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ABSTRACT

We describe a consequence of the Eddington bias which occurs when a single astrophysical neutrino event is used to infer the neutrino
flux of the source. A trial factor is introduced by the potentially large number of similar sources that remain undetected and if not
accounting for this factor the luminosity of the observed source can be overestimated by several orders of magnitude. Based on
the resulting, unrealistically high neutrino fluxes, associations between high-energy neutrinos and potential counterparts or emission
scenarios were rejected in the past. Correcting for the bias might justify a reevaluation of these cases.
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1. Introduction

Neutrinos interact weakly and hence are detected only in small
numbers. This is in particular true for high-energy neutrino as-
tronomy, where for decades it was established wisdom that "neu-
trino physics is the art of learning a great deal by observing
nothing" [Haim Harai]. With the first detections of high-energy
cosmic neutrinos (Aartsen et al. 2013, 2016) this is gradually
changing, and yet, the available low statistics leaves its imprints.
Several associations between individual high-energy events and
potential electromagnetic counterparts have been suggested, the
most significant being the detection of a single high-energy event
in coincidence with a very-high-energy gamma-ray flare from
the blazar TXS 0506 + 056 (Aartsen et al. 2018). A subsequent
search for additional neutrino emission from this source revealed
a flare of 13 ± 5 lower energy events several years earlier (Aart-
sen et al. 2018b). Here, we explore what a single event can and
cannot reveal about the neutrino flux of a source by studying a
population of simulated sources.

An everyday example of a similar bias could be the atten-
tion that a lottery winner receives in a local newspaper. Without
knowing the details of the game, a reader might get the false
impression that the chances of winning are relatively high. How-
ever, to obtain a realistic estimate of the odds, the large number
of players who did not win (and were not mentioned in the news-
paper) has to be taken into account. In neutrino astronomy, a sin-
gle neutrino event detected from a known source corresponds to
the lucky winner. It is, however, crucial to consider the poten-
tially large trial factor introduced by similar sources from which
no event is detected. Due to this trial factor a population of nu-
merous, faint sources may contribute significantly to the astro-
physical neutrino flux, even if a detection is unlikely for every
individual source (as has been quantified for unresolved blazars
by Krauß et al. 2014b).

The bias described here can be considered the low statis-
tics case of the Eddington bias (Eddington 1913). Eddington de-
scribed how the rate of rare, bright stars is overestimated when a
fraction of objects from a more numerous, fainter population is

wrongly associated with the brighter class due to the error on the
flux measurement. When searching for neutrino sources, a large
population of sources have fluxes below the detection threshold
of the IceCube neutrino observatory (Aartsen et al. 2017b), nev-
ertheless a few of them might pass the threshold due to statis-
tical overfluctuations. This enhances the number of sources ob-
served just at the detection threshold as also seen for gamma-ray
sources by the Fermi-LAT telescope (Ackermann et al. 2016).
Instead of focusing on the number of detected sources, we de-
scribe in the following how the neutrino flux of such sources is
systematically overestimated if not accounting for the Eddington
bias.

2. Quantifying the bias

Contrary to the lots in a lottery, neutrino sources within a popu-
lation do not all have the same probability to be detected. Instead
they follow a distribution depending on the density of sources,
their evolution and luminosity function as well as on the direc-
tion dependent acceptance of the detector. To account for the dif-
ferent source fluxes, we simulate a population of equally bright
neutrino point sources that are evenly distributed throughout the
universe out to a redshift of z = 4. Their flux on Earth is calcu-
lated for an E−2 spectrum and using the cosmological parameters
from Ade et al. (2016).

The black line in the upper panel of Fig. 1 shows the LogN-
LogS distribution of the simulated source population, i.e. the flux
per source versus the cumulative number of sources. In this ex-
ample the number of sources in the universe is set to 1.2 × 104

within z = 4 which corresponds to a density of 8 × 10−9 Mpc−3,
the effective blazar density. Cosmic source evolution is neglected
in this example, but the use of effective source densities allows to
approximately estimate the size of the bias as verified in Sect. 3.
The steeply falling, black line in Fig. 1 illustrates that the geom-
etry of the universe yields a large number of faint and few bright
sources.
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Fig. 1. LogN-LogS distribution of the simulated sources. A constant source density of 8× 10−9 Mpc−3 (the effective density of blazars; see Sect. 3)
corresponds to 1.2 × 104 sources within redshift z = 4. The flux on the x-axis is given as the expected number of detected neutrino events and is
normalized such that ten events are expected from the complete population. Since all sources are equally bright, the flux can be converted to the
source distance shown on the upper x-axis. The probability distributions in the lower panel show from which sources the detection of one, two or
three events is most likely expected. The dashed lines indicate the median source flux and the colored bands in the upper panel include 90% of the
probability distributions for one and three detected event. In the adopted example, a source detected with a single event is most likely located at a
distance between 0.5 and 20 Gpc and its flux can be as small as 10−4 expected events.

The flux per source is given as the expected number of de-
tected events. For simplicity, we assume a generic neutrino de-
tector which is equally sensitive to all directions. The flux of the
complete source population is in this example normalized to ten
neutrino events, which approximately corresponds to the number
of astrophysical extremely high-energy (EHE) events expected
within three years of IceCube data (Aartsen et al. 2017c). The
neutrino emission from blazars has been restricted to < 27%
of the detected flux (Aartsen et al. 2017), so ten or fewer EHE
events are expected from blazars within ten years.

For each simulated source, the Poisson probability to observe
one, two or three events is calculated and the resulting proba-
bility distributions are shown in the lower panel of Fig. 1. The
distributions are normalized to one and, thus, show from which
sources in the population the detected neutrino signal most likely
originates. While brighter sources have a larger individual prob-
ability to be detectable, they are rare and the much larger number
of fainter sources might be more likely to yield a detection. The
dashed lines show the median flux of a source detected with one,
two or three events and the shaded bands in the upper panel of
Fig. 1 contain 90% of the probability distributions.

The median flux of a source detected with a single event
(shown as the blue dashed line in Fig. 1) is much smaller than
one expected event. For the assumptions used here the median
flux is close to 0.006 which corresponds to the 220th brightest
source in the simulated population. In fact, for this example there
is only a 0.8% chance that a source detected with one event has
an expectation value of one or larger, and hence is ruled out at
∼ 99% confidence level. It is, thus, unlikely to detect a single

event from one of the brightest sources, instead the many fainter
sources have a larger probability to produce such a signal.

3. The impact of cosmic source evolution

The size of the bias depends on the number of sources in the pop-
ulation as well as on the cosmic source evolution and luminosity
function. We quantify the bias for the different source classes
listed in Table 1 using the measured source rates and redshift
distributions from the corresponding references. The probability
distributions are calculated for each redshift distribution and the
90% region and median of the probability distribution for one
detected event are shown in the table.

For each source class two different luminosity functions were
adopted. The numbers in the upper line are for equally luminous
sources, while a lognormal distribution with a width of one order
of magnitude was assumed for the second line to show the im-
pact of large luminosity fluctuations between individual sources.
A lognormal function was chosen because it allows to quantify
the size of the variations with a single parameter, its width. We
verified that a width of one order of magnitude has the same
impact on the LogN-LogS distribution as using the measured
distribution of gamma-ray luminosities for Fermi LAT blazars
which stretches over five orders of magnitudes (see Fig. 2 in
Ajello et al. (2014)) and also approximately reproduces fluctua-
tions observed between individual gamma-ray burst by the Swift
Burst Alert Telescope Wanderman & Piran (2010). This sim-
plistic treatment does not account for correlations between the
source redshift and luminosity which have for example been ob-
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Table 1. The size of the bias for different redshift distributions and luminosity functions. For each source class the reference to the used redshift
distribution, the source density at z = 0 and the resulting number of sources is given. In addition two different luminosity functions were tested: The
first line represents the standard candle scenario, while in the second line the calculation was repeated assuming rather large luminosity variations
described by a lognormal distribution with a width of one order of magnitude. The 90% confidence region for one detected event is characterized
by quoting the median and the 5% and 95% percentile of the probability distribution. To first order the effect of the redshift distributions and
luminosity variations can be absorbed into an effective source density. For these densities the bias is equally large (same median) for a population
of standard candle sources without evolution (see Fig. 2). As before fluxes are given as the expected number of detected events and the emission
of the total population is normalized to ten detected events.

source class source density # sources lumi. variations flux of source det. with one event eff. density
(at z = 0) (within z < 4) width of gaussian 5% perc. median 95% perc.
[Mpc−3] [dex] [Mpc−3]

FSRQs 6 × 10−10 530 0 (standard candle) 4 × 10−3 0.04 0.5 6 × 10−10

Ajello et al. (2014) 1 (lognorm. σ = 1) 6 × 10−3 0.11 1.1 10−10

BL Lac objects 2 × 10−7 1.2 × 104 0 1.9 × 10−4 6 × 10−3 0.2 8 × 10−9

Ajello et al. (2014) 1 3 × 10−4 0.03 0.7 9 × 10−10

Galaxy clusters 3 × 10−5 1.9 × 106 0 1.1 × 10−6 3 × 10−5 6 × 10−3 2 × 10−6

Zandanel et al. (2015) 1 3 × 10−6 5 × 10−4 0.2 1.4 × 10−7

Starburst galaxies 3 × 10−5 1.8 × 107 0 1.3 × 10−7 1.7 × 10−6 3 × 10−4 4 × 10−5

Gruppioni et al. (2013) 1 2 × 10−7 3 × 10−5 1.4 × 10−2 2 × 10−6

served for blazars (Ajello et al. 2014) and galaxy clusters (Grup-
pioni et al. 2013). We find that the effect of the different redshift
distributions and luminosity functions can be taken into account
by using an effective density as also done in Murase & Wax-
man (2016). The effective density is the density of a population
of equally bright sources without cosmic evolution which repro-
duces an equally large bias, i.e. the same median value.

The last column of Table 1 shows that the rather large lu-
minosity fluctuations between individual sources reduce the ef-
fective source density by about one order of magnitude, since a
large fraction of the total neutrino flux is produced by a smaller
number of sources. A detector which is not equally sensitive to
all parts of the sky can be considered in the same way as the
luminosity fluctuations since sources in the favored direction ap-
pear to be brighter. If the detector is for example only sensitive
in half of the sky the effective density is reduced by a factor of
two and the bias is correspondingly smaller.

Figure 2 shows the size of the bias for different source den-
sities assuming equally luminous sources and no cosmic evolu-
tion. The red bands show the neutrino flux of the sources where
the dotted line indicates the median flux and the shaded area
contains 90% and 99% of the probability distribution. The effec-
tive densities of the populations listed in Table 1 are indicated
in Fig. 2 and the width of the inner red band approximately re-
produces the size of the 90% regions that were obtained for the
different redshift distributions (see Table 1).

Especially for sources detected with just a single event Fig. 2
shows a strong discrepancy between the real flux (red bands) and
the naive Poisson estimate (blue bands). The first row of Table 1
shows that as few as 500 similar sources distributed throughout
the universe reduce the median source luminosity by a factor of
20. This selection bias however quickly vanishes when three or
more events are detected from the same source as shown in the
smaller panels of Fig. 2.

4. Conclusions

Our simulation shows that a single detected neutrino event is in
general not sufficient to estimate the flux of a source. Depending

on the number of undetected sources from the same population,
the neutrino flux could be many orders of magnitude lower than
the detected event seems to indicate. The bias also applies to
transient (or variable) neutrino sources which could be super-
novae, gamma-ray bursts or the tidal disruption of a star.

When characterizing the properties of an individual poten-
tial neutrino source the consequences of the bias are easily over-
looked. The bias is relevant whenever one or two events are as-
sociated with a source and are used to infer its neutrino flux, as
for example done in Krauß et al. (2014); Padovani & Resconi
(2014); Petropoulou et al. (2015); Aartsen et al. (2015); Kadler
et al. (2016); Padovani et al. (2016) and Gao et al. (2017). In ab-
sence of a known source rate the neutrino flux estimates based
on one or two events should therefore be considered upper limits
(like for example done in Aartsen et al. 2018 or Padovani et al.
2018).

The neutrino source candidate TXS 0506 + 056 was initially
found through the coincidence of a single high-energy neutrino
event and a gamma-ray flare (Aartsen et al. 2018). When re-
stricting the multiwavelength analysis to the properties of the
observed gamma-ray flare, the neutrino luminosity thus cannot
be estimated reliably and specific emission models should not be
ruled out based on their low predicted neutrino flux (see e.g. Gao
et al. 2018; Keivani et al. 2018). The appropriate trial factor is
here not only the number of similar sources, but rather the rate
density of similar blazar flares and hence might be even larger
than the effective density of BL Lac objects shown in Fig. 2.

There is evidence that additional neutrino events have been
detected from TXS 0506 + 056 (Aartsen et al. 2018b). In this
case the time-averaged source flux, as well as the neutrino flux
during the 2014/2015 flare, can be measured accurately based on
the large number of detected events. For a typical blazar detected
with a single event the detection of further neutrinos seems un-
likely due to the small fluxes shown in Fig. 2. However, one has
to consider that for each detected EHE event tens to hundreds
of lower energy events are expected depending on the spectral
shape (compare the expected number of astrophysical events in
Aartsen et al. 2017c and e.g. Aartsen et al. 2018c) which in-
creases the probability to detect further events correspondingly.
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Fig. 2. Neutrino flux of a source detected with one (main panel), two or three (smaller panels) neutrino events. The red bands show the real neutrino
flux of the sources from which the signal stems with 90% and 99% probability. For a single detected event, the source flux can be biased to lower
values by several orders of magnitude compared to the flux inferred from the detected event (90% and 99% Poisson errors shown in blue). For
this figure we assumed that the population in total produces 10 neutrino events (within a given time). While the selection bias is strong for sources
detected with a single event, it quickly vanishes as soon as three or more events are detected from the same source, such that the Poisson error
provides a reasonable estimate of the source flux. The effective densities of several source classes are indicated (compare Table 1).

We summarize that the low number of astrophysical neutrino
events detected so far leads to a strong selection effect caused by
the Eddington bias. For a population as common as blazars a
source detected with a single event can be 1 000 times fainter
than the neutrino detection seems to indicate (see Table 1). We
emphasize that even a rather small population of similar sources
can result into a strong bias and the Eddington bias can only
be neglected if the potential neutrino source is truely unique
throughout the universe.
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