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We study isospin-1 P-wave ππ scattering in lattice QCD with two flavors of OðaÞ improved Wilson
fermions. For pion masses ranging from mπ ¼ 265 MeV to mπ ¼ 437 MeV, we determine the energy
spectrum in the center-of-mass frame and in three moving frames. We obtain the scattering phase shifts
using Lüscher’s finite-volume quantization condition. Fitting the dependence of the phase shifts on the
scattering momentum to a Breit-Wigner form allows us to determine the corresponding ρmass mρ and gρππ
coupling. By combining the scattering phase shifts with the decay matrix element of the vector current, we
calculate the timelike pion form factor, Fπ , and compare the results to the Gounaris-Sakurai representation
of the form factor in terms of the resonance parameters. In addition, we fit our data for the form factor to the
functional form suggested by the Omnès representation, which allows for the extraction of the charge
radius of the pion. As a further application, we discuss the long-distance behavior of the vector correlator,
which is dominated by the two-pion channel. We reconstruct the long-distance part in two ways: one based
on the finite-volume energies and matrix elements, and the other based on Fπ . It is shown that this part
can be accurately constrained using the reconstructions, which has important consequences for
lattice calculations of the hadronic vacuum polarization contribution to the muon anomalous magnetic
moment.
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I. INTRODUCTION

The study of hadronic resonances in terms of the
underlying theory of QCD necessitates a nonperturbative
treatment. Lattice QCD has emerged as a versatile tool
enabling ab initio determinations of many hadronic proper-
ties [1]. The ρmeson, which is the simplest QCD resonance
and decays almost exclusively into two pions [2], is
interesting for several reasons: It serves as a benchmark
for the finite-volume formalism pioneered by Lüscher
[3–5], whose practical implementation poses a number
of challenging tasks. Furthermore, the relevant correlation
function has a rather favorable noise-to-signal ratio

compared to those for other resonances, due to the ρ being
the lightest isovector resonance.
Beyond its role as a benchmark, the precision study of

the ρ resonance has a number of interesting applications. A
good understanding of the ρ → ππ channel is a vital
component for any study of more complicated resonances,
where the ρ is an intermediate decay channel. Thus, the ρ
has been subject to many lattice QCD studies already
[6–19]. Second, using the approach suggested by Meyer
[20] (which is closely related to work by Lellouch and
Lüscher [21]), the pion form factor, Fπ , can be determined
in lattice QCD in the timelike region. For first lattice
implementations of this method see [16,22].
An interesting and increasingly relevant application of

lattice calculations of Fπ arises in the context of ab initio
determinations of the hadronic vacuum polarization (HVP)
contribution to the muon’s anomalous magnetic moment,
ahvpμ . The latter is accessible via the (spatially summed)
vector correlator Gðx0Þ [23–25], which, at large Euclidean
times x0 is dominated by the two-pion channel. Given
sufficiently precise data for Fπ, one can accurately con-
strain the long-distance regime of Gðx0Þ which helps to
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significantly reduce both statistical and systematic uncer-
tainties in lattice calculations of ahvpμ [26].
The outline of this paper is as follows: In Sec. II we

summarize the methods used for determining the isospin-1
scattering phase shift and the timelike pion form factor
from our lattice calculations. Section III presents our results
for the scattering phase shift, while Sec. IV contains the
results for the timelike pion form factor. Implications for
the calculation of the leading order HVP contribution to the
muon anomalous magnetic moment aμ are discussed in
Sec. V. Finally, Sec. VI summarizes our results. Our
analysis supersedes previous preliminary results presented
in [27,28].

II. METHODOLOGY

A. Determination of the finite volume energy spectrum

To study the ρ resonance, we first need to extract a tower
of low-lying energy levels. The strategy we use is to build a
matrix of correlation functions using interpolating field
operators with the quantum numbers of the ρ meson. The
lowest states of the spectrum can be extracted using the
variational method [29–32]. We start by forming a corre-
lator matrix

CijðtÞ¼ hOiðtÞOjð0Þ†i¼
X∞
n¼1

e−Enth0jOijnihnjO†
j j0i ð2:1Þ

from the correlators formed of interpolating operatorsOiðtÞ
for the ρ and ππ states in a given frame and then solve a
generalized eigenvalue problem (GEVP),

CðtÞvðt; t0Þ ¼ λðt; t0ÞCðt0Þvðt; t0Þ; ð2:2Þ

for this matrix. The nth eigenvalue λn asymptotically
decays exponentially with the energy En of the nth state.
There are different ways of choosing the parameter t0 in the
GEVP; one of them is to keep t0 constant (the “fixed-t0
method”) and another way is to use the “window method”
[32], which keeps the window width tw ¼ t − t0 constant.
For suitable choices, the latter ensures that the leading
excited state contamination to λnðt; t0Þ from the finite
correlator basis comes from ΔEn ¼ ENþ1 − En [32], where
N is the size of the basis.
For the operator basis we use [33]

ρ0ðP; tÞ ¼ 1

2L3=2

X
x

e−iP·xðūΓu − d̄ΓdÞðtÞ; ð2:3Þ

where Γ ∈ fγi; γ0γig and

ðππÞðp1; p2; tÞ ¼ πþðp1; tÞπ−ðp2; tÞ − π−ðp1; tÞπþðp2; tÞ:
ð2:4Þ

The momenta p1 and p2 of the single pions add up to the
frame momentum P, i.e., p1 þ p2 ¼ P≡ 2π=Ld. The
single-pion interpolators are defined by

πþðq; tÞ ¼ 1

2L3=2

X
x

e−iq·xðūγ5dÞðx; tÞ; ð2:5Þ

π−ðq; tÞ ¼ 1

2L3=2

X
x

e−iq·xðd̄γ5uÞðx; tÞ: ð2:6Þ

In a finite hypercubic volume, the rotational symmetry
Oð3Þ of the continuum is reduced to that of a discrete
subgroup. The operators are therefore classified by the
irreducible representations (irreps) of the respective sub-
group. The set of irreps depends on the momentum frame
used. In this work, we are using a center-of-mass frame
(CMF) as well as moving frames with three different lattice
momenta with a maximum momentum of P2 ¼ 3ð2π=LÞ2,
i.e., d2 ¼ 3. Correlation functions are computed for all such
moving frames that can be realized on a lattice of spatial
size L. Frames that share the same absolute momentum are
averaged over.
In the rest frame, continuum operatorsOJ with spin J are

subduced [34] into the irreps Λ of the octahedral group via

O½J�
Λ;μ ¼

X
M

SJ;M
Λ;μO

J;M; ð2:7Þ

whereM are the magnetic quantum numbers of J, SJ;M
Λ;μ are

the subduction coefficients, and μ is the row of the finite

volume irrep Λ. The J in O½J�
Λ;λ is in brackets because,

although it was produced only from operators with spin J,
the operator can now have an overlap with all other spins
which are contained in Λ [35].
In moving frames, there is a further reduction of

symmetry, namely into the subgroup of the octahedral
group that keeps P invariant [35], which is referred to as the
little group [36]. To subduce continuum operators into the
lattice irreps of the moving frame, we need helicity
operators

OJ;λðpÞ ¼
X
M

DðJÞ�
Mλ ðRÞOJ;MðpÞ; ð2:8Þ

where λ is the helicity index and DðJÞ�
Mλ ðRÞ is a Wigner-D

matrix [37] for the transformation R that rotates jpjêz into p
[38]. This allows a further subduction into little group
irreps Λ, forming a so-called subduced helicity operator

OJ;P;jλj
Λ;μ ðpÞ ¼

X
λ̂¼�λ

Sη̃ λ̂
Λ;μO

J;P;λ̂ðpÞ; ð2:9Þ

where P is the parity of OJ;P;λ̂ðp ¼ 0Þ and η̃ ¼ Pð−1ÞJ.
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We construct multiparticle operators from linear combi-
nations of products of single-particle operators with def-
inite momentum. A general ππ creation operator in an irrep
Λ can be written [35]

ðππÞ½p1;p2�†P;Λ;μ ¼
X

p1∈fp1g�
p2∈fp2g�
p1þp2¼P

¼CðP;Λ;μ;p1;p2Þπ†ðp1Þπ†ðp2Þ; ð2:10Þ

where fp1;2g� is the group orbit of p1;2, i.e., the set of
momenta that are equivalent under an allowed lattice
rotation. C is a Clebsch-Gordan coefficient which couples
the irreps Λ1 and Λ2 of the single-pion creation operators
π†ðpÞ with the irrep Λ of the ðππÞ† operator. These single-
pion irreps are either the A−

1 irrep of the cubic group for
p ¼ 0 or the A2 irrep of the little group of p for p ≠ 0. The
coefficients relevant for this work are listed in [35,39].
In the isospin limit G-parity allows only contributions

from odd partial waves [40]. Taking these reductions of
symmetry into account, the relevant irreps of the ρ → ππ
channel, where JP ¼ 1− and where l ¼ 1 is the dominant
contributing partial wave, are listed in Table I.
In addition to the correlator matrix CðtÞ, the calculation

of the timelike pion form factor in Sec. IV also requires the
matrix elements hJμðx ¼ 0; tÞO†

i ð0Þi, for both the local
(single-site) current,

JlμðxÞ ¼
1

2
ZV ψ̄ðxÞγμτ3ψðxÞ; ð2:11Þ

and the conserved (point-split) current,

Jcμ

�
xþa

2
μ̂

�
¼ 1

4
ðψ̄ðxþaμ̂Þð1þ γμÞUμðxÞ†τ3ψðxÞ

− ψ̄ðxÞð1− γμÞUμðxÞτ3ψðxþaμ̂ÞÞ; ð2:12Þ

where ψðxÞ ¼ ðu; dÞT and τ3 ¼ diagð1;−1Þ. In analogy to
the single-meson operators, the spatial components of the
current operators JμðxÞ are projected into the respective
irreps Λ, yielding JΛðxÞ. In what follows, the superscript Λ
will be omitted in all equations where the irreps are treated
the same way.
We extract the relevant information on the ground state

and the first few excited states from the eigenvectors vnðtÞ

of the corresponding eigenvalues λnðtÞ determined via the
solution of the GEVP of CðtÞ.
The former are used to define operatorsXnðtÞ that project

on the state with energy En:

XnðtÞ ¼ v†nOðtÞ ¼
X
i

v�niOi: ð2:13Þ

The corresponding two-point function is defined as

DnnðtÞ ¼ hXnðtÞX†
nð0Þi ¼ v†nCðtÞvn; ð2:14Þ

which is the (approximate) projection of the correlation
matrix CijðtÞ onto the correlator corresponding to the nth
state. We investigated the eigenvectors vn on each time slice
and have chosen to use the vectors from the earliest time
slice after which the absolute value of their components
plateaued. At large times, remnant contributions from other
states in DnnðtÞ are expected to be exponentially sup-
pressed such that only the nth state survives:

DnnðtÞ → jZnj2 expð−EntÞ: ð2:15Þ

Zn ¼ hΩjXnjni is an overlap factor with state n of the
optimized interpolating operator Xn. From an exponential
fit to DnnðtÞ we extract jZnj for our further analysis. The
operators Xn are then used to form a two-point function
with the current insertions at the sink,

hJðtÞX†
nð0Þi ¼

X
i

vnihJðtÞO†
i ð0Þi; ð2:16Þ

which again has a large-time behavior dominated just by
one state:

hJðtÞX†
nð0Þi → hΩjJðtÞjniZ�

ne−Ent: ð2:17Þ

The timelike pion form factor requires the knowledge of the
matrix element hΩjJðtÞjni, which can be extracted either by
fitting an exponential function toDnnðtÞ and hJðtÞX†

nð0Þi or
by forming the ratio [16]:

REnðtÞ ¼ hJðtÞX†
nð0Þiffiffiffiffiffiffiffiffiffiffiffiffiffi

DnnðtÞ
p

e−
1
2
Ent

→
Z�
n

jZnj
hΩjJðtÞjni: ð2:18Þ

We also computed two other ratios with the same asymp-
totic value proposed by the authors of [16]. Similar to that
work, we find RðtÞ produces the most precise plateaus of
the three and is not reliant on the fit to Eq. (2.15) for the
extraction of Zn. Therefore we fit a constant to jREnðtÞj2 ¼
jhΩjJðtÞjnij2 to extract the plateau value, which we
denote jAnj2.

TABLE I. Irreps in the various moving frames used in this
study.

d ΛðdimðΛÞÞ
[000] T1ð3Þ
½00n� A1ð1Þ; Eð2Þ
½0nn� A1ð1Þ, B1ð1Þ, B2ð1Þ
½nnn� A1ð1Þ, Eð2Þ
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B. The distillation method

The two-pion operators are nontrivial to compute, due to
so-called sink-to-sink quark lines which require all-to-all
propagators to be computed. To facilitate this task we are
using the “distillation” [41] and stochastic Laplacian
Heavyside (LapH) smearing [42] methods.
With distillation [41], a smearing matrix SxyðtÞ is

constructed in the following way: We start with the lattice
spatial Laplacian,

−∇2ðx; y; tÞ ¼ 6δx;y −
X3
j¼1

ðŨjðx; tÞδxþĵ;y þ Ũ†
jðy; tÞδx−ĵ;yÞ;

ð2:19Þ

where the gauge fields Ũ have been smeared using three
iterations of stout smearing [43] with smearing parameter
0.2. We then compute the lowest Nev eigenmodes vðkÞ,
defined via

X
y

−∇2ðx; y; tÞvðkÞðy; tÞ ¼ λðkÞðtÞvðkÞðx; tÞ: ð2:20Þ

The definition of the actual smearing matrix is

SxyðtÞ ¼
XNev

k¼1

vðkÞðx; tÞv†ðkÞðy; tÞ≡ VðtÞV†ðtÞ: ð2:21Þ

One main advantage of this approach is that this smearing
matrix can be split and used to project propagators into the
subspace spanned by the Nev eigenvectors, a much smaller
number than the 3N3

L color fundamental fields on each time
slice which are naively needed to save a propagator.
Particularly on larger lattices, because the total computa-

tional cost scales with the cube of the physical volume or
higher for fixed smearing, distillation is often treated
stochastically [42]. In this approach noise partitioning
(also referred to as dilution) in the space spanned by the
Laplacian eigenmodes [44,45] is used to reduce the
variance of the stochastic estimator. With a suitable dilution
scheme, using just one noise per quark line typically
produces a statistical uncertainty due to the stochastic
estimation of the quark propagation that is of the same
size or smaller than the one from the Monte Carlo path
integral.
A quark line, i.e., a smeared-to-smeared propagator

within stochastic Laplacian-Heavyside smearing, can be
computed via

Q ¼ SD−1S ¼
X
b

Eðφ½b�ðρÞðϱ½b�ðρÞÞ†Þ; ð2:22Þ

with the LapH sink vectors φ and the LapH source
vectors ϱ,

φ½b�ðρÞ ¼ SD−1VPðbÞρ; ð2:23Þ

ϱ½b�ðρÞ ¼ VPðbÞρ: ð2:24Þ

These in turn are constructed using the noise vectors ρ and
the dilution projectors PðbÞ. One can use γ5 hermiticity to
reverse quark propagators, giving rise to alternative LapH
source and sink vectors

φ̄½b�ðρÞ ¼ γ5φ
½b�ðρÞ; ð2:25Þ

ϱ̄½b�ðρÞ ¼ γ5ϱ
½b�ðρÞ; ð2:26Þ

which give a different estimator for the quark line, Eðϱ̄φ̄†Þ.
Meson functions can then be expressed via

M½b1;b2�;ðρ1;ρ2Þ
Γ ðv1;w2; p; tÞ
¼ Γαβ

X
x

e−ip·xv½b1�aα;xtðρ1Þ�w½b2�
aβ;xtðρ2Þ; ð2:27Þ

where v, w are LapH source or sink vectors ϱ, ϱ̄ or φ; φ̄.
Single-meson correlation functions are a product of two
such meson functions, for example,

hπþðtfÞπ−ðt0Þi¼
1

4L3
h−M½b1;b2�;ðρ1;ρ2Þ

γ5

× ðφ̄i;φj; tFÞM½b1;b2�;ðρ1;ρ2Þ
γ5 ðϱ̄i;ϱj; t0Þ�iU;ρ;

ð2:28Þ

which uses the Einstein summation convention for the
dilution indices b1, b2. As our correlation functions can
contain two-pion operators at both the source and the sink,
we evaluate expressions with products of up to four meson
functions.
Correlation functions with a vector current at the sink

require a propagator that is not smeared at the sink. This can
be computed via [16,46]

D−1S ¼
X
b

Eðϕ½b�ðρÞðϱ½b�ðρÞÞ†Þ; ð2:29Þ

where ϕ is a LapH unsmeared sink vector,

ϕ½b�ðρÞ ¼ D−1VPðbÞρ; ð2:30Þ

and likewise ϕ̄½b�ðρÞ ¼ γ5ϕ
½b�ðρÞ yields an estimator

for SD−1.

C. Gauge field configurations and distillation schemes

We use three gauge field ensembles with two dynamical
mass-degenerate light flavors of nonperturbatively improved
Wilson quarks [47,48] generated by the Coordinated Lattice
Simulations (CLS) consortium using the DDHMC algorithm
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and software package [49,50]. The ensembles were gener-
ated with β ¼ 5.3 corresponding to a lattice spacing of
a ¼ 0.0658ð7Þð7Þ fm, and Table II lists key parameters of
these ensembles along with the number of configurations
used in our study.
We use different dilution schemes for quark lines

connected to the source time slice and for sink-to-sink
quark lines. Lines connected to the source time slice use
full spin dilution and full time dilution. Full Laplacian
eigenvector dilution is used on E5, while interlace-12
eigenvector dilution (LI12 in the notation of [42]) is used

on F6 and F7. The perambulators for sink-to-sink (sts)
quark lines are calculated with full spin dilution and
interlace-8 time dilution (TI8). On E5 sink-to-sink lines
use LI8, while LI12 is used on F6 and F7.
For the calculation of Laplacian eigenmodes, the PRIMME

package [51] is used with a preconditioner built from
Chebyshev polynomials [52]. Our code uses the library
QDP++ from USQCD [53] and the deflated SAPþ GCR
solver from the openQCD package [54]. For cross-checks
of the analysis the package TwoHadronsInBox [55] was used.

III. THE ρ RESONANCE

In this section the determination of the energy spectra,
the calculation of the phase shift from the energies, and the

TABLE III. Fit ranges to the single-cosh fit and corresponding
pion masses including jackknife errors on the three ensembles.

tmin tmax amπ

E5 15 28 0.14511(33)
F6 16 35 0.10366(29)
F7 19 40 0.08893(30)

TABLE II. CLS Nf ¼ 2 ensembles used in this study. All share
β ¼ 5.3 and a ¼ 0.0658ð7Þð7Þ fm. T and L refer to the lattice
extent in time and space directions, respectively. Nconf specifies
the number of gauge configurations used, while Nmeas refers to
the number of source time slices multiplied by the number of
configurations. The number of Laplacian eigenmodes used is
denoted by Nev.

T=a L=a mπ [MeV] κ mπL Nconf Nmeas Nev

E5 64 32 437 0.13625 4.7 500 2000 56
F6 96 48 311 0.13635 5.0 300 900 192
F7 96 48 265 0.13638 4.2 350 1050 192

FIG. 1. Spectra from the GEVP on the F6 lattice, using the window method, for two irreps: d2 ¼ 1; E on the left (a typical example for
the energy levels we extract) and d2 ¼ 2; A1 on the right (an example where the plateau does not look as good, particularly the
intermediate level). The different levels in the respective irrep are plotted using different colors and the accordingly colored bands are the
fit results of the corresponding eigenvalues to fit function allowing for the ground state and an excited state. The width of those bands
indicates the statistical error of the fit, and the length shows the chosen fit range. The horizontal lines are the free two-pion levels in the
respective moving frame.
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resulting resonance mass mρ and coupling gρππ are
described.

A. Energy spectra

The pion masses on the three ensembles have been
extracted using a cosh-fit ansatz. The fit ranges and results
are shown in Table III. We also solved the GEVP in the
window method for the eight irreps listed in Table I. The
extracted energy levels of two selected irreps on the F6
lattice, together with the effective energies EðkÞ

eff ðtÞ ¼
−t−1w lnðλðkÞðtÞÞ, are shown in Fig. 1.
The energy levels were obtained by fitting the eigen-

values extracted from the GEVP to a function allowing for
the ground state and one excited state. Results for all irreps
and ensembles are listed in Table IV, together with the
values of χ2=d:o:f: for each fit.

B. Lüscher formalism

Lüscher’s finite volume method [3,4] is used to map
the energy levels of the finite-volume lattice box to the
continuum phase shift.1 For the ρ, we are interested in the
l ¼ 1 partial wave. In principle, higher partial waves also

contribute to the spectrum.While the effect of the l ¼ 3 and
l ¼ 5 partial waves has been studied in [11,16], we expect it
to be negligible at our level of statistical precision. With this
restriction, the quantization condition reads

δ1ðkÞ ¼ ϕd
ΛðqÞ þ nπ: ð3:1Þ

In this equation, k ¼ ð2π=LÞq are the scattering momenta,
δ1ðkÞ is the l ¼ 1 infinite volume phase shift, and ϕd

ΛðqÞ is a
kinematical function related to modified zeta functions,
which can be computed to arbitrary precision. The center-
of-mass energy is given by Ecm ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ k2
p

. With the
spectrum data from the GEVP we can use this relation to
map out the infinite volume phase shift in the energy
region 2mπ < E < 4mπ .
The results from this procedure are shown in Fig. 2 for all

three ensembles used. The curve in this plot is a fit to a
Breit-Wigner parametrization,

k3 cotδBW1 ðk;gBWρππ ;mBW
ρ Þ¼ 6π

ðgBWρππÞ2
ððmBW

ρ Þ2−E2
cmÞEcm;

ð3:2Þ

which is motivated in the resonance region by the effective-
range formula. Note that in the limit of a narrow resonance,
the parameters mBW

ρ and gBWρππ become the mass and

TABLE IV. Extracted energy levels aEk (states are ordered from ground state to the higher excited states from top
to bottom) in the window method with tw ¼ 3 in each irrep for the three lattices used in this work. One level fewer
per irrep is extracted on E5, due to the levels being above the 4mπ threshold and the interpolator basis being smaller
by 1.

d2 Irrep E5 χ2=d:o:f: F6 χ2=d:o:f: F7 χ2=d:o:f:

0 T1 0.3213(11) 0.77 0.2883(9) 0.63 0.2727(11) 0.45
0.4905(21) 0.73 0.3443(15) 0.82 0.3306(17) 1.67

0.4333(32) 0.42 0.4228(34) 0.75
1 A1 0.3022(8) 1.05 0.2329(10) 0.84 0.2049(8) 1.40

0.3573(12) 1.12 0.2996(15) 0.96 0.2875(18) 0.66
0.3618(18) 1.24 0.3491(21) 1.04

1 E 0.3215(14) 1.67 0.2900(10) 0.83 0.2755(11) 1.14
0.5238(41) 0.77 0.3671(18) 1.02 0.3559(18) 0.49

0.4460(28) 0.35 0.4356(40) 0.56
2 A1 0.3068(11) 0.85 0.2472(10) 1.18 0.2224(11) 0.95

0.3783(20) 1.37 0.3054(17) 1.23 0.2945(21) 1.04
0.3753(18) 0.61 0.3646(21) 1.77

2 B1 0.3155(25) 0.60 0.2658(10) 0.86 0.2467(11) 1.82
0.4128(20) 1.11 0.3106(18) 1.25 0.2948(29) 1.67

0.3841(20) 1.48 0.3700(27) 0.43
2 B2 0.3240(23) 1.10 0.2913(13) 0.84 0.2783(17) 2.22

0.5454(51) 1.32 0.3755(18) 1.29 0.3653(20) 0.71
0.3943(24) 1.06 0.3797(40) 0.78

3 A1 0.3096(18) 0.59 0.2584(13) 0.37 0.2364(17) 1.35
0.3937(47) 0.62 0.2989(14) 0.44 0.2831(20) 0.82

0.3161(21) 0.97 0.3079(26) 0.82
3 E 0.3199(37) 1.83 0.2786(12) 1.41 0.2617(15) 0.73

0.4538(37) 0.77 0.3295(18) 1.12 0.3132(34) 1.74

1For a review of recent physics results from (extensions of) the
Lüscher method see Ref. [56].

ERBEN, GREEN, MOHLER, and WITTIG PHYS. REV. D 101, 054504 (2020)

054504-6



coupling of the ρ-meson, mρ, and gρππ. Given that the data
points and their error estimates are confined to the curves
dictated by the Lüscher zeta function, as is visible in Fig. 2,
we fit the data according to their error behavior along the
curves dictated by the zeta functions. The Lüscher con-
dition is reformulated to

cot δ1ðkÞ ¼ cotðϕðqÞÞ; ð3:3Þ

and the difference to Eq. (3.2),

fðq;gBWρππ ;mBW
ρ Þ¼ cotðϕðqÞÞ− cotδBW1

�
2π

L
q;gBWρππ ;mBW

ρ

�
;

ð3:4Þ
is calculated. Given any pair of resonance parameters
ðgBWρππ ; mBW

ρ Þ we can solve fðq; gBWρππ ; mBW
ρ Þ ¼ 0, and this

way obtain qfiti ðgBWρππ ; mBW
ρ Þ and the energy levels

Efit
cm;iðgBWρππ ; mBW

ρ Þ. To this end we define the χ2-function

χ2ðgBWρππ ; mBW
ρ Þ ¼

X
i;j

ðEfit
cm;iðgBWρππ ; mBW

ρ Þ − Elat;iÞ

× C−1
i;j ðEfit

cm;jðgBWρππ ; mBW
ρ Þ − Elat;jÞ; ð3:5Þ

with the covariance matrix

Ci;j ¼
Xnjk
k¼0

ðElat;i;k − Ēlat;iÞðElat;j;k − Ēlat;jÞ; ð3:6Þ

calculated from the njk jackknife samples of the lattice
energies and their central values Ēlat;i. By minimizing this
χ2-function on each jackknife sample, we can obtain fit
values for the parameters. One advantage of this approach
is that we can use any parametrization suitable for the
situation. We can compare our form factor results to the
Gounaris-Sakurai (GS) parametrization [57] of the phase
shift, which is characterized by the parameters mGS

ρ and

ΓGS
ρ ¼ k3ρ

ðmGS
ρ Þ2

ðgGSρππÞ2
6π :

k3

Ecm
cot½δGS1 ðkÞ� ¼ k2hðEcmÞ − k2ρhðmGS

ρ Þ þ ðk2 − k2ρÞb;

ð3:7Þ

b¼−
2

mGS
ρ

�
2k3ρ

mGS
ρ ΓGS

ρ
þ1

2
mGS

ρ hðmGS
ρ Þþk2ρh0ðmGS

ρ Þ
�
; ð3:8Þ

hðωÞ ¼ 2kω
πω

ln
ωþ 2kω
2mπ

; ð3:9Þ

kω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

4
−m2

π

r
; kρ ¼ kmGS

ρ
; ð3:10Þ

and show the results in Table V. The two fits produce
consistent results, although the Gounaris-Sakurai paramet-
rization yields slightly higher values of χ2.
Figure 3 shows the world data for the coupling gρππ from

various 2 and 2þ 1 flavor simulations. There is no

FIG. 2. Phase shifts on all three ensembles using the window
method. The horizontal axis shows the CMF energy of each level
and data points of the same color and symbol belong to the same
frame and irrep. Error bars follow the curves allowed by the
Lüscher zeta functions. The red vertical line indicates the 4mπ

threshold in each system; data points above are excluded from the
fit and thus shown in grey. The black line is the result of the Breit-
Wigner fit to our data by minimizing the χ2 functional defined in
(3.5). The χ2=d:o:f: for each fit is shown in the plots.

TABLE V. ParametersmBW=GS
ρ and gBW=GS

ρππ extracted from the fit to the energy levels using the Lüscher formalism,
using either the Breit-Wigner (BW) or Gounaris-Sakurai (GS) parametrizations. All levels are extracted using the
window method with tw ¼ 3.

E5 F6 F7

BW GS BW GS BW GS

mBW=GS
ρ 0.3156(8) 0.3157(10) 0.2933(8) 0.2934(9) 0.2800(10) 0.2800(10)

gBW=GS
ρππ 5.70(9) 5.66(9) 6.08(13) 6.03(13) 5.91(17) 5.88(16)

χ2=d:o:f: 1.47 1.64 0.75 0.84 1.47 1.52
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FIG. 3. Overview of lattice results for the coupling gρππ as a function of the pion mass in the calculation. The upper pane shows the
results from simulations with dynamical light and strange quarks [6,7,11,12,14–16,18,19,22], while the lower pane shows results with
dynamical light quarks only [8–10,13,17]. Where available, the scale-setting uncertainty provided by the authors has been added in
quadrature to obtain the errors on the horizontal axis. The value extracted from the physical ρ-meson width is indicated by the magenta
star and the black dashed line. The results from this work are the red open squares in the lower pane. With the exception of [22] which
quotes result from a modified Gounaris-Sakurai parametrization, the plotted couplings refer to the Breit-Wigner parametrization.

TABLE VI. Matrix elements jAl=cj extracted from the window method in units of 10−2. The values for ZV are
taken from [58]. The difference in jAlj and jAcj is likely due to cutoff effects, which are studied in [58,59].

d2 Irrep E5 F6 F7

ZV 0.74418(33) 0.74143(14) 0.74011(23)

jAlj jAcj jAlj jAcj jAlj jAcj

0 T1

2.41(34) 2.12(31) 1.94(22) 1.74(19) 1.79(24) 1.63(22)
0.75(20) 0.57(16) 1.06(18) 0.90(16) 1.05(17) 0.90(15)

0.71(22) 0.53(18) 0.80(20) 0.65(18)

1 A1

2.02(25) 1.81(22) 0.55(7) 0.51(6) 0.48(6) 0.46(5)
1.85(25) 1.59(22) 2.18(30) 1.95(26) 2.08(30) 1.87(26)

0.79(14) 0.66(12) 0.87(15) 0.74(13)

1 E
2.24(33) 1.98(30) 1.94(21) 1.74(19) 1.79(23) 1.63(21)
1.18(35) 0.97(30) 0.89(16) 0.74(14) 0.98(16) 0.82(14)

0.57(17) 0.42(14) 0.52(14) 0.40(11)

2 A1

2.44(32) 2.17(28) 0.83(10) 0.77(9) 0.72(10) 0.68(9)
1.57(26) 1.33(23) 2.25(32) 2.00(28) 2.22(33) 1.98(29)

0.65(12) 0.54(10) 0.63(11) 0.53(10)

2 B1

2.05(39) 1.81(35) 1.02(12) 0.93(11) 0.82(11) 0.76(11)
0.98(17) 0.81(15) 1.77(25) 1.56(22) 1.76(30) 1.57(26)

0.43(10) 0.33(9) 0.50(10) 0.41(9)

2 B2

2.18(41) 1.92(37) 1.91(24) 1.71(21) 1.77(27) 1.60(24)
0.61(19) 0.50(16) 0.38(8) 0.31(7) 0.16(4) 0.14(4)

0.92(18) 0.74(15) 0.87(20) 0.69(16)

3 A1

2.75(44) 2.44(40) 1.17(15) 1.08(13) 1.01(17) 0.94(16)
1.41(31) 1.17(26) 1.27(18) 1.12(15) 0.98(14) 0.87(13)

1.87(29) 1.63(26) 2.05(33) 1.81(29)

3 E
1.42(33) 1.25(30) 1.40(18) 1.26(15) 1.25(18) 1.14(17)
0.78(17) 0.64(14) 1.40(22) 1.20(19) 1.40(25) 1.21(22)
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significant dependence on the pion mass, and the lattice
results are generally close to the physical value.

IV. THE TIMELIKE PION FORM FACTOR

To determine the timelike pion form factor we first need
to calculate the matrix elements jAl=cjn ¼ jh0jJl=cjnij. The
subscripts l=c refer to the local and the conserved currents,
respectively. Our results for the matrix elements jAl=cj are
listed in Table VI. There are sizable differences between
jAlj and jAcj, likely due to cutoff effects, which are studied
in [58,59]. This is a clear indication that an improved
version of the currents (defined, e.g., in [60,61]) would be
preferable. These differences are supposed to vanish in the
continuum limit, but we cannot check this since we are only
considering a single lattice spacing.
We now have all the input to compute the timelike pion

form factor [20,62],

jðFπÞdΛðsÞj2 ¼ Gd
ΛðγÞ

�
qðϕd

ΛÞ0ðqÞ þ k
∂δ1ðkÞ
∂k

�
3πs
k5

jAj2;

ð4:1Þ

where s ¼ E2
cm and

Gd
ΛðγÞ ¼

� 1
γ if Λ ¼ A1

γ otherwise
; ð4:2Þ

with the Lorentz-boost γ ¼ E
Ecm

.
This equation includes derivatives of the infinite volume

phase shift δ1ðkÞ obtained in the previous section, and of
the modified Lüscher zeta functions ϕd

Λ, which were also
used in the phase-shift analysis, and which can be obtained
to any desired mathematical precision. We want to compare
our form factor results to another study [58], which was
performed on the same ensembles and which used corre-
lators with one local and one conserved vector current. To
conform with that study, we define the local-conserved
version of jAj2,

jAlcj2 ≡ jAljjAcj: ð4:3Þ

For another literature comparison [63], we use the local-
local version.
Equation (4.1) allows us to directly determine FπðsÞ

from lattice data for discrete values of s, using a para-
metrization of the phase shift as well as the current matrix
elements. To get a continuous description of FπðsÞ, we can
use the Gounaris-Sakurai (GS) parametrization [57], given
by the resonance parameters mρ, Γρ,

FGS
π ðEcmÞ ¼

f0
k3
Ecm

ðcot½δGS1 ðkÞ� − iÞ ; ð4:4Þ

f0 ¼ −
m2

π

π
− k2ρhðmρÞ − b

m2
ρ

4
; ð4:5Þ

with the definitions from Eqs. (3.7)–(3.10). The compari-
son of our lattice-calculated values for Fπ and the
Gounaris-Sakurai curves is shown in Fig. 4. We want to
stress that these curves are not fits to the form factor data.
The Gounaris-Sakurai curve seems to describe our data

reasonably well, but it would be desirable to have a fit to
our form factor data extracted from lattice QCD. One way
to realize such a fit is an n-subtracted Omnès representation
[64,65]

FðnÞ
π ðsÞ ¼ exp

�
Pn−1ðsÞsþ

sn

π

Z
∞

4m2
π

ds0
δ1ðs0Þ

ðs0Þnðs0 − s − iϵÞ
�
;

ð4:6Þ

where Pn−1ðsÞ is a polynomial function of degree n − 1.
We parametrize the phase shift δ1ðs0Þ in this equation using
the Breit-Wigner form, Eq. (3.2), and our extracted reso-
nance parameters. For the two-subtracted version, the
polynomial is a constant,

P1ðsÞ ¼
hr2πi
6

; ð4:7Þ

FIG. 4. The timelike pion form factor on the E5, F6, F7
ensembles (top to bottom). Data points with the same symbol and
color belong to the same frame and irreps. The error bars
associated with each data point come from a jackknife estimate.
The grey curve is the GS representation of Fπ , which only takes
the fit parameters of the phase-shift fitmρ; gρππ into account—it is
not a fit to the data pictured in these plots. The vertical red bars
indicate the 4mπ threshold for each lattice.
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with the square radius hr2πi of the pion. The polynomial for
the three-subtracted version reads

P2ðsÞ ¼
hr2πi
6

þ 1

2

�
2cπV −

�hr2πi
6

�
2
�
s; ð4:8Þ

with the curvature cπV of the pion form factor. The integrand
of

OnðsÞ ¼ exp

�
sn

π

Z
∞

4m2
π

ds0
δ1ðs0Þ

ðs0Þnðs0 − s − iϵÞ
�

ð4:9Þ

has a pole at s0 ¼ s, and in order to solve the integral
numerically we need to do a subtraction,

Z
∞

4m2
π

ds0
δ1ðs0Þ

ðs0Þnðs0 − s − iϵÞ

¼
Z

∞

4m2
π

ds0
δ1ðs0Þ − δ1ðsÞ
ðs0Þnðs0 − sÞ

þ δ1ðsÞ
Z

∞

4m2
π

ds0
1

ðs0Þnðs0 − s − iϵÞ : ð4:10Þ

The integral OðsÞ can now be computed analytically. We
divide the lattice data FπðsÞ by the function OnðsÞ and fit
the result using the function ffitðsÞ ¼ expðPn−1ðsÞsÞ. The
results of the fit to the three-subtracted version are shown in
Fig. 5. In the two-subtracted version, our data were not very
well described by the fit function. While the fits describe
the Fπ data much better than the GS representation of the
form factor, they tend to have rather large values of
χ2=d:o:f:, in particular for ensembles F6 and F7. We also
found that the off-diagonal elements of the (normalized)
correlation matrix are much larger for F6 and F7 compared
to E5. Noting that the 500 gauge configurations of
ensemble E5 originate from a much longer Markov chain,
it is conceivable that the large values of χ2=d:o:f: can be
explained by the fact that the level of statistics may not be
sufficient to estimate the covariance matrix reliably.
Nonetheless, we observe that the curves describe the data
quite well, which gives us confidence that the method
works as intended. This will be further studied in the future
using ensembles with Nf ¼ 2þ 1 flavors of Wilson
quarks, which generally contain a much higher number
of gauge configurations.

FIG. 5. Left panel: The timelike pion form factor on the E5, F6, F7 lattice (top to bottom), window method. Data points with the same
symbol and color belong to the same frame and irreps. The orange curve is the fit to Fπ , parametrized via the three-subtracted version of
Eq. (4.6). The vertical red bars indicate the 4mπ threshold in each lattice and data points above this threshold have not been included in
the fit and are shown in grey for this reason. Right panel: The data which we are actually fitting to. The vertical axis shows Fπ divided by
the Omnès integral, i.e., the analytically calculable part of Eq. (4.6), and the fit function is fðsÞ ¼ expðPsÞ, where P is a first-order
polynomial. The vertical axis is displayed on a log scale and the orange curve is the fit function with the jackknife error. Also shown are
the χ2=d:o:f: values of the respective fits, which are quite high.
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Results for the square radius hr2πi from this fit are shown
in Table VII. The results for the two- and three-subtracted
versions differ on the level of 2σ, which is another
indication that the two-subtracted version is not enough
to describe the data accurately. The square radius was
previously determined in [63] by fitting the spacelike pion
form factor, computed on the same ensembles we are using
in our study. This is a completely different approach and
provides a very good cross-check of our fit procedure.
Because the authors of [63] employ a local current (as

opposed to the local-conserved setup used up to this point),
we repeated the analysis using jAlj in Eq. (4.1). The results
for the square radius from this analysis are shown and
compared to the result from [63] in Table VIII. While both
results agree very well for ensembles E5 and F6, we obtain
a somewhat smaller square radius on ensemble F7. This
observation is discussed further in Sec. V. The comparison
of this table with Table VII shows again that discretization
effects in our currents are sizable.
As a consistency check our results for the square radius

and curvature are plotted as a function of the pion mass,
along with the values from phenomenological determina-
tions in Fig. 6. For the square radius we compare to the
recent determination from Ref. [67], while for the curvature
we use the value from Ref. [68], which also provides an
overview of various determinations. Note that the pion
mass dependence of our results is in good qualitative
agreements with the expectations from Ref. [69]. Lattice
results for the curvature have previously been obtained
in [70].

V. HADRONIC VACUUM POLARIZATION

Recently, it has been realized that the timelike pion form
factor has an important application in the context of lattice
calculations of the hadronic contributions to the muon
g − 2. The hadronic vacuum polarization contribution, ahvpμ ,
is accessible in lattice QCD via several integral represen-
tations involving the vector correlator [26]. A convenient
way to evaluate ahvpμ is based on the so-called time-
momentum representation (TMR) [23–25],

ahvpμ ¼
�
α

π

�
2
Z

∞

0

dx0Gðx0ÞK̃ðx0;mμÞ; ð5:1Þ

with a known kernel function K̃ðx0;mμÞ, the muon mass
mμ, and the vector-vector correlator,

TABLE VIII. Same as Table VII but using a local-local vector
current. The last line shows the values from [63], where hr2πi has
been computed from a fit to the spacelike form factor. The
difference of our results to the corresponding values in Table VII
comes from discretization effects, which are also visible in the
matrix elements themselves, shown in Table VI.

n E5 F6 F7

hr2πi=r20 2 1.25(2) 1.41(1) 1.53(2)
hr2πi=r20 3 1.18(3) 1.37(3) 1.43(4)
cV=r40 3 3.81(7) 5.26(8) 6.33(15)
hr2πi=r20 [63] 1.18(5) 1.37(6) 1.61(10)
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FIG. 6. Left panel: Pion mass dependence of the square radius hr2πi. Right panel: The same for the curvature cv. Our lattice results are
compared to the determinations in Refs. [67] and [68], respectively. The inner error bar on the lattice data denotes the statistical
uncertainty, while the outer error bar includes the scale setting uncertainty from the conversion to physical units.

TABLE VII. Square radius and curvature (in units of 10−2) of
the pion obtained from the fit to the n-subtracted Omnès
representation of the form factor, using a local-conserved current
setup. The Sommer scale r0 is taken from [66]. We want to stress
that the curvature can indeed be calculated from the fit parameter
we use, but that the result and particularly the error estimate
presented here might not be the physical value.

n E5 F6 F7

hr2πi=r20 2 1.18(2) 1.34(1) 1.46(2)
hr2πi=r20 3 1.11(3) 1.31(3) 1.37(4)
cV=r40 3 3.59(7) 4.98(7) 6.05(15)
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Gðx0Þδkl ¼ −
Z

d3xhJemk ðxÞJeml ð0Þi: ð5:2Þ

Here, Jemμ is the electromagnetic current,

Jemμ ðxÞ ¼ 2

3
ūðxÞγμuðxÞ−

1

3
d̄ðxÞγμdðxÞ−

1

3
s̄ðxÞγμsðxÞþ � � � :

ð5:3Þ

A definition of the kernel can be found in [58]. This
correlator can be decomposed into an isovector (I ¼ 1) and
an isoscalar (I ¼ 0) part, Gðx0Þ ¼ GI¼1ðx0Þ þ GI¼0ðx0Þ. It
is also commonly decomposed into connected diagrams
from each quark flavor and disconnected diagrams. For
comparison with Ref. [58], we will focus on the connected
light-quark contribution, Gudðx0Þ ¼ 10

9
GI¼1ðx0Þ. While for

small x0, this correlator can be precisely computed on the
lattice, the signal cannot be traced to arbitrarily large values
of x0, partly due to the deteriorating signal-to-noise ratio,
but also due to the finite time extent of the lattice. Getting a
good estimate for the long-distance behavior of Gðx0Þ,
which is needed to perform the integral to infinity, is one of
the main challenges. The general idea is therefore to use the
direct lattice data up to some cutoff distance xcut0 and to

determine the part above this distance separately.2

Reference [58] used a simplistic single-exponential model
for the large-time part of Gudðx0Þ,

Gudðx0Þ ¼ ce−mρx0 ; ð5:4Þ

wheremρ was a naive estimate for the rho mass, namely the
plateau value of a hρðtÞρ†ð0Þi correlator, and c was
determined by fitting Gudðx0Þ. We are improving on this
method in our work using two different approaches, one
using a reconstruction of the finite-volume correlator and
one estimating the infinite-volume correlator.
The finite-volume approach uses the information we

have about the lowest states in the energy spectrum from
the GEVP. We can reconstruct the light-quark correlator
with the current matrix elements jAl=cj we already used to
compute Fπ ,

FIG. 7. The light quark contribution to the integrand of
Eq. (5.1) for ensembles E5, F6, F7 (top to bottom). The data
points computed in [58] are plotted as black filled circles up to
xcut0 and as open circles above the cut. The bands represent the
continuation of the correlator above xcut0 as discussed in Ref. [58].
Colored symbols denote the data from this work using the
reconstructed light-quark correlator Gud

nmax
from Eq. (5.5) for

different values of nmax. The vertical lines indicate the value
of xcut0 .

FIG. 8. The integrand of Eq. (5.1) for ensembles E5, F6, F7 (top
to bottom). The meaning of the black filled and open circles is the
same as in Fig. 7. Blue triangles represent the integrand
reconstructed from the isovector correlator Gud

nmax
of Eq. (5.5)

for the corresponding value of nmax. Data corresponding to the
isovector correlator constructed from the GS parametrization and
the three-subtracted Omnès representation of Fπ are shown as red
and blue bands, respectively. The different types of extending the
correlator above xcut0 are used to compute the results for ahvpμ

presented in Table IX. The difference between the two- and three-
subtracted versions of the Omnès representation integral is too
small to be seen on this plot.

2One can also obtain rigorous upper and lower bounds for the
long-time contribution [71,72], which can be improved with
knowledge of the spectral decomposition of Gudðx0Þ [59,73].
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Gud
nmax

ðx0Þ ¼
10

9

Xnmax

n¼0

jAlcj2ne−Enx0 : ð5:5Þ

This approach has several advantages: Not only do we get a
more precise estimate for the large-x0 behavior of Gudðx0Þ,
but we also have a way to determine the number of states
required for a reliable estimate. By computingGud

nmax
ðx0Þ for

different values of nmax, we can see the estimates converg-
ing toward each other. In a region where Gud

n ðx0Þ agrees
within errors with Gud

nþ1ðx0Þ, we assume that all energy
levels nþ 2 and above will not contribute significantly to
Gudðx0Þ. The integrand of Eq. (5.1) for different values of
nmax can be seen in Fig. 7. We compare it to the data
obtained by a direct calculation of the vector-vector
correlator on the same ensembles, performed in [58].
Even for values lower than xcut0 , the contribution obtained
only from the first level on E5 saturates the contribution
from the lowest two levels. On F6 and F7, the contribution
from two levels saturates the contribution obtained from
three levels, also at comparably low x0. This means that the
computation of further levels would not contribute signifi-
cantly to ahvpμ , and it also shows that a one-exponential tail
is not well motivated on F6 and F7. Also, on E5 and F6, our
reconstructed data saturate the lattice data from [58] around
xcut0 and are much more precise afterwards. On F7, the
correlator data lie significantly above the reconstruction,
which might be caused by a correlated fluctuation upward
that overestimates the vector-vector correlator. Already
starting at about 1 fm, the data from the direct lattice

calculation on F7 seem to deviate from the expected
behavior, leading to this possible overestimation.
In the infinite-volume approach, the long-time part of the

correlator is estimated by evaluating the integral

Gud
Fπ
ðx0Þ ¼

10

9

Z
∞

0

dωω2ρðω2Þe−ωx0 : ð5:6Þ

Below the 4mπ threshold,3 ρðsÞ can be parametrized by

ρðsÞ ¼ 1

48π2

�
1 −

4m2
π

s

�3
2jFπðsÞj2: ð5:7Þ

This approach was also used in [58], where the form factor
was estimated using the Gounaris-Sakurai [57] parametri-
zation using the naive rho massmρ and an estimation of the
width Γρ based on its experimental value and an assumed
scaling Γρ ∝ k3ρ=m2

ρ.
4

In this work, we have several parametrizations of Fπ and
can therefore directly evaluate Eq. (5.6). The result of this is
shown in Fig. 8, where we compare the vector-vector
correlator Gud

Fπ
obtained from the Gounaris-Sakurai and

TABLE IX. Values for ahvpμ obtained using various methods, in units of 10−8. The first line shows the accumulated
integral over the lattice data up to xcut0 . The next four lines show the integral over the long-time tail using the
following four methods: (1-exp/GS) is the single-exponential (on E5) or the finite-volume GS parametrization (on
F6 and F7), which is a reanalysis of the data from [58]. Gud

nmax
is our extension using the reconstruction of the light-

quark correlator using Eq. (5.5). Gud
Fπ

reconstructs the vector-vector correlator using Eq. (5.6), where the pion form
factor Fπ is parametrized by the n-subtracted Omnès representation for n ¼ 2 and n ¼ 3. We do not show the results
of Gud

Fπ
reconstructed using the GS parametrization of Fπ as it does not describe our data well, as can be seen in

Fig. 8. The last three lines show the estimate of a correction for finite-volume effects, based on the difference
between Gud

Fπ
and Gud

nmax
, or based on the GS parametrizations in Ref. [58] (which was not done for E5).

E5 F6 F7

0 to xcut0 2.662(26) 3.131(52) 3.462(86)

xcut0 to ∞ (1-exp/GS) 0.484(15) 0.818(52) 1.238(96)
xcut0 to ∞ (Gud

nmax
) 0.473(9) 0.808(13) 1.050(20)

xcut0 to ∞ (Gud
Fπ
; n ¼ 2) 0.516(13) 0.776(29) 1.049(48)

xcut0 to ∞ (Gud
Fπ
; n ¼ 3) 0.502(13) 0.805(30) 1.078(52)

0 to ∞ (1-exp/GS) 3.146(39) 3.949(99) 4.700(173)
0 to ∞ (Gud

nmax
) 3.135(28) 3.940(59) 4.524(95)

0 to ∞ (Gud
Fπ
; n ¼ 2) 3.179(30) 3.907(63) 4.511(102)

0 to ∞ (Gud
Fπ
; n ¼ 3) 3.165(31) 3.936(65) 4.540(106)

FV correction, n ¼ 2 0.043(12) −0.032ð31Þ −0.001ð50Þ
FV correction, n ¼ 3 0.029(13) −0.003ð31Þ 0.028(54)
FV correction, [58] 0.03 0.07

3Because the integrand is exponentially suppressed at high
energy, we use this parametrization (and the one of Fπ) also
above the 4mπ threshold.

4We will not compare the infinite-volume GS results from
Ref. [58] with ours. In that work, the GS model was also used for
a finite-volume extension of the correlator, and we compare those
results with ours in Table IX.
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from the Omnès representations and for comparison show
the estimator with the highest nmax from Fig. 7 as well as
the Mainz HVP data from [58] again. It is obvious that the
Gounaris-Sakurai representation with the parameters taken
from our phase-shift analysis is not a good parametrization
of our data and leads to an integrand that does not saturate
the lattice data.
Table IX shows our results for the long-time tail

computed using the different methods employed in this
work and compares them to the naive estimate obtained in
[58] without access to the resonance data from this work.
Also shown is the full value for ahvpμ , which is the sum of the
contribution from the direct lattice calculation and the
different long-time tails. One can see readily from Fig. 7
that on F7, our reconstruction of the vector-vector correlator
using Eq. (5.5) does not saturate the data from the direct
lattice computation of Gudðx0Þ. When comparing our new
values for ahvpμ with the ones from [58] and the chiral
extrapolation performed in that work (see Fig. 9), one can
see that the value for F7 shifts significantly, but that it comes
to an overall better agreement with the chiral extrapolation
curve. Because the lattice data on F7 seem to show a large
correlated fluctuation already at about 1 fm, and because we
are using a transition value of xcut0 ≈ 1.38 fm, the true value
for ahvpμ might be even lower. In any case, the published

value for F7 lay prominently above the fit curve of the data
points sharing the same lattice spacing, and our analysis
brought this data point closer to the curve. A similar issue is
observed for the pion radius when comparing our results in
Table VIII to the published results in [63].
Although asymptotically finite-volume effects in

Gudðx0Þ are suppressed exponentially as e−mπL, in practice
these effects can be significant. When the large-x0 region is
dominated by a small number of states, the volume
dependence is not in the asymptotic regime [23].
Therefore, it is useful to consider the difference between
infinite-volume and finite-volume reconstructions, which
provides an estimate of a finite-volume correction. This is
also shown in Table IX. On ensemble E5, the correction is
statistically significant and roughly þ1%. On F6 and F7,
where a finite-volume correction was previously estimated
in Ref. [58], our results are consistent with zero and also
consistent with the previous estimate.

VI. CONCLUSIONS

We have performed an analysis of I ¼ 1 pion-pion
scattering on three different Nf ¼ 2 ensembles at fixed
lattice spacing. Our spectra have been determined using the
variational method for a total of eight different irreps in the
center-of-mass frame and three different moving frames
with lattice momenta up to d2 ¼ 3. The spectral informa-
tion was used in a finite-volume analysis to determine the
parameters that characterize the resonance. We have stud-
ied the consistency of different parametrizations of the
phase shift by comparing the results for the massmρ and the
coupling gρππ obtained from fits to either the Breit-Wigner
or the Gounaris-Sakurai representation. Our results, shown
in Table V, indicate that the parameters are only weakly
dependent on the parametrization.
We have used our parametrization of the phase shift

together with the matrix elements of the local and point-split
vector currents to compute the pion form factor, Fπ , in the
timelike region. While the results for Fπ agree qualitatively
with the Gounaris-Sakurai parametrization based on our ρ
meson masses and couplings, they are better described by
an Omnès representation obtained from a fit to the Fπ data,
taking the parameters mρ and gρππ as input quantities.
The thrice-subtracted version provides a particularly

good description and also allows for the determination
of the (squared) pion charge radius hr2πi. Our results
compare well to an independent calculation of the charge
radius on the same ensembles, obtained from the slope of
the pion form factor in terms of the spacelike momentum
transfer Q2 [63]. When lowering the pion mass, our results
for hr2πi and the curvature approach the phenomenological
values [67,68]. The resulting mass dependence of the
squared radius is compatible with the results in Ref. [69].
While the characterization of resonances using lattice

techniques is interesting in its own right, the gained

FIG. 9. Pion mass dependence of ahvpμ at β ¼ 5.3. Red triangles
correspond to the data computed in Ref. [58] with the chiral
extrapolation at nonzero lattice spacing represented by the band.
The blue circles denote the data points determined from the large-
x0 tail of our most precise reconstruction of the correlator, which
is the Gud

nmax
correlator using the matrix elements jAj as an input.

Points are slightly shifted for clarity. The leftmost red triangle
corresponds to ensemble G8 (mπ ¼ 185 MeV), which was not
considered in this work. Our determination of the tail of the
isovector correlator allows for a significantly more precise
determination of ahvpμ compared to Ref. [58]. Furthermore, we
find that the result for F7 moves closer to the curve when our
reconstruction of the large-distance tail is used.
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information can also be put to good use in different
contexts. As another important application we have con-
sidered the calculation of the hadronic vacuum polarization
contribution to the muon anomalous magnetic moment,
ahvpμ . The precision of lattice calculations of ahvpμ is typically
limited by the long-distance tail of the vector correlator.
By means of a direct comparison with an earlier study

[58], we have shown that the precision in ahvpμ can be
substantially increased by describing the long-distance tail
of the TMR integrand [see Eq. (5.1)] using the spectral
information on the first few states in the isovector channel.
Alternatively, the tail of the integrand can be much more
accurately constrained via the representation of the vector
correlator in terms of the pion form factor. These tech-
niques have, in the meantime, been employed in a recent
calculation of ahvpμ on CLS gauge ensembles with Nf ¼
2þ 1 flavors of dynamical quarks [59]. Going beyond that
work, we have used the difference between infinite-volume
and finite-volume reconstructions to estimate finite-volume
effects; the results are consistent with previous estimates
using the Gounaris-Sakurai model.
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