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We report on the precision determination of the top-quark mass to next-to-next-to-leading
order in QCD in well-de�ned renormalization schemes using data from the Large Hadron
Collider for single-top and top-quark pair production. We also discuss the calibration of the
so-called Monte Carlo top-quark mass parameter which is determined from a comparison
to events with top-quark decay products. The implications of the measured value of the
top-quark mass for conclusions about the stability of the electroweak vacuum state of our
Universe are illustrated. At future lepton colliders, we provide for the �rst time matched
exclusive calculations valid both at the top threshold and in the continuum, also fully
di�erentially. In addition, we calculate fully o�-shell top-pair production (also with an
associated Higgs boson) at next-to-leading order in QCD, which allows to extract the
top-Yukawa coupling with an unprecedented precision.

1 Introduction

Top-quark production features among the processes with the largest cross sections at the Large
Hadron Collider (LHC). So far, the LHC has collected high quality data at collision energies
up to

√
s = 13 TeV to be confronted with the high precision theory predictions of the Standard

Model (SM) of particle physics. For the latter, the current state-of-art is based on the Quantum
Chromodynamics (QCD) corrections up to the next-to-next-to-leading order (NNLO) in the
strong coupling constant αs, which can be used to determine the top-quark mass mt at this
theoretical accuracy. After the con�rmation of the Higgs boson's existence, these measured
values of the SM parameters mt and αs play a decisive role in addressing questions currently in
focus of the scienti�c community and related to the Higgs boson's implications for our Universe
at very early times and the stability of the electroweak vacuum. Altogether this makes top-
quark physics at the moment one of the most interesting areas in particle physics and precision
predictions for processes at present and future colliders are a necessary prerequisites.

In this article we begin with a brief review of the present theory predictions for the pro-
duction of single top-quarks and top-quark pairs at the LHC. Then we report on the precision
determination of the top-quark mass mt(µr) to NNLO in QCD in the MS scheme at a chosen
renormalization scale µr from measured cross sections at various center-of-mass energies at the
LHC. Related, we also discuss the procedure for the calibration of the Monte Carlo top-quark
mass parameter used in the kinematic reconstruction of events with top-quark decay products.
Finally, we apply the measured values of mt and αs together with their present uncertainties
to the running of the Higgs boson's self-coupling at large scales, which indicates stability of the
ground state of the electroweak theory.
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√
s = 7 TeV

√
s = 8 TeV

√
s = 13 TeV

σpp→tt̄ [pb] 171.8 + 0.1
− 5.3 ± 3.4 247.5 + 0.0

− 7.5 ± 4.6 831.4 + 0.0
− 23.1 ± 14.5

Table 1: Cross section for top-quark pair production at NNLO in QCD with errors shown as
σ+ ∆σscale + ∆σPDF at various center-of-mass energies of the LHC using mt(mt) = 160.9 GeV
in the MS scheme and the ABMP16 PDF set [1]. The scale uncertainty ∆σscale is based on
the shifts for the choices µr = µf = mt(mt)/2 and µr = µf = 2mt(mt) and ∆σPDF is the 1σ
combined PDF+αs+mt error.

At future electron-positron colliders, such as the planned International Linear Collider (ILC),
the top-quarks can be copiously produced by operating at center-of-mass energies around the
threshold to top-quark pair production. With the large statistics collected under such conditions
and the signi�cantly reduced uncertainties due to experimental systematics in collisions with
electrons and positrons, the ILC is ideally suited for an improved precision measurement of mt

as well as for investigating possible deviations from SM predictions in the top-quark related
processes. These aspects are detailed in the �nal section of this article.

2 Top-quark physics at the LHC

2.1 Inclusive top-quark hadro-production

The theoretical description of both top-quark pair production and single-top production has
reached a very high level of accuracy. According to the standard QCD factorization the cross
section is given as

σpp→X(s,m2
t ) =

∑
ij

fi(µ
2
f )⊗ fj(µ

2
f )⊗ σ̂ij→X

(
αs(µr), s,m

2
t , µ

2
f

)
, (1)

where µf and µr are the factorization and renormalization scale and s is the center-of-mass
energy. The parton distribution functions (PDFs) in the proton are denoted by fi (i = q, q̄, g)
and σ̂ij→X is the (hard) subprocess cross section for parton types i and j to produce the �nal
state X, which can be a single top-quark or a tt̄ pair. Both, PDFs and the partonic cross
sections in Eq. (1) are subject to the standard convolution in the parton momentum fractions,
denoted as �⊗�. The top-quark mass in Eq. (1) requires the choice of a renormalization scheme,
which we take to be the MS scheme, that is using mt(µr).

The hadro-production of tt̄ pairs is a QCD process at Born level, i.e., the leading order
contributions to σ̂ij→tt̄ are proportional to α

2
s and the gluon-gluon-fusion process gg → tt̄ driven

by the gluon PDF dominates. Higher order corrections to the respective inclusive partonic cross
sections have been calculated up to the NNLO in perturbative QCD [2�5] and the result shows
good apparent convergence of the perturbative expansion and greatly reduced sensitivity with
respect to variations of the scales µr and µf . The latter is conventionally taken as an estimate
of the residual theoretical uncertainty.

In Tab. 1 we quote results for the inclusive tt̄ cross section at NNLO accuracy in QCD
using the Hathor code [6] with the PDF set ABMP16 [1] for various center-of-mass energies
of the LHC,

√
s = 7, 8, and 13 TeV. The top-quark mass taken in the MS scheme is set to

256 SFB 676 � Particles, Strings and the Early Universe



Top-Quark Physics at the LHC

mt(mt) = 160.9 GeV and the strong coupling to α
(nf=5)
s (MZ) = 0.1147. The PDF uncertainties

quoted represent the combined symmetric 1σ uncertainty ∆σ(PDF +αs +mt) arising from the
variation of the PDF parameters, αs and mt in 29 PDF sets of ABMP16. Thanks to the high
precision LHC data used in the ABMP16 �t and NNLO accuracy in QCD the overall cross
section uncertainty is signi�cantly reduced.

Single-top production on the other hand generates the top-quark in an electroweak interac-
tion at Born level. This proceeds predominantly in a vertex with a W -boson, top- and bottom-
quark and its orientation assigns single-top production diagrams to di�erent channels. At
the LHC, the t-channel process (Fig. 1b) dominates, while the cross section for Wt-production
(Fig. 1c) is typically smaller by one order of magnitude and the s-channel contribution (Fig. 1a)
is negligible.

Higher order QCD corrections to the inclusive parton cross sections σ̂ij→t for the single-top
production in the t-channel are known to NNLO in the so-called structure function approxima-
tion [7] (see also Ref. [8]), which separately accounts for the QCD corrections to the light- and
heavy-quark lines, see Fig. 1b, neglecting dynamical cross-talk between the two quark lines,
which is expected to be small due to color suppression. Moreover, the known NNLO QCD
corrections to σ̂ij→t are quite small. For the inclusive cross section Ref. [7] has reported the
ratios σNNLO

pp→t /σ
NLO
pp→t ' −1.6% and σNNLO

pp→t̄ /σ
NLO
pp→t̄ ' −1.3% at

√
s = 8 TeV for a pole mass

mpole
t = 173.2 GeV.

The cross sections for t-channel single-top production are directly proportional to the light
quark PDFs. These are nowadays well constrained by data on the measured charged lepton
asymmetries fromW± gauge-boson production at the LHC [9]. Therefore data on cross sections
for t-channel production of single top-quarks o�ers the interesting possibility for a determination
of mt, which is not subject to strong correlations between mt, αs and the gluon PDF as is the
case for the cross section for tt̄-pair production.

In Figs. 2 and 3 we display the cross sections σpp→t̄ and σpp→t̄ at next-to-leading order (NLO)
in QCD (computed with the Hathor library [6, 10]) for LHC energies of

√
s = 7 and 8 TeV,

respectively, using mt(mt) = 160.9 GeV with scale choice µr = µf = mt(mt) and compare with
data from ATLAS [11] and CMS [12]. We use the NNLO PDF sets of ABMP16 [1]. CT14 [13],
MMHT14 [14], and NNPDF3.1 [15] and central value for each PDF set is complemented by
the symmetrized PDF uncertainty. Within the current large experimental uncertainties all
predictions in Figs. 2 and 3 agree with the data.

In the ratio of the cross sections Rt = σpp→t̄/σpp→t̄ on the other hand many theoretical
and experimental uncertainties cancel as shown in Fig. 4. This quantity is thus a very sensitive
probe for the ratio of d/u quark PDFs at large x. While still all predictions for Rt with the
various PDF sets agree with the data there are systematic shifts visible so that with improved
statistics for single-top production at

√
s = 13 TeV, this reaction might serve as a standard

candle process in the future, cf. Ref. [9].

2.2 Top-quark mass determination

The available high precision theory predictions for the inclusive top-quark hadro-production can
be used to extract the top-quark mass when confronted with accurate measurements of those
cross sections at the LHC. See, e.g., Ref. [1] for a recent compilation of the respective LHC
data sets and Ref. [17] for a review of earlier work on precise heavy-quark mass determinations,
including charm and bottom.
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Figure 1: Representative leading order Feynman diagrams for single top-quark production:
(a) s-channel; (b) t-channel; (c) in association with a W boson. Figures taken from Ref. [16].
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Figure 2: Cross sections together with their 1σ PDF uncertainties for the t-channel production
of single (anti)top-quarks in pp collision at

√
s = 7 TeV in comparison to ATLAS data [11] for

a MS mass mt(mt) = 160.9 GeV at the scale µr = µf = mt(mt) with PDF sets are taken at
NNLO. The inner (yellow) band denotes the statistical uncertainty and the outer (green) band
the combined uncertainty due to statistics and systematics.
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Figure 3: Same as Fig. 2 for pp collision at
√
s = 8 TeV in comparison to CMS data [12].
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Figure 4: Same as in Figs. 2 and 3 for the ratio of cross sections Rt = σpp→t̄/σpp→t̄ in
comparison to ATLAS data [11] at

√
s = 7 TeV (left) and to CMS data [12] at

√
s = 8 TeV

(right).

To that end, it is important to keep in mind that quark masses are not physical observables,
so that the determination of mt relies on comparing the parametric dependence of the theory
prediction σth(mt) with the experimentally measured cross section value σexp. The accuracy of
the extracted top-quark mass is intrinsically limited by the sensitivity S of σth(mt) to mt,∣∣∣∣∆σσ

∣∣∣∣ = S ×
∣∣∣∣∆mt

mt

∣∣∣∣ . (2)

For the processes under consideration the sensitivity S ' 5 for tt̄ hadro-production and S ' 1.5
for single-top production in the t-channel [10].

Next, the theory computation for σth(mt) is performed at a given order in perturbation
theory and requires the choice of a renormalization scheme for mt. The most common choice
are the on-shell scheme with the pole mass mpole

t and the MS scheme with the running top-
quark mass mt(µr), which are then extracted at a given order in perturbation theory. The
di�erent mass de�nition can be related to each other in perturbation theory, see, e.g., Ref. [18]
and Ref. [19] for a review of relations between these and other renormalization schemes such as
the so-called MSR mass.

Finally, it is important to address the correlation of the mt dependence in σth(mt) with
all other input parameters, most prominently the PDFs in the proton and the strong coupling
constant αs. To account for those correlations any extraction of mt from hadro-production
cross sections should be performed as a global �t of mt, the PDFs and αs simultaneously [1].
Shifts in mt for a given choice of a �xed value of αs in variants of the global �t performed
in Ref. [1] are illustrated in Fig. 5. As can be seen, these are sizable and easily exceed the
experimental uncertainty on mt indicated by the vertical bars.

Using the theory predictions with a running top-quark mass mt(µr) at NNLO for tt̄ pro-
duction [20] and for single-top production [16] the global analysis of Ref. [1] determines n the
MS scheme at NNLO the value

mt(mt) = 160.9± 1.1 GeV . (3)
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Figure 5: The MS value of mt(mt) obtained in the variants of the ABMP16 analysis with

the value of α
(nf=5)
s (MZ) �xed in comparison with the 1σ bands for mt(mt) and α

(nf=5)
s (MZ)

obtained in the nominal ABMP16 �t (left-tilted and right-tilted hatch, respectively). Reprinted
�gure with permission from Ref. [1]. Copyright (2017) by the American Physical Society.

The top-quark mass in Eq. (3) has been extracted in a well-de�ned renormalization scheme
with direct relation to the parameter in the QCD Lagrangian. A commonly used experimental
procedure, on the other hand, performs a �t of the top-quark mass parameter used in Monte
Carlo simulations of events with top-quark decays, when comparing those simulations to the
kinematic measurement of the top-quark decay products. The mass determined in this way is
therefore often referred to as the so-called top-quark Monte Carlo mass and the calibration of
this mass parameter has been a long-standing problem, since no renormalization schemes has
been speci�ed in those Monte Carlo event generators.

To overcome this problem, Ref. [21] has proposed a method to establish experimentally the
relation between the top-quark mass mMCt as implemented in a given Monte-Carlo generator
and the Lagrangian mass parameter mt in a theoretically well-de�ned renormalization scheme.
The method proceeds through a simultaneous �t of mMCt and an observable with sensitivity to
mt, such as the inclusive tt̄ cross section σpp→tt̄ discussed above. In particular, this approach
does not rely on any prior assumptions about the relation between mt and mMCt , since the
measured observable, e.g., σpp→tt̄ is independent of m

MC
t and can be used subsequently for a

determination of mt.

In Fig.6 the analysis strategy has been illustrated with a two parameter likelihood �t for
the measured Monte Carlo mass mMCt and the inclusive tt̄ production cross section σpp→tt̄.

Using the measured value for σpp→tt̄ it is the possible to extract, e.g., the pole mass mpole
t in

a subsequent step and to determine the o�-set ∆m = mpole
t −mMCt . Examples from inclusive
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Figure 6: Likelihood L for the measured Monte Carlo mass mMCt and the tt̄ production cross
section σpp→tt̄ at a center-of-mass energy of

√
s = 8 TeV with the 1σ uncertainty denoted by

the black contour. Reprinted �gure with permission from Ref. [21]. Copyright (2016) by the
American Physical Society.

and di�erential cross sections for hadro-production of top-quarks considered in Ref. [21] have
led to ∆m ' O(2) GeV, depending on details of the analysis, of course.

2.3 Stability of the electroweak vacuum

In the light of the recent high-precision measurements of the Higgs boson mass mH = 125.09±
0.24 GeV [22], the measured values for the strong coupling αs and the top-quark mass mt, i.e.,
the Yukawa coupling of the top-quark to the Higgs boson give rise to an intriguing coincidence.
The scalar potential V (φ) of the Higgs boson �eld φ, given by

V (φ) = −
m2
φ

2
φ†φ+ λ(φ†φ)2 , (4)

is controlled by the scalar self-coupling λ(µr) and the quadratic Higgs mass parameter propor-
tional to mφ with the normalization mφ = mH at tree level, which combine in the expectation

value of the electroweak vacuum as v(µr) =
√
m2
φ(µr)/(2λ(µr)). It is possible for the Higgs po-

tential to develop a second minimum at �eld values as large as the Planck scaleMPl ' 1019 GeV
in addition to v = 246 GeV in which we live.

Investigations of the stability of the electroweak vacuum are therefore important to answer
the question, if the SM can be extended to very high scales, where uni�cation with gravity is
expected. Requiring λ(µr) ≥ 0 at all scales up to the Planck scale MPl allows to formulate
the condition for the vacuum stability as a lower bound on the mass of the Higgs boson as
follows [23]

mH = 129.6 GeV (5)

+1.8×
(
mpole
t − 173.34 GeV

0.9

)
− 0.5×

(
α

(nf=5)
s (MZ)− 0.1184

0.0007

)
GeV ± 0.3 GeV ,
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Higgs self coupling λ(µr)
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Figure 7: The renormalization group evolution of the Higgs boson self-coupling λ as a function

of scale µr. The dashed (red) lines denote the combined 1σ uncertainty for α
(nf=5)
s (MZ) and

mpole
t and the dotted (blue) lines the 1σ uncertainty in the value of mH = 125.09± 0.24. The

range of scales µr ≥ MPl is indicated by the hatched (green) band on the right. Reprinted
�gure with permission from Ref. [1]. Copyright (2017) by the American Physical Society.

where mt and αs are to be taken in the on-shell and MS schemes, respectively, and the uncer-
tainty of ±0.3 GeV appears due to missing higher-order corrections (see also Ref. [24]).

With the values determined in Ref. [1] at NNLO in QCD for the strong coupling,

α
(nf=5)
s (MZ) = 0.1147 ± 0.0008 and the running top-quark mass mt(mt), cf. Eq. (3), we are

in a position to update previous work [25]. The value of mt in Eq. (3) correspond to the pole

mass mpole
t = 170.4± 1.2 GeV at NNLO so that Eq. (5) leads to the bound

mH = 126.3± 2.5 GeV , (6)

where all uncertainties have been added in quadrature. Thus, within its 1σ uncertainty this
lower bound is compatible with the measured value mH = 125.09±0.24 GeV [22] for the Higgs
boson mass, allowing for stability up to the scale MPl.

In a complementary way this is illustrated in Fig. 7 showing the running of the Higgs boson
self-coupling λ(µr) in full three-loop accuracy and with αs and mt obtained in Ref. [1] as the
input parameters. The computation has been performed with the code mr, which implements
matching and running of the SM parameters [26]. Clearly, a vanishing Higgs self-coupling
λ = 0 at MPl remains a scenario which is compatible with the current values of αs, mt and
mH within their 1σ uncertainties. In addition, as follows from our analysis the value of λ(µr)
remains strictly positive up to scales µr ∼ O(1012 GeV), so that no new physics needs to be
invoked in order to stabilize the electroweak vacuum.

2.4 Beyond the SM top-quark physics

Most models beyond the Standard Model treat the top-quark special as it is the heaviest
known particle and couples most strongly to the electroweak symmetry breaking sector. We
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Figure 8: Sensitivity to top-partners at LHC Run 2 with
√
s = 13TeV and 300 fb−1 of integrated

luminosity using the T → tZ channel with hadronic boosted top reconstruction. Figure taken
from Ref. [27].

just discuss here one particular aspect of new physics in the top-sector, namely the search for
so-called heavy top-partners at the LHC and the possible measurements of their properties.
These particles are predicted in many models to compensate the large radiative corrections to
the Higgs potential from the SM top-quark. We focus here on fermionic top partners (denoted
here as T ), where searches in speci�c decay channels of these particles into the SM top-quark
and a Z-boson, i.e., the decay T → tZ, have been studied [27]. This channel has been studied
for hadronically decaying top-quarks by means of so-called boosted top tagging techniques. As
there is a huge mass gap expected between the top-partner and the SM top-quark, the SM top-
quark gets a considerable boost which allows it to be treated with jet substructure techniques.
Due to the leptonically decaying Z boson, this channel allows to fully reconstruct the mass of
the top-partner particle in case of a discovery.

This has been studied in the context of simpli�ed models, where only the top-partner and
its electroweak and QCD couplings to SM particles are considered. Typical scenarios for such
top-partners are models with composite Higgs boson or Little Higgs models, which have also
been studied speci�cally in this context, cf. [28�30].

Possible discoveries of a top-partner have been quanti�ed as a function of its mass and its
universal electroweak coupling g∗. The sensitivity curves for 3σ evidence as well as for 5σ
discovery are shown in Fig. 8. The shown bands include a possible additional non-statistical
uncertainty of 30% on the visible cross section of the involved processes, e.g., from the experi-
mental systematics in detection e�ciencies. If a signal peak is observed, a measurement of the
top-partner's invariant mass is possible with a resolution of ∆mT = ± 75 GeV around the peak,
at worst.

Another project focusing on new physics in the top-quark sector studied single-top produc-
tion at the LHC as a means to measure possible anomalous charged-current contact interactions
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in the top-quark sector [31]. This relies on an e�ective-�eld theory approach which parame-
terizes the e�ect of new physics in a model-independent way in the form of higher-dimensional
four-fermion operators for tbff ′ contact interactions whose Wilson coe�cients can be inter-
preted as anomalous top-quark couplings. Here, binned likelihood distributions over speci�c
kinematic observables have been studied to gain sensitivity on the Wilson coe�cients. As a
result it was found that for new physics scale Λnp of Λnp = 3 TeV the LHC with

√
s = 14 TeV

and 100 fb−1 integrated luminosity reaches a sensitivity of the order O(0.01−1) for the Wilson
coe�cients. Angular distributions can serve as spin analyzers for the top-quark and allow to
resolve ambiguities in the parameter determination.

3 Top-quark physics at the ILC and CLIC

Top-quark physics represents together with Higgs boson precision measurements and the search
for new physics one of the three cornerstones of the physics program of any future electron-
positron collider. The ILC baseline design [32, 33] contains runs at center-of-mass energies of
both

√
s = 350 GeV and 500 GeV, respectively, while the baseline design of the Compact Linear

Collider (CLIC) [34, 35] contains stages at
√
s = 380 GeV, 1.4 TeV and 3 TeV, respectively.

The new staging scenario foresees a long run of the ILC at
√
s = 250 GeV before an energy

upgrade [36] containing the top-quark physics program. The work carried out for this top-quark
physics program within this project encompasses �xed-order NLO QCD corrections for the fully
o�-shell leptonic top-decays, without and with an additional Higgs boson in the �nal state, i.e.,
the processes

e+e− → e+νeµ
−ν̄µbb̄(+H) , (7)

see [37], as well as the matching of the fully exclusive resummed non-relativistic threshold cor-
rections within non-relativistic QCD (NRQCD) at next-to-leading logarithmic accuracy (NLL)
to the above mentioned continuum (NLO QCD) calculation [38]. Both calculations have been
relying on the framework for automated NLO QCD calculations within the Monte-Carlo event
generator WHIZARD [39] which has been developed during the �nal phase of the SFB 676.

In Ref. [37], top-pair production and top-pair production in association with a Higgs boson
have been calculated at three di�erent levels of o�-shellness. First, for the on-shell processes,

e+e− → tt̄(H) , (8)

second, with decaying top-quarks,

e+e− →W−bW+b̄(H) , (9)

and, third, with leptonic W -boson decays,

e+e− → e+νeµ
−n̄uµbb̄(H) . (10)

For top-pair production, the main results are shown in Fig. 9. The left panel shows the
total cross section at LO and NLO QCD for the full energy range up to the maximal energy of
the CLIC project of

√
s = 3 TeV. The two panels at the bottom show the K-factor (the ratio

between NLO and LO total sections), as well as the ratio of the o�-shell to the on-shell process.
This ratio is rising from unity close to threshold up to a factor of two, demonstrating that
the non-resonant irreducible background becomes more and more important at higher energy.
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Figure 9: Left panel: Total cross section for e+e− → W+bW−b̄ at leading order (LO) QCD
(blue) and NLO QCD (red), respectively. Dashed curves show the on-shell process e+e− → tt̄.
The ratio plots show the K-factor (NLO QCD over LO QCD) and the o�-shell over the on-shell
process. The inset shows the K-factor close to threshold. Right panel: Di�erential distribution
for the invariant mass of the b-jet and the W+ for e+e− → e+νeµ

−ν̄µbb̄ at LO QCD (blue) and
NLO QCD (red), respectively. The red band shows the scale uncertainties for mt/2 < µ < 2mt

around the central scale µ = mt. Figures taken from Ref. [37].

The inset shows the K-factor in the proximity of the top-quark threshold, where �xed-order
perturbation theory is not a good approximation any more due to the strong QCD binding
e�ects of the non-relativistic top-quark pair. The right panel shows the di�erential distribution
of the invariant mass of the b-jet and the W+ at LO and NLO QCD, with the K-factor being
clearly not constant over the phase space. In Fig. 10, the corresponding total cross section for
o�-shell top pair production in association with a Higgs boson is shown in the left panel. All
curves have the corresponding meaning compared to Fig. 9. The right panel shows the total
cross section for the o�-shell process

e+e− →W+bW−b̄H , (11)

as a function of the signal strength modi�er ξt = yt/y
SM
t for the top-Yukawa coupling. It

shows that the dependence on this modi�er di�ers between LO and NLO QCD. The results
from this NLO QCD calculation have been used by the CLICdp collaboration for the assessment
on the precision with which the top-Yukawa coupling can be measured at CLIC for 1.4 TeV
center-of-mass energy [40].

The most precise method known to measure the top-quark mass with an ultimate precision
of ∆mt = 30 − 70 MeV is a template �t of the top threshold scan for the total inclusive
cross section. The main uncertainties in addition to the unknown higher order corrections
beyond next-to-next-to-next-to-leading order (NNNLO) in QCD are theoretical background
uncertainties, systematic uncertainties due to selection e�ciencies and uncertainties from the
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Figure 10: Left panel: Total cross section for e+e− →W+bW−b̄H at LO QCD (blue) and NLO
QCD (red), respectively. Dashed curves show the on-shell process e+e− → tt̄H. The ratio plots
show the K-factor (NLO QCD over LO QCD) and the o�-shell over the on-shell process. The
inset shows the K-factor close to threshold. Right panel: Dependence of the total cross section
for e+e− → W+bW−b̄H at LO QCD (blue) and NLO QCD (red), respectively, on the signal
strength modi�er for the top-Yukawa coupling, ξt = yt/y

SM
t . Figures taken from Ref. [37].

beam spectrum. All of the last three ones can be addressed with the work from [38]. The
main di�culty is to properly match the non-relativistic e�ective-�eld theory calculation using
NRQCD that is best suited right at the threshold with the relativistic NLO QCD calculation at
the continuum. For that purpose, a factorized calculation in double-pole approximation with
on-shell projection has been devised in [38] to subtract the double-counting of αs corrections
from both approaches, thereby maintaining full electroweak gauge invariance. The left panel of
Fig. 11 shows the fully exclusive matched threshold scan for the process

e+e− →W+bW−b̄ . (12)

The blue curve shows the �xed-order NLO QCD calculation including scale variations, while
the red curve shows the fully matched calculation. The red band includes uncertainties from the
soft and hard NRQCD scale variations, the relativistic NLO QCD scale variations, variations
over the details of the switch-o� of the non-relativistic contributions in the continuum. (The
dashed black line shows how the non-relativistic threshold calculation fails to describe top pair
production properly in the continuum.) To be more conservative, scale variations are also
symmetrized with respect to the central value line as the NRQCD scale variations are highly
asymmetric. The plot includes the e�ects from an all-order resummation of soft-collinear QED
photons from initial-state radiation as well as hard-collinear photons up to third order in α.
The matched exclusive calculation provided in [38] allows for the �rst time to study di�erential
top-quark distributions in the vicinity of the top threshold. This is shown in the right panel of
Fig. 11 for the invariant mass of the b-jet and the W+ boson. The blue curve shows the NLO
QCD result, while the red curve shows the matched calculation.
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Figure 11: Left panel: Threshold scan for the exclusive process e+e− →W+bW−b̄ matched at
NLL NRQCD (threshold) to NLO QCD (continuum), including full all-order QED initial state
radiation e�ects. Right panel: Di�erential distribution for the invariant mass of the b-jet and
the W+ boson at �xed order NLO QCD (blue) and fully matched (red), respectively. Figures
taken from Ref. [38].

4 Conclusions

Top-quark physics is one the major �elds in particle physics, both to study the properties
of the heaviest known particle in Nature, as well as using it as a means to search for new
physics. In this project, forefront precision calculations have been performed for the studies of
the properties of the top-quark at the running LHC as well as for future lepton colliders. The
calculations made in this project are very important for the measurement of the mass of the
top-quark, the strong coupling constant, the top-Yukawa coupling and the width of the top-
quark, as well as for a better understanding of the parton distribution functions of the proton.
In addition, top-quark physics has been used as a tool for searches for new physics, e.g. for the
search of heavy top-like new quarks, so-called top-partner particles.
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