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We propose a nonperturbative formulation of the Atiyah—Patodi—Singer (APS) index in lattice
gauge theory in four dimensions, in which the index is given by the 5 invariant of the domain-wall
Dirac operator. Our definition of the index is always an integer with a finite lattice spacing. To
verify this proposal, using the eigenmode set of the free domain-wall fermion we perturbatively
show in the continuum limit that the curvature term in the APS theorem appears as the contribution
from the massive bulk extended modes, while the boundary 7 invariant comes entirely from the
massless edge-localized modes.

Subject Index BO1, B31, B80, 190

1. Introduction

The topology of gauge fields, which plays a special role in particle physics, is not well defined in
lattice gauge theory, where the space-time is discretized and the notion of the “manifold” is lost.
However, from the viewpoint of fiber bundles, the fiber space or the space of gauge fields is still
continuous and some geometrical properties remain. For example, imposing a smoothness condition
on the link variables, the topological charge can be defined on a lattice [1].

A breakthrough was made by Hasenfratz et al. [2] where they formulated the Atiyah—Singer (AS)
index theorem [3] on a finite lattice, using a lattice Dirac operator obeying the Ginsparg—Wilson
(GW) relation [4]. The most popular choice is the overlap Dirac operator [5]

w
2 2
\/HW

where the lattice spacing is denoted by a, Dw is the Wilson—Dirac operator, y5 is the chirality

aDoy = 1+ ys Hw = y5(Dw — my), (1)

operator, and my is the cutoff scale mass, often chosen to be 1/a. The index is defined as
I =Trys(1 —aDoy/2). (2)

The chiral symmetry [6] through the GW relation, Dyyys + YsDoy = aDovysDoy, assures that the
contribution from the nonzero complex modes are all cancelled, as are those from the doubler modes
with the real eigenvalue 2/a. Thus, I is described by the zero modes only and its equivalence to the
AS index in the continuum limit was confirmed in Refs. [7-11].
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In this paper we consider an extension of the AS theorem to manifolds with a boundary, known as
the Atiyah—Patodi—Singer (APS) index theorem [12—-14],

1 1
Ind(Daps) = 35— / Od“xe“""“terFpa - En(iD3D>, 3)
X4>

where F,, is the curvature of gauge fields of SU(N), and the second term corresponds to the 7
invariant of the massless three-dimensional Dirac operator iD?P on the boundary set at x4 = 0, here.
The APS theorem is equally important in mathematics but its lattice version is not known yet. This is
because the APS index in the original setup requires a nonlocal boundary condition, which is difficult
to put on a lattice. In fact, any other physically sensible boundary condition is not compatible with
the chiral symmetry [15]. Besides, there has been no strong motivation to consider the APS index in
physics, as we have not been that interested in a space-time with boundaries.

Recently, the APS index theorem has been drawing attention from physics, as it was pointed out
that the theorem describes the bulk—edge correspondence of topological insulators [16], through the
cancellation of the time-reversal symmetry anomaly. Motivated by this fact, three of the authors
proposed a new formulation [17] of the APS index in four-dimensional continuum theory. Three
of us used the domain-wall fermion formulation [18-20], which offers a very similar setup to the
topological insulators. This new formulation is quite different from the original definition by APS,
but the equivalence of the new formulation with the original APS was mathematically proved in
Ref. [21] in continuum theory. In this work we try to apply this new formalism to the lattice gauge
theory.

The rest of the paper is organized as follows. In Sect. 2 we discuss the new formulation of the
index in continuum theory [17,21] and show that the lattice formulation is quite straightforward. The
key to obtaining the continuum limit of the lattice APS index is to construct the free domain-wall
complete set, shown in Sect. 3. Then we separately evaluate the bulk and edge contributions to the
total index in Sect. 4. We give a conclusion in Sect. 5.

2. Rewriting the index by the n invariant of the massive Dirac operator

Let us go back to the AS index on a four-dimensional periodic lattice. Simply substituting Eq. (1)
into Eq. (2), one notices that the index is equivalent to the quantity

1 1 H
[ = ——n(Hy) = —~Tr—_ (4)

) 2 2
HW

In fact, Eq. (4) gives a good definition of the 5 invariant of Hyw, which is a regularized number of
positive eigenmodes minus the number of negative eigenmodes. This fact is suggestive, in that the
index may be defined by the massive Wilson—Dirac operator, without chiral symmetry or the GW
relation at all. In fact, such attempts [22] were made in studies before the formulation of overlap
fermions. However, little was discussed about the possibility that the 5 invariant of the massive Dirac
operator is as equally important a quantity as the original index in mathematics.

Reference [21] showed that in continuum theory, for any APS index on an even-dimensional
Riemannian manifold with boundary, there exists a domain-wall operator acting on a closed manifold
without boundary, sharing its “half” with the original setup with APS, and its » invariant is equal to
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the original APS index.! For example, let us consider the four-dimensional Dirac operator Hiy =
y5(D — Msgn(x4)), where the mass term changes its sign at the boundary x4 = 0. Then, we can
prove with the Pauli—Villars regularization that

1
- 5n<H5W)PVmg- = Ind(Daps). (5)

It is interesting to note that the new formulation is given on a closed manifold, but the result reflects
only “half” of it in the region x4 > 0.2 Note that the mathematical setups between the domain-wall
fermion and original APS are totally different: the original APS boundary condition completely kills
the positive modes of the boundary Dirac operator, while the domain-wall fermion can live even
“outside” of the boundary, or the region in x4 < 0. The APS boundary condition never allows edge-
localized modes to exist, while the boundary 7 invariant of the domain-wall system comes entirely
from the edge modes of the domain-wall.
The proof includes the case with no domain-wall or boundary: the AS index is

1
I'=—2n(ys(D — M))™E, (6)

where the Pauli—Villars mass has the opposite sign to M. Therefore, the 1 invariant of the massive
Dirac operator is an equally (or possibly more) fundamental quantity than the original index of the
“massless” Dirac operator. We should note that the chiral symmetry is lost in the massive Dirac
operator, and yet the index can be defined. The lattice index theorem described in Sect. 1 “knew”
this fact, and the Wilson—Dirac operator can define the AS index on a lattice by —n(Hw)/2, which
happens to be the same as that given by the massless Dgy.

It is now natural to speculate that the Wilson—Dirac operator with a mass term having kink
structures,

a a
HDWZVS |:DW—M1€ (x4+§)6<L4—§—X4>+M2], (7)

where €(x) = sgn(x), may have an interesting relation to topology. Indeed, the goal of our paper is
to show that the n invariant of Hpw gives a nonperturbative formulation of the APS index theorem
on a lattice. Here, we assume a periodic boundary identifying x4 = L4 and x4 = —L4, setting L4/a
an integer, giving two domain-walls at x4 = —a/2 and x4 = L4 — a/2. We assume M| > My > 0.
For the other three directions we use a periodic boundary condition with the same periodicity L.

Itis good to know that nn(Hpy ) is guaranteed to be an integer by definition, since Hpw is a Hermitian
operator on a finite-dimensional vector space. Moreover, under the condition that no eigenvalue of
Hpw crosses zero, its variation is always zero,

dn(Hpw) = 0. 3)

In the rest of this paper, we will perturbatively show that

1 -3D
0 + En(ZD ) > (9)

1 1 1
— —n(Hpw) =—— d*xe™PotwF,  F o — —n(iDP
277( DW) 30722 /(;<x4<L4 Xxe wol po 277(1 ) “ ieLs

' Our domain-wall fermion here is in four dimensions, which is one dimension lower than the standard five-
dimensional ones. As the chirality operator exists only in even dimensions, the mathematical consequences are
quite different from those in five dimensions. For example, in Ref. [23] the 5 invariant appears as a noninteger
quantity to describe the phase of the Weyl fermion at the edge, while our target is a Dirac fermion whose
determinant is real.

2 When we flip the sign of the Pauli—Villars mass, we obtain the APS index in the region x; < 0.
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up to O(a) corrections. To simplify the computation, we make the coefficient of the Wilson term
unity, and consider the M| + M, — oo limit with M} — M, = M fixed. This case corresponds to the
Shamir domain-wall [24,25]. In the continuum theory [17], the result is shown to be independent of
M,. Then we take the hierarchical scaling limit [Aegee| < M < 1/a, where Aeqge denotes a typical
eigenvalue of low-lying edge-localized modes. In this limit, the bulk modes have large energy and
their correlations exponentially decay in every direction. Therefore, the density of the n invariant
near x4 = 0 can be locally evaluated using a complete set of semi-infinite space-time in x4 > 0,
and simply interpolated to the result obtained near x4 = L4. For the same reason, we also treat the
momenta in other directions as continuous.

3. Free domain-wall fermion complete set

Letus consider the eigenproblem of azHl%W for the free fermion, taking the L4 = oo limit. We can take
the direct product of the solutions in the x;—; » 3 directions as the plane wave ij (x) = eP~/\/(2m)3,
having two-spinor components, and that in the x4 direction. We denote the three-momentum by
p = (p1,p2,p3). Using the abbreviations s; = sin(p;a) and ¢; = cos(p;a), the squared domain-wall
Dirac operator is expressed by

@ (Hpw)* = 57 + 0 (x4 + a/D{MF — (1 + M) (@*V;Va))
+ 0(—xq — a/2){M?* — (1 + M_)(a*V}Vs))

+ 2M1a(P48x,—aSy — P—8x,05;), (10)
My = Z (1 —¢j) F Mia + Maa, (1)
i=1,2,3

where 0(x) = (e(x) + 1)/2 is the step function, V, and V; denote the forward and backward
difference operators, respectively, P = (1 + y4)/2, and Sljf is a shift operator by the unit lattice
vector jia: Sff f(x) = f (x£a). We have three types of eigenfunctions (in the x4 direction) of aZH]%W:
(i) edge-localized modes at x4 = 0, (ii) extended modes but only for x4 > 0, and (iii) extended modes
at any x4.

In the M7 + M> — oo limit with M1 — M, = M fixed, only the eigenmodes of types (i) and
(i1) survive to form a complete set. They coincide with those for the Shamir domain-wall fermion
[24,25] on which the simple Dirichlet boundary condition ¢ (x4) = 0 for x4 < 0 is imposed. More
explicitly, we have

¢ (x) = /=M 2 + M) /ae™5%, (12)
¢$(X4) — \/%_ﬂ(eiw(xﬁ—a) _ e—iw(xﬁ-a))’ (13)

1 . .
P%(x4) = E(Cwelwx4 - C:)e_lwm) (14)

in the region x4 > 0, where the subscript &= denotes the eigenvalue of y4 = +1,

K=—In(1+My)/a, (15)
(1 4+ Mp)e* — 1
|(1 + My )eios — 1|

w =

(16)
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and the eigenvalue of H]%w is

A2 _ Siz/a2 (edge)n

(s? + M2 —2(1 + My)(coswa — 1)) /a*  (bulk). 17

Here we choose the fermion mass in the range 0 < Ma < 2, which is required from the normal-

izability of the edge-localized modes, or |1 + M| < 1. This condition eliminates the contribution

from the doubler modes, which have |p|a > 7. The edge modes can exist only in the y4 = —1 sector.

With this complete set, we can separately evaluate the contributions from the bulk and edge modes.
One can easily confirm that the eigenmode set above satisfy the orthonormal condition,

a Y 67 ()TN () = 1, (18)
x4=0
ay " ¢ ()92 0n) = 8w — o), (19)
x4=0

where the summation over x4 is taken for integer multiples of a, and the completeness,

7[/(1 8 ’
1) ) d d ,
> /0 dangty () () ul +u_g™ )™ ()Tl = b @)
=+

where u4 and 157 are the eigenvectors and the 2 x 2 identity matrix in the eigenvector space of y4,
respectively.

4. Evaluation of the n invariant of the domain-wall operator

In this section we perturbatively evaluate the n invariant of the domain-wall Dirac operator, and
show its convergence to the APS index. We separately evaluate the bulk and edge contributions and
confirm their parity (or T) anomaly cancellation.

For the bulk contribution, we consider the density of the n invariant:

Hpw bulk _
— —t x) f da)/
2 2 gX;: —n/a

DW

VP | 93P ® 92 ()] |

HDW

[¥,° () ® ¢ )] tr | Pg

1)

rather than its integral form. Here, the trace tr is taken over color and spinor indices only. Since every
bulk mode has a larger energy than M2, the density is expressed as a local function. The analysis
below is similar to that for the periodic lattice studied in Ref. [10]. The dependence on the gauge
link variables is perturbatively treated as

Hpy = (HDW) + AHpy,, (22)
AHpw = =7 Zw, 1Dy, Dy — "Dy, R, (23)
TRV
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where we have neglected terms having no y,,’s, which do not contribute to the index, and we can
express

-1 ~
D=5 [ezpua(UM @S — 1) —e (S, Up)t - 1)] : (24)

=
Il

1 . . .
—5 > [Pt Uu)S; — 1) +e e (S U — 1)}, (25)
I

assuming they operate on [wlg’D (x) ®@ dL (x4)].
Note that (H]gw)2 and AH]%W do not commute but their commutator either increases the order
of a (by derivatives) or is localized at x4 = 0, a (by y4), to which the bulk mode’s propagation is

exponentially suppressed. Therefore, we can expand 1/, /Hl%W as if the operators were all commuting.
Noting the existence of y4 in the projection Py, and that of y5 in the numerator, those terms having
three or four gamma matrices can survive the spinor trace. After some lengthy but straightforward
computations we find that only the first two terms in the following expression are relevant,

2 8
V Hbw
34* |: Vst vy
5

TR a2y

+ e (26)

Hpw Etr[ ) YuYoVpYo

= +W[D“,DUJ[DP,DU]O€)]

[D”,DP][VGD",E](x)]

where M J’r = My 4 (1 — ¢4) with ¢4 = cos wa, and all Greek indices are summed.
Substituting the explicit forms of the free domain-wall fermion complete set, and using the standard
expansion U, (x) = exp(iad,),

[D*,D"] = icycyFyuy + O(a), (27)
[D*,R) =ic, Y svFyuy + O(a), (28)
%
we obtain
1 H 1
_ Etr—D:V Pk — (1(M) + IDW(M,x4))—32n2eﬂ”ﬂ"trF,me ), (29)
vV HDW
up to O(a) corrections, where
3g* [7/e 3 (=M, + Y, 52/cy)
(M) = @/_n/ dod’p [ Jeu (R (30)
a w

which was already evaluated in Ref. [10] and /(M) = 1 in the continuum limit, for our choice
0 < Ma < 2. The x4-dependent part,

4 w/

3a a
PV (M, x4) = o7 dod’p
T —m/a

(=M 4+, s2/cy) ( C2 4 g?iwa
| |cM —
u

2iwxy
(A2q2)5)2 5 ¢ >’ (1)

is a special contribution due to the domain-wall, but we can show that its integral with the curvature

contribution over x4 in the continuum limit is suppressed by a factor of 1/M as

3 ie'uwjatrFqupo |rnax (x1,x2,x3)
&M '

<

‘ [ dxaTPV (M, x4) "7 trFy, F i () (32)
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See Appendix A for the details. Therefore, we can conclude that (M) + 1PV (M, x4) = 14+ 0(1/M)
and the bulk contribution is the standard curvature term.

Next, let us evaluate the edge-localized contribution. To this end, we reconsider the eigenproblem
for the edge modes with nontrivial gauge link variables, assuming its mild x4 dependence compared
to 1/M. More explicitly, we have, in the Us = 1 gauge,

Hpw¢ (x) = Agp(x), (33)
Hpw = vs [—P-Va + PLVj + yiD' (x4) + M (x)/a)], (34)
1
Mi@/a=—2 3 (UGS =1+ U0 -] -u, (35)
i=1,23

where D' (x4) is the symmetrized spatial covariant difference operator at a slice x4. Note that D' (x4)

depends on x4 through the link variables. M (x) is also x,, dependent through the link variables. In

the following, we assume that the eigenvalue A is low compared to M and the mass of the doublers

modes, where we can approximate M, (x)/a = —M + O(a) and ignore the position dependence.
At the leading order of the adiabatic approximation, we have a solution of the form

D (x) = 35 (%) ® % (xy), (36)

where ¢i]()0) (x) is an eigenstate of io; D' (x4 = 0) (o; are the Pauli matrices) with the eigenvalue 1(0),
and

¢°' (xg) = VM2 — Maye %, (37)

Ka — (1 — Ma) and the eigenvalue of y4 is —1. Here the Dirac representation (y; =

where e~
diag(1, —1)) is employed. On the above solution, the domain-wall operator acts as Hpw = ys5y;D' =
diag(0, io; D' (x4 = 0)). Therefore, the eigenvalue A essentially equals A(0). Since K = M + O(a),
the orthonormality with the bulk modes which was given in terms of free domain-wall fermion is
guaranteed in the continuum limit. In Appendix B we show the details, explicitly evaluating the inner
product with the free bulk fermion modes.

In fact, this leading-order solution is enough to evaluate the edge mode part, as the exponential
dumping of the eigenfunctions allows us to expand the operator in x4, and its dependence is suppressed
as

fofe_sz“z L4 ! ~ /M (38)
o (=2)"dK" 1 — e2Ka

For example, in the x4 expansion of y;D (x4) in Eq. (35), the linear contribution in x4 to the 7 invariant

TredgeH';;’V is suppressed as
v HDW

vy ysyiD (x4 =0 20 -
az¢idge(X4)TX4 4 V5 ViD' (x4 )¢e_dge(x4) _ ar'( )M(2 —MQ)ZX46 2Kx4

x4 V24(0)? V4(0)? x4
A (0) Ma*Q2 — Ma)(1 — Ma)

JA02 (1= (1 —Ma)?)?
IREONE

J/(0)2 2M

(39)
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where we have taken the @ — 0 limit, and 1/(0) is the x4 derivative of the eigenvalue at x4 = 0 in
the adiabatic evaluation. Therefore, if we take M to be big enough compared to the derivative of the
gauge fields, the leading adiabatic evaluation is valid.

Now we are ready to compute the edge mode’s contribution to the ; invariant. We emphasize again
that the eigenvalue A of the domain-wall Dirac operator coincides with A(0), the eigenvalue of the
boundary Dirac operator. Then the edge mode part becomes

1 H (0 1 .
_ g T ysent@) —ntoD)| . (40)
X.

dge—F—= = =
2 °® 2 =0
VHEw 2(0) 4

Note, however, that the above approximation does not hold for higher energy X(0) ~ M where the
bulk and edge modes mix. Therefore, the edge mode part alone is not an integer, and it is difficult to
separate the edge and bulk contributions in such an energy region.

In order to evaluate the noninteger part of the edge-localized contribution, let us take the variation
with respect to the link variables. From Eq. (8), we have the explicit “bulk—edge correspondence”

1 H 1 H,
_ 1sTr DW DW

> edge—2 = E
V HDW

where Trpuik /edge 1 the trace taken over the bulk/edge modes only. Thanks to the locality of the

(41)

gapped bulk modes, the right-hand side is much easier to perturbatively compute, leading to
S 470047 + 2 a0 42
= —@ x8trc EQvpo 0 + ? . ( )

Namely, the noninteger part of the edge-localized contribution is the Chern—Simons action, except
for some extra gauge-invariant and constant contributions.> Thus, we can clearly see in Eq. (41) the
cancellation of the parity or T anomaly between the bulk and edge states.

So far, we have neglected the finiteness of the fourth direction L4. Since its effect in the bulk is
suppressed by e M4 in the Aedge K M < 1/alimit we can safely interpolate our result to that with
the anti-domain-wall at x4 = L4 — a/2, and obtain the desired result already shown in Eq. (9).

5. Conclusion

We have shown that the n invariant of the domain-wall fermion Dirac operator converges to the
Atiyah—Patodi—Singer index in the continuum limit. Our definition of the index is always an integer at
finite lattice spacings, therefore this achieves a nonperturbative formulation of the APS index theorem
on the lattice. In order to guarantee that this index always matches that in continuum, we will need
some “admissibility” condition on the link variables, as is the case in the AS index [1]; this, however,
is beyond the scope of this work. We have also explicitly demonstrated the cancellation of the parity
anomaly (or time-reversal symmetry anomaly) by the Chern—Simons action in the contributions to
the total index. This is an essential property of the bulk—edge correspondence [16,26,27].
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Appendix A. Contribution from 7°"' (M, x,)

In this appendix we explicitly show Eq. (32). First we note the phase factor ¢** in Eq. (31), to
which the singularity due to doublers gives a contribution suppressed as e*4/%. Therefore, we can
take a naive continuum limit only taking the physical poles into account, approximating s, ~ p,a
and ¢, ~ 1. In this limit, / DW (M, x4) becomes

1 2iM -,
]DW(M x4) — 3Mf 2dp/ [ ! eZzwx4i|

21 (P2 + M2+ 0252 | w — iM
% 32
=2M / dt/t —J (t, M, x4), (A.1)
0 at
where
dw 1 2iM .
J(t, M, x4) = Zioxy | A2
(t,M,x4) / 2n(t+M2+w2)1/2[ — 7 } (A2)

We can formally integrate J (¢, M, x4), which consists of two terms:

J(t,M,x4) =J1(t, M, x4) + J2(t, M, x4),

J1(t, M, x4) = ——e 4| ——=arccos | — ) |, (A.3)
T 2Vt M? +1¢
My x4 2Myx!, / /
Jz(f,M,X4) = —787 *4 |:/ dxae x4K0(2 M2 + tX4)} . (A4)
0

where K, (x) denotes the modified Bessel function. For J; (¢, M, x4) it is not difficult to compute
1
2M / dtf J1 (6, M, x4) = — e oM (A.5)
For J,(t, M, x4), let us take a partial integration to obtain

2M f dt«/_ Jz(th4) -M / dt Jz(th4)

_ 2MPem2Mxa | pxs | AW © 1 KiVM? +ix))
= dxpxie™™™s [ dt : (A.6)
™ 0 (RN VR

Combining these results, we obtain

2 © KiQVM? 41
1PV (M, xq) = —e2M [1+—2M / dx e f 1 x“)] (A7)
0 0

TR w*
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We are now ready to show Eq. (32). Noting the fact that /°W (M, x4) is negative at any x4, we have
the inequality

o0
’ f dxalPV (M, x4) € PO F 1y F o (x) | < €M P00 1y oo | (X) / dxa 1PV (M, x4)|, (A.8)
0

where |O|™#* (x) is the absolute maximum of the function O(x) along the string at x = (x1,x2,x3)
extending in the x4 direction. The x4 integral is analytically computable as follows:

o 1 M [ K (2v/M? F 1x,
/ dxalIPV (M, x4)| = — + — / dx}x, / dt 1 *)
0 0 0

SM  w Vi M2 4 ¢

1 +M/'°°dt 1 w

S 8M  w Jo iV MZ i 8(M2 +1)
3

- A9
S (A.9)

where we have performed the integration in the order of x4, xﬁ‘, and ¢.

Appendix B. Orthogonality of the bulk and edge modes

In this work we use different eigensets in the evaluations of the bulk and edge modes. Therefore, the
orthogonality is generally lost. In this appendix we show, however, that the orthogonality is recovered
in the continuum limit.

Let us consider the free bulk fermion mode ¢“(x4) in Eq. (14) and the edge mode d)e_dge(x4) in
Eq. (37). Since the nontrivial link-variable-dependent part is simply neglected, the edge mode wave
function is slightly different from Eq. (13). Their inner product is evaluated as

a Z ¢e_dge(x4)T¢g (x4) = a,/ @ Z <Cwe*(K*"‘”)x4 — c.c.)
X4 X4
_ Ma—ma ¢ I .
I = ( ‘”1—(1—Ma)eiwa_c'°‘)’ B

where c.c. denotes the complex conjugate.
Note that C,, is proportional to 1 — (1 + M )e’®? and 1+M, = 1 —Ma+ Aa?, where A expresses
the contribution from the Wilson term near the physical pole. Then Eq. (B.1) becomes

IMQ2 — Ma) 1 1 — (1 — Ma + Ad?)e'?
=da . - — C.C.
21 [1— (14 Myp)e'@d 1 — (1 — Ma)e'®4
M2 — Ma) 1 —Ag?elv?
=a . — —c.c. |, (B.2)
21 [1— 14+ Mpe@» \1— (1 — Ma)e'»?

which vanishes in the a — 0 limit.
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