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Abstract

The problem of symmetry breaking of sU{n) is discussed more completely
with Higgs scatar fields belonging to an adjoint representation or an adjoint

together with a fundamental one.

® . . \ .
On leave of absence from Department of Physics, Peking University,

Beijing, P.R. China

Recently, the symmetry breaking pattern fer $U{(n} has been discussed by
Buccella et al R and Ruegg 2 for the most general form of the rencrmalizable
Higgs potential with Higgs fields belonging to an adjoint representation or an
adjoint together with a fundamental one, They first prove a lemma and then apply
it to get the symmetry breaking patterns. But their work needs some supplements
and also a few amendments. Lt is the purpese of this note to give these. The

symbols used here are the same as those in Ref. 2, unless otherwise stated.
I. On the proof of the lemma

The statement of the lemma will not be repeated, only some supplements to the

proof given in Ref. 2) are proposed.

For given % and € , a and a, will vary within an ellipse
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owing to the requirement that a. and a, must be real. Therefore when one looks
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for the extremaz (including the absolute extremum), one must investigate mot ouly
over the interior region of the ellipse, but also over its boundary, which can

be parametrized as
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The inequality

a, and a, are all real.

helds so long as aps d,, a4 4

The value of F on the boundary turns out to he
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The solutionsef the equation
AF
=0 (1.3}
are essentially of the following type /'/:
1. & =4 = FA+da,
@ —d-l— — 3
| = ‘A 4'4.6’ a; = A +.J.51
et (1.4)
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Among these,only solution I is substantially new, since the others all belong to

the case for which the original proof can apply when viewed from a. and a, instead

3 4
of 2, and a,- This is due to the fact that
1, 2 S 2
3(az+ay)+24;4y =20 (A3 Faq) +6 -2 = ~ (ay-d;)" (1.5
which means (a3,a4) lies inside its boundary eliipse unless a, = a,. As for
L The solution ay =&, = - % A+ é—d'can_be obtained from I by ag, a, & ay,d,.

the extra one (golution I), it is evident that it does not affect the validity

of the lemma.,
IZ. On the symmetry bresking due te the adjoint representation

As indicated in Ref. 2}, I is a quadratic Function with respect to X

I;— U {’L("”)“' mx], (2.1

where ¥ 1s a monotonic increasing functien of o, since

ﬂw _ 4 _(n-2np® 5o
Y (R h,) < [W](Vl—rh )JB/L .

For the case b « 0, the minimum of I occurs at the maximum value of {x] , which
corresponds Lo n, = n-1 or a, = 1, sc that the symmetry breaking pattern can only

be of the form )

SU{nr) —> Su#(n-1).x ¥(1).

For b »» 0, it is couvenient to regard « as a continuous variable, and draw
conclusions from the results so obtained. Doing this, one gets that I reaches its

2)

ninimum at
d
= L'}:'ﬁ"— . ‘ (2.2)

But the relation of 9 to the coefficients is not only through the factor %/L y
it is alsc through the factor f , since J’ must take the value which minimizes

the Higgs potential,



Substituting (2.2) into V, one gets
=L (L s hyp¥ L gt
V=52 ~z W) fe, (2.3
The condition for V to develop a minimum at a mon-zero value of )J is
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And the value of p° for the minimum will be

2 m(bu’+d?)
b (ma+2b) (2.5)

therefore
A [marrb
X= 7/ (2.6)
Woere

It is this formula which relates X , and hence the‘symmetry breaking pattern,

Lo the coefficients. One easily sees that « can take all the value from — n2

n-1
n-2 when the ccefficients run through their permissible range constrained

to
n~1

by (2.4), so that the remaining symmetry group can be any one among the series

sUCn-1) = UC1), Su(n-2) x SU(2) = C(1), ...y su(—‘zi) x su(%) x (1)

or su(l‘;—‘) x su(%l) = U(1)

I1I. On the symmetry breaking due to adjoint and fundamental representations

The problem is to minimize

F=bOyatimaltat) s dlmaismal +ai)

+ H'H an (ﬁaﬁy) i n4n, = nel.

(3.1)

under the condition
n,a, +n,a, +a =0, mna 2, halsal= sz N (3.2)

and also under the constraints

Oop (Plnt V€ Ay (it

(3.3)

A, (Fa,,ﬂ*)::— Qz.(ﬁaz"'))).

Solving (3.2) for a, and s taking a to be the larger cne and teplacing the

independent variablesn1 and a, with

= Sy = a - 4
% Jrna s 3 j%%f }? , 7 (3.4)

one gets for F

F= bﬂ—) [(u‘-zn iy ey - n G+ -

2n{n-
+ 2,'171,7(,(!-3'1)% (23’— f{? fnen-t) |+ f‘?‘ ncm)((nﬂ)g%g)} {3.5)
tHHEL g (pltrgty),

For the original variables (n1, an), the region of their independent variation

can be taken 'as
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(3.6)
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Here we exclude the value n1 = n-1 , with the understanding that when a,
. + fo=T

reaches its extreme values - nT f, the symmetry breaking will! be to SU{n-1)

not to SU(n1) X SU(n—n1-i) x U{1), This is due to the fact that once an2 reaches

its extreme value }'1_1-]1_‘?2. , 2, will equal to a

1 z°

As for the new variablegx,y, the region of variation is accordingly

~txysg1,

(3.7)
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also with the understanding that once the ¥y~ reaches its extreme value 1, the

symmetry breaking will be to SU{n-1).

We shall mainly consider the simpler cage d = ¥ = 0, and discuss for b o

and b » o separately.
1) bg o
The minimum of ¥ is obtained for the largest value of |%|

X ===, ify>a (3.8)

Since now d =¥ = o and therefore F is invariant under the transformation ¥3 -¥,

717 . . n—-1 n-1
Because in this case, a [ LA
s 8 must be —nfor - §, so that n, and a are

not independent. Furthermore F becomes independent of n, when a 2. B:J—_Pz
n n

one can always limit oneself to the region ¥y » o, sc that

4[(n 3n+3)3 +(,31(, 3” m(n—s)w?g (- H‘)

F ﬂzn,(',n.-l)

Ny (n~3)g(l-j‘5/‘J +HHB —’;‘if‘gﬂ veysl, (3.9)

In case the second term in F is absent, the minima will be degenerate, with the

location

¥, = 1, Yy 7 507 (3,10}

»

The presence of the second term removes the degeneraecy and also alters the

value cof Yo

Forﬁ <, 0, the second term makes the absolute minimum to occur at
y =1

so that the symmetry will break to SU{n-1); and forﬁ > 0, the second term
makes the absclute minimum to cccur at a value smaller than I}T , namely

1
y=m -8, 4>0 (3.11)

so that the symmetry will break to SU(n-2)xU{1). It remains to show that the

criterion (3.3) holds for these solutiocns. In the present case, Lt turns to be
a ? . a2 oay when F{O (3.12)
» & ga,” , when f! >0 (3.13)

(3.12) is evident. For the case ﬁ)o , from (3.11) one gets
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> bR
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an nin-1} -P ) (3,14 ¢therwise y2 will take its extreme value O or 1.

When ﬁ)O}

Making use of (3.14) and the expression for a, ' y2<: _ , (3.18)
A= e [ —Qn+ [n e ran J
h'_l n-A Pl

n—-1
from (3.15) and (3.18) one can deduce
one easily confirms

z 4
3.19
< ey (3.19}
a g 4y N
(3.19) means
Likewise one can show
i) The condition (3.13) is satisfied
a, < —an. ’
ii) The symmetry breaking pattern will be

These prove the validity of (3.13).

su(%) x su(g—n x U(1), for n even.

Do » » (3.20)
SU(“T % su{ii—) % U(1), for n odd.
Treating X a5 a continuous variable 1)_2), the minimum for F is obtained at
When F < 0, {(3.17) reads
[ra—— (3.15) it +
Jali-y y2=i-—’£ , if HHE 2 {3.21)
n-1 hpt bp* =l
Substituting it into F, one gets H-z
y* = o HHE <o 22 (3.22)
F '
b 4[ Ca > n- ot 241
= (n-1) -—).(n—l)‘;}-f—n] + L HHET .
F 2n(n-1) P ¢ n fg g ) (3.16) For the case (3.22), evidently (3.12) is satisfied. For the case (3.21),
5 ﬁ : (3.23)
The value of y2 which minimizes F is !
+ therefore by (3.15)
> i H'H B . . HY
= - gl - HHE
3 | byt . “ﬂ’ 0S5 b2 < . {3.17)

rA
x> ?(r% ) (3.24)
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which also implies that (3.12) holds,

To get the symmetry breaking pattern, we sibstitute (3.17) into (3.16) to get

‘F:%[f‘#_,{n—l)ﬁ%ﬂ.;z /ﬁgffzj

so that

V= (far2)pt_ TP Ly HtH)

FFA-BE) (1w 4w L)

The condition for V developing a minimum is

%(&+A)+%[:~cw)§]7o}
(£4%) (-5 E)- (4 £)>0

and the minimum occurs at

L WAL ek

f=z

L V(Eatsb) - @tE)

Ta+b) (Ji A- -:,:;-—%)-' +£ )™

* —_—
=2 Gt 2wl

if both of them are positive.

Substituting (3,28) into (3.21) one gets ay

V{gatib)-pieltdp)

= — +
78 Sadp a5
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(3.25)

(3.28)

(3.29)

(3.28)

(3.29)

If the right hand side of (3.29) becowes larger than 1, y2 will remein at 1.

_|2_

By appropriate choice of the coefficients, y can go through from n_-1-_1_ to 1,

2 4 . .
so that % runs from oty te 99 which means all possible values of n,
and o, (except n, = nz) can occur. But the symmetry breaking pattern is not
sclely dependent on f, y it involves all coefficients in a somewhat complicated

way through (3.29) and (3.15).

Lastly, we say a few words about the general case, d,}‘)’#o . For b ¢ 0, the

minimum also oceur at the largest possible value of ]x' , hence

Fr'mbwn pt [(n’:s»w)ghé;za-gy t i‘?f?m ((,H,Jgs_sg)
T ﬂ—_;qtjh-fh}) (J--y f )| €1 ?)/] (3.30)

tHHP g (5 fJ-rYF)

J'bf

In case the second term is absent, the minimum is similarly degenerate and occurs

at

y=1am:1y=—n—11 y for d< 0,

1 (3.31)
y=-1andy=ﬁ, for d » 0.
The presense of the second term will also remove the degeneracy. Buf now we cannot

make sure that for ﬁ < 0 the absolute minimum will occur at ,y! =t go that the

symmetry breaks to SU{n-1}, since the location of the minimum also depend on

and other coefficients. For example, when —2- 5 B°Z f’ holds in the case of
’__(.h o S Bin
d » 0, the value of F at y = - =T is surely smaller than that at y = 1, The same

conclusion applies equally to the case F}O .
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Hence we shall only say that for b < C the symuetry breaking is to SU(n-1) or

$U(n-2) x U(1), without making further classification with reference to /Q .

As to b> 0, the conclusion remains as that in Ref. 1) and 2), namely the
symmetry can break into anyone among the series SU(n-1), SU(n-2) x u{1),

SU(n-3) x SU(2) x U1}, ...y SU(P-;—1) x su(“—?—) x U(1) or SU(%) x SU(PZ- -1 x U
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