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Abstract

We investigate the Dirac-K#hler operator on a triangular lattice in two
dimensions and show that the number of degrees of freedom which survive

in the continuum limit is the same as in the case of a square lattice.

As is well known, the naive discretization of the Dirac action leads to

a theory which describes more than one species of fermions in the continuum
limit f1/. To eliminate this unwanted degeneracy several methods have been
proposed /2,3,4/. Yet none of them seems to be completely satisfactory, Instead
of trying to get rid of the species doubling one might attempt a physical inter-
pretation of the additional degrees of freedom in terms of some kind of flavour.
Such a procedure was suggested by Susskind in his appreach to the problem /3/.
0f eourse, this cnly makes sense, if the degree of degeneracy does not depend

on the structure of the lattice, This requirement is not fulfilled for the

naive discretization, as was shown by Chodos and Healy /57,

On the other hand, in the geometric treatment of fermions, which starts from
the Dirac—Kihler equation and is equivalent to Susskind's method for a free
field on a cubic lattice, the degeneracy is not produced by the discretization
but is already present in the continuum /6,7/. In additiocn, the geomettric
character of this approach makes the discretization essentially unique even
for an arbitrary lattice., So one might have a chance to associate a physical

meaning with the different fermion species.

in this note, we first collect some formulae for the analogues of various
continuum concepts on an arbitrary simplicial lattice. We then study the
Dirac—Kihler operator in the Euclidean formulation on a two-dimensional
triangular lattice, In the Dirac-Kihler approach, one degree of freedom is
associated with each cell (point, link, plaquette, ...} of the lattice. But
although the number of cells per lattice point is four in the case of the
square latrtice and six for the triangular lattice (in two dimensions), we show
that the number of degrees of freedom which survive the continuum limit is

four also in the case of a triangular lattice. Therefore, in the Dirac-Kéhler



formaliem the degeneracy on the lattice seems te coincide with the continuum
degeneracy, independent of the lattice shape, as was to be expected from the

geometric content of the method.

We start with giving the lattice analogues of some continuum concepts, which
we need in our analysis (sce alsc /8,9/), For a more detailed discussion of the
mathematical background the reader should consult Refs. /6,7/. Let Cp be an
oriented p-cell of an n-dimensional simplicial lattice. A O-cell is a lattice
peint, a i-cell a link, etc. We describe the geometry of the lattice by the
incidence functien 1I(C , C

» p+i

the right orientation, -1, i[ Cp is contained in Cp+l with the opposite orienta-

¥, which is +1, If C  is contained In C with
P p+l
tion, and 0 otherwise, Let *Cp denate the {n-p}-cell of the dual lattice which

is dual to Cp (see /8/). We define the incidence functicn of the dual lattice by

1(*C , *C = ¢, C .
( P P) l(P C ) (1)

+1 pt!

A p-cachain fp is a real- or complex-valued function of p-cells, which is
linearly extended to arbitrary linear combinations of p-cells (p-chains). More-—
over, we sct Fp(Cq} =0 for p ¥ q. To each p-cochain [P on the lattice there
corresponds a dual (n-p)-cochain *fp on the dual lattice defined by
V(*Cp)
(% YJ(*C ) = f (C) -t
p P P( P) V(CP) ! @
where V(CP) is the (p-dimensional) volume of C . Analogues dL and  § of the
p

continuum operators d (exterior derivative) and & {caderivative} are given by

the formulae

idL ‘rf)(cfﬂ) = ; ICS,, Cogy) (S, (3]

V (5,_ ‘Fr)tcyq) - (*.“‘JL*F?HC!-J

Ve S ViCy

N
L (4)
\/(cf1 \/(m:r,,)

i I, T {p¢cp

[

i

In the gontinuum, we have a symmetric bilinear form {( , ) fer real valued

p-forms:

( [ of) = E om0 . (5)
With respect te this bilinear form, § is the adjoint of d:

(oo, ') = (w, § o) . (8)

On the lattice we define:
et £ (€)g (C) - (7)
PoPpPP

Then we have:

df,g =1

Lop’ “p+l 6

Bout) - (&)

p’ %L
Furthermore, we set (fp, gq) =0 if p # ¢. For complex-valued cochains we

take the complex conjugate in the first argument.

If our lattice admits & synmetry operation §, we let it azct on cochains accord-
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ing to the equation
*
(5 £)(€C) = £ (8(c ). (9}
P P P P
®
5§ commutes with dL’ SL and consequently with the lattice Laplacian

A= (- 8) =-d 5 - £.d, . (10)

Now we consider a two-dimensional triangular lattice with lattice constant a

(see Fig. 1). The O-cells are the lattice points denoted by (x, ), where
3
"“‘Z“‘es , e 2o (11
4=
The unit vectors e. are given by

e, =0, -1} | e =L-1v7 1) . L)

_ A
e, =3, 3)
They satisfy

3
e =0 (13
i= .

1

The }-cells are the links (x,]j) connecting the lattice points x and x + a g

(j = 1,2,3). Finally we have two types of 2-cells: the triangles (x, 12) to

the right of x and the triangles {x, 32) to the left of x (see Fig. 2). Hence,
to each lattice point there correspond six cells: one O-cell, three t-cells and

two 2-cells, two cells more than in a square lattice.

The incidence fumction is non-zere only for the foliowing arguments:

G, 2 e, )= - o Ilxaae, 8), G, 0151, §=12.3,

T{te, 1), (x, 122]= -1 T2, Ge323t =1

.
(14)
Tl e, 27, (a0 =1 Tlivrae, 1) tx320)=1

I[(x-me,, D), (x,42))=-1 1 [(7&0\21,1)’ (m,30 0= .

The dual lattice consists ef regular hexagons with edge length a/vi (see

Fig. 1). For the volumes of the cells we get:

Viz, g3~ 1 . Visteen=Jat VT ,
Vi i) = a L VG i) s a/vE , (15)
V(x,11):\/(x,%l)=%c§'\f3—' , Vila b 11 = Ve (320 = 1.

If we define elementary cechains 4 according to

. H
A WY b, 8 Vi)
=z, LTS w, ’ (16}

H,H' = #,1,2,3,12,32,
we can write a general cochain as

=T ptem ™" (17 -
*H

and find

3
d, ¢ ‘:-& Z{ Z[qﬂx*’ae},ﬁ) - tp(x,ps)] cl"j

§=7 {18)

3 P 3 :
Y ! R *3% Y4 -4 X » A2
DI SN AR DILLTES ST T I I
1z = =

h=1
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i, 1 x 2
balp gl v PRSI Zletp a2yl 4 % ludp 2 = 4, {23)
H 3 j= 4
: _d 2 X *, &
CN Z{{ ZI?‘*‘“M“?(*M]J
M * i=1
L {19)
s 5 » ,
: - 3 T
; +\/§‘1 Z_ [(F(x‘\- mZ e )3 ‘_) - (?{x— o zer , 11)—} o } . It will be iInteresting to study the transformation of the eigenvectors under
; jza : [ T < het

the lattice point group, which is generated by R {rotation about % around a

3

lattice point) and § (reflection with respect to an axis in x -directien through
a lattice point). We shall compare their properties with the behaviour of the

eigenfunctions of the continuum Laplacian A under the same transformations. In

We now leook for eigenvectors of the Dirac—Kihler operator dL - SL in order the space of differential Forms /A has the eigenfunctions

te see, which of them beleng to eipenvalues that remain finite in the continuum i
. LR L?-x

= = »
w (pl= e L‘))'-(P} = e dx” = n,

limit. It turns out to be advantageous to consider mainly the square of the

(24}

- x

Dirac—Kdhler operator, the Laplacian. For the eigenvectors we make the ansatz iy . N
Lotpl= e da’ o dx

{pex
plx,H) = wlp Bl e (20) They all belong to the eigenvalue *pz and transform under R and $ as follows:
; with the momentum p in the first Brillouin zone of our lattice. For twe such p\‘ W, ) = wo(F\_‘P) , g" w,(p) = “)o(SJF) )
plane waves x 4 *
: Rocolph= b e ()= 17 () S wipew sy (25)
. - w, H . * -t 1 * -1
: b, TS—“;‘P;:H” T 21) Rowoip =23 o el 5 e, (R, 8 eongde - e (T
: w4
¢ product R SPRE N : . (s7'e)
we have the scalar product ’ colel = coiliy ; wip) =~ P

(o @) = [, G o7 wlen 0 3 30wt it e,

e

(22)

w2
2

S, . .
ey 1), (g 12) 2 u1(§="31)k mlcfh}l]] (2w) &lp,- o)

. ) . . " s . - Turning now to the lattice Laplacian we have to distinguish th a =0
With respect to this scalar product, the Dirac—Kihler operator is anti-hermitian, & P e e ¢ cases p

. - . . Lo and ¥ 0. For = 0 we get the eigenvectors
and consequently AL is hermitian. So we use as nermalizaticn conditien for our P P &t g

eigenvectors:
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. The case p # 0 is more complicated. It is convenient to intreduce the follow-
¢, = A’ b eigenvalue 0]
To Zx, it Ll ! ing abbreviations:
“ .t =3
b tur Z (4™ - ad™) e ki
x 0= 7 (siapepe1)
. '):1
-~ P x4 =2 =3 . . 172
= 47 -2 d + d 8] -y Lap-€ capfe -en _lep- €
b, 12( ) y (26) T (gl = (2eG)+3) [e PE L gerEsTs o ] (28)
N !
-~ 4 %1 ®,2 x,3 -1 . 1/
¢ = — ck PR W) -4 S/ T lapee Lo prie - ) Liape
3 A Z( ) 4 i lpl= (2gipde ?) [e LA LT "]
~ 3
¢‘: Z (dx 12 - dx 1) 9] ,
" with (i,k,£) = (1,2,3) cyelic. The eigenvectors of AL with p ¥ C are:
I ks it
DN CE 47 -2 ot . »
[ ®
% boip =y &A™
®
(o1 (et St 3 Py i
Their transformation properties with respect to R and S are: e (-i 8 ?) ” € ; (1_ b ) 4
* A -~ s ~ :
Kb, - b, S, b RGN R ¥
e ; ° , b, 9= (%-? 2elp+d) Z e 7w -ege)d (29)
* j=1
x -~ -~ # -~ -
¥ & -16,-478 S
~1/2 - E .
“ ipn *, §
‘s © % *8 % (27) o) - [t 3agend) e’ T ([t red
Rbo=gw o1 SR ’ ’ g S ’
% A -~ E n
R ¢..,¢, < ¢)~:,¢3 lpox *%,12 w® 3L
1 3 ; H . ¢f(?j = ‘2 e f (t1(?] o rom (g o ) .
* .~ -~ x -~ ~ x
° ¢, = ¢'* s S ¢+ = ¢1 ;
For the corresponding eigenvalues we find:
* oA -~ o il
R . =-¢ : A s o
R glpd o™,
S0 we sec that, alchough there are six eigenvectors of A _ with p = €, only
5 : T
S 2l ® Aere L2 et vig(pr e ) alt (30)
four of them belong to eigenvalues which remain finite for a — 0, and these !

are exactly those which transform analogously to the continuum eigenfunctions. Mot

Aglel = X (pr= (cAL -tV g ) ol
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One sees immediaztely that for a-—» 0 with p fixed

)\‘(P)—)—p" , %1(9)—%—];‘ s Mt me (31

So only four out of the six eigenvalues remain finite in the continuum limit,

exactly as in the case p = 0, But whereas

View & Gprn @ lin b (p) = & lim &, (p)= ®, {32)
pao 4’.? q’o f po ¢3 f ¢g f pro ¢g ki ¢_ .

the limit of %(sp) as 5 —> 0 depends on p for = 1,2. For p % 0 all the

eigenvectors are continuous.

¥

Under the transformatioms R and S they behave as follows:

R4t ¢ 'y S, = 4,057
RO, = 4,®'p) K b5
R dip = & &9 0= o9
R b (p=-d (' S b,0p) = - ()
RY butp) =7 . ) S dy )T b (STp)

Hence @, transforms like the continuum eigenfunction w,, and X, tends to

-pz as a-» 0. ¢, transforms like w, and the eigenvalue », remains finite
for a = 0. On the other hand, n¢ eigenfunction of the continuum Laplacian A
in the space of 2-forms, which is continuous as a function of p, behaves like
¢, and A_- - oo for a— 0, So far everything is the same as in the case
p = 0. But in the space of 1-cochairs the situation is differemt. The trans-—

formation behaviour of all of the eigenvectors 491, ¢'2, 1)3 hag no counterpart

_11_

among the continucus eigenfunctions of A in the space of 1-forms. Yet X,
and » remain finite, whereas » -*-to for 2 =0, Moreover, ¢, and &
are not continuous at p = 0. Nevertheless, one can easily find two orthe-
normal linear combinations of ¢1 and ¢, which are continuous for all p

and transferm like the . s Of course, they are eigeavecters of the Laplacian

only as a -~ 0,

Finally we list the eigenvectors and eigenvalues of the Dirac—Kihler operator.
For p = 0, the eigenspace belonging to the fourfold eigenvalue 0 is spanned

~ N ~ by -1 ~ . . - .
by ¢,, ¢, b, . %, , and T 1(¢3 g ) are eigenvectors with eigen-

values * 2iv¥§ /o . In the case p % 0 we get

?:*fz(dav(p)t 11>1(\>)) with eigenvalue 1&J~>\1(?) ,
(34)
R CADEIE AT SR AW

'im(cba(?)fi@(?)) VAP

These eigenvectors can be discussed in the same way as those of the Laplacian

treated above.
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Figure Captions

The triangular lattice (sclid lines) and the corresponding dual
lattice (dashed lines). In addition, the coordinate axes and the

unit vectors €1s €,y 84 BLE showrn .

The two types of 2-cells in the triangular lattice.
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