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We complete the derivation of the conservative dynamics of binary systems to fourth Post-Newtonian
(4PN) order in the effective field theory (EFT) approach. We present a self-contained (ambiguity-free)
computation of the renormalized Lagrangian, entirely within the confines of the PN expansion. While we
confirm the final results reported in the literature, we clarify several issues regarding intermediate infrared
(IR) and ultraviolet (UV) divergences, as well as the renormalization procedure. First, we properly identity
the IR and UV singularities using (only) dimensional regularization and the method of regions, which are
the pillars of the EFT formalism. This requires a careful study of scaleless integrals in the potential region,
as well as conservative contributions from radiation modes due to tail effects. As expected by consistency,
the UV divergences in the near region (due to the point-particle limit) can be absorbed into two
counterterms in the worldline effective theory. The counterterms can then be removed by field redefinitions,
such that the renormalization scheme dependence has no physical effect to 4PN order. The remaining IR
poles, which are spurious in nature, are unambiguously removed by implementing the zero-bin subtraction
in the EFT approach. The procedure transforms the IR singularities into UV counterparts. As anticipated,
the leftover UV poles explicitly cancel out against UV divergences in conservative terms from radiation
reaction, uniquely determining the gravitational potential. Similar artificial IR/UV poles, which are
intimately linked to the split into regions, are manifest at lower orders. Starting at 4PN order, both local-
and nonlocal-in-time contributions from the radiation region enter in the conservative dynamics. Neither

additional regulators nor ambiguity parameters are introduced at any stage of the computations.
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I. INTRODUCTION

The detection of gravitational waves (GWs) by the
LIGO/Virgo Collaboration [1] has initiated an unprec-
edented new epoch for explorations of the Universe.
After the remarkable historical detections, GW science
will soon turn into the study of the properties of the sources,
addressing foundational questions in astrophysics, cosmol-
ogy, and particle physics [2-4]. In particular, binary
systems of comparable masses or extreme-mass ratios
are posed to become the leading probe to test gravitational
dynamics and the physics of compact objects—such as
black holes and neutron stars—under unique conditions.
The number of events observed up to now demonstrates the
feasibility of the direct detection of GWs over a large range
of sources [5]. We expect several events per year once
current detectors are running at designed sensitivity, and
many more with future observatories. Precise theoretical
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templates are thus a compulsory ingredient for data analysis
and the reliable physical interpretation of the signals
obtained with present and planned GW detectors. As a
result, the two-body problem in gravity has become a very
active area of research, relying on both numerical and
analytical methodologies [2]. A large portion of the GW
signal is emitted during the inspiral phase, which in
principle can be understood analytically using the post-
Newtonian (PN) formalism, where traditional methods in
general relativity have a long and rich history; see, e.g.,
Refs. [6,7]. More recently, the effective field theory (EFT)
framework introduced in Ref. [8] has become a powerful
new method to solve the two-body problem, successfully
extending the knowledge of the binary’s dynamics to high
PN orders [9—13]. The purpose of this paper is to continue
the path towards precision gravitational waveforms, by
completing the derivation of the gravitational potential for
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nonspinning compact objects to fourth PN (4PN) order
within the EFT approach, building upon the results reported
in a companion paper [14] and elsewhere [15-20].

The Hamiltonian (and Lagrangian) for the conservative
dynamics at 4PN order was first reported in Refs. [21-25]
and Refs. [26,27] in the Arnowitt-Deser-Misner (ADM) [7]
and “Fokker-action” [6] approaches, respectively. Yet, the
introduction of “ambiguity parameters” due to the presence
of infrared (IR) divergences, in addition to the ultraviolet
(UV) ones, together with further claims for more ambi-
guities to address a discrepancy between the two first
independent derivations [25-27] appeared to signal a
breakdown of the split into regions at 4PN order. As a
consequence, the ambiguities were resolved originally by
relying on information outside of the PN framework
[22,23,27]. Later on, the rederivation in Refs. [28,29] of
the conservative contribution in radiation reaction due to
the tail effect using dimensional regularization (dim. reg.),
confirming the result obtained in Refs. [16,17] within the
EFT approach, provided the last ingredient to fix the two
ambiguities introduced in Refs. [26,27]. This completed the
calculation within the Fokker-action formalism, without the
need of extra matching conditions. The one ambiguity
parameter in the ADM approach [21,23,24] has, thus far,
only been obtained by incorporating results from gravita-
tional self-force calculations [22].

Even though in practice the ambiguities introduced in
Refs. [21,23-27] were determined and the complete result
reported, the derivations in both the ADM [21,24] and
Fokker-action [28,29] formalisms left room open for
further improvement and clarifications, in particular, with
regards to the handling of IR divergences (which led to the
introduction of ambiguity parameters in the first place) and
the apparent reliance on an extra regulator beyond dim.
reg." Moreover, while the renormalization procedures
presented elsewhere led to the correct result,” a more
systematic removal of IR/UV divergences will be needed
when physical logarithms in the near zone first appear at
higher PN orders (due to finite-size effects). We address all
of these issues in the present paper, by providing an
ambiguity-free and systematic derivation of the renormal-
ized Lagrangian in dim. reg., all within the confines of the
PN expansion, which can be naturally extended to all
orders.

'A combined (“eB”) dimensional and analytic regularization is
used in the ADM formalism (see Appendix A in Ref. [24]) while,
similarly, a combined (“e#”) regularization is implemented in the
Fokker-action approach [see, e.g., the paragraphs after Eq. (3.6)
in Ref. [28] and after Eqs. (2.5)—(2.6) in Ref. [29]].

For instance, a (short-distance) worldline shift was imple-
mented in Ref. [26] (see, e.g., their Appendix C). However, it
includes both (long-distance) IR poles from the potential region
and UV poles from tail terms combined, together with their
associated length scales.

As discussed in Refs. [17,19,20], the EFT formalism
clearly illustrates the origin of the apparent ambiguities due
to the split into regions, while already providing the
unambiguous contributions from the tail effect to the
effective Lagrangian. However, the computation of the
local-in-time near-zone regularized Lagrangian in the EFT
approach was (until now) pending, with intermediate
results at orders G, G2, and G° presented elsewhere
[15,18] (see also Ref. [30]).3 In a companion paper [14],
the remaining G* and G* contributions are reported, using
dim. reg. to handle the divergences. We point the reader to
Ref. [14] for a thorough derivation of the relevant Feynman
diagrams which contribute to this order. While in the near
region the singular terms in the limit d — 3 were identified
in Ref. [14], the distinction between IR and UV poles was
not addressed. This is crucial for the proper renormalization
of the effective theory. One of the goals of this paper is
therefore to perform a careful analysis of divergent integrals
in dim. reg., identifying the type of near- and far-zone
singularities. As we shall see, scaleless (self-energy)
integrals as well as conservative radiation-reaction terms
play a key role.

After we isolate the coefficients of the IR and UV poles,
we perform the systematic renormalization of the effective
theory. By identifying the IR/UV singularities, the elimi-
nation of UV poles in the potential region can be performed
without knowledge of contributions from radiation modes,
as expected. These UV poles can be absorbed into counter-
terms in the point-particle action, which in turn can be
removed by field redefinitions, as emphasized in Ref. [8].
Therefore, the renormalization scheme dependence has no
physical effect to 4PN order and, for simplicity, we will
choose a minimal-subtraction (MS) scheme. Once the
UV poles are renormalized away, the remaining IR
divergences—arising in the near zone due to an overlap
(double counting) between regions of integration—are
handled by the zero-bin subtraction [33] applied to the
EFT approach [19,20]. The procedure unambiguously
removes the IR poles, transforming them into UV counter-
parts. The leftover poles cancel out against divergences
arising in conservative radiation-reaction terms, uniquely
fixing the gravitational potential at 4PN order, as empha-
sized in Refs. [17,19,20]."

As we shall see, the link between IR/UV divergences
appears already at lower orders, as it is required by
consistency of the split into regions, albeit with contri-
butions that are proportional to conserved currents or
vanish on shell. The situation changes at 4PN order,

The static G° potential at SPN was recently computed in
Ref. [31] (see also Ref. [32]).

The explicit cancelation between spurious near-/far-zone
divergences is not manifest in the ambiguity-free derivation
within the Fokker-action approach [28,29], which instead relies
on an additional worldline redefinition to remove the remaining
IR/UV poles [26,27].
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where the cancellation of spurious divergences after the
subtraction of the zero bin leaves behind physical
contributions to the effective action [20]. On the one
hand, it includes a term which mirrors the celebrated
factor of 5/6 in the Lamb shift in QED [17,19]. On the
other hand, there is also a nonlocal (in time) contribution
which instead resembles the Bethe logarithm [17,19]. The
final form of the effective action turns out to be
equivalent to the one reported in Refs. [23,29], leading
to the same expressions for the physical observables
(such as the binding energy and periastron advance)
following the careful treatment of the nonlocal term
discussed in Refs. [25,27]. Our derivation thus supports
the validity of the 4PN results, confirmed by three
independent methodologies. At the same time, the com-
putation within the EFT approach improves on the
previous computations in Refs. [21,23-29]. Most notably,
as anticipated in Refs. [17,19,20], neither ambiguity
parameters nor additional regulators are required at any
stage of our derivation.

The present paper is organized as follows. In Sec. II
we review the EFT formalism, with an emphasis on
the method of regions and IR/UV divergences with
potential and radiation modes. In Sec. III we isolate
the intermediate IR and UV poles in the computation of
the near-zone conservative dynamics, and discuss the
renormalization procedure to remove the UV divergen-
ces through counterterms. As we shall see, one of the
counterterms is already fixed at third PN (3PN) order
and readily removes most of the 4PN divergences. The
remaining (few) UV poles are taken care of by a second
counterterm, which starts at 4PN order. In Sec. IV we
discuss the subtraction of the zero bin, which removes
the IR singularities from the near zone. We demonstrate
the explicit cancellation of the leftover UV poles—
uniquely determined from this procedure—against UV
divergences in conservative radiation-reaction effects
from the far zone. In Sec. V, after removing unphysical
long- and short-distance logarithms, we present the final
form of the renormalized Lagrangian, including local-
and nonlocal-in-time contributions. We conclude in
Sec. VI with comments on the origin of the spurious
IR/UV divergences. Details are relegated to the
Appendices.

A. Conventions

Throughout this paper we use the following nota-
tional conventions. For spacetime variables, which
depend on the proper time 7,, we use v%(z,)=

) =55, i) =55 gy, = 20 =

v%(t,) + T va(z,)vh(z,), where xa(z,) describes the
particle’s worldline (¢ = 1, 2). For the three-dimensional

variables, which depend instead on the coordinate

time 17, we use v,(1)=x,(r) =% a,(1)=1,(1),

bo(t) = a,(1), r(1) = x,(1) = x(2), v(t) =7 (1) = v, (1) =
(1), a(t)=v(t)=a,(t)—ay(r), and b(t)=a(t)=
by (1) = by (2).

II. EFFECTIVE FIELD THEORY APPROACH

Here we summarize the basic elements of the EFT
framework put forward in Ref. [8], and further developed
in Refs. [34-49], with an emphasis on the aspects
discussed in Refs. [17,19,20]. For reviews of the EFT
formalism applied to the binary inspiral problem, see
Refs. [9-13,50,51].

A. Point-particle action

When compact bodies are probed on scales larger
than their typical sizes, it is justified to write an effective
theory describing a collection of worldlines (around, e.g.,
the center of mass of each particle) interacting with the
gravitational field. The dynamics is described by an
effective action:

Spplx(7,)] = Z / dr, <—ma + ZciOi[xS:(ra)’

vzm),---;gﬂy,aﬁgﬂw---]). @.1)

Following the jargon of quantum field theory, we often use
the term operators to denote the O;’s. These operators are
invariant under the relevant symmetries (namely, diffeo-
morphism and worldline reparametrizations) once on-shell
conditions are imposed for the metric and matter fields.

Since we must ultimately choose a gauge when perform-
ing intermediate calculations, the need for operators that are
not manifestly invariant off shell will become relevant
when discussing the renormalization of the theory. For
example, the operator

Oai) = gyl/aﬂ’by (22)

is allowed by symmetries. Notice that this extra term
vanishes on shell for nonspinning bodies, due to geodesic
motion (but see footnote 26 in Sec. VI). Nevertheless,
operators that are zero on shell play an important role in
removing divergences which turn out to be proportional to
the equations of motion. At the end of the day, they can be
removed by field redefinitions.

Other types of kinematic operators, such as aa,, may
also be added. However, in our case this operator is a
“double zero” for nonspinning bodies, and therefore it

5Any term in the action proportional to the leading-
order equations of motion Dy = 0, i.e., Flp|Dgp, where F|g]
is some polynomial in the fields and their derivatives, can be
removed by a transformation ¢ — ¢ — F[p], where (x,.,g,,) €
{p} in our case.
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FIG. 1.

Topology contributions at O(G?) to the Lagrangian. The first two diagrams are UV divergent, starting at 3PN order, while the

third diagram is finite at this order. All of these topologies are divergent at 4PN order. The first diagram is UV while the third is IR

divergent. The second one has both IR and UV poles.

can be ignored. (See Refs. [52-54] for a discussion of
acceleration-dependent operators that describe finite-size
effects in electrodynamics.) Another class of operators,
which also vanish on shell but depend on the Riemann
tensor [8], are
Or=R§. or Oy =R,v"", (2.3)

where R, is the Ricci tensor. The operators in Eq. (2.3)
were introduced in Ref. [8] to regularize the one-point
function in the static limit, while the operator in Eq. (2.2)
(which is only invariant on shell) enters for nonstatic
sources. While the coefficients of these particular operators
are not linked with physical effects, they are required to
consistently remove the UV poles in harmonic gauge.

There are, of course, physical parameters associated with
finite-size terms. For instance, tidal deformations are
described (at leading order) by the finite-size operator
Op =E, E", where E,, is the electric component of the
Weyl tensor. Its coefficient is often called the (electric) tidal
“Love number.” (A similar term may be written in terms of
the magnetic component.) This operator is not relevant until
fifth PN (5PN) order, and therefore does not play a role in
our discussion.

B. Potential region

The EFT described by Eq. (2.1) has no reference to the
PN expansion. However, once the compact bodies belong
to a nonrelativistic bound state with typical separation r, it
is useful for the purposes of manifest power counting to
decompose the metric field into “potential” (H,,) and
“radiation” (h,,) modes, varying on scales (k°, k) por =
(v/r,1/r)and (K°, |k|),.q = (v/r, v/r), respectively, where
v is the relative velocity [8]. Notice that the distinction is
only meaningful for » <« 1, such that the perturbative
expansion in the ratio of relevant scales is ultimately
organized in powers of v. By solving for (or integrating
out) the quasi-instantaneous modes order by order, one can
compute the contribution to the conservative sector from
potential modes. The calculation of the relevant Feynman
diagrams at 4PN order was performed in Ref. [14], which
we encourage the reader to consult for further details (see
Appendix A for a brief summary). Because of the split into
regions, spurious divergences develop in the intermediate

steps. We comment below on their origin and how they are
handled by the EFT approach.

1. UV divergences

As it is well known, when working in a nonlinear
classical theory such as general relativity, point-like sources
introduce UV singularities. In dim. reg., with the number of
space dimensions being d = 3 + ¢, the logarithmically UV-
divergent integrals lead to 1/eyy poles, as egy — 0. On
the other hand, power-law divergences in dim. reg. are set
to zero. For instance, at 3PN order the first two diagrams
in Fig. 1 are logarithmically UV divergent. As discussed in
Ref. [8], these classical divergences are treated as in
standard quantum field theory, by writing the bare effective
action in terms of a counterterm and renormalized param-
eters Cypare = Cacr. + Caren(#), and choosing ¢, to
cancel the poles to render the result finite. A renormaliza-
tion scale y is introduced in dim. reg. to account for the
change in the dimensions of Newton’s constant [43], e.g.,

G, =1 G. (2.4)
This introduces factors of logu in the d — 3 limit when
poles are present, as well as Euler’s constant y; from the
expansion of the associated I' functions. For ease of
notation in the near-zone computations we will often use
the combination
i = p/adners/?, (2.5)
which recurrently appears in the regularization in the
potential region. The u dependence is absorbed into the
renormalized parameters, rendering the results independent
of the choice of renormalization scale. See Sec. V for more
details.

The subtraction is of course naively ambiguous, as one is
free to add any finite amount to the renormalized coef-
ficients. For the cases when the divergence is “physical” in
the sense that it does not vanish on shell, the subtraction
constant is fixed by a matching procedure. Typically, this is
performed by calculating response functions in external
backgrounds, within the overlapping realm of validity of
the full and effective theory (e.g., Refs. [55-57]). For our
case, since the operators which will be needed to absorb all
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FIG. 2. The first nonlinear topology leading to IR divergences
away from the static limit. The spurious poles occur when the
propagators are Taylor expanded in powers of py/|p]|.

of the UV divergences in the near region can be removed by
field redefinitions, scheme dependence on the choice of
counterterms does not have a physical effect, resulting in
unambiguous results.

2. IR singularities

Naively, IR divergences can also show up in the
computation of the near-zone potential. However, since
the binding is generated from modes whose wavelength is
cut off by the orbital scale, any IR divergence in the near
region must be spurious in nature. Ultimately, any such
poles are due to the fact that we do not impose a hard cutoff
on the potential modes, to avoid an explicit mutilation of
diffeomorphism invariance. This is also one of the main
reasons to implement dim. reg. in the intermediate calcu-
lations. As a consequence, when we perform momentum
integrals in d = 3 4 ¢ over there full range of scales we
may encounter not only UV poles, but also IR singularities
as ey — 07T, For instance, IR divergences appear already in
the diagram with the topology in Fig. 2 at O(G?), with
velocity corrections to the propagators of potential modes.’
Let us emphasize that these are entirely a byproduct of the
splitting into regions. The IR sensitivity is induced by the
quasi-instantaneous expansion of Green’s functions in
powers of p°/|p|, and therefore are not present for
unexpanded propagators. See Sec. VI for more details.

Unlike UV divergences, IR singularities are due to an
overlap between different regions of integration. This
double counting is a well-known phenomenon in EFTs,
and a systematic framework—known as the zero-bin
subtraction [33]—was developed precisely to handle this
issue. In the present context, the zero-bin subtraction was
discussed in Refs. [19,20]. As we shall see, while in dim.
reg. the zero-bin subtraction to 4PN order amounts to
replacing e — eyy through scaleless integrals, the pro-
cedure is in principle independent of the regulator [33].
Therefore, it can also be incorporated into other formal-
isms, in particular to remove the ambiguity parameter(s)
introduced in the derivations presented in Refs. [23,26]. As
we demonstrate explicitly, the resulting UV poles after the

®This diagram first enters at 2PN order [39]. Further velocity
corrections produce extra IR poles at higher PN orders. Other
sources of IR (and UV) divergences appear in topologies at
higher order in G, as in Fig. 1.

subtraction of the zero bin cancel out against conservative
contributions from the radiation region, uniquely fixing the
gravitational potential.

C. Radiation region

After the potential modes are integrated out, the long-
distance effective action for the binary system, now treated
as a point-like object, is written in the form of a multipole
expansion. The effective action takes the form (e.g., around
the center of mass X of the binary)

S = [ de [—Pm)v”(r)(l X0V (7 X(2))

_Lawi, X)J op(7)V¥(2)

2
1 _
3 (S tbrViaE i (X))
r=2 \l"
2w ]
_W‘ISTF(T)VL—ZBi,»_]if (z.X(7)) || (2.6)
We use the shorthand notation L = {i...i s}, such that
xl = x’ ... x/”. The four-momentum of the binary system

is given by P#(7) = MV*(t), where V* is its four-velocity
and M is the binding mass-energy, whereas a),‘j/} are the
Ricci rotation coefficients which couple to the angular-
momentum tensor J,; The source multipole moments
(Isrp(7), J5p(7)) are SO(3)-symmetric and trace-free
(STF) tensors. The bar indicates that a geometric quantity
ought to be evaluated on the radiation field i_zﬂb.

The multipoles in Eq. (2.6) can be written in terms of
moments of the stress-energy tensor using relations that
rely upon the use of on-shell conservation laws [47]. This
can be illustrated with the quadrupole coupling. For
simplicity, let us assume that the binary is at the origin
atrest, such that X = X = 0. Hence, the leading term in the
multipole expansion takes the form (in d dimensions)

/ dt( / ddx’T"j(t,x)>l_1,»j(t, 0)
= /dt(/ d"x’foo(t,x)xixf> %Qzﬁlj(r, 0)
—/dt(2/ddxﬁﬂT”i(t,x)xj>i_zij(t, 0)

—/dt(%/ddxaﬂayT"”(t,x)xixj>Bij(t,O). (2.7)

We can then rewrite the first term as (after including other
components of the metric tensor)

/ il (1E;;. (2.8)

024048-5



FOFFA, PORTO, ROTHSTEIN, and STURANI

PHYS. REV. D 100, 024048 (2019)

é

I M I
- +
FIG. 3. Feynman diagram for the contribution to the radiation-
reaction force due to the tail effect. See Ref. [17] for more details.

with

1§ (1) = / dixT® (1, x)x'x’ (2.9)
at leading order in the multipole expansion. To obtain the
expression in terms of the constituents of the binary we must
perform a matching computation [43]; see Appendix B. The
last two terms in Eq. (2.7) vanish on shell and therefore may
be discarded for the derivation of physical observables.
However, as we shall see, they will play an important role in
canceling many of the spurious divergences arising in the
potential region.

D. Radiation reaction

Armed with a long-distance effective theory, we can
readily compute the radiation-reaction force produced by
GW emission. As it was shown in Ref. [17] in the context of
the EFT approach, there is both a dissipative and a
conservative contribution due to GW radiation scattering
off of the background geometry. To compute radiation-
reaction effects we use the in-in formalism adapted to a
classical setting (see Refs. [58,59] for further details). At
4PN order we have the tail diagram in Fig. 3, which is UV
divergent. The result in dim. reg. reads (omitting the STF
label) [17]

ZGZM dw ”
siiei] =250 [ SR co)r o)
@
X {—— —ve+logrm —log—
€uv H
41
+ 30 + iﬂsign(a))} , (2.10)
where

19 (1) =17 (1,.x5)) = 19 (1,57

. 2
— Zma (x;_xﬁ,Jr +xi Xl —55’1xa_ ~xa+) +0(x3.),
a

i, 1 .. y
1) =5 (17 (i) + 17 (1.67))

1
:Zma( xi x) — §(swx )+0(x3_). (2.11)

We will be concerned with the conservative sector in this
paper, which is symmetric under @ — —.” The correction
to the equation of motion follows from

58 it [x
[M} -0, (2.12)
0%, JpL
where the “PL” subscript indicates the “physical limit” for
which the “—” variables vanish and the “+” variables are

set to their physical values [58]. In practice, this means that
the result is half of that in Eq. (2.10) in “standard”
variables, where the derivative is then allowed to hit both
multipoles. From Eq. (2.12) we obtain the radiation-
reaction acceleration. At 4PN order, Eq. (2.10) provides
an essential (and uniquely determined) contribution to the
binary’s dynamics similar to the Lamb shift [17,19,20].

Notice that in the computation of the tail effect we have
ignored multipole moments which are conserved, or terms
that vanish on shell. For instance, the linear and angular
momentum, as well as the extra pieces that appear following
the manipulations in Eq. (2.7), have not been included. Yet,
when inserted into a diagram similar to Fig. 3 these terms
also produce UV-divergent integrals similar to the quadru-
pole contributions in Eq. (2.10). As we shall demonstrate
explicitly in Sec. IV, the resulting UV poles play akey role in
canceling the associated spurious singularities which
develop in the potential region. As we shall see, the
cancellation starts at O(G?), and already at second PN
(2PN) order, which is required for the consistency of the
near-/far-zone descriptions.

III. RENORMALIZATION OF NEAR-ZONE
UV DIVERGENCES

To renormalize the effective theory, the UV poles in the
near zone must be absorbed into the counterterms in
Eq. (2.1). We show here how this is implemented to
4PN order. First, we will show how to identify (when IR
singularities are present) the coefficients of both UV and IR
poles. This requires incorporating self-energy (scaleless)
integrals. The renormalization of divergences in the poten-
tial region then proceeds without inputting information
from long-distance modes, as expected. In Sec. IV we
discuss the subtraction of the remaining IR singularities.

A. Potential region IR/UV poles

1. 2PN order

There are no logarithmic divergences at 2PN order. This
is the case provided we take the mass of the compact object
to be time independent. However, for the sake of argument
it is easy to show that if we allow for a nontrivial time

"The dissipative term iz sign(w) reproduces the well-known
tail correction to the energy flux (e.g. Ref. [43]).
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FIG. 4. Self-energy diagrams leading to scaleless integrals with logarithmic IR/UV poles at G2, G?, and G*, respectively. Unlike the
first diagram, which does not depend on the mass of the companion, the other diagrams represent self-energy corrections to the

gravitational interaction.

dependence [ri1,(r) # 0] the resulting 2PN effective
Lagrangian develops logarithmic IR poles. These are due
to the diagram in Fig. 2, and take the form

near 1 . N1
Lo ):e_G2<m%m2+2m1m2m1)+(1“’2)' (3.1)

IR

At this stage the form of this divergence is not particularly
illuminating. However, as we emphasized, to properly
identify the coefficient of the IR poles in the near region
we must also add a self-energy contribution. At 2PN order,
this is represented by the first diagram in Fig. 4. The result
is given by

1 1

L =———)G*mim + (1 < 2). (3.2)
€R  €uv

Adding the pieces together, we end up with both IR and UV

poles:

IR/UV (neartself 1 ST | . )
‘CZP{\I (near-+self) = %G2M0MQ - an(mlm% + mzm%)

(3.3)

The alert reader will immediately realize that the IR
singularity now has the form of a monopole-radiation
coupling proportional to M, with My = m; + m, at this
order. As we have anticipated, this is consistent with the fact
that this IR divergence will be associated with a contribution
from the radiation modes. [The coupling to the monopole in
the far zone, entering in an expression similar to Eq. (3.3),
will be relevant later on.] The near-region UV divergence at
this order may be absorbed into a mass renormalization. This
will not be the case at higher PN orders. In what follows we
will also set 71, = 0O for the divergent terms, which we kept
here solely for pedagogical reasons.

2. 3PN order

At this order both IR and UV divergences are present.8
Once again, the IR poles arise from the topology in Fig. 2

¥In the derivation in Ref. [46], the divergences were computed
in dim. reg. as poles in (d — 3), regardless of their IR or UV
nature. Since, as we shall see, there is no physical contribution
from radiation reaction at this order, this does not affect the 3PN
Lagrangian. However, as we emphasized, the distinction is
essential at 4PN order.

when corrections to static propagators are included, and
UV divergences arise from the first two topologies in
Fig. 1. The divergent terms can be recast in the following
form:

e 111 _
g;‘;{\IUV( ear) _ -5 (——210g,ur> G’mim,(a? +2a, -a,)

€IR
(3.4)
11/ 1 G*m3
+_(__3logﬁr) (ﬂ )
3 €uv r
+(1<2), (3.5)

where we have kept the near-zone logarithms, written in
terms of i given in Eq. (2.5), which we will use
throughout the computations. At 3PN order, the UV
pole depends on the dynamical variables and therefore
it cannot be simply absorbed into a mass renormaliza-
tion. At the same time, the IR pole does not have the
structure of a multipole moment which can be asso-
ciated with computations in the long-distance theory.
Both of these issues are connected. The resolution relies
again on the inclusion of self-energy contributions,
which are required to identify the coefficients of the
IR/UV poles. The contribution from all of the loga-
rithmically divergent scaleless integrals, given at 3PN
order Sllso by the topology in the first diagram of Fig. 4,
yields

IR/UV (self
Lspn et

11 ar) 2R (fr)T2euv
~ Lt +mia} <(” ) ) ) (3.6)
€IR €uv

For the total result we then find

°The factors of r2¢ account for the correct units of the
worldline Lagrangian [after using Newton’s constant in d
dimensions; see Eq. (2.4)]. The extra constants in the
definition of i [see Eq. (2.5)], which the reader will notice
cancel between the two terms, are introduced solely for
convenience.
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IR/UV (near+self
LIR/UV( )

3PN
11 /1 2
=——(——=2logpr |MyG*(m,a, + m,a,)
3 \er
1/ 1 G
+= K——Nogﬂr) G*mia - <a1 + m2r>
3 [\euv

G3mi mya, - r

_#logﬁr—k(l <—>2):| (3.7)

The reader will now easily notice (as we demonstrate
momentarily) that the near-zone UV divergence can be
removed by a counterterm whose operator vanishes on
shell. (This is the case because it is proportional to the
leading equation of motion: a; + ;"2’ 0.) In turn, this
implies that physical results are independent of the
renormalization scheme. Moreover, it is also straightfor-
ward to see that the (unphysical) IR pole has the form of a
dipole-radiation coupling. We will show in the next section
that it is linked to a UV divergence arising from the
computation of radiation-reaction effects in the long-

|

G? 4PN

LIR/UV (near+self) _ — —G2m2 m2|: (bl r)(bz r) __9,,. (bl .bz)

12

)b + (a0 (3

(M
_a .r_
3 1

34
15

134

a,-r F’Ul
64 22
+?(v'a1)(v-a2)+?(v

11 1

—G*m 3{(——210gﬂr)—<
3 €1IR
Sm? 55 53

r31 {rz <? a? - o a2>

22 11 (v, - r)? 1 _
e +6v% > 5 a—?)logyr

£IR/UV (near+self) G’mim,

G? 4PN

11

3
+G*m ", {(124 P 10
J 15 3¢

14 2
—l—al-r(——v 14<v r) )
3 r

G’mim3

2
(11m?

ar+s 1 G*
ﬁg‘/fl:;(ncar-&-self) _ <——410gﬁr) mLm
’ €uv 3r

12

2 _

e P -a) + (@ -r>(

distance EFT. In addition, we will also demonstrate
how the logarithmic terms, associated to both IR and
UV poles, are removed from physical quantities.

3. 4PN order

The computation of the near-zone local-in-time gravita-
tional potential at 4PN order was carried out in Ref. [14].
Similarly to the computations in harmonic gauge in
Ref. [26], which were shown to be equivalent, the divergent
terms were reported in Ref. [14] as poles in (d — 3), without
distinguishing their IR or UV nature. However, as we have
repeatedly emphasized, the proper renormalization of the
effective theory relies on the correct identification of the IR
and UV divergences. As we argued, this requires not only
isolating the nature of the singularities in the Feynman
integrals computed in Ref. [14], but also incorporating
scaleless self-energy diagrams, as in Fig. 4. After adding all
of the relevant diagrams including self-energy contribu-
tions, which at 4PN order also entail the second and third
topologies in Fig. 4, we find

34
+B(v-al)(b2-r)

r—l—E r)+ o r—ﬁ—E 2 )a?
(41 15’02 15(12 61) al

16 79 11
—v v, —l—Bv%) (a;-a,) +7v%a%

1) (v ap) +— (v 'al)z} <L—210gﬁr)

1
—_ 210gﬁr)} ((vl
€uv

€1R

3
a1)2 +§’U%a%> + (l <> 2), (38)

11

_F(al r)(ay-r) - 1(v-r)(v-a)

, 11

(a,-r)(ay-r)

4- 1
_§ v-r)(v- al)] (——310g/4r>

10 124 10
i K3 ”%"‘E‘ll )f + = 3 (a - r)2+15(a1 r)(a-r)

ar(e ()] (2

IR

——3logﬁr> + (1 < 2), (3.9)
1 4G mim3
m2—23m§)al-r+(——4logpr)%v2+(1e>2), (3.10)
€1R r
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FIG.5. Topologies for the two counterterms required to remove
divergences to 4PN order. The black square represents an
insertion of either O,; or Oy (see text). Mirror images are also
needed.

where, for future reference, we have organized the results in
powers of G.'"° The divergences at O(G%) cancel out in the
final result; see Refs. [18,30].

In the next section we discuss the removal the UV poles
using the point-particle effective action in Eq. (2.1). This
can be achieved, as expected, without knowledge from the
radiation zone. We will show how to handle the IR
singularities in the subsequent section, where we also
discuss the contributions due to radiation modes, which
are UV divergent. The main difference at 4PN order, with
respect to the 2PN and 3PN cases, is the emergence (after
the cancellation of these spurious IR/UV poles) of local- as
well as nonlocal-in-time physical effects in the dynamics.

B. UV counterterms

1. Operator basis

Our task now is to remove the UV divergence from the
near zone by adding the appropriate counterterm. We will
use the following basis of operators in Eq. (2.1):

{Oai}’onOV}' (311)
The contributions to the effective action induced by these
higher-derivative terms is obtained by including new
vertices in the Feynman diagrams. Notice that the first
term also introduces corrections which are purely kin-
ematic, namely, they do not depend on the variables
associated with the other body. (Although, needless to
say, the acceleration of each body depends on the existence
of a gravitational pull induced by the companion.) The
topologies needed to compute the contributions from
counterterms are displayed in Fig. 5. The coefficients for
these operators are chosen such that, at each PN order,

""Notice that the pole structure reported in Refs. [14,15] at
O(G?) is somewhat different than the one given here. Moreover,
all of the logarithmic terms are also different. This, of course, has
no physical consequences and it is entirely due to the use of
integration by parts and double-zero tricks.

ﬁg;’l\l(nea”self) + c;ﬁg“ea‘) — UV finite.  (3.12)
As it was shown in Refs. [18,30], the divergences at O(G?)
cancel out at 4PN order. It is easy to see that O,; does not
generate a contribution at such an order in G. Moreover, we
can also show that neither does the Oy operator. On the
other hand, Oy contributes at O(G®) in harmonic gauge.
This means that it must have a finite cy coefficient in the
d — 3 limit, to avoid introducing unaccounted UV poles.
Such a finite piece may be removed by a field redefinition,
and therefore it plays no role in the renormalization of the
theory. Hence, to deal with the UV divergences we must
simply fix two parameters: (c,;,cy).'' Remarkably, Oy,
starts to contribute at 4PN order, leaving only one of them
(other than the mass) to renormalize the theory to 3PN order.
Because of Lorentz invariance, which relates different PN
orders, we shall see how determining c,; at 3PN order
readily resolves higher-order divergences at 4PN order, up to
a small mismatch which is fixed by the ¢y coefficient.

2. Determination of c;

The contribution from the O,; operator in d dimensions
is obtained after expanding in the PN regime. For instance,
for particle 1,

3
Cai / O, pdr — cEllb) / dr [a% (1 +§v% —(1+ cd)¢>

s (14050 )

+(v1-a;) (v ay) + (1= cg)(d+v; - Vo))
+(A-a1)+(v1-V)(A-al)—vga{v,A,-+...], (3.13)

with ¢; = 2(51__21)) and V; represents the covariant derivative.

The ellipses stand for terms involving interactions which are
not relevant at 4PN order. We have decomposed the
expression into scalar (¢), vector (A), and tensor () modes;
see, e.g., Ref. [18]. The correction to the Lagrangian first
enters at 3PN order, and for particle 1 it takes the form

e (near G 3
R = o+ 2 (1o toeir-3) )|

(3.14)

and similarly for particle 2. The logarithmic term plus a
constant piece, entering at O(eyy ), are important to ensure

"This is in contrast to what was found in Ref. [8] working in
background-field gauge, where cy and cy are needed to remove
the poles in the one-point function. We will postpone for future
work the issue of on-shell vs off-shell diffeomorphism invariance
in the two-body problem, which arises due to the introduction of
the c,; coefficient in (standard) harmonic gauge.
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the vanishing on shell of the O,; operator in d dimensions.
Notice that only the kinematic part contributes at leading
order. It is straightforward to show that the UV divergence in
Eq. (3.7) can be easily removed by choosing

(3.15)

This is in essence equivalent to the worldline shift introduced
in Ref. [60]. However, the virtue of working at the level of
|

. . 3 G’mim
Ligﬁ""(nedﬂ:_—_(}zm?<§“%”%+(al'”1)2> — ,,31 :

1

the action is that, once their coefficients are fixed, the
counterterms are determined to all orders by symmetries, in
our case locality and Lorentz invariance.

3. Determination of cy

Incorporating the value obtained in Eq. (3.15), the
contribution from c,;., to the effective action at 4PN
order then reads [see Eq. (3.13)]

<$—(logﬁr—l)) <r2 (m%-%al-az) —%(a;1 1) (ayr)

(o)1) (vy-a,)+(a,r) <2v2+-v2—3(”2")2) —3(v-r)(v~a1)>

2702

15 9 1
2 (Fara-3at) - jarn @i o

11/ 1 m3 —
+3<—2(logﬁr—1>)G e mz)(al-r)ﬂlez)-

P

The above expression already removes many of the UV
divergences in Eqgs. (3.8)—(3.10). It is then straightforward
to show that the remaining UV poles can be absorbed into
the Oy operator. The contribution to the effective action
takes the form

cy,(near 1 Gm _
£41V>I\(I )= 4CE/)<—¢11 'azTZ(l — eyy log jir)

G*mm 3
+ (a "‘)# {1 —2€Uv<logﬁ”—4>]>

+ (1 < 2), (3.17)
such that choosing the counterterm
a 1
P —c L (3.18)
T €uy

removes the remaining UV poles. In summary, the (bare)
point-particle effective action in Eq. (2.1) becomes'?

Spp [Xg(fa)]
> a 11 G*m .
= /dTll |:_ma + <C£1b)ren(lu) 5 ma) g;u./alé UZ
2 ’ 3 €uv

G*m>
+ (c&“,ienw) - )Rﬂyv’;vz].
€uv

(3.19)

"Notice that the rather simple expression in Eq. (3.19) predicts
much of the structure of UV poles that will also appear at higher
PN orders. In contrast, in the Fokker-action treatment the removal
of the UV divergences is performed, independently at each PN
order, through an ad hoc worldline shift [26].

(3.16)

|
This completes the UV renormalization of the theory to
4PN order.

While we have chosen an MS scheme in Egs. (3.15) and
(3.18) to remove the poles, there is always a degree of
ambiguity in the choice of counterterms. (For instance, we
could choose the MS scheme and remove the extra constants
we kept in the definition of zz.) This is often resolved by a
matching computation, as we alluded to before. However, as
we discussed, all of the operators in Eq. (3.11) can be
removed by field redefinitions. This means that shifts in the
counterterms or renormalized parameters have no physical
effect. We will return in Sec. V to address this remaining
freedom in the effective theory. As we shall see, the
renormalized coefficients can be used to remove unphysical
UV logarithms (as well as factors of y) from the final
expressions.

IV. CANCELLATION OF NEAR-/FAR-ZONE
IR/UV DIVERGENCES

After the near-zone UV divergences are removed by
counterterms, the remaining task is to deal with the IR
singularities. As we discussed, this is done by implement-
ing the zero-bin subtraction [19,20]. In practice, the
subtraction of the zero bin transforms IR poles into UV
poles [see Eq. (4.3) below]. The main reason is due to the
type of integrals that enter at this order, such that the zero
bin appears as a scaleless contribution [20]. Once the IR
poles turn into UV divergences, they cancel out against UV
poles arising in conservative contributions from the far
zone. The divergences appear in the computation of the tail
effect in the long-distance effective theory, in which the
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binary itself is treated as a point-like source endowed with a
series of multipole moments. While the subtraction of the
zero bin may seem like a simple formal manipulation in
dim. reg., it unambiguously determines all of the finite
pieces in the gravitational potential. Moreover, the pro-
cedure is regularization independent [33], and therefore it
may be used to remove the ambiguities plaguing other
derivations. As we demonstrate, the cancellation between
spurious divergences is already at work at 2PN and 3PN
orders. Starting at 4PN order, tail terms from the radiation
region begin to contribute to the conservative dynamics.

A. Zero-bin IR subtraction

The IR divergences that we encounter when computing
in the potential region can be ultimately traced back to the
master integral (similar to the so-called “Riesz formula” in
d dimensions [7])

. 1
I[m, nz] = l [kZ]n] [(k +p)2]112
_ Tny +ny, —d/2]0[d/2 — n,]T'[d/2 — ny]
(47) 2T C[no]Ud — ny = ny)

% (p2)11/2—n|—n2’ (4])
where [, = [ %; see Appendix A. The IR divergence is

manifest by the fact that the right-hand side can become
singular for d < 3. As discussed in Ref. [20], the implemen-
tation of the zero-bin subtraction is straightforward in this
case. The singular term comes from the region of integration
where the momenta is soft, k < p, which must be subtracted
away. For instance, the pair (n; =3/2, n, = 1/2) occurs
repeatedly. In that case, by expanding the factor of (k + p) the
zero-bin contribution becomes' [20]

talmond) = [ G
ny,ny| = 7.3
7B (M1, N2 AEArEE p s

i (1 1)
167|p| \evy  €r '

Itis now straightforward to implement the subtraction in all of
the IR divergent Feynman integrals to 4PN order, including
the self-energy contributions, which themselves are scaleless-
type integrals. At the end of the day, after removing the zero
bin, in practice the IR poles turn into UV divergences
according to the replacement, for n < 4,

(4.2)

[’UV (IR near+self-ZB) = [’IR (near-+self)

nPN nPN (43)

|€IR—>€UV *

Let us stress two important points. First of all, while the
subtraction of the zero bin changes the nature of the pole,
crucially it does not introduce any extra finite pieces at this

“In d dimensions, the (scaleless) zero-bin integral(s) also
includes the additional factors displayed in, e.g., Eq. (3.6).

order. This feature, which is only true in dim. reg., is also due
to the type of integrals that contribute to 4PN order. Second,
the UV poles from the scaleless integrals have been absorbed
into counterterms, as expected. Therefore, there are leftover
IR divergences from self-energies in the near zone, which
turn into UV poles after the zero bin is removed from the
scaleless integrals. In what follows we demonstrate how the
leftover UV poles, after the subtraction of the zero bin,
explicitly cancel out against counterparts arising from
conservative contributions in the far zone."*

B. Radiation-reaction UV poles

In the calculation of the tail contribution yielding
Eq. (2.10) at 4PN order, only the physical quadrupole
coupling in Eq. (2.6) was retained. However, as we empha-
sized, other types of couplings (e.g., the dipole term) may
induce UV divergences in the far zone, albeit without
leading to a physical effect. Below we compute all of the
UV singularities which appear in the EFT computation of
the conservative radiation-reaction tail effects, including
those which vanish on shell. These will be essential for
removing the UV poles remaining in the near region after the
zero-bin subtraction. For simplicity, all of the results quoted
below are given in standard (as opposed to £) variables, such
that the variation of the action follows the usual steps.

1. 2PN

At 2PN order we encounter a diagram similar to Fig. 3,
but instead of the quadrupole moment we insert the
monopole term [ M(z)dr [see Eq. (2.6)]. Keeping only
the conservative part, we find

[

M dw 5
i / ) / S M) (9 (.9) 0.~ K)p(0.))

G*M, (d 4w e?re
| —“’w2|M<w>|2(1+ewlog( we ))
€uv 2z H

(4.4)

where, in order to illustrate the cancellation against the
near-zone logarithms we have written the result in terms of
i in Eq. (2.5) (but omitted other constants), and already
transformed from = into standard variables. While
we have taken the leading-order part of the background

“Note that algebraically, if applied before the UV counter-
terms, the zero-bin subtraction would cancel self-energy terms
exactly. Of course, at the end of the day the remaining (artificial)
UV poles in the near and far zones would also vanish in the final
results. However, the procedure outlined here—working with
Eq. (3.19) to renormalize the near-zone effective theory with
potential modes before implementing the zero-bin subtraction—
clarifies the nature of the spurious poles and demonstrates the
mutual cancellation. See Sec. VI for more details.
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geometry proportional to M|, we have allowed for higher-
order PN corrections to the monopole coupling, i.e.,
M(t) = My + - - -, which will play a key role later on.

The reader will immediately notice that the UV pole
from the far zone has (minus) the coefficient of the IR
counterpart at 2PN order in Eq. (3.3). Hence, following the
zero-bin subtraction, we thus arrive at

/dt(‘CIQJP\II\I(IR near+self-ZB) +£12J]:I/\I(far))
2 do 2 2.2
- —G*M, 5. |M ()| log (4we“1E).  (4.5)
z

Needless to say, since M =0 on shell, all of these
manipulations involving the monopole coupling do not
contribute to anything physical. However, we have already
started to reveal the pattern that will continue to appear at
higher PN orders.

2. 3PN

Next, at 3PN order we have corrections from the
monopole term as well as contributions from the dipole
coupling. The result can be split into two parts. While the
effects due to the background geometry remain as the
(leading-order) scalar exchange, there are now scalar (¢°)
and vector (A%¢) couplings. The computation is straight-
forward and, using P = MyX at leading order, we find

UV (far)
/ dtl # 3PN
G’M} [do 1 dw?e¥re
=—-—— | —o"|X 2(—+1 ,
3eyy /27Ta)| (a))| <€UV+ og< /72 >>
(4.6)
UV (far)
/dt£¢A2,3PN
AG*M? [d 1 4’ e?re
- ()/—a)a)4|X(a))|2 — + log w_;z ,
€uv 2r €uv H
(4.7)

where as before we have written the associated logarithmic
contribution in terms of ji. The two terms combined lead to

UV (far 11 da)
[ = Saier [ St x(p

1 da? e
x | —+log — .
€uv H

Once again the reader will identify the coefficient of the
far-zone UV divergence with (minus) the one in the IR
pole from the near region in Eq. (3.7), after noticing
X = m,a, + m,a,, at leading order. The cancellation of
divergences (as well as the associated log ji’s) follows,

(4.8)

/ i 51;;;] (IR near +self-ZB) ﬁgp\rlxl (far))

11 d.
—>?M8G2/2—ww4|X(a))|zlog (4w?e?r),  (4.9)
T

as anticipated. The reader will notice that, at 3PN order, the
remaining logarithm multiplies a term which is a double
zero on shell, and therefore it can be ignored. This will not
be the case at 4PN order.

The previous examples illustrate how, once the poles are
identified and the zero-bin subtraction implemented, the
IR/UV spurious divergences and associated log y’s cancel
each other out between near- and far-zone contributions. Of
course, there are no leftover finite terms to 3PN order from
this procedure, since these all vanish on shell. We find the
first nontrivial (finite) contribution to the conservative
sector from the far zone at 4PN order. The cancellation
of divergences, in any case, proceeds in a similar fashion.

3. 4PN

The contribution from the quadrupole coupling IVE;;
was computed before [see Eq. (2.10)]. After plugging the
form of 1 at leading order, we find

Stail (far)

o Stail (loc) tail (nonloc)
4PNM(IU?

apN Sapn , (4.10)

where we have isolated the local-in-time contribution'’

i G*M}? 1 41
Stall(loc) _ 0 dt L 2logqr — —
4PN — 5 oy Ogur 30

2
x (2r’b? +3 (r-b)*+ 18a*v* +6(v- a)’

—8(r-b)(v-a)+12(a-b)(r-v)

+ 12(v - b)(r - a)) —I—g(r -b)? +4(v-a)?

+§(r-b)(v-a)} (4.11)

myniy
2
M

in-time contribution

(Wherev = is the symmetric mass ratio), and nonlocal-

tail(nonloc) __ G?logw
SapN = / dtLypy

B GZMO/oodw
a 5 )27

oS|IV (w)|* log (4w?r?e? )

(4.12)

"The terms in the third line originate from O(eyy) corrections
to the quadrupole in d dimensions hitting the UV pole. These
terms play a key role in deriving the correct physical expression
in the d — 3 limit.
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to the effective action. The nonlocal-in-time part was
obtained earlier in Ref. [61], and emphasized more recently
in Ref. [23]. In order to perform the above splitting, we
have separated the log ¢ from Eq. (2.10) (which we rewrote
in terms of /4) and logw, and introduced (by hand) the
factors of log 7. ® This is simply for convenience, so that in
this fashion the factor of logjir cancels out against a
logarithmic contribution from the near zone."”

Notice that, without using the equations of motion,
the UV pole enters at O(G?). Hence, it is clearly not
sufficient to cancel against the IR poles from the near

|

ij(2)
ASq = 1 /dz ! i - fz-»+l((Mij+Mfi)—I"f“))f_zo-<+
rax MP] 2 2 i 2 i.j

region in Egs. (3.8)—(3.10) after the zero-bin subtraction.
Moreover, the coefficients of the G* divergences do not
match either. As we demonstrate in what follows, the
reason for the mismatch is due to contributions from the
long-distance EFT which we have ignored thus far, since
they vanish on shell; see Eq. (2.7). However, the additional
terms are needed to remove all of the spurious IR/UV
divergences. The extra terms in the effective action that
result from the multipole expansion in the far zone, but do
not contribute to physical quantities, can be written as
follows:

(4.13)

We use the superscript (n) to indicate n time derivatives. The moments of the pseudo-stress-energy tensor that appear in the
above expression (other than the usual suspects) are given by

Ti(t) = /d3x’2"f(t x), M= (1) = /d3x’2'0i(t, x)xEL (4.14)

Notice that, as expected, the coefficients in Eq. (4.13) vanish once conservation laws are enforced [e.g., Eq. (2.7)]. Yet, each
of these terms induces extra (divergent) contributions to the tail effect in radiation reaction. More explicitly, the expression
in Eq. (4.13) gives rise to terms which can be written in a generic form as follows:
tail (far)
LipNaSy = /

GZM [——210g,ur+log(4a)2 e¥E) 4 -, (4.15)

where the ellipses include finite terms [similarly to the celebrated 41/30 in Eq. (2.10)] and the log jir [as in Eq. (4.10)] is
introduced for convenience. Unlike the contribution from Eq. (4.10), each of the M;(®)’s vanishes on shell in d
dimensions.

The computation of additional tail terms is lengthy but straightforward; see Appendix B. After gathering all of the pieces,
the resulting UV poles and logarithmic terms take the form

34
15

12

- 12 74
LUV ) Z(w-a,) (b, r)+?(v-a2)(b1-r)+(a2'b1)<?v1-r+ﬁv2~r>

G? 4PN

(by )by r) =2 P(by bo) +

:GZ 2
mlm2|:15

19 15\ o (14 34 134 , 16 79 64
+ 3% "+6 ai+ ?al'r—ﬁaz"‘—FF%—?vl'l’zd‘ﬁvz (al'a2)+?<v'al)(v'a2>

22 11 11 1
+—('U]'az)(vz'a])+—(vl'al)zd’—’v%a% ——210gﬁr
3 3 2 €uv

11 3 1
+—G*m} ((m a;)? —|——v%a%) (——2logﬁr) + (1< 2), (4.16)
3 2 €uv

"For the sake of mmphelty, 1n writing Eq. (4.12) we used an abuse of notation where the “mixed term” f o 50| I} (w)|? log r replaces
the correct expression [ dtI'/®) (1)) (1) log r(t). The superscript (3) indicates three time derivatives.

"Notice that the cancellation leaves behind finite terms, associated with regularization- dependent constants, i.e., (ji/u)> = 4me’r.
This mismatch is behind the factor of log(16¢%¢), in addition to the log x [with x = (GM®)*/?], in the expression for the binding energy
in a circular orbit at 4PN order; see Ref. [23].
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’ 2
v (far) G m3 imy | (124 10 16 14 14 v-r
£G3'4P; A [(15 2+3 @ r2+?<a1'r)z"‘?(al"')(az"')-i-al-r —?v + 14— "
4 1 _ G’mim3 [ (10 124 10 68
—g(v-r)(v-al)] (a—ﬂogyr) _7r3 2 3 —a? ST al-a2>r2 +?(a1 r)?+ 15(a1 r)(a,-r)

14 -r\? 1
-—a, 'r<v2—3<u> )} <——3log/’4r> + (1 < 2),
3 r €uv

) 4G*mim3

G* 4PN

ar 1
£V ) —<——4logﬁr

€uv

(4.17)

v+ (1o 2), (4.18)

A

where we performed the manipulations to introduce the factors of log r described after Eq. (4.12) and, for notational
simplicity, we did not include the leftover log wr’s (see below). The cancellation between the near- and far-zone divergences

as well as log jir’s is now evident,

near+self— far dw
[ ) ) [ SR ) xlog (daiee),

similarly to the 3PN case in Eq. (4.9). The ellipses represents
a series of finite terms at each order in G. The result thus
includes long-distance logarithms, of which only the one in
Eq. (4.12) enters in the conservative dynamics.

It is important to notice that, even though they do not play
arole in the cancellation of intermediate divergences, there
are other extra finite pieces resulting from the terms
displayed in Eq. (4.15) that are required to ensure the
cancellation of unphysical (finite) contributions. These
terms arise, as in Eq. (4.10), from the UV poles hitting
the O(eyy) corrections in the (vanishing) d-dimensional
multipole moments [M;(®)] entering in Eq. (4.15) after
performing the matching to the near zone (see Appendix B).
These terms, which can be written in compact form as

4 2
tail (far) G m; 11y (v-r)
£4PN.ASmd(finite) =—4 {r <5v2 —4 - >
G’ M
%} +(1©2)+---,(4.20)

must be kept in the renormalized Lagrangian [in addition to
the extra ones in the third line of Eq. (4.10)] to arrive at
correct (and unambiguous) physical expressions.18 The
ellipses in the above equation account for other (finite)
contributions which are zero in lower-order equations of
motion, and are therefore irrelevant for all physical
purposes.

®In the Fokker-action approach, using a (short-distance)
worldline redefinition to remove the (long-distance) IR poles
[26], the “extra terms” are due to O(e) corrections to the
equations of motion in d dimensions. Our approach, on the
other hand, illustrates the true origin of these terms.

(4.19)

V. EFFECTIVE THEORY TO 4PN ORDER

The renormalization procedure described in this
paper,

( [:LJIX\(Inear-&-self + [:nPNnedr ) + ( £ES/N(IRnear+self—ZB + EE]YNde )
— finite, (5.1)

explains how the intermediate IR and UV divergences
are removed, or cancel out, from the renormalized
effective action at a given nPN order. At the end of
the day, including all of the finite pieces, we are left with
a series of local- and nonlocal-in-time contributions to
the Lagrangian, which we will display momentarily. We
also have a series of logarithmic terms, of which only
the (long-distance) one shown in Eq. (2.10) contributes
to physical quantities.

A. Long-distance logarithms

In addition to the poles, we have also demonstrated
how the factors of logu (associated with IR divergences
in the potential region) cancel out against conservative
UV logarithms from the tail integrals in the far zone.
This is not surprising, and it is entirely due to the
general rule

Gi/e= (u*°G)"Je > G"(1/e —nlogu) (5.2)
which links the poles to the factors of logy in dim. reg.
at a given nth order in G.

As we argued, while the log 4’s disappear, long-distance
logarithms of the form log wr remain in the Lagrangian.
such as the dipole term at 3PN [see Eq. (4.9)]. This
correction in particular is proportional to a term which
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vanishes on shell, and therefore it does not contribute to
physical quantities. However, for the case of the quadru-
pole term in Eq. (2.10) at 4PN order, the key difference
is that the associated log wr is no longer proportional to
a term which vanishes on shell, due to a conservation
law. For all of the other corrections induced by
Eq. (4.13), which vanish upon using moment relations,
we can show that there is no observable contribution
provided all of the relevant terms are included
[see Eq. (4.20)].

B. Short-distance logarithms

There are also factors of logjpur associated to UV
divergences in the potential region. They are also due
to Eq. (5.2), and the expansion of the d-dimensional
Green’s (as well as I') functions around d = 3 in dim. reg.
These logarithms remain after removing the UV poles
through counterterms [e.g., Eq. (3.15)], while the finite
pieces are renormalization-scheme dependent. The u
dependence, on the other hand, is absorbed into renor-
malized coefficients ¢, e,(#), such that we have a
renormalization group equation

d
K~ Caren\H) = /}aGnmn+l 5.3
i Carealt) (53)
following from the condition y%ﬁ =0, and the general
structure
L= (clipen(p) = PuG miy logur + )

Xfa(xavva’ba7"')+"' (54)

of the renormalized Lagrangian. In general, these types of
logarithms contribute to physical quantities, and the
renormalization group equation allows us to resum many
of such contributions (e.g., Refs. [17,43]). However, for

the case at hand the fact that the cifr)en (1) coefficients can
be removed by field redefinitions implies that, likewise,
the logarithmic running does not contribute to physical
quantities. [In other words, f,(x,,v,,b,,---) vanishes on
shell to 4PN order.]

To illustrate the situation, let us consider once again
the 31£’N case. After implementing the MS scheme, we
have

“We could have equally used the MS scheme, and subtracted
the UV poles plus all of the constants going into the definition of
i in Eq. (2.5). The difference is an inconsequential shift in the
renormalized parameters.

UV (near-+self) Cap»(near)
L 3PN + L 3PN

22
= (Cili;).ren(lu) - ? G2m? 10gﬁr -+ .- ) a,

Gmor
.<al—|— r32>+(1<—>2),

(5.5)

after adding Eqs. (3.7) and (3.14) and splitting the bare

coefficient CE{IL) into a counterterm [given in Eq. (3.15)] plus

((llb)’ren (1) (the renormalized piece).”” It is now straightfor-

ward to show that the choice?!

c

p = (rVar) e re/? (5.6)
removes the logarithmic contribution, as well as some
associated constants. The logarithmic contributions are
then encoded in the running of the renormalized coefficient.
Yet, the entire term multiplies a factor that is proportional to
the leading-order equation of motion, and therefore it can
be removed from physical quantities. In our language, the
c,;; coefficient can be set to zero by a field redefinition, thus
erasing all information about factors of log jir.

C. Renormalized Lagrangian

Below we quote the final expression for the renormalized
Lagrangian to 4PN order, using the intermediate results
reported in Refs. [14-18], together with the procedure
described in Eq. (5.1) [19,20]. The reader will find no trace
of log y (or log j1), either because of the cancellation between
near-/far-zone contributions we discussed above, or because
they are absorbed into coefficients which can be removed by
field redefinitions. The leftover factors of log wr from the
radiation region are also omitted, except for the surviving
term shown in Eq. (4.10). This is the only contribution which
is not proportional to a quantity that vanishes on shell.

After all is said and done, the resulting effective
Lagrangian can be written as

L3 4pn = Lor2zpn + Lapn- (5.7)
Lo123pn 18 the finite part of the Lagrangian in harmonic
gauge to 3PN order, as shown in Ref. [14] (see also
Ref. [46]), except for the G* and G* contributions, which
for us here should read

Since the counterterm lives in the (one-dimensional) worldline,
there are no factors of u associated with c,; in d bulk dimensions.
Notice, however, that the logarithmic term in Eq. (3.14) (due to the
d-dimensional Green’s function) is essential for obtaining the form
in Eq. (5.5). The same applies for the logarithmic contributions in
Eq. (3.16) at 4PN order.

Formally speaking, the variation of the action must be
performed prior to choosing the value of y. However, only the
variation of f,(- - -) contributes. Therefore, setting y in the action
is de facto innocuous.
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34 Gmmz 209 118 5 355 3
e = S B0 = o 4 32 -2 2 4 Do e ) 450
G3m?m? 305 439 383 889
r3l 2 [‘ﬁ”%"’lém vV + 24 (vl'n)z_ﬂ(vl"”(i&'")
4172 3G*m?t 67 G*m3m?
+ 2 v, =30 n) (v, - m))| -2 M2 DI L g, (5.8)

64 8 A3 A

where we introduced n = r/r. The modified version of the 3PN Lagrangian is due to undoing integration by parts in the
terms shown in Ref. [14], which was required here to properly identify the coefficients of the logarithms in the near zone.*
The 4PN effective action can be written as follows:

7 G%logv
Lipn = 256 mlUlo + £41>N + £4PN + £4PN + £4PN + £4PN + Lypn " (5.9)

where the last term, introduced in Eq. (4.12), encodes the nonlocal-in-time contribution from the far zone
due to the tail effect. We have absorbed the celebrated 41 in Eq. (2.10) into the local part of the effective action, and
subsequently reduced it using the double-zero trick, turmng it into an O(G*) contribution. This means that, in practice, the
first two local terms from the near zone, £4PN + £4PN, remain as reported in Ref. [15] [see Egs. (13) and (26)], while the
others take the form

G G mim, 3763 18719 e 18719 95119 +1309( 02 75( ) (o, m)
—_ = v Uy F— v . [ —— (D - (2R
4PN " 172\ 240 2 720 ! ! 1440 U1 7200 U " ag 2 4! 2
3763 231 1397 433 3 91
m(“z"‘)v%—ﬁ”? mv%v% 60 — v} (v, vy) +— 5 (v, -vp)(v- ”2)+E

+v (3146603( )2 —%(01 -n)(vz‘n) —|—3196203 (vz'n)2> +v v, (7(1;1 .n)(vz.n) +§(v1 ,n)2 _2(1)2‘”)2)

# 03 (Fen P =g o = o)) )+ o (o 32 o) (o)

JOmImE[ (20743 N L (1282 2005\
7 ! 7200 128" )" 128 9 )"
1099 417\ 383 , (21427 1332’ 55
Pv? 4+ 2(v, - . - - = 202 —2(v, - . —
(@200 n) o) g oo ) + et + (a2 ) 001

32887 , 33487 447 2
1'%(@(”1‘”) ~ 7150 (vy-n)(vy-n)— 2356 (”'")(ﬁ'”))

270521 275321 64799 44T
2 . )= (o on)2 =" (v, -n)2 )2
( 1200 (U1 M2 m) === (o) === (02 m) oo (v ")>
155947 155977 78911

2 (129247, 199977 oy 18911

+ (v, -n) < 7330 (v,-n) 730 (v n)(vy-n)+ 430

ﬂ”?(”l v

(”2'")2

215572

—m((vl n)?—4(v, -n)(vz-n)+3(v2-n)2)>] +(1<2), (5.10)

*More concretely, the difference is in the term %(r-al)log ur we used earlier, instead of the expression

L(v-v; =3 (r-v)(r-v)))logur, which appears in the literature.
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Gmim, [ 98549 | 95849 15 , 103949 105299 9
G _ M2 2 2 .n)? — . . z .n)?
Lien =3 { 3600 1 T 3600 02 162 T o001 T gpp (v M- m) (e ")]
Glmim3[ (104569 15 )\, (103 , 11923 542659 191 .\
r4 7200 32" )T \16 " T 240 7200 32 )"
659 , 125209 L (296893 1715 2771 , 871207 )
* <96 77200 >( n) ( 720 48 ”)(”1 n)(v;-n)+ ( 96 © ~ 2400 )"
+ (1< 2), (5.11)
3G mimy  G’mims (94931 105 )\  G’mim3 (225839 71 2
Lin=5 0 s <3600 B > » ( 2400 32" ) (1 <2 (5.12)

Our final result can be shown to be equivalent to the
one obtained in Refs. [23,29] leading, for instance, to the
same expression for the binding energy and periastron
advance.

1. Lorentz invariance

There is only one minor caveat in the steps leading to
the above expression for the renormalized Lagrangian.
Prior to removing the UV log jir’s, the effective theory is
Lorentz invariant to 4PN order (up to double zeros), with
u treated as a constant. Since r = |x; —x,| transforms
under a boost [62], the choice i = 1/r, which removes
the logarithms, has the result of making the action
Lorentz invariant only on shell. Of course, this is
inconsequential, as any choice of y is physically equiv-
alent. Nonetheless, a simple way to recover manifest
Lorentz invariance of the effective action is by means of
a worldline redefinition. In particular, it is easy to see that
the transformation &x,(t) = —11G*m2(v,, - r)?/(3r?)a,

introduces an extra term,
Gm,r
(@ +2) a4 1 o2,

(5.13)

11G*m3 (vy - r)?

Alw = 3 r?

which readily reinstates manifest (perturbative) Lorentz
invariance. Notice, as expected, that it vanishes on shell.
While it is straightforward to introduce this or other
similar terms, we did not include it since it does not
affect observable quantities.

VI. DISCUSSION

The existence of intermediate IR/UV divergences, as
well as the explicit cancellation, is entirely a byproduct
of the split into near and far zones, the asymptotic
expansion of Feynman integrals [63] and the use of the
method of regions with potential and radiation modes
(e.g., Refs. [64,65]). In principle, we do not need to
perform this splitting, since we can always work with a

I

point-particle effective theory and relativistic propa-
gators, performing instead the post-Minkowskian (PM)
expansion.” It is only for convenience, and to separate the
relevant physics in the near and far regions, that potential
and radiation modes are introduced. The price to pay,
however, for the simplification of the Feynman integrals is
the introduction of new divergences which are not present
in the original theory. In our case, spurious IR/UV
singularities appear from the near/far expansions of the
iterated Green’s functions in the PN formalism, already at
O(G?) (i.e., “one loop”).

For example, let us return to the topology in Fig. 2, and
consider the full propagators without expanding in the
regions of the nonrelativistic limit. Concentrating on the IR
properties, it is easy to see that the diagram is dominated by
a triangle integral,

dPk 1 ,
p (71 / / 2 lku(x"ll(o'l)—x‘;(g]))’
Pi*(p—k)?

(6.1)

in D dimensions. Notice that for D = 4 this integral is both
UV and IR finite for bound states. The remaining integral
consists of a Fourier transform. The exact form depends on
the numerator, which carries extra powers of momenta.
Schematically, it takes the form

/daldaz/%A(

In the static limit, the triangle in Eq. (6.1) collapses into a

= (D — 1) integral, such that we end up with a three-
dimensional Fourier transform to obtain the G? correction
to the potential at first PN order, proportional to

pp’
)

: eip#(x’]‘(m)—xg(”z))_
p

(6.2)

“The computation of the classical limit of scattering ampli-
tudes in the PM framework has recently received renewed
attention, due to their ability to extract the conservative Ham-
iltonian of the two-body problem at a given PM order through a
matching calculation [66-68] (see also Refs. [69-80] and
references therein).
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Jd&plp|~'e’?” «1/r* in d =3, as expected. For the
general case the integral is more complicated; however,
the result is IR finite by power counting.

The situation changes when we use the method of
regions [64,65]. Expanding the propagators with potential
modes in powers of py/|p| inside the integrals, it is easy to
see that one of the terms is of the form

Ep PP e
aaz/ / e ip(x1(1)-x2(1)

which is logarithmically IR divergent. The key difference
is that, for quasi-instantaneous interactions, the p,
integrals are traded for time derivatives on the worldlines,
which in the classical EFT are treated as external (non-
propagating) sources. At the same time, the IR properties
of the diagram change due to the 1/|p| factors. These IR
divergences, which do not belong to the near zone, are
therefore clearly an artifact of the expansion into regions.
It comes as no surprise then that they will be linked to
(and cancel against) singularities associated with radia-
tion modes.

For the conservative contribution from the far zone,
we must consider on-shell modes with pg=|p|=
1/Aq> Where A,q ~ r/v, as well as long-distance quasi-
instantaneous (potential) modes with py < |p| ~ 1/A.q-
The latter build up the (Kerr) background geometry
produced by the binary as a whole in the far zone.
The propagators for the (off-shell) potential modes are
expanded as in the near region, but not the (on-shell)
radiation modes. In the nonrelativistic limit, we have
p-r~r/l,y <1 and therefore the (spatial part of the)
exponential in Eq. (6.2) is expanded instead. Hence,
rather than having a one-loop integral plus a Fourier
transform for the topology in Fig. 2, with radiation
modes we end up with a two-loop-type integral. In the
EFT approach this is represented by a diagram with the
topology of Fig. 3, with the binary described as a
localized source endowed with a series of multipole
moments.”* For the case at hand in Eq. (6.2), after
expanding in the radiation region, we find the first the
term

dw dgk . j ki
[ [ o)

*For more complicated topologies, as in Fig. 1, the con-
tribution from radiation modes is also described by a diagram
similar to Fig. 3, but with the source multipoles incorporating
higher-order corrections in G. This is handled in the EFT
approach in two steps: first, by matching the source multipoles
in the long-distance EFT to the worldline effective theory
(integrating out the potential modes for the two bodies),
and second, by computing the (two-loop) tail diagram. See
Appendix B for more details.

(6.3)

(6.4)

with K2=w?—k>+ie and (p+k)>=w’—(q+k)*+ie.
This (two-loop) integral is UV divergent, and propor-
tional to derivatives of the dipole moment associated with
the binary. Adding extra terms in the expansion of the
exponential, it is straightforward to show that the far-zone
contribution is UV divergent and can be written in terms
of derivatives of the source multipoles. As for the IR
poles from the potential region, the UV divergence is
likewise artificial, and it is due to performing a multipole
expansion. As anticipated, after the subtraction of the
zero bin, by construction the poles cancel out against the
equally unphysical divergence from the near region
[19,20]. Because the binary is shrunk to a point, some
of the divergences introduced by the multipole expansion
will match into self-energy terms in the potential region.
This is the reason additional scaleless integrals are
needed to make manifest the cancellation. In the above
case, the dipole term does not contribute to physical
quantities. However, starting with the (trace-free) quadru-
pole, radiation modes contribute to the conservative
sector, as explained here.

Needless to say, as a systematic approximation to the
full answer the PN expansion of the relativistic expres-
sion must be captured by the decomposition into poten-
tial and radiation modes (albeit introducing intermediate
spurious poles). Yet, to correctly perform the expansion
into regions, and in particular when different regions
overlap as it happens in our case, we had to implement
the zero-bin subtraction [33]. In this procedure, in which
the IR sensitivity in the near zone is removed from the
region of integration, there are leftover UV poles. The
latter cancel out against the UV poles produced by the
multipole-expanded computation involving radiation
modes. Had we not expanded the integral(s) into regions,
these spurious divergences would not appear. Yet, their
existence is not a mystery in the EFT framework. The
method of regions is a useful tool to isolate the relevant
physics one scale at a time, but the procedure may
introduce artificial divergences which must be properly
removed [19,20].25

In conclusion, in this paper we have derived the
renormalized effective action describing the dynamics of
binary systems to 4PN order. We have shown how to
implement dim. reg. when IR and UV divergences appear
in intermediate steps, paying special attention to the
contribution from scaleless integrals. We have renor-
malized away the near-zone UV poles by the use of
counterterms in the point-particle effective theory. As
expected from the effacement theorem [81], the counter-
terms can be removed by field redefinitions at this order

»As a perk of using the method of regions, the appearance of
UV poles in the long-distance theory allows us to resum
(universal) logarithmic corrections using the renormalization
group [17,19,20].
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(e.g., Ref. [8]).26 We have also shown how the spurious
IR divergences in the potential region are handled by means
of the zero-bin subtraction [33], which unambiguously
removes from the Feynman diagrams the region of inte-
gration which does not belong to the near zone [19,20]. The
leftover UV poles which result from this procedure cancel
out against equally unphysical divergences in radiation-
reaction effects.

Our derivation of the 4PN renormalized Lagrangian
differs from the methodologies used in Refs. [21-29],
mainly for two reasons. First of all, we have implemented a
regularization-independent procedure to remove IR diver-
gences which uniquely determines the gravitational poten-
tial, thus not requiring the introduction of ambiguity
parameters nor information outside of the realm of the
PN expansion. Second, contrary to what is ultimately the
case in the Fokker-action approach [29], we did not remove
near-zone IR poles combined with UV divergences in tail
terms by means of redefinitions of the particles’ world-
lines.”’ Instead, we have identified the IR/UV singularities
from the different regions and demonstrated the explicit
cancellation of the spurious near-/far-zone divergences
after the subtraction of the zero bin. While the procedure
is independent of the regulator, we have performed all of
the calculations within the confines of dim. reg., as it is
customary in an EFT approach. This is in contrast to the
results in Refs. [21-29] where an additional regulator
appears to be a necessity. Hence, in comparison with the
Fokker-action [6] and ADM [7] approaches, in our opinion
the EFT formalism provides a more systematic derivation
of the conservative dynamics, which furthermore can be
naturally extended to all PN orders without ambiguity
parameters or extra regulators.

We have demonstrated the ability of the EFT approach to
tackle intricate calculations in a systematic and scalable

*SLet us stress an important point. In order to remove the c,;
coefficient by a field redefinition, spin and finite-size effects must
be ignored. Once spin is included, the field redefinition ox* =
—c4;y V" leads to

1 .

—Cai (a}l - ER#MI/}”DS‘I/} + - ) 1}/47 (65>
with the ellipses including terms quadratic in the spin Ref. [12].
Hence, the structure of UV poles must be such that they are
canceled by the above operator (plausibly including other spin-
dependent counterterms), with the precise coefficient given in
Eq. (3.15). This provides a nontrivial consistency check for our
procedure.

TLet us emphasize that the lack of a systematic treatment of
IR/UV divergences can potentially lead to inconsistencies at
higher PN orders, in particular when UV divergences in the
potential region (and related length scales and logarithms) are
associated with physical finite-size effects. Unlike worldline
redefinitions, counterterms and renormalized parameters in the
effective theory can still be applied in such a case, with operators
that do not vanish on shell.

fashion within the PN framework. Yet, the future enterprise
in precision GW physics is vast, with the associated
complexity increasing at every iteration. In order to move
forward, reaching the physically motivated threshold at SPN
order (and beyond) where the first finite-size operators
appear in Eq. (2.1) [3,4] may require significant advances
both in our understanding of the theoretical foundations and
computational efficiency (see Ref. [31] for partial results at
5PN order in the EFT approach, as well as Ref. [32]). In a
parallel development, the study of scattering amplitudes and
other ideas from particle physics has opened up new routes
to simplify calculations for the conservative sector, and
plausibly also for the radiated power (e.g., Refs. [66-80]). In
principle, these new tools can further streamline the relevant
PN computations within the EFT approach, which we find is
a natural venue for future explorations.

ACKNOWLEDGMENTS

We thank Luc Blanchet, Thibault Damour, Guillaume
Faye, Adam Leibovich, and Gerhard Schifer for very useful
discussions and comments. We would like to thank ICTP-
SAIFR as well as the Mainz Institute for Theoretical Physics,
for the support to organize the workshops “Analytic Methods
in General Relativity”28 and “The Sound of Spacetime: The
Dawn of Gravitational Wave Science,”” respectively, where
this work originated and preliminary results were presented.
We thank Nordita and the organizers of the workshop “QCD
Meets Gravity v for hospitality while this work was
being completed. S.F. is supported by the Fonds National
Suisse and by the SwissMap NCCR. R. A. P. acknowledges
financial support from the ERC Consolidator Grant
“Precision Gravity: From the LHC to LISA” provided
by the European Research Council (ERC) under the
European Union’s H2020 research and innovation pro-
gramme (Grant Agreement No. 817791), as well as from
the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) under Germany’s Excellence
Strategy (EXC 2121) “Quantum Universe” (390833300).
R. A. P. would also like to thank the Simons Foundation and
FAPESP (Young Investigator Awards) for support during the
early stages of this work, and the organizers and participants
of the “Simons Foundation Symposium: Amplitudes meet
Cosmology”31 for the opportunity to present this work and
for helpful discussions. R. S. has been supported for part of
the duration of the present work by the FAPESP Grant
No. 2012/14132-3, and wishes to thank the Physics
Department at the University of Geneva for hospitality
and support during his visits. R.S. acknowledges the
High-Performance Computing Center at UFRN.

28http://www.ictp—saifr.org/ 2r2016.
*https://indico.mitp.uni-mainz.de/event/124/.
30http://Www.nordita.0rg/ch20 18.
31https://www.simonsfoundation.org/evenﬂamplitudes—meet—
cosmology-2019/.

024048-19


http://www.ictp-saifr.org/gr2016
http://www.ictp-saifr.org/gr2016
http://www.ictp-saifr.org/gr2016
https://indico.mitp.uni-mainz.de/event/124/
https://indico.mitp.uni-mainz.de/event/124/
https://indico.mitp.uni-mainz.de/event/124/
https://indico.mitp.uni-mainz.de/event/124/
http://www.nordita.org/qcd2018
http://www.nordita.org/qcd2018
http://www.nordita.org/qcd2018
https://www.simonsfoundation.org/event/amplitudes-meet-cosmology-2019/
https://www.simonsfoundation.org/event/amplitudes-meet-cosmology-2019/
https://www.simonsfoundation.org/event/amplitudes-meet-cosmology-2019/
https://www.simonsfoundation.org/event/amplitudes-meet-cosmology-2019/

FOFFA, PORTO, ROTHSTEIN, and STURANI PHYS. REV. D 100, 024048 (2019)

APPENDIX A: FEYNMAN RULES AND MASTER INTEGRALS

To compute the contribution from the near zone it is convenient to decompose the metric field (g,,) in terms of scalar,
vector, and tensor perturbations: (¢, A, y;;). The gauge-fixed Einstein-Hilbert action in (d + 1) dimensions,

1 1
_ _ 4 . /=al Rlg| — =T*T Al
SEH 167er/ X/ g< [g] 3 ;4)’ (A1)

then reads, in harmonic gauge I* =T /;ﬁga ,

—cqd

Sun = [ 04412y (9o =2V = (8= 206))6] = (V) - e

1 - <o cgb | eqs
+ |:§FijFU + (v * A)Z - Aze_%:| edT

ca?

+%[(FiinAj +A-A(V-A)es —cypA -Vl

. 12 40
. . Oj .. A A cA A
+2c,(pV-A - A-V§) + XJ (—8YA Ly + 2Akr{'(j - 2A'TY,) — ¢4 ¢A2
1 /o ... .
A (25” - 0”) (oo —outo! + 004" ~ Gik.j"'k)} o (A2)

where we used A = 1/4/322G, 6;; = y;; — J;j, and 6 = 6;;. The above expression, along with the expansion of S, [x5 (z,)]
in Eq. (2.1), allows us to derive all of the Feynman rules. For instance, the propagators for each field take the form (in mixed
direct Fourier space)

1
5 P80 (228 (p + @)P(p*. 11.1)5(1y = 1), (A3)

where P¢¢ = —i, PAiAf = 5ij’ PCii%% — _(5ik6jl =+ 5i15jk —+ (2 - cd)éijék,), and
i

Pt e
(p 1 2) pz_atlatz

(A4)
In the nonrelativistic limit the time derivatives are expanded in Taylor series, and ultimately applied to the external
(worldline) sources. As discussed in Sec. VI, this is the reason for the spurious near-zone IR divergences.

All integrals required for the evaluation of the 4PN effective action can be reduced to combinations of the following
master integrals (see Refs. [14,15] for details):

d’p e'Pr — p-2a,-d/2 I'(d/2-a) J2a—d
@n) 7 M@ )
&k 1 1 T(d/2-a)T(d/2-b)T(a+b—d/2) v
/ (27) (k — p)**k*  (4rm)/? C(a)T(b)[(d—a— D) ’ (A6)

with the exception of some contributions at O(G?>), which can be mapped into four-loop (massless) two-point functions.
The integrals involved in these diagrams have been computed in terms of more complex master integrals (see Ref. [18] for a
detailed discussion, as well as Ref. [30]). Notice that Eq. (A5) can only have IR poles (for a = ‘51 + n, with integer n > 0),

while Eq. (A6) may contain both IR and UV poles (e.g., the latter occurring when a + b = ‘5’ —n).

APPENDIX B: SPURIOUS IR/UV POLES

The EFT for the radiation region in Eq. (2.6), augmented by the terms in Eq. (4.13), leads to several UV divergences in
the conservative sector of the radiation-reaction force. After inserting the different (source) couplings into tail-type
diagrams, similar to Fig. 3, we find

. 2 1 i i . 1 . . 1 ... ..
V0 = Ot 1) (= QU 4 ) ) = (TR0 SO ) (it 4 70 (R

¢ €yv 60 3 3
_ i]g‘k
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2
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where we have also split the answer in terms of scalar, vector,
UV (far) 8G?2 kb b and tensor modes, and reported the results in standard
LA%, 4PN T T3 €0y . THPP, (B5) variables such that the variation of the action acts as usual.

For instance, the 2PN and 3PN contributions proportional to

UV(far) _ 26 (=TUXiX) + 27" X1 X7), (B6) M? and X? mentioned in the text arise from the first two
o 4PN T 5¢y ' equations. Moreover, the ¢, ’¢, and A%¢ couplings
account for the contribution from the quadrupole moment

(Mkk( )PP 20 pi 13/), (B7) leading to Eq. (2.10) at 4PN order. However, other (yet
3€UV unphysical) terms appear, involving the following moments
of the pseudo-stress-energy tensor, 7%, expanded to the

2
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FIG. 6. Diagram depicting a contribution due to the tail effect to
the conservative sector of the radiation-reaction force coming
from the A%¢ coupling. Following Ref. [39], we use a single wavy
line to represent the vector mode A, while the double wavy line
accounts for the tensor o. The total binary’s mass-energy and
moments of the pseudo-stress-energy tensor are described by the
black and grey blobs, respectively. All permutations of the fields
must be considered.

The second equality is obtained by matching the stress
tensor to the two-body effective action, including
both potential and radiation modes, after the former are
|

UV (far) 8
A264PN 3evy
8 G’mim,
3egy T

[mla% + mya - a2] + (1 <> 2)

integrated out; see, e.g., Refs. [12,43]. Notice that we have
kept their values in d dimensions, and also included the
logarithmic terms. As we emphasized, even though the
extra terms vanish on shell, they are essential for removing
all of the unphysical poles in the intermediate computa-
tions. Combining all of these terms, we arrive at the
expressions given in Egs. (4.16)—(4.18).

It is instructive, however, to notice that the cancellation
also occurs “polarization by polarization,” or in other
words, when the tensorial structure of the diagram is also
taken into account. For example, to consider a specific case,
let us look at the A%s coupling. In the far zone, the relevant
diagram(s) are summarized in Fig. 6. The result is given in
Eq. (B2). Let us concentrate on the divergent parts, where
we find

G*mi[m;(2vi(a; - ay) + ajv3) + myajvy]

(B21)

Notice that it receives contributions both at O(G?) and O(G?); see Eqs. (B13) and (B18).

On the other hand, the diagrams associated with the near-zone computation are shown in Figs. 7 and 8 for the G* and G>
corrections, respectively (plus mirror images). The result for the G? topologies to 4PN order (which involve an expansion in
po/|p| for the would-be radiation modes) has both IR and UV divergences, given by

L:IR/UV . §G2m%m2

Fig 7 T3 o

for the sum of the first two diagrams plus the self-
energy contribution, respectively. Recall that at O(G?)
only IR divergences are present, except for the scaleless
integral. The UV pole from the Ilatter, shown in
Eq. (B22), must be removed by the counterterms (see
Sec. III B), whereas after the zero-bin subtraction the IR

IR/UV
LR/
€Eyvr

8 1 1
2ot(an @)+ ad] + 56t - L ato

(B22)

3 €IR  €uv

[
poles turn into UV divergences and exactly cancel the
G? contribution in Eq. (B21), after adding the mirror
diagrams.

The cancellation for topologies at O(G?) is a bit more
subtle at 4PN order. The divergent parts of the relevant
diagrams are given by

G’m3m 4
e = 2 [ (4wt (ar - m) = 2@ ) (o1 ) + 5 (@ 01) (0 - )
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AN M

FIG. 7. Near-zone Feynman diagram at O(G?) involving vector (single wavy) and tensor (double wavy) modes, associated with the
far-zone conservative contributions in Fig. 6 at the same order. Mirror images must be added.

---9

FIG. 8. Near-zone Feynman diagram at O(G?) associated with
the far-zone conservative contributions in Fig. 6, at the same
order. The dashed line represents the scalar mode. Mirror images
must be added.

for the first and second diagrams, respectively. Notice that,
while the latter is IR divergent at 4PN order, the former has
both IR and UV poles. A diagram similar to the first graph in
Fig. 8, with the A and ¢ fields exchanged (not shown), is
only UV divergent. For the other topologies at G, the first
diagram shown in Fig. 1 does not contribute for the given
modes involved, and neither does the second self-energy
diagram in Fig. 4. (Moreover, the first graph in Fig. 1 is
always UV divergent for every nonvanishing polarization at
4PN order.) There are no other contributions to 4PN order.

Once again, all of the UV poles are removed by counter-
terms, while the IR singularity is handled by the zero-bin
subtraction. As expected, the leftover UV pole cancels out
against the associated contribution in Eq. (B21) at O(G?).

Notice that in the graphs at this order, the ¢ propagator is
attached to the scalar potential mode rather than directly to
the worldline. This is expected, since the radiation field also
couples to the binding potential. In the far zone, this coupling
is encoded in the expansion of the multipole moments in
powers of Newton’s constant. In our case, it is implicit in the
O(G) corrections to the moment of the pseudo-stress-energy
tensor in Eq. (B18). (Something similar occurs when we
match the multipole moments to compute the radiated power;
see, e.g., Refs. [43-45].) We can show that, for the reasons
discussed in Sec. VI, a similar cancellation of spurious
divergences is at work for each one of the polarizations
involved, order by order in G, to 4PN order.*?

2t s straightforward to show, for instance, that there is no
contribution from the Ac?, pAc, and 6> couplings at 4PN order
from either side, i.e., Eqs. (B8§)—-(B10).
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