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We study the Schwinger mechanism in the presence of an additional uniformly oriented, weak
super Gaussian of integer order 4N + 2. Using the worldline approach, we determine the relevant
critical points to compute the leading order exponential factor analytically. We show that increasing
the parameter N gives rise to a strong dynamical enhancement. For N = 2, this effect turns out
to be larger compared to a weak contribution of Sauter type. For higher orders, specifically, for
the rectangular barrier limit, i.e. N → ∞, we approach the Lorentzian case as an upper bound.
Although the mentioned backgrounds significantly differ in Minkowski spacetime, we show that the
found coincidence applies due to identical reflection points in the Euclidean instanton plane. In
addition, we also treat the background in perturbation theory following recent ideas. By doing so,
we show that the parameter N determines whether the weak contribution behaves perturbatively
or nonperturbatively with respect to the field strength ratio and, hence, reveals an interesting
dependence on the background shape. In particular, we show that for backgrounds, for which
higher orders in the field strength ratio turn out to be relevant, a proposed integral condition is not
fulfilled. In view of these findings, the latter may serve as an indicator for the necessity of higher
order contributions.

I. INTRODUCTION

Tunnelling of matter-antimatter pairs from the quan-
tum vacuum in a background gauge field is an impor-
tant nonperturbative prediction in quantum field theory
[1]. For charged particles1 with mass m the rate in the
weakly coupled regime is exponentially suppressed be-
low the critical field strength ES = m2. Due to the ex-
tremely large value, this so-called Schwinger mechanism
still could not yet be seen in the laboratory.

Recently, there has been made progress in investigating
this mechanism in analogous condensed matter systems
revealing interesting similarities between nonlinear quan-
tum vacuum phenomena and nonequilibrium condensed
matter systems [2–11].

Temporal inhomogeneities can trigger an enormous en-
hancement of the tunnelling rate [12–14]. For instance,
one may consider a background composed of a strong,
locally static part superimposed with an additional weak
but rapid alteration [15, 16]. Such composite back-
grounds give rise to certain critical points [15, 17, 18]
which act as reflectors in the instanton plane resulting in
a drastic dynamical enhancement.

Generally, the microscopic details of the weak de-
pendence can be very decisive. However, even alter-
ations with a substantially distinct analytic structure in
Minkowski spacetime can lead to the same rate if the as-
sociated critical points in the Euclidean instanton plane
perfectly coincide [18].

Recently, such a coincidence for the leading order
exponential factor has been observed between a weak

∗ ibrahim.akal@desy.de
1 The charge has been absorbed into the field strength. Through-

out this paper we use natural units c = 1 and ~ = 1.

Lorentzian and a super Gaussian approaching the rect-
angular barrier limit [18, 19].

In this work, we go beyond previous observations and
study the mentioned enhancement effects fully analyti-
cally for weak super Gaussians of general order 4N + 2
where N ∈ N>1. The reason why we consider this partic-
ular class of backgrounds is, because they allow a tran-
sition from perturbative to nonperturbative dependence
on the weak field strength which is controlled by the pa-
rameter N . In this way, we can directly obtain useful
insights into the role of the explicit background shape.
To be more precise, we here investigate two different as-
pects.

Sec. II deals with the described coincidence for two
substantially distinct backgrounds. In order to do so,
we work within the worldline formalism in quantum field
theory [20, 21] and utilize the reflection approach to study
the behavior for different N . In particular, we derive
an approximate formula for arbitrary N which has not
been performed so far. We compare our findings with
well studied background shapes. Note that numerical
studies based on an alternative kinetic approach for the
standard, nonassisted dynamical Schwinger process have
previously been discussed only for super Gaussian pulses
of moderate order [22].

In Sec. III we treat the weak contribution in pertur-
bation theory by following recent ideas put forward in
[23]. We explore the role of higher orders in the field
strength ratio parameter. This approach usually requires
the computation of Fourier transforms of the respective
backgrounds which, generally, can be highly difficult to
obtain. Recent studies have therefore focused on well
known cases in which the transforms are relatively easy
to compute, see [23].

In the present work, we introduce the convolution tech-
nique which substantially simplifies the problem at hand
and allows to derive purely analytical results for weak
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pulses of super Gaussian type. In particular, we find that
in situations where higher orders in the field strength ra-
tio turn out to be relevant, a proposed integral condition
is not fulfilled. In view of these observations, the latter
may be seen as an indicator for the relevance of higher
order contributions.

II. NONPERTURBATIVE APPROACH

The general form for the tunnelling probability is given
as

P = 1− e−2Γ (1)

where the rate, Γ, is determined by the imaginary part
of the Euler-Heisenberg effective action [24]. Due to sim-
plifications, we focus on spin zero particles. Further-
more, we restrict ourselves to the adiabatic, nonperturba-
tive regime and neglect contributions from the dynamical
gauge field. The rate is of the form

Γ = Qe−W0 . (2)

The stationary action W0 in the exponent is obtained
after evaluating the worldline action

W = ma+ i

∮
du ẋ · A(xµ) (3)

on the periodic instanton path [25] determined by

mẍµ = iaFµν ẋν . (4)

Since the exponential factor in Γ is the dominant quan-
tity [26, 27] for the present study, we set the quantum
fluctuation prefactor Q to unity. The kinematic invari-
ant obeys the relation a2 = ẋ2 due to the anti-symmetry
of the field tensor Fµν . We consider a purely electric
background which is a uniformly oriented superposition
described by

EEE(t) = E (f + εg) x̂3 (5)

where ε� 1 and

f(t) = 1, g(t) = e−(ωt)4N+2

, N ∈ N. (6)

In Fig. 1 the function g is depicted for variousN including
the Sauter and Lorentzian cases.

After the rotation in the complex plane (t → ix4), we
arrive at

A3(x4) = −iE(F + εG), (7)

where

F (x4) = x4,

G(x4) = − 1

ω

(ωx4)E 4N+1
4N+2

(−(ωx4)4N+2)

4N + 2
.

(8)

t

g(t)

Sauter Sauter II 2

3 5 10 30

300 3000 Lorentzian

FIG. 1. Comparison of function g plotted versus t. The
numbers in the legend correspond to the integer N in (6).
The pink curve corresponds to a modified Sauter pulse with
frequency shift ω → ωπ/2 leading to the same W0 as the
Lorentzian (blue). For N → ∞ we approach the usual rect-
angular potential barrier.

Here, En denotes the exponential integral function. In-
serting the vector potential (7) into the instanton equa-
tions (4), we find the following coupled system of differ-
ential equations

ẍ4 = +
aE

m

[
F ′ + εG′

]
ẋ3,

ẍ3 = −aE
m

[
F ′ + εG′

]
ẋ4.

(9)

The prime denotes the derivative with respect to x4.
For conventional reasons, we introduce the dimensionless
combined Keldysh parameter [15]

γ =
mω

E
. (10)
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FIG. 2. Comparison of ξ = −Z/(αD) versus N (starting with
N = 1) for various ε given in the plot legend. With increasing
N the dependence on ε gets suppressed. For N → ∞ we
approach the Lorentzian case, i.e. δ = ξγ̌ → 0 (since ξ → 0)
and γ̌ → 1.

The idea is to compute those points for which the strong
contribution can be taken as negligible compared to the
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weak term. This can be done by using an additional
condition determining the complex turning points in the
equivalent WKB approach. For one-dimensional tempo-
ral backgrounds, as considered here, the latter leads to
the correct tunneling exponent. The relevant equation
we have to solve is

εG(x∗4) = γ/ω. (11)

Once x∗4 has been computed it can be applied as an effec-
tive reflection point in the instanton plane. This allows
to find a sufficiently accurate expression for the station-
ary worldline action. For further details we would like
refer to [18].

Also note that, recently, it has been discussed that
further exactly solvable models may be constructed by
utilizing an appropriately chosen deformation map [28].
This may be helpful to treat such kind of backgrounds
even fully analytically. Interestingly, an appropriate

modification of the background shape can lead to time
scale reductions in driven quantum systems, see e.g. [29].
Therefore, one may think about analogies related to such
reflection points placed on the Euclidean time axis.

However, by proceeding according to described reflec-
tion approach we end up with the following stationary
worldline action

W0 '
ES

E

{
π γ < γ̌

2x̌4

√
1− x̌2

4 + 2arcsin(x̌4) γ ≥ γ̌
, (12)

where

x̌4 =
γ̌ + δ

γ + δ
, γ̌ = (ln(1/ε))

1
4N+2 , δ = − γ̌

α

Z

D
. (13)

In order to compute the remaining quantities α,Z and D
in (13), we Taylor expand the associated transcendental
function in ξ < 1, where δ ≡ ξγ̌, see Sec. 5.3 in [18], and
truncate the resulting series after the second order which
leads to the following expressions

D := 2ε(2N + 1)(2αΩ2 + 4αNΩ2 + 4NΩ1 + 3Ω1),

Z := 2αΩ1ε+ 4αNΩ1ε+ 4N + Ωε+ 2 +
[
(ε(2αΩ1 + Ω) + 4N(αΩ1ε+ 1) + 2)2

− 4αε(2N + 1)(4N + Ωε+ 2)(2α(2N + 1)Ω2 + (4N + 3)Ω1)
]1/2

,

Ω := E 4N+1
4N+2

(−α), Ω1 := E 4N+1
4N+2−1(−α), Ω2 := E 4N+1

4N+2−2(−α), α := γ̌4N+2.

(14)

We begin with the correction δ, which we expect to vanish
for increasing N , here expressed as N ↑. The parameter
ξ is plotted versus N in Fig. 2, where the field strength
ratio ε varies between different values as given in the plot
legend. For N = 1 the points clearly differ. But, as soon
as N ↑, they rapidly merge together and converge to zero.
Thus, the ε dependence becomes strongly suppressed and
we find ξ → 0, cf. Fig. 2. Remarkably, such an ε indepen-
dence applies usually for Sauter-like pulses which have a
distinct pole structure in the instanton plane, cf. e.g.
[17].

Super Gaussians do not share such properties, even
for very large N , which is therefore an interesting coin-
cidence in itself. We will come back to this point later
on.

The nonperturbative prediction for the stationary world-
line action in (12) is plotted in Fig. 3 versus γ, again
for different N as listed in the plot legend, including the
Sauter (red solid) and Lorentzian (blue solid) case. The
dashed curves depict the predictions for the super Gaus-
sian case. Starting withN = 2 (green), which already lies
below the red solid curve, we find that as soon as N ↑ the
curves converge to the blue solid one. For N = 3000 (ma-
genta) both results are visually indistinguishable. Fur-

thermore, the critical threshold2, which can be approx-
imated3 by γ̌ for large N quite accurately, converges to
γ = 1. Hence, for N → ∞, corresponding to the usual
rectangular potential barrier, we approach the blue solid
curve as we have also seen in direct numerical compu-
tations4. The numerically found threshold matches with
our prediction γ̌. We conclude that for parameters

N ∈ N>1 (15)

the corresponding curves forW0 lie within the throat-like
region bounded by the red (Sauter) and blue (Lorentzian)
one, cf. Fig. 3.

2 The critical threshold is assumed to be determined by the critical
point where both the strong and the weak part start to contribute
equally, see [18].

3 For this particular type of fields the ∆ correction introduced in
[18] is negligible small, in particular for N � 1.

4 The accuracy of the analytical prediction in (12) increases as
soon as N ↑. A similar behaviour applies for ε ↓ with moderate
N as discussed in [18] for N ∈ {0, 1}.
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FIG. 3. Stationary worldline action W0 in units of [ES/E].
The integer values in the legend correspond to the parameter
N in (6).

III. PERTURBATIVE EXPANSION

For weak Sauter-like pulses the first order contribution
in perturbation theory respective ε turns out to be suf-
ficient to reproduce the leading order exponential factor
in P. If their Fourier transform in the large frequency
limit falls faster than exponentially, higher-order contri-
butions become relevant. This observation has recently
been made in [23].

In this context, we should note that finding out
whether two different weak fields lead to the same tun-
neling exponent is not directly visible via their Fourier
transforms, even in the large frequency limit.

Let us make this more concrete: for instance, both
a Lorentzian and a Sauter pulse have transforms in the
mentioned limit which decay exponentially, see expres-
sions (23) and (31) below. These functions are clearly
distinguishable in form of a frequency shift by a factor
π
2 and thus do not coincide. So even for both the first
order in the small parameter ε is sufficient to approach
the nonperturbative result, the corresponding stationary
action W0 is distinct.

Now, according to the findings in [23], one may explain
the aforementioned frequency shift and hence the impact
on W0 via the approximate Fourier transforms in the
large frequency limit just by rescaling the estimate (23),
i.e. ω → 2ω/π, or vice versa. However, we want to
emphasize that this case is rather special.

Namely, in Sec. II we have shown hat the weak super
Gaussian with N → ∞ leads to the same stationary ac-
tion as one obtains for the Lorentzian, cf. Fig. 3. So it
is reasonable to expect that for such a rectangular pulse
the first order in ε will be sufficient. Along the lines of
[23], such a behavior can already be anticipated, since
the Fourier transform does not decay faster than an ex-
ponential.

However, the obtained coincidence for the stationary
actionW0 cannot be unveiled just by working out the cor-
responding Fourier transforms which are indeed highly
distinct, cf. (16) and (20) as well as Fig. 5. In contrast,
as we have shown in Sec. II, this result can be explained
by means of the corresponding effective reflection points
in the instanton plane.

So, not only in order to support our results, but also
to demonstrate in particular the differences occurring for
any finite N > 1, which has not been analytically studied
so far, we discuss in the following the super Gaussian
from (6) in Fourier space.

A. Fourier space

Let g̃ be the Fourier transform of the weak pulse. As
mentioned, the order-by-order contributions in ε can be
written in terms of g̃. For the Lorentzian we find

g̃($) =
1

ω

√
2

π

$

ω
K1

($
ω

)
(16)

with K1 being the first-order modified Bessel function
of the second kind. For super Gaussians as in (6), the
representation in Fourier space is much more difficult to
obtain. Therefore, we need to introduce a slightly differ-
ent strategy which may also be suitable for other back-
grounds leading to similar problems. We construct the
super Gaussian (SG4N+2), particularly in the (almost)
rectangular potential barrier limit, i.e. N � 1, which is
the interesting case here, via the convolution of an ordi-
nary Gaussian,

Gσg =̂ e−(t/σg)2 , (17)

with the standard rectangular function,

Rσr =̂ rect

(
t

2σr

)
. (18)

So in order to compute g̃, we proceed according to the
following prescription

SG4N+2 S̃G4N+2

1
Cσg,σr

(
Gσg ⊗ Rσr

)
1

C̃σg,σr

(
G̃σg × R̃σr

)
FT

'

FT

'

where ⊗ denotes the convolution product and

Cσg,σr , C̃σg,σr are some normalization factors. Identify-
ing

N ↔ 1/κ,

σr ↔ 1/ω,
(19)
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with κ := σg/σr, we can finally write (including the pref-
actor)

g̃($) =
1

ω

√
2

π

ω

$
sin
($
ω

)
exp

(
−κ

2$2

4ω2

)
(20)

having assumed the condition κ � 1. It is important to
keep the parameter κ for later purpose.

B. First order in ε

The general expression after perturbing the interaction
Hamiltonian in the Furry picture gives [23]

P = V3

∫
dp3

(2π)3

∣∣∣∣. . .+ ε

∫
d$

2π
g̃ Πppp + . . .

∣∣∣∣2 . (21)

For simplifications we assume ppp = 0 which is reasonable,
since the spectrum for backgrounds considered here is
symmetrically peaked around the origin. Then the ma-
trix element at O(ε) takes the form

Π0($) = e
ES
E

([
$
2m

√
1−( $

2m )
2
+arcsin( $

2m )
]
−π2

)
(22)

which, not surprisingly, becomes unsuppressed for $ =
2m. We begin with the Lorentzian pulse, g(t) =[
1 + (ωt)2

]−3/2
. In order to perform a saddle point ap-

proximation to the $ integral in (21), we first assume
$ � ω in order to estimate

g̃ ' exp
(
−$
ω

)
. (23)

We insert the approximate expression (23) into (21) and
find the corresponding saddle point [23]

$sp = 2m
√

1− 1/γ2. (24)

The latter leads to the previously introduced threshold
γ ≥ 1. For γ = 1 the contribution g̃($sp) is maximal
where the exponential Π0($sp) approaches its minimum.
Defining a variable

x := $/ω, (25)

we find the following solution for (16)∫
d$ g̃ =

√
2

π

∫ ∞
0

dx xK1(x) =

√
π

2
. (26)

In case of the super Gaussian we are particularly in-
terested in the limit κ → 0. For this we cannot write
an exponential expression for g̃ just by assuming x� 1.
However, according to the findings in Sec. II we check
whether $ = $sp, see (24), solves the saddle point con-
dition

∂(g̃ Π0)
∣∣
κ→0

= 0 (27)

2 4 6 8 10
γ

-0.005

0.000

0.005

0.010

∂(g
˜
Π0 )(ϖsp)

E/ES = 10-2

E/ES = 10-4

E/ES = 10-6

FIG. 4. Saddle point condition (27) evaluated in $sp for
different ratios E/ES plotted versus γ. The vertical dashed
line is placed at the critical threshold γ = 1.

where ∂ ≡ ∂/∂$. It turns out that for the nonperturba-
tive weak field regime, i.e. E/ES � 1 and ω � m, the
condition (27) is fulfilled, cf. Fig. 4. For E/ES = 10−2

and γ & 2 the curve becomes increasingly oscillating un-
til it settles down at ' 0.15. Such a breakdown is rea-
sonable, since according to 2E/ES = ω/m the gray solid
curve with ω/m > 2×10−2 almost approaches the Comp-
ton scale. An approximate validity condition for $sp can
be therefore given as

γE/ES . 10−2 (28)

which is obviously satisfied for E/ES = 10−4 (red,
dashed) and E/ES = 10−6 (blue, dotted) depicted in
Fig. 4. Now, applying again the previous variable substi-
tution to (20), we obtain the same integral solution as in
the Lorentzian case, cf. Eq. (26),∫

d$ g̃ =

√
2

π

∫ ∞
0

dx
sin(x)

x
e−κ

2x2/4 κ→0
=

√
π

2
. (29)

For large x the integrand oscillates around the function
in Eq. (16), but asymptotically converges to zero. There-
fore, since $sp works for any ω, at least for ω � m, we
may conclude that the threshold at γ = 1 applies for the
super Gaussian in the limit N → ∞ as well. This is
exactly what we have found using the previous nonper-
turbative approach, see Sec. II, which has also been con-
firmed in direct numerical computations. Note that, as
soon as κ is taken to be sufficiently large, which basically
corresponds to super Gaussians with finite order N , the
latter coincidence will not apply anymore. For complete-
ness, let us discuss the Sauter pulse, g(t) = sech2(ωt),
which has the following transform

g̃($) =
1

ω

√
π

2

$

ω
csch

(π
2

$

ω

)
. (30)

Again we can write an approximate expression assuming
x� 1,

g̃ ' exp
(
−π

2

$

ω

)
. (31)

Inserting (31) and (22) into (21), results in the known
critical threshold γ ≥ π/2. Integrating the transform
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(30) as before, we find∫
d$ g̃ =

√
π

2

∫ ∞
0

dx xcsch
(π

2
x
)

=

√
π

2
. (32)

So the solution is identical to the previous one obtained
for the Lorentzian and rectangular pulse in (26) and (29),
respectively.

C. Integral coincidence

10 20 30 40 50
x

10-50

10-30

10-10

1010

2 4 6 8 10
x

-0.2

0.2

0.4

0.6

0.8

1.0

1.2

ωg
˜
(ω x)

Lorentzian super Gaussian (N = ∞) Sauter

modified Sauter Gaussian (N = 0) Exp(-x)

FIG. 5. (Rescaled) Fourier transforms ωg̃(ωx) where x :=
$/ω are plotted for the cases indicated in the plot legend. For

the ordinary Gaussian (N = 0) we have
√

2ωg̃(ωx) = e−x2/4.
In the inset the same curves are shown with logarithmic scal-
ing.

Evaluating first the exponential via a saddle point ap-
proximation using a large frequency estimation for g̃, we
consider the integral

∫
d$ g̃ as a prefactor in front of

the leading order exponential (22) in (21). Our findings
above suggest that this integral seems to incorporate use-
ful information about the impact of the additional weak
dependence. Namely, we have seen that∫ ∞

0

dx ωg̃(ωx) =

√
π

2
(33)

applies for all weak pulses (i.e. Lorentzian, super Gaus-
sian with N →∞ and Sauter) which approach the non-
perturbative result already at lowest order O(ε). No-
tably, a Sauter pulse with frequency shift ω → ω π2 be-
haves similarly.

We want to make clear, that the Fourier transforms
g̃ as well as the condition (33) does not carry suffi-
cient information unveiling whether the stationary ac-
tion (2) matches for two different backgrounds. On the
other hand, we have seen in Sec. II that even when two
backgrounds crucially differ in Minkowski spacetime, cf.
Fig. 1, they can result in the same tunnelling exponential.

These insights can be taken as a strong evidence that
the enormous dynamical enhancement is mainly trig-
gered by the nonperturbative (effective) reflection points

in the instanton plane, which in contrast to g̃($) depicted
in Fig. 5, do perfectly agree.

Coming back to the integral condition in (33), let us
adduce an additional example. We consider a weak pulse
of modified Sauter type described by

g(t) = sech(ωt), g̃($) =
1

ω

√
π

2
sech

(π
2

$

ω

)
. (34)

In this case, we will find the same stationary action W0

for sufficiently small field strengths, usually ε < 10−2,
as for the ordinary Sauter pulse (30) which is rooted in
the same reflection point, cf. [18]. Therefore, we expect
a same behavior with respect to ε. Indeed, computing
the corresponding integral, the result obeys again the
condition in (33),∫

d$ g̃ =

√
π

2

∫ ∞
0

dx sech
(π

2
x
)

=

√
π

2
, (35)

as in the previous cases. We close this part by noting
that for the super Gaussian with any finite order N we
will have ∫ ∞

0

dx ωg̃(ωx) <

√
π

2
, (36)

since κ > 0, see (20). For such pulses, as will be shown
in the following, higher orders in ε generally become rel-
evant. It is an interesting coincidence that in such a
situation the condition (33) is not fulfilled anymore.

D. Higher orders in ε

For higher order contributions we rely on the general
expansion

P ' P0 + εP1 + ε2P2 +O(ε3). (37)

The zeroth order term stems again only from the strong
background dependence. The functions PN can be ob-
tained on basis of the N photon master formula in a static
background, see e.g. [21]. Performing a saddle point
approximation with respect to the proper and worldline
time, see Eq. (5.5) in [23], the leading order contribution
reads

PN '
∫
d$1 g̃($1) . . .

∫
d$N g̃($N)

× exp

(
2m2

E

[
Σ
√

1− Σ2 + arcsin(Σ)− π

2

]) (38)

where 0 < Σ < 1 is defined as

Σ :=
1

2m

J∑
i=1

$i, (39)

and ∑
l∈{1,...,J,...,N}

$l = 2mΣ +

N∑
j=J+1

$j = 0 (40)
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applies due to energy conservation. Note that the expo-
nential in (38) is of the same form as in (22). Without
loss of generality let us assume 2mΣ � ω. So for the
Lorentzian we use again the approximate expression (23)
and compute the $l integrals via (40). Carrying out a
saddle point approximation with respect to Σ results in

PN ' exp

(
−4m2

E

Σsp

γ

)
× exp

(
2m2

E

[
Σsp

√
1− Σ2

sp + arcsin(Σsp)− π

2

]) (41)

where Σsp =
√

1− 1/γ2. For the super Gaussian in the
rectangular potential barrier limit, i.e. κ→ 0, the situa-
tion is not much different. First, we solve the $l integrals
using condition (40). The prefactor in front of the expo-
nential in (38) takes the form∏

i

ω

$i
sin
($i

ω

)∏
j

ω

$j
sin
($j

ω

)
(42)

with

$i =
2mΣ

J − 1
, i ∈ {2, . . . , J},

$j =
−2mΣ

N− J − 1
, j ∈ {J + 1, . . . ,N− 1}.

(43)

In case of 2mΣ� ω, we may use again the approximate
form in Eq. (23), since in the relevant regime it leads
to the correct leading order contribution as we have seen
before, see Fig. 4. The prefactors (42) in (38) reduce then
to an exponential that yields the following expression

PN ' exp

(
−4mΣ

ω

)
× exp

(
2m2

E

[
Σ
√

1− Σ2 + arcsin(Σ)− π

2

])
.

(44)

Rescaling 2mΣ → Σ subsequently, the saddle point is
simply given by Σsp = $sp/(2m). This is the same ex-
ponential factor as in (41) which remains unchanged for
any N ≥ 1.

We conclude that similar as in the Sauter-like cases,
the first order contribution in ε will be sufficient to ap-
proach the nonperturbative result. Of course, this is
quite different from the ordinary Gaussian, i.e. N = 0,
which behaves nonperturbatively, since higher orders in
ε turn out to be necessarily relevant as discussed in [23].

IV. SUMMARY AND CONCLUSION

In this paper we have studied the Schwinger mecha-
nism in the presence of an additional, uniformly oriented
super Gaussian of integer order 4N + 2.

In the first part, Sec. II, we have treated the respective
background nonperturbatively. For doing so, we have uti-
lized the reflection approach within the worldline formal-
ism introduced in [18] and derived purely analytical ex-
pressions in terms of N . Specifically, we have shown that
for N = 2 a stronger dynamical enhancement applies in
comparison to a weak contribution of Sauter type. Tak-
ing the limit N → ∞, which corresponds to the usual
rectangular potential barrier, has resulted in the same
leading order exponential factor as one finds for a weak
bell shaped Lorentzian. Although both setups are highly
distinct in Minkowski spacetime, the found coincidence
applies due to identical effective reflection points in the
Euclidean instanton plane. Our findings thus demon-
strate that such reflection points turn out to be the main
regulator in this dynamical mechanism. In this context,
it is particularly interesting that even though the super
Gaussian pulse for N > 2 results in a stronger dynamical
enhancement compared to a Sauter pulse, we have found
that in the former case with finite N we still necessarily
need higher order contributions in the field strength ratio
ε. This observation basically reflects the nonperturbative
nature of this process. However, this turned out not to
be the case for the Sauter pulse which, instead, behaves
perturbatively in ε. Hence, even though for moderate pa-
rameters such as N ∈ {2, 3} the super Gaussian becomes
very close to the rectangular potential barrier, there is no
perturbative behavior as for the Sauter and Lorentzian
pulse, respectively.

In the second part, Sec. III, we have studied the im-
pact of the weak super Gaussian in perturbation theory
and found that in the limit N → ∞ it shares the same
higher order behaviour as Sauter-like pulses as recently
seen in [23]. For doing so, we have proposed a new ap-
proach based on convolution techniques. The latter have
substantially simplified the problem at hand which, in
the way it has been approached in earlier studies, seems
to be easily realizable for certain type of backgrounds for
which computational difficulties in the Fourier space do
not arise. Referring to our findings, we have argued that
the leading order contribution in the field strength ratio ε
already approaches the nonperturbative result, although
a distinct pole structure, as one finds for the Sauter-like
pulses, is not present. In addition, we have seen that
for any finite N a proposed integral condition is not ful-
filled. Our findings have shown that the latter integral
condition may serve as an indication of the relevance of
higher orders in ε and thus may explain the nonpertur-
bative behavior. Our results have clearly demonstrated
that tunnelling in such complex backgrounds can lead to
nontrivial physics. The fact whether the weak pulse be-
haves perturbatively or nonperturbatively with respect
to ε depends on its microscopic details determined by
the parameter N .
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lating dynamically assisted production of Dirac pairs in
gapped graphene monolayers, Phys. Rev. D99 (1) (2019)
016025. arXiv:1812.03846, doi:10.1103/PhysRevD.99.
016025.

[11] H. Taya, Franz-Keldysh effect in strong-field QED, Phys.
Rev. D99 (5) (2019) 056006. arXiv:1812.03630, doi:

10.1103/PhysRevD.99.056006.
[12] V. S. Popov, Pair production in a variable external

field (quasiclassical approximation), Sov. Phys. JETP. 34
(1972) 709–718, [Zh. Eksp. Teor. Fiz.61,1334(1971)].

[13] E. Brezin, C. Itzykson, Pair production in vacuum by
an alternating field, Phys. Rev. D 2 (1970) 1191–1199.
doi:10.1103/PhysRevD.2.1191.

[14] G. V. Dunne, C. Schubert, Worldline instantons and
pair production in inhomogeneous fields, Phys. Rev. D72
(2005) 105004. arXiv:hep-th/0507174, doi:10.1103/

PhysRevD.72.105004.
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