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A finite radius plasma is proposed to generate wakefields that can focus and accelerate positron beams in

a plasma wakefield accelerator. The finite radius plasma reduces the restoring force acting on the plasma

electrons forming the plasma wakefield, resulting in an elongation of the on-axis return point of the

electrons and, hence, creating a long, high-density electron filament. This results in a region with

accelerating and focusing fields for positrons, allowing for the acceleration and quality-preserving transport

of high-charge positron beams.
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I. INTRODUCTION

Plasma-based particle accelerators have attracted great

interest owing to their high acceleration gradients which

could enable a future compact linear electron-positron

collider [1]. In a plasma wakefield accelerator (PWFA),

an ultrarelativistic, high-density, charged-particle beam

propagates through a plasma driving a wake which can

sustain large electric fields. In the highly nonlinear blowout

[2] or bubble [3] regime all plasma electrons are expelled

from the drive beam propagation axis and an ion cavity is

formed. This cavity features a region with a transversely

linear restoring force for relativistic electrons, together with

large accelerating gradients.

While high energy gain and high-efficiency electron

acceleration in PWFAs has been demonstrated experimen-

tally [4,5], positron acceleration and transport remains a

critical challenge [6]. In the electron-beam driven blowout

regime, the focusing region for positrons (located in the

narrow cusp where the plasma electrons cross the beam

propagation axis behind the blowout) is small, such that

stable positron acceleration is highly challenging.

A robust concept for positron acceleration and transport

is vital for the realization of future PWFA-based colliders.

Previous works have proposed to employ hollow core

electron-drive beams [7], positron drive beams [8], or hollow

core plasma targets [9] for the generation of wakefields

suitable for positron transport and acceleration. However,

these concepts seem impractical and/or entail other chal-

lenges. Using hollow core electron drive beams entails the

challenge of the generation of these exotic beams and the

challenge of preserving their shape. Moreover, the energy

conversion efficiency demonstrated in this concept was only

at the per-mille-level [7]. The possibility of using positron

drive beams has been explored [8]. This method leads to the

formation of a considerably long focusing region for

positrons, but the nonlinearity of the transverse focusing

fields and their variation as the drive beam evolves renders

the preservation of the witness beam emittance challenging.

Employing hollow core plasma channels allows for the

generation of wakefields with substantial longitudinal com-

ponent and vanishing transverse component [10]. However,

owing to the absence of any focusing fields for the drive

beam, this scheme suffers from severe beam breakup

instability [10,11]. Tailored laser profiles have also been

proposed to facilitate laser-plasma acceleration of positron

beams [12,13].

In this article, we propose a novel method for the

generation of wakefields suitable for both the acceleration

and transport of positron beams. The method relies on an

electron drive beam and a finite-radius plasma column as the

target. We investigate the formation of the focusing wake for

positron beams by means of particle-in-cell (PIC) simula-

tions, study the emittance preservation analytically, and

demonstrate the quality-preserving acceleration and trans-

port of a positron beam. The proposed method addresses a

critical challenge for PWFAs and is realizable in existing [14]

and soon to be commissioned [15] experimental facilities.

This article is organized as follows. In Sec. II we describe

the generation of positron-beam-focusing wakes using

plasma columns. The transport and acceleration properties

of positron beams in these structures is estimated analytically
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and validated by PIC simulations in Sec. III. Conclusions are

presented in Sec. IV.

II. GENERATION OF POSITRON-BEAM-

FOCUSING WAKES USING PLASMA COLUMNS

The transverse wakefield generated by a dense electron

drive beam in a homogeneous plasma target has a linear

radial dependence within the ion cavity [16,17], and rapidly

decays within the surrounding electron sheath [17]. In

contrast, for a plasma with a finite radial extent, Rp, smaller

than the ion cavity, or blowout, radius Rb (we assume the

drive beam propagates along the column center), the

transverse wakefield increases linearly (∝ r, where r is

the distance from the plasma column center) only within

the plasma column, and falls off as ∝ r−1 for Rp < r ≤ Rb.

For r > Rb the wakefield is damped by the electron sheath.

The fact that the fields falls off for r > Rp implies that the

resulting blowout radius is greater than for the homo-

geneous plasma case, and, most importantly, the altered

transverse wakefield structure leads to a modification of

plasma electron trajectories such that the longitudinal

position behind the drive beam where the electrons cross

the r ¼ 0 axis strongly depends on the particle’s impact

parameter. This is illustrated in Fig. 1, which shows the

plasma electron density and plasma electron trajectories

within the ðζ; xÞ plane calculated using the quasi-static

three-dimensional (3D) PIC code HiPACE [18]. Here x is the
transverse distance from the column axis, ζ ¼ z − ct is the
comoving coordinate (z and t are, respectively, the longi-

tudinal coordinate and the time, and c is the speed of light

in vacuum). The colored lines depict trajectories of elec-

trons with varying initial impact parameters, and the plasma

electron density is shown in the background (blue color

scale). In this example (Figs. 1 and 2), the plasma column

has a radius kpRp ¼ 2.5, where kp ¼ ωp=c is the plasma

wavenumber, ωp ¼ ð4πn0e2=mÞ1=2 the plasma frequency,

n0 the plasma electron density within the column, and e and
m the electron charge and mass, respectively. The drive

beam is Gaussian with dimensions kpσ
ðdÞ
x;y ¼ 0.3, kpσ

ðdÞ
ζ ¼

ffiffiffi

2
p

, and peak current Îb=IA ¼ 1, where IA ¼ mc3=e ≃
17 kA is the Alfvén current. Instead of the small electron

cusp, or density spike, as obtained in a homogeneous

plasma, an extended high-density electron filament is

generated for kpζ ≲ −9.0. This plasma filament induces

a long region that is both focusing and accelerating for

positron beams, as shown in Fig. 2, depicting the transverse

wakefield, ðEx − ByÞ=E0 in the ðζ; xÞ plane, together with
an on-axis line-out of the longitudinal wakefield, Ez=E0,

where E0 ¼ mcωp=e.

The value of the plasma-column radius strongly affects

the wakefield structure. In the limit Rp ≫ Rb, the resulting

wakefields converge towards the homogeneous plasma

case, where the positron focusing and accelerating region

becomes very small, existing only within a large electron

density spike at the back of the ion cavity. For Rp ≲ Rb,

the opposite occurs, namely the positron-focusing region

extends over a progressively longer region while the

maximum amplitude of the longitudinal field decreases

for smaller Rp. This is due to the reduction of the restoring

forces on the plasma electrons expelled from the drive

beam region occurring for smaller column radii.

To investigate this relation more quantitatively, we

perform a series of PIC simulations for varying Rp, using

the above mentioned drive beam parameters. For this

FIG. 1. Plasma electron density, np=n0 (blue color scale), and

trajectories of plasma electrons with differing impact parameters,

kpX0 (colored lines) in a finite radius plasma with kpRp ¼ 2.5.

See text for drive beam parameters.

FIG. 2. 2D map of the transverse wakefield ðEx − ByÞ=E0 and

on-axis line-out of Ez=E0 (blue curve) generated by an electron

drive beam in a finite plasma column with radius kpRp ¼ 2.5.

Drive beam parameters are the same as in Fig. 1. The finite

plasma column leads to the formation of a wide longitudinal

region that is both accelerating and focusing for positron beams.
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parameter scan, the quasi-static modality of the cylindri-

cally symmetric PIC code INF&RNO [19,20] was used, after

successfully benchmarking the results against HiPACE.

Results are shown in Fig. 3, where the on-axis line-out

of the longitudinal field is plotted as a function of the

column radius, and where the longitudinal regions that are

focusing or defocusing for positrons have been highlighted.

For kpRp ≲ 2.5 there is an extended ζ-region allowing

for the transport and acceleration of positron beams. The

accelerating field amplitude is enhanced for greater plasma

radii. However, for kpRp ≳ 2.5, the positron-focusing

region decays to a singular point, rendering stable positron

acceleration impossible.

The elongation of the electron trajectories depends on the

plasma column radius and on the drive beam parameters.

The plasma radius can be optimized for positron accel-

eration and focusing (i.e., a long focusing ζ-region and high

field amplitude) for any given drive beam parameters.

In particular, for a Gaussian drive beam with kpσ
ðdÞ
x;y ≪ 1

and a beam current 1 ≤ Îb=IA ≤ 10, numerical exploration

of the parameters space provides the estimate for the

optimal plasma radius

kpRp ≈ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Îb=IA
3

q

: ð1Þ

This relation ensures that the plasma column radius Rp is

smaller than the blowout radius Rb (compare, e.g., [21,22])

such that the focusing wake region is long and Ez in this

region is significantly high. For simplicity, we only con-

sider plasma columns with a steplike edge, but it should be

noted that this concept is also viable for the case of plasma

profiles with a smooth edge.

Such plasma columns can be created either by laser-

induced ionization or by beam-field-induced ionization

from the drive beam itself. Production of meter-scale

plasma columns by laser-induced ionization using an

axicon lens [23] has been experimentally demonstrated

[24]. The generation of plasma columns with a radial

dimension of a few tens of microns and an on-axis density

of ∼1017 cm−3 (parameters near those considered in this

work) have also been demonstrated, for the purpose of laser

guiding over cm-scale plasmas [25,26]. The generation of

meter-scale plasma columns, with a few tens of microns

radius and an on-axis density of ∼1017 cm−3, using an

axicon lens is possible with current laser technology,

requiring on the order of a few mJ of laser energy per

cm of plasma [26]. On the other hand, creating the plasma

column by means of beam-field-induced ionization from

the drive beam, instead of relying on an ionizing laser, has

the advantage that the column is inherently aligned with the

drive beam itself; however, since the ionization rate is

strongly coupled to the drive beam parameters and to the

gas density, the viable parameter space is limited.

III. TRANSPORT AND ACCELERATION

OF POSITRON BEAMS

Figure 4 shows a lineout of the transverse wakefield

structure (blue curve) at kpζ ¼ −11.6 for the drive beam

parameters considered in Figs. 1 and 2 and a plasma

column radius of kpRp ¼ 2.5. Near the axis, the wakefield

has a discontinuous, steplike dependence from the trans-

verse coordinate, while the field strength decays far from

the axis. An initially Gaussian witness beam can be

quasimatched in such a steplike confining wake so that

the emittance growth is minimized during beam transport.

The (normalized) rms beam emittance in the x-plane is

defined as ϵx ¼ ðhx2ihu2xi − hxuxi2Þ1=2, where x and ux
are, respectively, the transverse position and momentum

FIG. 3. On-axis longitudinal line-out of the accelerating field,

Ez=E0, plotted as a function of the plasma column radius, kpRp.

Red regions are accelerating for positrons. The separation

between focusing and defocusing regions for positrons is marked

with a dashed line.

FIG. 4. Transverse wakefield amplitude, ðEx − ByÞ=E0, versus

transverse position, kpx, for kpζ ¼ −11.6 (cf., Fig. 2). The blue

line depicts the focusing fields without any witness beam, and the

red line denotes the focusing fields in the beam-loaded case,

where the Gaussian witness beam parameters are given by

n̂b=n0 ¼ 500, σx;y ¼ 0.025k−1p , and σz ¼ 0.5k−1p . Inset: Trans-

verse wakefields for a wider x-range.
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(normalized to mc) of a beam particle, and where h·i refers
to the central beam average. A similar definition holds in

the y-plane. For simplicity, we consider the dynamics of a

single beam slice (i.e., we neglect head-tail effects), and

we consider a flat beam model (i.e., initially, σx ≫ σy, and

σux ≫ σuy , where σux and σuy are, respectively, the rms

transverse momentum spread in the x- and y-directions).
Extension to a round beam is straightforward following the

theory presented in Ref. [27]. Under these hypotheses the

motion in the horizontal x-plane decouples from the vertical

y-plane, and is completely determined once the horizontal

component of the transverse wake is specified. Following

Fig. 4, we model the wake according to a piecewise

constant function, namely

Ex − By

E0

¼ −α sgnðxÞ; ð2Þ

where sgnðxÞ is the sign function and α > 0 is a constant.

Assuming the acceleration process is adiabatic, i.e., the

single particle action is conserved, the equations of motion

(we use z, the propagation distance, as the independent

variable) describing the orbit of a positron in the ðx; uxÞ
phase-space plane can be derived by the following

Hamiltonian,

Hðx; uxÞ ¼
u2x

2γ
þ αjkpxj; ð3Þ

where γ is the relativistic Lorentz factor of the beam.

For initial conditions ðx0; ux0Þ, the phase-space orbits

for a particle satisfies uxðxÞ ¼ �½2γαkpðxmax − jxjÞ�1=2,
for jxj ≤ xmax, where xmax ¼ Hðx0; ux0Þ=α. From this we

can compute the time-average over a closed particle orbit

(i.e., the equilibrium value at saturation) of any phase-

space-defined dynamic variable. In particular, for the

quantities x2 and u2x, we have x
2ðx0; ux0Þ ¼ 8x2max=15, and

u2xðx0; ux0Þ ¼ 2γαkpxmax=3. Finally, by performing an

averaging over the initial Gaussian phase-space distribu-

tion, we obtain the following expressions for the second-

order phase-space moments at saturation,

hx2i
σ2x

¼ 8

15

�

1þ
ffiffiffi

2

π

r

ηþ 3

4
η2
�

; ð4aÞ

hu2xi
σ2ux

¼ 1

3

�

1þ 2

ffiffiffi

2

π

r

η−1
�

; ð4bÞ

where η ¼ σ2ux=ðγαkpσxÞ. The relative increase of the rms

emittance at saturation with respect to the initial emittance

is then given by

FðηÞ≡ðhx2ihu2xiÞ1=2
σxσux

¼
�

8

45

�

1þ4

π
þ2

ffiffiffi

2

π

r

η−1þ5

2

ffiffiffi

2

π

r

ηþ3

4
η2
��

1=2

: ð5Þ

We see that FðηÞ > 1 for any value of η, and so exact rms

matching of a beam with initially a transverse Gaussian

distribution is not possible. However, FðηÞ has a minimum

for η� ≃ 0.72, where Fðη�Þ ≃ 1.06. This means that if,

initially, σ2ux ≃ 0.72γαkpσx, or, equivalently σ3x ≃ 1.39ϵ2x=

ðkpαγÞ, then the beam is quasi-matched and the rms emi-

ttance growth at saturation is the smallest possible (≃6%).

We verified numerically that a similar matching condition

holds in the case of a round beam. In the round beam case,

the best matching condition is σ2ux ≃ 0.58γαkpσx, or,

equivalently,

σ3x ≃ 1.72
ϵ2x

kpαγ
; ð6Þ

and the corresponding emittance growth is ≃2%.

We investigate by means of 3D PIC simulations with

HiPACE the quality-preserving acceleration of a positron

beam in the wake generated with the method presented in

this article. The parameters are as follows. The plasma

density is n0 ¼ 5 × 1017 cm−3, and the radius of the plasma

column is Rp ¼ 2.5k−1p ≈ 20 μm. The drive beam parame-

ters are identical to those used for Figs. 1 and 2. The drive

beam is nonevolving in this simulation. AGaussian positron

witness beam copropagates behind the drive beam with a

distance between the center of thedrive-beam (ζ ¼ 0) and the

center of the witness-beam of 11.6k−1p ≈ 88 μm. The posi-

tron beam has an initial rms emittance of ϵx ¼ 0.1k−1p ≈

0.75 μm, an energy of 1GeV, a peak current of Î ¼ 2.67 kA,

and an rms bunch length of σz ¼ 0.5k−1p ¼ 3.75 μm. The

transverse wakefield structure within the center of the

positron beam has α ≃ 0.55. Equation (6) yields σx;y ¼
0.025k−1p ≈ 0.188 μm for the matched rms beam size

(yielding a peak bunch density of n̂b=n0 ¼ 500). In the

simulation the plasma is sampled with 16 particles per cell,

while the drive and witness beams are sampled globally

with 106 and 3 × 106 constant-weight numerical particles,

respectively. The dimensions of the computational domain

are 32 × 32 × 18.8k−3p and the resolution is 0.0625 ×

0.0625 × 0.0188k−3p . In order to resolve the small-scale

plasma features present near the axisweuse a high-resolution

sub-grid embeddedwithin the main computational grid [28].

The sub-grid has the same longitudinal dimension as the

main-grid, transverse dimensions of 16 × 16k−2p , and its

resolution is 0.0156 × 0.0156 × 0.00188k−3p .

As discussed above, the Gaussian beam slices cannot be

perfectly matched in the wakefield (Fig. 4) and, hence, are
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subject to some degree of emittance growth. This can be

seen in Fig. 5 (red curve), which shows the evolution of the

emittance of the quasimatched central slice in the 3D PIC

simulation. The growth saturates at 3%, in good agreement

with the theoretical estimate. For a finite-length beam, each

slice is subject to a wakefield with a different strength (i.e.,

a different α value), such that some parts of the beam do not

initially fulfill the matching-condition Eq. (6) and exhibit

an emittance growth greater than the one of the central

slice. This is shown in Fig. 5 (green curve), indicating that

the average slice emittance of the beam grows by ∼5% at

saturation. In addition, the variation of α along the beam

leads to a head-to-tail betatron decoherence, such that the

projected emittance grows by∼7%, as shown in Fig. 5 (blue

curve). We note that the emittance growth can be signifi-

cantly reduced by using a slice-by-slice matched beam (i.e.,

longitudinally tailoring the beam size, but still retaining a

Gaussian distribution for each slice). The emittance growth

can be completely suppressed if, for each slice, the trans-

verse phase-space distribution is chosen to be a Vlasov

equilibrium for the steplike wakefield instead of a Gaussian

distribution, as discussed in Ref. [27].

The longitudinal wakefields generated by this method

(cf., Fig. 2) are well-suited for positron beam acceleration.

The transformer ratio R, defined by the ratio of the peak of

the accelerating field of the witness beam and the decelerat-

ing field of the drive beam is R ¼ Ez;acc=Ez;dec ≈ 0.7. The

accelerating gradient at the location of the positron beam is

Ez=E0 ≃ 0.46 corresponding to∼30 GeV=m. The charge of

the drive and witness beams for the chosen plasma density

corresponds to Qd ≈ 1.5 nC and Qw ≈ 84 pC.

IV. CONCLUSION

In this work, we demonstrate the transport and accel-

eration of positron beams by using finite radius plasma

targets to control the beam-driven plasma wakefields. We

consider an electron drive beam and a positron witness

beam, both with Gaussian transverse profiles, propagating

in a finite radius plasma, and demonstrate emittance

preservation at the percent-level in a strongly loaded

wakefield. Further optimization is possible, e.g., the emit-

tance growth can be reduced by slice-by-slice matching of

the witness beam to the focusing field [27], and, by proper

shaping of drive and witness beams, the transformer ratio

and thus efficiency can be increased [29,30]. The initial

plasma profile may also be optimized. For example, an

exponential decaying plasma for r > Rp may allow for an

enhanced accelerating field. The optimization regarding

these parameters as well as the inclusion of the drive

beam evolution will be a subject of future studies. The

experimentally feasible approach we have proposed for

quality-preserving transport and acceleration of high-

charge positron beams in a PWFA solves an outstanding

challenge and represents an important step toward future

compact plasma-based positron accelerators.
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