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ABSTRACT: In electroweak baryogenesis the baryon asymmetry of the universe is created
during the electroweak phase transition. The quantum transport equations governing the
dynamics of the plasma particles can be derived in the vev-insertion approximation, which
treats the vev-dependent part of the particle masses as a perturbation. We calculate
the next-to-leading order (NLO) contribution to the CP-violating source term and CP-
conserving relaxation rate, corresponding to Feynman diagrams for the self-energies with
four mass insertions. We consider both a pair of Weyl fermions and a pair of complex
scalars, that scatter off the bubble wall. We find: (i) The NLO correction becomes large
for O(1) couplings. If only the Standard Model (SM) Higgs obtains a vev during the phase
transition, this implies the vev-insertion approximation breaks down for top quarks. (ii)
The resonant enhancement of the source term and relaxation rate, that exists at leading
order in the limit of degenerate thermal masses for the fermions/scalars, persists at NLO.
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1 Introduction

In electroweak baryogenesis (EWB) the baryon asymmetry of the universe is created dur-
ing the electroweak phase transition. The scenario requires new physics at the electroweak
scale, in particular an extension of the standard model (SM) scalar sector to obtain a strong
first-order phase transition, and new sources of CP violation beyond those present in the
CKM matrix. A major motivation to study EWB in detail is that it can be probed by
experiment, for instance by collider searches for new scalars [1-4], precision Higgs stud-
ies [5, 6], and CP-odd collider observables [7-11]. Particularly tight constraints on new
sources of CP violation come from measurements of the electric dipole moment [12-17]. In
addition, gravitational waves produced during the phase transition may be measured by
LISA or other future gravitational wave observatories [18, 19].

To draw definite conclusions on the viability of EWB scenarios, accurate theoretical
predictions are needed, which are currently somewhat lacking. Although no comprehensive



comparison of different theoretical approaches exists, it has been shown for specific models
that predictions may vary by more than an order of magnitude [20]. The computation is
hampered by the non-equilibrium, non-perturbative, and finite-temperature aspects of the
process. The starting point for a quantum treatment of EWB is the closed-time-path for-
malism at finite temperature. The dynamics of the phase space densities of plasma quanta
are described by the Kadanoff-Baym equations [21-23]. Unfortunately, these equations
are complicated, and a series of approximations — which are not always controlled — are
needed to make progress.

We will focus on the vev-insertion approximation (VIA) method [24-26]. To derive a
set of transport equations for the plasma particles that are simple enough to solve (numeri-
cally), the following main approximations are made: (i) The bubble dynamics is treated as
slow compared to the typical time-scale of the plasma excitations. (ii) Quantum coherence
effects are neglected, which allows to rewrite the Kadanoff-Baym equations in terms of
number densities rather than phase-space densities. (iii) It is assumed that Fick’s first law
can be used to incorporate diffusion. And finally, (iv) the effective mass of the relevant
plasma particles, which is spacetime-dependent in the bubble wall background, is treated
as a perturbation.

The VIA method derives its name from the last approximation, as it corresponds to an
expansion in the number of vev-insertions, that is, insertions of the two-point coupling, in
the Feynman diagrams for the particles scattering in the bubble background. In this paper,
we will determine the validity of this expansion, by calculating the next-to-leading order
(NLO) correction to the CP-odd and -even rates for fermion/scalar interactions with the
bubble wall. We will consider both a left- and right-handed fermion pair with a Yukawa-
type interaction with the Higgs field, and a pair of complex scalars — also denoted by left
and right — with a left-right-mixing coupling to the Higgs.

The transport equation for the right-handed field is of the form

uin = S — I (g +pn) =T (g — pr) — Tr(pr — pr — ¢ i) + - - - (1.1)

Similar equations exist for the left-handed field and for the Higgs boson. Here jf is the
number current for the right-handed particles (the zeroth component corresponds to the
number density of particles minus antiparticles), p; the chemical potential of particle 4,
and ¢ depends on the coupling to the Higgs field. The CP-violating term 59 sources the
creation of a non-zero number density of right-handed particles, and it originates from
interactions with the bubble wall. All other rates on the right-hand side of the equation
conserve CP, and they give rise to washout of the number density. The relaxation rates I'*
encode interactions with the bubble wall, I'f interactions with the Higgs quanta, and the
ellipses stand for all possible other interactions. A net chiral density in front of the bubble
wall is transformed into a net baryon asymmetry by weak sphaleron transitions.

We will calculate the CP-even rates I'T and the CP-odd source term S9° to NLO in
the vev-insertion expansion. They arise from the scatterings of the fermions/scalars with
the bubble wall, mediated by the vev-dependent two-point coupling, f¢(¢p) and fs(pp) for
fermions and scalars respectively, with ¢} the bubble wall Higgs background. Let’s focus on
the fermions. Based on naive dimensional analysis one would expect the NLO correction



to be suppressed by a factor |ff|*/T%, with T the temperature at bubble nucleation.
However, it is not obvious that this estimate is accurate as there are other scales in the
problem, such as the thermal decay widths 'y of the particles. In fact, at leading-order in
VIA the dominant rate and source term are both resonantly enhanced in the limit that the
field-independent (thermal) masses for the left- and righthanded particles are degenerate,
and then scale as 59’15, '™ &« 1/T'p. Moreover, as we will show, since the correction can be
order one for the top quark, it is important to check for possible numerical factors in the
expansion parameter. It should be noted that the vev-insertion expansion is not a loop
expansion and thus there are no factors of (47) appearing.

The NLO expressions generically have a complicated form, but simplify enormously
in the limit of degenerate masses for the left- and right-handed particles, which is a good
approximation for the top quark. We then find that the ratio of the NLO to LO contribution
for fermions is (I'" vanishes in the mass degenerate limit):

|F_|NLO _ |SQI§|NLO ~ |ff‘2m2T -~ |ff‘2
T lo |89  8T3T%  8aT%’

(1.2)

with mp the thermal mass, and « the QCD (electroweak) coupling for fermions with strong
(electroweak) interactions. For scalars the enhancement factor also depends on the thermal
width, and is given explicitly in egs. (5.6) and (5.14). For quarks eq. (1.2) is of the order of
the naive estimate |f¢|?/T%. The couplings f; are model dependent, and the validity of the
vev-insertion approximation should be checked per model. In set-ups where only the SM
Higgs is non-zero along the bubble wall |ff| = yr¢p with yr the SM Yukawa coupling, and
thus VIA breaks down for a pair of top quarks, but works well for all other SM fermions.

We further find that in the degenerate mass limit the NLO correction is just a mul-
tiplicative factor. The resonant condition of the leading order source term and relaxation
rate is not shifted or otherwise affected, and is a robust result.

This paper is organized as follows. In the next section, we briefly summarize the rele-
vant formalism. We first introduce the fermionic and scalar set-up and define the two-point
coupling fr and f, in section 2.1. Section 2.2 recaps the Feynman rules and propagator rela-
tions relevant for the calculation of the source terms in the CTP formalism, and section 2.3
gives the transport equations in the vev-insertion approximation. To calculate the source
terms, multiple contour integrals need to be performed. To set the notation, we give the
master integrals in section 2.4. In section 3 we review the leading order calculation for both
the CP-violating and -conserving source terms. In section 4 the calculation is extended
to the next-to-leading order contribution. We will provide all the calculational details.
Readers only interested in the final results can go from section 2.3 straight to section 5
where we summarize the outcome of the NLO calculation, and discuss the implications.

2 Set-up, formalism and notation

In this section we introduce the set-up, and recap the formalism to calculate the source
5% and wash-out rates I't in the transport equation (1.1) from Feynman diagrams. The
leading order and next-to-leading order calculation is then presented in the next sections.



2.1 Model

We consider a two-flavor! system consisting of either a pair of chiral fermions (11, ¥R)
or a pair of complex scalars (¢r, ¢r), and we are interested in their dynamics during the
electroweak phase transition. In the high temperature expansion the thermal masses of
the particles are field independent, and they are included in the free Lagrangian, and thus
appear in the propagators defined in section 2.2. Scalars can in addition have a flavor
diagonal constant mass term; this possibility can be included by substituting everywhere
m2T — m2T + M? with M the bare mass. CP-violation resides in left-right mixing cou-
plings to the Higgs field, which in the bubble wall background generates a field-dependent
mass for the fermions/scalars. This mass is treated as a perturbation in the vev-insertion
approximation (VIA), and included in the interaction Lagrangian. The Higgs vev can be
parametrized as (HTH) = o7 (z#), with ¢y (2#) the space-time dependent bounce solution
(in multi-Higgs models, we are interested in the linear combination of Higgs vevs that en-
ters the bounce solution for tunneling). We can then write the two-point interaction for
the fermions and scalars as

. f&gb)zmz% +he, LMD —fdpy)o]ér +he., (2.1)

with f; and i = f, s the CP-violating field-dependent mass term. It describes the scattering

L‘iJPt >

of the plasma particles off the bubble wall. The interaction violates CP, and particles
and antiparticles scatter differently, provided Im(f; fl) # 0. In explicit models, this can
be achieved if two (or more) different interactions with complex couplings contribute to
fi, as then the relative phase cannot be rotated away in the bubble background. For
example, CP-violation (CPV) can arise in a two-Higgs doublet model from interference
between couplings to the two Higgs fields [28-35]. Alternatively, in an effective field theory
approach it can come from interference between SM Yukawa and dimension-six effective
interactions [13, 16, 36, 37]. When we discuss the implications of our work in section 5 we
will focus on the case where (¢, 1¥r) are the chiralities of a single SM fermion, e.g. the left-
and right-handed top quark, but the results can be straightforwardly generalized to set-ups
where the CP-violating interaction is between particles from different families [38, 39]. For
the scalar set-up the coupling fs can both be linear in the Higgs field (plus possible higher
dimensional terms), as happens in supersymmetric models [26], and quadratic [40].

For our considerations, the origin of the mass term is not important, and we work with
the phenomenological parametrization in eq. (2.1).

2.2 CTP formalism and Wightman functions

We use the formalism of [26], and our metric is (+,—, —, —, ).

The evolution of the plasma quanta during the electroweak phase transition is described
using the finite-temperature, non-equilibrium Closed Time Path (CTP) or Schwinger-
Keldysh formalism [41-43]. For an extensive introduction to the CTP formalism, see
e.g. [23].

n this work “flavor” means L, R (as in ref. [27]).



All integrals and derivatives are performed along a closed path, that can be split into
a plus-branch from the initial time (which for initial thermal equilibrium can be taken
to minus infinity) to some finite time ¢, and a minus-branch going backwards. There are
then four Green functions, depending on the branch that the time arguments of the fields
are located on. The interactions connect fields on the same branch; the Feynman rule is
that every mass insertion gives a factor —¢ fg for the scalar theory, with j = £+ denoting
the branch, and a factor —i f? /+/2 for the fermionic theory. Since the minus branch runs
backward in time the coupling picks up an additional sign

fir==1 = (2.2)

Scalars For scalars the Wightman functions are defined as

G (2,y) =G (z,y) = (6(2)0'(v)), G (2,y) =G (z,9) = (o' ()o(x)), (2.3)

where we have suppressed the labels L, R on the fields and Wightman functions. Since
the thermal masses are flavor diagonal, and the off-diagonal mass term is treated as a
perturbation, all Green functions are diagonal in flavor space. The time- and anti-time-
ordered propagators are

Gt (z,y) = G (z,y) =0 —°)G T (z,y) + O — 2°)GT (z,y),
G~ (2,y) = Gl(z,y) = 0" — y")GT (z,y) + O(y° — 2°)G~F(z,y), (2.4)

with ©(z) the Heaviside step function. Under complex conjugation the Green functions
transform as

G =G, (GIO=Gr,  (GINT=G.m .  (G,)) =G, (25)

where we introduced the notation G,y = G(z,y).
Explicitly, the Wightman functions are given by

G a,y) = /k e ED (ko w)p(ko, F) (2.6)

with A =>, < and [, = [d%/(27)". We will also use the notation [ = [ d3k/(27)? and
Jro = [dk°/(2m). The spectral density is

L 1 1 1 1
ko, k) = — - - 2.7
pko, k) 2w [ko—é’* FotE Fo—¢ Rte’ 27)
with
E=wp+il'r, E =w, — 7. (28)

We include the (leading order) thermal corrections in the propagators and take w? =
k2 + mQT(T) with m7 and I'r the thermal mass and width respectively. We neglect devia-
tions from thermal equilibrium for the thermal distribution functions, and expand in small
chemical potential:

03 (ko) = 14 maCho — 1) = 1) — 22200 1 0,2
5 (ko) = malhy — 1) = ma(ko) — 2200 1 o), (2.9



with the Bose-Einstein distribution and its derivative given by

1 e/ T

ns(r) = ———— hs(x) = Tnl(x) = —m.

Ty (2.10)

Fermions The fermionic Wightman functions are defined via

ST (w,y) = 57 (x,y) = (W(x)P(y)), ST (x,y) =S5 (x,y) = W)(x), (2.11)

where we suppressed both spinor and flavor indices. The time-ordered propagators are
defined by equivalent relations to the scalar ones eq. (2.4). The hermiticity properties are

(e )T =725, (ST =570 (SHENT=7"57" (ST =155
(2.12)
The explicit form of the Wightman function is

$Ma,y) = /k @D (ko 1) plko, ) (K + mr) | (2.13)

with the spectral density again given by eq. (2.7), and mp the thermal mass. For future
reference we introduce the notation

Sz, y)‘Tr(m):O - /ke_ik.(x_y)gﬁ(ko, 1i)p(ko, k) (F) (2.14)

that is, the subscript Tr(m) = 0 indicates that the mass term in the last factor of eq. (2.13)
is set to zero. The thermal distribution functions for fermions are

he(k
97 (ko, pi) = 1 —nyp(ko — pi) = 1 —ny(ko) + s f]E o) +0(u?),

phi (ko)
T

g5 (ko, i) = —ny(ko — pi) = —ng(ko) + +0(u?), (2.15)

with the Fermi-Dirac distribution and its derivative given by

1 /T

hy(x) = Tny(z) = T (2.16)

ny(z) = m,

2.3 Transport equations

The transport equations can be derived directly from the Schwinger-Dyson equa-
tions [25, 26], or equivalently, from the Kadanoff-Baym equations [44]. The latter approach
makes transparant that only the leading order terms in the derivative expansion are in-
cluded, i.e., that it is assumed that the bubble wall dynamics is slow compared to the
typical timescale of the plasma excitations which is set by the temperature. The result for
scalars is

zo
8#]5@) = /dgy/ dyO [H;;G;r:; - H;in;aj - G:;erH;xi + G;yiﬂ?;:;r ) (2‘17)

with H;:\y = II*(z,y) the self-energy. In the diffusion approximation j# = (n, —DVn) with

D the diffusion constant. Neglecting the bubble wall curvature, the transport equations



reduce to ordinary differential equations for the number densities of plasma particles. The
transport equation for a Dirac fermion current is

Ay (x / d®y / dyo Tr y+sy+g; =X St = S S TEL | (2.18)

with Eéy the self-energy. Apart from the overall sign and the trace over spinor space, this
has the same form as the scalar transport eq. (2.17).

The transport equations can be simplified using the hermiticity properties. The self-
energies satisfy the same type of relations as the propagators in eqs. (2.5) and (2.12)

W' =1L @) =10, (S0 =2"200 G5 ="
(2.19)

We will verify this explicitly for the LO and NLO contributions in the next two sections.
We will always calculate the transport equation for the right-handed particle, the
corresponding one for the left-handed particle then follows from @Jgﬂ. = —8%7%71. with
i = f,s for fermions respectively scalars. Putting back the flavor indices, and using the

hermiticity properties of the self-energy, this becomes

aﬂjg,s(zv) = /d4y @zy 2Re [HR a;yGR yr R:cyGR yz] = S;‘P + Sgﬁa

Opity () = / d'y O, e Tr [Sit Si — i, St | = S+ 7. (220)

with Oy = O(z" — °). In the expression on the right-hand-side we split the current in
of

. and a CP-violating source S?g = S%,, and to avoid

a CP-conserving source S{" = S%,
notational clutter we have dropped the flavor index. The relaxation rate extracted from

the CP-conserving source term for the right-handed particles is?

S = =T (ur + pr) =T (ur —pr) = —Tfpt =T, (2.21)

where we suppressed the scalar/fermion index. Egs. (2.20) and (2.21) are the master
equations to calculate the source terms and rates.

We can expand the scalar self-energy in the coupling f,:
I = H Rio T HR wvo - o= E Rrio T ER xLo - (2'22)

The LO and NLO Feynman diagrams for the self-energy of the right-handed scalar are
shown in figure 1. Note that it is an expansion in the coupling fs, that is, in the number
of vev insertions, not a loop expansion. The LO term is HR o = = O(f2), the NLO term
Hf‘% o = O(f}), and the ellipses denote O(f). An analogous expansion holds for the
fermionic self-energies. Consequently, we can also expand the source terms as ST = S/ +
SE o+ ... with I =cp, gp

2The rescaled relaxation rate that usually appears in the transport equations found in the literature is
Ffj = %I‘i. If the fermions/scalars are (s)quarks there is an additional N, color factor.
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Figure 1. Feynman diagrams for the LO and NLO contributions to the self-energy II17. The

legs with ® symbols denote vev insertions ¢y, and the plus/minus signs at the vertices indicate
the coupling f. The diagrams for the fermionic self-energy ¥ have the same structure with the
replacement ¢r r — Y1 R.

2.4 Contour integral

To calculate the source terms we will have to perform multiple contour integrals. Here we
introduce the master integrals, which also serve to set the notation. The integrals are of
the form

+ > w0 (40 e:l:ikouo 0 0
T —/0 Q€ >/ko p(K0)g (k). (2.23)

For the scalar model g(ky) = g*(ko) the thermal distribution function eq. (2.9), for the
fermionic model g(kg) denotes the thermal distribution function eq. (2.15) times a k°-
dependent trace factor. The function ¢! in the calculation of the CP-conserving and CP-
violating source respectively is

EP2)=1, & a)==z. (2.24)

For Z* the contour is closed in the upper half plane where the spectral function p(k°)
has two poles U(k). The contour for Z~ is closed in the lower half plane with poles at
D(k), with

Uk) = {U1(k), Ua(k)} = {&, =&}, D(k) = {D1(k), Da(k)} = {=&, &} (2.25)

Then

T g0 [ e k0o (k0) — ¢ (1 Foik?u® g (k)
7t = [Tautshw) [ p0g00) == [T e ) ;( )
- 00 uOIUO efikouo 0 0\ uOI 1 _ZkUO (kO)
7= [Cautst) [ e 0900 = [T aute ) ;( )

(2.26)

where we introduced the notation ¥y = Xpo_yr) = Xpo—(y, v, and similarly for ¥p.

Further F' = 1 for the kY = +& poles, and F' = 0 for the k° = +£* poles, as the former pick

up an extra minus sign from the residue. If there are several contour integrals over k? the

notation is generalized to Xpy = Xo_p¥o_y, etc. The sign is then denoted by (—1)=F,
The final u’-integral converges as Im(k®) cuts off the integral at u’ — oo and

. 00 ' 1
duo ikOu® ii, dul w0’ = — (2.27)

k k2

0 0 0 0



The LO and NLO source terms require two and four contour integrals respectively.
It will be useful to divide the summation over the poles into “opposite” halves, as these
contributions either add or subtract. For example, consider the double sum ¥ py. If one
term in the summation is (k?, k) = (D,, Uy) then we define the opposite term as (D, U)
witha =1ifa =2 and a = 2 if a = 1. In this way we split the summation in halves, which

do=>"+), (2.28)
DU DU DU

where the 2nd sum on the right-hand-side contains all the opposites of the terms in the first

we denote by

sum (which of the pair of opposites is in DU is arbitrary). We can then use the relations
U, = —U;} and similar for D to simplify relations.

3 Leading order source terms

In this section we review the LO calculation of the CP-conserving and -violating source
terms appearing in the transport equation for the right-handed fermion/scalar.

Scalars At leading order the self-energy of the right-handed scalar, given by the Feynman
diagram in figure 1, is

Mo, y) = —(=if ) =if )Gy = = Jofy Gl ay (3.1)

where we used the notation ngy = G} (z,y), fr = f(x) etc, and X € {>, <}. We
suppressed the label for scalars on fs. To get the final expression we used eq. (2.2). As
fefy = (fyfs)", and the Green’s functions obey eq. (2.5), it follows that eq. (2.19) is

satisfied as well. From eq. (2.20), the transport equation at LO is

0.ty =SS5+ S8 = =2 [ Ay, Re[£f; (670G — GEaGre) | (2
with
SE = 2 / d'y Oy RelfofiIRe |G 1y C e = Gy Gitge]
A / Ay Oy Il o 310 [ €7, G — Gy Gire] - (3.3)

Fermions The self-energy for the right-handed fermion at leading order is

1 *
E%,Lo(my) = _§f$fy PRS?/,xyPL (34)

with Pr g the left- and right-handed projection operators. Substituting in the trans-
port eq. (2.20), and inserting the propagators eq. (2.13), the trace is of the form

Tr [Pr(H1 + m1) Pr(K2 + mo)] = Tr [PLi Pri] = %Tf (1K) - (3.5)



Hence, we can neglect the mass-term in the trace and work with the propagators defined
in eq. (2.14). Following the same steps as for the scalar case, the result for the CP and
CPV source is

ser _ / A"y Oy Rel o f{RETY [S7 1,57 o — SiaSioae

Y= / A"y Oy Il 10Ts (S50, 5750 = Sy S -

3.1 Derivative expansion

Let’s start with the CP-conserving source term. At leading order in the derivative expan-
sion, valid when the bubble wall background changes slowly compared to timescales set by
the temperature, we can approximate Re[fs f,] ~ |f (z)|? and take it out of the integral
for the CP-even source in egs. (3.3) and (3.6). Now insert the explicit form of the propa-
gators egs. (2.6) and (2.14). The integration over spatial coordinates can readily be done,
and gives a delta function that sets all spatial momenta equal. We further introduce a new
time coordinate u = x° — 3°, such that the theta function becomes ©(u) and we only have

to integrate over positive time values. Then

(3

St = -2slfPRe [ du [ [ o ) pu ol o) (37
0 k1 J k9

with
C+7(k?) = C+7 (k?7 kg) = g>(k?7 ML)9<(]‘337 NR) - g<(k(1)7 NL)g>(k87 :U'R)' (38)

The momentum k¢ corresponds to the left-handed particle with chemical potential p,
the momentum k9 to the right-handed particle with chemical potential pr. Eq. (3.7) is
valid for scalars as well as fermions. For scalars s = 1 and the trace factor is trivial
tr'°(k;) = 1, f = fs, and the distribution functions g* depend on the Bose-Einstein
distributions eq. (2.9). For fermions s = —1,

010 (k) = {Tr(hub) = (RS — 2). (3.9)

[ = fr, and the distribution functions g* depend on the Fermi-Dirac distributions eq. (2.15).
To calculate the CP-violating source term in egs. (3.3) and (3.6) we expand the coupling

lim (fof5 = £,02) = 2ilm (f@)0,f(2)) (v =2 = 2y =), (310)

where in the last step we only included the time-derivative term as the spatial part cancels
in the source integral because of spatial isometry, and we defined 6 = Im ( flx)f (:c)*) The
source term becomes

S = 255 Im / duu / / oKDt = (10) o (k) pr(ko)tr® (k)| . (3.11)
0 k1 k:g

k=Fk;

which again applies to both scalars and fermions.

~10 -



3.2 Contour/k? integrals

The integrals in the CP-conserving and violating source terms eqs. (3.7) and (3.11) can be
written as Sf5 = —2s|f|*Re [; 7S and Sf’g = —2s0Im f; jL%ﬁ, with

o0
Tho= [ aug) [ [ e W pu ol w| o (312)
0 S k=k;
and £ = 1 and §¢(u) = wu as in eq. (2.24). To do the contour integrals we close the
contour for k‘(l) below and for k‘g above the real axis. There are two poles per integral,
giving rise to four residue terms in total. Using eqs. (2.26) and (2.27) the result is

1 (10 _1.0
JL = —/du Hu [ -1 EFie*Z(klfkﬂ“ch*trLo}
o =~ oo | @3 [
1 N (DX Bt trto(ky) 0

= = (k; 3.13

with )

- —1i
=T =1, =MD = pl (3.14)
Now expand ¢t~ = c0 ~ 4+ ¢ + O(i?) in small chemical potentials using eqs. (2.9)

and (2.15), with the Oth order term cj~ independent of z; and the 1st order term cf
linear in p;. Using the Bose-Einstein and Fermi-Dirac distributions for scalars and fermions
respectively, we get

co (kY. k3) = —s(n(k]) — n(k3)),
+
¢

(R, 1) = oo [ (h(k) = B(K9)) — 1™ ((KY) + R(S))] (3.15)

with s = 1 for scalars and s = —1 for fermions, and u* = up + pr. The summation
in eq. (3.13) can be divided into the poles (a,b) € DU and the opposite pairs (a,b) € DU,

as discussed in section 2.4, where we introduced the notation that (a,b) denotes k! =
D,, kY = Uy. Then

7|(C_L,l—7) - Jr7)*}(a,b)’ Cf7|(a,5) = (C;ri)*‘(a’b) 5 (316)

where we used g~ (—k",0) = —g<(k°,0) and h(—k") = h(k"). This can be used to sim-
plify jL{)'
3.3 Relaxation rate

For the CP-conserving source it follows that the leading order term in the p-expansion
cancels. The summation in eq. (3.13) is over Ag = (—1)= Fict ~tr'° /(K9 —kY) with Aolap) =
Ajl(a,p), and thus

Re[i Y Ao| =Re[i(D" Ao+ 40) | = Re[i > (4o + 45)| = 0. (3.17)
DU DU DU

DU
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At first order in the chemical potential the summation is over A; = (—1)%=Ficl 10/ (k) —
k9) with Ail(ap) = —Ail(ap), and we get instead

Re [i%;Al} — Re [ %;(Al ] - —zlm[z AI] (3.18)

Putting it all together, we find for the CP conserving source (setting k¢ = k% and kY = k:%
for the left- and right-handed particle respectively)

ZFLC O :
Z [ ]{:01 _(]]:0) (k )] ) (3‘19)
L R

from which we extract the relaxation rates (see eq. (2.21))

tty = L [ (“D 5 (h(k) T h(kg) tr*°
LO P CULWR Y-, :

oy
As the final step, we sum over the poles in DU which we choose (k9,k9) = (€F,ERr),
(=L, ER), where for the first combination (—1)2%" = —1 and for the second (—1)=% = 1.
The relaxation rate becomes

P 1 [(h(E) T hEr)
o fn |

2T P WLWR & —€r

S — —2s\f|2/Re[jLo] = 8|f|21m/

WLWR —

(3.20)

s =+

trlfo + (h(gL) + h(gR))trléo] , (3.21)

Er+€&r

with for scalars trj® = 1, and for fermions

LO __ 4 LO _ * 72
o} =% s 46,y = (€16 —F)

.22
tLO_tL0’ _ 55 _I_EQ (3 )
2T W =g kg=epy T T \CLOR ’

with tr' given in eq. (3.9).

3.4 CP-violating source

Because of the non-trivial 29 -factor in eq. (3.13) for the CP-violating source, the leading
order term in the p-expansion already contributes. Indeed (iAOEQﬁ)\(a 5 = (zAO_';"S)*

and

m[z‘ZAOEVﬁ] — Im [Z ((iAOEQﬁ) - (z'AOEVﬁ)*ﬂ = 9Im [Z(z’AOEQﬁ)} . (3.23)
DU

DU DU

Putting it all together, then

S = 256Tm / 7% = —soTm /
k wLwR

—1)= i (n(kf) - n(k%»trw(ki)] |

k9)2

+_tI'LO(]€Z')]

=¢Im

(3.24)

p wLwR — (ky, — k)?

- 12 —



Choosing to sum over (K9, k) = (£},&r), (—€L,ER) we get the final result

1 [n(SD — n(ER)
i wiwr | (&] —ER)?

n(€p) +n(Er) + s

of _
Sto = —dIm (€15 En)?

tr}° + tr5°| (3.25)

with tr}© defined in eq. (3.22). In the second term between square brackets, the term o< s
in the numerator diverges, also in the zero-temperature limit; it can be removed by adding
a counterterm and is absent in the renormalized theory [45].

4 Next-to-leading order source terms

In this section we calculate the source terms in the transport equation eq. (2.20) at NLO.
The self-energy at this order is given by the second Feynman diagram in figure 1. It is still
a tree level diagram, but now with four mass insertions. The NLO diagram thus represents
the next order contribution in the coupling expansion, and is O(|f|?) suppressed with
respect to the LO diagram.

Although the extra mass insertions complicate the calculation of the relevant integrals,
since the self-energy diagram remains tree level, all steps in the calculation are essentially
the same as for the LO calculation.

Scalars Let’s start with the scalar set-up. The self-energy of the right-handed scalar at
NLO is

— _ 4 4 — pai1x fag p+x —ai a1a a2+
HR,NLO(m’y) - 2 : /d Zld %2 (fw z1 f22 fy ) GL,J)ZlGR,ZlZQGL,ZQy
al,a2==%

— 4, 14 * * —+ ++ ++ —— —— —+

- /d Zld 22 (facle fz2fy) [GL,mzlGR,zlzzGL,zgy + GL,leGR,leQGL,Zzy

—+ +— —+ —— —+ ++

- GL,le GR,zl,ZQGL,ZQy - GL,:):zl GR,z1ZQ L,zgy] ’
(4.1)

where we summed over all possible +-signs for the internal vertices. Using eq. (2.5) it
follows that (" (z,y))t = I, (y,2). We can then extract the CP-conserving and

R,NLO R,NLO
-violating source terms from eq. (2.20)

S =2 / dty / d*z1d*20 Oy Re[fo f5, foo i1 Re(I1 + 1),
S — 9 / dly / d*21d% 20 Oy Im[f f1, foo £ Tm(11 + D), (4.2)
with

L=|[G . GEt . Git +Gr,. Gra. Gt

L,xz1 " R,z122 ~ L,22y L,xz1 " R,z122 ' L,22y

— Gt GhL L Gt — G, GRt L GEE G

L,xz1 " R,z122 " L,22y L,zz1 " R,z122 " Lyzoyl ~ Ryx )

R 4= ==
IQ - [GL,zzl GR,zlzg GL,zzy + GL,a:zl R,z12z9 " L,z2y
ot = ot e 1ot
- GL,:pzl GR,zlzg L,zoy — GL,mzl GR,2122 GL,Zgy] GR,yx . (43)
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Fermions The self-energy for the right-handed fermion at NLO is

_ 1 _ _
Yo (T ) = ~1 Z /d421d422 (fo fe ez f.k) PRSL,?;zlPLS?%I,,(ZJ?ZQPRS%?;;yPL’
al,ao=1=%
(4.4)
T
which has the property that (E]}IILO(:B, y)) = WOERELO(Q/, 2)7°. When used in the trans-

port equation eq. (2.18), the trace of the ¥.5 and S¥-terms is respectively

Tr [Pr(K1 + m)Pr (Ko +m)Pr(K3 + m)Pr(Ka +m)| = Tr [PrE MoksHi] — %Tr (K1 KakfsKa]

1
Tr (W1 + m) Pr(ke +m)Pr(Ks +m) Pr(y +m) Pr] = Tr [Prhikaksha] — ST [Wikahsha] -
(4.5)
The last expression holds since the spatial integration gives a set of delta functions that

set k; = Ej. We can then use that Tr [V ¥ Haktsks| = —2€pne ki k5K KT = 0.
The source terms for fermions are then analogous to those for the scalars

1 * * 7 7
Sito =~ [ d' [ @1t 00, Rel o fo S R Tells + o,
1 * * T 3
S = i / dty / d*21d* 29 Oy Im[fo f3 fop £3]1Tm Tr[I1 + Do) py(m)—o » (4.6)

with Iy, I5 as in eq. (4.3) with the replacement Gy — Suy-

4.1 Derivative expansion

Let’s start again with the CP-conserving source. To lowest order in the derivative expansion
fefi fafy = |f(x)|*, and it can be taken out of the integrals for the CP even source
in egs. (4.2) and (4.6). Now we express all time and anti-time ordered propagators in
terms of the Wightman functions using eq. (2.4), and insert the explicit expressions for the
latter egs. (2.6) and (2.14). The integration over spatial momenta and coordinates sets all
spatial momenta equal. The CP-even source becomes

S = 2| |*Re / d:0d9d4 / / pr(k1)pr(ke)pr (k3)pr (k)
k k(l),kg,kg,kg

¢ @20 —20) —ikQ(29— =) —ik§ (9 —=§) —ik] (2§ —0) (4.7)

XY Biigigia (20) Ciyimigia () t2°

11,2,83,i4 =%

ki=k

The particles with momenta k1, k3 are left-handed, those with momenta ks, k4 right-handed.
Here ¢;,iyi4i, denotes the combination of distribution functions

Ciriginia = 97 (k)93 (k)97 (k)97 (K1) — g7 (kD) g33 (k)7 (KS) g (K1), (4.8)

with ¢; = + and 4; is + if i; is —, and vice versa. giLj,R(k?) = giR(kZQ) when i; = + and

gzLj (kY = gi p(k?) when i; = —. Further 6; ;,:,;, are the time-dependent coefficients,

— 14 —



which are a combination of ©-functions

9++++ =0, 9-!———— - 6123 62322 62231’ (4'9)
97+77 = *9123 912192322, 9++77 = @x23 ( 2322 ZIZZ *@zwz @zm)
9——+— = @zzg zel 6217;27 9+—+— = @xzs (@zw@m@ +@Zzz3 @Z221 ) )
97++7 = @x23 (@le 62221_63321 622Z3) ) 9+++7 63323 (62122 @ZZZS "’@zw@zwl GZ1xGZ223) .
For scalars s = 1 and tr™©° = 1, while for fermions s = —1 and the trace factor now
becomes
1 1
™0 = STr Wibahsha] = 5 [(ky - ko) (ks - ka) — (k- ks) (R - a) + (- k) (Ra - Ks)]
(4.10)
with k; - kj = k0k? — k2.
For the CP-violating source we expand
lim  Tm{fo 4 fofi] = —01f2(x —y — 21+ 22)°. (4.11)
Y,21,22—T
Integrating over spatial momenta, the CPV source terms in eqs. (4.2) and (4.6) are
ngo = 25| f[*6 Im /dz?dzgdzg (x—y— 21+ 2)°
o R AT PRSP
k JE k9,k9,k9 (4.12)
« e—ik?(x 20—k (2 —28)—ik (29 —23) —ikQ (29 —2°)
X Z Oivizizia (%) Cirinisia (k?) £ i

i1,02,13,04==%
and tr™"°, 6, isiqis, Civigizi, the same as for the CP-even source given in egs. (4.8) to (4.10).

4.2 Contour/k? Integrals

The integrals in the CP- Conserving and -violating source terms eqgs. (4.7) and (4.12) can
be written as Sg, = 25| f|*Re [z T, and ngo = 25| f[*6Im [ jNQng, with

T = / 00:9d29 €7 (20 — 2§ — 20 + 20) / o (k1)pr(k2)p (k3) pr ()
ko kO ko ko

4

Xe—zko(a: —29)—ik9 (29 —29)—1k3 (2§ —29) —ikQ (23 —z0)

XY Biigigia (%) Ciyimigia () t7°

11,02,13,i4==%

—

b=k

We will work out two example terms ‘71{ inisia

can be evaluated in a similar way, and the final result is in eq. (4.19) below. Let’s start
with the JI__

in eq. (4.13) explicitly; all other terms

integral, which is relatively straightforward to integrate. First, define
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new time coordinates u = x° — 23, v = 2§ — 29, w = 2§ — 2§ such that the theta-
functions become O(u)O(v)O(w), and the integration is only over positive times. The
contour integrals over k:? can now be done, closing the k9, kg, kQ contour in the upper half
plane with poles k) € U(KY) = {&,, =&}, and kY in the lower half plane with poles
k) € D(KY) = {—&k» &L} The contour integral then has an overal minus sign.

Tl
o0
:/ dudvdw ¢’ (u+v) / p1papspa e RuFIRGUFIRGU—ikY (utvtw),  pNLO
0 kO QK9 k9
== Z ]'-C+/dudvdw51(u+w) ei“(kg_k?)-l—iv(kg—k?)+iw(kg_k(1))
DUUU
Te, =l
- Z 0 : OC+ 0 ODUU(gj 0\ °’ (414)
oy (ke = k1) (kg — k1) (kg — ky)
with
(_1)2Fi NLO
F=Siga 4.15
24w%w12% g ( )

For the CP even integral (% = E7,;; = 1, for the CP odd integral E%ﬁUUU is given
in eq. (4.21) below. In the last line of eq. (4.14) we did the w,v,w integration us-
ing eq. (2.27). For the summation over poles we used the notation defined in section 2.4.

To evaluate all terms in eq. (4.13) it is sometimes necessary to split the integration
interval using theta-functions, and to do further coordinate transformations. Consider
J. J{ 4+__, which consists of two terms, see eq. (4.9). To do the contour integral for the first
we use 1 = O(u — v+ w) + O(—u + v — w) to split the kY integral; the result is

Tl
:——2:~H4%_/mdmmM£%u—vkiWW””0m%ﬂﬁwmﬁ®hu+v—w)
UDUU 0
+ Z Fepqp—— /°° dudvdw ¥ (u — v)e_ik?(“_”+w)_ikg”+ikgw+ik2“®(u —v+w)
DDUU 0
+ Z Fess /OO dudvdw ¢ (—v — w)eik‘fv—ikg(u+u+w)+z’kgw+ik:gu . (4.16)
UDUU 0

In the first term we can make the transformation v/ = v — v — w
+oo
/ dudvdw ©(1)O(v)O(w)O (v — u — w)&l (u — v) f (u, v, w)

400
= / dudv'dw O (u)O(w)O (V) (—v' — w) f(u, v, w), (4.17)

—00

and it follows that the first and third term in eq. (4.16) cancel. To calculate the remaining
term, use 1 = O(w — v) + O(v — w). In the first term do the coordinate transformation
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u' = u,v = v,w =w— v and in the second use u = v’ +v',v = v +w',w = w'. Then

0o
1.0,/ _ 1.0,/ 4 2200,/ 4 o7\ _;2.0(,,7 /
‘7_{4_—_ _ Z ]:'0++__/0 du'dv' dw’ <fl(u/—1}/)62k4u tkSv' +ikd (w'+v") =ik} (v +w') (418)
DDUU
_‘_51 (’LL/ _w/)eik:g(u’+v’)—ik8(v’+w’)+ikgw’—ik?u’)

~ -
D N 17 ey vy ) R

with 25,/ given in eq. (4.21) below.
In this way we can evaluate all terms in J{ ,. The result is

I ol
Tnro = 2: iF EpvvuApuuy (—Cp——— + e —Copqm ey )
DUUU
P
+ 2: iF EpppuApDpDU (C—— o — C—p —C oy F iy )
DDDU
J—
+ Y iFEbpurAppuu (e +epr oy —cpq),  (419)
DDUU

with F defined in eq. (4.15) and

1
A p—
PUTE = (R — k) (R0 — kD) (R — K9)
A B 1
POPU (1) — k) (k] — K9) (kY — K9)
1 1

Appuu = + : (4.20)
(kY — K)(RY — KD)(KY — k3) (K — kD) (K] — kD) (kD — &3)

For the CP conserving source =f" = 1 are trivial, while for the CP violating source

of i) ) k)
=DUUU = (R )R~ KD)’
of (2K — kY KD)

DDDU = (G — ) (K] — KG)'
Lot (K — D+ ) — k)
=DV = (T KR — RY)

(4.21)

The c-factors in eq. (4.19) can be rewritten in terms of the distribution functions

(ermmm ey — g b op ) =~ (KL k) = —(97 95 —97°95)
(g — g — gy tepir ) = ey (kLK) = (9595 —9597),

cr (K3, k9) = (9595 —9595), (4.22)

(—Cpm et )

where we used that (g7 — g~) = 1. The c;_-terms defined in eq. (3.8) are expanded in
small chemical potential as in eq. (3.15).
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4.3 Relaxation rate

For the CP conserving source, the leading order term in the small y expansion cancels, just
as for the LO calculation. To see this, divide the summation in (a1, as, a3, as) € DUUU and
the opposite half (a1, aq,as,aq) € DUUU, as discussed in section 2.4. For zero chemical
potential the first term in eq. (4.19) is proportional to

Re[i Z ]:ADUUUCO,-i-—] :Re[i Z (fADUUUCO7+—+ Z -FADUUUCO,-&-—)}
DUUU DUTT DUUU

= Re [2 Z (fADUUUCO,+— + (]:ADUUUCO,+—)*)] =0,
DUUU
(4.23)

where we used that for zero chemical potential g~ (—k%) = —g<(k?). Similarly, the other
terms in J& vanish at leading order. Hence, the first contribution comes from the term
linear in the chemical potential. We can again divide the summation into two halves, and

using that h(—k?) = h(k?) now they add:

Re [z 3 ]-"ADUUU017+,} - —QIm[ 3 ifADUUUcl,+,}. (4.24)
DUUU DUUU

Putting it all together we find that

SSIF:O = 25|f|4Re/E I\?LPO

J{J“Im / [ S FAppuu(ph(k) — poh(ks))
F L oroo
— Y FApppu(psh(ks) — pah(ky))
DDDU
— Z FAppuv(ush(ks) — pah(ks))| (4.25)
DDUT

with 11 = pg = pr and po = py = pg.

We first do the sum over the k) appearing in the h-functions. For the first term,
we choose the set DUUU = (1,1,as,a4), (2,1,a3,a4) = (£},Er,as,a4), (—EL,ER, a3, as)
with a3, a4 unconstrained. The remaining sum is over the poles in £ = k:% and k§ = k%.
Similarly, for the second term we choose DDDU = (ay,a2, &}, ER), (a1,a2,—E€r,Er), and
for the third term DDUU = (a1, —Egr, —£5,aa), (a1, —Er, €L, aa).

We write
21 e h(E) FhiER) (1) F h(En)
F:I: - + ‘f’ I / ACP L LO ACP LO 4.9
NLO oT m E WILWR 1 gz _ ER trl + 2 gL + ER trZ ) ( 6)
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where we factored out the leading order trace factors tr}° defined in eq. (3.22). The
coefficients A" are

4wLwRA(fP _ E (—1)2 Fz‘trlféo N Z (—1)2 Fitrlfgo
7P &~ )&~ K 2 En— K0)(En - K

D2 Figrflo 1 -1 1
+Z 0 _ O < * 0 + 0 ) )
AWLWR | op Z ( )ZF’trNLO > (—1)2 Figryro
P72 S (En+ R (EL+KY) T S (Er— k) (Er — KY)

DS Fge [ 1 I
427
+Z k:O—kO <5L—k%+k%+53>’ (4.27)

with tr}*® = 1 for scalars, and for fermions

OtrNLO — tI'N OtrNLO = tr

try

LO LO
|(k0=&* K0=En}> try |(KO=—&r W9=—ep}
1= ¢ "M2=C“R 1 FRLD) R

OtI'NLO =t OtI'NLO _

o) O
trs I 0— g, K9—eR) trs Ol ko=, 9=—en) - (4.28)

with tr° given in eq. (4.10).
Finally we do the summation over the remaining poles in k%, - We find A% = Af" =
AS" for both scalars and fermions with

If1? 4(m(Er) + Im(ER))? Re(EL)Re(ER) ~ o
dwrwr €L + ErPIEL — EE‘ZIm(gL)Im(ER)

| f£12 (PL+PR)2 ~rNLo
o ‘f‘ FLFR((FL+FR)2+(WL—wR)Z)((FL—i-FR)Q—i-(wL—i-wR)z)t ’ (4.29)

ACP:—

~ NLO . .
For scalars tr = 1 while for fermions

~ NLO 1 <E2 B FL(W% + F%{) + FR(W% + P%)) _

tr - =—=
't +Tgr

5 (4.30)

4.4 CP violating source

Since there is an extra factor Z%° in jﬁﬁo in eq. (4.19), the leading order term in the small
chemical potential expansion contributes for the CP-violating source. Just as in the LO
calculation we can effectively set p; = 0. The summation over poles can again be divided
into opposite halves, which add. The result is then

S8, = 4| 2T /21[ S~ (CDEAEn) — (k)oK K )
R

o = o (KT — K)2 (KT — KD (K — K92
Ly G EquNLO( (K) — n(k9)) (2K — k) — kD)
“RD)2(R] — K (k) — D)2
DDDU
s <—1>2FitrNL0<n<k§>—n<k3>><k9—k3+k§—k2>( 1 )
P (R — )2 (RY — k1)2 Wi W)

(4.31)
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We sum over k? appearing in the number densities n; we make he same choices as for the
CP-conserving source in the previous subsection. We can then write

Iy (R {Ai”’g (€)= ler) 1oy A MUEL) £ n(ER) £ Strgo] . (4.32)

k WLWR (&5 —Er)? (€L + ER)2
with
4 D)X FigNo (9 _ £,k D FiggpNO (98, kb _ £
ch;RAclyﬁ:Z( ) : r1a0( L& R)+Z( ) rlao(2 n ki )
/] o (& —K)(E - kD) 2 (Ep — k)% (Er — K)
+Z (—I)ZFitr%O(kL-i-gR—gz—k‘R) < 1 B 1 )
DU (KL, — kg)? E 4K kY +&Er)’

AWLwR \of _ 3 ()= FigrSto(28r, + Ep + k) 3 (—1)=Figrio(28p — K9 + &)
f2 7 4 (Er + KO (EL +K%)? £ (Er — k%) (Er — KY)2

(“1)SFtello(ky, + Ep+ &L — kg) [ 1 1
. 4.33
+Z (K — k%)? 5L—k%+k’%+5R (4.33)

DU

We can do the final summation over poles in A?g, but unlike the CP conserving case
where some terms cancel and the final result is reasonably simple, the result cannot be
written in a concise way. What is more, we now find A(f’ﬁ % Agﬁ and also A?{ is generically
complex. The NLO contribution can thus no longer be written as a simple additive factor
in the integrand.

5 Results and discussion

In this section we summarize the main results for the NLO calculation, and discuss the
implications.

5.1 Relaxation rate

The full relaxation rate up to NLO is

2T T WLWR & —Er

(h(EL) F h(ER))
Er+€&r

tri® + tr5?| (1 + A7), (5.1)
with the NLO contribution captured by A" given in eqgs. (4.29) and (4.30). The rate
'~ is dominated by the first term in the square brackets, which has a resonance in small
thermal widths for degenerate masses. In this limit the expression for the rate and the
NLO correction simplifies considerably, and we can derive analytical expressions.

To see the resonance, we write m% = m% + 6m? and expand in small mass difference
|6m?| < m2. The first term between square brackets in the expression for I'~ in eq. (5.1)

o [ 45+ 6 on) ot 0y 52)

L~ R ] B T, <1+ (M)j

becomes
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where we additionally approximated I'g ~ I';,, and in the denominator assumed I';, < T as
is appropriate for a perturbatively generated thermal width. If in addition |6m?| < 41T,
the mass difference in the denominator can be neglected. This is an excellent approximation
for the quarks. On the other hand, for leptons the §m2-term in the denominator in eq. (5.2)
dominates. Since dm? < T? this term is still enhanced compared to the 2nd term between
square brackets in eq. (5.1), but the parametric dependence of the resonance is different.
The second term between brackets in I'™ and both terms in I'* do not have this resonant
structure and are subdominant. Indeed, expanding in small mass difference gives

Im [’WWR)} :O<FL 5?”2) Im [’“Wh(fff)] :@<FL W) (53)

) )
52—53 wr, w% EL+€&np wr, w%

It thus follows that the rate I'” is resonantly enhanced in the degenerate mass limit.
The NLO contribution A" is an additive factor to the integrand, and thus also to the
resonant factor in the integrand; it does not affect or shift the resonance structure itself up
to O(%, %) corrections.

To estimate the NLO contribution to I'™ we will for simplicity consider the exactly
degenerate case, a good approximation for quarks, and write

mr=mp=mg, I7=1p=Tg, wr=wr=uwg, (5.4)

with thermal width I'2 < 72. Then

R | - S0 (5.5)
A2 (w2 4 T%) Ar2w2,
LO

The traces are trivial for scalars, and tr}° = 2tr" = (m? + I'%) for fermions. Putting it

all together we get for scalars and fermions respectively

_f? [ 1 [hs(wr) |fs|®
r; - /kw%[ = +] (1_4w%r2T+"'>’
:\ff|2/ 1 [hf(WT)(m%—FF%)_i_”.] (1_ !fflz(mQTJrF?r)er), (5.6)

2T Ji w2 Ty Sw2.I'2.

»

= |

%, ‘Swﬂ;) corrections. When the NLO contribution dominates
L

where the ellipses denote O(
and |Af"| > 1, the relaxation rate becomes negative, an unphysical result, signalling the
breakdown of the vev-insertion approximation. This is expected to be cured when the full
tower of the higher order terms in the coupling expansion is added, which amounts to a
resummation of the spacetime-dependent mass.

Whether the VIA expansion is valid depends on the details of the model. To get some
insight we estimate the thermal mass and width as m2T ~ oT? T'r ~ aT, with a = %
with g the largest relevant (gauge) coupling. The integral in eq. (5.6) is dominated by
momenta wp ~ T.

Let’s first look at scalars. In supersymmetric set-ups, the interaction with the Higgs

is typically trilinear and we parametrize |fs| = %Ascpb. The relaxation rate is maximized
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in the broken phase with ¢, = ¢y, the Higgs vev at nucleation. For a strong first order

phase transition we need ¢n /Ty = 1, with T the nucleation temperature. During the

~

phase transition we then find

Alply 1 A2
8Ty, 8a?T%’

AT ~ (5.7)
For neutralinos the thermal corrections are set by the weak gauge interactions and a ~ 0.03.
The NLO contribution is important unless the trilinear coupling is significantly smaller than
the electroweak scale As < O(0.1)Tx. We conclude that VIA breaks down in these type of
SUSY models.

For fermions with a Yukawa type Higgs interaction we parametrize |ff| ~ §rpp. Pos-
sible corrections from higher order Higgs interactions, although maybe essential for CP-
violation, can be neglected in |f¢|. If only the SM Higgs field obtains a vev during the
phase transition then 7y = yy equals the SM Yukawa coupling. We estimate

CP| ‘gf|290?\7 ‘gf|2
At~ 8T2a ~ B8a (58)
For quarks with strong interactions 8« ~ 1 and we find that for 3y ~ 1 the NLO contri-
bution becomes important. If the phase transition is aligned with the SM Higgs direction
and gy = yy, the perturbative expansion breaks down for the top quark which has y; = 1;
the calculation is well in the perturbative regime for all other quarks. For larger values
of pn/Tn, though this is hard to achieve in actual phase transitions, the vev-insertion
approximation breaks down for smaller values of 7.
Going beyond the degenerate mass limit requires a numerical evaluation of eqs. (3.21),
(4.26) and (5.1). For this we choose the representative values ¢ = T = 100 GeV. For
the thermal masses of the (up-type) quarks and leptons we use [46]3

2 2 2 72 2 2 72
2 of 91 | 395 93 Yy 2 291 , 95 , Yr
2 9L 892, 95 UF N T 5.9
ML <288+ 32 76 16) » MaR <18+ 6 8 ) (5.9)
2 2 72 2 72
2 2 [ 91 395 Yy 2 2 [ 91 Yy
_p2 (91, 9% Y T 5.10

where g1, g2 and g3 denote the U(1), SU(2) and SU(3)-gauge couplings respectively. For
the thermal widths, we use [47]

4 T
r,= gasT ~ 0.16T, I =auT =~

3 T
[ r = —aytan®0,T ~ — , 11
30" LR g Qu tall 700 1D

for quarks, left-handed and right-handed leptons respectively.

In figure 2 we show the ratio of the NLO and LO contribution to the relaxation rate
R = |I'y10l/IT1o| deep into the broken phase (where ¢, — ) as a function of the Yukawa
couplings for quarks and leptons in red and blue respectively. The estimate of eq. (5.6),

3The mass of the doublet m,, 1, is taken as the average of the up- and down quark mass, and we have
neglected the small contribution from the down quark.

- 29 —



100 |

0.100

R, R?

0.010

0.001

104
0.01 005  0.10 0.50 1
yr

Figure 2. Ratio of the NLO and LO contributions to the relaxation rate R = |I'yo|/|T'io| and

source term R = \Sﬁf ol/ |Sf?§ |, evaluated deep in the broken phase. The blue (red) line shows
R for quarks (leptons), and the dashed orange and green lines show R for quarks and leptons
respectively. The black line shows the estimate of R°® and R for quarks in the mass degenerate
limit, corresponding to eq. (5.6) and eq. (5.14) with A% A% estimated by eq. (5.8). We take
pwn = 100GeV and T = 100 GeV.

with eq. (5.8) for the quarks in the mass degenerate limit is shown in black and matches the
full result up to a factor O(1.5). The good agreement between the numerical and analytical
calculations confirms that the relaxation rate is dominated by the resonance. We indeed
find that the (absolute value of the) NLO result for quarks becomes comparable to the LO
result for g5 2 1.

For leptons the ratio R°" is approximately a factor 8 larger than for quarks for the same
coupling, and as a result the VIA breaks down already at smaller coupling ; = O(0.1).
Non-perturbativity is never an issue for leptons if the bounce is along the SM direction, but
may still be in other set-ups that have gy > y. As discussed above, for leptons the exactly
degenerate limit eq. (5.4) and thus the estimate eq. (5.6) is not a good approximation, but
we can nevertheless understand why R" is larger. For quarks the NLO correction eq. (5.11)
is enhanced by a~!, with o the QCD coupling constant. For leptons we similarly expect
that the NLO correction scales with inverse powers of «, now arising from inverse powers
of §m? rather than the thermal width. For leptons, though, the thermal corrections are set
by the weak interactions and « is the weak coupling constant, giving a larger enhancement.

5.2 CP violating source

Adding the LO and NLO contribution to the CP-violating source term gives

o ! n(EL) = n(ER) o ofy M) + nEr) 1o of
S 0 Im EwLlem[ € —&n)p tri? (14+ A7) + TR trs” (1 + A5 )|,

(5.12)

where we removed the divergent term by normal ordering, and with the coefficients A?ﬂ
given in eqgs. (4.28) and (4.33). Just as for the relaxation rate, the first term is resonantly

~ 93 -



enhanced in the degenerate mass limit

Mgt a0 () e ol

> . (5.13)

Unlike the relaxation rate, A?g # Ag/ﬁ and Im[A?S] # 0, and the NLO contribution is
in general not simply an additive part in the integrand. However, the resonant term only
depends on A7 which is a real factor in the mass degenerate limit eq. (5.4). In particular,
we then find

Sg:_%g<mWﬂ+m)Q+|ﬁF+”>,

2T Jpwi \ Tr 4wA T2

0 1 (hg(wr)m3 |f*m7
s = oL [ (2T ) (4 5.14
s 2T kwT< Iy +82F2+ (5.14)

where the ellipses denote (’)(%, ‘Lﬂf) corrections. Apart from the overall sign the cor-
L

rections are exactly the same as for the relaxation rate eq. (5.6). For fermions the VIA
approximation thus also breaks down for the calculation of the CP-odd source for couplings
y = O(1) for quarks.

Figures 2 and 3 show the numerical results for the source. In figure 2 we plot the ratio
R = \SﬁfLO] / |SLO\ for quarks (dashed orange) and leptons (dashed green) as a function
of the coupling g¢. Not surprisingly giving our estimate in the degenerate limit, the ratio
is nearly identical to RCP for the relaxation rates. Although the source terms is space-
time dependent and varies over the bubble wall, this cancels out in the ratio R’ which
is evaluated deep in the broken phase. In figure 3 we plot the LO and NLO contribution
across the bubble wall for a quark for two different choices of the Yukawa coupling. For
this plot we took the bubble profile ¢;(z) = ¥ (1 + tanh z/L,,). The CP-violation stems
from a complex dimension-6 Yukawa-like mteractlon and fr = Jrep(l + ip?/A%) with A
the cutoff scale. Evaluating the A% with wp = @n gives a good estimate for the size of
the NLO correction in the z-region where the source peaks.

5.3 Discussion

To summarize, we have shown that the NLO contribution to the relaxation rates and source
terms is small as long as |fs|/T% < « for scalars and |f¢|/Ty < v/ for fermions, with «
the QCD (electroweak) coupling for scalars/fermions with strong (only electroweak) inter-
actions. For larger effective couplings |f;| the vev-insertion approximation breaks down.
Focussing on specific implementations, in a supersymmetric setup with CP violation in
the neutralino sector, this implies that VIA breaks down for trilinear couplings |fs| ~ Aspp
for A; > O(0.1)Tn. For fermions with a Yukawa type couplings | ff| = §¢p the breakdown
happens for gy > O(1) for quarks, and gy > O(0.1) for leptons. This means in particular
that if only the SM Higgs field obtains a vev during the phase transition, the source
terms cannot be reliably computed for the top quark, but in baryogenesis scenarios with
CP violation in the lepton sector [38, 39, 46-49] the source terms are dominated by the
leading order contribution in the vev-insertion expansion. We further note that the resonant
behavior of the relaxation rate and source term is preserved at next-to-leading order.
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Figure 3. z-dependence of the LO (solid lines) and NLO (dashed lines) source terms for a quark
with g = 0.1 (red) and gy = 1 (blue). We use the bubble wall profile () = ¢n/2(14+tanh z/L,,),
with L, = 10/T on = Ty = 100GeV and |ff| =~ g§rpp. CP-violation stems from a dimension-6
operator as in refs. [13, 16, 36, 37, giving § = 377v, ¢}y, /A?, where the prime denotes a derivative
with respect to z, we take A = 1TeV and bubble wall velocity v,, = 0.05.

Finally, we stress that although we have tested the validity of the perturbative expan-
sion in vev insertions, we have not considered the other approximations made in the VIA
method such as the omission of coherence effects. It will be interesting to address this in
the future, to better understand the importance to the thermal corrections and the relation
to source terms derived in other approaches.
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