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Abstract

We consider the scalar sector of a general renormalizable theory and evaluate the effective potential through
three loops analytically. We encounter three-loop vacuum bubble diagrams with up to two masses and six
lines, which we solve using differential equations transformed into the favorable e form of dimensional reg-
ularization. The master integrals of the canonical basis thus obtained are expressed in terms of cyclotomic
polylogarithms up to weight four. We also introduce an algorithm for the numerical evaluation of cyclo-
tomic polylogarithms with multiple-precision arithmetic, which is implemented in the Mathematica package
cyclogpl.m supplied here.
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1. Introduction

The effective potential [1, 2] plays a very important role in investigating spontaneous symmetry breaking.
In the Standard Model, it has been a topic of numerous studies over many years [3—7], with partial results
at the three- [8] and four-loop orders [9]. The analysis of the effective potential at the two-loop order
leads to the conclusion that the electroweak vacuum may be stable, critical, or slightly meatastable up to
very high energies of the order of the Planck scale [10-12]. Such an analysis at the three-loop order would
require, apart from four-loop renormalization group functions [13-18], also the matching conditions, which
are presently known through the two-loop order only [19]. An important step has recently been taken in
Ref. [20], where the three-loop potential has been studied in a general renormalizable theory evaluating the
loop integrals numerically [21-23].

In this work, we consider the purely scalar sector of a general renormalizable theory and evaluate the
effective potential through three loops analytically. The integrals that appear in our calculation can have
up to two different mass scales. In the case of O(n) symmetry, we reproduce the known result for the scalar
©* theory with spontaneous symmetry breaking. This theory is a matter of interest for the study of phase
transitions, and its effective potential has been calculated in a series of papers [24, 25]. The results presented
here also reproduce the contribution of the scalar sector to the effective potential in the Standard Model.

This paper is organized as follows. In Section 2, we introduce the Lagrangian of the scalar sector and
parametrize the three-loop effective potential in terms of three-loop master integrals. In Secton 3, we discuss
the evaluation of the master integrals with two different mass scales with the help of differential equations.
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In Section , we present our results. The numerical evaluation of the cyclotomic polylogarithms that appear
in our results is discussed in the appendix.

2. Effective potential in the scalar theory
Let us consider the scalar theory described by the Lagrangian

_1 2 1 2_/17(% 2_&2 2 T0,3 T 2_@ 4_& 2 2_& 2 2
ES—Q(BH) +2(8G) 2H 2G¢ 6H 6HGZ- 24H 12H G; 24GiGj, (1)

where 7;, A;, and \;; are couplings. In the Standard Model, the scalar part of the potential reads
L=-m?0Td - \(2T9)2. (2)
In the broken phase, it can be parametrized as
b 1 (¢+H+z‘GO>
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where ¢ is the vacuum expectation value, H is the Higgs field, and Gy and G* are the scalar would-be
Goldstone bosons. This parametrization corresponds to the following choice of parameters in Eq. (1):

(3)

To = T; = 69, Ao = A; = Agj = 6A, g =m?* + 3X\¢?, 1 =m?+ Ag*. (4)

The three-loop contribution to the effective potential of the theory in Eq. (1) can be schematically
represented as the following sum of Feynman diagrams:
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Here, use the following notation: in each term, the symmetry and color factors are shown explicitly and the
part corresponding to the scalar loop integral with all divergences properly subtracted is depicted as a figure.
We use loop functions with subtracted divergences as introduced in Ref. [20] to separate the calculation of
the complicated three-loop integrals from the renormalization and the calculation of the simple lower-loop
integrals.



3. Evaluation of the three-loop integrals

Let us introduce some general notations. All the three-loop integrals which appear in this calculation
can be mapped, depending on the masses attached to the internal lines, on one of the three topologies A, B,
or C shown in Fig. 1. We set my = 1 and define the ratio * = m?/m3. After this rescaling, the respective
master integrals read
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where ko, = ko — kp and the loop integration measure is defined as d[k;] = ddk/wdme”ff, with d = 4 — 2¢
being the dimension of space-time and vg being Euler’s constant.
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Figure 1: Topologies of the master integrals J4, Jg, and Jo. Solid and dashed lines have mass squared m% =1and m% = xm%,
respectively.

The integrals of topology A are single-scale integrals and have been known for a long time [26]. Recently,
they have been evaluated through weight six [27]. The integrals of topologies B and C, appearing in lines (5)—
(10), have two mass scales and depend on the ratio 2. For each of these two topologies, we have constructed
a set of reduction rules with the help of the LiteRed package [28] and identified the set of the master
integrals. Differentiating all the master integrals with respect to z and reducing the right-hand sides to the
set of master integrals, we obtain the following systems of differential equations:

aJP b b 0J¢ ¢ e
e = M;;J;, i = M;;J; . (12)
The elements of the matrices MP and M€ are rational functions of the mass ratio # and the space-time
dimension d. It is convenient to switch from the original basis {J, J¢} to the new, canonical basis {g", g}
of master integrals introduced in Ref. [29]. The integrals in the canonical basis possess the property that the
coefficients of their expansions in € have uniform transcendentality weight, and the matrix of the differential
equations has a special, so-called ¢ form.

For topologies B and C, we choose the following sets of master integrals to be transformed to the



canonical bases by suitable transformation matrices:
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Figure 2: Mapping in Eq. (14).

To find the explicit forms of the transformation matrices T}, and T, and of the matrix of the differential
equations in the e form, we use the public tools Fuchsia [30] and CANONICA [31], which are implementations
of the algorithms of Refs. [32] and [33], respectively. Both algorithms heavily rely on the polynomial,
rational form of the transformation matrices T}, and T,.. To fulfill this condition, we first make the variable

transformation
y?
rT= =, 14
T+ .
illustrated in Fig. 2, upon which we can successfully find the transformation matrices T}, and T,. The

corresponding systems of differential equations then take the form

dgP
dy

g5
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= €Bijg;-), = sCijg]C- . (15)

Now, the matrices B and C' are independent of the space-time dimension d. We can proceed further and
decompose them into sums of constant matrices with all dependence on the kinematic variable y factorized
out. These decompositions read:

B(y) = (fdBoo + f{B1,o + f3Boo + f{Bso + f3Bs1 + fiBa1 + f§Beo + feBs + fiaBiai1 + fi2Bi23) .
Cly) = (fgco,o + fYC10+ f3Co0+ f3C50 + f3C31 +f1Can + f$Cs0 + f3Cs1 + fgcs,3) . (16)

The matrices B, and C,; are constant, with rational entries, and all dependence on y is contained in the
functions f°(y), defined as

1 Yy
fy) = " foly) = 5.0 (17)



where ®,,(y) is the n-th cyclotomic polynomial relevant for our calculation. These are given by

Q1(y) =y -1,

Pa(y) =y +1,

D3(y) =y’ +y+1,

Dy(y) =y +1,

s(y) =y —y+1,

Ps(y) =y* +1,

Pio(y) =y —y* + 1. (18)

As a nice property, these functions have transparent integration rules, which lead to a special type of
functions, namely iterated integrals which generalize harmonic polylogarithms. These so-called cyclotomic
harmonic polylogarithms were introduced in Ref. [34].

The systems of differential equations in € form in Eq. (15) have the nice property that, after the expansion
of all the master integrals in ¢, the differential equations for the series coefficients completely decouple and

can be written in the form .
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and similarly for topology C, where g®{e"}(y) denotes the O(¢") coefficient of the & expansion of g®(y).
Integration of the decompositions in Eq. (16) leads to an iterative integration of the functions in Eq. (17).
Starting from the lowest order of the expansion in e, which is just a constant, we can integrate order by
order introducing the definition of the cyclotomic harmonic polylogarithm of weight zero, H H (y) =1, and
using the rule

g = fannfy ] o) (20)

At each step of integration, we need to fix the integration constant. This is done by using the expansions
of the integrals in the small-z limit. These expansions are not naive, but contain, on top of the power-like
terms, also logarithms due to subgraphs.

4. Results

The results for the integrals in the canonical basis up to transcendental weight four can be found in the
ancillary files of our submission to the arXiv. To test the validity of the obtained results, we perform a
number of comparisons with already known results and carry out numerous expansions in different limits.
Two-scale integrals with topologies B and C reduce in the limit  — €3 to one-scale integrals with topology
A and can be calculated with the help of the MATAD package. The four-line [35] and five-line [22] integrals
have already been known before. Therefore, we only present here the expressions for the most complicated
integrals with six lines.

After calculating all the needed integrals, we are ready to present our final results for the loop functions
in lines (5)-(10). We do this for each diagram separately. Defining L, = In(m2/u?) and Ly, = In(mj, /u?),
we have for the diagrams with three one-loop subgraphs:

Dia[Eq. 5,1] = (1 — Ly)?Lym}

Dia[Eq. 5,2] = (1 — Lg)(1 — Ly) Lym_m3 ,

Dia[Eq. 5,3] = L,(1 — Lp,)*mj} ,

Dia[Eq. 5,4] = (1 — Ly)*Lym;, ,

Dia[Eq. 5,5] = (1 — Lg)Ly(1 — Ly)m>mj, ,

Dia[Eq. 5,6] = (1 — Ly)*Lgm, . (21)



For the diagrams with convolutions of two-loop and one-loop subgraphs, we have:

3 1 3 1
Dia[Eq. 6,1] = mj (—QLi + §L§; +5Ln(1-382) — 5 (1 - 932)) :

1 1 1
Dia[Eq. 6,2] = m;, <(1 — Ly)Ly — 5(1 —L,)L; + §L9(1 —982) — 5(1 - 9s2)) ,
(1—Lp)mj,
8(mj — 4m2)
+mj (—48 + 8Ly +48Ly, — 8Ly Ly + 4L} — 7% — 24Lp Jg11011 {1/€%} + 8T11011 {1/€}))
(1- Lg)mf, 2 2 2
82 — 4m2) (mj (72 — 32Ly — 32Ly, + 16Ly Ly, — 32Lj, + 21°)
+mj, (48 — 8Ly — 48Ly, + 8LyLy, — 4L7 +  + 24L5,J5 1011 {1/%} — 87811011 {1/€}))
1— Ly
8(mj — 4m2)
+my (=176 + 128Ly — 32L7 + 64Ly, — 32Lg Ly, + 6415 — 47°)
+mi(40 —40Ly, — 4L}21 + 772) - Smi (277%21 - m%) (3LhJ311011 {1/52} - J811011 {1/5})) )
(1- Lg)mi 2 2 22
W ((_16 + 64Lg — 8Lg — 32Lh — 32L9Lh + 24Lh) mgmh
+my (176 — 128L, + 32L% — 64Ly, + 32LyLy, — 6417 + 47%)
+mj, (—40 +40Ly, + 4L3 — 7%) +8mj, (2m2 — mi) (3LnJd11011 {1/€°} = Joii011 {1/€})) -

Dia[Eq. 6,3] = (m? (=72 + 32Ly + 32Lj, — 16LyLy, 4 32Lj, — 277)
DialEq. 6,4] = —

Dia[Eq. 6,5] = ((16 — 64Ly + 8L? + 32Ly, + 32Ly Ly, — 24L) m2mj,

Dia[Eq. 6,6] = —

(22)
For the three-loop four-line diagrams, we have:
m4
Dia[Eq. 7,1] = 1—2h (1+4210L, — 132L7, + 24L3) ,
Dia[Eq. 7,2] = —8m2mj.(2 — 8Ly + L] + 4Ly, + 4Ly Ly — 3L};) — mj, (40 — 40Lj, — AL} + 7°)
+4my (44 — 32Ly + 8L, — 16Ly, + 8Ly Ly, — 16Lj, + 7°)
+ (48Lhm3m% — 24Lpm}) JS11011 {1/} + (8my, — 16mg2]ml21)‘](1))11011 {1/},
m4 .
Dia[Eq. 7,3] = 1—29 (1+210Ly — 13212 + 24L3) . (23)



For the three-loop five-line diagrams, we have:
. m% 2 3
Dia[Eq. 8,1] = = (=97 + 78Lj, — 24Lj, + 3L} + 16282 — 81L,S2 + 18(3) ,
2
Mg

Dia[E .82]:m (2L% — 48Ly, + 24LyLy, — 24L; — 12L,Lj, + 14L} — 3 + 3Lym* + 8(3)
q ’ 12 g h g&h h 9+~h h g 3

2
+ Dk (—24 — 528L), + 204L2 + 16L3 — 57% — 6Ly72 + 648L,52 — 24T1ep + 20C)

24
3
+ §Lh(2 + Lp)mi J811011 {1/52} — (L4 2Lp)mi 11011 {1/} + mi Jh1011 {50}
9
+ §L%m121<]811111 {1/52} = 3Lymiy JG1101 {1/} + mi I {50} )
. mj 3 2 2 mszy 2 3
Dia[Eq. 8,3] = - (—48Ly, + 4Ly, — 31 + 3Lpm° + 8(3) + 53 (-12+12L, — 6L + 4L,

—96Ly, +48Ly Ly, — 48L; — 24L,L7 + 28L} — Tm* 4+ 6Lym* + 16(3)

+3L4(2+ Lp)mi J¢1101 {1/52} — 2(1+ 2Ln)mi JG11001 {1/} + 2m3 Joy101 {50}
9

+ §L%m%Jf11011 {1/52} = 3Lpmj JYyi011 {1/} + miJi11011 {50} )

2
m
Dia[Eq. 8,4] = ?-" (2L3 — 48Ly, + 24LyLy, — 24Lj, — 12Ly L + 14L} — 3n® 4+ 3Lym” 4 8(3)

+1/12mj, (—12 — 36Lj, — 6L7 + 4L}, — 4% + 3Lym* + 8(3)
+3L4(2+ Lp)mi JG1101 {1/52} — 2(1+ 2Ln)miy JG11001 {1/} + 2m3 Joy101 {50}
+ 9/2LimiJ§11111 {1/52} - 3Lhm}2LJ0011111 {1/e} + m}QzJ511111 {50} . (24)



For the three-loop six-line diagrams of ladder type, we have:

1
Dia[Eq. 9,1] = 3 (5—3Lj + Ly —27(1+ Ly)s2 — 6¢3) ,
1
36mj, (mjy — 4m?

—3L,(—28 +16(5 — Ly,) Ly, + * + 32452) + 2Ly, (L (78 — 23Ly,) + 3(68 — 7% — 10852))

+ 24T1ep — 36(3) + miy (88 — 32L3 + 96L%(1 — 2Ly,) + 221> — 12Ly(12 — 2Ly (34 — 7Ly,) + 77)
+ 8L (L (30 +49Ly) — 3(48 + 7)) — 24(3) + mj, (=362 4 4L3 + 12L%(—3 + 2Ly) — 97°

+ 6L, (28 + 8(—3 + Ly) Ly, + %) — 2L (L (135 4 44Ly,) — 6(56 + 72 — 2752)) + 48652

+ 12T1ep + 6(3) + 18Lymj ((4 — 18Ly)m2 + (—4 + 3Ly)mj,) Jg11011 {1/€%}

+ 24mi, (=1 + 6Lp)my +mi) Jyio11 {1/} — 12(2mimi + mj,) Jg1i00 {7}

— 54Ljmi (2mg + mj) Jgiian {1/€% ) + 36Lymi (2m +mj) Jgii {1/}

— 12(2mgmi; + mj) Jgrn {7} + 108L7 (mg — mp)mi (mg + mp) Jga1101 {1/}

—72Lymi (my —mi) Jop101 {1/} + 24(mj; — mi)mj, Ja1101 {€°})

: 1
Dia[Eq. 9,3] = -o— 7 =) (mzmj, (64 — 28L% — 144Lj + 20L} — 6L2(—7 +4Ly) — 57°
g g

+12Lp(—4 + 7*) — 3Ly(—84 + 48Ly, — 12L}, + 7°) 4 8(3) — 2mj, (4 + 2L} — 54L3
—38LJ + 6L2(—3 + 2Ly) — 87> + 6L, (10 + ) + 3Ly (28 — 24Ly, 4 8L, + 7°) + 12(3)
+2mj(—68 + 30L3 — 48L}, — 86Lj, + 6L2(—17 + 12Ly,) — 157 + 6Ly, (44 + 7°)
+12Ly(14 — 20Ly, — 2L3 + 7*) + 20¢3) + (72Lp(Lg + 3Ly)m2mj, — 108L5mp) 11011 {1/%}
+ (=24(Lg + 6Lp)m2mj, + 72Lpmit) I 1011 {1/} + (48m2mj, — 24m}) JG1 1011 {€°}
(—108Lzmzmj, + 108L5mi) J0a1101 {1/} + (T2Lnm2mj, — 72Lpmit) Jip1101 {1/}
+ (—24m? mh + 24m ) I8 1101 {1 +( 108Lhm mi — 54L3m3)J% o0 {1/}
(_72Lhmgmh + 36Lnmp) 711011 {1/} + (24mgmh —12m)J}1 1011 {°}),
1
12mj (mj, — 4m2)
+4mZm; (4 = 6L2 + L3 + L3 (12 + TLp) — 37° + 3Ly (16 — 4Lp(4 + Ly) + ) + 4C3)
+mip (=96 — T7% + Ly (60 + 6Ly, + 4L7 + 37%) + 8C3) + 24mi Jo11011 {€°}
+36Lymi (4Lgm3 + Lymy) Jguon {1/°} — 48(Lgmimi, + Lymy) Jgion {1/}
+54L5my, J11111 {1/52} = 36Lpmp Jg1111 {1/} + 12m3 G110 {50}) : (25)

Dia[Eq. 9,2] = —

) (mZmj,(—80 + 22L3 — 24L2(1 — Ly) + 1777

Dia[Eq. 9,4] =

(12Lgm2(44 + 8L2 + 8Ly(—4 + Ly,) — 16L, (1 + L) + )

For the three-loop six-line diagram of Mercedes Benz type, we have:
Dia[Eq. 10, 1] = 6¢3L;, — D6,
Dia[Eq. 10,2] = 6¢3Ly — JPi1n {"},
Dia[Eq. 10,3] = 6¢3L, — J{11111 {°} - (26)

The symbols S2, Tlep, E3, DM, DN, and D6 denote the finite and O(e) parts of single-scale integrals and are
defined in Ref. [26].



Here, we only present the most complicated six-line integrals:

Tt = DM — 47 H [8’ J) +(2n? —16252)H [0’ 1] —4m*H [87 1] + 144H [8; 8; 8; g] +288H [85 8? 8? é

= 384H 33 05 03 1] — 144H [(3 03 05 6] +288H [ 03 93 6] + 96H [03 93 05 12] = 192H [3 93 05 1]
+ 1023 [: 5 53 4] + 3847 [05 03 53 ] — 48K [g3 03 45 5] —96H [03 05 43 5] +48% [G3 63 4 ]
7967{[8?8;}1;&7192%[858923}1]+384H[8;8;<13;411] 487'[[0’0’1273]+48H[8’8’112;:ﬂ
+48H[0’0’12’6]+48H[0’0’12’6] 487{[858?132;g]_967'[[8787132’;}+48H[8585132?g]
<002 (305 e 1+ 192 [0 ] 3847 [35 s 1] — a9 (32850 — 007 31 1 0 )

0°0%1256 0737474 073744
+ 3843 [543 03 4] + 48% [0 43 03 6] = 96M [53 35 03 6] — 967 [543 53 4] — 192 [ 3 334
+O6H 05 45 63 4] — 1927 [543 5 4] — 192M [g3 65 45 4] + 384H [5 65 43 4] — 487 [5 15503 5]
+48H [05 127 05 3] = 96H [05 15503 4] T 48H [0 155 03 6] T 48H [ 155 03 6] — 96H [03 123 35 4]

+96H[0712’3’4]+96H[03112’g’411]+96H[07127674]_487'[[8;132?3?2}_967'[[85132383;,]
+192H[0 3278v411]+487'l[0 32’8’2]_QGH[87132’8’é]_967{[83132;2;}1]_1927{[0712’:15’:11]
+96H [; 155 65 5] — 192H [(5 155 65 5] —48H 4303 03 5] — 96H [45 05 05 5] + 192K [ 95 05 4]
+4A8H 1503 03 ¢) — 96H [43305 05 6] — 96H [45 0553 ] — 192H [ 3305 55 4] +384H [ 13 03 45 4]
+O6H [43 0505 4] — 192H [43 05 65 4] — 192H [43 55 45 4] — 384H [43 55 45 4] +192H [4363 45 4]
= 384H [ 63 5 4] —48H [ 550505 5] +48H [ 15303 05 5) +48H [15503 03 ] +48H [ 1550505 6
—96H [ 13 03 55 4] +96H [ 5503 55 4] — 192H [[5505 33 4] +96H [ 153 05 g5 4] +96H [ 5505 65 4]
— 192H [ 13 55 45 4]+ 192H [ 153 55 45 4] + 192 [53 65 g5 0] +192H [ 6345 ] —48H [ 550503 5
_967{[132’8’87;]+48H[132’8’8’2]_967{[132’3787(13]_96H[132787g’ﬂ_1927{[132;8;:13;1}
+384H [543 3 4] H96H [5: 0565 0] —192M [ 550565 0] —192M [[55 55 43 4] —384H [ 5555434
+192H[132;g34113411]_384H[1323(133}13}1]+24H[ }43 24%[132}43

+H [,,] (143 4 6E3 + 67° — 16252 — 6T1ep + 16(3)

— 2log y(m*H [112] — 81S2H [112} —2m*H [132] + 48H [8; 8; g} + 96H [89 8? é] — 144H [8? 8; zﬂ
—48H [ 3 05 ] +96H [; 03 6] +48H [543 1] — 96H [5 03 1n] +48H [3 55 4] + 96 [ 53 4]

= 24H [543 5] — 48H [543 5] +24H [55 45 6] — 48H [543 6] — 48H [3 65 4] +96H [45 65 4]

_24?{[0;1273]+24/H[0’12’3]+24H[0;12’6}+24H[0’12’6] 24%[8;1325g] 487]{[0’1273
+24M (05 13 6] — 48M [03 123 6] — 24M [4503 5] — 48H [ 05 5] +96H [45 03 4] + 24 [45G3 ]

—48H [45 03 6] — 48H 45 53 4] —96H [ 55 4] +48H [45G3 4] — 96M [45 63 4] — 24M [155 03 5]

+24H[112’8’§] 487-[[112;8;}1]+24”H[112;8;2}+24H[112,8,é]—487-[[112;&}1]—&-487{[12,;7}1
—&—487—[[112,2,}1]+487-[[12,6,4] 24%[132?8?&_487'[[132787;,]+96H[132’8’411]+24H[132787g
*487{[3’8(13] 487-[[132,&411] 96%[132;;,;411}+48H[132727411]*967{[327(157411]

+241og” y( [073}4»2%[073]74%[0’4]77{[0’6}4»2%[0’6}4»2%[

8’112]*47{[ ]
_H[473] 27{[473]"’%[4’6] 2H[4’6]_H[12’3]+H[12’3} [12’6]+H[ ]

_H[1273] 2H[1273]+H[12’6] 2H[12’6])’

10



32

i = DN+ o H [0 5] = 1920 [55 05 g5 3] — 384H [0 5 03 5] + 3847 [53 65 05 4] + 1922 [0: 05 5 o]

— 38AH [ 05 05 6] 384K [ 0s 05 2] —256H [0 05 95 4] — BI2H [0 0s hs 4] H64H [0 s 45 5

07070’6 0707078

+ 128H [0' 0. 1. 1] — 64H [0' 0.1. O] + 128H [8; 8; 31; é] + 256H [8; 8; 2; ﬂ — 512H [8; 8; (135411

07074’3 020246
+O4H [0 03 53 5] + 128K [55 05 53 5] — 64M [53 03 3 6] + 128K [53 03 33 6] — 256H [5353 43 1]
=512 [g3 53 45 4] + 642 [543 03 3] +128% 05 45 63 5] = 512 [53 43 03 4] — 64 [ 3 3 ]

+128H [0; 33 05 6] + 128H [05 43 55 4] +256H 05 4333 5] — 128H [543 g3 4] +256H [ 45 63 4
+256H (0505 a5 a] —DI2H [0 hial 64 [0 0 0 0] +128H [0 2505 5] —256H 0525054

0767474 076744 0787073

—GAH [ 3 s O] 128K [0 3s 0s ] FI28H [0 3 05 4] H256H [0 3 5 a] —128H [0: 200

0’80’6 0’80’6 0’87374
+256H [0; 53 65 4] +64H [ 0505 9) +128H [43 0 05 5) —512H [45 03 05 4) — 64H [43 03 05 o)

+128H [ 43 03 05 6) + 128H [45 03 55 4] +256H (450335 5] — 512H [45 05 43 4] — 128H [15 05 63 4
+256H [ 505 65 4] +256H [ 4555 45 4] + 512H [ 55 45 4] — 256 [ ¢5 45 4] + 512H [ 53 65 45 4

470767 4
+ 64 [ 05 03 5] + 128M [ 03 03 5] + 256K [ 35 05 93 4] — 64 [ 03 03 6] + 128H [5 63 03 o]

+128H [ 3503 55 4] +256H [35 03 55 4] —B12H [35 0 43 4] — 128H [350; 03 1) +256H [ 0: 63 4

870734 8707374

]
]

]

+256H (3595 45 4] +B12H (35 55 45 4] — 266H [35 s 45 4] +512H [ 45 45 4] — 8H [4] G+ 8H [3] G

8737474

+?logy(ﬂ2?l[i] —2mH [§] + 24H ;05 5] +48H [(3 05 5] —48H [0 03 4] — 24H [ 03 ¢]
A8 (0503 6] — T2H [0 03 8] + 241 [0 53 4] +48H [0 55 4] — 12H [0 15 9] — 247 [0 45 5]
+12H (05 43 ) = 24H [0 33 6] — 24H [0 3 4] +48H [0 63 4] — 12H [0 & 5] — 247 [0 &5 5]
+12M (055 0) — 241 (05 5 6] — 12H [ 03 5] — 24 [ 03 5] +48H [ 03 4] +12H [ 03 ¢
=24 [ 1305 6] — 24 [ 13 55 4] — 48H [ 55 4] + 24 [ 65 4] — 48H [ g3 4] — 120 [3: 03 4]
— 24H [§5 05 5] T ASH [35 05 ] H12H [ 05 0] — 24H [§5 05 6] — 24H [ 53 4] — 48K [ 55 4]
+24H [ g5 4] — 48H [$5 65 4))

_3210g2y(H[0’3]+2H[0’3]_27{[0’4}_H[0’6]+2H[0’6]_6H[078}_H[}l;g]
72%[4’3]+H[4’6] 27-[[4’6]7%[8’3] 2H[8’3]+H[8’6] 27{[8’6])

(27)

At high energy scales, the field strength ¢ is much larger than the mass parameter m in the Lagrangian,
and we can neglect the latter in Eq. (4). Thus, the ratio x is equal to 1/3. This limit corresponds to the
value yy = e~*"/6, For this massless version of the theory in Eq. (1), partial results are known [36, 37]. We
have checked whether the expressions of all master integrals at this point can be expressed in terms of the
basis constructed in Ref. [27] or a more general basis of the sixth root of unity [38]. The result is that, at
weight two, this is still possible, which has already been found in Refs. [36, 37]), while, at higher weights,
some other constants appear. Looking at the cyclotomic polynomials in Eq. (18), one can expect that the

basis constructed from the twelfth root of unity would be appropriate.

In conclusion, we have evaluated the three-loop effective potential in the scalar sector analytically. The
result is expressed in terms of cyclotomic polylogarithms of degrees 1, 2, 3, 4, 6, 8, and 12 and up to weight
six. The general three-loop vacuum master integral with two different mass scales apparently does not lie

in the class of polylogarithmic functions, while the particular subset relevant to the scalar sector does.
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Appendix A. Numerical evaluation of cyclotomic polylogarithms

In this appendix, we discuss the numerical evaluation of the cyclotomic polylogarithms. Let us con-

sider the cyclotomic polylogarithm H [Z“’ HIN Zl} (z) of weight w. We introduce the following short-hand
w 1
notation, omitting the argument x:
hw::7{[g:;”.;g], hw_lsz[zziy..qgi}, L hlzsﬂ[gj}, ho=H[=1. (A.1)

Obviously, we have (d/dx)hy = fl*hip—1, 0 < k < w, that is the vector of functions h = (A, ..., hg)" obeys
the following differential equation:

%h = M(2)h, (A.2)

where the (w + 1) x (w + 1) matrix M (x) has the form

0 fl» 0 ... 0 0
0 0 farl ... 0 0
0 0 0 0 fho
0 0 0 0 0

and the rational functions f2(z) are given by Eq. (17). The matrix in Eq. (A.3) has simple poles at the zeros
of the polynomials @, (z), which are the n-th roots of unity lying on the unit circle |z| = 1 in the complex-z
plane. There exist exactly w + 1 linearly independent solutions vi to Eq. (A.2). It is useful to associate
with this set of solutions the (w+ 1) X (w+ 1) matrix W whose columns are formed by the vectors vi. The
determinant det W does not vanish at regular points of Eq. (A.3) indicating the linear independence of the
solutions. Moreover, the matrix W is unique up to a constant matrix multiplier.
If, in the neighborhood of some point xg, the matrix M (x) has a representation of the form
M) = A S e a0 (A.4)
T—z ’

the fundamental solution W can be found as a generalized series expansion at this point in the form (see
e.g. Ref. [39])

W(z) = (i ;kak> zh (A.5)
k=0

where Uy, are constant matrices given by the recursion relation
n
Up=1, UA—AU, =Y MU y. (A.6)
k=1
In particular, the solution of Eq. (A.2) around z¢ = 0 is given by the product

h(z) = W(z)c, (A7)



where c is the constant vector (0,0,...,0,1)7, which is determined by the boundary conditions.

In order to analytically continue h(z) away from = = 0, we follow the idea of Refs. [40, 41]. We can
match the solutions in different regions at some particular point that belongs to both regions. We find
that, to cover the unit circle completely, we can evaluate W(z) at o = 0 and at six other points placed
symmetrically on the unit circle, zj = e"™*/6 Lk =0,1,...,5. We fix the boundary conditions at 2o = 0 as
described above. The matchings to the six other expansions can be taken at the points ¥, = %e”k/G, i.e. in
the middle of the straight lines connecting xy and x.

The above algorithm has been realized in the Mathematica package cyclogpl.m. It allows one to evaluate,
with multiple-precision arithmetic, the cyclotomic polylogarithms in Eq. (A.1) with b; < 12 and arbitrary
weights.
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