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Abstract

We argue that a new type of extremely light axion is generically present in the
type IIB part of the string theory landscape. Its mass is suppressed by the third
power of the warp factor of a strongly warped region (Klebanov-Strassler throat),
suggesting the name thrazion. Our observation is based on the generic presence
of several throats sharing the same 2-cycle. This cycle shrinks to zero volume at
the end of each throat. It is hence trivial in homology and the corresponding C5
axion is massive. However, the mass is warping-suppressed since, if one were to
cut off the strongly warped regions, a proper 2-cycle would re-emerge. Since the
kinetic term of the axion is dominated in the UV, an even stronger, quadratic mass
suppression results. Moreover, if the axion is excited, the angular modes of the
throats backreact. This gives our effective C5 axion a finite monodromy and flattens
its potential even further. Eventually, the mass turns out to scale as the third power
of the warp factor. We briefly discuss possible implications for phenomenology and
potential violations of the Weak Gravity Conjecture for axions. Moreover we identify
a mechanism for generating super-Planckian axionic field ranges which we call drifting
monodromies. However, in the examples we consider, the potential oscillates on sub-
Planckian distances in field space, preventing us from building a natural inflation

model on the basis of this idea.
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1 Introduction

Axion-like particles (axions for short) have become a main player in beyond-the-standard-
model (BSM) physics in general [1,2] and in string phenomenology in particular [3-7].
They are relevant e.g. in the context of the strong CP problem, inflation and as dark mat-
ter candidates. Furthermore, in the recent debate surrounding the Landscape/Swampland
program [8,9] and the Weak Gravity Conjecture (WGC) [10], axions have occupied a promi-
nent place [11H19]. This is also related to the question whether or with which parameters
axion monodromy [20,21] can be realized in consistent quantum gravity settings [22-27].

In this paper, we present a novel type of ultralight axion which, as we argue, is generi-
cally present in the type IIB part of the landscape, building on a proposal made in [28]. Its
extreme lightness, both in absolute terms and in relation to its decay constant (i.e. com-
pared to the scale Mg exp(—Mp/ f) of generic non-perturbative potentials) lets it stand out
among the many other stringy axions. It is surprising that, to the best of our knowledge,
this very generic axionic degree of freedom was missed at the time when the string axiverse
was being intensely studied.

Before turning to the details, we want to explain our central and, in our opinion,
rather surprising, parametric results: Consider type IIB Calabi-Yau orientifold or F-theory
models stabilized by fluxes and non-perturbative effects [29-31]. It is generally accepted
that Klebanov-Strassler (KS) throats [32] with warp factor wir < 1 will be present in an
order-one fraction of such models [33-35]. This warp factor can easily be exponentially
small, such that it is justified to focus for the moment only on the dependence on wig.
In other words, let us for now set Rey ~ Mgy, and Npw ~ O(1), thus ignoring all
parameters except for the warp factor. Naively, the lightest states are then the glueballs
(or warped-throat KK modes) with mass ~ wigr (in Planck units). By contrast, we claim
that an ultralight axion with mass ~ w}; is frequently present in such settings. To be more
precise, this happens at least in all cases where the fluxes stabilize the complex structure
moduli near a conifold transition point in moduli space.

Moreover, our axion has a decay constant f ~ O(1) in the simplest models, which
can be enhanced by products of flux numbers to super-Planckian values in more general
settings, and an effective potential which can be much smaller than the naive expectation
V' ~ exp(—1/f) cos(¢/f) (again in Planck units). Clearly, this has potentially many
interesting applications, from the WGC for axions to inflation and uplifting.

The paper is organized as follows. We start with the background solution in Sect.

We consider a Calabi-Yau with a conifold point in complex structure moduli space at which



multiple three-cycles degenerate simultaneously. We explain why this is a generic feature
of Calabi-Yaus. Concentrating on the case of two degenerate three-cycles, we introduce
separate deformation parameters z; with phases ¢, = arg z; , i = 1, 2, for the two deformed
conifold regions. Crucially, the two conifolds, specifically the S3-cycles describing the
apices, are related in homology. As a result, the Calabi-Yau condition ensures that only
one complex structure modulus, z = z; = 2z, is present. Deformations with z; # 2, are
massive. We then introduce fluxes stabilizing the complex structure modulus z near the
conifold point |z| << 1. The resulting geometry is illustrated in Fig. [Il One can see that
the so-called B-cycle is an S® which can be thought of as a family of S?’s. This S? family
reaches into both throats such that the S?’s collapse at the apices. The corresponding dual

A-cycle is an S? over every point of the double throat in Fig. .

¢~ Joa G A Tuv, wyy =1

Lrr, wr<l

Figure 1: An illustration of the setup of the double throat including the phases ¢; and the
axion c. The phases ¢; describe physical rotations of each throat. We have not drawn the
S3 over every point of the double throat.

In Sect. we introduce the axionﬂ c ~ f52 Cs, called thrazion from now on. An
excursion of the thraxion generates non-zero opposite values of the RR-field strength Fj at
the ends of the two throats. Local backreaction of the resulting energy density then deforms
the two throats independently: While the phase ¢; of the local deformation parameter of
one throat is displaced by fluxes, the phase ¢, of the other throat is displaced in the

opposite direction by anti-fluxes. This breaks the constraint ¢; = 5 coming from the CY

'This may seem like a misnomer since the shift symmetry is completely broken: The 10d gauge
invariance Cs ~ Cs+dA; does not imply a 4d shift symmetry because the two-sphere is trivial in homology
S2% = 9%3, sz dA; = f23 d?A; = 0. However, from the unwarped UV-perspective the two-sphere is non-
trivial and the field is a proper axion, with a monodromy created only by the warped-down IR region.



condition and the homology relation between the two throats. In Sect.[2.3] we calculate the
potential induced by non-vanishing 10d Ricci curvature that stabilizes the two deformation
parameters against each other. After integrating out heavy degrees of freedom, the result
is an effective potential for the thraxion with the properties described above and discussed
in Sect. 2.4

Sect. [3| rederives the effective axion potential from a proposed generalization of the
Gukov-Vafa-Witten (GVW) superpotential [36] that includes the axion. We thereby re-
produce the results in 4d supergravity language, and identify the saxion partner of the
axion. In Sect. we generalize our results to general multi throat systems where one
or more ultra-light thraxions appear.

We discuss the consistency of our results with the holographic dictionary in the KS
context [37,32] in Sect. 4| by matching the enhancement of the decay constant of our axion
| Cy with gaugino condensation on the gauge theory side. Applications and implications of
these results are the content of Sect.[f] We consider as an explicit example the quintic three-
fold stabilized near a conifold transition point. We study the scalar potential for judicious
choices of flux quanta. Interestingly, the overall monodromy enhancement is given by
the least common multiple of all the flux quanta which can easily become parametrically
super-Planckian. However, the presence of sub-Planckian modulations generically prevents
successful slow-roll inflation. The underlying idea is that a large monodromy is generated
by unsynchronized phases (of monodromies of individual throats) drifting away from one
another. We call this mechanism drifting monodromies. This mechanism can also be
thought of as the well-known beat phenomenon in accoustics, in which the interference of
harmonics with slightly different small wavelengths leads to large wavelength oscillations.
For related alternative possibilities of generating large decay constants see [38,39}/16,/40-
45]. Note in particular that [43] is closely related in making use of the conifold complex
structure modulus z to create super-Planckian decay constants, while on the technical
level the approach is very different. We describe a clash with the WGC: The effective
Euclidean instanton action determined from the scale of the effective potential violates
the axionic WGC (S < ¢Mp/ fer) parametrically, but instead a slightly weaker inequality
holds (S < (gMp/ feg)?). After commenting on the relevance of our findings to light axion
phenomenology, we finally consider interesting possibilities for uplifting to de Sitter vacua.

We draw our conclusions in Sect. [0



2 Backreacted Potential of the Thraxion from 10d

2.1 Geometric and Flux-Background
2.1.1 Geometric Features of Generic CYs

First we will explain the basic geometric requirements for our discussion to apply. We will
explain why we expect them to be generically met.

Let us consider compactifications of type IIB string theory on a Calabi-Yau (CY)
threefold, which leads to an effective N/ = 2 supergravity theory in four dimensions. There
is a moduli space of vacua parametrized by the h*! complex structure moduli and h'!
Kahler moduli. There are special points in complex structure moduli space called conifold
points where the CY develops conical singularities, and one or more three-cycles degenerate
to zero volume [46,47]. We will consider a CY near such a conifold point, where multiple
three-cycles degenerate.

To understand in what sense this is generic, we consider cases in which it is also possible
to resolve conifold singularities while preserving the CY condition. This does not restore
the degenerate three-cycles to finite size, but rather produces non-trivial two-cycles. In
going through this so-called conifold transition, a new CY threefold with Hodge numbers
A1 > RUUand A2 < A2 is produced [48]. Whenever two CY threefolds are connected via
a conifold transition, at the conifold transition point two or more three-cycles A; that are
related in homology shrink to zero size. This is a consequence of demanding Kéahlerity on
the resolved side of the transition [49]. It is widely believed that a generic CY threefold is
related to other CY threefolds via conifold transitions [50,48]. While research on this is still
on-going, there are large classes of CY’s for which this has been shown [51756]ﬂ Therefore,
a generic CY has loci in complex structure moduli space where multiple three-cycles A;
degenerate together. We expand on this in Sect. [3, Being related in homology, the number
of homology classes is smaller than the number of collapsing three-cycles. For now we focus
on the case of precisely two cycles A; » that degenerate. From the above it immediately
follows that they are related in homology [A] = [A;] = [A2]. There is a symplectic dual
three-cycle B connecting the two singular points. We will call this system a double conifold.
Its complex structure will be denoted by z and the double conifold singularity develops in

the limit |z| — 0.

ZNote that this does not mean that every conifold singularity (or even a generic one) is also such a
transition point. For example, the mirror quintic threefold at vanishing complex structure has a single
shrunken three-cycle. Hence there is no resolved CY geometry [49].



We introduce the fields z; and 2z as illustrated in Fig. [I} These fields may be thought
of as ‘local complex structure deformations’ z; = [ 4, 2, with the holomorphic three-form
Q) of the CY, and describe independent local deformations of the manifold near one of the
two apices. Thus, in the vicinity of either apex of the double conifold we want to describe

the manifold by embedding it into C* via
w? +w; +wi+wi =z, weCh (1)

While the homology relation [A;] = [As] enforces z = 23 = 25 on complex structure
moduli spaceﬂ we will also consider deformations of the manifold such that z; # 2o,
i.e. deformations away from complex structure moduli spaceﬁ (i.e. dQ2 # 0). It is important
to note that a deformation of the local phases ; of z; becomes an isometry far away from
the tip of either conifold: The cross-section of either deformed conifold at a given radial
coordinate r possesses a spontaneously broken U(1)g isometryﬂ realized as a rotation of
the local deformation parameter z; [58], see Fig. . In the limit of large radial coordinates,
r3/ |2 — oo, the deformed conifold becomes indistinguishable from the singular conifold.

Therefore, the symmetry remains unbroken in this limit. We make this explicit in App. [A]

,
(

P10 | 21| P2~ |zgf - T~ |z
\ N .. r=0

Figure 2: The double conifold with asymptotic U(1)g symmetric regions.

To complete the discussion of the geometric setting, we note that one may go beyond the
simplest case with exactly two collapsing three-cycles. Such multi conifold situations are
analyzed in Sect. [3] Furthermore, for reasons of tadpole cancellation we are interested in
CY threefolds which are orientifolded such that O3/O7-planes arise. This projection should

3This is because the difference A; — Ay is the boundary of a 4-chain C. Therefore, one has z; — 2z =
fA1 Q- fA2 Q= [,,Q=J,dQ On complex structure moduli space one has dQ = 0, and hence z; = z,.

4For similar considerations with deformations away from Kihler moduli space, i.e. dJ # 0, see ref. |57].

®The index R is due to this symmetry group being the R-symmetry of the dual supersymmetric gauge
theory. While this is of no importance to us, we keep it for notational consistency.
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leave the conifold transition intact and preserve the key ingredient of a B-cycle reaching
down into several conifold regions. In the double throat case, two originally present pairs
of throats have to be mapped to each other by the orientifold projection. More generally,
F-theory solutions with the analogous geometric properties can be considered. Here the
tadpole cancellation relies on the fourfold Euler number and no orientifolding is required.
Either way, we do not expect that the orientifolding condition or the fourfold embedding

endangers the generality of our setting.

2.1.2 Moduli Stabilization by Fluxes

As was shown in [29], generic choices of three-form flux quanta stabilize the axio-dilaton
as well as all the complex structure moduli. Whenever the flux quanta K = —m J5 Hs
and M = @+)20/ f-Al Iy = m fA2 F3 satisfy K > gsMﬂ (where g, is the string coupling),

our complex structure modulus z = |z| e is stabilized near the conifold point

K
|z| < exp (—27r > < 1. (2)

gsM
Separating the equation D,W = 0 into real and imaginary parts (see Sect. 3 of |29]), we
also find that the phase is stabilized. Its value is set by the RR-3-form flux Q) = m /, 5 b3

Q
Y= QWM ) (3)
Locally, we can always set ¢ to 0 by an appropriate redefinition of the angle. Conversely,
without loss of generality, we will choose () = 0.
Moreover, backreaction of fluxes leads to the formation of warped throats (or Klebanov-
Strassler throats). Within these, the metric is well approximated by the Klebanov-Tseytlin
solution[] [37]

2

T g Mo’

(ST

ds® = w(r)*ndetds” +w(r) 2 (dr® + r’dsi),  w(r)?

log(r/rr)"2, (4)

with radial coordinate r and warp factor w(r). The radial coordinate is cut off in the IR

6Tt has recently been claimed that achieving this hierarchy may be impossible [59]. We think that
the assumptions of [59] are too restrictive (as is pointed out by the authors themselves). In particular,
O7-planes with curvature contribute to the D3 tadpole and huge Euler numbers are achievable in F-theory.
We expect that this will allow to make the tadpole large enough for our purposes.

"Near the bottom of the throat, it has to be replaced by the full Klebanov-Strassler solution [32].



by the Klebanov-Strassler region and in the UV by the gluing into the bulk CY. One has
wir = w(rm) ~ rm/rov ~ |2|'/? giving rise to an exponential hierarchy & la Randall-
Sundrum [60,[32,)29]. As we have explained, in the vicinity of a conifold transition point a
double throat (or even multi throat) formg see Fig. [1]

The three-cycle B can be thought of as an S? fibered over the radial direction of the
conifold [47]. The S? collapses at the two tips of the deformed conifolds. As discussed
in 28], there exists a 4d mode ¢(z) on the double throat background that can be thought
of as the integral of the Ramond-Ramond (RR) two form Cy over the S? as measured far
away from the tips of the double throat. A non-trivial field excursion leads to the creation
of regions with flux on the two respective ends of the cycle B, and hence a red-shifted
potential V(c) = gm?c® + ..., with m? ~ wiy. Backreaction of the geometry was neglected
in [28].

In the rest of this section, we will establish the following points:

e The fields z; and 25 of the two respective throats adjust to the flux/anti-flux pair in

such a way that within the two throats supersymmetry is restored locally.

e This adjustment of z; and z, takes us away from the complex structure moduli
space, which is characterized by z; = 25 (cf. Fig. . For z; # z5, the CY condition is
broken and a scalar potential is generated. This potential is of the order |z|? ~ wf;

and receives its dominant contributions from the bulk CY.

e The backreacted scalar potential is periodic in ¢ with periodicity 2w M. Hence, the
naive 27 periodicity of the c-axion is enhanced by a finite factor M. While this does
not allow for a super-Planckian effective axion decay constant f > Mp, approxi-
mately Planckian values are possible (see however Sect. |5 for a way to generate large

axion periodicities).

2.2 Local Backreaction in the Throat

We start by discussing how a single throat reacts locally to a finite field excursion c.
Since the outcome will be that the throat almost perfectly adjusts to produce a locally

supersymmetric configuration, we are entitled to use the 4d description in terms of the

81t may not seem obvious that the units of NS-flux on the B-cycle are split democratically so that each
conifold region is replaced by a warped throat. In fact we will see that there is a light dynamical field that
controls this relative distribution (see Section . In the vacuum however this field is stabilized such that
fluxes are indeed distributed democratically.



complex structure

¥1 T Y2 / conifold point o < moduli space
.
2| #0
complex structure moduli space P2

Z =21 =22

Figure 3: Illustration of the z;-2zo deformation space. The complex structure moduli space
is the subspace z; = z5. We only consider deformations away from z; = 25 outside the
conifold point.

GVW superpotential [36,29] for two KS throats. As far as (say) the first local throat is
concerned, a non-vanishing field excursion ¢ cannot be distinguished from additional flux
P = ¢/27 on the local portion of the B—Cyckﬂ see Fig. ,

1 1
¢ 27‘('0//52 ? 2704//;13 2= (27) (5)
Considering a single throat with complex structure modulus z; = |z;]e*?", the arguments
c#0

I

I

|

\

~~— ~~—r
¥1 P2

Figure 4: Fluxes induced by non-vanishing c¢ are localized at the tips of the throats.

of GKP [29] show that there are SUSY configurations for

P
pr=2mor = /M, (6)

9We will use the term flux also for the non-quantized integral [ F3 over some region.
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compare . Hence, the throat can locally relax the SUSY breaking induced by the extra

RR-flux by adjusting the phase of the deformation parameter z;. However, the second

throat sees the field excursion ¢ as the flux —P = —¢/27 on the B-cycle for which there
exists a locally supersymmetric configuration with ¢y = —c/M.
Since there is no additional flux that would lead to |z1| # |2a|, we keep |z| = |z1| = | 23]

fixed at the stabilized value for what follows. These two modes decouple from the
discussion at hand.
We can encode the discussion above in a 4d EFT potential. To quadratic order, the

discrepancy between the local fluxes and local deformations induces a potential

1 1
Viux (¢, @1, p2) = §M4(M801 — o)’ + 5#4(M<P2 +¢)?, (7)

We have p ~ wig since the potential is generated locally near the tip of the throats.

The fact that only the combinations Mp; 4+ ¢ appear in the scalar potential can be
derived also via ten-dimensional considerations. As shown in App. [B] in the local throats,
the combined transformation ¢;9 — @12+ 9, c — ¢+ M¢ is a diffeomorphism acting
on the KS solution. Hence, only the invariant combinations Mp; 2 F ¢ can appear in the
scalar potentials that are generated locally at the bottom of the throats.

The potential derived so far possesses a flat direction which we parametrize by c¢. This

flat direction is given by

Y1 = —P2 = C/M- (8)

2.3 The CY Breaking Potential

In the preceding section we have argued that the individual throats react to the field
excursion ¢ by adjusting their local deformation parameters z; and zs, more specifically
their phases ; and (5 respectively. Since the corresponding CY has only one complex
structure modulus z = z; = 29, the mode z; /29 or rather ¢; — s must be massive already
before fluxes are turned on. This eliminates the remaining flat direction in the potential.

We parametrize the part of the scalar potential that is due to the breaking of the CY

condition as
vCY—breaking - A4(1 - COS(QOI - 902)) ) (9)

with a yet undetermined scale A. In writing this we have assumed that the potential is

(a) a function of the difference ¢ — @y only.
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(b) It satisfies Viv-breaking (91 — ©2) = Vevobreaking (91 — 2 + 27).
(¢) The lowest harmonic dominates.

Condition a) must hold because only the local fluxes of the throats stabilize ¢, o individually
and, without the flux potential, the complex structure modulus ¢ = (1 + 2)/2 should be
a flat direction. We expect condition b) to hold because we see no reason for a monodromy.
Condition c) is a rather unimportant assumption that we make for ease of exposition.
We combine and @ and integrate out ;o under the assumption A* < u* (to be
justified below). This corresponds to imposing . The effective potential takes the form

Ve(c) = A* (1 — cos(2¢/M) + O(A* /")) . (10)

The height of this potential can be estimated using the 10d solution. To do so, we
need to develop a clear picture of how field profiles and 10d geometry change if we excite
c. Recall that c is originally defined by a particular ‘Wilson line’ VEV of (5 in the UV of
the two throats (as well as in the piece of the CY connecting them). Turning on this VEV
and focussing on one throat only, we observe a backreaction of the throat geometry which
maintains SUSY and corresponds to the motion along a flat direction in 4d field space.
This is independently true for the second throat, which backreacts in the opposite way:
1= —pa=c/M.

Now, the crucial point is that these rotations, defined by the IR parameters ¢; o, must
by continuity be accompanied by a corresponding r-dependent rotational profile along the
whole throat. We encode this in a 5-dimensional field ¢(z#,r) that interpolates between
w1 = ¢/M and ps = —c/M at the respective ends of the throats. This is illustrated in
Fig. 5 which also displays the expected symmetry: The solution should be antisymmetric
under the exchange of the two throats.m

For computational simplicity, we model the transition region between the throats by
a single point, r = TU\/E In doing so, we ignore effects of the unwarped CY region
(accepting an O(1) error). The field ¢ must be zero at this point for symmetry reasons.
This symmetry also ensures that we may limit our attention to one of the two throats when

computing the energy density associated with an excursion of c.

0By a slight abuse of notation we stick with the familiar variable r, although according to our figure
this variable must now be growing as one goes down the second throat.

1Tn fact, the exact UV geometry and UV fluxes are irrelevant as long as we do not consider perturbative
and non-perturbative corrections [61].
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Figure 5: The expected profile of the 10d/5d mode along the radial direction.

The key point is that, after these preliminaries, we are actually able to estimate this
energy. It is given by the gradient energy of ¢, which accounts precisely for the clash
between the opposite rotations of ¢; and 5. The relevant action for ¢ = ¢(z#,7) is
obtained by dimensionally reducing the 10d Ricci scalar to quadratic order on the warped
conifold background (see App. :

8 TUV
Sl :%/dzlx/ dr /=gsar’w(r) ™" e(r)? (—%gé‘ﬁN@Mgb@Ngzﬁ)

WE UV 1 1

Considering the metric , this form of the 5d action is easily understood. The metric

(11)

naturally splits into a 5d part gsq in the external and radial direction and an angular part
o gri1. The latter contributes the r-dependent terms /grin o< r°w(r)~® to the metric
determinant. The function €(r) encodes the degree of U(1)g symmetry breaking, compare
Fig. Since a field excursion ¢ is obtained by acting with a U(1)g transformation, any
terms in the action that contain the field must be multiplied by the factor €(r)%. This
symmetry breaking is due to the deformation near the tip and takes the form e(r) ~ |z| /r?
far from the tip of the throat, see App. [A]

We now apply the static approximation (i.e. disregard the (9,¢)* in (11))), derive
the equation of motion and solve it for the boundary conditions ¢(a*,ryy) = 0 and
¢z, rr) = 1 = ¢/M. This gives

7,2

2
7” —_—

o(x#,1) = ¢/ M—~—-
Tov — TR

(12)
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which, inserting back in , leads to a 4d potential V ~ |z|*¢2. This is a result at
quadratic order in ¢ but, comparing to , this is sufficient to infer that A* ~ ]2\2
Finally inserting the stabilized value |z| oc wi; [29], we arrive at A? ~ w% . Our assumption
pu* > A* is now a posteriori justified. It is also apparent that the effective mass of our
ultra-light field is m. ~ wiy.

Let us justify the use of the static approximation above. Really, we should have
supplemented by the kinetic term Skin[c] ~ [d*z (8,c)?, imposed the constraint
ozt ryy) = c(z*)/M, and determined the mass of the lowest-lying KK mode of the
resulting 5d action. However, it is intuitively clear that the UV-dominated kinetic term of
¢ is much more important than the warped-down 4d-gradient term (9,¢)? in . Thus,
¢ is the most inert part of the system and it is an excellent approximation to assume
that the ¢ profile extremizes just the bd-gradient-part of the action. To make this quan-
tiative, one may substitute ¢ on the r.h. side of with the plane wave ¢ = exp(ikx)
(with k? = —m?) and check that the resulting (9,¢)? contribution from is negligible
compared to Sy, [C]H

More details are given in App. [C]

2.4 Discussion of Results

The information we have gathered can be summarized in an effective Lagrangianﬂ,

L= LFA00) — 5F0p2) — A0

1y 1y 4 (13)
— g (Mg —¢)* — ol (Mgy +¢)> = A (1 — cos(p1 — ¢2)) ,
with coeflicients
1 2 i
f; ~ log(wIRl> 3/2wI2R MI% ) fc2 ~ YYE] 1Og(wIRl) ! Mg?
2 4 (14)
gs —1\=T7/2, 6 As4 4 9s —1\—3 4 4
A~ log(w 28, M2 uo~ log(w wir Mp .
(QSM)4 ( IR) IR*"™P (gsM)G ( IR ) IR P

2Note that there is no contribution from Spe[c] ~ [d*zdr (8,¢). When exciting ¢ in the UV, the
local deformation parameter adjusts as explained above. The profile ¢(r) is now stabilized in turn, for
energies A < E < p, to the radially constant value of the phase of the deformation parameter +My;. We
expand on this in App. E

I3For ease of exposition we have written down a diagonal kinetic matrix. This is not quite the case but
is not relevant for our discussion. See App. |E| for details.
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The above expressions are valid for the special case of the bulk CY having a single charac-
teristic length-scale, RSy ~ Vol(CY), and where the throats marginally fit into the bulk,
i.e. Rby ~ Rboas ~ 9sM Ko, For the general case see App. @

Far below the scale wig Mp we may integrate out ¢ 2, to obtain the effective Lagrangian
I 1 2 2 4
L= —éfc (0c)® — A*(1 — cos(2¢/M)) . (15)

We would like to highlight the following points,

e Our simplification Ryppoat = Rg2 = Ry gives the largest possible value for the decay
constant fog = M f.; any hierarchy Rineat < Rs2 < Rcy suppresses its value. Tak-
ing into account logarithmic corrections, the maximal periodicity one can achieve is
O(Mp/+/logwiy) (see App. EI} A large hierarchy wir < 1 suppresses the periodicity
only very mildly. By taking g,M and g;' to be large, the 10d perturbative expansion
becomes better controlled without affecting the axion periodicity. In this sense, our

axion can be made approximately Planckian.

e The mass of the axion is O(wjz) which is parametrically smaller than both the
warped Kaluza-Klein scale (O(wigr)), and the estimate of [28], where backreaction
of the local geometry was not taken into account (O(w?;)). The mass-spectrum is

essentially gapped.

e As pointed out before, the scale of the effective potential is set by the U(1)g breaking
induced by the deformation of the conifold as measured in the UV, €2(ryy) o |2|°.
Strictly speaking this is not a warp factor suppression, although for moderate CY

volumes |z| and wf; are of the same ordei"]

The following caveats should be noted: The effective Lagrangians and are incom-
plete: We have worked in the regime of classical type IIB solutions so at least the universal
Kahler modulus T is not yet stabilized. Moreover, we have not included the b-axion that
complexifies c¢. Finally, there is no parametric separation between the mass scale of the
complex structures and the warped Kaluza-Klein scale. Hence, the Lagrangian does
not define a useful effective field theory in the Wilsonian sense. Equation however
does give rise to a Wilsonian effective Lagrangian once it is completed by the b-axion and
the Kahler modulus 7.

14One might for instance be tempted to consider the large volume limit where warping becomes negli-
gible. In this case the scale of the potential would still be given by |2|? < 1.
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3 Four-Dimensional SUGRA Completion

So far we have discussed how the c-axion backreacts on the phases of the local deforma-
tion parameters of the throats. In this section we propose a completion of the model in
the language of 4d supergravity. The Cs-axion pairs with the analogous Bs-axion into a
complex field G = ¢ — 7b. The b-axion backreacts on the magnitudes of the deformation

parameters in a way that is analogous to the backreaction of the c-axion on their phases.

3.1 Counting Moduli Through the Conifold Transition

Throughout Sect. [2| we have focused on the case of two S3-cycles related in homology,
i.e. [A;] = [As]. In general we denote by n the number of collapsing three-spheres A’
i = 1,..,n and by m the number of homology relations between them """ | p![A‘] = 0,
I=1,...m.

Before fluxes are turned on and orientifold projections are imposed the physical degrees
of freedom assemble into N = 2 multiplets. The n — m complex structure moduli z*
are the scalar components of n — m vector multiplets. The z* parametrize the Coulomb
branch of the gauge theory. Whenever some of the three-cycles shrink to zero size, charged
hypermultiplets (Strominger black holes) become massless and have to be ‘integrated in’
[62]. These can be thought of as D3-branes that wrap the shrunken cycles. At the origin
of the Coulomb branch there are hence n massless charged hypermultiplets and n singular
nodes have developed in the CY threefold. There exists an m-dimensional Higgs-branch
where the singular nodes are resolved into m (homologically independent) P'’s [63]. On
this branch, the n —m vector multiplets eat n —m black brane hypermultiplets and become
massive. Geometrically speaking this is the resolution of the conifold [47,/48].

In the NV = 1 flux compactification that we are considering the tips of the conifolds
become strongly red-shifted. Moreover backreaction of fluxes ensures that even at tiny
complex structure the S®’s stay at finite size so that the Strominger black holes play no
role. However, since the deformed and the resolved conifold differ only by their strongly
red-shifted tip geometries we expect to recover some remnant of the resolved phase of the
conifold theory in the light spectrum. As outlined in Sect. |2l we expect the ‘local complex
structures’ to decouple from one another so that all the n local deformation parameters
21, ..., Zn, become equally light. In other words there are m additional light geometric modes.
Moreover, on the resolved side of the transition there would be m massless axion modes.

Since the obstruction for them to be massless is also localized at the tips of the conifolds
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where the would-be two-cycles collapse we also expect m complex light axionic modes GZ.
As we will argue in the next section, these modes indeed appear quite naturally in the

discussion of the flux superpotential.

3.2 The Thraxion Superpotential

In this section we make a proposal for the 4d supergravity completion of the Lagrangians
(13) and for a general number of throats n with m homology relations among the

shrinking cycles. Throughout this section we work in units Mp = 1.

3.2.1 The GVW Superpotential of a Multi Conifold System

As a starting point we consider the GVW flux superpotential for a multi conifold system.
All the necessary ingredients are derived in ref. [64] and summarized in Appendix [E] We
choose to treat the redundant set of the n complex structure parameters z; associated with
the n vanishing cycles A* democratically, and impose the m CY conditions via a set of

Lagrange multipliers A\;, I = 1,..,m. The superpotential reads
n P . ) m 2
W(z) = (Mi—’,l )+ Mg —Ku) AP+ Wo(z). 16
(2) = 2 (Mig los(z) + Mg'(2) = 7K) + 3 0P+ W) (10

The m homology relations among the vanishing cycles > "' | pf A" = 9C!, [ = 1,...,m lead
to the following m CY conditions for the z; = [, Q,

on:O/ dQ:/ Q:Zpi]/ Q=) plu=P, I=1.,m. (17)
cr act i=1 : i=1

In this language, the m CY conditions P! = 0 are equivalent to the F-term equations of
15

the Lagrange multipliers Ay, 0x,W = 0. For details we refer the reader to App. |H
Here, the M; and K* are the flux numbers associated to the A- and B-cycle of the i-th

5Note that we restrict ourselves to regions in complex structure moduli space close to the conifold
transition point, where all throats degenerate simultaneously, compare the discussion in Sect. This
might be more restrictive than is needed for our analysis: If the matrix p! is block-diagonal, we can
separate the multi throat system into smaller multi throats whose deformations are independent of one
another. In this case we can go through a conifold transition by local degeneration of the throats of a
smaller system. Even away from the trivial case of multi throats factorizing, one might be able to achieve
small thraxion masses by ‘freezing’ individual throats with larger deformation z. Given a multi throat
with some large z’s one has to check the thraxion potential as proposed in this section for flat directions.
We leave a more thorough analysis of this possibility for future work.
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throat, and the holomorphic function Wo(z) denotes contributions to the flux superpoten-
tial from other cycles. The M; € Z cannot all be chosen independently but must comply

with the m homology conditions
d piMi=0, I=1..m. (18)
i=1

The K can be chosen independently but there is an m-fold redundancy in their definition
because we may transform K — K'+ Y, asp! for any a € C™ leaving the superpotential
invariant upon imposing the constraint equationﬂ. Furthermore, there are n unknown
functions ¢’(z) defined on complex structure moduli space that are holomorphic near the
origin.

The Kahler potential is given by

Ks(zi,2;) = —log (—Z/Q A Q) = —log <z’gK( ) — ng )+ Z 12,G* + c. c)
— log <igK(z) —igk(z) + Z [

(19)

P) +imgi(z) - m-g%z)]) |

where the holomorphic function g (z) encodes contributions from other cycles. We would
like to stress that despite the fact that we have written the unknown functions ¢¢, gx and
W, as functions of all the z;, i = 1, ...,n, knowledge of the periods of the various cycles (and
the flux quanta) only determines their behavior along complex structure moduli space and

not beyond.

3.2.2 The Thraxion as a Stabilizer Field

We are now ready to formulate a proposal for the thraxion superpotential. First, we

note the following. By expanding the Lagrange multiplier terms, one may rewrite the

16The n — m physical Hs flux quantization conditions can be stated as K¢ — S 1pIK” m+l ¢ 7,

a = 1,...,n —m. This is because we can always choose the first n — m of the shrinking cycles to
correspond to integral basis elements [A'], ..., [[A"~™] in homology. The Lagrange constraints can be stated
as 0= Pl =" pley + Zpomt, 1€ Zpomgr = — Y one I"péza In the superpotential the terms that

multiply 21, ..., Zn,—m are given by the above combination of K and correspond to the integer flux numbers
on the cycles By, ..., By, Alternatively, one may demand the sufficient but not necessary conditions that
K? € Zfori =1,...,n. In this more restrictive but democratic formulation the i-th throat carries K°
units of flux. We can still reach all possible integer values for flux numbers on the cycles B,.
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superpotential as

—TK' + zm:)\[pf

I=1

W)=Y (Mi - log(=5) + Mig'(2) +

=1

ZZ> + ﬁfo(z) : (20)

One observes immediately that the combinations Y -, Arpf can be interpreted as an ad-
ditional, unquantized contribution to the complex three-form flux G3 = F3 — 7H3 on the
(local portion B’ of the) B-cycle of the i-th conifold. But we know that such a flux is
detected by a boundary integral

. 1 1
G=c¢—71b=— (Cy —7By) = el /Bi(Fg — TH3) (21)

- !
271_0{ SQli»th throat

over the S? at the top of the i-th throat. Crucially, the variables G, define axionic field
excursions as measured near the entrance of the i-th throat.

We would like to interpret (a subset of) these as light physical degrees of freedom. This
is motivated by the fact that there are m light axions on the other side of the conifold
transition that correspond to the integrals of C; — 785 over the independent resolution 2-
cycles. Indeed, the counting is correct. A consistent axionic field excursion must not induce
any overall flux on any of the global B-cycles (see Fig. @ There are hence n — m no-
flux conditions, one for each linearly independent B-cycle, leaving only m physical axions.

These can be parametrized as G' = ST plGr and we are led to the following conjecture:

The Lagrange multipliers \; must be promoted to
m light axionic degrees of freedom, A\; — g—fr
Moreover, the z* are promoted to n physically in-

dependent degrees of freedom.

The normalization factor 27 is chosen such that locally in the i-th throat a shift of axionic
field excursion G; by 27 (or 277) for some [ is indistinguishable from an increase of the
F3-flux (respectively Hs-flux) on the B-cycle of the throat by an integer amount p?.

Thus, our propoal for the superpotential is

- Zi 3 i i g[ I 2
= M;,—1 )+ Mig'(z) —TK'z ) — —P . 22
w Z( 5 log(2) + Mig'(2) = 7K =) D g+ Wel) (22)

17Compare this to Fig. 4t The ‘no-flux’ condition in the double throat setup amounts to ¢; = —c,. The
two axions ¢; and co are actually identified, up to a sign due to different orientation of the two-sphere in
the definition. This is why we only had one axion ¢ to begin with in the 10d analysis of Sect.
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Figure 6: A cartoon of the B-cycle of the triple throat, n = 3 and m = 2. The local c-axion
excursions ¢y, co and c3, ¢; = Re G;, must be chosen so that no overall flux is generated on

B, ie. 0 . c1+cy + 03 or rather Zl Ql =0.

We find it interesting to note that the axions G' now serve as the stabilizer fields for the
combinations of the local deformation parameters that break the m CY conditions P! = 0,
I =1,...,m. This form of the dynamical thraxion superpotential is fairly unique in that it

preserves the set of discrete shift-symmetries

2 ze ST G G 2y, Ve CM Y mpl € MZ Vi (23)
I

Our proposal for the Kahler potential is
K(Gr, G, T,T,2,2) = K\(Gr — G, T +T) + Ke(2,2) (24)

where K is the Kahler potential and K is the Ké&hler potential of the m axions (and

Kéhler moduli T') on the other side of the conifold transition as derived in [65]
— 31 _ _

Ki=Ky—3log | T+T—-—— -6 G -G’ 25

= K=o (T4 7= 26— 01— 0 ) 29

where K contains a constant part and the Kéahler potential of the axio-dilaton and x17;

are triple intersection numbers.@
We expect and to hold even when we break the CY condition P! 7% 0 with
the important subtlety that the domain of the holomorphic functions ¢¢, gx and Wo must

be extended beyond complex structure moduli space. We find it reasonable to expect

18For ease of exposition we have stated the Kihler potential for the case hfl = 1. For 7 = const.

the Kihler potential fulfills the no-scale relation (9rK;)(K;)TT (85K,) = 3, and (Kfl)gIXE(?X;Kl =0
where X = (T,G").
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that such an extension exists although even full knowledge of the CY periods would not
determine their behavior away from the moduli space. The detailed form of these functions
will be of no importance in what follows. Moreover, we expect that using the potential K;
gives an excellent approximation because the kinetic term of the axions is dominated by
contributions from the UV where the deformation or resolution of the conifold plays but a
tiny role. Note, that the behavior of the kinetic terms of the complex structure moduli is
dominated by the logarithmic terms in (19). In particular, the functions ¢*(z) and gx()
contribute to kinetic terms only at sub-leading order.

Since we are interested in small z; we Taylor-expand

9(2) =gy + Y 072 +0(), W(z)=gwo+ Y gz + O,

j=1 i=1

9k (2) =gxo+ Y _ g1z + O(2%). (26)
i=1
This should really be understood as a Taylor expansion in n independent variables z; and
makes our conjectured extension of the domain of these functions beyond the complex
structure moduli space manifest.
We absorb all O(z°) terms in the superpotential in the definition W, = gwo+y iy Mg
The coefficients in should all be viewed as independent of the flux quanta that thread

the cycles of the multi throat system, and only (g, 9%4/, 1) depend on fluxes on other cycles.

3.2.3 The Double Throat: n =2, m=1

It is clear that to obtain the effective superpotential for the G-fields we should integrate out
the local deformation parameters. Before we discuss this in full generality it is instructive
to first consider the simplest case of the double throat, i.e. n = 2 and m = 1. There are
two A-cycles A' and A% and we choose the homology relation to be A! ~ A2. Hence,
there are two deformation parameters z; and zo and one axion G. For ease of exposition
we assume that of all the coefficients defined in (26)), only g, and gk o are non-vanishing,
in other words, we choose W as well as all non-logarithmic terms in the Kéhler potential
to be constant. In doing so we accept an O(1) error in all expressions, in particular in the
resulting superpotential Weg for G. This simplifying assumption will be dropped when we
generalize the discussion to the multi throat case in Sect. [3.2.4]

We must set M; = My = M due to the homology relation between the shrinking cycles,
and we choose K' = K/2 = K? which results in flux K' + K? = K on the B-cycle. All
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choices of the pair (K, K?) that satisfy K' + K? = K are physically equivalent to this
choice and can be brought back to the symmetric choice via a linear redefinition of G
(compare the discussion below ([18))). The superpotential takes the form

2 i 1 A
W(z1,22,G) = E (;—m log(z;) M — §KTZZ') - %(21 — )+ Wo+ O(2]). (27)
i=1

First, the F-terms F),, are given by

log(z;) + 1 K g

D,W =0, W+ (0, K)W = M- —7F —+0(%)

271 2 2 (28)
M :
=5 (log(zi/20) FiG/M) + O(z0) ,
)
where K/2
o —1 . —47r;§—/13[ o —QWJZ\?I
zp=e¢e eXp<2mTM>+(’)(e : )—(’)(e A ) (29)

As usual, with K/2 > g,M one obtains |z)| < 1 with universal dependence on the flux
numbers. Following Sect. [2| we may integrate out the local deformation parameters, which
yields

2 = 209 2y = zge M (30)
The effective superpotential for the axion G reads

Wer(G) = 2¢ (1 — cos(G/M)) + Wy + O(23),

with EEMﬁ,, and WOEWO—Z—O_M.
271 i

(31)

This is the expression we were after. Crucially, it is consistent with the results of Sect.
Using the Kahler potential for the Kahler moduli and G-axions , one may show that
V(G,G) o [0gW(G)|*[] If we restrict to G = ¢ € R, we reproduce the periodic potential
(10) with the correct scaling |e|* ~ |zo|* ~ wS.

Note that because we have made use of the unwarped Kéahler potential we do not
reproduce the correct mass-scale of the local deformation parameters z;. Here, this is of
no importance because all degrees of freedom that are related to strongly warped regions
are integrated out supersymmetrically. In particular, the potential energy induced by a
non-vanishing field excursion of the field G receives its dominant contributions from the

bulk CY where warping plays no role. Because in going from weak to strong warping, the

19Where we use that K is of no-scale type.
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solutions of the complex structure F-terms are left invariant |36, and because the z; are
parametrically heavier than G even when the appropriate red-shift factors are introduced
in the scalar potential, this procedure is justified.

We are now ready to expand on the conclusions we have drawn in Sect. 2] First of
all, the kinetic term of the full complex field G lives in the bulk. This implies that the
mass® of G is of order |z9|> < 1. Since the Kahler potential is independent of Re(G) a
discrete shift-symmetry G — G + 27 M is manifesﬂ7 while the IR superpotential breaks
the shift-symmetry corresponding to Im(G) completely.

While in principle the target space distance traversed by Im(G) can be made large,
the scalar potential grows exponentially as a function thereof as is common for saxionic
directions in field space. In particular, this direction in field space is of little use for (slow-
roll) inflation. There is a critical field excursion |Im(G)ei| < 3M log(wyy ) beyond which
one side of the double throat is entirely pulled up into the bulk CY, z; ~ 1 or 2z, ~ 1. Near
this field excursion we no longer know the form of the potential because we work to lowest
order in |z |, |z2|. Moreover, there is a tower of warped KK-modes with masses that scale

as

m;, ~ n*wip exp (—2|Im(G)[/3M) (32)

where the warp factor w? ~ |z|** now depends on Im(G). Since these modes have been
integrated out, the ratio A/mg of the cutoff of the G-EFT (i.e. the smallest KK-mass) over

the mass-scale of G, comes down as
AJm ~2,—gy7|ImG| ~ ,,~2 _ 33

at large field excursion, consistent with a distance conjecture [9,27,66-71]. Here ¢, measures
the canonical field distance from the origin along the imaginary G-axig’]

At strong warping the maximal allowed field excursion is [Im(G)max| ~ 2M log(wig')
before the 4d EFT description breaks down. Near this field excursion, a large fraction of
the reservoir of fluxes of one of the throats has been transferred to the other one and the
mass scale of the G-field is of the same order as the warped KK-scale of the longer throat.
At this point, contributions to the scalar potential from non-vanishing F-terms D, W start

to play a significant role, or from a 10d point of view, the potential energy sinks down into

20Tn an exact no-scale background the scalar potential even has periodicity 7M. However, any no-scale
breaking effects will break it to the periodicity of the superpotential.

21See App. |§| for the conversion rule between G and the canonical distance in field space ¢p. At any
point in field space, g5z < M3Z/M?. Hence, ¢, = folmg dIm§’, /G55 < ImGMp /M.
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the longer throat.

3.2.4 The General Multi Throat

For general m and n that satisfy n —m > 0 homology relations, there are n local defor-
mation parameters zq, ..., 2, that have to be integrated out. We are left with an effective
supergravity theory of m axions G'. The computational steps are analogous to the double

throat case that was laid out in detail. Hence, we only state the effective axion superpo-

tential n
Wer(G") = — Z R T N (34)
i=1
and we have defined
Mi STF ~q 7 i
€ = %zm(l —2mgoWo/(aM;)),  Go =90 — 9k, a= —2Im(gko), (35)
and . ) . i '
- oo T (55 Mgl +aiy 1 +igh Wo/a) exp <2m’ ﬁ/f) +0 <e—47rngi) , (36)

It is important to note that the zy; as defined above can in general not be interpreted as the
values of the local deformation in the vacuum. The physical local deformation parameters

are given by
Zph.i = 20,i €XP <Z ZP}QI/Mi) ) (37)
I

where in the vacuum the G! need not vanish in general.

3.3 Comments on the b-Axion

In the above supergravity completion we have ‘complexified’ the c-axion by pairing it with
the analogous b-axion. So far we have not discussed explicitly the 10d backreaction of the
b-axion so in this section we would like to comment on this. We recall that the effect of a
non-vanishing field excursion of the c-axion is to create a pair of flux/anti-flux of the RR
field strength Fj. These were argued to backreact on the local deformation parameters
in such a way that all local SUSY-breaking energy-densities vanish. Similarly, when the
b-axion is excited a pair of fluxes of the NS field strength Hj is generated. Since both
throats are filled up with Hs-fluxes already in the vacuum one should think about this

process more properly as a transfer of Hz-flux from one throat to the other. Since the
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magnitudes of the local deformation parameters (and the associated hierarchy) are set by
the ratio of local Hs-flux (on the B-cycle) and Fs-flux (on the A-cycle) it is clear that these
will backreact when the Hs-fluxes are redistributed.

However, it is also clear that when the local Hz-fluxes are changed, the circumference
of the throat at the UV end is affected strongly. This is because it is set by the total
D3-charge that is stored in the throat which is itself proportional to the amount of Hj-
flux. Hence, naively one might worry that such considerable change at the UV ends of the
throats could lead to a large potential energy.

One may convince one-self that this is not the case as follows. Starting from the
supersymmetric situation we can redistribute a small amount of fluxes from one throat to
the other, so that throat A has ¢ units of H-flux more than throat B. We can now proceed
to convert the extra fluxes into a number of D3-branes by going through the Kachru-
Pearson-Verlinde (KPV) transition [72]. From the UV perspective this process is only
detected by a change in the throat complex structure which is a tiny perturbation far from
the tip of the throat. Now we are back to an even flux distribution with a number of mobile
D3-branes. These can be moved out of the throat at no cost in energy so the situation
with the mobile branes should be a vacuum again. In other words, the redistribution of
fluxes creates an energy density that is only due to the misalignment of local deformation
parameters and the change of size of the throats at their UV ends does not generate a
potential. The situation is thus analogous to the backreaction of the c-axion with the
phases of the local deformation parameters replaced by the logarithms of their magnitude.

Finally, note that in the Kéahler potential the b-axion appears explicitly, while the
approximate c-axion shift symmetry is manifest. One might suspect that the small scale of
the b-axion is therefore accidental due to our use of tree level supergravity. This conclusion
would be incorrect: The target space manifold with Kahler metric derived from is shift
symmetric also in the b-direction [7374]. In general we expect both shift symmetries to be
preserved to all orders in the perturbative expansion with explicit breaking only due to the
superpotential . When moreover non-perturbative Kahler moduli dependent terms are
generated in the superpotential such as the ones considered in [30], we expect the b-axion
mass to be lifted to the scale of Kahler moduli stabilization while the c-axion can remain

parametrically lighter.
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4 The Axion Potential and the Gauge/Gravity Cor-

respondence

We have derived the axion potential via a classical computation within 10d SUGRA, and
proposed a 4d SUGRA description that matches it. Since the local throats are believed to
have a dual description in terms of KS gauge theories [32], it is useful to give an alternative
derivation of our results on the gauge theory side of the correspondence. The KS gauge
theory is a SU(N + M) x SU(N) gauge theory with (classical) global symmetry group
SU(2) x SU(2) x U(1)g. It contains matter in bi-fundamental representations ((J,J) and
(0,0) of the gauge group that transform as doublets under the first respectively second
global SU(2) factor. The holomorphic gauge couplings of the two gauge theory factors

Tyn and Ty have been argued to be set by [58L(75]
YM+TYM =T, Tym—Tym =—T+G/m mod 2(m —nr1), (38)

with (m,n) € Z2. The radial running of the G-field together with 7 = const. matches
the RG-running of the gauge theory coupling constants. Throughout this section G takes
values in its suitable fundamental domain.

As the KS gauge theory flows to the infrared, it undergoes repeated steps of Seiberg

dualities that reduce the ranks of the gauge groups according to

SU(Ny + M) x SU(Ny) — SU(N; + M) x SU(N;)
— oo — SU(Ny + M) x SU(Ny), (39)

with N, = N — kM, k € N. If we start with N = KM, after K steps in the duality
cascade the gauge group is SU(M). Since, roughly speaking, it corresponds to the first
gauge group factor in SU(M) = SU(Nk+ M) x SU(Nk), its holomorphic scale is given by
A3M = 13 exp (2mitym (r)) = p3E! exp(iG), where pg is the infrared scale of the throat
and where we make use of the KS dictionary 7y ~ G/27. Gaugino condensation leads to

an effective ADS-superpotential [76]77,32]

o
Wer(G) = MA® ~ My exp(2mitym/M) ~ M i, exp <% (TK + %)) : (40)

where we have used that the IR-scale is related to the UV-scale by piy = uiy exp(—QWgsLM).

The superpotential that we have proposed on the gravity side of the correspondence
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indeed takes this form,

n 2 . A 5 R
WO(ZMiAieXP<A7; <7Kz‘|‘22>) + Wo, (41)
i m

=1

with ¢ = 37, piG”, and??]

2mi (o i, ik 27l ~
A; = exp (— i (; M;gi* + gy, + ngWO/a> + log (1 — aMS W(])) : (42)

M,

From the gauge theory perspective we should interpret the appearance of the constants
g{i, 9%4/,17 gy and Wy as a parameterization of threshold corrections near the UV Cuto
Indeed, as they are taken to zero the A; become unity.

It is now obvious that the M-fold extension of the periodicity of the c-axion is related
to gaugino condensation in the KS gauge theory@ [37,132,180,/75): As usual there is a
U(1)r symmetry that is broken to Zyys by gauge theory instantons. Gaugino condensation
spontaneously breaks Zyy, — Zs, so there are M gauge theory vacua. As we transform
¢ — c+27, we move from one gauge theory vacuum to the next, and the gaugino condensate
(which corresponds to the local deformation parameters on the gravity side) picks up a
phase exp(2mi/M). This is as in Sect. [2.2) where we learned that the M different vacua are
reached by dialing the RR flux quanta on the B-cycle Q@ =0,..., M — 1 (see (3)).

5 Applications

5.1 Thraxions on the Quintic: Drifting Monodromy

In this section we will give a concrete example of a string compactification where a light
thraxion appears. Along the way we identify concrete setups in which parametrically
super-Planckian racetrack-type axion periodicities are possible. We choose the CY to be
the quintic three-fold which is defined as the vanishing locus of a homogeneous polynomial

P of rank five in P1. Following [64], it can be brought to a conifold transition point by

22Note that in we have set Mp = 1. Therefore we identify puyy ~ Mp.

230f course these are in general functions of all other complex structure moduli that do not control the
infrared regions of the throats and are frozen at a high scale.

24Related observations were made in the non-compact flux-less multi-node setting of [78,/79)].
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choosing the complex structures such that
P(X° .., XY = XPf(X0 . XY 4+ X (X0, .., X, (43)

where f; and g4 are generic homogeneous rank four polynomials of the projective coordi-
nates {X°, ..., X*} of P%. The conditions P = 0,dP = 0 are satisfied whenever

0=X>=X"=f,(X° X" X?0,0) = g4(X°, X', X%,0,0). (44)

Since f; and g4 are chosen to be generic polynomials of rank 4, there exist 4 -4 = 16
distinct solutions. These are 16 conifold points. Hence, there are 16 vanishing three-cycles
Al i =1,...,16. Because the solution set lies on a P? submanifold of P, there is precisely

one homology relation among them,

16

> [AT=0. (45)

=1

Hence, we have a multi throat system with n = 16 and m = 1 so there is one light axion.
Let us give two examples that differ by choices of flux numbers. In both examples we set
the coefficients A; defined in to unity. Generically we expect these to be of order one.
Inserting O(1) factors below does not change the physical outcomeﬁ

Example 1: A simple thraxion potential
M;=(-1)"M, K'=(-1)"K, (46)
with K/g,M > 1. Then we have ¢; = (—1)"*1¢, and
Weg(G) = —16iesin 2G /M + Wy = 16ie(1 — cos 2G' /M) + Wy, (47)
with Wy = Wy — 16¢, ¢’ = G — wM/4, and small |e| o< exp(—2nK/g,M). Up to the
numerical pre-factor this is exactly what we found for n = 2 and m = 1.

Example 2: Drifting Monodromy

We now slightly detune the F3 fluxes from one another:

My=M, My=M+1, My=-M, My=—-(M+1), (48)

251f some coefficients can be tuned parametrically smaller than others, new qualitative features might
arise. We leave an investigation of this possibility to future research.
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and M;,, = M;, with K* = sign(M;)|K|, and again K/g,M > 1. In this case
Wer(G) = —8izo(M sin(G/M) + (M + 1) sin(G/(M +1))) + Wy, (49)

with zy ~ exp 2miK'7/M. Additionaly to the previous simplification, we have also neglected
order one prefactors that arise from the fact that the ratios K*/M; are not all exactly equal.
Again, this is of no consequences for our purposes.

The superpotential is a racetrack-type superpotentia]@ for G. The axion periodicity
is now given by 27 M (M +1). Crucially, this implies another M-fold extension of the axion
field range on top of the one already discussed in the simpler examples of the double
throat and the first example of this section. Clearly, one may take this even further to
periodicities such as 27 M - - - (M +3). Since we still only have to fulfill the requirement that
the throats fit into the bulk CY, this implies the existence of a simple, concrete and explicit
mechanism in string theory that can generate huge super-Planckian axion periodicities. In
general the full periodicity of the superpotential is given by the least common multiple of
the different RR flux numbers M;. We dub this mechanism of generating a parametrically
large axion monodromy drifting monodromies since it relies on a frequency drift within a set
of several finite-order monodromy effects. This is related but different from the winding
idea, where a constraint forces the effective axion on a long trajectory in a multi-axion
moduli space [38,139,|16]41,42]. Here, by contrast, one may think of a single fundamental
axion extended by several small, finite-order monodromy effects. The result of this can
still be large as explained above. The intended outcome, namely to realize an effective
large- f axion accepting a short-wavelength oscillatory potential, is of course the same (see,
in particular, [40,44,45]).

The minima of the potential V oc |[9gW|? are located along the slice Im G = 0 where it

takes the form
V(c) o [cos(c/M) + cos(c/(M +1))]>, ¢=ReG,
o 2M+1 ) 1 (50)
x cos” | =—=—————c ] -cos” | ————c
2M (M +1) 2M(M+1) )’
which has 2M + 1 distinct Minkowski vacua (see Fig. [7)).

We note that despite the long 2rM (M + 1) periodicity the scalar potential oscillates
on shorter wavelengths of order 2w M. This is essentially due to the rank condition

26For a discussion of racetrack superpotentials in connection with the WGC, see [81].
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Figure 7: The axion potential of example 2 for the case M = 10. There are sub-Planckian
oscillations within a long super-Planckian envelope.

which forces us to introduce flux numbers of both signsﬂ We have not shown in general
that suppressing such shorter wavelength oscillations in order to produce a smooth super-
Planckian axion potential is impossible. At this point we only note that the condition (18]
presents a severe obstacle towards this.

These examples also serve to illustrate that by scanning over flux numbers one may

obtain a vast number of possible effective superpotentials and axionic potentials.

5.2 A Clash with the Weak Gravity Conjecture

In this section we would like to point out that the axion potential we have derived clashes
with what has been put forward as the weak gravity conjecture for axions ,,. We
have computed the axion potential via a classical supergravity calculation. However, one
may equally well associate it to non-perturbative effects in the KS gauge theory (namely
gaugino condensation), as argued in Sect. 4] As such, (if true) the weak gravity conjecture
should apply to our construction.

In its form adapted to axions and instantons the conjecture states that there should

exist an instanton with Euclidean action S and axionic charge ¢ such that]
S <O) g Mp/fesr - (51)

Such instantons (if they contribute to the superpotential) generically induce terms in the

2"This condition is global in the sense that it need not hold in a non-compact CY where gravity is
decoupled.
28Note that Mp/ fog is the analogue of the gauge coupling for zero-forms (i.e. axions).
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scalar potential of the form

V(gb) ) 6_5(1 - COS(q gb/feff)) ) (52)

where ¢ is the canonically normalized axion. Thus, 27 fog/q is the canonically normalized
periodicity of the term in the (super)potential that is generated by a given instanton.
By comparison with the above we may associate an (effective) Euclidean instanton
action to each of the leading exponentially suppressed terms in the axion (super)potentia]@
Ki

St~ 3log(1l/wiy) ~ 2 . 53
eff og( /wIR) ﬂ-gsMi (53)

As computed in App. [D] in the regime where the throats marginally fit into the bulk CY,
the periodicities feg/q' of the dominant terms in the superpotential associated to each

throat ¢ = 1, ...,n read

2 . o 2 . o K1\’
Fol e 3 log( k)0t = 3050 (5 E) e G0

3 gsMi
where r, = M;K'/N2% is the fraction of the total D3 brane charge of three-form fluxes

which is stored in the i-th throat. Hence,

' j j ; ~ 2 K'
S+ Jen/ "~ 2(rby) 2y log (1 /i) Me & 20rpy) %) [ 5

Mp . (55)

In the regime wir < 1 (i.e. K> g,M;) the r.h. side is parametrically larger than O(1)
so the objects that generate the relevant terms in the superpotential do not satisfy a weak
gravity conjecture bound.

Of course as is always true in string theory compactifications [82] there does exist a tower
of instantons that satisfies the weak gravity bound but generates no monodromy.m It
is also apparent that these instantons occupy a sub-lattice of the full charge lattice. This
sub-lattice corresponds to all the possible wrapping numbers of a Euclidean D1 string.
However, in our setup this sub-lattice can be made parametrically coarseﬂ Let us illustrate
this with a concrete example: We consider a variant of the drifting monodromies example
given in Sect. 5.1 with flux numbers M; € {5,6,7,8, -5, —6,—7, —8}. The axion decay

29Taking the correspondence with instantons seriously, these are (%BPS—)instantons.
30In our case, these are Euclidean D1 strings wrapping representative $?’s in the UV, compare Sect.
31'Hence we seem to realize explicitly the loop hole mentioned in footnote 25 of ref. [83].
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constant is enhanced by the least common multiple of 5,6, 7, 8 which is 840. The instantons
that satisfy respect the periodicity of the axion before monodromy. Thus the possible
charges take values in 840Z C Z. Clearly, a lattice WGC is parametrically violated, while
a sub-lattice WGC [84}83] (see also [85]) is always satisfied but with parametrically coarse
sub-lattice. Note that generically these instantons only give rise to sub-leading corrections
to the scalar potential (if they contribute at all), compare Sect. .

However, we observe that the n effective instantons that do give the dominant contri-

bution to the superpotential satisfy a relation
i 45 2 ;
Se < grm(q Mp/fe)”, VYi=1,...,n. (56)

Together with S’ > 1, as is required for controlled expansion in powers of e_siff, this still
implies the existence of short wavelength harmonics in the superpotential. This motivates

a closer look at the full spectrum of our effective instantons to which we now turn.

5.3 The Spectrum of Effective Instantons

We now set aside the spectrum of instantons that satisfy the WGC but instead ask what
are the properties of the effective instantons that generate the superpotential. We have
written down the most dominant contributions to the superpotential and noted that
they satisfy . This condition is weaker than because at fixed control parameter

i ; 1 the value of ¢Mp/ f.g is constrained to be bigger only than \/Seg rather than Seg.
Nevertheless, as a consequence the dominant effective instantons give rise to sub-Planckian
wavelength oscillations in the scalar potential.

In general it is easy to see that beyond these most dominant effective instantons there
exists a whole Z" lattice worth of these effective instantong’2} These correspond to the
higher orders in the |z], ¢ = 1,...,n, that we have neglected in Sect. [3] Therefore, the
n dominant effective instantons serve as n basis vectors of the lattice Z™ and a general
effective instanton is labeled by an effective charge vector k € Z". The bound for

these general effective instantons reads

> 4 n o qi 2
Sk < MRS |k (—) : 57
ﬁ_gp;HDg o (57)

32We consider general combinations of holomorphic and anti-holomorphic instantons.
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and the r.h. side defines a (1-)norm on Z".

The effective instantons can also be embedded into the full one-dimensional charge
lattice Z of the preceding section via k— >or k'q", although they do not satisfy the
WGC bound (5.

Again, this is perhaps best understood using the explicit example given in the preceding

section. The dominant instantons have charges

, 840 840 840 840 | 840
! + =< +— +t— +— +— 5 = {£105, £120, 140, +168} . 58
q € { MZ }Z { 3 ) 7 ) 6 ) 5 } { ) ; ) } ( )
They induce harmonics in the superpotential with periodicities fez/q". Due to the relation
precisely these combinations are restricted to be sub-Planckian as long as Sis > 1.
They can be understood to occupy a coarse 105Z + 120Z + 140Z + 168Z sub-lattice of Z

while the Euclidean D1-instantons satisfying the WGC occupy an even coarser sub-lattice
840Z C Z.

5.4 Axion Phenomenology

We have identified a string theory axion with remarkable properties. It is parametri-
cally lighter than the tower of states that is usually associated to strongly warped regions
Miower X WirMp. The axion mass can be tuned almost independently of the periodicities
of the dominant oscillations in the scalar potential, since we have m oc wiz Mp, while the
oscillation period feg/q of the scalar potential depends only weakly on the warp factor
fert/q ~ Mp/4/log(wyy ). Conversely, the mass scales unusually strongly with the oscilla-

tion wavelength,

2 M 2
% oc wiy & e x5 exp (—a <Qf Hp) ) : (59)
P e
with a = O(1).
In contrast most other stringy axions usually satisfy the relation [6]

m? ( qMp ) (60)
— ~exp | —« ,
MI% P feff

As such the thraxion assumes a rather special place in the string theory landscape. This
is potentially interesting for axion phenomenology. We refer the reader to [6] for a range

of phenomenological applications for different axion mass scales.
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We have to emphasize that at least in the simplest setups our axion is not a generic
inflaton candidate because of the generic presence of dominant sub-Planckian wavelength
modes in the scalar potential, despite the large monodromy enhancement of the effective

axion decay constant.

5.5 Uplifting

We would like to briefly comment on some possible scenarios of uplifting. To actually
implement these ideas in concrete models involves the complicated interplay of different
effects. We highlight the assumptions needed for the following two scenarios in turn. Both
of them are based on the idea of adding an oscillating potential of different wavelength to
the known thraxion potentials of the form or (B0).

Uplifting requires as a precondition, that a full mechanism of Kahler moduli stabiliza-
tion is in place. Stabilizing the Kahler moduli by definition breaks the no-scale property of
GKP-type flux compactifications. Hence, in a full setup of our multi throat system there
are two sources of no-scale breaking — the Calabi-Yau breaking potential of our Cs-axion(s),
and also the scalar potential that stabilizes Kahler moduli. In general we expect these two
sources of no-scale breaking to mix non-trivially, and we leave a detailed analysis of this
for future research. For the rest of this discussion we now assume that these subtleties get
resolved for both KKLT and large volume scenario (LVS)-type setups of Kéhler moduli
stabilization.

We now wish to look at situations where c-dependent corrections to the Kahler potential
may become relevant. This is certainly the case in the regime |Wy| ~ 1, leading us to
consider LVS-like moduli stabilization |31]. Potentially interesting corrections may arise
from Euclidean D1-brane instantons that wrap members of the family of two-spheres that
vanish at the tips of the conifold. Since the cycle is trivial in homology we expect no
corrections to the superpotential but at most corrections to the Kéahler potential of the

form
de K1~ CemoBrTiSes e (61)

with C = O(1) and DBI and CS actions

gs 2w/ 2/

2
Spp1 = iw, and Scg = ! / <Z Cp) A €Plo_torm = ReG. (62)
82
p
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Here, we have evaluated the DBI action on a representative sphere in the UV, i.e. in the
bulk CY. This is because we expect such a representative to give the dominant contribution:
As explained in App. [B], there are different two-spheres at a given radial coordinate in the
throat that are labeled by a U(1) phase and that all share the same volume. As we scan
over this phase, the corresponding integrals of C5 at a given radial coordinate pass through
their fundamental domain. Therefore, integrating over all Euclidean brane instantons
on the two-spheres should cancel all contributions due to the oscillatory behavior of the
correction (61)). This is consistent with the fact that after accounting for backreaction of
the phases of the throat deformations the C5 field excursion cannot be measured in the
local throats. In the analysis of Sect. [3, we extended this result to Re(G), i.e. to Cy—Cy Bo.
In passing towards the UV, our description of the throat breaks down. In particular, we
do not expect the different sphere representatives to all share the same volume. Thus, we
expect non-vanishing instanton corrections.

Using Vol(S?)|uy 2 B2, < (gsMK)Y2a/, this leads to corrections to the scalar

potential of the form

3V < e_a\/i%(l —cos(ReG)), (63)

with @ = O(1). Assuming that the exponentially small prefactors of the classical warping
suppressed potential (or that of example 1 of Sect. and the non-perturbative
correction terms are of the same order, it is feasible that additional local minima appear in
the scalar potential that could in principle lift to meta-stable non-supersymmetric minima,
possibly even de Sitter vacua.

The exponential terms are of comparable magnitude when

K
> M. 64
Vo 2 (64

In F-theory models with large Euler characteristic we do not see an immediate obstacle to

realizing this.

We may turn this around and add large-wavelength corrections to shorter-wavelength
oscillations such as those of the example of drifting monodromies given in Sect. 5.1} On
the large scale of fog ~ M Mp there are several Minkowski vacua of the potential ,
compare Fig. [7l It is conceivable that these are uplifted to de Sitter vacua once further
corrections to the potential are taken into account. This might happen automatically when

the no-scale properties of the Kahler potential get broken by perturbative or non-
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Figure 8: The axion potential of Fig. 7| with an additive correction dV(¢) o const. +
cos(c/ for) that shares the periodicity of the superpotential.

perturbative corrections, since we know that the existence of Minkowski vacua strongly
depends on the cancellation of different terms in the scalar potential. We expect these
scalar potential corrections to follow the periodicity of the superpotential, which is given
by the super-Planckian decay constant fe.g. An optimistic sketch of this is illustrated in
Fig.[§ A different approach might be to consider drifting monodromies in which we allow
for hierarchies between fluxes M; of individual throats.

We leave a more thorough investigation of these uplifting ideas for future research.

6 Conclusion and Discussion

In this paper we have shown that a novel type of axion-like particle is present in many
flux compactifications of type IIB string theory. While its exponentially small mass is due
to the existence of strongly red-shifted regions in the compactification manifold (warped
throats), it is parametrically lighter than the red-shifted tower of KK-modes that is usually
associated with such throats. We would like to emphasize that for fixed value of the axion
decay constant the thrarion mass is far smaller than all other stringy axions that we are
aware of. Moreover, we are able to find explicit models with even parametrically super-
Planckian axion decay constants (but with generically dominant sub-Planckian oscillations
in the scalar potential). As such the thraxion assumes a rather special place in the string
theory landscape that is potentially interesting for axion phenomenology.

The existence of this type of ultra-light axion is intimately linked to so-called conifold
transitions between (topologically) distinct CY manifolds. Light thraxions arise whenever
fluxes drive a CY close to the transition point. Moreover they come paired with light scalar
degrees of freedom (‘saxions’) which are the relevant light degrees of freedom that control

the global stabilization of the multi throat system that arises near such a point in moduli
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space. At the perturbative level the saxion is as light as the axion while non-perturbative
Kéhler moduli stabilization effects would generically lift this degeneracy. The extremely
low (s)axion mass implies that multi throat systems are surprisingly weakly stabilized.
We now summarize the key steps in the derivation of the (s)axion potential. Throughout
most of this paper we have focused on the case of a double throat system. As shown in [2§]
in such a setting there exists a light axion mode that can be thought of as the integral
of the RR two-form C5 over a family of spheres that degenerate at the infrared ends of
the two throats. When holding the geometry fixed, a finite field excursion leads to the
formation of a flux/anti-flux pair at the two ends, so an appropriately red-shifted potential
energy V ~ wiy is induced where wig is the infrared warp factor of the throats. One of
the key observations made in this paper is that when the throats are long there exist two
light complex scalars z, zo that control the infrared geometry of the individual throats.
This is despite the fact that only a diagonal combination of the two is an actual complex
structure modulus of the CY. A finite field excursion of the axion mode drives z; and
2z away from complex structure moduli space, i.e. to 23 # z3. After this geometrical
backreaction is accounted for, locally in each throat supersymmetry is almost perfectly
restored. We have determined the scale of the remaining scalar potential by finding the
higher dimensional field profile that interpolates the 4d modes z; and z, between the two
throats. It turns out to be dominated by tiny contributions from the bulk CY where the
mismatch between the two throats is detected. The final potential energy scales as wd;
which is parametrically smaller than the estimate of [28]. Since the axion kinetic term is
dominated by contributions from the bulk geometry, the axion mass is of order wj; which
is parametrically smaller than the infrared mass-scale of the local throats. Furthermore,
the final axion potential turns out to be periodic, and the periodicity is enhanced by a flux
number M via monodromy. In other words, the available amount of axion monodromy
after backreaction is finite[”’] The low scale of the axion potential implies that throughout
the compact axion field space the local throats are essentially frozen supersymmetrically.
We have cross-checked and expanded on the 10d double throat calculation in several
ways: First, we have shown that a natural proposal for the extension of the GVW flux

superpotential leads to an axion potential that matches precisely our 10d conclusions.

33We note that the local two-node setup of [86] on the deformed side of the geometric transition
resembles our setup in the non-compact flux-less limit. Hence, it is tempting to speculate that fluxed
(warped) versions of this, as proposed in [21] and further explicated in [87] with its D5-D5 (or NS5-
NS5) system, will show similar backreaction effects as discussed in our paper, which might significantly
affect the axion monodromy potential. It is an open challenge to construct the geometry for the wrapped
NS5 — NS5-pair at a level such that this question can be addressed explicitly.
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Moreover, in this framework it is immediate that the axion is paired with a saxion that
can be thought of as the integral of the NS two-form Bj over the same family of spheres.
Together they form the complex scalar component of a chiral multiplet. Furthermore we
have extended the discussion to the case of a general multi throat system where n three-
cycles degenerate near a conifold transition point, with m homology relations among them.
There are n ‘local complex structure moduli’ z; that are relevant for the discussion of which
only n — m linear combinations correspond to complex structure moduli space. In this
setup there are m families of two-spheres that can be used to define m (s)axions. Again, a
finite field excursion of the (s)axions drives the local deformation parameters z; away from
complex structure moduli space and a small periodic potential remains which is of order
wd;. We have checked our conclusions also from the perspective of the Klebanov-Strassler
gauge theory [37,32] that is believed to be the gauge theory dual of the throat solution.
The (s)axions set a combination of gauge couplings at the UV-ends of the throats and
receive a non-perturbative superpotential from gaugino condensation in the infrared. This
superpotential again matches precisely the one we have obtained from classical 10d/4d
supergravity. As is common in the gauge/gravity duality, a classical effect on one side
matches a non-perturbative quantum effect on the other.

Our construction can be used to investigate a vast number of axion-models, by scanning
over different conifold transition points of CY threefolds and three-form flux quanta. We
have illustrated this by giving two examples based on a well-studied conifold transition
point of the quintic threefold. With one of these examples we exhibit a mechanism that may
be able to generate parametrically super-Planckian axion periodicities. This happens when
several throats carry different flux numbers M; that each give rise to a finite monodromy
enhancement. The overall enhancement is given by the least common multiple of all the
flux numbers. In the regime considered, the validity of the effective field theory is not
undermined by the appearance of a large number of light states below or near the axion
mass-scale as is usually expected for large f [82,84,83] or as parametrically large geodesics
in field space are traversed [9,[27,66-71]. We call this mechanism to generate large axion
periodicities drifting monodromies. Nevertheless, we identify a global constraint among
the flux numbers that presents a serious obstacle to actually realizing a scalar potential
with parametrically sub-dominant sub-Planckian oscillations.

Clearly, the examples we have given form only a tiny subset of possible thraxion models.
Moreover, these models are a promising playground for testing swampland conjectures such

as the weak gravity conjecture for axions. The simplest models already suggest that the
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simplest form of the conjecture need not hold in general. We have briefly commented on
thraxion-related ideas for uplifting to de Sitter minima. However, whether or not these
ideas can be realized in a controlled way is left for future work. This would require a detailed
understanding of the interplay between the thraxions and no-scale breaking effects such as
gaugino condensation on seven-branes [30] or perturbative o/ corrections [88], which are
needed for full moduli stabilization [30}31].
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A Deformed Conifold for General Complex Structure
Modulus

The unwarped internal geometry before backreaction by fluxes is that of the deformed
conifold [47]. Tt can be embedded in C* via

> wl=z, (65)
where w; are complex coordinates and z is some complex parameter. For now, we set
z = |z| € R*. One can check, that the five-dimensional hypersurface at a given fixed radial
coordinate p*> = 3" w;|* > |2| allows for a transitive SU(2) x SU(2) actio with isotropy
group U(1) € SU(2) x SU(2). The space can therefore be written as the homogeneous

space % At p? = |z|, the isotropy group is enhanced to a diagonal SU(2) C
SU(2) x SU(2), therefore leading to the homogeneous space 2 U(?UX(%U @ o gggg; = g3
Given that topologically % = 53 x 52, we arrive at the picture of a family of two-

spheres along some radial coordinate fibered over a three-sphere, where the two-sphere

vanishes or collapses at the apex, while the three-sphere stays finite everywhere.

34 Acting as SO(4) on the vector (wi,ws,ws,ws)? in the obvious way [89]. It is more convenient to
parametrize the embedding via the matrix T = % > w;o;, with Pauli matrices o;. General solutions to

detT = —%l and p? = Tr (T'T) then take the form T = LTyR, with a specific solution Ty(|z|, p) and
(L,R) € SU(2) x SU(2). The SU(2) x SU(2) action is now the obvious one (L, R) — (UrL,UrR) [90].
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Following ref. [90], we may derive the most general SU(2) x SU(2)-invariant metric,

that is also invariant under a Z, exchange of the two SU(2)-factors. It takes the form

ds? = (B% + H?) ((91)2 + (92)2> + C? ((93)2 + (94)2>

(66)
+ D? (dp2 + (95)2) +2CH (g'¢* — g°) .
Here, we used the vielbein
el —e? e? — et el +¢? e? + et
g' = . 9= . 9= . gt = . g =¢e,  (67)
V2 V2 V2 V2
with
el = —sinf;dg;, €*=db;, e®=costsinbhydps — sindbs, (68)

e! = sin 1 sin Ooddy + cosdhy,  €® = dip + cos b1 ddy + cos fadgs .

The real coefficients B, C', D and H are functions of p and |z|. We impose the con-
straints on the coefficients from the embedding and insert the definition of the radial
coordinate, as well as demand Ricci-flatness of the metric . The resulting CY-metric
with SU(2) x SU(2)-isometry is now best expressed in the coordinate 7 > 0 defined via
p* = |z| cosh T [90],

dsi, = D3c(7) (a7 + (6°)°) + B(r) (o) + (69)7) + G0 ((69)° + (4)7) . (69)

with
2 K 2 K
B = E s ) ) = 1 D o (2 (0
: 1 (sinh (27) — 27’)%
D% (1) = |2] ——, where K(7)= - , 71
2.0) = elf = )
and Hyg. = 0.

We now generalize this metric to arbitrary values of z = |z] ¢*? € C. This is most easily

done by considering the action of €’? € U(1)g on the coordinates
w; — w; e (72)
Looking at the embedding (65), this gives the rotation |z| — |z| " we are after. After some
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calculation, one can reinterpret the rotation of coordinate w; as an action on the coefficients

B, C, D and H. The new coefficients after applying a U(1)g rotation to second order in

@ read
, Bac C2. — B2
B - B C < I
de ¥ SO C’dc 86’dc
&
OZOdc"*’@W) (73)
H = Cgc B Bgc
2Ctdc .

In the full result (i.e. beyond quadratic order in ¢) the periodicity ¢ — ¢+ 27 is of course
preserved.

We now want to determine the metric at large p? > |z|. For ¢ = 0 one may express it

ds? = fo(r)*dr? +r? ( f5(r Z fi(r ) (74)

2/3

in the form

where we have introduced the asymptotic conifold radial coordinate r = Defining

e(r) = ‘T%', at order € one has f; = 1 which corresponds to the metric of the singular
conifold. However, also far away from the deformation ¢ < 1, we see some remnant of the

apex geometry

f3(r) = F20) = 5D () = 1+ O(e),

) = B0) = 55 o) = 1+

DN o

y
) e+0(e?), (75)
i) = £20) = 50 ) =1 (3)
Neglecting numerical O(1)-factors, we arrive at

dst = dr? 72 {dBs + ) [(6")" + (42)° = (4°)° = (o")] } + O(). (76)

Using the transformation behaviour of the coefficients of the angular terms (73), it is now
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straightforward to write down the same asymptotic expansion for non-zero ¢

ds? = dr? + 2 {dQ2T1,1 + e(r)dQ?)(go)} . (77)
A (p) = (1+¢?) ((91)2 + ()’ - (6°)" - (94)2) +o(g'g" — ¢°9%)

Finally, we consider the full 10d metric found as a solution to 10d SUGRA with M
units of F3-flux on the three-sphere described above and some Hsz-flux (unquantized in the

non-compact setting) on the dual cycle [32]
ds? = w?(r)n,,da"da” + w3 (r)ds3. (78)

where the warp factor goes like

2
9 r 1
= 79
W = e (79)
for ‘%3' > 1. For arbitrary ¢, we will work with the asymptotic metric
ds® = w?(r)ndatda” + w2 (r) [dr* + 1 (A0 + e(r)dQs(9)?) ] (80)

B The Axion Potential in the Local Throat

In the main text we have repeatedly made use of the fact that the Cs- and Bs-axions ¢ and
b can only enter the scalar potential that is generated in the local throat in certain com-
binations with the ‘local complex structure’ of the throat, namely the real and imaginary
part of

Mlog(z) —1iG, (81)

where G = ¢ — 7b, and z is the ‘local complex structure’. Here, we would like to derive this
without using ‘local flux stabilization” as in Sect. but rather rely only on asymptotic
properties of the KS/KT solution [37,32]. For simplicity we will set the RR zero form to
zero, i.e. T = ig; '

We cut off the throat at a radial coordinate ryy and define the b-axion at that value
of the radial coordinate. Since the Bs profile runs along the radial direction [91], changing

b — b+ 6b can be realized by choosing a different UV-cutoff r{;,. Since the absolute
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value of the complex structure is defined in units of the UV-cutoff it scales as

b

z—>e wMz, (82)

Since this is just a coordinate transformation from the perspective of the local KS throat,
the combination g;M log(|z|) + b cannot appear in the scalar potential that is generated
within the throat. It acquires physical meaning only if the throat is cut off at fixed, finite
ruv.

Similarly, in the limit |z| /73 — 0 the RR three form takes the form

Fy =2ma' M (¢° + de/M) Aws, (83)

where ¢° = diy+ ... is given by , and wy; is the normalized harmonic 2-form of T!. The

field ¢(x) transforms like a Goldstone boson under (local) coordinate transformations [75]
v — Y+ 2w(x), c(zr)— c(r)—2Mw(x). (84)

Shifting along this angular direction is an isometry of the asymptotic KS solution (called
U(1)g). Near the IR this is not the case precisely because (by definition) the phase of the

complex structure also transforms like a Goldstone boson, see App. [A]
argz — argz — 2w . (85)

Again, in the local throat the combination M arg z + ¢ has no physical meaning as it is
eaten via the Higgs mechanism. Only when the throat is glued into the CY space at finite
radial coordinate ryy does the c-axion gain its independent physical meaning because the
U(1)r symmetry is badly broken by the CY geometry. Putting together the real and
imaginary part of G = ¢ — 7b, we arrive at the conclusion that only the combination
is physical when considering a single throat. A second degree of freedom only becomes
physical by finiteness of the throat, i.e. by breaking the asymptotic U(1)g symmetry. This
also implies that the kinetic terms for the fields ¢, o stated in actually take the form
[0(¢12 £ ¢/M)]? since they arise from local throat physics. We have disregarded some
unimportant off-diagonal terms in the kinetic matrix.

The transformation behavior of ¢(z) under a U(1)g can also be calculated directly [92].
For this, we choose some S2-submanifold of the cross-section 7! of the deformed conifold
far in the UV and apply the U(1)g action on the coordinates as in App. . One can
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show that the manifold X defined by the U(1)g-orbit of S%-submanifolds is an element of
H3(T"™'), and therefore a multiple of the S®-cycle of T"!. Tt turns out that the multiplicity
is 2. Denoting a member of the family of two-spheres as S?(w), w € U(1)g, we therefore

find by applying Stokes’ theorem

/ 02—/ Cy :/ F3:2/ Fy =2(2m)%a’'M . (86)
52(0) 52(2m) X 53

Using homogeneity of the flux distribution we extrapolate f 52(0) Cy— f $2(w) Cy = 4o’ Mw.
In terms of ¢ defined on (say) S?(0), we arrive at the transformation law as stated above.
Interpreting [ 52 C2 as a generalized Wilson line, we find the usual behavior under deforming
the integration path over some region with non-vanishing associated field-strength Fj.
Under 7 € U(1)g, the family S?(w) sweeps out S® completely; accordingly the Wilson line
picks up the flux [, F3 = (2m)*a/M.

C Derivation and Solution of the 5d Equations of Mo-

tion

C.1 The 5d Action for ¢

In App. [A] we explained how the phase ¢ of the complex structure modulus z enters the
metric to leading order in |z|. In this subsection we now want to explicitly derive how
we arrive at the action from this. The 10d metric can be decomposed into the

external and radial five-dimensional metric and the internal angular metric

GMN = (w27].“1/ ©® w72grr) ©® (w727"299,mn) , m,n = ¢17 ¢27 917 927 w ’

(87)
9Q,mn = 9711 mn T+ 6(T)hmn ) ng’lmndymdyn = dQ%lvl ;o hppdy™dy™ = dQ%(‘P) )

where e(r) = |z| /r® is the U(1) g-breaking parameter. As explained in Sect. 2.3} we promote
¢ to a dynamical field ¢ = @(z#,r). While this field extends into multiple throats, we
make use of its antisymmetry in order to reduce the problem to a single throat. The
corresponding boundary conditions are given below.

We expand the 5d action for ¢ in € via the expansion of the 10d Ricci scalar about the
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U (1) g-preserving metric

R(G)=R (GU(l)R) + €(r)Vin, Vo ™ — O (e(r) g7t hunn) + 0(62) )
GU(I)R = w277 D wizgrr % w72r2gT1’1 ) (88)
Gsq = ’LU277 S5 w72gm~ .
We know that for ¢ = const. we simply describe a deformed conifold with general complex
deformation parameter z = |z| e*?, which is by construction Ricci-flat. Therefore, we have

R(G) = 0 in every order in €, such that the only non-vanishing contribution can come from

derivative terms of ¢

O (e(r) gpt b)) = €(r) g G, 0,0 R (2, 7))

y . (89)
= E(T’) g?ffl [a@hmn G5Jd 818330 + Qihmn G5]d (9190 8330} .
We can write
man 1 1
grismnda”da” = < ((6)+ (697 + (") + (6)7)) + 5 9" (90)

With this and looking at the perturbation h,,, above, one finds that to order €, there is no
contribution to the 5d action. This is due to the fact that there is no non-zero contraction
G Ophumm O g 0%y There is no term g'g* — g?¢g® in g1, and the terms coming from
contractions of (¢1)* + (¢2)* and (¢3)* + (¢*)? cancel due to the different signs between
these terms in g1, and hﬁ The first non-vanishing order is €.

Using VG ~ /Gu), = w™?r®, the following terms may now arise up to order ¢?* after

integrating out the angular directions in the 10d action
1 " 5, (N2 L \2 s
Seq = e, d*z | drrow(r)™" | Rsa + A(r) — 56(7’) G200 | . (91)
s'"™10

Here, we have implemented 5d Lorentz symmetry and used the fact, that there are no
linear terms in ¢ once we go to order 2. Importantly there a no non-derivative terms for
©, because ¢ = const. is a point in complex moduli space. Dropping 5d gravity, we arrive

at

S = o [ [ et (<qui) 0 -3 @00 ) . @2

2,2
9sK10

35In other words: The term in gr1.1 is symmetric under the exchange of the SU(2)’s defining the cone,
(¢1,61) <> (¢2,02) in coordinates, while the term in h is antisymmetric.
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Explicity calculating R(G) with ¢ = ¢(x*,t) and expanding to first order in |z| and second

order in € confirms this explicitly.

C.2 Schrodinger Equations and Exact Solutions for Free Fields

Using the previous subsection and the results of [28], we collect the two actionﬂ that will
give us all relevant parameters. Note that we derive the action for ¢ for ¢ = 0 and that

the one for ¢ for ¢ = 0. We deal with the form of interaction terms in App. [B]

1 d 1 1
S, = W /d%/% e(r)?r® <—§w(r)_4 (auﬁbso)Q 3 (37@0)2) )

SF% / d'e / % rfw(r)’ <—%W(r)_4 (amcf—%(arqscf) , o

where we use a general notation with fields ¢;(z*,r), i = ¢, c. The equations of motion

using the plane wave ansatz ¢;(z*,1) = eP®x,(r), with p? = —m?, read

w(r)te(r)2r°0, (6(7“)27“587»)@,(7‘)) = — mixw(r),

(94)
r'O, (rwtdpxe(r)) = —mix(r).

We insert the warp-factor , dropping logarithmic dependencies, and the U(1) g-breaking
factor to arrive at
50 18 = —R'm?
10, (200 ) = = RUm2x, ().
1 (95)
-0, (T58TXC(7’)) = - R szCO’) )
,

where we introduced the abbreviation R = /gsMa’ for the normalization of the warp
factor of KT and KS. Using the reparametrization

R*’m 1
x(p = r £ ) gtp(‘rs@) = ;Xw(r@cp)) )
- (96
me
Te = — gc(xC) = T2X6<T<x0)) )

36For ease of exposition we work with only two real fields although strictly speaking they are both real
components of complex fields (see Sect. .
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we arrive at the following form of the equations of motion

9! () + wigi(z;) + (2 — of) gi(z;) =0, (97)

where ¢ = ¢,c and where o, = 1 and a, = 2. This is the standard form of the Bessel
equation. Plugging back in our reparametrization, we write down the general solutions to

the equations of motion

(1 () (22)

98)
1 R*m. R%*m, (
o= s () o ()
r r r
with Bessel functions J,, and Y, of first and second kind respectively.
We now have to apply the boundary conditions
Xgp(rUV) =0 5 ango(rIR) =0 5
(99)

)
Orxe(ruv) =0,  wirOrxc(rm) = }_%XC(TIR) ,

for some O(1)-number § depending on how we model the flux distribution in the IR. While

the UV boundary conditions are easily implemented to fix the constants A and B up to an
2

overall normalization, the ansatz m; x % gives consistent solutions to the IR boundary

conditions when using the small argument expansions of the Bessel functions

4
2 _ qWIR
TR (100)
2 80 wig
m, =———
¢ 445 R

where we now normalized the warp factor wyy = 1. We plot the solutions with 6 = 1,
wig = e 193 ~ 1072 and m; as above in Fig. @

Referring back to the discussion in Sect. 2.3 we plot the expected solutions over the
entirety of the double throat in Fig. [10] where we simply mirrored one throat at the UV
end with appropriate symmetry, so both » = rr and r = 2ryy — rgr correspond to IR
regions.

We are left with calculating the 4d kinetic terms. From Fig. @ we would guess (cor-

rectly) that ¢ is an IR mode, while ¢ is a UV mode. We derive this by considering the
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Xo(r) Xe(r)
Xw(r[R)

Xc(rr)

0 3log(r/n
02468109(/|R)024681

0 3|og(r/r|R)

Figure 9: The lowest lying radial eigenmodes for ¢ and ¢ for wig ~ 1072 plotted in the
physical radial coordinate t = 3R log(r/rr).

0o s 1}@20 3log(r/rir)
~Xo(MR) Xe(R) 3log(r/nr)

0246 8101214161820

Figure 10: The eigenmodes for ¢ and ¢ on the double throat. Here, ¢ < 10 corresponds to
the first throat, ¢ > 10 corresponds to the second, with t = 0 and ¢ = 10 corresponding to
the respective ends of the throats.

lowest KK mode ¢o(z#,7) = fo(z")xo(r), where fy is now an arbitrary superposition of
plane waves, to find the kinetic terms induced by the actions

1 "UVodr _ RS
e o [ S )
gsa TIR r gsa (101)
oL R
= — — 1 xe(r) m —.
c a’? - r X a'?

Here, we have again expanded the solution in wirg < 1, and neglected logarithmic cor-
rections. Furthermore we have normalized the internal field profiles such that x.(ruyv) =
Xe(rm) = L.

Comparing with the quadratic terms in ¢ in the potential and the quadratic terms
in ¢; in the potential @D, we find the parameters p and A

pt=m? fPoculy, A= mi ff, o Wiy - (102)
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D Axion Decay Constant and Potential Parameters

In this appendix we extend the results of the previous App. [C] by including logarithmic
corrections to the first-order approximations and by taking care of the different length
scales that may appear in the parameters of the effective potential .

We compute the axion decay constant (without accounting for monodromy factors)
for the c-axion from the 10d action, paying attention to numerical factors of O(1). We
may dimensionally reduce the |F3|* term of the 10d type ITB SUGRA and plug in Cy =

2ma/e(x)ws, where wy, is the associated (quasi-)harmonic form. This leads to
1 1 2 4 Lo v

4%y /g6 w? o*|wy|? o
— (2 2 QfCY MQ = (2 2 2 M2 104
f ( ﬂ—) fcyd y\/_wQ P ( 7T) 9s (V01(52)|Uv)2 P> ( 0 )

where g, is the string coupling, g is the internal 6d metric, w? is the warp factor and

with

Mp is the four-dimensional Planck mass. Due to the appearance of the warp factor, the
integrals are dominated by UV contributions. Thus, for large values of the overall Kahler
modulus Re T > Npy we have > ~ g,(Re T)~! in Planck unit§”’| where Np; is the
total D3 brane charge stored in fluxes (and mobile D3 branes). This is consistent with
the 4d SUGRA of Sect. |3l We expect to be allowed to make the string frame volume as
small as O((gsNp3)*/?). At even smaller volume backreaction of fluxes becomes significant
throughout the CY and we loose the notion of an unwarped bulk CY [29]. For simplicity
we now take into consideration only the D3 brane charge stored in a single throat, i.e.
Np3 = M K. In this regime the top of the throat marginally fits into the bulk CY and we
expect the ratio of integrals in to be well approximated by the value of o/?|wx|? at the
top of the KS-throat. Since the hierarchy is set by logwyy ~ gSLM it follows immediately
that f scales as f ~ /595 Mp ~ 2= log(wiy ) ~"/2Mp.

We can compute this in more detail by using the asymptotic form of the throat metric

37Recall that Re T' measures a 4-cycle volume in 10d Einstein frame.
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far away from the deformation, i.e. the KT metric

1 1 ;
A = ) Ak = 567 5 D (105)
2V2  r? _1 1

We see, that the physical radius at the top of the throat is given by

9 9
R? = ——g,Md'\/logruy/rr & ——=g.Ma'y/logwis | 107
throat 2\/59 g UV/ IR 2\/59 g Wi ( )

where in the last step we use the normalized warp factor with wyy = 1. Taking into
account angular dependencies of T, we arrive at of|ws| = (37g, M)~ log(wg )"z, and
hence

2
f=337 log(wig ) ™2 Mp . (108)

Actually, we are interested in the case where two or more throats each store only part
of the total D3 brane charge and also fluxes on other cycles contribute to Nps. It is useful
to define as 7}, the fraction of the total D3 brane charge that is stored in the i-th throat,
l.e.

rhy = MiK'/Npy, i=1,..n. (109)

Since the decay constant scales as (Re T') /2 and the marginal case corresponds to Re T' ~

Nps = M;K'/r},, for any i = 1, ..., n, we should really replace (108)) by

f & oo () P log((wig) 1) ™2 Mp, (110)

3M;

and this expression is correct when evaluated for any ¢ =1, ..., n.

In the double throat case, we have rf); = 13, = rpz and the effective (monodromy-)
potential reads

vt~ oty (1 cos (S5 Ve om) g ) ) (111)

(TD3

Even in this marginal case, the decay constant of c¢ is slightly sub-Planckian in regimes of
parametric control since then wig < 1, and rpz < 1.
We may also derive the quantities given in ({14]): Using the kinetic term of ¢ is
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given by
£2 ~ (gSMoz’)6w2 -~ (9sM)°
® ggo/“ R v
where we use that the integral for the kinetic term is dominated by the IR, such
that we may insert the IR throat radius, R?> ~ g,Ma’, and where we have made use of
the fact that M3 ~ g;2a/~'V, with the (bulk) CY volume V as measured in string units.

Neglecting geometric back-reaction of the double throat system in the UV, the flux energy

wig Mg (112)

density M?u* can be understood as a pure IR effect: It is induced by an excursion of ¢; 5
in the IR whilst keeping ¢ fixed (for the factor of M? compare (7). Therefore the resulting

mass must be of the order of the warped KK-scale m?2 . ~ R 2w ~ (g M) twdy

1
M4 ~ 2 imgvKK V2 wIRMP (113)

Finally, the scale A? is dominated by contributions from the bulk CY (which we again

assume to have only one length-scale, R%, ~ V'/3qa/), so

11 1
A4 ~ 9_2@ l}gﬁ 62(TUV) m
\S/_/ ~f dﬁy\/ﬁ ~UV tail of deformation W?/ )
~MB 104 ~L10aD(Vp)2xl/Rey,
~ g? 62(7“ )M4 g2 I ( ) 3/2, 6 M4 (114)
V4/3 uv V4/3 Og wIR wIR

Here, we have made use of the fact that €2(ryy) ~ (rir/ruv)® ~ wi log(wg )™/2. The
scale A* determines the axion potential and can be compared with the SUGRA result.
Using the Kahler potential one easily shows that the parametric dependencies come
out correctly.

Going to the limit where the throats marginally fit into the bulk CY means taking
V ~ (gsNp3)*? ~ (1p3)*?(gsM)? log(wg )*2. In this limit,

2 4

_ gs - Js —1\—
A4/M1§ ~ (p3) 2(g—]\/[)log(wm) 7/2w?R> N4/Mfl> ~ (rp3) Bmlog(wml) 3wf1Ra
F2IME ~ (rps)~*log(wig) " wiy . (115)

For the double throat case considered in Sect. [2 we may assume a configuration where

almost all the D3 brane charge resides in the two throats, and therefore rp3 ~ 1/2.
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E Background on Multi Conifolds

In this appendix we discuss preliminaries that are important for Sect. [3l We follow mainly
Chapter 8 of [64].

For a general CY threefold M we can choose 2h%14-2 three-cycles A%, By, a = 1, ..., h>'+
1 as a symplectic basis of H?(M), i.e.

/aa:/aamb:ag, /5a:/5aAab:—5g, (116)
Ab M By M

where a* and 3, are the harmonic three-forms that are Poincaré dual to B,, respectively

A%. One may define the periods

za—/ Q, Ga—/ Q, (117)

where €2 is the holomorphic three-form. The z, form a set of projective coordinates on
complex structure moduli space and the G are functions of them. We are interested in
what happens when n cycles v¢ with m homology relations among them shrink at a conifold
point in moduli space. The Picard-Lefschetz formula states that upon encircling a conifold

point in moduli space, a three-cycle § undergoes the monodromy [93}94} 63|
§— 6+ (N9 (118)
i=1

Knowing this monodromy transformation is enough to determine that

n

1 i .
/59 =5 2(5 N~ /1 Q log(/_ Q) + single-valued . (119)

i=1 v v

We may choose n — m of the degenerating cycles as part of the basis A* = ~* for i =
1,...,n —m, while the remaining m are integer linear combinations " = Y """ . A* for
i=n—m-+1,...,n. By applying (118) to the cycles B, we arrive at

n

1

1 .
Ga:/BaQZQ_mZQIOg(ZG)—{—% Z czilog(zi) +g%(2), a=1,...,n—m, (120)

i=n—m-+1

n—m

where ¢%(z) are n — m holomorphic functions. We have defined z; = > """ c%z, for i =
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n—m+1,...,n, ie 2z = f ) when applying ([118§] ﬁ At frozen values of 2 =
n—m+1,..,h*" +1 the periods associated to other cycles, G* = [, Q, with a = n —
m+1,...,h*! 4+ 1, are holomorphic in the complex structures that parametrize the multi
conifold deformations, i.e. in the 2%, with i = 1, ...,n —m. In what follows we denote by z*
only the multi conifold deformation parameters.

We may now evaluate the GVW superpotential W = [ 1 G3 A Q where we choose flux
quanta M, and K* according to G5 = — Y '_"(M,a® — TK°f3,). Using that

/a“/\Q:—/ Q=-G°, /Ba/\Q:—/ Q= —z,, (121)
M o M Aa

one obtains

n—m n

Ma Mz
W('za) = Z %Za 1Og(za> + Z i 10g<zz)
a=1 i=n—m+1
+3  Mug®(z) = 7Y K% + Wo(za) | (122)
= a=1

where we have defined M; = >.""T"c¢! M,, and the holomorphic function Wo(za)
parametrizes the contributions from fluxes on other cycles. We may use the z, and z;
with e =n —m 4 1,...,n on the same footing by interpreting our definition of the z; as m

constraint equations
n n—m
0=P'=> plai=z0mir— Y ™z, I=1,.m. (123)

Here, the m x n matrix p! is implicitely defined as

; —c?_m“, i=1,....n—m,
pl = (124)

5f*m+l, i=n—m+1,...,n.

38When using a local expression for the holomorphic three-form  in the vicinity of smoothed conical
singularity described by one can calculate fvi Q = 2z |80]. This identifies the z; defined here with the
local deformation parameter of the i-th throat.
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We may now write the superpotential as

Wi(z) = ZZI (Mlﬁ log () + M;g'(z) — TKiZ,') + ; APl 4+ Wo(z), (125)
with m Lagrange multipliers A;. The homology relation is now enforced via the F-term of
the fields A7, compare [80] where Lagrange multipliers in the superpotential are also used
to impose additional constraints on chiral superfields. In doing so, we have defined ¢° to
be zero for i > n —m.

The F3-flux on +' is given by M;. By the definition of M; for i = n —m +1,...,n
the flux numbers automatically fulfill > "'  p/M; = 0 for all I. In democratic terms,
the n flux numbers M; must be chosen in compliance with the m homology constraints
Sor piM; = 0. The Hs-flux on B, is given by K + Y"1 ¢t K=+ " as this is the
coefficient appearing in front of z,. In other words the n —m ﬂux quantization conditions
read K¢+ Y 7. ci-mHgn=m+l ¢ 7 Note that we may transform K* — K'+ Y, arp!
for any a € C™ because the superpotential is left invariant upon imposing the constraint
equations, that is to say, we can undo such a transformation by also shifting the Lagrange
multipliers ! — M + 7a!. Of course, the flux quantization conditions are invariant under

these shifts. Finally, the Kahler potential is given by

Ks(zi,2;) = —log <—Z/Q A Q) = —log (igK( ) —igr(z) + Z 12.G%(2) + c. c>

(126)

— log (igK( —igr(2) + Z [ ?) +izig' () — sz]) , (127)

where gx = Zi;tlm +12aG%(2) encodes contributions from other cycles. It is holomorphic

in z,, a = 1,...,n — m. Note that despite the democratic formulation, the Kéahler and
superpotential are strictly defined only along complex structure moduli space, where P! =
0. As explained in Sect. [3| we propose to extend the domain of these functions to the
deformation space ‘parametrized by all z; by introducing general Taylor expansions of
g'(%), gx (i) and Wo(z:) in (26).
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