € 1 + Z.

The linear decomposition of H(45¢) described above together with the formula (7.12) for the char-
acter are sufficient to compute the partition function

ZU5) = Try (qiee) [qEO*i qLO*i] : (7.14)

To write the result in a compact way we borrow the notation X% a—j)() from ref. [11]. Up to a simple
factor, this function coincides with x,(q) defined in eq. (5.30)),

Nbap(@=a 7 & Ty, (q) (acz). (7.15)

It is related to the character ([7.12]) as

d 1 for a>0
XG.a—)(@) = ehy 564 1)(a) % . (7.16)
q for a<0

Also introduce the notation J(v,u) for the finite set of all real numbers belonging to the half-open

segment [—2+ —1) such that

J(v,u) = {j: je[-m D &j-iv—L(n+2)(x+u) ez} . (7.17)
Then the calculation of the trace over the space H(415¢) = {(disc.+) @y 3y(disc,—) yield

dlSC _2 Z Z X(], )( ) (718)

v,ueZ jeJ(v,u)

where
p=3v—3(n+2)(k+u), p=3v+3(n+2)(k+u). (7.19)

The overall factor of 2 in the formula for Z(d59) occurs due to the global Z5 invariance of the model.

The following comment is in order here. For arbitrary values of k, the inclusion of the endpoints
into the interval for j in (7.17)) has no effect on the set J(v,u). However for k = 0 and with n generic,
j may coincide with —"TH or —%. Taking the limit k — 0 of Z(d5¢) one finds that in order for (7.18))

to correctly describe the contribution of the discrete spectrum to the partition function Z(45¢) with

k=0 one of the endpoints in must be included. The choice of whether to include j = ”H or

j=—3 does not matter, since they correspond to the contribution of the same states to Z (dlsc).

9For integer n = 2,3,... the corresponding formula for the character was first obtained in ref. [34] (see also [22]). I
addition note that the formulae (3-44), @.16), (7.12), (7.13) for the characters, which assume that ¢ = 2 — T < 2, can
be applied to the case ¢ > 2 if one makes the formal substitutions n — —n — 2, p — is, v — ip. The central charge and
highest weight of the irrep would be parameterized as in and below (see refs. [17]/35]).

%1 the formula for Z(45°) the integers v and u are formal summation variables, which can not be identified
with the eigenvalue of S* and the winding number w. In turn the notation p and p in should not be confused with

p and p from (3.18)).
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7.2 Hermitian structure

The space H(€°") is built out of the W, ® Wao irreps whose highest weights, (Go, w3; wa,ws), are real.
In this case the inner product was introduced via the conjugation conditions for the W currents.
On the other hand, for the irreps appearing in the decomposition of H(45¢) though ws, @, are real,
ws and w3 are pure imaginary. As was discussed in the work [31], the natural inner product for such
irreps is the one that is induced by the conjugation conditions

(W (uw)]* = (=1 Wy(u"), [W(@)]" = (—1) W;(a) . (7.20)

It turns out that the latter occur in the scaling limit of the finite length spin chain with the matrix
conjugation being defined as

0* =X;! Ot X, , O € End () - (7.21)

Here X, = )ZL is related to the matrix X, appearing in eq. (5.11)) via the generator of the Z5 symmetry:

A~ ~

Xs =X, D . (7.22)

Since the Hamiltonian commutes with D, it follows from (5.12) that it is Hermitian w.r.t. the =-
conjugation as well:

H* =H*"=H. (7.23)
Note that for the lattice translation operator ([5.20)),

K¥=K*=K!. (7.24)

Let .
‘Ilﬁ”()’]j’y E Wf’]j ® W NZ C H(dlSC) (7'25)

be the W, ® Wy primary state, where the admissible set of values for (p, p,7,v) is described by
the formulae —. The inner product of these states, together with the conjugation conditions
for the W currents, fully specify the structure of the pseudo-Hilbert space for H(ds¢) The
results of [31] imply that the normalization of the primary W, ® Wo, states can be chosen in such a
way that

(Uprp s Yppow) gice = O Jo.7 Jow 0p.50p.p 0505 00t s (7.26)
where
(—1)%a! if  l4p+ly=-a=0-1,-2,...
5 CT(142p)T(3+p—|vl) ) ?
PV 2 v
2n (1 + F55) —_ otherwise
+2
! L(3+p+v)

(7.27)

Here the sign factor o = (1) /257 is the same one that enters into the quantization condition
and depends on whether, in constructing the RG trajectories, N/2 — S# is kept to be an even or an
odd number. Let’s reiterate that the above formulae are not literally applicable when (n + 2)k € Z,
including the case k = 0.

The fact that the Hermitian structures for the spaces H.(©™) and #H(459) correspond to different
conjugation conditions in the algebra of extended conformal symmetry suggests that the states from
these two spaces can not be interpreted simultaneously as normalizable states within a single conformal
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field theory. In this paper we argue that for generic values of k, H(<©™) serves as the pseudo-Hilbert
space for the gauged SL(2,R) WZW model. Perhaps the simplest idea for the field theory whose
quantization results in the pseudo-Hilbert space H(459) | is the model described by the same Lagrangian
density and constraints , as well as the boundary conditions for the WZW currents
and for 0,m. However the fields now are subject to different reality conditions. The classical

counterpart to ([7.20]) reads as

(WY =y w ™, () = 1y W (7.28)
In view of eq. this would follow from the reality conditions
(L¥" =-1*, (L*)'=LF, (R)"=-R*  (R®)"=FF (7.29)
imposed on the classical WZW currents and
(877)* = —0n, (817)* = —0n (7.30)
for the Gaussian field. Furthermore in is expected to be a real and compactified field,
in ~in+2m. (7.31)

The latter implies that the zero mode momenta P, and 15,, (2.39) are no longer equal, but instead

i(P,—P) €. (7.32)

Notice that B = €™ and B = 2™ appearing in the boundary conditions still coincide. Such
reality and boundary conditions for the currents correspond to the SU(2) WZW model gauged over
the compact subgroup. However, they are not enough to fully specify the field theory. In the SL(2,R)
case there were the additional constraints (2.32)) and (2.34]) whose motivation relied on the fact that
the WZW field G € SL(2,R). At the moment, it is not clear to us what extra conditions need to
imposed for the SU(2) case.

8 Density matrix for the Euclidean black hole NLSM

In the work [26] the authors put forward the pioneering conjecture that the Euclidean black hole
NLSM is the CFT governing the scaling limit of the Z5 invariant spin chain in the domain of the
anisotropy parameter v € (0, 5). This is not quite in line with what is proposed here. Nevertheless
the study of the spin chain yields a certain density matrix whose trace coincides with the modular
invariant partition function Zpgy. This makes it a good candidate for the equilibrium density matrix

PEBH-

The classical field theory is described by the action ((1.3b)), where U and U* are a pair of complex
conjugated fields. Usually they are assumed to be periodic, however, it is useful to consider the more
general quasiperiodic boundary conditions

Ul(t,z +27) = ™ U(t, ) . (8.1)
Thus defined, the model possesses a U(1) symmetry with the corresponding Noether current given by

1 U*9,U — U*9,U

[, =
94 14+ UU*

(8.2)
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There is also an infinite set of chiral currents, which form the classical W s, ® W, Poisson algebra. The
quantization of the latter leads to the algebra of extended conformal symmetry with central charge
¢ > 2. The Hilbert space of the quantum theory can be classified according to the highest weight
irreps of the W, ® Wy - algebra. It is convenient to parameterize the central charge and the highest
weight of the irreps, w = (w2, ws), using n, s and p as

c=2+9 59 (8.3)
n
and
s24+1 2
wy = - 44 771]:_2 = A](D?Q) (8.4)

2p <32 (2 + 3n) p? 2n—|—1>
w3 = — — .

vn+2 3n(n+2) 12n

To avoid confusion let us emphasize that in these relations n > 0, s and p are formal parameters,
without the meaning that was assigned to them in the previous sections. The Hilbert space of the
NLSM contains both a continuous H](;;; ) and a discrete component Hg}?};@ The linear decomposition
of the continuous one into the irreps of the W, ® W, - algebra is given by [6-12]

+oo _ 1 1
con —(c p=5v+sn+2)(k+w
(EBHt) = EB / >2 WZ()?2) , where 2 2 ( ) ( ) . (8.5)

V=00 p=3v—3(n+2)(k+w)

Here v is the eigenvalue of the U(1) conserved charge h~! § dzlj associated with the Noether current
(8.2). It takes integer values provided that the Planck constant is identified with n as

2
h= . 8.6
n+2 (86)
The integer w may be interpreted as a winding number related to the fact that the boundary condition
1' is invariant w.r.t. the substitution k — k + w with w € Z. Let us note that the highest weight

is not sensitive to the sign of s. Due to this the direct integral in | is restricted to positive
(e >2)

values of s. For the states at the level L and L in the irrep Wis ' ® ngc>2) the corresponding energy

E=A+A—- 15 in terms of the parameters n, s and p reads as

+L+L. (8.7)
It is worth mentioning that the space of states Hygy = HEC];? @HECE;C) is equipped with a positive
definite inner product [5] such that the Fourier modes of the W and W currents, generating the
W o ® W -algebra with ¢ > 2, satisfy the conjugation conditions

(W (m)]' = W(—m), (Wi(m)]" = W,(~m) . (8.8)

In the works [9,/10] a modular invariant partition function was found for the Euclidean black
hole NLSM with periodic boundary conditions imposed on the fundamental field (k = 0). It is
straightforward to generalize the result to the case of twisted boundary conditions. This yieldﬁ

w(n+2)
Zropn = \/W > / A2y o Sy [etat(ohk) 717+ 5 (Sm(2))?

a,beZ

n(r)
J1(z|T)

"'The formulae for the partition function presented in the works [9}[10] is twice Zegu given by with k = 0. This is

2

related to the fact that the corresponding NLSM was obtained by gauging the U(1) symmetry, g+ hgh (h=e El "y) of
the SL(2,R) WZW model. This results in two copies of the Euclidean black hole NLSM. A similar occurrence happens
for the Lorentzian black hole NLSM, as mentioned in sec.@
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where 91 and 7 are the standard elliptic theta and Dedekind eta functions:

(€™ q,q)o0 (4 Q)00 (8.10)

2miT ) )

2miu

9i(ulr) = 2q° sin(mu) (" q,q)
n(r) = 9% (a9 (q=e

Note that the dependence on the twist parameter k manifests itself only as a shift of the summation
variable b — b + k, which appears in the exponent in the integrand in . The integral is taken
over the parallelogram D in the complex z plane with vertices at z = :I:% + %7‘. However since the
integrand is singular at z = 0, a small neighbourhood around the origin, whose size is controlled by
the parameter €, should be excluded from the integration domain. Following the work [31] we take

Dc=D/{z: |z| < Ee e}, (8.11)

where g denotes the Euler constant. Then as |q| — 0

ZEBH =

o la7F (lostae™ /e) + olal’)) (8.12)

Based on a numerical study, a relation was proposed in the work [31] between the partition function
of the Fuclidean black hole NLSM and that which occurs in the scaling limit of the Z5 invariant spin
chain. Namely,

2 Ty = Z\eont) 4 z(dise) (8.13)

where Z(cont) and Z(dise) are given by egs. and , respectively. Both sides of the above
formula contain a divergent part o log(1/e). For the Euclidean black hole NLSM this parameter
regularizes the integral in , while for the lattice model € o N~! as in eq. . To perform a
numerical check of the divergent part needs to be subtracted. For this purpose, introduce the
regularized partition function of the Euclidean black hole NLSM as

ziee) _ lim (Zpsn — Z&ine)) (8.14)
with 1
1 <) 52 2
g = [ R LRt 38 OmD) $ gt it sy
Sm(7) 27 (9, 9)3.(2, 9)3% 5

and recall that q = e?™7, @ = e 277", Here an extra term o log (%m(v')) was included into the

definition of Ze(smg) in order to ensure that the regularized partition function is invariant under modular
transformations in the case when k = 0 (for k # 0 the partition function is not a modular invariant
quantity). In turn, we define the regularized part of Z (cont) ¢4 he

(cont) L@TL), \ -l p® iy 1y P Ly
Zreg = Z ds pﬁ’p (s) @ 12" n Th2Th g 12T n Ta2
wweZ L,L>0
YE 1 x R 2
_ n__ log(4e™) + 5 log (Sm(r)) § gt gt (8.16)

%’I?’L(T) ™ (qa q)go(q7 q)go

Here the density of states ﬁg;, )( ) is given by eqs. . Then is equivalent to
9 Zg;%) - Z(cont) + Z(dlsc) (817)

reg

The numerical data in support of this relation is presented in tabs.[I] and 2]
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- Zr(ecgnt) 7 (disc) Zr(ecgm) + z(disc) 2 Zér,fﬁ)

T=.9 —3.9509313 | 0.0210525 —3.9298787 —3.9298786
-1/7 —3.9358543 | 0.0059766 —3.9298776 —3.9298787
T+1 —3.9509313 | 0.0210525 —3.9298787 —3.9298786
T=.24.91 | —3.8983544 | 0.0065418 —3.8918125 —3.8918125
-1/7 —3.8925978 | 0.0007853 —3.8918125 —3.8918124
T+1 —3.8983544 | 0.0065418 —3.8918125 —3.8918124
T = .661 —4.4682528 | 0.0943594 —4.3738934 —4.3738934
-1/7 —4.3744476 | 0.0005542 —4.3738934 —4.3738933
T+1 —4.4682528 | 0.0943594 —4.3738934 —4.3738933
T =.5i —5.7668560 | 0.2960118 —5.4708441 —5.4708421
-1/ —5.4708761 | 0.0000322 —5.4708439 —5.4708437
T+1 —5.7668560 | 0.2960118 —5.4708441 —5.4708421
T =.33i —12.070612 | 1.5569389 —10.513673 —10.5129976
-1/7 —10.513561 | 7.662 - 108 —10.513561 —10.5135606
T+1 —12.070612 | 1.5569389 —10.513673 —10.5129975

Table 1: A comparison of the numerical data for twice the regularized partition function of the Euclidean
black hole NLSM (8.14) with Z{c™ + Z(dise) for the case k = 0 and n = 3. Here Z(45) is given by eqs. (7.17)
and (7.18]), while Zﬁgg‘“) is defined by (8.16]). The table also illustrates modular invariance of the regularized

partition function for k = 0. Note that in order to achieve good accuracy for decreasing values of Im(7) one
must take into account an increasing number of terms in the sum over u and w for Z(©") as well as a and b in

eq. (8.9). This significantly increases the computer time.

- Zr(ggnt) 7(disc) Zr(ggnt) 4 g (disc) 9 ng?
0.9i —3.1430392 | 0.0233941 —3.1196452 —3.1196450
0.240.91 | —3.0646040 | 0.0099983 —3.0546057 —3.0546064
0.66 1 —3.7836669 | 0.1033699 —3.6802970 —3.6802972
0.2+ 0.661 | —3.5074556 | 0.0418838 —3.4655718 —3.4655717
0.501 —5.1054421 | 0.3209649 —4.7844771 —4.7844724
0.331 —11.2855973 | 1.6391928 —9.6464045 —9.646289
0.251 —26.5761236 | 5.4010183 | —21.1751053 | —21.171536

Table 2: The last column contains numerical data for 2 Zé;ef) (8.14) with the parameters set to be k = —0.1
and n = 3. This is compared to Zr(ég““ 4 Z(dis0) swhere Z(45¢) was computed using eqs. (7.17)), (7.18) and Zr(ggnt)

via (8.16]).
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The following comments concerning some statements appearing in the literature are in order here.
It was proposed in the works [9,10] that Zggy could be represented as

2 Zoonlpg = D /0 ds2p(s) chy4(q) chys(q) + 29 (from refs.[9,10]) . (8.18)

u,W=—00

The character entering into this formula is given by (3.44]), while for the density of states

2 1 L(i+p—is)T(L +p—is)

s) = — log(1l/e) + — Os 1o 2 2 8.19
ps) T g(1/¢) omi 08 F(%+p+is)l“(%+ﬁ+is) (8.19)
A numerical check of the consistency of ([8.18]) with rules the conjecture out. Also the formula
for the contribution of the discrete spectrum to the partition function Zggy|x—o is given in ref. [11].
It appears to be identical with %Z (dise) from (7.18)) specialized to k = 0. However, egs. (2.5) and

(2.10) from ref. [11] do not quite correctly take into account the contribution of the states to Zé%iﬁf)
with j = —”T‘H, —% corresponding to the boundary of the interval in the set J(v,u) (7.17). Finally,

the highly non-trivial formula (8.13)) is in full agreement with the original observation of ref. [26].
However, let’s emphasize that in order to state that the Euclidean black hole NLSM governs the
critical behaviour of the Z5 invariant inhomogeneous six-vertex model, this relation is insufficient.
Among others, the numerical study of the finite size corrections to the CF'T Hamiltonian performed
in [31], which are controlled by irrelevant perturbations, show that the extended conformal symmetry
algebra is the W, ® Wy - algebra with ¢ < 2.

In view of egs. (8.17) and (8.16) one arrives at a conjecture for the equilibrium density matrix of
the Euclidean black hole NLSM. Namely, being restricted to the level subspaces of the irreps of the

Wso ® W - algebra belonging to H(E‘Egt), it is given by a formula similar to eq. (5.32)):

“‘(I:vL)
2 s (S)
Zlog(1/e) + —22 >~
s/ ) pary D)

1

1 52 :52 i 32 p2 L 2
g etetimtt g et taett ] (8.20)

PeBH |ng®W§2 =

with ﬁl(;’“[’,l“)(s) being defined via egs. (5.28)-(5.30). It is important to keep in mind that the irreps

appearing in the decomposition of Hgﬁgt) are those of the W, ® W, - algebra with ¢ = 2—1—% > 2.
The above formula is expected to be applicable to the case of twisted boundary conditions with
generic k. For the model with periodic boundary conditions, the density matrix is obtained via a taking
of the limit k — 0. Some care is needed for the irreps with p = Ju+3 (n+2)k, p=2u— 3 (n+2)k

and u odd, as ﬁ%’f“)(s) could contain simple poles at s = £3 (n + 2)k, which approach the real axis
for vanishing k. This gives rise to contact terms as in eq. . Finally pggu, being restricted to the

discrete component ”Hggff) of the space of states of the Euclidean black hole NLSM coincides with the

usual thermal density matrix B
ﬁEBH‘H(disc) = qLO*ﬂ qLO*ﬂ . (8.21)
EBH
9 Conclusion

In this work we apply the results obtained for the Z, invariant integrable spin chain to the study of
two NLSMs. These are of interest since their target space geometries mimic that of a Lorentzian black
hole and its Euclidean version.

The space of states occurring in the scaling limit of the low energy states of the spin chain contains
both a discrete H(459) and continuous H (™) component. For the latter, the spectrum of conformal
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dimensions forms a continuous distribution which is characterized by a density of states. We conjecture
that the pseudo-Hilbert space of the Lorentzian black hole NLSM coincides with a subspace of the C
even sector of H(©™) in the case of periodic boundary conditions for the spin chain. In turn, from the
density of states restricted to this subspace we construct an equilibrium density matrix for the NLSM.
An important point is that (459 is excluded from the identification. This was motivated through
the study of the Hermitian structures for the spin chain, which suggests that the states from # (disc)
and H(©°™) can not be interpreted simultaneously as normalizable states within a single CFT.

Contrary to the Lorentzian black hole NLSM, the Hilbert space of the Euclidean one contains
a discrete component made up of normalizable states, whose wavefunction(als) are localized in the
vicinity of the tip of the target manifold. Remarkably, their contribution to the CF'T partition function
coincides with one half of the contribution of the states from #(45¢) to the partition function of the
spin chain. Using the full density of states for 7(°°**) an equilibrium density matrix for the Euclidean
black hole NLSM is proposed, which reproduces the modular invariant partition function originally
obtained by Maldacena, Ooguri and Son in ref. [9].
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