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Introduction

In recent years a lot of insight has been gained by trying to understand the landscape

of supersymmetric quantum field theories and especially superconformal field theories

(SCFTs). Even though much progress has been made towards understanding the prop-

erties of NV = 1, 2,4 theories, in four dimensions, the A/ = 3 case has been long ignored.

This is due to the fact that up until very recently no example of a genuinely N/ = 3 theory

was known. Moreover, the only multiplet of A/ = 3 supersymmetry that can be free is a

vector multiplet which, after imposing CPT invariance, is identical to the N/ = 4 vector

multiplet. Thus, there are no free genuinely N = 3 theories and all genuinely N' = 3

theories have to be strongly coupled.



The first to seriously consider the consequences of N' = 3 supersymmetry was [1]
who, via the study of N' = 3 superconformal symmetry, were able to reveal several basic
properties, which consistent N' = 3 theories should possess, if they exist. These properties
include the fact that these SCFTs have no marginal couplings and are therefore isolated
fixed points. This is to be contrasted with generic ' = 2 and N' = 4 gauge theories, which
have a conformal manifold parametrised by the complexified gauge couplings. Additionally,
the conformal anomalies a and ¢ must be equal, as is the case for N’ = 4 theories, while,
for generic N' = 2 theories a # c.

Moreover, N' = 3 SCFTs cannot have a flavour symmetry that is not an R-symmetry,
as is the case for N' = 4 theories. Finally, some basic properties of the infrared physics can
be extracted from the study of the supersymmetric vacua. Seen as N’ = 2 theories, N = 3
theories have a Coulomb and a Higgs branch, with the two branches related to each other
by the SU(3) R-symmetry of the A/ = 3 superconformal algebra.

Garcia-Etxebarria and Regalado [2] were the first to discover/construct examples of
N = 3 theories embedded in type IIB string theory (F-theory) by generalizing the well
known orientifold construction to N = 3 preserving S-folds. The S-fold includes a Zj
projection on both the R-symmetry directions as well as the SL(2,Z) S-duality group of
type IIB (the torus of F-theory). The list of known A = 3 theories was then further
enhanced by [3] via a classification of different variants of S-folds, distinguished by an
analog of discrete torsion. Moreover, [3] also clarified the role of discrete gauge and global
symmetries. Finally, a path to the construction of even more N' = 3 SCFTs was given
in [4] via gauging a discrete subgroup of the global symmetry group of N =4 SYM.

N = 3 SCFTs, exactly because they do not have a Lagrangian description, can be
studied only with certain tools. Representation theory alone can take us very far [1, 5, 6].
String theory, F-theory and M-theory constructions provide the primary way that we have
to study N' = 3 SCFTs [2, 7]. The type IIB description allows for an AdS gravity dual
description which can be used to examine the properties of N = 3 theories in the large N
limit [2, 3, 8]. Moreover, N' = 3 theories have Seiberg-Witten solutions [9, 10] which encode
the low energy effective action of the theory on the Coulomb branch. Various aspects of the
Coulomb branches for these theories have been studied in [1, 3, 4, 11-15]. Another powerful
tool is the superconformal bootstrap which has been studied in [16]. The bootstrap can
also be suplemented with chiral algebra techniques [17] and has been studied in [16, 18].
Further techniques have been developed in [19, 20].

In this paper we take the path of the superconformal index. Usually the superconformal
index can be computed only for theories with a Lagrangian description, where one may take
a free field limit and use letter counting. Genuine N' = 3 SCFTs do not admit a free field
limit and therefore it is not possible to use standard techniques. In [8] the superconformal
index was computed in the large N limit via matching it with the KK reduction of the
gravity dual of the A = 3 SCFT. Here we follow another path, that will lead to the answer
for any IV, inspired by the “orbifolding procedure” which gives the index of a daughter
theory from a mother that we recently used in [21]. Based on the observation that certain
N =4 SYM theories have an enhanced discrete global symmetry at certain values of the
gauge coupling, we point out that the superconformal index may be refined by a further



fugacity for the enhanced discrete symmetry. The index of the discretely gauged daughter
theory is then obtained by “integrating” over the additional fugacity €, which takes values
in the discrete group. Schematically,

Tes = ot 3 Tuale). (L1)

| ’I’L‘ 6€Zn

This paper is organized as follows. In section 2 we review the possible constructions
of N = 3 SCFTs via S-folding and via discrete gauging. This gives us the opportunity
to discuss in detail the symmetries of both the mother and the daughter theories and
to embed the discrete subgroup that we want to gauge in the SU(4) R-symmetry group
and the SL(2,Z) S-duality group of N' = 4 SYM. In section 3 we gather some facts
about representation theory of su(2, 2| ') superconformal algebras that we will need for the
index computation and interpretation. In section 4 we introduce the refined version of the
superconformal index, its Coulomb branch limit and the Higgs branch Hilbert series. The
discrete gauging prescription is presented and the procedure for computing it is introduced.
Section 5 is devoted to rank one examples. Section 6 deals with higher rank examples. We
focus on the Coulomb and Higgs branches. Our higher rank computations allow us to make
new predictions for these theories. Finally, in section 7 we compute the single trace index
in the large N limit and match to the AdS/CFT result of [8].

Note added. While this paper was being completed we became aware of [15], with
which, although our methods are different, there is considerable overlap with our results.
In particular, that paper also describes N' = 3 theories obtained via discrete gauging of
N =4 SYM. In the cases where our results overlap, they agree. We would like to thank P.
Argyres and M. Martone for sharing the draft and for discussing their results with us. There
is also some overlap with [22] which appeared while we were finishing writing the paper.

2 Constructing the N = 3 theories

2.1 S-folds

One possible way to realise N'= 3 SCFTs is via S-folds. S-folds were originally introduced
in [2] and are non-perturbative generalisations of the standard orientifolds in string theory.
The construction introduced in [2] goes as follows: consider F-theory on R*x (R® x T?) /Z..
The Zj, C Spin(6) x SL(2,Z) and we denote its generator in su(4) = so(6) to be ry which

acts on the coordinates X?, i =1,...,6 of R% by rotation corresponding to
R, 0 0
27 A~
Ry=e¢r @te—a) — | o R 0 | eSO(6), (2.1)
0 0 R!

where R}, denotes rotation by 27 /k in the corresponding 2-plane. g1, g2, g3 € s0(6) denote
the Cartan generators of $0(6). The corresponding element in SU(4) 2 Spin(6) is just
ek 0 0 0
2mi 2mi ( Ry 3Rg 0 ek 0
e — o (GRS 0 0 ek g e SU4). (2.2)
0 0 0 e—3i7r/k

Rp=e



We choose a basis for the Cartans Ry, Ra, R3 € su(4) given by!
R; = diag(1,-1,0,0), R = diag(0,1,—1,0), Rs=diag(0,0,1,-1). (2.3)

On the other hand the quotient on the torus acts as an involution of the torus only for

k =1,2,3,4,6. Moreover k = 3,4,6 require fixed complex structure of 7 = ¢!™/3 ¢, ¢i™/3
respectively. In that case we denote the generator of Zj; C SL(2,Z) by si. si acts on the

coordinate x + 7y of the T? corresponding to Sy € SL(2,Z) with

so(1) e (2 () s e

The elements of Zj C Spin(6) x SL(2,Z) are of the form e Rt (ritsi) corresponding to the
combined action (2.2) and (2.4).

After taking the type IIB limit of F-theory the singular geometry can be probed with
a stack of N D3-branes. The resulting low energy theory on the D3-branes (for k = 3,4, 6)
is a strongly interacting N'= 3 SCFT. In appendix A we explicitly show the supercharges
that are preserved by the Zj; quotient.

A careful analysis [3] of the discrete global symmetries indicates, as for the (k = 2)
O3i,év3jE perturbative orientifolds, the k = 3,4,6 S-folds are characterised by different
Zp C Zy, global symmetries. The S-fold variants are then labelled by k,¢ = k/p. We denote
the theory of N D3-branes by S,JCY ¢, and it has Coulomb branch operators of dimension

k,2k, ..., (N—1)k; N, (2.5)

corresponding to Coulomb branch operators <sz\i1 szk) ,j=1,..., N—1, and the Pfaffian-
like operator (212 . ..zy)¢ where z; denote the positions of the D3-branes in C/Z;. Con-

sequently the theory has central charge given by [3, 24, 25]

EN? + (20 —k—1)N
1 :

Qpp = Cky = (2.6)

The theory S,i\fé associated to each value of k, ¢ has a global symmetry of (at least)
Ly = Zyye which acts on the Pfaffian-like operator (z129...2N8)F (62ﬂ/k212’2 cozy)t =
62”/7’(2’122 ...zy)¢ while acting trivially on every other Coulomb branch operator. By

gauging Z, C Z, C Zj, discrete symmetry we obtain further theories

Z,r gauging
N ~p N
Skaé Sk,ﬁ,p’ s (27)

which, since they arise as discrete gauging of a ‘parent’ theory, have central charge (2.6)
and the theory S,]CV ¢ has Coulomb branch operators of dimension

k,2k,...,(N—1)k; Np. (2.8)

!We use the same conventions as in [23] and the so(6) Dynkin labels (g1, g2, g3) are related to the su(4)
Dynkin labels (R1, RQ, Rg) by

R Rs R Ry
q172+R2+2,q272+2, 5 5 -



Since the Z, acts non-trivially only on a single operator quotienting by Z, does not
introduce relations and the corresponding ring is freely generated.

2.2 N = 3 preserving discrete gauging

In this paper we use a different construction to the one described in section 2.1. Consider
instead N' = 4 SYM with gauge group G. The theory has an exactly marginal gauge
coupling 7. A" =4 SYM (on R?) has an S-duality group generated by [26-32]

1
(1,G) = (t+1,G) and (T,G)'—)(—)\Q,LG), (2.9)
T
q
where A\; = 2cos 7 and LG denotes the Langlands dual of G. The action on 7 forms a
group known as the Hecke group H(\;) C SL(2,Z[\y]) and it is generated by

11 0 —X;1
() s (0 o0

For ¢ =3 H(A3) = H(1) = SL(2,Z). Let g = Lie(G). When g = ADE (or u(N)) g = 3
while for g = BCF q = 4 and for g = G2 ¢ = 6. We define the self-duality group of the
theory with gauge group G to be the subset of transformations 7 — 7/ in H()\;) which map
the theory to itself. When one considers non-local operators this subset of transformations
is generally a subgroup of H(\,) due to the fact that G — L@ clearly changes the global
structure of the theory and therefore the spectrum of non-local operators. However, at
the level of local operators, when g = ADE (or u(N)) we have g = g and then at the
level of local operators the self-duality group is simply the full SL(2,7Z). On the other hand
when g = BOFG then g # Yg. In particular By # YBy = Cy, Fy # “F, = F; and
Go # LGy = Gy,? and the self-duality group even at the level of local operators is reduced
to a subgroup of H (/\q).3 In this paper we will discuss only the cases when g = g. Let us
now discuss the possible symmetry enhancements. SL(2,7Z) has finite cyclic subgroups

SL(2,7) > Zy, for n = {2,3,4,6) that fixes 7 = {any, /3 i, e”/?’} , (2.11)

where we take only those fixed points with Im 7 > 0. The Z,, are generated by the S, as
in equation (2.4)
So=8% S3=8T, S;,=5° S6=9T. (2.12)

At a generic point on the conformal manifold the global symmetry group of the theory
is at least PSU(2,2|4). On the other hand, for 7 fixed as in (2.11), the global symmetry
group (acting on local operators) has a Z, enhancement for n = 3,4,6 where the Z, is
generated by (2.4). We use the notation Z,, since n should generally be considered unrelated

28-duality transformations for non-simply-laced Lie algebras are more complicated. In the particular
cases of G2 and F4 Lie algebras we can perform a rotation on the root system of the corresponding Langland

dual algebras LGy = G; and “Fy = in such that these turn out to be isomorphic to the initial one [29].
3The Langlands dual algebra is obtained by exchanging a — oV = —2-a. For simply laced algebras

T (a@)
we have oV = o and g = ©g. On the other hand, when g is not simply laced o # « if « is a long root

and g # Lg.




to the parameters k, £, p’ appearing in the S-fold construction of the previous section. We
therefore have a discrete global symmetry

Z, C SU(4) x SL(2,7Z) (2.13)

generated by r, + s,. We may consider gauging the Z, (or in the case when n is not
prime, subgroups of the Z,) global symmetry [4]. Doing so results in a new theory with a
different spectrum of local and non-local operators, but, with equivalent local dynamics and
therefore the same values for the a and ¢ anomaly coefficients. The action (2.13) preserves
the same supercharges as the Z; S-fold, i.e. the n = 3,4, 6 discrete gaugings preserves four
dimensional N' = 3 supersymmetry. Therefore, the theories we will construct are to be
labelled by the parent N = 4 theory and the discrete group to be gauged. The possible
parent theories are labelled by a choice of gauge group G. We will only consider parent
theories where G is connected.

Moreover, since we will eventually be interested in computing quantities sensitive only
to the local operator spectrum, the global form of the gauge group will not play a role in
the computations? and therefore the theories should be rather be labelled by the choice of
Lie algebra g of G.

Coulomb branch. Let us now briefly compare with the construction in the previous
subsection. Considered as an N' = 2 theory we have algebraically independent (over C)
Coulomb branch operators u;, 1 < j < N, N := rankg, of dimension F(u;). In the
notation of [33] the u;’s are the highest weight states of the chiral &, ) multiplets, with
conformal dimension E(u;) = r(u;) where r(u;) is the charge under the u(1), of the N' =2
superconformal algebra (see table 3). They are built up out of g-invariant combinations of
the scalar X € h in the AV = 2 vector multiplet, where § is a Cartan subalgebra of g, while
setting the adjoint hypermultiplet scalars Y = Z = 0. Let us now go to a point on the
conformal manifold where we have an enhanced Z,, global symmetry generated by r, + s;,.
In comparison with the discussion (2.6)—(2.8) this Z,, global symmetry acts non-trivially
on multiple Coulomb branch operators of the parent theory, namely

L, = uj e%E(“J’)uj . (2.14)

It is clear that this Z, action does not generically generate a complex reflection group
G(rank g,m,n),” on CBy:=C [u1, ug, . . ., Urank g) and therefore, by the Chevalley-Shephard-
Todd theorem [3, 34], the resulting quotient ring generically has relation(s). Hence, when
rankg > 2 and n > 2, the quotient of the Coulomb branch of the parent theory CBy
by (2.14)

CByn = CBy/Zy, (2.15)

generally has a non-planar topology. We will see that the structure of the ring can be
often be deduced by studying the Coulomb branch index. Some properties of non-freely

4Since (SS) = T (SS) = {1} the superconformal index (SS x St partition function) is sensitive only
to the spectrum of local operators i.e., for connected groups, a choice of Lie algebra g.
®See equation (2.10) of [3] for a definition.



generated Coulomb branch chiral rings were described in [35]. We would also like to point
out that in [3] discrete gauging which results in non-freely generated Coulomb branches
was explicitly not considered. They considered discrete gauging of the parent theories S,]x ,
of only Z, C Zy, discrete symmetry which acts non-trivially only on a single Coulomb
branch operator. However these theories may have larger discrete symmetry groups which
may act non-trivially on multiple Coulomb branch operators. Upon gauging such discrete
symmetries one can obtain theories with non-freely generated Coulomb branches. Because
the discrete gauging does not change the values of a and ¢ we expect them to be equal to
those of the A/ = 4 parent theory. If the Coulomb branch operators of the A' = 4 parent
theory have dimension E(u;) then the a and ¢ anomaly coefficients are given by [24, 25]

rank g
2B(u;) — 1
=c= - 2.16
ame= 32 (2.16)

Higgs branch. Considered as a AN/ = 2 theory the Higgs branch is reached by setting
X = 0 and by giving diagonal vevs to the adjoint hypermultiplet scalars Y, Z € . The
Higgs branch H By is then parametrised by g-invariant combinations VVi(f ) of the Y, Z that
transform in the f-representation of U(1);. Where U(1)s is the flavour symmetry that
all N' = 3 theories have, when seen as N' = 2 theories, as we will review in section 3.
In the notation of [33] the Wi(f ) are the highest weight states of the Bz multiplets and
have E = 2R and r = 0, where R is the Cartan of the su(2)g R-symmetry of the N' = 2
superconformal algebra (see table 3). When g is non-abelian H By is generically non-freely

generated. Since Y, Z have s, =0 and r, =r + f = f the Z, acts by

2mi

T W 5w (2.17)

Therefore, after the discrete gauging, the Higgs branch is given by the quotient of the Higgs
branch of the parent theory H By by the Z,, action (2.17)

HBy,, := HBy/Z . (2.18)

In section 4 we discuss how to compute the Hilbert series of (2.18).

3 su(2,2|N) representation theory

In this section we will describe some basic facts about representations of (the complexifi-
cation of) su(2,2|N) and their decompositions into subalgebras.

3.1 psu(2,2|4) — su(2,2|3) decomposition

The superconformal symmetry algebra of 4d N' =4 SYM is given by su(2,2|4). Unitary
representations of psu(2,2|\) are necessarily non-compact. Unitary representations are
labelled by (F,j1,j2, R1, R, R3) which label representations under the maximal bosonic
subalgebra

u(l)g & su(2); & su(2)r ®su(4d) C psu(2,24). (3.1)



Here E labels the conformal dimension, j1, jo label spin representations and Rj, Ro, R3 are
the Dynkin labels of su(4).

As we discussed in section 2.1, upon the Z,, discrete gauging psu(2, 2|4) superconformal
symmetry is broken down to su(2,2|3) (for n = 3,4,6). Representations of this algebra are
labelled by (FE, j1, jo, R1, R2,7x=3) of the maximal compact bosonic subalgebra

u(l)p ®su(2); & su(2)2 ®su(3) @u(l),,_, Csu(2,2[3). (3.2)

In particular su(4) — su(3) @ u(1),,_,. The surviving supercharges are simply given by

Qé:1,2,3, Q=123 and their conjugates. The Cartans of su(3) are given by R;, Ry and
u(1),,,_, is generated by

R 2R
TN=3 = ?1 + 72 + R3 (33)
under which the Qé:m’?’ have ry—3 = % and éd[:17273 have ry—3 = —%.

One of the most important multiplets of psu(2,2|4) are the half-BPS multiplets called

B[%’}?z 0] in the language of [33]. These multiplets obey maximal shortening given by Ry =
E. The superconformal primaries of these multiplets are given by single trace operators
of the form tr ¢171 . plmIm) (see table 1 for conventions) with (E, ji, j2, R1, R2, R3) =

(R2,0,0,0, R2,0). Under psu(2,2|4) — su(2,2|3) these multiplets decompose as

2
B[%’fzg, >~ P Bir,ii- (3.4)
=0

Note that this is a simple consequence of the branching of su(4) — su(3) ® u(1),,_,

3

[0,R3,0 —>EBR2—11i 2Ry (3.5)
3

where the subscript denotes the u(1),,,_, charge. The multiplets l’;’[ R1,Ro] Obey the shorten-
ing condition £ = R1+Ra, ry—3 = %(Rg—Rl). The superconformal primary of these multi-
plets is given by an operator with (E, j1, jo, R1, Ra, rxv=3) = (R1 +R5,0,0, Ry, Ra, %)
corresponding to the decomposition of tr (/171 ... ¢!m/m) under the branching (3.5).

3.2 su(2,2|3) - su(2,2|2) decomposition

For practical applications, rather than dealing with su(2,2|3) representations, it is often
convenient to choose a su(2,2[2) C su(2,2|3) subalgebra. Representations of this algebra
are labelled by (E, ji, jo, R, r) under the maximal bosonic subalgebra

u(l)r @ su(2); @ su(2)2 dsu(2)g du(l), Csu(2,22). (3.6)

There are essentially three different choices of such subalgebras. Throughout this paper
we will require only one and we choose it to contain Qé:m and édjzl,g as the NV = 2
supercharges. This corresponds to su(3) @ u(1),,_, — su(2)r u(1), u(l)s. The Cartan
of su(2)g is given by R and we take’

Ry Ry R B
r= 7+R2+2, R=725, f=Rs. (3.7)

5Qur conventions for 7, R, f are chosen to match those of [18].




Let us now list the branching of the multiplets Bjg, g, under su(2,2[3) — su(2,2|2)@u(1);.
For su(2,2|2) multiplets we use the notation of [33]. See also [16, 36] for more general
N =3 — N = 2 multiplet decompositions. We have, valid for Ry Ry # 0,

A Ri1—-1 —=(R2—R1+1) 5(R2—R
B[Rl,RQ] ~ B(Rl"FRQ ) D D(}%1+R211(0)’0) D R12+R2i1(070) Cg:ili-RQ 1)2(0’0)

RQ 2
(i—FR1) (i—R1+41)
¥ @ <BRl2+i1 . ©® CRl 111 0 ) (3.8)

,R2—1(0,0) ,R2—i—1(0,

Ry
—(Ra—1) —(R2—i—1)
b @ <BR22+1',1'—R1(0,0) @CR2+’ Liti— R1(00)>

here the superscript lists the u(1)s charge. Moreover, the above is written with the un-
derstanding that any multiplet labelled with a negative value of R is set to zero. The
stress-tensor is contained in (3.8) for Ry = Ry = 1. We also stress that the ~ symbol
means that the decomposition (3.8) holds only modulo long multiplets which begin to
appear in the decomposition for R1 R > 4. For Ry = 0 the decomposition is

3(— R ) *( —R1) (0) R1—2 (i—Ri+1)
B[Rl 0] = B 1 DRIQ—ll(O’O) g (0 0) @ 1 BR1 22 1’72 1’(070) N (39)
while its conjugate with R; = 0 is given by
3 o~ Bl2) g pliia—1) (0) Ry—2 pp(Ra—i—1)
Bio,r,) = B72 325_1(0’0) ® Epyo0) Pict BR; 00 (3.10)

and contains N' = 2 Coulomb branch operators. We stress that here we use the symbol
= to indicate that the decompositions (3.9) and (3.10) are exact. It is interesting to
note that, simply by examining (3.8)—(3.10), we realize that once we know the Higgs
branch (Bp multiplets) we can predict the Coulomb branch (&r,(0,0) multiplets) but not
vice-versa. Note that, as a check, our above syntheses and decompositions in terms of
su(2,2|3) representations are compatible with the decomposition [33]:

11 A
B, = (Ra+1)Ba

0, DERy,(0,0) DE Ry (0,0)+ (R2— 1)3%7(070) @R2DR2 1

Ro—2
@Rzp?((ho)@ @ (7/"’_1) (B%,RQ—Z,(O,O)@B%,Z—RZ,(O,O)>

s ) (3.11)
® @ (i+1) (C%7R2—i—2,(0,0)®C%,i—R2+2,(O,O))
i=0
—4 Ro—i—4

@@ @ (i+1) A}?ZRQ —i—4-2j,(0,0)"

=0 j=0

=2 ,(0,0)



4 Indices and the discrete gauging prescription
Let us introduce the various quantities that we plan to discuss in this paper.

4.1 The superconformal index

The superconformal index for N' =4 SYM is defined as [23, 37]

70 (t’ Y, D, Q) - TI'SZS [(—1)Ft2(E+j1)y2j2pR2qR2+2R3]

3 (4.1)

i
. . 2
= Trgs | (—1)F2EF)y 202 (pg)r—F <Z)> )

in the second line, since we often wish to treat A/ = 4 SYM as an N = 2 theory, we
used (3.7) to write the generators in N/ = 2 language. The trace is taken over the Hilbert
space of N' = 4 SYM with gauge algebra Lie(G) = g in the radial quantisation. The
index (4.1) receives contributions only from those states satisfying

_ 1
oL =2{Q=" S, |} =E—2j — S BRI+ 2Ry + Rg) = E—2j1 2R -7 =0. (4.2)

The superconformal index is independent under continuous deformation of the correspond-
ing QFT. In particular

0
KIQ (tvyapa q) = Oa (43)
T

that is to say (4.1) is independent of the gauge coupling 7 of N' =4 SYM. Following (4.3)
the superconformal index (4.1) may be computed in the free theory by enumerating all of
the components of the ' = 4 field strength multiplet that obey (4.2) and then projecting
onto gauge invariants. The projection onto gauge invariants is implemented by integration
over the gauge group G. The index (4.1) then takes the form

I(t,y.p.q) = / dic(2) PE [i(t,y.p. 0)xCy (2)] (4.4)

dpg denotes the Haar measure of the gauge group G and XaGdj the character of its adjoint
representation. Finally, PE[f(x)] denotes the Plethystic exponential of a function f(z),
such that f(0) =0, given by

PE[f(x)] := exp (Z ;f@cm)) . (4.5)
m=1

The single letter index i(t, y, p, ¢) may be computed by enumerating all letters with 51 = 0,

11
listed in table 1. Or equivalently by evaluating the index of the psu(2,2|4) multiplet 6[20’12 o

which is the free N' = 4 vector multiplet plus conformal descendents. It is given by
_ (et pa+a ) @)t — (¢ +p g g ) 4 2

2ol (1= t3y)(1 —t3y~1) ’
(4.6)

/I;t777 :I
(t,y,1,q) 5

S
Mg
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Letters | E | j1 | J2 Ry R R3 i(t,y,p, q,€)

Fyy 21| 0 0 0 0 t6

A Sloj+£3| 1 0 0 —t(y+y b
Aosa | 2111 0 | 1,00 -1,1,0]0,—1,1| —¢4 (qu . q2)
XY,z |1|0] 0 |01,1]1,-1,0]01,-1 t2<pq+%+qi2>
ON=0|53]31]0 1 0 0 46

0,4 1|3 | +2 0 0 0 By, 3y~

Table 1. The on-shell degrees of freedom of the N = 4 field strength multiplet are F,3, F) 40 Aal,
AL, @7 with T = 1,2,3,4 and ¢! is in the [0,1,0] of su(4). We define X = ¢'2, Y = ¢'3 and

Z = ¢'. OX' denotes the equation of motion 9, (AL + 8, - ;\1+ = 0 which enters with opposite
statistics.

where X2;,(y) denotes the SU(2) character given by

Xs(W) =xs =y +y 24y S (4.7)

The index (4.1) counts short representations of the su(2,2|4) superconformal algebra, mod-
ulo recombination. Meaning that all short multiplets, see (B.7)—(B.12), contribute to the
index, however, when they satisfy the recombination rules (B.1)—(B.6) they sum to zero.

Recombination happens when a long multiplet "45%1 ) hits the unitary bound and

Ra,R3],(j1.j2
decomposes into semi-direct sums of short representations. We list the possible recombi-
nation rules, viewing as an A/ = 2 theory, in equations (B.1)-(B.6). The index (4.1) can

therefore be expanded in the following form

D(typ.g) = > Inmy(ty,p0), (4.8)

M =4 €Eshorts

where the sum is taken over the short multiplets of the theory, modulo those that can re-
combine into long multiplets. We list the indices of multiplets of an su(2,2|2) C psu(2,2|4)
subalgebra in appendix B. As we discussed in section 2 at 7 = e™/3 i, e™/3 the global
symmetry group (at the level of local operators) of the theory has a Z, enhancement.
Correspondingly the Hilbert space has an extra Z, grading at those values of the coupling.
Therefore one may define a further refined version of the superconformal index given by

f
) ) 3\ 2
79 (t, Y, D, 4, 6) _ TrS3 (_I)FtZ(E+]1)y2]2 (pq)T‘—R <i)> 67’n+Sn , (4.9)

where we introduced the Z,-valued fugacity € in order to keep track of the discrete symme-
try. We stress that the Z, is a global symmetry only at 7 = e™/3,,¢™/3. As we showed
in appendix A the Z, commutes with the supercharges Q'=! and S;_, that we used to
compute the index (4.1) with respect to. Moreover, we also demonstrated that the Z,

- 11 -



preserves a su(2,2|3) C psu(2,2]4) subalgebra and it therefore preserves the recombination
rules (B.1)—(B.6).
Therefore the refined index (4.9) can again be expanded

Zg(tayvpv q, 6) = Z IM/\/:4(t7yap>Q76)
M =4 Eshorts (4 10)
= Z €Tn(MN:3)+5n(MN:3)IMN:3 (t,y,p.q) . :

P, Mﬁ\i/):?’ €shorts

In the final equality, we firstly used the fact that any short multiplet My—4 of psu(2,2[4)
can be decomposed into multiplets of a su(2, 2|3) subalgebra My —4 = P, MJ(\Z?::,). Secondly
we used the fact that the action of r,, + s, preserves the su(2,2|3) C psu(2,2|4) subalgebra
and by r,(Mpa=3) + sn(Mp=3) we mean the generator of Z, evaluated on the given
multiplet. For example, using (3.4), the refined index on the free N' = 4 vector multiplet

is given by
e e .
IB[%,I}O] (ta Y,p,4, 6) =€ IB[LO] (t7 Y,D; Q)+GIB[O’1] (ta Y,D, Q)
_ P e ) Tt pgt® —xa ()P — Pt 41
(1-t3y)(1—t3y~1) (1-t3y)(1—t3y~1)
(4.11)
We may then gauge the discrete Z,, symmetry by making the projection
1
7 (t = T8t . 4.12
Zn( 7y7p7q) ’Zn| Z ( 7y7p7Q76) ( )

EGZn

The discrete gauging restricts each contribution, in terms of either su(2,2[3) or su(2,2|2)
multiplets, to satisfy

rmt+sp=r+f+5s,=0modn. (4.13)

We demonstrate in section 7 that (4.10) reproduces the refined superconformal index (4.9)
at large N by matching with the KK supergraviton index (7.6) obtained by the AdS/CFT
computation of [8]. We would like stress that the final expression for KK supergraviton
index is not equal to the index of a theory obtained through an S-fold projection. Since,
as shown in section 7, this last expression is obtained implementing the orbifold projection
at the level of the single particle index.

4.2 Coulomb branch limit

The graded index (4.9) may be rewritten as [38]

78 (t,y,p,q,€) = Trgs [(—I)FT%‘ﬁg%‘&zp%gﬂu?emﬂn} , (4.14)
with

t/Pq ¢
o:=tyypqg, pi=—"——, us:= e (4.15)

- 12 —



and
03 =2{Q%. (@)} = Ex2ji+ 2R, (4.16)
~ ~ ~ T
019:=2 {Qiz, (Qi2> } =FE+2j5—-2R+r. (4.17)

In the parametrisation (4.14) the Coulomb branch limit of the superconformal index is
defined to be [38]
T—=0, p,o fixed, (4.18)

which is well defined since 6_2,_ > 0. In this limit the index is then given by
T (0,0, g, €) = Trgajga —g | (—1) o %2p30 20 femnton | (4.19)

Defining
poc=x, plo=wv, (4.20)

the single letter index (4.6) in the Coulomb branch limit becomes
icp(z) =x. (4.21)

In our NV = 2 decomposition this is simply the contribution of the single letter X described
in table 1. Since, for our theories, it is independent of both the ratio v = p/o and uy then,

due to (542 + 5;2) Ql = (&;2 + ’512> Q2 =0, (4.19) is further shortened and preserves
Qi, Qi. This allows us to write

E:’I”, j1:j2:f:R:0, (4.22)

these are the highest weight states of the N/ = 2 & (0,00 multiplets that generate the
Coulomb branch chiral ring. Therefore the only non-zero contributions to (4.19) are from

Te, o) (T, e =1) = 2" (4.23)
Hence, following (2.14), the prescription (4.10) can be implemented simply by
xr — ex, (4.24)
and the index can be written as

g (z,€) = Trgs 52 —o [€"x"] = /dug(z) PE [icp(ex) XaGclj (z)] . (4.25)

We would like to stress that the &, ) multiplets do not recombine [33] and therefore
turning on the refinement e for the discrete symmetry commutes with the integration over
G. Let G be connected then, as pointed out in [38], (4.25) may be explictly evaluated
thanks to Macdonald’s constant-term identities [39, 40]

T8 (x,¢) = PE > Attt (4.26)
j€exponents(g)
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g exponents(g)

u(NV) 0,1,2,...,N — 1

Ax 1,2,3,....N

Dy |1,3.5 ....2N—3: N—1
Ee 1,45 78,11

Er 1,5, 7,9, 11, 13, 17
Bs | 1,7, 11, 13, 17, 19, 23, 29

Table 2. Exponents of the Lie algebra g.

where exponents(g) denotes the set of exponents of the Lie algebra g = Lie(G). The ele-
ments of exponents(g) are in one-to-one correspondence with the degrees of the generators
of the ring of g-invariant polynomials. We list the elements of exponents(g) for g = ADE
and u(N) in table 2. According to (4.12), upon the discrete gauging, we then have

1
I%n,CB (z) = 1Zn] Z g (z€). (4.27)
" €ELn

Since (4.27) counts only gauge invariant chiral operators, it is equal to the Coulomb branch
Hilbert series for the discretely gauged theory. Therefore the rank, i.e. the complex dimen-
sion of the Coulomb branch C'By,,, is equal to [41]

dim¢ CBy,, = (Order of pole at z =1 of I%mCB(x)> . (4.28)

We of course expect that dimc C'By, = rankg. In the following sections we analyse some
examples.

4.3 Higgs branch Hilbert series

In general the Hilbert series [42, 43] counts gauge invariant chiral operators graded by their
charges under a maximally commuting subalgebra of the global symmetry algebra. We will
be interested in computing the Hilbert series for the Higgs branch HBy of N' = 4 SYM
(using the N = 2 decomposition (3.7)). This is given by

HSO(t, uy, €) = Try [t2Ru§eTn+5n] : (4.29)

where H = {(’Méé@l =0,M,,0; =0,r0; = 0} is the space of scalar, g-invariant chiral
operators that parametrize the Higgs branch moduli space of vacua. In the language of the
previous section (4.29) is counting BR operators with £ = 2R and r = j; = jo = 0. We
stress that there is no recombination rule (B.1)~(B.6) involving only Bg operators.

In the N' = 2 decomposition that we used in section 3, the Higgs branch for our
theories is reached by setting equal to zero the scalar field X in the N' = 2 vector multiplet.
Therefore there is only one relevant F-term that we must take into account

OxW=1Y,2] =0, (4.30)
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where W is the superpotential for Y = 4 SYM. Unfortunately, due to the fact that
the gauge group is not completely broken, letter counting techniques cannot be used to
compute (4.29). Instead, in order to compute (4.29), we use the package Macaulay2 [44].
By inputting the ring of polynomials R = C[Y, Z] and the ideal I given by (4.30), Macaulay?2
can compute the Hilbert series for R/I.

Since both r and s, act trivially on the fields Y, Z; on the Higgs branch r, 4+ s, = f.
Therefore the extra grading may be implemented by uy — euy. The Higgs branch Hilbert
series then takes the form

HS®(t, up, €) = / duc(z)Fo(t eup, z) (4.31)

where F),(t,uf,z) denotes the F-flat Hilbert series for ' = 4 SYM. The discrete gauged
Higgs branch Hilbert series reads

1
HS? = HS® . 4.32
SZn(ta Uf) |Zn‘ EEZZ S (tv Uf,ﬁ) ( 3 )

One important piece of information carried by (4.29) is the dimension of the Higgs branch
dim¢ H By, = (Order of pole at t =1 of HSj, (t,1)). (4.33)

A particularly useful quantity is the Plethystic logarithm of the Hilbert series PLog [HS%H] .
The Plethystic logarithm is defined as

PE! ()] = PLog[f(@)] = > M iog (7)), (4.3)
m=1

where p(m) is the Mobius p function. The Plethystic logarithm of the Hilbert series
satisfies [42, 45]:

e When the moduli space is a complete intersection variety PLog [HS%n(t, U f)] is a
polynomial of finite degree. When it is not the PLog [HS%n] is an infinite series in t.

e It has been conjectured in [42, 43] that when the moduli space is a complete inter-
section variety the first coefficients with positive sign in the PLog [HS%H] polynomial
encode the generators of the variety. Negative coefficients encode relations. When
the moduli space is not a complete intersection the generators of the moduli space are
generally still captured by the first positive terms. However, in this last case, most of
the contributions in the PLog expansion are redundant and represent Hilbert syzygies.

Of course this discussion also applies to the Coulomb branch index (4.27).

5 Rank 1 theories

Having introduced the main quantities that we wish to compute we will now go ahead
and compute them for the possible A/ = 3 rank one theories that can be obtained via
discrete gauging of N' =4 SYM. As we mentioned previously, if we restrict to connected
groups then, from the point of view of the superconformal index there are only two distinct
possibilities, labelled by the two choices of Lie algebras of rank one i.e. g = u(1) and
g = su(2).
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51 g=u(l)
Let us begin with the Z,, gauging of g = u(1) /=4 SYM.
Superconformal index. Since the u(1) A" = 4 theory is free the index for the discrete

gauging can be computed explicitly. Using (4.11), it is given by

1
7 (t,y,p.q) =1z ‘ > 2 (t,y,p.0.¢)
" ecln eeZ

1
[T, s, | B

The index may be equivalently expressed in terms of Elliptic Gamma functions [46]

3 3 3
| U (580, O)T (G2, ) T (epat?; %y, )

u(1) _
IZn (t7 y,p, Q) - | ‘ 1/t 1 /3 /3 ’ (52)
™ ez, (et3y; t3y) <?y, t3y) r (€y,t3y, E)
where - ) ) -
1 — z i tlymt ;
T(z;w,v) = [] T aiem 0 ®a) = [T -2, (5.3)
7,m=0 j=0

defines the Elliptic Gamma function and ¢-Pochammer symbol respectively. When n = 2
the expression (5.1) is exactly the index for the G = O(2) N' = 4 theory which matches the
expectation that the this theory is nothing but the usual O3~ orientifold theory. We can
perform several other checks of our expression (5.1) by studying the various limits that we
outlined in section 4.

Coulomb branch limit. After taking the Coulomb branch limit (4.18) we find, for the
discrete gauging of the g = u(1) theory,

7 (@) Z PE [ez] = PE [2"]. (5.4)
EEZn

This implies that the Coulomb branch is freely generated by © = u" with u = X the parent
Coulomb branch parameter. Therefore E(u) = r(u) = n which implies that the @ is the
superconformal primary of the su(2,2[2) multiplet &, ) C B[O,n}- The topology is simply
CBy1),, = Clu] = C. We wish to point out that (5.4) is in perfect agreement with the
expected spectrum of Coulomb operators (2.8) coming from the S-fold analysis [3] and the
Seiberg-Witten curve analysis for the quotient of the Iy geometry in the discussion below
equation (2.8) of [4].

Higgs branch Hilbert series. We now compute the Higgs branch Hilbert Series for
these theories. For g = u(1) the superpotential (4.30) is trivial and we may actually use

letter counting. We find that F3,(t,us,¢) = PE [eu]ct + 6_1u]71t} . The integration over the
gauge group is trivially performed and we get

1Sy (t,uy) =

> Foteup) =PE [ + xa(up)t" — 7]
€ELn (55)

— Hilbert Series of C?/Z, .

IZ!
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The generators are simply given by
wWt=y" W =2", J=YZ. (5.6)

They satisfy the relation WHW ™ = J". In terms of su(2, 2|3) multiplets this is equivalently
expressed as

B0 Bjo,n) ~ (Bu,u) : (5.7)
The topology of the moduli space and relation are in perfect agreement with equations
(2.1) and (2.16), respectively, of [16, 18].
5.2 g =su(2)

For g = su(2) it is very difficult to compute (4.1) in closed form. For this reason we will in-
stead study only the Coulomb branch limit of the index and the Higgs branch Hilbert series.

Coulomb branch limit. Let us now study the Coulomb branch limit (4.27). The cor-
responding computation can be easily performed and we get

PE [332] n=1
7 Vs (@) |Z ‘ S PE[e PE[z"] n=2,4,6 . (5.8)
€€Zn PE [a:ﬁ] n=23

The topology in each case is C'Bgy(2), = C [u] =2 C. For n = 2,4,6 the Coulomb branch
of the discretely gauged theory, C'Bgy(3) 5, is generated by u = uEW) where u = %tr X2
is the Coulomb branch parameter of the parent theory. Therefore E(u) = r(u) = n which
belong to &, 9,0y C B[O,n] for n = 2,4,6. This matches with the discussion below equation
(2.8) of [4] for the I4-series I} geometries. The n = 3 case is slightly different since E(u) = 2
is not a divisor of n = 3 and CByy()3 is generated by u = u" = u3. Nevertheless this
is in perfect agreement with the discussion below equation (A.7) of [4] for the I-series I
geometries. These parent theories do not come from S-folds and so do not fall into the
considerations of [3].

Higgs branch Hilbert series. Let us now compute the Higgs branch Hilbert se-
ries (4.29). For the case at hand the gauge group is not completely broken and we cannot use
letter counting. Therefore we compute the F-flat Hilbert series using Macaulay2. We obtain

Fo(t,euyp, 2) = (1 - x2(2) + <euf + 1) t3> PE [t <euf - 61) X2(Z)] - (5.9

EUf Uf

Note that the same result was already found, for n = 1, in [47]. After the integration over
the SU(2) gauge group we get

2
HSﬁu( ) (t,u f

dusu () (2) Fo(t eug, 2)

1 1 (5.10)
n Uff

GGZn
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Summing over the possible values of € we get

PE (1+u§+u;2)t2—t4] n=1

HSS® (,us) = { PE [+ (u? n u;") . tﬂ n=246 . (5.11)

PE _t2 + (u? + u;6) 0 — tlQ} n=3
We again define the generators
1 1 1
W+:§trY”, W_:§trZ", J:§trYZ. (5.12)

For n € {2,4,6} we have W W~ = J" and the topology of the Higgs branch is C?/Z,.
The n =1 case is the same as n = 2. The n = 3 case is also the same as n = 6. In terms
of su(2,2|3) multiplets, after discarding the n = 3 case, we again have

B[n,o]é[o,n] ~ (8[171}) . (5.13)
We again find agreement with [16, 18].

6 Higher rank theories

Having studied in detail the rank one theories we now turn our attention to Z,, discrete
gauging of higher rank theories. We limit most of our attention to the cases of g = AD and
g = u(N) where the S-duality group (2.9) acting on local operators is given by SL(2,Z).
In general the computation of the full discretely gauged index (4.12) for g = u(N), A, D is
very difficult to perform. Therefore, also for this class of theories, we decide to focus our
attention only on the Coulomb branch limit of the index (4.27) and on the Higgs branch
Hilbert series (4.32). For the Hilbert series we only explicitly present the rank 2 cases. In
the final subsection we will discuss the Coulomb branch index for the cases g = Eg, E7, Es.

6.1 g=u(N)

Coulomb branch limit. Let us study the Coulomb branch limit (4.18). Applying (4.26)

we find
N

N 1 o
T\ () = T STPE|Y dad|. (6.1)
" ecz, j=1

We list a few cases for low rank. We define for n = 1 the generators of C'B,(y) to be
1

uj =35 tr X7. For N = 2 we collate the results for the Coulomb branch index below
sz,)CB (z) n Generators Relation | Topology
PE [z + 27 1 w1, U J/ C?
PE [2:62] 2 171 = u%, (75) / (C2
PE [21’3 + 26 — $9] 3w = u?, Uy = ULU2, U3 = u% w3 = ﬁ% (CQ/Z3
PE [31‘4 — xg] 4 ﬁl = u‘ll, ag = u%, ag = U%UQ ﬁlﬂg = ﬁg (CQ/ZQ
(1+225)PE [22°] | 6 Not complete intersection
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By , we mean that the corresponding variety is freely generated with no relation. For
n = 3,4 CBy(), is not freely generated. Moreover for n = 6 we find that Coulomb branch
is not a complete intersection. This is in agreement with the expectation that we outlined
above (2.15). The dimension of Coulomb branch, as a complex manifold, is given by apply-
ing (4.28) and dim¢ CBy2),, = 2 in each case. For the case when CB,y), is non-planar
but a complete intersection one can easily read off the generators and relation. Conversely
when it is not a complete intersection some more effort is required. The expansion of the
Plethystic logarithm of the n = 6 Coulomb branch index reads

PLog [I;g)CB(x)} = 425 — 3012 + 22'8 1+ O(2?) | (6.2)
The generators at 2® are
Uy =us, Uy =ub, Uy=wuoul, Uy=udul, (6.3)
they are primaries of the multiplets & (o). There are three relations at r!?
Iy Uty — Uztia =0, Ip:0s — sty =0, I3:u3 —Ustiy =0. (6.4)
However these relations are not all independent; at z'® we have syzygies
Usli +uols + a3 =0, ugly +uslo +u1l3=0. (6.5)

Generally the moduli space should be characterised by (6.3), (6.4) and (6.5). For N =3
the Coulomb branch index is given by

IZS:)CB (x) n Generators Relation | Topology

PE [x + 22+ 333] 1 U1, Ug, U3 e C3

~ _ .2
PE [22% 4+ 2t + 2% — 2%] | 2 U= 2, tug = us | C x C?/Zs

. — e — 9,2
U2 = U1uU3, U3 = U3z

N — 3 . —
’LL]_—’LLI,UQ—U]_U27

PE [32% + 2% — 2] 3 tuz =u3 | Cx C?/Zs

~ .3
U3, U3 = Uj

Eiii;gtfj:ﬁiii 4 Not complete intersection
(14 42° + 2'?) PE [32°] | 6 Not complete intersection

For N = 4 the Coulomb branch index is given by

IZSL’)CB (x) n Generators Relation Topology

PE [a:+m2+3:3+x4} 1 Ui, u2, U3, Uq / (C4

~ 0,2
U2, U1 = U7, U4,

PE [21‘2 + 24 + 26— l’S] 2 171&3 = ﬂ% C2? x (CQ/ZQ

~ ~ _ .2
U2 = U1U3, U3 = U3z

3 6 6
(19;3:4591 ;g;ﬁixk) 3 Not complete intersection

4 4 8
Ei;;gl(ffxﬁisi 4 Not complete intersection

6 6 12
(1+227)(144a"4a 7) 6 Not complete intersection

(1—-2%)"(1+2®)
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We would like to point out that the dimension formula (4.28) is in perfect agreement with
the above results. We checked up to N = 60 and order z° that CByny, for n > 2 is not a
complete intersection for all N > 5. In principle the analysis that we performed (6.2)—(6.5)
can be repeated for each case, however doing so is beyond the current scope of this article.
Further note that for each N and n > 3 we do not have Coulomb branch operators of
dimension one or two, implying that we indeed have genuine N’ = 3 supersymmetry [1].

Higgs branch Hilbert series. Let us now analyse the Higgs branch for these theories.

We restrict our attention to the case g = u(2). Using Macaulay2 and performing the
integration over U(2) gauge group the Higgs branch Hilbert series reads

2 1 1 9 _
HS5? (4, uy) =z > PEKeuere 1uf1>t+ (1+e2u§+e 2uf2> tQ—fﬂ- (6.6)
€ELn

After performing the sum over Z, (6.6) becomes

PE [(uf+u;1)t+(1+u§+u;2)t2—tﬂ n=1

PE [2(1 +ud+ a2 - Qtﬂ n=2

HS”(Q)(t - (14+6) (0 (uG 4y O+ (142 (12 4H) (uf 4u ) ) H1H2H4E0 O 465 +10+412) n—3

Z, \LUf) = (146 -8 (ud+u; %)) (1048 (ud+u}?))
(14+2)2 (uh 4+t (1+ (At )ud +us)) 2 S
(48—t (uh+u; "))
(1442)2 (240 (1+41) + (1+4+ 985 +4t2 +10)uf+ 260 (144 )u }?) —6
y (I+02 6 (u§+u, )2 "=

(6.7)

When n = 1,2 we get a complete intersection. Moreover, in an expansion around t the
dependence on uy in (6.6) arranges itself into characters of SU(2) implying that the U(1)
isometry of the Higgs branch is enhanced to SU(2); for these theories. This is of course
due to the fact that supersymmetry is enhanced to N =4 for n = 1,2. For n = 3,4,6 we
do not have complete intersections, nonetheless we may identify the first generators and
their relation. Moreover, for each n, by applying the dimension formula (4.33) we find that
the Higgs branch is a manifold of complex dimension four. We define

Wim = ; jm trYIZm. (6.8)
For n = 1, by taking the Plethystic logarithm of (6.6), we find that the Higgs branch is
generated by the Wjo, Wy, for j = 1,2 and W7 ;. There is a relation of dimension 4
between them given by 2W; 1 (2W5 1 — Wy 1Wi0) + WOQJ Wao+ WﬁOWOQ = 0. The topology
is HBy2),1 = Sym? ((CQ) [43, 48]. For n = 2 the Higgs branch is generated by Wy 2, Wa g
Wi, W = WLOQ, V= W0712 and J = W1,0Wo,1 and there are two relations of dimension 4.
The topology is H By 2) 2 = C2?/ZyxC?/Zy. At n = 3 we do not get a complete intersection,
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nevertheless we can expand the Plethystic logarithm of (6.6)

PLog [HS5) (6 up)] = 2% + 26 (] + ) + 26 + € (u} + u;?)
(6.9)

6 6 —6 7
+ 0 (uf +up® —4) + O(().

The generators are Wi p, ,71 = WO,l%,O, Wl = W1703, ‘71 = W0713, @ = Wa Wiy,
Va = WooWo,, Jo = WaoWoa, Waa, Wy = W3, Wo., Vs = Wo2*Wio, Wy = Wo?® and
Vi = Wa®. There are four relations of dimension six between them. In terms of su(2, 2|3)
mutiplets these have the correct quantum numbers to be

B 9 B I B ) B ’ B ’ B ’
[1,1] > Pl Plog) (3.0] (03] (6.10)

B[z,z], 3[2,2], By, B s B[G,O]: B[O,G]-

Note that, using (3.8)—(3.10), it is easily checked that (6.10) agrees with the spectrum
of Coulomb branch operators that we found for the u(2) Z,—3 theory (6.1). Note that
in (6.9) two generators appear which have the correct quantum numbers to belong to [3’[171]
multiplets. This implies that the theory contains two conserved spin two currents (which
lie inside CAO,((]’O) multiplets in A = 2 language).

At n = 4,6 we again do not get complete intersection varieties. One can perform a
similar analysis for those cases as we did for n = 3.

6.2 g=su(N+1)

Coulomb branch limit. Let us study the Coulomb branch limit. From (4.26) we have

N+1
N+1 1 .
IZL(,CB (a) = 7z > PE|> éal|. (6.11)
" e =2

Let us examine a few cases for low rank. We define the generators of CBg,(n41) for the
parent theory to be given by u; = %tr XJ. For N + 1 = 3 we have

IZ%B (z) n Generators Relation | Topology
PE [2? + 2°] 1 ug, U3 J/ C?
PE [z? 4 z9] 2 ug, Uy = uj / c?
PE [xB + :):6] 3 uz, U1 = uj / C?
PE [:c4 +ad 42— 3:16] 4 | up = u%, Uy = ung, uz = u% uiU3 = ﬁ% (CQ/ZQ
PE [229] 6 Uy = u3, Uz = u3 / C?
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When n = 1,2,3,6 CBgy3),, is freely generated, in agreement with our discussion
above (2.15). For N 4+ 1 = 4 we have

IZLL(QB (x) n Generators Relation Topology
PE [m2 + a3+ a:4] 1 Ug, U3, Ug / Cc3
PE [332 + a2t + xﬁ] 2 ug, U4, U1 = U3 / Cc3

~ _ 3
PE [27 + 220 + 2'2 — 28] | 3 s, =2, g =us | Cx C?/Zs

~ ~ _ .3
U2 = U2U4, U3 = Uy

~ 2

Ul = Uy, Uyg ~ ~ ~
PE[2$4+338—|—5512—:1316] 4 22’ ’ A g =u3 | Cx C?/Zy
U2 = U2U3, U3 = Ug

T a3 T — a2
Uup = Uy, U2 = Uz,

PE [32° + 212 — 28] 6 tuy =u3 | Cx C?/Zs

g ~ o3
U3 = U2U4, Uqg = Uy

For N +1 =5 we have

IZ(E’C)B (x) n Generators Relation | Topology
PE [2?422 .ZL‘A} 1 U2, U3, Uq,Us / (C4

~ 2
U2, Ug, U1 = 'LL3,

PE S0 0?4 — o19] 2 Ustiy = 03 | €2 x C2/Zy

e vt 2
U2 = U3Us, U3 = Ug

1425422942212 421542218 : .
=231 (1 4252 (14 (25 F 20 $29) (1725 29)) 3 Not complete intersection
(1+2®) (1+28+2124216) . .
(a3 (I (27 %2") (2 20 T 225 LT TO)) 4 Not complete intersection
6 12 18 24 30 36 . .
A il 6 Not complete intersection

(1—2%)4 (1422642212 4221842224 +2230)

Out of the theories with N +1 > 5 we find that, apart from n = 2, N4+ 1 = 6, the Coulomb
branch for n = 2, 3,4, 6 is never a complete intersection. We checked this up to N = 60 and
270, In each case the dimension formula (4.28) holds and is equal to N as expected. In the
cases where the moduli space is not a complete intersection variety the analysis that we
demonstrated (6.2)—(6.5) can, in principle, be repeated. Again, for each N, with n > 3 we
do not have Coulomb branch operators of dimension one or two implying genuine N' = 3
supersymmetry [1].

Higgs branch Hilbert series. Let us turn to analysing the Higgs branch for these
theories. We restrict ourselves only to the case g = su(3). Using Macaluay2 and performing
the integration over the gauge group the Higgs branch Hilbert series reads

1+ €4 (upet o) € 48146

€

2 3 ’
1-— u%@) (1 — t2ufce2> <1 — u§53> (1 — t3u;3c63>

(6.12)
GGZn

1
HSsZL;(s) (tuyp) = - Z (
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We find that, for all n, the corresponding moduli space is never a complete intersection.
Moreover, applying (4.33), we find that in each case the Higgs branch is of complex dimen-
sion four. A complete analysis of the Higgs branches of these theories is beyond the scope
of this paper. However, as we did for the u(2) case we would like to demonstrate with an
example. The generators of the parent (n = 1) theory are W;o and Wy ; for j € {2,3},
W1, Wa1 and Wy o where, as before,

im= trY’/Zm. (6.13)

As an example let us expand the Plethystic logarithm of (6.12) for n =3
3 - - _
PLog [HS";";( (¢, uf)] =+ (ur® +uh) + €+ (0 +u) e+ (u O + a8

(6.14)
- (u]?6 + u?c)tg —(1+ uj76 + u?)tlo + O,

The generators are Wy 1, W39, W3, J = Wa oW 2, W, = Wa1Wa 0, Vi = WiaWoa,
Wy = W2703 and V5 = W0723. In terms of su(2,2|3) multiplets these have the correct
quantum numbers to correspond to

Buy, Bgzo, Bos, Bpas Buy. Bua. Beo. Bog- (6.15)

6.3 g==s0(2N)
Coulomb branch limit. The Coulomb branch limit (4.26) reads

N—-1

1 . .

T @) = g TPE [Nat 3 et (6.16)
€ELm, Jj=1

We would like to discuss firstly the n = 2 case where there are two distinct cases. Namely
when N = 2M or N = 2M — 1 for M € Z. Let the us choose a basis for the Coulomb
branch chiral ring given by

ug; =trX¥, 1<j<N-1 and ay=PfX, (6.17)

where Pf denotes the Pfaffian. The dimensions of the above operator are E(u;) = 2j,
E(uyn) = N. When g = s0(4M) we can write X = diag (z109, 2202, ...,Tan02) then the
Zy acts by 1o+ 82 : X — —X = g~ 1Xg with g = diag (03,03,...,03) € SO(4M), where
o; denotes the Pauli matrices, and thus ro - s9 is isomorphic to a gauge transformation
and therefore the n = 2 case with N = 2M should lead to exactly the same theory as
the n = 1 case. This is to be compared to the case when g = so(4M — 2). Writing
X = diag (7102, 7209, ...,Tan_102) as before we have r5 - 55 : X = —X = ¢~ !Xg now
with g = diag (03,03,...,03) € SO(4N — 2), infact, g € O(4N — 2) and in this case the
Zo does generate a genuine global symmetry which, when gauged, will lead to a distinct
theory. Indeed we find that for N = 2M

2M—1
U e U S 19
j=1
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On the other hand, for N =2M — 1

2M—2
I%Z(’g\éfz)(x) =PE |2*M~2 4 Z 2| (6.19)
7j=1
and the new Coulomb branch operators are simply given by ug,u4, ..., uspr—4 and u =

(ﬁgM_l)Q = det X. Let us now turn on the cases n = 3,4, 6 for different values of N. In
the following we collate the results that we found.
For N = 2 we have

I%i(jlc)B (z) n Generators Relation | Topology
(14 22% PE[1—225] | 3 Not complete intersection
PE [3334 — :US] 4 | Uy = ugllp, Up = u3, Uz = U3 | U3 = Ugli3 C2/Zs
(14+22% PE[1-225] | 6 Not complete intersection

2
Note that, since so0(4) = su(2) & su(2), for n = 1,2 we have 7, o 22 cB = (IZSB,Q,CB) . On

the other hand, for n > 3, Iﬁo( 24 6.CB 7 ( nzz) . CB) . Since s0(6) = su(4) the Coulomb

branch index for N = 3 is the same as for the Coulomb branch index for the g = su(4)
theory (6.11) and therefore IZ(%)B(:E) = IZ(ng(x). For N =4 we find

IZ:L(S(%B (z) n Generators Relation Topology
1422° 5212 4418 3 Not complete intersection

L~ 2
4 8 12 16 Ug, Ugq, UL = U, ~o o~ ~ 2 2
PE[33: +2°+x —9:] 41 N , | U =g C* x C*/Zs
U2 = UUG, U3 = Ug

1422845212 4218 6

T—20)3 (11252 Not complete intersection

Out of the theories with N > 4 we find that, apart from the n = 2 cases, which we
discussed separately, the Coulomb branch for n = 3,4, 6 is a not a complete intersection.
We again checked this up to N = 60 and ™. In each case the dimension formula (4.28)
holds and the dimension is equal to N as expected. With n > 3 we do not have Coulomb
branch operators of dimension one or two, implying that we indeed have genuine N = 3
supersymmetry [1].

Higgs branch Hilbert series. Using the software Macaulay2 we did the computation
of the Higgs branch Hilbert series for the theory with Lie algebra g = s0(4) = su(2) ®su(2).
After the integration over the gauge group we get

HSy Y (tuyp) = |Z GZZnPE[sz&(e ud 4 e ;2)9—2#]. (6.20)

We observe that the above Hilbert series has a pole of order four at t = 1 and therefore,
by (4.33), the complex dimension of the Higgs branch is four. For n = 1,2 we get a
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complete intersection variety with Hilbert series
1Sy Y (t,uy) = HS3 W (t,uf) = PE [2 (1 +ud o+ uf) £ — 2t4} — (HSZ@) (t,u f))2
(6.21)
At n = 1,2 it is clear that the Higgs branch moduli space is equal to two copies of the
su(2) case. We discussed that in section 5.2. The topology of the moduli space is therefore
C2/Zy x C?/7Zy. For n = 3,4,6 we observe that the corresponding Hilbert series is not a

complete intersection. Moreover the Hilbert series for n = 3,6 are equal.

6.4 g = EN

In this subsection, since we can make use of (4.26), we focus on the Coulomb branch limit
of the index for Fg, 7 and Eg.

g = Eg. The Coulomb branch index reads

, 1
Igs,CB($) = A Z PE [62952 +€2° + 02° 4+ 82® + 227 + 6129612} . (6.22)
" €E€Ln,

For n = 2 the Coulomb branch is no longer freely generated. The Coulomb branch index

reads
7
Es _ 2 18 25 28
7% op(x) =PE |2 + 2 + ) "% — 2| . (6.23)
J=3
The generators and relation are
~ 2 ~ ~ 2. ~2_ ~ ~
Uz, UG, US, Ul = U5, U12, U2 = UsUg, U3 = Ug; Uy = ULUZ, (6.24)

where the u; are Fg-invariant polynomials of degree j. The topology is CBp, 2 = C* x
C2?/Zsy. For n = 3,4,6 the variety is not a complete intersection. To save on lengthy
formulas we will list, as an example, only the case of n = 6. In that case the Coulomb
branch index reads

(1—1‘6+3IE12+3$24+3ZL‘36—$42+l'48) PE [61‘6]

TEs — . 6.25
24.08(®) (1432646212 + 9218 + 11224 + 11230 4+ 9236 4 6242 4 3248+ 254) (6.25)
g = E7. By applying (4.26) we have
1
IZEZ’CB(x) = 7|Z ‘ Z PE [62362 4 06 4 19510 4 (12512 4 dgld 618x18] . (6.26)
n

GGZn

Clearly IngB(:L‘) = IZE;CB(JU) and the topology is obviously CBg, = C7. This is to be
expected since Out(FE7) is trivial. For n = {3,4,6} we do not get a complete intersection.

g = Eg. The Coulomb branch index reads

1
IZEg OB (ZL‘) — Z PE [6233‘2—|—€8£L'8—|—612l’12+614IL‘14—|—€18£L'18+€201E20—|—€24£L'24+630$30] .
" .l &
(6.27)

We observe that IZElSCB(:c) = IZEQ ® op(z) and the corresponding topology is CBp, = C8.
Again, this is to be expected due to the fact that Out(Eg) = 1. While it’s easy to check
that for n = 3,4, 6 the space is no longer freely generated.
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7 Large N limit

The large N limit of the index of G = U(N) SYM may be written as [23]

7)(t,y,p,q) = PE [Z5T(t,y,p, )] (7.1)
where
00 oo Ro
S.T. _
22typ) =D Ty Lypd =) > Ty, (bypg, (72
Ro=1 ~[0,R2,0] Ro=11i=0

where, in the second line we made us of (3.4). By applying 7, + s, given in (2.2) and (2.4)
we can write the single letter index corresponding to the refined index (4.9), it is given by

oo R
S.T. _ Ro—2i 7
Z (tayvpv q, 6) - Z Ze 2 IB[RQ—M] (t7y7p7 Q) ’ (73)
R2=1 =0
where we used that
(Tk + Sk)B[Rl,Rg] = (RQ — Rl)B[Rl,Rg] . (7.4)

The refined index, at large N is then given by

T (t,y,p,q,€) = PE [Z5T(t,y,p,q,¢)] . (7.5)

The KK supergraviton index graded by € for 71+ si, as computed from AdS/CFT, reads [8]

(1—e3y) (1—e M3 /y) (1 — ¢t (ﬁ + T+ %) +(1+e€) t6>

(1= 3y) (1 = #3/y) (1 — t2pg/e) (1 — tq/pe) (1 — t2¢/¢%)  (7.6)
1—e 146
A=y a8y

Expansion around ¢t = 0 (we checked up to order t*°) verifies that

I"%(t,p,q.y.¢) =

75T (t,y,p,q,€) = T (t,p,q,y, €) . (7.7)

The index for the Z,, discrete gauging of the u(N = oo) theory is therefore

7t y.p.0) = —

Z PE [Z5T(t,y,p,q,¢)] - (7.8)
€ELn,

On the other hand, as computed in [8], we may also obtain the index for the k& =
1,2,3,4,6 N = 3 S-fold SCFTs at large NV, S,‘fg, by implementing the projection at the
level of the single letter index. The spectrum of protected single trace operators in the
S-fold Sg5 theory is given by

oo  Ro

Z (t Y,p,q) - Z Z Z Ro— 2 B[R (ta Y, D, Q)v (79)

R2 1:=0 e€Zy,
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for k = 1,2,3,4,6. Note that, at large N, the index does not distinguish between theo-
ries with different values of ¢ [8]. One advantage of (7.9) is that it manifestly organises
expression into multiplets of su(2,2|3). The index for the S-fold at large N is then given by

Igczso-?‘old(tvpv q, y) =PE [ZE'T(t,p7 q, y)] . (710)

Note that the procedure (7.9) is a S-fold and not a discrete gauging since it is implemented
at the level of the single particle index. It is clear that

I;ioog (t7 Y, D, Q) 7é Igczso—ofold (ta b, 4q, y) . (711)

8 Conclusions

In this paper we gave a prescription on how to implement the discrete gauging of a four
dimensional A/ = 4 mother theory, resulting in a N' = 3 daughter theory, at the level of
the superconformal index. We explicitly computed the Coulomb branch limit of the index
as well as the Higgs branch Hilbert series for a number of theories based on simply laced
groups. For rank one theories, the Coulomb branch index and Higgs branch Hilbert se-
ries we computed reproduce precisely all known results, while, for higher rank theories we
make concrete predictions for the Coulomb and Higgs branches of these N’ = 3 theories.
Most strikingly we find that, in general, the higher rank theories, have non-freely generated
Coulomb branches. In a few cases the Coulomb branch is a complete intersection variety
and, using the Coulomb branch index, we were able to read off the topology of the cor-
responding space. Generally the Coulomb branch of the theory after the discrete gauging
is not a complete intersection and the topology becomes harder to extract. It would be
interesting to further study this aspect in the future.

Since the superconformal index of the u(1) theory is easily reorganised into N' = 3
multiplets we were able to compute the full superconformal index for the discrete gauging
of it, given in equation (5.2). Moreover, in the large N limit, a similar reorganisation
happens meaning that it is also possible to compute the superconformal index for the
discrete gauging, given in equation (7.8). For general rank the computation of the full
index, or other more refined limits such as the Schur limit, is much more difficult and
we leave it for future work. However, we can easily compute the Coulomb branch limit
of the superconformal index and the Higgs branch Hilbert series. Other, more refined,
limits contain more types of short multiplets, which of course contain more interesting
information. In particular the Schur index is related to the vacuum character of chiral
algebras. The latter allows for the computation of correlation functions in a protected
sector [17]. For N' = 3 theories the study of chiral algebras was initiated in [16, 18] and it
would be very interesting to further pursue. With the help of the superconformal index,
we can construct and analyse the corresponding chiral algebras for the discrete gauging
that we studied in this paper.

It is important to note that the spectrum of non-local operators may reduce the possible
Zy’s that can enhance to symmetries of the theory and therefore be gauged. The standard
superconformal index that we studied in this paper can say nothing about the non-local
operator spectrum. It captures only the spectrum of protected local operators. Using our

—97 —



current tools we only claim that if a theory exists we can compute its index, but we have no
way of deciding if a theory actually exists. To break this impasse, a very interesting quantity
to compute for the theories obtained via discrete gauging is the Lens space index [49-52]. It
is a generalisation of the standard superconformal index that has a representation as a path
integral on S! x §3/Z,. For r = 1 this reduces to the usual superconformal index, however,
since (S3 /ZT) = Z, the Lens space index has the advantage that it is sensitive to the
spectrum of line operators of the theory. Our construction can be immediately generalized
for r £ 1. In a similar spirit it is also possible to compute the index in the presence of certain
extended operators [53, 54]. These should also shed light to the possible discrete gaugings
allowed for a given theory. Computing such quantities may be able to teach us more about,
the currently mysterious, ‘new’ N' = 4 theories [4] and discrete gaugings thereof.

Finally, our procedure can also be applied to discrete gauging that preserves N = 2
superconformal symmetry as in [4] and will most definitely help us discover their novel
properties.
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A The preserved superconformal algebra

Even subalgebra. The even subalgebra of psu(2,2]|4) is b = so(4,2) @ su(4) which we
take to be generated by M*’, K,, P* FE with p,v = 1,2,3,4 and R{, I,J =1,2,3,4.
The Cartans of su(4) are R; = R! — Rzﬂ with ¢ = 1,2,3. We wish to discuss which
generators are preserved by the S-folding/discrete gauging procedure. Recall that SL(2,7)
transformations can be defined such that they commute with the generators of b [32]. In
particular [sg, b] = 0. Hence sj acts non-trivially only on the fermionic subalgebra which
we will discuss momentarily. Hence the subalegbra of b preserved by the S-folding/discrete
gauging is simply the centraliser of r; = % + Ro + % = %Z?Zl Rl — %Rﬁi modulo k in
b. Clearly [rg,s0(4,2)] = 0. On the other hand, using [R{, RS} = ééRf — 5}3R‘C§ it can be
shown that

0 I,J€{1,2,3},

R =30 T (A1)
2Rt Te€{1,2,3},J=4,
—2R] I=4,J¢€{1,2,3}.

Therefore, the subalgebra of su(4) preserved by r;>3 are given by the R‘I] with I,J =1,2,3
and R}. These generators span a su(3)®u(1) algebra. Note however that, since we quotient
by 6277151’””8’“, when k£ = 1,2 the full su(4) is preserved.
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Odd subalgebra. The odd subalgebra of psu(2,2|4) is spanned by nilpotent generators
(supercharges) which sit in representations of the bosonic subalgebra b. Any representation
of b can be decomposed into representations of a maximal compact subalgebra u(1)g @
su(2); @ su(2)s @ su(4). The supercharges are then given by

1 ~ 1 — 1 - _ ~. 1
Qé € <2>27174> ) Qd] € (271a274) ) S}X € <_2727174> 5 SOJ € <_2,1,2,4> .

(A.2)
The action on the supercharges is then given by
ol 1=1,23 ~ ~Qur I1=1,2,3
[k, Qal =4 ° . s e, Qarl =4 < : (A.3)
301 I=4 304 [=4
-8 1=1,2,3 - Sa I1=1,23
[, ST] = A . [ SM) = ~ ) (A.4)
38, I=4 38 I=4
On the other hand, s acts on the supercharges by [2, 7, 32]
(51, QA = —Qds [sk,Qarl = Qar, [sk,SF1 =8, [, 8] =~8ar.  (A5)

Therefore, for k > 3, quotienting by e T (rets) ¢ Zy, preserves 12 Poincaré supercharges
and 12 conformal supercharges giving rise to N/ = 3 superconformal symmetry in four
dimensions. All in all, for & > 3, a full su(2,2|3) C psu(2,2|4) superconformal algebra
is preserved.

B Indices for su(2,2|2) multiplets

E
Rﬂ”?(jl 7j2)
algebra. The multiplets are labelled by the values of the highest weight state (superconfor-

Long multiplets A are generic, unitary, modules of the su(2,2|2) superconformal
mal primary) (E, R, 7, j1,j2) under the maximal bosonic subalgebra (3.6). When the some
of representation labels take on certain values the superconformal primary is annihilated
by (linear combinations of) some of the supercharges Qé, éd 7 and the multiplet is said to
be shortened. The superconformal index (4.1) counts short multiplets modulo those that
can recombine into long multiplets. The recombination rules are given by [33]

2RAT+2j142 ~ o

Ror,Gi.j2) CRyr,(j1.2) @ CR+§,7~+%,(3‘17§,3‘2) ) (B.1)

2R—742jo+2 ~ 7 o =

Rr(1,g2) CRm(h,Jz) ® CR+%,r—%,(j1,j2—%) ) (B.2)
2R+j1+j2+2 5

R,j1—j2,(j1,52) = CR’(jl’jZ) ® CR"‘%’(jl—%,jz) @ CR‘*’%a(leé—%) b CR+1,(]‘1—%7]‘2—%) - (B3)

By allowing the j1, jo to take on the value —1/2 we can write

Chr(~1g2) = Britril o) Crr(ji-) = Brilr1610) (B.4)
Cr(~1i2) = P02 Cr(i1,-1) = Prid.Gro) (B.5)
Cr(-1-3) = Praj0-4) = Praj (f0) = Brors (B.5)
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Shortening Conditions Multiplet
By Q1a|R, ) =0 1=0 E=2R+r BRr(0.42)
B Q2d|R,r>h'“’ =0 ja =10 E=2R-—r BR,r(jl,o)
& By N By R=0 E=r Er(0,42)
I3 BN By R=0 E=—r Er(j1,0)
B Bi N By r=0,j1,j2 =0 E =2R Br
C1 e Q15| R, )0 =0 E=2+2j1+2R+71 | Cry(j1.jn)
(Q1)R,r) =0 for j; =0 E=2+2R+r CRr(0,j2)
C P Q5 R, ) =0 E=2+2j+2R—7 | Cro(j,j)
(Q2)?|R, r)" =0 for jo =0 E=2+2R—r | Cro0)
C1NCy R=0 E=2+42j+r Co.r(j1.2)
¢ NGy R=0 E=2+2—7r | Corgu)
¢ C1NCy r=j2—J1 E=242R+ji+j2 | Crji
C1NCyNCINECy R=0,r=j2—7 E=2+7j1+7 Cotr.j2)
D BiNGCs r=ja+1 E=1+2R+j Dr(0,j2)
D BaNCy —r=71+1 E=1+2R+j Dr(j1.0)
ENCy r=js+1,R=0 E=r=1+j Dy (0,5)
ENg —r=j+1,R=0| E=-r=1+j Do, (71,0

Table 3. Shortening conditions and short multiplets for the A/ = 2 SCA.

for R > 0. Equations (B.1)—(B.6) constitute the most general recombination rules for any
unitary N/ = 2 SCFT. We summarize in table 3 the different shortening conditions.
We have that

1—t(pg) 'xa(y) + t3(pq) >

Ie = (=1)22¢*"(pg)" ; > 2 B.7
g’r,(O,j2) ( ) (pq) (1 _ tBy)(l . t?’y*l) X2]2 (y) T = 5 ( )
Tp — (—1)¥2 Pt x2j, (y) — X 2j0+1(Y) — °Pax2j5—1(y) + tOx25, (y) (B.8)
b0 1=y 1=y ) | |
Iﬁ _ (_1)2j1+1 t4j1+4 1 _ (pq)t2 (B 9)
Do.j1.0) (pq) 1 (1 — t3y) (1 — t3y~1)’ :

4
AtaR+6j1+2r (1 — t2pq) <t2pq —txi(y) + f@)
(pg) i (1 —t3y) (1 —t3y~1)
(6+4R+4j1+2j2 (1 — t2pq) (ﬁXQjQH(Z/) — X2j2 (?J))
(pg) Frin 72 (1= 3y)(1 — 3y~ 1) ’

A - —0.
Er,(j1,0) €0,(0,0) CR,r(j1,42)

— (_1)2511t2j2+1
ICR,T(JLJ'Q) _( 1)

X2j2 (y) ) (B.lO)

N — (—1)%1+22
CR(j1.42) ( 1)

(B.11)

(B.12)

E
AR,T(J'LJ'Q)
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These may be obtained from [38] by conjugation (exchanging r — —r, j; <> j2) and setting
T =t2(pq)~ V2, o = ty(pq)'/?, p = ty~ (pqg)*/?). By applying (3.8)~(3.10) in combination
with (B.4)—(B.12) one can compute the contribution to the index of the su(2, 2|3) multiplets
B[RLRQ]'

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] O. Aharony and M. Evtikhiev, On four dimensional N = 3 superconformal theories, JHEP
04 (2016) 040 [arXiv:1512.03524] [INSPIRE].

[2] I. Garcia-Etxebarria and D. Regalado, N' = 3 four dimensional field theories, JHEP 03
(2016) 083 [arXiv:1512.06434] INSPIRE].

[3] O. Aharony and Y. Tachikawa, S-folds and 4d N = 3 superconformal field theories, JHEP 06
(2016) 044 [arXiv:1602.08638] [INSPIRE].

[4] P.C. Argyres and M. Martone, 4d N = 2 theories with disconnected gauge groups, JHEP 03
(2017) 145 [arXiv:1611.08602] [INSPIRE].

[5] C. Cordova, T.T. Dumitrescu and K. Intriligator, Deformations of Superconformal Theories,
JHEP 11 (2016) 135 [arXiv:1602.01217] [INSPIRE].

[6] M. Evtikhiev, Studying superconformal symmetry enhancement through indices, JHEP 04
(2018) 120 [arXiv:1708.08307] [INSPIRE].

[7] 1. Garcia-Etxebarria and D. Regalado, Fxceptional N'= 3 theories, JHEP 12 (2017) 042
[arXiv:1611.05769] INSPIRE].

[8] Y. Imamura and S. Yokoyama, Superconformal index of N' = 3 orientifold theories, J. Phys.
A 49 (2016) 435401 [arXiv:1603.00851] INSPIRE].

[9] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2
supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [hep-th/9408099] [INSPIRE].

[10] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation and
confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19
[Erratum ibid. B 430 (1994) 485] [hep-th/9407087] [NSPIRE].

[11] P. Argyres, M. Lotito, Y. Lii and M. Martone, Geometric constraints on the space of N' = 2
SCFTs. Part I: physical constraints on relevant deformations, JHEP 02 (2018) 001
[arXiv:1505.04814] [INSPIRE].

.C. Argyres, M. Lotito, Y. Lu an . Martone, Geometric constraints on the space o

12] P.C. A M. Lotito, Y. Li and M. M G j h f
N =2 SCFTs. Part II: construction of special Kdihler geometries and RG flows, JHEP 02
(2018) 002 [arXiv:1601.00011] [INnSPIRE].

[13] P.C. Argyres, M. Lotito, Y. Lii and M. Martone, Ezpanding the landscape of N =2 rank 1
SCFTs, JHEP 05 (2016) 088 [arXiv:1602.02764] [INSPIRE].

[14] P. Argyres, M. Lotito, Y. Lii and M. Martone, Geometric constraints on the space of N' =2

SCFTs. Part III: enhanced Coulomb branches and central charges, JHEP 02 (2018) 003
[arXiv:1609.04404] [INSPIRE].

~ 31—


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP04(2016)040
https://doi.org/10.1007/JHEP04(2016)040
https://arxiv.org/abs/1512.03524
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.03524
https://doi.org/10.1007/JHEP03(2016)083
https://doi.org/10.1007/JHEP03(2016)083
https://arxiv.org/abs/1512.06434
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.06434
https://doi.org/10.1007/JHEP06(2016)044
https://doi.org/10.1007/JHEP06(2016)044
https://arxiv.org/abs/1602.08638
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.08638
https://doi.org/10.1007/JHEP03(2017)145
https://doi.org/10.1007/JHEP03(2017)145
https://arxiv.org/abs/1611.08602
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.08602
https://doi.org/10.1007/JHEP11(2016)135
https://arxiv.org/abs/1602.01217
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01217
https://doi.org/10.1007/JHEP04(2018)120
https://doi.org/10.1007/JHEP04(2018)120
https://arxiv.org/abs/1708.08307
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.08307
https://doi.org/10.1007/JHEP12(2017)042
https://arxiv.org/abs/1611.05769
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.05769
https://doi.org/10.1088/1751-8113/49/43/435401
https://doi.org/10.1088/1751-8113/49/43/435401
https://arxiv.org/abs/1603.00851
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.00851
https://doi.org/10.1016/0550-3213(94)90214-3
https://arxiv.org/abs/hep-th/9408099
https://inspirehep.net/search?p=find+EPRINT+hep-th/9408099
https://doi.org/10.1016/0550-3213(94)90124-4
https://arxiv.org/abs/hep-th/9407087
https://inspirehep.net/search?p=find+EPRINT+hep-th/9407087
https://doi.org/10.1007/JHEP02(2018)001
https://arxiv.org/abs/1505.04814
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.04814
https://doi.org/10.1007/JHEP02(2018)002
https://doi.org/10.1007/JHEP02(2018)002
https://arxiv.org/abs/1601.00011
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.00011
https://doi.org/10.1007/JHEP05(2016)088
https://arxiv.org/abs/1602.02764
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.02764
https://doi.org/10.1007/JHEP02(2018)003
https://arxiv.org/abs/1609.04404
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.04404

[15]
[16]

[17]

[20]

[21]
22]

P.C. Argyres and M. Martone, Coulomb branches with complex singularities, JHEP 06
(2018) 045 [arXiv:1804.03152] [InSPIRE].

M. Lemos, P. Liendo, C. Meneghelli and V. Mitev, Bootstrapping N = 3 superconformal
theories, JHEP 04 (2017) 032 [arXiv:1612.01536] [INSPIRE].

C. Beem, M. Lemos, P. Liendo, W. Peelaers, L. Rastelli and B.C. van Rees, Infinite Chiral
Symmetry in Four Dimensions, Commun. Math. Phys. 336 (2015) 1359 [arXiv:1312.5344]
[INSPIRE].

T. Nishinaka and Y. Tachikawa, On 4d rank-one N' = 3 superconformal field theories, JHEP
09 (2016) 116 [arXiv:1602.01503] [INSPIRE].

Y. Imamura, H. Kato and D. Yokoyama, Supersymmetry Enhancement and Junctions in
S-folds, JHEP 10 (2016) 150 [arXiv:1606.07186] INSPIRE].

P. Agarwal and A. Amariti, Notes on S-folds and N' = 3 theories, JHEP 09 (2016) 032
[arXiv:1607.00313] [inSPIRE].

T. Bourton and E. Pomoni, Instanton counting in Class Sk, arXiv:1712.01288 [INSPIRE].

A. Bourget, A. Pini and D. Rodriguez-Gémez, The Importance of Being Disconnected, A
Principal Extension for Serious Groups, arXiv:1804.01108 [INSPIRE].

J. Kinney, J.M. Maldacena, S. Minwalla and S. Raju, An Index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275 (2007) 209 [hep-th/0510251] [INSPIRE].

P.C. Argyres and J.R. Wittig, Infinite coupling duals of N = 2 gauge theories and new rank
1 superconformal field theories, JHEP 01 (2008) 074 [arXiv:0712.2028] INSPIRE].

A.D. Shapere and Y. Tachikawa, Central charges of N = 2 superconformal field theories in
four dimensions, JHEP 09 (2008) 109 [arXiv:0804.1957] [InSPIRE].

C. Montonen and D.I. Olive, Magnetic Monopoles as Gauge Particles?, Phys. Lett. B 72
(1977) 117 [INSPIRE].

P. Goddard, J. Nuyts and D.I. Olive, Gauge Theories and Magnetic Charge, Nucl. Phys. B
125 (1977) 1 InSPIRE].

C. Vafa and E. Witten, A Strong coupling test of S duality, Nucl. Phys. B 431 (1994) 3
[hep-th/9408074] [iNSPIRE].

P.C. Argyres, A. Kapustin and N. Seiberg, On S-duality for non-simply-laced gauge groups,
JHEP 06 (2006) 043 [hep-th/0603048] [INSPIRE].

N. Dorey, C. Fraser, T.J. Hollowood and M.A.C. Kneipp, S duality in N = 4 supersymmetric
gauge theories with arbitrary gauge group, Phys. Lett. B 383 (1996) 422 [hep-th/9605069]
[INSPIRE].

L. Girardello, A. Giveon, M. Porrati and A. Zaffaroni, S duality in N = 4 Yang-Mills theories
with general gauge groups, Nucl. Phys. B 448 (1995) 127 [hep-th/9502057] [INSPIRE].

A. Kapustin and E. Witten, Electric-Magnetic Duality And The Geometric Langlands
Program, Commun. Num. Theor. Phys. 1 (2007) 1 [hep-th/0604151] [INSPIRE].

F.A. Dolan and H. Osborn, Superconformal symmetry, correlation functions and the operator
product expansion, Nucl. Phys. B 629 (2002) 3 [hep-th/0112251] [INSPIRE].

G.C. Shephard and J.A. Todd, Finite unitary reflection groups, Canad. J. Math. 6 (1954)
274.

P.C. Argyres, Y. Lii and M. Martone, Seiberg- Witten geometries for Coulomb branch chiral
rings which are not freely generated, JHEP 06 (2017) 144 [arXiv:1704.05110] [INSPIRE].

~32 -


https://doi.org/10.1007/JHEP06(2018)045
https://doi.org/10.1007/JHEP06(2018)045
https://arxiv.org/abs/1804.03152
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.03152
https://doi.org/10.1007/JHEP04(2017)032
https://arxiv.org/abs/1612.01536
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.01536
https://doi.org/10.1007/s00220-014-2272-x
https://arxiv.org/abs/1312.5344
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5344
https://doi.org/10.1007/JHEP09(2016)116
https://doi.org/10.1007/JHEP09(2016)116
https://arxiv.org/abs/1602.01503
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01503
https://doi.org/10.1007/JHEP10(2016)150
https://arxiv.org/abs/1606.07186
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.07186
https://doi.org/10.1007/JHEP09(2016)032
https://arxiv.org/abs/1607.00313
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.00313
https://arxiv.org/abs/1712.01288
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.01288
https://arxiv.org/abs/1804.01108
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.01108
https://doi.org/10.1007/s00220-007-0258-7
https://arxiv.org/abs/hep-th/0510251
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510251
https://doi.org/10.1088/1126-6708/2008/01/074
https://arxiv.org/abs/0712.2028
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2028
https://doi.org/10.1088/1126-6708/2008/09/109
https://arxiv.org/abs/0804.1957
https://inspirehep.net/search?p=find+EPRINT+arXiv:0804.1957
https://doi.org/10.1016/0370-2693(77)90076-4
https://doi.org/10.1016/0370-2693(77)90076-4
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B72,117%22
https://doi.org/10.1016/0550-3213(77)90221-8
https://doi.org/10.1016/0550-3213(77)90221-8
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B125,1%22
https://doi.org/10.1016/0550-3213(94)90097-3
https://arxiv.org/abs/hep-th/9408074
https://inspirehep.net/search?p=find+EPRINT+hep-th/9408074
https://doi.org/10.1088/1126-6708/2006/06/043
https://arxiv.org/abs/hep-th/0603048
https://inspirehep.net/search?p=find+EPRINT+hep-th/0603048
https://doi.org/10.1016/0370-2693(96)00773-3
https://arxiv.org/abs/hep-th/9605069
https://inspirehep.net/search?p=find+EPRINT+hep-th/9605069
https://doi.org/10.1016/0550-3213(95)00177-T
https://arxiv.org/abs/hep-th/9502057
https://inspirehep.net/search?p=find+EPRINT+hep-th/9502057
https://doi.org/10.4310/CNTP.2007.v1.n1.a1
https://arxiv.org/abs/hep-th/0604151
https://inspirehep.net/search?p=find+EPRINT+hep-th/0604151
https://doi.org/10.1016/S0550-3213(02)00096-2
https://arxiv.org/abs/hep-th/0112251
https://inspirehep.net/search?p=find+EPRINT+hep-th/0112251
http://dx.doi.org/10.4153/CJM-1954-028-3
http://dx.doi.org/10.4153/CJM-1954-028-3
https://doi.org/10.1007/JHEP06(2017)144
https://arxiv.org/abs/1704.05110
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.05110

[36]
[37]
[38]

[39]
[40]

C. Cordova, T.T. Dumitrescu and K. Intriligator, Multiplets of Superconformal Symmetry in
Diverse Dimensions, arXiv:1612.00809 [INSPIRE].

C. Romelsberger, Counting chiral primaries in N = 1, d = 4 superconformal field theories,
Nucl. Phys. B 747 (2006) 329 [hep-th/0510060] [INSPIRE].

A. Gadde, L. Rastelli, S.S. Razamat and W. Yan, Gauge Theories and Macdonald
Polynomials, Commun. Math. Phys. 319 (2013) 147 [arXiv:1110.3740] INSPIRE].

I.G. Macdonald, Symmetric functions and Hall polynomials, Oxford University Press (1998).
I.G. Macdonald, Some conjectures for root systems and finite coxeter groups, in Séminaire
d’Algébre Paul Dubreil et Marie-Paule Malliavin, M.-P. Malliavin ed., Berlin, Heidelberg,
pp- 90-97, Springer Berlin Heidelberg (1981).

S. Cremonesi, 3d supersymmetric gauge theories and Hilbert series, Proc. Symp. Pure Math.
98 (2018) 21 [arXiv:1701.00641] [INSPIRE].

S. Benvenuti, B. Feng, A. Hanany and Y.-H. He, Counting BPS Operators in Gauge
Theories: Quivers, Syzygies and Plethystics, JHEP 11 (2007) 050 [hep-th/0608050]
[INSPIRE].

B. Feng, A. Hanany and Y.-H. He, Counting gauge invariants: The Plethystic program,
JHEP 03 (2007) 090 [hep-th/0701063] [INSPIRE].

D.R. Grayson and M.E. Stillman, Macaulay2, a software system for research in algebraic
geometry, available at https://faculty.math.illinois.edu/Macaulay2/.

M. Del Zotto and A. Hanany, Complete Graphs, Hilbert Series and the Higgs branch of the
4d N = 2 (A, A,) SCFTs, Nucl. Phys. B 894 (2015) 439 [arXiv:1403.6523] [INSPIRE].
F.A. Dolan and H. Osborn, Applications of the Superconformal Index for Protected Operators
and q-Hypergeometric Identities to N =1 Dual Theories, Nucl. Phys. B 818 (2009) 137
[arXiv:0801.4947] [INSPIRE].

A. Hanany and N. Mekareeya, Tri-vertices and SU(2)’s, JHEP 02 (2011) 069
[arXiv:1012.2119] [INSPIRE].

H. Nakajima and K. Yoshioka, Instanton counting on blowup. 1., Invent. Math. 162 (2005)
313 [math/0306198] INSPIRE].

F. Benini, T. Nishioka and M. Yamazaki, 4d Indez to 3d Index and 2d TQFT, Phys. Rev. D
86 (2012) 065015 [arXiv:1109.0283] INSPIRE].

L.F. Alday, M. Bullimore and M. Fluder, On S-duality of the Superconformal Index on Lens
Spaces and 2d TQFT, JHEP 05 (2013) 122 [arXiv:1301.7486] [INSPIRE].

S.S. Razamat and M. Yamazaki, S-duality and the N = 2 Lens Space Index, JHEP 10 (2013)
048 [arXiv:1306.1543] [INSPIRE].

S.S. Razamat and B. Willett, Global Properties of Supersymmetric Theories and the Lens
Space, Commun. Math. Phys. 334 (2015) 661 [arXiv:1307.4381] [INSPIRE].

D. Gaiotto, L. Rastelli and S.S. Razamat, Bootstrapping the superconformal index with
surface defects, JHEP 01 (2013) 022 [arXiv:1207.3577] [INSPIRE].

D. Gang, E. Koh and K. Lee, Line Operator Index on S* x S3, JHEP 05 (2012) 007
[arXiv:1201.5539] [INSPIRE].

— 33 —


https://arxiv.org/abs/1612.00809
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.00809
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://arxiv.org/abs/hep-th/0510060
https://inspirehep.net/search?p=find+EPRINT+hep-th/0510060
https://doi.org/10.1007/s00220-012-1607-8
https://arxiv.org/abs/1110.3740
https://inspirehep.net/search?p=find+EPRINT+arXiv:1110.3740
https://arxiv.org/abs/1701.00641
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.00641
https://doi.org/10.1088/1126-6708/2007/11/050
https://arxiv.org/abs/hep-th/0608050
https://inspirehep.net/search?p=find+EPRINT+hep-th/0608050
https://doi.org/10.1088/1126-6708/2007/03/090
https://arxiv.org/abs/hep-th/0701063
https://inspirehep.net/search?p=find+EPRINT+hep-th/0701063
https://faculty.math.illinois.edu/Macaulay2/
https://doi.org/10.1016/j.nuclphysb.2015.03.017
https://arxiv.org/abs/1403.6523
https://inspirehep.net/search?p=find+EPRINT+arXiv:1403.6523
https://doi.org/10.1016/j.nuclphysb.2009.01.028
https://arxiv.org/abs/0801.4947
https://inspirehep.net/search?p=find+EPRINT+arXiv:0801.4947
https://doi.org/10.1007/JHEP02(2011)069
https://arxiv.org/abs/1012.2119
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.2119
https://doi.org/10.1007/s00222-005-0444-1
https://doi.org/10.1007/s00222-005-0444-1
https://arxiv.org/abs/math/0306198
https://inspirehep.net/search?p=find+EPRINT+math/0306198
https://doi.org/10.1103/PhysRevD.86.065015
https://doi.org/10.1103/PhysRevD.86.065015
https://arxiv.org/abs/1109.0283
https://inspirehep.net/search?p=find+EPRINT+arXiv:1109.0283
https://doi.org/10.1007/JHEP05(2013)122
https://arxiv.org/abs/1301.7486
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.7486
https://doi.org/10.1007/JHEP10(2013)048
https://doi.org/10.1007/JHEP10(2013)048
https://arxiv.org/abs/1306.1543
https://inspirehep.net/search?p=find+EPRINT+arXiv:1306.1543
https://doi.org/10.1007/s00220-014-2111-0
https://arxiv.org/abs/1307.4381
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.4381
https://doi.org/10.1007/JHEP01(2013)022
https://arxiv.org/abs/1207.3577
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.3577
https://doi.org/10.1007/JHEP05(2012)007
https://arxiv.org/abs/1201.5539
https://inspirehep.net/search?p=find+EPRINT+arXiv:1201.5539

	Introduction
	Constructing the N=3 theories
	S-folds
	N=3 preserving discrete gauging

	su(2,2|N) representation theory
	psu(2,2|4)–>su(2,2|3) decomposition
	su(2,2|3)–>su(2,2|2) decomposition

	Indices and the discrete gauging prescription
	The superconformal index
	Coulomb branch limit
	Higgs branch Hilbert series

	Rank 1 theories
	g=u(1)
	g=su(2)

	Higher rank theories
	g=u(N)
	g=su(N+1)
	g=so(2N)
	g=E(N)

	Large N limit
	Conclusions
	The preserved superconformal algebra
	Indices for su(2,2|2) multiplets

