PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: October 29, 2019
ACCEPTED: January 13, 2020
PUBLISHED: February 10, 2020

Chiral anomaly, Schwinger effect, Euler-Heisenberg
Lagrangian and application to axion inflation

Valerie Domcke, Yohei Ema and Kyohei Mukaida

DESY,

Notkestrafie 85, D-22607 Hamburg, Germany

E-mail: valerie.domcke@desy.de, yohei.ema@desy.de,
kyohei.mukaida@desy.de

ABSTRACT: Particle production in strong electromagnetic fields is a recurring theme in
solid state physics, heavy ion collisions, early universe cosmology and formal quantum field
theory. In this paper we discuss the Dirac equation in a background of parallel electric and
magnetic fields. We review the Schwinger particle production rate, clarify the emergence
of the chiral anomaly equation and compute the induced current of charged fermions. We
distinguish the contributions from non-perturbative particle production, from the running
of the gauge coupling constant and from non-linearities in the effective QED Lagrangian,
and clarify how these contributions arise within a single framework. We apply these results
to axion inflation. A Chern-Simons coupling between the pseudoscalar particle driving
cosmic inflaton and an abelian gauge group induces a dual production of gauge fields and
charged fermions. We show that the resulting scalar and gravitational wave power spectra
strongly depend on the fermion mass.

KEYwORDS: Cosmology of Theories beyond the SM, Global Symmetries, Quark-Gluon
Plasma

ARX1v EPRINT: 1910.01205

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP® https://doi.org/10.1007/JHEP02(2020)055


mailto:valerie.domcke@desy.de
mailto:yohei.ema@desy.de
mailto:kyohei.mukaida@desy.de
https://arxiv.org/abs/1910.01205
https://doi.org/10.1007/JHEP02(2020)055

Contents
1 Introduction

2 Solving the fermion equation of motion
2.1 Preliminaries
2.2 Landau levels
2.3 Particles and anti-particles

3 Particle production
3.1 Bogoliubov coefficients
3.2 Chiral anomaly and chiral asymmetry
3.3 Induced current and Euler-Heisenberg action

4 Applications
4.1 Upper bound on gauge field production during cosmic inflation
4.2 Axion inflation
4.3 Baryogenesis from axion inflation

5 Conclusions

A Notation and conventions

B Solving the fermion equation of motion
C Particle production

D Weak field expansion

oo O w W

10
11
12
16

20
20
27
31

32

33

34

36

38

1 Introduction

The production and motion of charged fermions in (strong) electric and magnetic fields is

a recurring phenomena in many different areas of physics. Schwinger production describes

the pair creation of particles and antiparticles in strong electric fields [1, 2], exponentially

suppressed by the particle mass. Adding a magnetic field, the particle mass is replaced by

the effective magnetic mass, quantized in Landau levels [3, 4] (a phenomena well known in
solid state physics in the context of the Quantum Hall Effect [5]). In the limit of massless

fermions, the lowest (gap-less) energy level induces asymmetric particle production. This in
turn is a beautiful realization of the chiral anomaly in quantum field theory (QFT) (Adler
Bell Jackiw anomaly [6, 7]) in the presence of helical electric and magnetic background



fields [8-10], discussed first in [11] in the context of Weyl fermions in a crystal. These
arguments have been extended to non-abelian gauge fields in [12].

Going beyond solid state physics and formal QFT, particle production and transport
phenomena associated with the chiral anomaly also play an important role in the study
of the quark gluon plasma (QGP) and in cosmology. In heavy ion collision experiments,
intense magnetic fields and local P-/C P-violation are expected [13]. In the presence of a
magnetic field on top of the chiral imbalance, a separation of electric charge is induced by
the chiral magnetic effect [14-19], which is a signature of the local P-/C P-violation [20-22].
Turning to cosmology, strong helical gauge fields appear in models of axion inflation [23-25],
are postulated to permeate intergalactic voids [26], may play a crucial role in baryogen-
esis [27-33] and also appear in some implementations of the relaxion model [34-38], con-
structed to address the hierarchy problem in the Standard Model (SM) of particle physics.

All these examples share the same underlying physical principles. The gauge field
background leads to a time-dependent dispersion relation for the fermions, inducing parti-
cle production. In the presence of a magnetic field, the dispersion relation features discrete
Landau levels. The produced fermions are accelerated along the field lines of the back-
ground gauge field, leading to an induced current [39, 40]. In general, the final expression
for the induced current receives contributions from fermionic excitations, from the vacuum
(fermion loops) as well as from non-linearities in the gauge field induced by virtual charged
particles (described by the Euler-Heisenberg action [1]). If the gauge fields are not external
fields but treated dynamically (as in realistic cosmological models), this induced current
will inhibit the gauge production.

Various aspects of this picture have been studied in the literature. The production rate
of (massive) fermions in parallel, static electric and magnetic fields was derived in [3, 4] (see
also [41]). The induced current resulting from this particle production was discussed e.g.,
in [42]. Our work is moreover closely related to ref. [8], which discusses the contribution to
the induced current sourced by particle production in the context of heavy ion collisions,
using a methodology similar to ours. For a discussion of the Euler-Heisenberg terms see [41].
For a recent analysis of the induced current in scalar quantum electrodynamics (QED) in de
Sitter space without magnetic fields, clarifying nicely all the contributions to the induced
current, see [43].

In this work, we compute the full expressions for fermion production and the induced
current in a background of constant, helical electric and magnetic gauge fields. We keep
the fermion mass as a free parameter and work in conformal coordinates, ensuring that our
results can be applied both to flat space time and de Sitter space time. We derive and solve
the equation of motion for the fermions (and equivalently for the Bogoliubov coefficients),
accounting for the non-perturbative result for fermion production. We clarify how the
chiral anomaly equation arises [8, 10], connecting smoothly to the results obtained in the
case of massless fermions [9, 11]. Based on these results, we compute all contributions
to the induced current: (i) the current from particle production, (ii) the running of the
gauge coupling, and (iii) the 1/m suppressed terms of the Euler Heisenberg action. The
framework presented here, based on solving the Dirac equation of motion in a background
of helical electric and magnetic fields, captures all these different aspects of fermions in
abelian gauge theories in a simple and unified description.



The resulting expression for the induced current allows us to tackle applications in
cosmology. As an example, we study the case of axion inflation. Here, the rolling pseudo-
scalar inflaton field induces a tachyonic instability in one of the gauge field helicities. The
naive exponential gauge field production is significantly inhibited by the induced current for
fermion masses smaller than O(100) H, with H denoting the Hubble rate. Consequently,
the resulting scalar and gravitational wave power spectrum at small scales become highly
sensitive to the fermion mass, providing a unique opportunity to test the microphysical
implementation of these inflation models.

The remainder of this paper is organized as follows. In section 2 we discuss the fermion
equation of motion, introducing the notion of discretized Landau levels in the dispersion
relation and clarifying some subtleties about the definition of particles and antiparticles in a
gauge field background. This enables us to study particle production in section 3, including
the derivation of the anomaly equation and the derivation of all the contributions to the
induced current. In section 4 we turn to axion inflation as an example for the relevance
of these computations in early Universe cosmology. We conclude in section 5. Several
important but rather technical steps are relegated to the appendices: appendix A clarifies
our notation and conventions, appendix B provides some detail on the computations of
section 2 whereas appendix C contains some of the necessary computations for section 3.
Finally, appendix D contains the weak field expansion necessary to understand the vacuum
contributions to the induced current.

2 Solving the fermion equation of motion

This section is dedicated to the analysis of the Dirac equation in a background of classical
(anti-)parallel electric and magnetic fields. In particular, we identify the eigenvalues (energy
levels) and eigenstates (particles and anti particles), both in the absence and presence of
an electric field. This sets the stage for computing particle production and the different
contributions to the induced current in section 3.

2.1 Preliminaries

The fermion equation of motion. A Dirac fermion v of mass m which is charged
under an Abelian gauge group obeys the equation of motion

0= (i) —ma)ip, (2.1)

with ) = (9, +igQA,)¥", Q denoting the charge of the fermion 1) under the abelian gauge
group with vector potential A, and gauge coupling g, and a denoting the scale factor of
the FRW metric. For more details on our notation and conventions, see appendix A.

It will prove easier to solve the second order differential equation obtained by acting on
eq. (2.1) with the differential operator (i) +ma).! After some algebra (see appendix B),

IThis procedure is completely equivalent to solving the equation of motion for the auxiliary field ® =
(i) + ma)y, as performed e.g., in ref. [9].



we obtain
0 = (i) + ma)(il) — ma)y (2.2)

(—33 +(V —igQA)? —m?a ) + gQo - (B —EZE B i)zE) - imyoa'] V. (2.3)
Here E and B denote co-moving ‘electric’ and ‘magnetic’ fields associated with the vector
potential A, i.e. E = —0yA and B = V x A, o contains the Pauli matrices and we denote
the derivative with respect to conformal time with a prime.

From this point on we will ignore the expansion of the Universe, a’ = 0, assuming it
to be slow compared to all relevant microphysical processes (see section 4.1 for details).
Moreover, motivated by the applications discussed in section 4, we will consider constant
(anti-)parallel electric and magnetic fields. This in particular implies a non-vanishing
Chern-Simons term, E - B # 0. Without loss of generality, one may take the z-axis to
match with the direction of the electric field:

A" = (0,0, Bz, A,), (2.4)

with E = —A, > 0. Here the sign of the magnetic field, B 2 0, encodes the two possi-
ble configurations (parallel vs antiparallel), related by a C'P transformation. Note that,
throughout this paper, we take temporal gauge for convenience. Inserting eq. (2.4) and
performing a Fourier transform in the y- and z-direction,

dkydk. | pe
U(t, ) :/(2yw)2€(kyy+kz JP(t, 2, ky k), (2.5)

we can simplify eq. (2.3) to

(2.6)

B+iFE)o, 0
07— (ky = gQABx)* =3 — (k. — gQA.)* —m’a® +9Q <( o o (B—iE)JZ)

xi(t,z) = 0.
Here and hereafter, we mostly drop the k, and k. arguments in 4 for brevity.

Mode expansion. Let us take a spinor basis which diagonalizes the last term in eq. (2.6):

Xiz(looo)T, XE:(Oloo)T,
X$=(0010>T, XE‘:(0001)T, (2.7)
where
(‘I; f) Wl = ol (28)

with 0 = + and H = L, R describes left- and right-handed particles, respectively. Antici-
pating that the differential equation (2.6) is separable, we can expand ¢ as follows [9, 11, 40]:

Z h gna 0‘ : (29)

n,o,H



The x-dependent part of eq. (2.6) describes a re-scaled harmonic oscillator with shifted
zero-point,

(07 — (ky — 9QBx)?] hn(x) = sgQB(0, — x2)hn(x) = —sgQB (2n+ 1) hy(z), (2.10)

where we have defined

s=segn(@QB), xs=+/s9QBx — 8\/5]?@ . (2.11)

The solutions of eq. (2.10) can be expressed in terms of Hermite polynomials H,,

ho(2) = <39QB>1/4< ! )1/Qe—w?/2Hn(xs), (2.12)

T 2np!

where have normalized hy,(z) such that [ dz hy,(z)h, (x) = 6,y and the introduction of the
discrete parameter s ensures that all minus signs are kept track off in the manipulations
of eq. (2.10). After inserting eq. (2.9) and (2.12) into (2.6), the t-dependent part of (2.9)
is given by the solution of

{8? + 112 + m?a® + sgQB [(2n + 1) — s0] F icgQE} 9%,/0 (t)=0, (2.13)

where

IL =k, — gQA, . (2.14)

We note the appearance of the discrete energy levels (2n + 1)sgQ B labeling the solutions
of the harmonic oscillator, see eq. (2.10). The magnetic field confines the trajectories of
the charged particles projected onto the z-y plane to circular orbits, resulting in quantized
energy levels, commonly referred to as Landau levels.

In the following section 2.2, we first turn off the electric field and study the dispersion
relation in the presence of the magnetic field only. For a vanishing electric field, i.e. for
constant A, one may easily solve eq. (2.13) by gﬂ o X eFinot where the dispersion relation
is given by

Qno = VIIZ 4+ m2a2 + sgQB[(2n + 1) — so]. (2.15)

The lowest energy solution is obtained from n = 0 and ¢ = s, which is referred to as the
lowest Landau level. For the higher energy levels, referred to as higher Landau levels, we
note the degeneracy Q, s = Q1 5, for n > 1. Taking into account left-/right-handed
particles, H = L, R, and positive/negative energies, one might think that there are four
independent solutions for the lowest Landau level and eight for each higher Landau level.
However, only a half of the solutions for the second order differential equation (2.3) actually
solve the equation of motion (2.1) which is first order, as we will see in section 2.2. Hence,
the number of true independent solutions is two for the lowest Landau level and four for
each higher Landau level. In the next section 2.2 we first discuss the lowest Landau level
and then move on to the higher Landau levels.



2.2 Landau levels

Lowest Landau level. In the absence of an electric field, i.e., for constant A, in eq. (2.4),
the operator on the left-hand side of eq. (2.13) becomes independent of the index H. As we
have mentioned, the terms proportional to the B-field cancel and the energy is minimized
forn=0and o =s:

0= [87 + 112 + m?a®] g, (2.16)
whose solution is

H($)

go = (t) = exp(FiQt) , O = V112 + m2a?. (2.17)
(i)xf for H = L, R, only
two particular linear combinations solve the original Dirac equation (2.1), which provide

Although apparently we have four independent solutions, hogéq

positive and negative frequency modes, respectively (see appendix B):

e—’iQot

ug = ho[ Qo—sﬂzxg—k Qo—l—sﬂzxﬂ, (2.18)
20
eiQot
_ h[ Qo + s & — /o — L, R}. 2.19
v = g ho o+ sIL. x5 0 — sIL x; (2.19)

These solutions span an orthonormal basis for the wave functions in the lowest Landau
level, i.e., fdx uguo = fdx vgvo =1 and fdx ugvo =0.

It is instructive to consider the limit of chiral fermions, i.e. taking the limit m — 0 in
egs. (2.18) and (2.19):

uy — e M=l [0(—sIL) x5 + 0(sIL)xs] ,  wvo — eIt [0(sIL.) X — O(—sIL)xs] , (2.20)

where 6 denotes the Heaviside function. From this equation, one can see that the dispersion
relation for the left-/right-handed fermions (proportional to x%, Y& respectively) is given
by wy’" = Fsll., reproducing the well known result for the lowest Landau level [9, 11].
This is also illustrated in figure 1.

Higher Landau levels. For a constant A,, the operator on the left-hand side of eq. (2.13)
becomes independent of the index H, and both gg s and 951—1,— s solve the same equation:

0= [07 + 112 + m?a® + 2nsgQB] g}, = [0} + 12 + m?a® + 2nsgQB gl | _,. (2:21)

The solution can be easily obtained as

ggs(i) = gf_(f)_s = exp(FiQnt), Qp = /112 + m2a?, m%a® = 2nsgQB + m2a® .
(2.22)
Here we have defined the transverse mass mp for later convenience. We get eight inde-
pendent solutions for each n, hngg X and h,_q gf,l’,sxi, which solve the second order
differential equation (2.6). However, only four particular linear combinations actually solve



Figure 1. Energy levels for fermions in the presence of background gauge fields. The solid blue lines
denote the lowest Landau level n = 0 for a massive fermion, the dotted lines correspond to higher
Landau levels n > 1. The gray lines indicate the corresponding energy levels for massless fermions,
for which in the lowest Landau level is asymmetric between left-handed (L) and right-handed (R)
fermions. Note that all higher Landau levels (dotted curves) have a two-fold degeneracy, i.e., the
dispersion relation is identical for left- and right-handed particles. For the purpose of these plots,
we use units where g|Q|E = 1. In these units, we set ma = 0.5, 2g|QB| = 0.7 and ¢ =0 (t = 0.2)
in the left (right) panel.

the Dirac equation (2.1):
—iQnt

m_°¢ "l 1" (_ /o _ L/ R
Uy, —2\/9771 [zhn 1 mT( Q, —sllx, + Qn+5HzX5)

+ By 14 mﬁ (x/Qn Iyl + /- stXRS>] . (223
T

—iQnt
u7(12) — Z\/ST [zhn 14/1 ( v/, — sl x + v/, —i—sHZXIjs)

+ Ay 1+ mﬁ ( Qn + sTLXE + v/, — stx%)} , (2.24)
T
for positive frequency modes; and
o= [ a1 = (V0 ST /0, SR
" 2v/Qp my s s
b by 1+ —( VU — SIAY, + Qn—i—stxli‘s)} . (2.25)
vy(f) - 26\1;]% [—zhn 14/1— (\/mX + — sHZXIjs)
h,/1+—( \/—7m><8+\/mxs>], (2.26)

for negative frequency modes. Note that due to the degeneracy in §2,, any linear combi-

nation of u,(ll) and ug) (and correspondingly of vg) and %(12)) solves the Dirac equation.




The basis above is chosen such that i) for each higher Landau l?vel n, these sohiltions span
an orthonormal basis for the wave functions, i.e., [dx ug)Tug) = [dz vff”v,%r) = OnnOrr
and [dx ug”vf—f) = 0 and ii) the n = 0 solutions (2.18) and (2.19) are obtained from the

expressions (2.23) to (2.26) by choosing u(()l) = v(()l) =0, u(()z) = up, and v(()Z) = vp.

2.3 Particles and anti-particles

We here clarify the definition of positive and negative energy states without assuming a
vanishing electric field. This discussion is helpful, in particular, when we turn on the electric
field and discuss particle production in section 3. To define the positive and negative energy
states unambiguously, we need to look at the Hamiltonian for the Dirac fermion, which is
given by

sz/d:gx P (—iV -y — gQA -~ +ma)ip. (2.27)

Inserting the mode expansion given in eq. (2.9) into this equation, one may express it in
the following matrix form:

dkydk, 2 [ —sIL(t) ma gLﬁ
Hy, :/ (2m)2 (93@5{,8) ( ma SHZ(t)> (ng78> (2.28)

3 (ohhr i )
n=1

—sIl,(t) —impa ma 0 g
impa  sIL,(t) 0 ma 97];—1,—3 (2.29)
ma 0 SHz(t) mpa gg,s ’ ‘
0 ma —impa —sII,(t) 95—1,—5

where mpa = v/2nsgQB. We write the time argument explicitly in IT, to emphasize that
this expression is applicable for A, = 0. From this equation, it is clear that the n = 0 and
n > 1 solutions never mix, and hence we can study them separately.

Let us first consider the first two-by-two matrix. Its eigenvalues are £y with

Qo(t) = \/T2(¢) + m2a2. (2.30)

The positive and negative eigenvalues correspond to particles and anti-particles, respec-
tively. The corresponding eigenvectors are given by
Qo (t)—sIl.(t) Qo (t)+sI1.(t)

(+) — 2Q0(t) ) 200 (t)
gO - Qo(t)-fsnz(t) ) g 2 (231)

0 Qo (t)—sIl, (¢ ’
200(0) Y 0(2)90(t) =

for the positive and negative eigenvalues respectively. These eigenvectors form the basis

for the wave functions for the positive and negative energy states:

o T [ L et o 7T (L
UO — e ! ft dt’'Qo(t )h’O |:g((]+)i| (Xi?{) ’ Vb — szt dt’'Qo(t )hO |:g(() )] <X§{> ) (232)
Xs Xs



One can easily see that they coincide with the solutions for the equation of motion for
a vanishing electric field as expected, i.e., Uy = ug and Vy = vg for Az = 0. This means
that the positive and negative energy modes provide distinct solutions for the equation of
motion for A, = 0, i.e., they do not mix with each other. However, this is no longer true
once we turn on the electric field. There the positive and negative frequencies get mixed
during the course of evolution due to the time-dependence in I1,(t), resulting in the particle
production as we will see in section 3.

Next, we move on to the four-by-four matrix. Its eigenvalues are degenerate, i.e., we
find two positive and two negative energy states, £, with

Qn(t) = /TI2(¢) + m2a?, mia® = 2nsgQB + m?a* (2.33)

The corresponding eigenvectors for the positive energy state are

Qn (£)—sII(t Qn (£)—sII(t
BRTA (mn(t) Vitmr o
\/ﬁ +sH \/7 Qn ( t)—l—sl’[z(t
mr 92,(4_ mr
\/7 [ +sH n \/7 Q, (t +st
mr QQn mr QQn(t)
/ m_ /751_[ N / _m_ Qn (t)—sTI(
mT 2Qn(t) mT

Those for the negative energy state are

Qn (£)+sT12( Qn (£)+sT12(
i1 (mn(t) Vitmr (mn(t)
Qn Qn SH
o \/ﬁ e | .o ﬁ B O
9n = sIT,( v 9n = sH Qi (t)—sIL; (1)
1 m  [92n(O)=sll:(t) — 14+ 3
mT 20, (t) mr QQn
m Qn ()41 (2) Qn +sH
Vitory e —iy /1=

(2.35)
From these eigenvectors, we obtain the following wave functions for the positive and neg-

|||
Sl
%\
b

(2.34)

ative energy states:

hnXI; hnX%
i [t ’ T h _ XI: st g ’ _ T h _IXE
U — =i [t () [gr,(—&-)} n—1X"s V() — =i [T drQa(t) |:gr,( )] n 5
n hnxl;” ’ " hnXsR
hn_lxr“fs hn—lxljs
(2.36)

Again, they coincide with the solutions for the equation of motion [egs. (2.23) to (2.26)]
for a vanishing electric field, i.e., U7(LT) = u,(f) and VTST) = vg) for AZ = 0. Once we turn on
the electric field, eq. (2.36) no longer solve the equation of motion, implying the particle
production.

Now that we know the wave functions for the positive and negative energy states in
the presence of the electric field, we can for any time ¢ define creation (and annihilation)

operators for particles and anti-particles, 37(17") and 155{"), respectively. With these, we can



(Ug 1.0

—20F 0.8
~ —_
N =

N —40f o7 0.6f
< o

O -eof S oaf
Y o0

-80 0.2

—-100[ 1 Il Il 1 Il 1 0.0F 1 1 1 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
r r

Figure 2. A schematic plot of the time evolution of the electric field, see eq. (3.1). Here we work
in units of /g|Q|E = 1 with E being a constant value of the electric field for ¢ = 0 to 7. In this
plot, we have set 7 = 100.

expand the fermion field at any given time ¢ as follows:

o= /dk ydk., oikyy+k:z2) Z [UT(LT)BT(lr) +vOpHO q ' (2.37)
Note that the following rules are implicit to get this formal expression: Uél) = Vo(l) =0,

UéQ) Up, and V( ) = Vp. This also implies B( ) = 0, 15(()1) =0, B(()Q) = BO, and béZ) =
Here creatlon and annihilation operators fulfill the following commutation relations:

{BD), BOTY = (27)%5(py — §y)6(ps — P2)0nnbrr (2.38)
(DO, DY = (21)26(py — Py)S (P2 — P=)dnnbrr (2.39)
{otherwise} = 0. (2.40)

3 Particle production

To study the fermion production induced by the electric field, let us turn on the electric
field adiabatically for a finite amount of time. This allows us to define eigenstates with
positive/negative frequency at early and at late times, and avoid spurious behavior associ-
ated with sudden turn on/off of the electric field. More concretely, we turn on the electric
field fromt =0to t = 7.

0 t<0 0 t<0
A(t)={ —Et 0<t<r = Et)={FE O0<t<rt. (3.1)
—-FEr 7t 0 7Kt

Note here that, to avoid spurious singularities at ¢t = 0 and t = 7, we interpolate these
discontinuities smoothly as shown in figure 2.

~10 -



3.1 Bogoliubov coefficients

(r) 5™

Definition. We consider solutions iy, ' for the equation of motion which fulfill the
il un ]A —o and v(r) — v,(f)\AZ:o at t <« 0. Note
here that we have used the same convention for the lowest Landau level as eq. (2.37), i.e

u[()l) = vél) =0, u(()Q) = up, and v(()2) = vp. Initially, there is no electric field and hence one

following boundary condition: iy,

may expand the field by means of wave functions defined in egs. (2.18), (2.19) and (2.23)
to (2.26) at A, = 0 together with the creation operators lA),(lT), d") defined at ¢ < 0 and the
corresponding annihilation operators (IA),(f))Jf, (ng))’r . This implies

dkdkzz z ~(r) 3 (r ~(r) 3(r
vit.m) = [ TG S [0 + a0 ] (32)

n,r

dk,dk X .
2 gilkyy+k=2) (r) (r) 4 (r) ()t
_>/ (27)2 ’ E[Un [ 4.=005” + 05| a.=0 dyy } for t<0, (3.3)

n,r
where the annihilation operators erase the initial vacuum state, i.e., b\ |0) = ) |0) = 0.

Once we turn on the electric field, the wave functions which diagonalize the Hamil-
tonian, UT(LT) and VTST), no longer coincide with the solutions for the equation of motion.

. ~(T ~\T . . .
Hence, the solutions, u%) and USL ), must be expressed as a linear combination:

= oUW 4 g0y 50| = gy 4 o)y (3.4)

me
t>0 t>0

Here we have defined the Bogoliubov coefficients:

of) = (Uaf) . 80 = (VOa) . it (fg)= [deflg. ()

Intuitively, the a-coefficient describes the probability of a particle-to-particle transition,
whereas the [ coefficient encodes a particle-to-antiparticle transition. Complex conjugation
exchanges particle and antiparticle states on both sides of these transitions. Note here again
that by convention, for the lowest Landau level, we only have r = 2, i.e. aéQ) = g and
BO = [p. Inserting eq. (3.4) into eq. (3.2) and comparing it to eq. (2.37), one finds the
following relations between the initial creation/annihilation operators, BE{") and ci,(f), and

those at a later time (¢ > 0), Bﬁf’ and f),‘f);
Bﬁﬁ - a(?‘)g}(?") _ /B(T)*d(T)T (T)T 5( )b( ) 4 a(r)*d( "t (3.6)

Note that the Bogoliubov coefficients satisfy \a ]2 + ]ﬁ(r |2 = 1. From the discussion
above, it is clear that the annihilation operators at a later time £ > 0 do not erase the initial
vacuum state. More explicitly, the number densities become non-vanishing for | /Bff)] >0
implying the particle production: <B£LT)TB,(LT)> = <1A)£LT)TD£LT)> = vol ([R2)|B7(f)\2.

Evolution of Bogoliubov coefficients. Instead of obtaining aS{’) and 17,({1) by solving the

equation of motion directly, it is convenient to derive an equivalent evolution equation for
the Bogoliubov coefficients. Taking a time derivative of egs. (3.5), we obtain the evolution
equation for the Bogoliubov coefficients (see appendix C):

Dral™) = ) 39QF i tava,w),, 980 = o) 59QF o jtara,w)

202 %7002 mre;

(3.7)
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Figure 3. Particle production encoded in the Bogoliubov coefficient |3,|? for ¢ > 7 as a function
of the momentum k,, obtained by solving eq. (3.8) numerically. Here we have adopted units
of \/g|Q|EF = 1, taken 7 = 100 and mra = 1 in these units and have chosen @ > 0. For
comparison, the horizontal black dashed line indicates the value e~mmra’/9lQIE , demonstrating

excellent agreement with the analytical estimate (3.9).

where the initial condition at ¢ < 0 is ag) =1 and B,(LT) = 0. One can see that the structure

of the equations is the same as those for the ordinary Schwinger effect without B-field by
just replacing mpa with ,/k2 4 k2 [44]. For later convenience, we rewrite eq. (3.7) as
follows:

2 E ety
[ _ 599 ()% p(r) 20 [t dt'Q,
ot | B, 202 2R (an By e ) ,
(") a0 sgQE “oiftaven, (1 (|2
O (an JoAY ) 0z mrae 1 2‘571 . (3.8)

From a comparison with the ordinary Schwinger effect [44], we obtain the resulting asymp-
totic, non-perturbative behavior of |ﬁ,(f")|2 at t > 7 for |k;| > ma and |II,| > ma as

" 0kt + 9QEm) e (T Y exp (TR (a9

(r) _
‘ﬂ” E g|QIE

where we have introduced p = sgn(@). To avoid this notational complication, we will
sometimes take ) > 0 and B > 0 in the following. Be careful that, in this case, all the
quantities in the exponent should be regarded as their absolute values if one would like to
recover general signs for them. Note that the inherently non-perturbative solution (3.9)
can never be obtained by a perturbative expansion in E/m?a%. Vice versa, the full solu-
tions to eq. (3.8) will contain perturbative corrections of order E/m?a? to the asymptotic
solution (3.9). We will return to these in section 3.3 and appendix D. Figure 3 shows | By) 2
as a function of k. as a result of a numerical evaluation of eq. (3.8).

3.2 Chiral anomaly and chiral asymmetry

Deriving the chiral anomaly. In the presence of a chiral anomaly, a chiral fermion
rotation relates the Chern-Simons term and the chiral fermion current [45, 46]. For a
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massive fermion, this chiral fermion rotation also transforms the fermion mass term,

22
gQF

Ouls = =55 Fu

yEM + 2imaysip, JE = Pytiysy. (3.10)
In the setup at hand, the (anti-)parallel electric and magnetic fields induce a non-vanishing
Chern-Simons term, FF = —4E - B. Consequently, the fermion production discussed in
the previous section must obey this anomaly equation. In the following we will verify this
explicitly. This is not only an important and non-trivial cross-check of the consistency of
our treatment, but also clarifies how the anomaly equation for a massive fermion arises (see
also ref. [8] as well as refs. [9, 11, 12] for a derivation for massless fermions). As we shall
see in the following, only the lowest Landau level contributes to the anomaly equation.

Let us begin by evaluating the left-hand side of eq. (3.10). Taking the spatial average
and using the translational invariance of the initial vacuum state, we are left with only the
1 = 0 component JY, which we can identify as the chiral charge

5= s [ € D) = o [ g ([9w0]) (3.11)

measuring the number density of right-handed minus left-handed particles. Here (...)
indicates the vacuum expectation value with respect to the initial vacuum at t < 0.23

Inserting egs. (3.2) and (3.4) into (3.11), we obtain (see appendix C for an explicit
derivation and the reason why one may drop the regularization):

gQB [ dk, |1, 2 ma [ o [*dt'Qo(t') . *
= 9«5 ) ma (e 0 He)l . 12
wlt) = 522 [ S (G2l + 5 (e a3 + Hee.) (3.12)

Since contributions from the higher Landau levels cancel out between the two modes, r =
1,2, only the lowest Landau level contributes to the chiral charge. In the next subsection,
we will estimate g5 for ¢ > 7 by inserting the solution of the evolution equation for the
Bogoliubov coefficients. Here we leave this expression as it is and proceed to the proof of
the anomaly equation (3.10).

To evaluate the left-hand-side of the anomaly equation (3.10), let us take a time deriva-
tive of g5 given in eq. (3.12). By using the equation of motion for the Bogoliubov coefficients
in eq. (3.8), we obtain

_ 9QB / dk, [m2a2

q5 _ 27T 27T QS gQE + 2Sma (iaal30€2ift dt/QO(t’) + Hc>:| . (313)
0

2Note that the spatial average is redundant when assuming the initial vacuum state has translational
invariance, and hence the chiral charge is essentially ¢5 = <J§>. Nevertheless we mostly keep it to avoid
confusions.

3We have here utilized the antisymmetrized chiral current. This is always possible by adding a total
derivative to the action. This expression is useful because it makes a C P-invariant regularization explicit
and allows in general a more transparent treatment of the n-invariant [47, 48] (see ref. [12] for details). In
the case at hand the n-invariant vanishes and hence this is not strictly necessary as we will see, but we will
stick with the antisymmetrized version anyway.
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Figure 4. Blue points show a numerical evaluation of the chiral charge ¢5 as a function of the
fermion mass m. Here we have adopted a units \/g|Q|E = 1, and taken 7 = 150.* For comparison,
we also show the right-hand side of eq. (3.17) as a black dashed line, demonstrating excellent
agreement with this analytical estimate.

Recalling the definition of the dispersion relation, Q¢ = /II2 + m?a2, and changing the
integration variable k, — II,/ma = u, one may integrate the first term in eq. (3.13)
analytically, which provides the Chern-Simons term:

QQB dkz m2a2 2Q2EB /oo d ( 1 92Q2

2Q2
s 2 Q3 9¢ Y u? 4 1)3/2 272 872

F .

(3.14)
The last step of the proof is to show the second term in Eq (3.13) coincides with the
expectation value of the pseudo scalar operator 2ma <Ei’y5¢>. Again, inserting egs. (3.2)
and (3.4) into 2ma <Ei75w>, we get

/d3:1: oma <wW5¢ QQB/dk (iaéﬂ()e%ftdt/m(t/) +H.C.> . (3.15)

Vol

which corresponds precisely to the second term in eq. (3.13). Combining egs. (3.13), (3.14),
and (3.15), we finally arrive at

QQQ
82

gs = WF‘“’ + 2ma (Vi) (3.16)
which is nothing but the anomaly equation (3.10). Here, for notational brevity, we have
dropped the spatial average on 2ma <Ei75¢)>.

This derivation clarifies that, if one studies the particle production by solving eqgs. (3.8)
and expands the fermion field as in egs. (3.2) and (3.4), the chiral anomaly equation (3.10)
is automatically fulfilled.

Chiral asymmetry. We have shown that the chiral anomaly equation is guaranteed
for the solutions of eq. (3.8). Here we explicitly evaluate the resulting chiral charge after

4Note that this E appearing in (g2Q2/27T2)EBefﬂm2“2/ng‘E is its constant value for ¢t = 0 to 7 in
eq. (3.1), while the electric field in F'F' is the time-dependent one E(t).
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Figure 5. Contributions to the chiral anomaly equation. The blue solid line shows a numerical
evaluation of the chiral charge g5, determined by evaluating the right-hand-side of eq. (3.16) [using
egs. (3.15) and (3.8)] as a function of ¢ for the gauge field given in eq. (3.1). Here we have adopted
units of 1/g|Q|EF = 1, and taken 7 = 100, ma = 1 and /g|Q|B = 1. For comparison, the black
dashed line indicates (g2Q2/27r2)EBe_”m2“2/9‘Q‘E. If we integrate the blue solid line over time, the
integrand is dominated by the plateau, which gives ~ 7 x (42Q?/272) EBe~"™"a’/9IQIE  confirming
eq. (3.19).

pumping up an electric field from ¢ = 0 to t = 7 as in eq. (3.1). In particular, we will clarify
how each term in the anomaly equation contributes to the final asymmetry in the chiral
charge with the help of a numerical evaluation of eq. (3.8). We take @ > 0 for notational
brevity of the following discussion.

Let us start with the chiral charge, eq. (3.12). To get the final chiral asymmetry,
we need to evaluate the chiral charge at a late time, i.e., g5(t > 7). For t > 7, the
electric field is already turned off and hence the Bogoliubov coefficients are no longer
evolving. Contrary to the first term in eq. (3.12), one can show that the second term,
fdkz(ma/Qg)%(agﬁoe%fdtlQO), does not contain a term which grows with 7. We have
verified this numerically. Hence using the asymptotic non-perturbative behavior for |32|
given in eq. (3.9), we can estimate the resulting chiral charge as

22 2.2
g°Q Tmea
t ~ 7T X EB —
a(t > 1) =7 272 exp( gQFE > ’

which is consistent with the argument given in refs. [8, 49]. We also check this estimation

(3.17)

by solving eq. (3.8) numerically, as depicted in figure 4. Taking the massless limit m — 0,
one recovers the well-known result for chiral fermions in ref. [11].
It is instructive to see how each term in the right-hand-side of eq. (3.16) contributes
to this resulting chiral asymmetry. The Chern-Simons term obviously yields
Q7 9°Q*

82 w2

/ At F, " ~ 1 x EB. (3.18)

To estimate the contribution arising from 2ma <@i’y5¢>, we need to evaluate the imaginary
part of az‘)ﬂoe%fdt/go as eq. (3.15). As can be seen from figure 5, for a long enough 7 such
that |gQET| > ma, the time integration of the pseudo-scalar operator, 2ma <$z"y51/1> is

~15 —



dominated by the plateau from ¢t = 0 to ¢ = 7 and hence we get
292 2.2

/ dt' 2ma (Pirs) ~ 7 x 927?2 EB [exp <—7ZZ?; > - 1} : (3.19)

which coincides with the result in refs. [8, 10]. In the massless limit, this term vanishes as

expected. Now we see that the estimation for the final chiral charge in eq. (3.17) is consis-
tent with the summation of eqgs. (3.18) and (3.19). We note in particular the non-trivial “-1”
contribution in eq. (3.19), which cancels the F' F contribution to the chiral charge, ensuring
the overall exponential suppression. Since due to the operator nature of the anomaly equa-
tion this cancellation must hold exactly, one can also see how this term emerges explicitly
by perturbative computations omitting the non-perturbative exponential behavior in the
limit of m?a® > E. As shown in appendix D, the leading order perturbative contribution is

ep 2iftara, _ .. 9QE 3.90
agPoe isma 103 +oe (3.20)
Inserting eq. (3.20) into eq. (3.15), we get
22 00 22
: — 9°Q 1 9°Q
1 2 ~ — EB d = — EB. 3.21
miatsE (i) 472 /Oo " (u? +1)3/2 272 (3:21)

It shows that the perturbative contribution of the mass term indeed cancels the F F term
at the leading order, which is essential for the anomaly equation as discussed above.

3.3 Induced current and Euler-Heisenberg action

Once the fermions get generated, they are accelerated in the background gauge field and
tend to erase it. On top of this, even if the fermions are so heavy that their production is
not efficient, the coupling to the fermions changes the effective action for the gauge field
via the running of the gauge coupling and via higher dimensional operators suppressed
by the fermion mass. These contributions correspond to the Euler-Heisenberg action [1],
which describes the non-linear dynamics of QED induced by one-loop effects.

In this subsection we explicitly show that the expectation value of the current contains
all the effects mentioned above. More concretely, we will evaluate

1[,33) / d?’x% [ 7°0)] (3.22)

() = vol(
dII sl
z z (7«)
27 ; [ Q. 2|

To get the expression in the second line, we have inserted egs. (3.2) and (3.4).

2 3 !
+ % (055:)*67(;)621 ft dt’'Q, + Hc):| . (323)

n

Induced current. Let us first discuss the contribution from the particle production.
The effect of particle production is imprinted in the non-perturbative part proportional
to e~™m*a*/9QE - A discussed above eq. (3.17), fde(mTa/Qn)%(a*ﬁe%fdt/Q) does not
contain any term which grows with 7. As a result, we arrive at the following expression of
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the current induced for a large enough 7 by the particle production after pumping up the
electric field as eq. (3.1):

22 3
g°Q*“B sII, () 2 (QQ) — T (m?a?4-2nsgQB)
Y =T II, " ~ EB g IQIE
9Q (J2)ina 5.2 /d Q. By P T X 52 S 3 e 9
3 B m2a?
=7 x (QZ‘g)E |B| coth (”LJ) ¢~ daE (3.24)

reproducing [8]. The subscript “ind” means the current induced by the particle production.
We have multiplied a factor g@) in order to make the structure which couples to the gauge
field explicit. Note that contrary to the computation of the chiral charge, all Landau levels
contribute to the induced current. This result is also consistent with refs. [3, 4, 41] obtained
from evaluating the imaginary part of the effective action after integrating out fermions.
See also ref. [44] to see how to relate their results to ours.

Vacuum contribution. As discussed above, the contribution from the particle produc-
tion is exponentially suppressed for heavy fermions, i.e., e—mm*a*/gQIE However, this does
not mean that those heavy fermions don’t contribute to (J,). One may anticipate their
effect because the low-energy effective action for the gauge field after integrating out heavy
fermions should involve the threshold correction to the running of the gauge coupling as
well as higher dimensional operators suppressed by the heavy fermion mass. In the follow-
ing we explicitly compute these effects by means of a perturbative expansion in E/m?a?
and B/m?a®. Here we ignore terms that contain more than one time derivatives in E.
These terms generate higher derivative corrections to the Euler-Heisenberg terms in the
low-energy effective action. See also ref. [43] for the case of a vanishing magnetic field.

As discussed in appendix D, in addition to the non-perturbative term from the particle
production, we also have perturbative contributions in |3|? and o* Bemf at'ay, By utilizing
integration by parts repeatedly, one may systematically perform perturbative expansions
in F/m?a? and B/m?a®. After some algebra, we obtain

; 3
() () 2i frare,) _ mre |9QE  (9Q)° o 2 2 ae0?2 2
2R (an BMe )P o |~ s ® E (3mZa? — 3802 + 248112)
+(0dd in L) + -+, (3.25)
l 5 2(9Q)°

E?ETL, + (Even in IL,) 4 --- , (3.26)

80 = Lnka
e 32T Qo

where the subscript “P” indicates perturbative contributions and the ellipsis represents the
higher order terms in E/m?a? and B/m?a?. We have dropped terms which do not survive
after integration over I, i.e., terms odd in II, for eq. (3.25) and even in II, for eq. (3.26).
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See appendix D for the derivation. Inserting egs. (3.25) and (3.26) into eq. (3.23), we get

_ 9QE  59QB
9Q (2D vae = 1672 n,r m?pcﬂ du
1 (QQE>2 1 2 2
X [(u2+ 57 Smbad (a2 4 D12 (234u” —38(u* +1)+3) [ +---
3
9QF sgQB 1 1 1 <gQE > 2 1
= S _— _
meomia? |12 (2008 gy 15 \mPe?) | (2908, 4
+ee (3.27)

with v = II,/ma. The summation over the first term in the square brackets contains a
divergence as we will see. Let us make use of the zeta function regularization. We can cope
with this summation with the help of the Hurwitz zeta function ((p, q):

1 2 o 1 2sgQ)B

nZT:(Zerl)P:bPC(p’l/b)_l’ C(p,Q)ZnZ:%W, b:W, (3.28)
where to evaluate the two terms in eq. (3.27) we will be interested in p = 1 and p = 3.
Here, in the first equation, we have utilized the fact that higher Landau levels (n > 1) have
two modes (r = 1,2) for each n while the lowest Landau level (n = 0) has only one mode.
The last “-1” stems from this mismatch. It is known that the Hurwitz zeta function can
be extended to a complex value of p via the analytic continuation, which contains a pole
at p = 1. By expanding it around p = 1 and also Taylor-expanding in b, we get

lim
p—1
n

1 1 1 b 2 b
S B T R N RS RO ST N A H 9
< (on + 1) [b(p—1)+2+12+ ] -1 6 BB

where the ellipses involve higher order terms in B/m? and terms which vanish at p = 1.
We also need the behavior at p = 3, which is given by

271 —2( a4+ 1=ty (3.30)
(bn+1)3  “\2b 2 b ’ '

n,r

where the ellipses imply higher order terms in B/m?2. Using the relations (3.29) and (3.30),
we finally obtain the following form of the current which contains the divergence and finite
terms at the leading order in F/m?%a? and B/m?a®:

2 @ | A2 (9Q)' B’E | (9Q)" E°E

99 evae = 9 oz M o X B4 56 5 000 T 3002 miad

(3.31)

Recalling that the level, n, represents the transverse momentum squared and the summa-
tion is asymptotically ZN 1/n ~InN for N > 1, we replace the divergence at p = 1 with
In A2/m? with A being a UV-cutoff.

Now we are ready to discuss the physical origin of eq. (3.31). For this purpose, it is
convenient to see how this current enters the equation of motion for the gauge field once
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we make the gauge field dynamical. Since our expression for the current eq. (3.31) was
based on the vector potential (2.4), the Maxwell equation reduces to

0=F; +9;Q (J:)yae = 0
(1 Q> A?) L Q' (6B, @ (9B

I P
g?\ * 1272 2 3672 mi*at 3072 miat

(9:E) +-+ . (3.32)

Here we have explicitly indicated bare quantities which should be renormalized with the
subscript A.
One can easily see that the first parenthesis is nothing but the running gauge coupling
evaluated at the fermion mass m
B 1 Q2 A2

and hence it is finite. Moreover, recalling the Ward-Takahashi identity, one finds g3 E; =
gmEm and g3 By = gmBm where quantities with a subscript m are the renormalized ones
evaluated at the fermion mass scale. Noticing that the electromagnetic field appears the
combinations g E; or g;Bj in eq. (3.32), we may rewrite the equation in terms of the
renormalized quantities®

00 BE | (1) EE
3672 miat 3072 mtat ’

where we have suppressed the subscript m for notational brevity.

0=F+ (3.34)

The final task is to identify the origin of the terms suppressed by the power of the
fermion mass in eq. (3.34). Such higher dimensional operators arise in the low energy
effective action when we integrate out a heavy fermion. Its concrete form is known as the
Euler-Heisenberg action. On top of the kinetic term for the gauge field, this yields the
following corrections [1, 41]

!
Len = Z(%%Ei)r? mia* [(E2 B 32)2 +T(E B)Q] T (3.35)

where the ellipses imply terms higher powers in E£/m?a? and B/m?a?. Inserting the specific

gauge field configuration (2.4) into eq. (3.35), we find the following terms in the equation
of motion for the gauge field after variation with respect to A,:

0Lpn _ (9Q)* E*E  (9Q)* B’E

0A, 3072 mAat T 3672 midt

This coincides with the second and third term in eq. (3.34), implying that the origin

(3.36)

of (3.34) is nothing but the Euler-Heisenberg action.

Before closing this section we would like to emphasize that, even if one takes a large
enough fermion mass to exponentially suppress the fermion production, there always exist
power-law suppressed terms in the expectation value of the current. However their origin
is merely higher dimensional operators which should not to be confused with the particle
production. This conclusion holds for any particle production in general.

5Note that this property also holds for the induced current (3.24) as expected. Hence one may keep the
same expression given in (3.24) by just replacing all the bare quantities with the renormalized ones.

~19 —



4 Applications

Fermion production in strong helical, abelian gauge fields plays an important role in many
different areas of particle physics, solid state physics and cosmology. While the relevance
of these questions for the former fields of research has been known for a long time (see
e.g., the seminal papers [50] and [1, 2, 11]), the importance of chiral fermion production
for cosmological processes has only fairly recently gained significant attention. In the
remainder of this section, we will focus on the dual production of gauge fields and fermions
in cosmic inflation, triggered by coupling the inflaton to the Chern-Simons term of an
Abelian gauge theory. However, the results presented here also have important implications
for a much broader class of processes in the early Universe. For example, this coupling
to the Chern-Simons term can play a crucial role in the phase of preheating after cosmic
inflation [51-54] and has been employed in [33, 55-59] to generate large scale magnetic fields
which can survive in the intergalactic voids until today. The (spontaneously) C'P-violating
nature of this coupling moreover makes it a promising candidate to implement baryogenesis,
either by a direct coupling of the inflaton (or SM Higgs) to the fermion current [60-64],
or by sourcing a baryon asymmetry from the generated C P-violating background of gauge
fields [27-33]. At much lower energy scales, the same coupling to the Chern Simons term
can play a crucial role in explaining the smallness of the electroweak scale [34-38].

In this section, we will apply the results derived in the previous sections to analyze
particle production in quasi de-Sitter space, i.e., during cosmic inflation. The analysis of
gauge field production in this context, sourced by a coupling of the particle driving cosmic
inflation (the inflaton) to the Chern-Simons density of an abelian gauge group, dates back
to ref. [65]. The coupling to a chiral current of (uncharged) fermion current was first
studied in [66] and recently refined in [67]. The simultaneous coupling to both abelian
gauge fields and massless charged fermions, as dictated by the chiral anomaly equation,
was first studied in [9]. Here we extend these results to include a finite fermion mass. As we
will see, the Chern-Simons coupling induces remarkable signatures in the predicted scalar
and tensor spectrum at small (sub-CMB) length scales. The presence of fermions, and in
particular the presence of a fermion mass term, drastically alters these predictions.

4.1 Upper bound on gauge field production during cosmic inflation

We consider a pseudo-scalar singlet ¢ (referred to as ‘inflaton’ or ‘axion’ in the following),
coupled to the Chern-Simons term and to the chiral fermion current,

5= [dta {wfg ngamayqﬁ ~V(6)| ~ 3 Fu "+ 0D — ma)i + 4;‘}G¢Fwﬁ“”} ,
(4.1)

6 We will leave the scalar

see appendix A for details on our notation and conventions.
potential V(¢) unspecified for now, assuming only that it is flat enough to support slow-

SNote in particular that here we have taken the ¢-dependent? complex phase in the Dirac mass term to
be zero. This corresponds to a particular choice of the couplings transporting the spontaneous C P-violation.
We leave an investigation of the fully general model parameter space for future work.
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roll inflation, (b/H < 1, (b/((zﬁH) < 1, where H = a/a denotes the Hubble parameter.” The
resulting equation of motion for the fermion is given in eq. (2.1). The equations of motion
for the scalar field and the gauge fields read

¢+3H¢+V,(¢)—W<FMVFMV> :0, (42)
O F™ — 9, (:;f FW) —gQJ; =0. (4.3)

Here as usual, we have decomposed the inflaton field into a homogeneous background with
(small) perturbations, ¢(t,x) — ¢(t) + dé(t, x). The backreaction of the gauge fields on
the inflaton background is encoded in the spatial average (FF) in eq. (4.2), whereas the
fermion backreaction enters through Jy = y*p. Decomposing the vector potential into
longitudinal and transverse modes, A = A; + Ap with 0 = V - Ap, one can readily see

that ¢ never affects Az but leads to an instability for Ap as discussed below.

Without fermion backreaction. Neglecting for a moment the fermion current I
eq. (4.3) can be expressed in Fourier space as

0= [0§ + k(k £ 2\éaH)] As(n, k), (4.4)
where £ parameterizes the inflaton velocity,

¢ = 2:;5; >0,  with A = sgn(¢) (4.5)

and we have introduced the helicity decomposition for the transverse mode

dSk o g ik-x
Ar(n,z) = / @7 2 [e< V(k)a\” Ay (n, k)e™® + He| (4.6)

with the polarization tensors obeying k-€(?) (k) = 0, () (k)*-€) (k) = 6,4, and kx €(?) =
—0ike?) (k). Assuming £ /H < 1, consistent with the slow-roll approximation, eq. (4.4) is
solved by the Whittaker functions W, ,,(2). This leads in particular to one exponentially
growing mode (in accordance with the negative effective squared mass in eq. (4.4)). After
imposing Bunch-Davies initial conditions in the far past, the solution for this mode reads

e™é/2

A_x(n, k) ~ N

Wi 1/2(2ikn) . (4.7)

"See ref. [68] for a detailed discussions on the role of the shape of the scalar potential.
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From this, we can compute the expectation values of the electric and magnetic fields as

. 27€ 3 KUV 2
<E2> = T§|3 H* x (f|26_“5/ dr k3 >
n 0

0 )
%W—i/\g,l/z(—m"ﬂ)

e27r§
~26x 107" —5H", (4.8)
€l
. e2m¢ ‘€|5 KUV 9
B?) = H* % e_ﬂg/ dr &3 |W_; —2iK
< > ‘5’5 A2 0 } A§71/2( )}
2m€
~3.0x1074 T€|5 H*, (4.9)
R R 62775 §4 KUV o 9
E-B) =\ H x (-2 —7‘5/ dr 3= |W_ye 1 o(—2i
< i X < 871'26 ; KK I | ,\15,1/2( m)|
e27r§
~2.6x1071\ & H*, (4.10)
with k = —kn = k/(aH) and where we have introduced physical electric and magnetic

fields defined by £ = E /a? and B =B /a?, respectively. See e.g., [32] for a detailed
derivation and discussion of these results. Note that in accordance with statistical isotropy,
we expect (E) = 0 = (B) when averaging over the entire Universe. However, well within
any given Hubble patch, the electric and magnetic fields are homogeneous, (anti-)parallel
and thus locally select a preferred direction. On average, the magnitude of these fields in
given by eqgs. (4.8) and (4.9), respectively. Under the assumption that both £ and H are
approximately constant, the magnitudes of these physical fields are constant. Hence, well
within a given Hubble patch, the gauge field configuration sourced by eq. (4.1) corresponds
precisely to the constant, helical external gauge field configuration studied in sections 2
and 3. We note that the choice of sign of ¢ distinguishes between parallel and anti-parallel
E and B fields, with A > 0 corresponding to B > 0 in sections 2 and 3.

The induced current. The analysis above neglected the fermion current. As discussed
in section 3, the presence of strong electric and magnetic fields leads to the production
and acceleration of charged fermions, resulting in the induced current Ji,q. In sections 2
and 3 we considered these gauge fields to be classical, external fields. In the context of
axion inflation these gauge fields are sourced dynamically as discussed above and hence the
generation and acceleration of charged fermions drains energy from these fields. We thus
expect the amplitude of the gauge fields to be reduced compared to the expressions (4.8)—
(4.10). See ref. [9] for an analogous discussion for the case of massless fermions.

In section 3.3 we computed the different contributions to the induced current assuming
homogeneous, constant (anti-)parallel electric and magnetic fields and a static Universe.
From the discussion above, we note that approximately homogeneous and constant physical
(anti-)parallel electric and magnetic fields are sourced during axion inflation. We now turn
on the cosmic expansion adiabatically and assume de Sitter spacetime. Note that this
adiabatic approximation only holds if all relevant microphysical processes are much faster
than the cosmic expansion, see discussion below. By replacing the time with the conformal
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time 7, one may rewrite eq. (3.24) as

B 2

__m™m

e 9lQIE (4.11)
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Assuming a constant physical electromagnetic field, we can perform the conformal time
integral, which gives

B 7'rm2

™ — 1
IRIE x — 4.12
e HUE X = (412)

T Q Jz in Q 3 ;-
99 <Jz>ind =~ <a3> ‘= (96|7r2’) b

B

coth

where we have defined the physical current by J=1J /a3. Taking the mass to zero in
this expression, we can recover the known result for the chiral fermions in refs. [9, 39)].
One may also take B — 0 instead. Then we recover the known result for the Schwinger
effect without the magnetic field [69, 70]. This indicates that our understanding smoothly
connects massive/massless regimes with/without magnetic field.

Eq. (4.12) is a key result for the study of cosmological applications in the remainder of
this section. While eq. (3.24) is an exact result, the generalization (4.12) to de Sitter space
requires some additional assumptions. Let us pause here for a moment to clarify these.

1. As pointed out in ref. [43], the effect of cosmic expansion becomes relevant for weak
electric fields, when the acceleration induced by the electric field is comparable or
even smaller than the Hubble expansion. The latter case can even lead to an effective
motion of the fermions antiparallel to the electric field lines. The validity of eq. (4.12)
thus requires gQ|E|/(mH) > 1. From figure 6, we see immediately that this condi-
tion is fulfilled in the entire parameter space where the induced current is relevant.

2. As we have seen in section 3.3, the induced current contains the Fuler-Heisenberg
terms which we ignored in the discussion above. For (mildly) strong field case
g\Q|E > m?2, the leading Euler-Heisenberg term sets the renormalization scale for
the coupling of (’)(g|Q|E), while the real part of the rest is suppressed by m?/ g|Q]E
(see [41] as a review). The latter is negligible compared to the particle production as
long as g|Q|E/(mH) > 1.8 It by chance coincides with the previous condition and
is satisfied for the entire parameter space of our interest. Thus the Euler-Heisenberg
terms are important only for g\Q!E < m?, which is out of our interest since the
particle production and hence the fermion backreaction are anyway negligible. Here
we implicitly assumed that E ~ |B|. It is valid in the case of our interest with of
order unity & or &g. Note that it is &g that determines the hierarchy between E
and |B| for the equilibrium solution.

3. In the discussion above, we neglected cosmic expansion when computing the fermion
production rate. This is valid as long as the relevant microphysical length scale
is much smaller than the Hubble horizon, i.e., mpy > H. From eq. (3.9) we note

8The same condition is obtained in the case without the magnetic field in [43].

~ 93 -



that particle production is most efficient for m2T ~ ¢g|Q|E/m, and hence the flat
space expressions for the production rate can be applied if E > H?, which again
holds whenever the induced current is relevant. Note that for massless fermions,
this condition becomes equivalent to requiring that the particle production is fast
compared to the cosmic expansion rate (see ref. [9]), whereas the additional mass

scale of massive fermions relaxes this condition.

The equation of motion (4.3) implies the energy conservation equation
pa=—4Hpa+ 26E|B| — gQEJ;4 (4.13)

where pgq = %(EQ + 32) denotes the physical energy density stored in the gauge fields.

To obtain this expression, we have assumed that the average of <E J > is approximated

with Ej{;d- The second term on the right-hand side describes the increase of the gauge
fields sourced by the inflaton motion whereas the third term describes the transfer of gauge
field energy into the fermion sector. Assuming dynamical equilibrium between the inflaton,
gauge field and fermion sector, p4 = 0, and inserting the explicit expression for the induced
current, eq. (4.12), this leads to an algebraic consistency equation for F and B,

—2H(E*+ B?) + 2¢gHE|B| =0, (4.14)

_ . e’ | B| mm? \ E
et =& — 1922 coth (E) exp <_g\Q]E) ieh (4.15)

Neglecting the induced current (i.e the second term in eq. (4.15)), eq. (4.14) has two

with

solutions (for any given ), which can be depicted as two straight lines in the E vs B plane.
The analytical solution given by eqgs. (4.8), (4.9) corresponds to a particular point on one
of these lines. Switching on the induced current, eq. (4.14) describes a closed contour in
the E vs B plane. Since the equation of motion is highly non-linear, we are no longer
able to solve it analytically. However, we can place an upper bound on E, B or EB by
extremizing these quantities over the closed contour described by eq. (4.14).°

This is depicted in the left panel of figure 6 for different values of the fermion mass.
For simplicity, we have neglected the running of gauge coupling (see eq. (3.33)), simply
setting @ = 1 and g = 1/v/2 for the purpose of this figure. The dashed blue line indicates
the solution with negligible backreaction (eq. (4.10)), which is applicable for small values
of £&. The dashed gray line indicates a violation of the slow-roll condition,

¢E|B| SV (), (4.16)

where for the purpose of figure 6 we have set H = 8x 1013 GeV. If this constraint is violated,
the gauge field production consumes the entire energy of the inflaton sector in less than
a Hubble time. Approaching this bound the assumption of an approximately constant

9Based on the analytical results above, we employ the analytical results obtained in the absence of
fermion production as upper bounds in the extremization procedure and choose the branch with E > B.
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Figure 6. Magnitude of the Chern-Simons term generated in the presence of charged fermions with
mass m/H = {0, 10, 30,100} (red to blue, i.e., bottom to top). Left panel: upper bound obtained by
extremizing over eq. (4.14). Right panel: equilibrium solution obtained by selfconsistently replacing
& Lo in eq. (4.10).

& breaks down, and the analysis we perform here is no longer valid. When treating )
and hence ¢ as dynamical parameters by solving eq. (4.2), this constraint is automatically
fulfilled since the backreaction of the gauge fields on inflaton equation of motion limits the
growth of qﬁ In practice, this implies that the large values of £ required for a violation
of eq. (4.16) are not reached dynamically, see also section 4.2. Finally, the gray shaded
region indicates the regime where thermalization of the produced fermions can no longer
be neglected according to the estimate (4.20). Here we only show the condition for the
massless case because the bound becomes the most stringent as can be readily seen from
eq. (4.20). We also check that the bound relaxes only by an O(1) magnitude for the heaviest
mass parameter taken in figure 6. In summary, as expected, increasing the fermion mass
reduces the fermion production and hence the induced current, leading to larger values of
the electric and magnetic fields.

The upper bounds depicted in the left panel of figure 6 are clearly conservative and
here is no compelling reason why they should be saturated. We can proceed by solving
eq. (4.14) under an additional assumption: if all the equilibration processes between the
inflaton, gauge field and fermion sector are sufficiently fast, we expect E and B to be given
by eqgs. (4.8) to (4.10) with the replacement & — .. This set of equations can be solved
selfconsistently, and we depict the results for this ‘equilibrium’ solution in the right panel
of figure 6. Comparing figure 6 with the conditions listed below eq. (4.12), we see that also
for the equilibrium solution, these are always fulfilled in the regime of interest.

We emphasize that both panels of figure 6 only provide an estimate for the magnitude
of the generated gauge fields. An exact solution of the non-linear equation of motion (4.3)
would be highly desirable for a more precise study of the phenomenology of these models,
but is unfortunately beyond the scope of this paper. Nevertheless, we very clearly see that
the presence of fermions, and in particular their mass, changes the prediction for the gauge
field production by several orders of magnitude.

— 95—



Thermalization and Pauli blocking. The key quantity in the study of backreaction is
the induced current. So far, we have neglected the interaction of fermions in the estimation
of induced current. Here we discuss the condition justifying this approximation. As one
may see from egs. (3.24) and (4.12), we have assumed that the acceleration by the electric
field continues for 1/H. However, if fermion scatterings are efficient, this approximation is
no longer justified.

Let us start our discussion with the “would-be” temperature if the particles were
thermalized:

1
R 30 1 RN RN )
fon= (o) w= (sQIE) max |1, (1QIE) " minfr 5] . (417
T2y
where w denotes the energy of the most relevant Landau level after experiencing acceleration
in the electric field for a time period min[7s, H~!] with 75 being a typical time scale of
scatterings. If we suppose that the plasma were thermalized, the typical interaction rate
of particles in the thermal plasma is

Tt = T . (4.18)

In most cases of our interest, we find that the typical energy of fermions after production
is much larger than the would-be temperature, w > Twb. This leads to an additional
suppression of the scattering rate of the generated fermions compared to 7¢y:

Ts > Tth - (419)

For instance, the concrete form including this suppression factor is 2Ty (wa Jw)1 /2 [71-
74] if the generated particles are also charged under non-Abelian gauge field as in the
SM [9, 75, 76]. Here, to avoid complications and model-dependent discussions, we just
conservatively require 1 < 7y, H as a condition to neglect the interactions of the generated
fermions. One can readily see that, for 1 < n, H, even an initially thermal plasma would
drop out of thermal equilibrium, indicating how conservative this requirement is. The

10
1 A
1B

Here we have assumed m? < ¢|Q|E and g|Q|E > H?, since otherwise the backreaction

condition, 1 < 1y, H, gives

o=

5

3
4 HA\ 5 _mm?
V<t S0 (glo) (T2 (55) <5 (4.20)

from the induced current is anyway negligible. For the parameter choices in figure 6, this
condition is always fulfilled. However, we note that for a smaller energy scale of inflation,
the upper bound on EB /H* from eq. (4.16) becomes less stringent, potentially opening up
some parameter space where thermalization is relevant, in particular for a heavier mass.
It is sometimes argued that the production of fermions is not efficient due to Pauli
blocking in the final state. In our computations in section 3 this is already intrinsically

10 Alternatively, one may estimate the scattering rate of the initially non-thermal fermions as 7, = Ny Osc
with oge ~ a2/w2. Numerically, this leads to a very similar result for 7.
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accounted for, and is reflected e.g., in the condition |a|? + |3|> = 1. Nevertheless, we find
significant particle production. Here we interpret these results in terms of simple quantum
mechanical arguments.

Immediately at their generation, the fermions are characterized by a vanishing velocity
in z-direction and a finite (for n > 0) velocity in the transverse direction, encoded in the
transverse mass myp. From the spacing of the energy levels in eq. (2.22), we see that the
quantum mechanical uncertainty in position space is given by daxdy ~ 27/ (ngB). With
this, we find for the production rate within a box of dimensions dz dy L,

22

n _ . 9@
I‘é ) = nydrdyL ~ 12

. 2B . 2
EBexp (— WE? )exp (—7rm2/g|Q\E> X gsC;TB x L, (4.21)

where we have employed the asymptotic solution 3.9 to obtain n,. Consequently the
acceleration in z-direction accumulated before the creation of the subsequent fermion is
given by

Apace = gQET, . (4.22)

Comparing this to the spacing of the p, levels, Ap, = 27/L, we conclude that Pauli block
is inefficient if

ADace B 2mrnB 9 S
1< Ap. —exp< = )eXP (Wm /9\Q|E) ; (4.23)

which is clearly intrinsically satisfied. In particular, we note that for massless fermions in
the lowest Landau level, this bound is saturated (as expected for fermion production from
a gap-less dispersion relation), whereas massive fermions and higher Landau levels feature
an occupation number significantly below the Pauli limit. This extends and improves the
discussion given on this matter in ref. [9].

4.2 Axion inflation

In the previous section we discussed the gauge field production induced by the non-
vanishing velocity of a pseudo-scalar field. This is a key ingredient in axion inflation
(see e.g., [77] for a review). In this context, the gauge field production has shown to lead to
striking and observable signatures both in the scalar and tensor power spectrum [68, 77, 77—
79, 79-86]. In this section, we revisit these predictions accounting for the presence of
massive fermions.

For the purpose of this discussion, we will choose a linear scalar potential in eq. (4.2),
V(g)=pPp, p=06.1-10""Mp, (4.24)

motivated by models of axion monodromy [87] with the parameter y determined by the
observed amplitude of the scalar power spectrum at CMB scales. For the resulting phe-
nomenology it will be mainly relevant that this leads to an inflaton velocity which grows
monotonously during inflation, for a discussion of the impact of the choice of scalar potential
see [68]. In the figures below, we will further choose a/(wf,) = (0.02 Mp)~!, which is the
maximal value consistent with current constraints on scalar non-gaussianities in the CMB.
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Figure 7. Evolution of the parameter f (proportlonal to the inflaton velocity) for different fermion
masses. Left panel: upper bound for EB. Right panel: equilibrium solution for EB. Color coding
as in figure 6.

With these choices, we can numerically solve the inflaton equation of motion (4.2)
inserting the results for EB (&) depicted in figure 6. Figure 7 illustrates how the fermion
masses impact the evolution of inflaton velocity. For massless fermions (red curve) we
reproduce the result of ref. [9]: due to the efficient generation of fermions, the gauge
field abundance and hence the backreaction on the inflaton field are strongly suppressed,
leading to £ x qS/ H o N~'/2. This is the usual result for inflation in monomial potentials
without a gauge field background. As the fermion mass increases, the energy conversion
from gauge fields into fermions becomes less efficient. This results in a stronger gauge field
background and hence in a stronger backreaction on the inflaton field, reducing the inflaton
velocity towards the end of inflation. Defining the end of inflation as (¢)?/(2H?>M32) =
this additional friction prolongs the duration of inflation, explaining why the z-axis in
figure 7 extends to negative values (here N = 0 is defined as the end of inflation in the
absence of gauge fields). This is particular visible for m/H = 100 (purple curve) in the left
panel of figure 7, which essentially reproduces the result of axion inflation in the absence
of fermions, see e.g., ref. [77]. In the right panel of figure 7 we show the corresponding
evolution for &g, defined in eq. (4.15). In this case, the induced current is included in
the effective parameter &.q. Lighter fermions correspond to a smaller value of &g and
hence a less efficient gauge field production. In summary, light fermions lead to a strong
induced current which makes gauge field production more difficult, whereas sufficiently
heavy fermions effectively decouple.

Scalar power spectrum. In slow-roll approximation, the equation of motion for the
inhomogeneous perturbations d¢ of the inflaton field is given by [81]

2

56+ 38H5 — %&p + Vool )06 = = (2B (& B). (4.25)
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Figure 8. Scalar power spectrum. Left panel: upper bound for EB. Right panel: equilibrium
solution for EB. Color coding as in figure 6.

with 8 = 1 + 2« <E‘ . B> /(37rH¢§fa). From this, one can estimate the scalar power

spectrum as [81]*!

2_&2 2 N<HZ>2 a(E‘B) i
As_ (bQ <6¢>— 27T¢) + 37TﬁH(bfa ) (426)

where the first term is the standard vacuum contribution and the second term in sourced
by the Chern-Simons charge. We note that both the homogeneous equation of motion for
the inflaton as well as the scalar power spectrum for its fluctuations are sensitive to the
gauge field and fermion production only through the magnitude of EB , which in turn is
a function of & oc ¢. Consequently we can convert the estimates depicted in figure 6 into
estimates of the scalar power spectrum, taking into account both the backreaction of the
gauge fields in eq. (4.2) as well as the additional source term in eq. (4.26).

The resulting scalar power spectrum for different values of the fermion mass is shown
in figure 8. At CMB scales (N ~ 55), the parameter ¢ is small and both gauge field
and fermion production are inefficient. At these scales, the model thus closely resembles
a standard single-field slow roll inflation model (indicated by the dashed black line). At
smaller scales, towards the end of inflation, £ increases and the scalar power spectrum is
strongly enhanced. Lighter fermion masses lead to a smaller scaler power spectrum, since
the induced current inhibits the gauge field production. The slightly earlier rise in the scalar
power spectrum for heavy fermions is due to the definition of N = 0 as ¢?/(2H>M3) = 1,
which occurs a few e-folds later when efficient gauge field production induced a strong
friction in the inflaton equation of motion which delays the end of inflation.

For strong gauge fields, 8 > 1, the scalar power spectrum can be approximated as
A2 ~ 1/(2r€)2. An upper bound on the gauge fields implies an upper bound on the
amount of gauge friction and thus translates to a lower bound on £. In this sense, the

"Here we are assuming that the estimate of the variance of EBis given by the expression found in [81]
in the absence of fermions. In other words, we are assuming that the fermions only change the magnitude
of the generated gauge fields but not their spectral shape. It will be crucial to scrutinize this assumption
using dedicated numerical simulations in the future.
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curves in the left panel of figure 8 can be viewed as upper bounds for the scalar power
spectrum for different fermion masses. The equilibrium solution predicts overall smaller
gauge fields compared to the upper bound, resulting in a smaller scalar power spectrum,
in particular for light fermions.

The horizontal lines in figure 8 indicate the CMB normalization and the primordial
black hole bound [81], respectively. Above the latter, the large scalar perturbations lead to
a too large probability of producing primordial black holes, in contradiction with observa-
tions. This can be remedied by considering couplings to multiple abelian gauge groups [68].
However, given the significant uncertainties in our estimates of £ and B as well as the limits
of perturbation theory for large values of £ [88, 89], we shall for the moment ignore this prob-
lem. The main purpose of this section is not to derive a precise upper bound on the fermion
mass which would circumvent the primordial black hole bound, but rather to highlight the
significant impact of (massive) fermions on the scalar power spectrum of axion inflation.

Gravitational wave spectrum. The computation of the tensor power spectrum re-
quires the knowledge of the anisotropic contribution to the energy momentum tensor,
sourced by vacuum fluctuations as well as by the gauge field and fermion sector. The
contribution from the vacuum perturbation is given by the usual expression, Q&G =
0. /12(H/(mMp))? with Q. = 9.1 -107° denoting the fraction of radiation energy den-
sity today. In the absence of fermions, the gauge field contribution can be estimated as

(see e.g. [77, 79])

2 2 Arné
e () T am
The contribution from uncharged chiral fermions, in the absence of gauge fields, was com-
puted in [90] and found small compared to the vacuum contribution. A full computation of
the gravitational wave spectrum resulting from the interplay of the fermion and gauge field
sector requires the solution of the inhomogeneous non-linear gauge field equations taking
into account the fermion backreaction, which is beyond the scope of this paper. However,
for the equilibrium solution (requiring a self-consistent solution of eq. (4.8) and (4.9) with
& > o), we can perform an estimate for the gravitational wave spectrum by inserting the
resulting & into eq. (4.27), adding the vacuum contribution but neglecting the fermion
contribution.

The resulting spectra are shown in figure 9. As expected, the presence of light fermions
reduces the gauge field abundance and hence the expected gravitational wave signal. This
is a striking example of the ability of gravitational wave detectors to probe the properties
of particle physics models.

Finally, we note that the equilibrium solution assumes a fast backreaction of the gen-
erated fermions on the gauge field abundance. If this backreaction is slower than, e.g.,
the change in &, we would expect the gauge fields to ‘overshoot’ their equilibrium value.
Moreover, the gravitational wave spectrum depicted in figure 9 neglects any contribution
from the fermion sector. Given that we found the fermion production to be fast compared
to the Hubble expansion rate, we expect a larger fermion abundance than found from the
gravitational production in ref. [90], and hence the resulting contribution to the gravita-
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Figure 9. Predicted gravitational wave spectra for different fermion masses, employing the equi-
librium solution. The (dashed) gray lines indicate the power-law sensitivity curves of the (future)
gravitational wave interferometers LIGO, LISA and the Einstein Telescope. Color coding as in
figure 6. For reference, the dashed black line indicates the vacuum contribution and the dotted blue
line indicated the predicted spectrum in the absence of fermions.

tional wave spectrum may be relevant. In view of this, the results depicted in figure 9
should be viewed as lower bounds on the gravitational wave production in axion inflation.
We leave a more detailed investigation to future work.

4.3 Baryogenesis from axion inflation

As pointed out in refs. [31-33], axion inflation with the abelian gauge group identified as the
SM hypercharge U(1)y can provide the initial conditions required for successful baryogene-
sis from decaying helical hypermagnetic fields [27-30]. If the SM Higgs expectation value is
stabilized at zero during inflation, axion inflation leads to a dual production of helical hyper
gauge fields and massless chiral fermions. The latter thermalize once Yukawa interactions
and sphaleron processes become relevant in the thermal plasma after inflation. However,
under certain conditions, depending also on the chiral charge in the fermion sector, the
helical hypermagnetic fields can survive until the electroweak phase transition. During the
electroweak phase transition the hypermagnetic fields are converted into electromagnetic
fields, thereby generating a baryon asymmetry which can explain the matter-antimatter
asymmetry observed in our Universe [33].

If the SM Higgs expectation value is stabilized at non-zero vev during inflation, axion
inflation will lead to a dual production of electromagnetic gauge fields and massive chiral
fermions. Depending on the details of the Higgs potential and the properties of thermal
plasma, the electroweak symmetry may be restored after inflation, implying a conversion of
the electromagnetic fields to hyper gauge fields. The magnitude of these hyper gauge fields,
together with chiral charge stored in the fermion sector at this point in time, determines
the efficiency of the subsequent baryogenesis process. We leave a detailed study of this
(model-dependent) symmetry restoration process and the subsequently generated baryon
asymmetry to future work.

~ 31—



5 Conclusions

The production and transport of charged particles in the presence of electromagnetic fields
are ubiquitous in nature. In this paper, we study the production of charged massive Dirac
fermions in parallel electric and magnetic fields. By solving the equation of motion for
fermions in a background gauge field, we compute various quantities semi-analytically in
terms of Bogoliubov coefficients. We analytically show how the chiral anomaly arises from
the equation of motion [egs. (3.13), (3.14), and (3.15)], and also numerically evaluate the
chiral charge and the pseudo-scalar operator yielding the correct chiral anomaly equation
legs. (3.17) and (3.19)], which guarantees a smooth connection between the case of mass-
less and massive fermions. In addition, we evaluate the induced current and explicitly
show how three contributions appear: (i) the current from fermion production [eq. (3.24)],
(ii) the running of the gauge coupling constant [eq. (3.33)], and (iii) the Euler-Heisenberg
terms in a 1/m-expansion [eq. (3.31)]. This result clarifies that, while particle production
is exponentially suppressed in the limit of heavy fermions, the expectation value of any
operator contains terms suppressed in powers of 1/m, which is nothing but higher dimen-
sional operators from integrating out heavy particles and should not be confused with the
particle production. We moreover demonstrate explicitly how the Pauli exclusion principle
manifests itself, showing that the occupation number per phase space volume is saturated
only for massless fermions in the lowest Landau level.

Equipped with these results, we discuss a pseudo-scalar inflaton which couples to a U(1)
gauge theory solely via the Chern-Simons coupling. The velocity of the inflaton increases
over the course of inflation, which triggers the efficient production of helical gauge fields.
We demonstrate how the production of charged fermions backreacts on the gauge field
equation of motion and suppresses the production of helical gauge fields. As expected,
this backreaction becomes more significant for lighter fermions, resulting in a suppression
of the sourced scalar/tensor perturbations. We find that depending on the fermion mass,
the stringent constraints from primordial black hole overproduction may be avoided, while
still implying a gravitational wave spectrum which is well above the standard vacuum
contribution. Our discussion neglects the interactions among fermions after production.
We clarify the condition for this approximation to be valid (see also [9]), i.e. the condition
that ensures that thermalization of the fermion population during inflation is inefficient. To
go beyond this limitation, one would need to treat the evolution of the phase space density
of the fermions dynamically, as recently discussed in ref. [91] in the context of an f2(¢)FF
inflation model. Extending their analysis to our case is surely worth pursuing in future.

Although we restrict ourselves to the Chern-Simons coupling as a starting point for
cosmological applications, one may also consider more general shift-symmetric couplings
such as (0¢) - J5 and e3¢/ fayh Up to a field redefinition associated with a chiral rotation,
one of these three couplings is redundant and we are left with two independent couplings,
i.e. the Chern-Simons coupling and ¢-dependent mass coupling. This field redefinition never
changes the physical result as it should be, which is however has been explicitly shown only
in two limited cases: the case without the gauge coupling (uncharged fermions) in refs. [66,
67] and the case without mass in ref. [9]. Including this basis independence, a smooth
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connection between two regimes is therefore desirable for more complete understanding of
the system at hand.

For simplicity we assume a constant mass for the Dirac fermions throughout this paper.
However, if we would like to identify this gauge group as part of the SM gauge group, we
need to recast the mass in terms of the Higgs field. As recently pointed out in ref. [92], once
we treat the Higgs field dynamically, the asymmetric production of fermions backreacts onto
the Higgs, destabilizing the Higgs effective potential in contrast to the usual thermal mass,
which can lead to an interesting signature in the bispectrum of the scalar perturbations gen-
erated during inflation. Although ref. [92] focuses on the production via the ¢-dependent
mass coupling, it would be interesting to extend their analysis to include the Chern-Simons
coupling which then involves the production of helical gauge fields, the production of
fermions obeying the anomaly equation, and also the Higgs production via the Schwinger
effect. We hope that our work will stimulate further studies on this direction, including the
impact of these effects on the dynamics of the Higgs field and their observational signatures.
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A Notation and conventions

We consider a pseudo-scalar singlet ¢ together with a Dirac fermion ¢ of mass m which is
charged under an Abelian gauge group. Taking into account all interaction terms (up to
dimension 5) which respect the shift-symmetry of ¢, the most general action (which does
not explicitly break parity) reads

5= / s { [ 970,00, — V() —iFM,,F’“’+1/JUMJ

+ca F FW
A, O 4 2

with ) = (9, + igQA, )", a = ¢*/4r and Q denoting the charge of the fermion ¢
under the abelian gauge group with vector potential A,. Here c4, c5 and ¢, are real

Sy 0u0) JE — mwe%mwﬁ/fw} , (A1)

coupling constants, f, indicates the cut-off scale of the effective theory and ¢g"” denotes
the FRW metric. Performing a chiral fermion rotation, we can eliminate (for example)
the term proportional to (9,¢)Jt where JI' = YyPysep. In this paper, we will moreover
for simplicity drop the ¢-dependent phase of the mass term. This leads to the fermion
equation of motion (2.1).

In eq. (A.1) we have introduced the comoving quantities v, A, and g"”, related to the
corresponding physical quantities (indicated by a hat) as

p=a*%), A= (Ag,—A)=A,, A" =d*(Ay, A)=ad’A". (A.2)
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and correspondingly, with E = —0JyA, B =V x A in the temporal gauge Ay = 0,
E=E/d®, B=B/d. (A.3)

The indices of the physical quantities are raised/lowered by the FRW metric g*” whereas
the indices of the comoving quantities are raised/lowered by the flat metric n,, =
diag(+7 T _) = g,uu/a2’

Using the chiral representation of the v matrices, (v#) = (79, ) with

) , 01 0 o -10
{27 =29, 7°=<10>, 7:<—ao>’ 75:<0 1> (A-4)

the left(right-)handed component of the four-spinor ¥ = (¢, %R) is projected out by the
projection operator Pr,/r = (1 F v5)/2. The (dual) field strength tensor of the gauge field
is given by

Fup = ,A, —9,A,, FMW = ; P (A.5)

with 0123 = 41,

B Solving the fermion equation of motion

Second order equation of motion. This appendix provides some additional details
on the results derived in section 2. We start be deriving the second order equation of
motion (2.3) starting from the first order equation (2.1):

(i) + ma) (i) — ma)w
D, D,~"~" —iD/ﬁ“ma + imaD,,y”} ()

-

[ <77“” + %W‘, 7”]) —m?a® — imvo(Doa)] ¥
9Q
2

= [—33 +(V —igQA)* — =26" F,,, — m*a® — imy a} . (B.1)

Here the relative minus sign in the spatial part of the gauge co-variant derivative arises from
our convention 9, = (dy, V) and A, = (Ap,—A). In the third term we have introduced
the anti-symmetric operator

i 1 1
V= 5[7“,7“] with oD, D, = 50’“’[DH,DV] = 50’“’(2’9@Fm,) (B.2)
In temporal gauge, Ag = 0, we can immediately evaluate explicitly the relevant components
of " and F),,

ot

) — ) 1 ..
Y , Fou=E, ~é*F;=-B" (B.3)
0 o 2

With this, the third term of eq. (2.1) can be expressed as

_9Q

T (B—HE 0 )

0 B —iFE
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and we obtain

B +iFE 0

_ | a2 i0OAY? — m2a2?) 1
0 (=05 + (V —igQA)* — m*a”) —i—gQa( o B_iE

) - imfyoa'] v. (B.5)
Solutions to the first order equation of motion. For the lowest Landau level (n = 0),
the second order equation (B.5) admits four solutions,

g B 4) = exp(FiQot), Qo= /I + m2aZ. (B.6)

see eq. (2.17), corresponding to positive and negative energy solutions for H = L, R. From
the original first order equation of motion (2.1) we however expect a unique positive and
negative energy solution, singling out a unique linear combination of x% and x&.

To see this, let us insert the most general solution of (B.5) with arbitrary coefficients
cs? (with p = + indicating positive/negative frequency)

ULt ) = ciPho(z)gh(t)X5 (B.7)
T’p
into (2.1). This yields
17
9(4—8)01{
1 2 1 —s)c”
pw 0 —k, 0 o —ma 0 ( S)CQP =0. (B.8)
10 -0, 0 01 O(+s)cy
(—s)c>P
with 6(+s) denoting the Heaviside function.
2 ci? 2 cl?
P k., P == (—k, , B.
i = (ke pw), 0= (ke ) (B.9)

and hence the two (positive and negative energy) solutions for fixed s and n = 0 are given
by
U = NPgh(t)ho(xs) [amxt + (pw + sk.)x3] (B.10)

with the normalization factor

—-1/2

NP = [(am)? + (pw + sk.)?] (B.11)

With some algebra, this can be expressed as in egs. (2.18) and (2.19),

—1Qot

uy = gﬁho [\/ Qo — sll, Xi + /o + sl X§j| , (B.l?)

iQot

vy = \e/TthO |:\/ Q(] + SHZ X; —\ QO - SHZ X?] . (B.13)

For the higher Landau levels, an analogous procedure leads to egs. (2.23) to (2.26).
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C Particle production

Equations of motion for the Bogoliubov coefficients. Starting from the defini-
tion (3.5) of the Bogoliubov coefficients,

) = (UD.0) L 40 = (v0,5) e

we compute their time-derivatives as
815057(;) _ <atU7g,r)7&7(’LT)> + (Uér)’ata%r»

= iQnag) + /dx {eift dt'n (t) (hnxi Bon_1Xts hnX? hn—1X2_5>* {@92’&)}*} 127(1’")
— Q)

= [ da IR (ot it b e [ ] b, (€2

where for the first term in the first line we have inserted the solution (2.36) and for the
second term we have used the fact that 117({) solves the equation of motion, i@tﬁg) =
Hw&g) = Qn(ag)Uq(f) — ﬂ,(f)Vn(r)). The equation for Bt@(f) is obtained analogously.

To proceed, we need to evaluate 8tg77:;(+) with gZ’(i) defined in eqs. (2.34) and (2.35).

It is straight-forward to verify the following relation,

5, ((2nt) £ sTL:(t) V2 sampIL(t) (Qu(t) F sIL()\ 7 3
' 2Q0(t) T 202(¢) 200, (1) : :
With this, we see that
n) ¢ SmrIL () o)

implying the time derivative of the positive frequency eigenvector acts as a projector on

the negative frequency solution and vice versa. Finally, recalling &,(f) = a,(f)ug) + ﬁq(f)vq(f),

we obtain
TL() o [t e (1 L) o ftavo (v
8ta£f) - _ 7(lr) < SQQ(z )62zftdt Qn (t )mTa, éwff) _ aff) % 829(2 )6—2@fidt Qn(t)mTa'

(C.5)

Chiral charge. Starting from the definition of the chiral charge in eq. (3.11),

g5 = vol(l[R3) /d%; <[?/)T775¢}> : (C.6)

our goal here is to evaluate this expression, deriving eq. (3.12) of the main text. Since the
higher Landau levels are symmetric under parity transformations (exchange of left- and
right-handed particles), is suffices to consider the contribution of the lowest Landau level
to 1. Also one can explicitly check that the contributions from the higher Landau levels
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cancel out between r = 1 and r = 2. Inserting eq. (2.5) and more specifically expanding in
terms of the creation and annihilation operators defined at some time t > 0 yields

g5 = Vol( / /dk ydk /dk/:)k;/ /dydze y(ky—ky)) piz(k=—k, )1 <{¢T ’7574>
- | o e [ ik, — itk — k)5 ([91.959] )
V01(1[R3 / /dk dk ; [UO%UO <BTB° - BOBT> + Vg5V <D0DT DTD0>

+ (Uo’YsVo <B§)D$ -~ Dng> + Hc)] . (C.7)
Using the explicit expression for the eigenvectors Uy and Vj in eq. (2.32) we find

II, N i [t Qo (1) TG
UdnsUo = —ViysVo = Shggfo, UdvsVo = (Vi ysU0)* = —hge | dt e )Qio‘ (C.8)

Expanding By and Dy in terms of the creation and annihilation operators of the original

vacuum at t < 0 yields
(BiBo — BoB) = 180f2 (dodh) — ol (bobl ) = (160]? ~ o 2)6®) 0)
= (2[60* = 1)6®(0),
(Dobj — DDy = laol? (dody) ~ 1ol (Bobl ) = (laol” ~ 4052 (0)
= (=260l +1)5(0),
(BID} ~ DYBL) = —aispo (dodh ) — aisfo (bobh ) = —20i30 6)(0) (C.9)
The factor §2)(0) arises since the creation and annihilation operators contain the same

wave vector k, and k., as enforced by the delta function in the second line of eq. (C.7).
Plugging these results back into eq. (C.7), we obtain

= vol( [R3 de dk / 2 1000)
y _851;1 (21B0[% = 1) + "SZ <e2z‘f () ok 3y 4 Hc)]
Jm s o [ e Radon)
x 30 (2160 1) + s (214 ag sy + H)] : (C.10)

To treat the vacuum contribution unambiguously, we have explicitly inserted the regulator
Ry with A denoting a UV-cutoff. By changing the integration variable k, — II,, one

13

can see that the vacuum contribution proportional to “—1” in the first bracket vanishes
because the integrand including the regulator is an odd function of IT,. This confirms that,
in the case at hand, the vacuum contribution originating from the n-invariant vanishes. In
contrast, the n-invariant plays a crucial role in the case discussed in ref. [12]. In summary,
we obtain the following expression for the chiral charge:

B [ dk,
q5(t):g2QTr/27r |:1§_2[ ’6’ +SQO(21fdtQO aﬁo—l—HC)]. (C.11)
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Induced current. Here we explicitly give the derivation of eq. (3.23) starting from the
definition (3.22):

() = vol(l[R?’) [ a5 (el (C.12)
(

(2.37) into eq. (3.23), we get

and
o [ 5E / Ak, QK8 0k, — K)ok — 1) 5 { [5.90%0] )

Inserting egs. (2.5)

(J2) = v01(1u23/
Ja

1 dk: dk; 1 (M), 377(r) / ()t HE) _ Al plr)t
~ Yol(R%) [Un U (BYBY) - BOBYY)
+VE]")73V,§’"> DD — POITE g)> (C.13)
+ (OO (BT - DB B |

Using the following properties of the eigenvectors quT) and V,ST),

—=(r) 3 (r):_/ ) 3y _ S9QBIL
/dky Un Y Un dkyvn Y Vn o Qn7

—(r B /
/dk‘y U,i ),73‘/’“(7") _ ggﬂ- W;ZTG QZfdt Qn (t ’ (014)

and expectation values of creation and annihilation operators by the original vacuum,

<B<mg<r> _ BT(;>B;;>T> — <D(r)f)(r)T _ ﬁ(r)fﬁg>> _ (2‘5;[),2 _ 1) 5(0),

n n n

< BOTDWIT _ pnt B(T)T> = —2aM* 3, 52(0), (C.15)

[ (0

As in the estimation of g5, the term proportional to

) n % (aﬁf)*ﬁ,(f)emft 'y, +H.c.)] . (C.16)

n

“

—1” in the first parenthesis vanishes
because the integrand including the regulator is an odd function of IT,. Therefore we finally
obtain

.. 9QB [dk, 211,
(Jo) = Jim === [ —— ;RAUQ”D QTQ

B g nga <ag)*5y)62iftdtl§2” —i—H.c.)} :

n

Asoo 2T
(C.17)
We keep the regulator to make it clear that it contains the divergence.

D Weak field expansion

In this appendix, we derive expressions for the Bogoliubov coefficients in the weak field
approximation, i.e. in the limit £/m?a? < 1. We also assume that the time dependence of
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E is weak, or |E ’ /Ema < 1 and so on. The time evolution of the Bogoliubov coefficients is

" pi

governed by eq. (C.5). For our purpose, however, it is more useful to deal with a,(f and

el

instead of ag) and 57({). Their equations of motion are given by (see also eq. (3.8)),

d % gQE —9 t 34/
gt (@3Bn) = smratoy (1=2[[) 72/ 0, (D.1)

d QF . i ftay
En 1Bal? = SmTagm R (OénﬁneQ Jdt Q") : (D.2)

n

Since the equations of motion are the same for r = 1,2, we omit the index r here and
hereafter for notational simplicity. We solve these equations in the weak field expansion in
the following.

In the weak field limit, one can clearly separate terms that contribute to the Bogoliubov
coeflicients into two classes. The first are those that accompany the exponential suppression

7rm2u.2

factor e 9IQF  which corresponds to the particle production due to the electric field.
We call it a “non-perturbative” contribution since it is not obtained from the weak field
expansion. The second are those that do not accompany such a suppression factor, which
we call a “perturbative” contribution. It is not understood as particle production, but it
nevertheless has effects on, e.g., the induced current of the fermion and hence the equation
of motion of the gauge field. Indeed, the gauge coupling renormalization and the Fuler-
Heisenberg Lagrangian originate from the latter class of terms, as shown in section 3.3.
For this reason, we sometimes refer to the latter as a vacuum contribution.

In the following, we focus on the perturbative contribution. We first describe how the
weak field expansion proceeds with the help of integration by parts. We then compute the
perturbative contribution up to third order in the weak field expansion. The results are
used in sections 3.2 and 3.3.

Weak field expansion as integration by parts. The weak field expansion can be
systematically performed by integration by parts. Eq. (D.1) is formally solved as

' E ot
oy, Bn(t) = SmTa/ dt’gQ (1 —2 yﬁnﬁ) o2 " At

202
y QQE( - 2) —2i [t
= zsmTaTQ731 1—2|6,]") e
¢ d gQE et
. / 2 —21 dt Qn
—zsmTa/ dt@ [492 (I—Q\Bn‘ )}e J , (D.3)

where we have performed the integration by parts to get the second line. We ignore the
time dependence of the scale factor here and henceforth. Note that E and its derivatives
have to vanish at the initial time for the initial state to be defined unambiguously. Since
the time derivatives of ,, and |3,|? contain additional E or E, the second term in eq. (D.3)
is sub-leading compared to the first term for the perturbative contribution. In this sense,

the above integration by parts is equivalent to the weak field expansion. By repeating the
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same procedure, we obtain the following formula:

e [e’¢) . 7
(ssnaen 20, =imra |3 (i) S (1-21a)| - 00

J=0

where the subscript “P” stands for “perturbative”. The corresponding | ﬁn]% is obtained by
integrating eq. (D.2). In the following, we will recursively solve these equations to derive
the explicit forms of (a8,)p and |B,|3 in the weak field expansion.

Leading order contribution. It is easy to compute the leading order contribution to
o’ Bn. From eq. (D.4), it is given by

Y] . E
(a;ﬂnemf dt Qn)P ~ zsmTang%% , (D.5)
at the leading order. The result with n = 0 is used to check the anomaly equation in
section 3.2.

Higher order perturbative contribution. Now we compute higher order perturbative
terms in the weak field expansion. In particular, we focus on R[a; 3,e% I’ dt,ﬂ"]p and | 6n]123
that are necessary to derive the Euler-Heisenberg term. We compute terms up to third
order in the weak field expansion that correspond to the lowest order terms of the Euler-
Heisenberg Lagrangian. If one goes beyond the third order terms, one obtains higher order
Euler-Heisenberg terms.

Both  R[a B,e? /) ' ) and  |B,|5 vanishes at the zero-th order since
(a,ﬁﬁne% I’ dt'Q”) is purely imaginary at this order. At the first order, we obtain
from eq. (D.4) }

R (a0 /1 000) = IO [QQE (1 wu%ﬂ ..

P 8, dt | Q3
mra d |gQE
_ d . D.
S8Qndt{§2§;} ’ (D-6)

where we have ignored ]ﬁn\% in the second line since it vanishes at the zero-th order.
|2, we obtain at the first order

t 2 2
2 ymrpa“gQE d | gQFE
2= [ dt el
[Bulp / 82 ar | o3 | "
(9Q)°
— m%GZ THE E2 ..., (D.7)

Plugging it into the equation for |3,

Now we move to the higher order terms. The second order terms vanish since the second
i [ty . . . . .
order term of (aflﬁnemf dt Q") is again purely imaginary. Up to the third order, we
P
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obtain

3
* g 2 [TdrQ,\ 1 d 1/1d
§R(O‘nﬁne )p"””T“ 80, dt 32\ Q, dt

19F (1-218.3))

mra QQE (gQ)3 9. 5 o ) )
=53, | g3~ sqp P (3mpe” — 380, 4 2481L)
+(0dd in IT,) + - - -, D8)

where we have inserted eq. (D.7) in the second line, and ignored terms higher than the

third order. We have also ignored terms of O (F) that correspond to higher derivative
terms in the effective action for the gauge field. Correspondingly | ﬁn\% is given by

t E - rto34r
8alp = smra [ a 22ER (a7 5,2 14000 )
Ty 5(9Q)°

32"'T% Q10

P

E?ETIL, + (Even in I1,) + - - - . (D.9)

These expressions are used in section 3.3 to derive the Euler-Heisenberg term. Note that
only lower order terms are necessary to obtain terms at a specific order (the third order in
the above case), and hence this procedure can be systematically extended to higher order
terms.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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