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Abstract: We apply the Gegenbauer expansion method to the 

evaluation of integrals encountered in virtual 

higher order QCD corrections to e+e- annihilation 

3-jet cross sections. With these integrals the 

cross sections a= a
0 

+ oL and aL are calculated. 
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1. Introduction 

The usefulness of evaluating momentum-space integrals associated 

with Feynman diagrams by expanding propagators in terms of Gegen­

bauer polynomials is well known (1]. We apply this technique to 

the calculation of higher order virtual QCD corrections to e+e­

annihilation into three jets. These higher order corrections 

have been computed previously by two groups [2] independently. 

In these papers the integrals encountered in the evaluation of 

Feynman integrals were obtained by employing Feynman parametri­

zation to combine propagator denominators (3]. In this paper we 

work out these integrals employing Gegenbauer expansions. This way 

we obtain an independent check on these earlier calculations. We 

shall see that the Gegenbauer method is quite straightforward and 

leads us to the final result rather easily. After doing the inte­

grals the necessary trace calculations for obtaining the three-jet 

cross sections were also repeated. This provides a further check 

of the results already reported. In addition we calculated the 

longitudinal part to the three-jet cross section. 

The outline of the paper is as follows. In section 2 we collect 

all the contributions to the O(as') corrections to the cross section 

e+e- + qqg from which the necessary momentum space integrals can be 

read off. Then in section 3 the evaluation of the loop integrals 

with the Gegenbauer method is described. Section 4 contains the 

final formula for the cross section a = a
0 

+ aL and for oL separately. 
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2. Virtual Corrections to qqg Final State. 

In this section we give the explicit expressions for the a 2 

' 5 
(as = g/ 4n' g = quark-gluon coupling) contributions to the cross 

section of 

e•cp.) .,. e-(p-) ~ "/{{'-<) + <fcp .. J + fJ {f•) I 2. 1 I 

The symbols in brackets denote the momenta of the particles in the 

initial and final state respectively. The quarks are assumed to be 

massless. 

The diagrams contributing to (2.1) in order as' are shown in Fig. 2. 

The cross section summed over all poiarizations is given by the 
product of the first order diagrams in Fig. 1 and the diagrams 

in Fig. 2. For our calculations we use the Feynman gauge. 

As is well known the higher order diagrams in Fig. 2 have ultra­

violet as. well as infrared and collinear divergences. We regulate 

these divergences by continuing the dimensionality of spacetime 

to arbitrary n = 4 - 2£ [4J. For general n the cross section for 

the process (2. n is obtained from (q = p+ + p_) 

do-=~ 
.t 16 L '"'"' ~ ... (phase space) (2. 2) 

where (phase space) is the 3-particle phase space inn dimensions. 

L is the 
J'V 

summations 

lepton tensor and Huv the hadron tensor including 

over final spin, colour and flavour together with the 

quark charge factors. 

Huv must be calculated for arbitrary dimension n before it is 

multiplied with the lepton tensor Luv. The formula (2.2) is quite 

general and contains also the various angular correlations between 

the final state particles and the direction of the incoming beam[s]. 
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These various contributions can easily be disentangled by 

expanding L into products of polarization vectors of the 

incoming vi~~ual photon: £ (~) = 1 (0 1 + 1, - i, 0) for the 

transverse polarization an~ £ (O#l= (0, 0, 0, 1) for the longi-
~ ~ 

tudinal polarization in the rest system of the photon q = 0. 

This expansion is: 

Ll"" = f'rr p-,., + f-,... P+"' - t j,.,., 

= U { 7-"'1 e~-'<+Jif + e;-' ej-1 .. ) + L <ju-c•le)•1 

+ T ( e LT) e;<-1• + E <•1"1!'(-)) + r ("'-~•>r:;;coJ 6<•> ... "'"'') r ,., '!" 1/ r .,., +- -r --v 
I 2. 3 l 

The coordinate system x,y,z is determined by the momenta of the 

final state qqg. With respect to this system the positron momentum A~ 

P+ = (- sin8cosx, sinSsinx, case). Then 

u = 9!" ( -1 + cos2-f)) 
-'+ 

L = :L:~. s~ '"e 
-t 12. 4) 

T = f cos zx s ... ;..ze 
z 

I = :4 VL cos X sV:,28 

With (2.3) we can write for the product of lepton and hadron 

tensor 

L f.l~"" 
!"" = 2L 1-iu +- L ll;_ + r l-IT + I III 12. 5) 

where 

71u. = ~·! )["" 6~+)!/ + ('H k"'-' 6<-)* 
7' v 

I 2. 6 l 
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is the unpolarized transverse part of H and 

1/t. = 6 Co) 1/P"P G. (4) 
'/"" rr P 

12. 7) 

is the longitudinal part of Hand similar for HT and H1 . If (2.5) 

is integrated over angles e and x only H
0 

and HL remain: 

f ticosBd.X L !/""' 
)ffl: 7""' = t {11u_ + 76.) 12. 8) 

Therefore the integrated cross section with all correlation angles 

integrated out is obtained by replacing L~v in (2.2) by 

t ( c)+ 1 G~+!» + ~->Gj->¥<+~·>e,;••) =f'(g-.~+~!jl2.9l 

Since qUH = 0 the sum of the unpolarized transverse and the 
~v 

longitudinal cross s;ction a = o
0 

+ o
1 

follows from replacing 

Luv in (2.2) by (- j guv). T~e longitudinal cross section a 1 
is obtained by substituting ~3 £ (O)£ (O) instead of L in 

u v ~ 

(2.2). Of course a 1 
depends on the choice of coordinate system. 

This will be specified later. 

Then the three-jet distribution up to order as has the following 

simple form [2 J 

ti'o-
d1J13 4~~3 

= (4 ')e. 1 (/'~) ~e:~) c"lrT' --(1--S.:-;) 

e('l- Jw 1) .. ) ( 1J13 ;;~3 (1-~13-d21)re 15(J,3, 'dz3) 

where 

12. 1 D) 



- 6 -

'B{~,3 1 -;;L3) = 'Bv{~,,, -;;,3)- e B5(;;,, dL3) 

B v( 'J1s1 ~l:J) = _1!:!.._ + ~ .. -ltfiL + --
(/13 1•3 'J'3 ~Z3 

]35((}131 ~·3) = 1/<3 + ~13 +.Z 
(/•3 d%3 

sij 

'!' 
c : 

F 

2p. p. I , so 
4 l J q 
J and u is an 

We introduced the variables Yij 

y
12 + y 13 + y 23 = 1. Furthermore 

parameter to define the coupling 

dimensionless for arbitrary 

constant g in such 

n: g ~ guE. B(y13' 

I 2. 111 

that 

arbitrary 

a way that 

y 23 ) is the g is 

full 
0121 

three-jet matrix element squared for arbitrary dimension n. 

is the cross section for qq production for arbitrary n: 

O'(Z) = o;; ('"r~±" r T'{z-e. ) 
<t" T' {~- Ze) 

I 2. 121 

with 

4-.r" 1ft 
cr = -"- At Z Q~ 

0 31'" c 7.':1 v 
I 2. 131 

being the qq cross section for n ~ 4. Nc is the number of colours, 

Nf the number of flavours and Qi the quark charge with flavour i. 

In the following we write down the contributions of the various 

diagrams to ·H~v in order to exhibit the momentum space integrals 

which will be calculated with the Gegenbauer technique in the next 

section. 
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We start with the first two diagrams in Fig. 2. They consist of 

a quark self-energy insertion. They are multiplied with the two 

lowest order diagrams in Fig. 1. Then the first diagram in Fig. 2 

produces the term 

F. (1) 

I"'" 
= (-.· i/"tbt"tb + 

~f 
fobctbtet") fd"-k- ..P.'"(~-1'1-7'-<J"' 

sp{ f1 o-1df1+-r.>tr.t~o«(f1+~>r~t<aN!f+f3JI'"' -i-
.5j3 S..r3 

- f1/;; {ff+f3){o<JfJ""(f1+-f">){.-..f£J'"(/;+!{)!'fls,/ J 12.14) 

ta denote the colour matrices and repeated indices have to 

be summed. 

In (2.14) we left out a factor which is common to all diagrams. 

The contribution of the second diagram in Fig. 2, c;alled F (
2

) 
l!V 

is of similar structure and will not be written down here. 

1'he third and the fourth diagram have a vertex insertion for the 

quark-photon vertex. The contribution from the third diagram is 

t;._~~) = ( .,·t"'t:bt"'-tb + f""bc t.btct") (~~ (,-~).,.. ~, 
J' ""'-"{..r.-p._)Y~-<tl 

sr{ :tr o(dfi +.f1) r,. J"'J,..rf r"' ~,_,c f1+.f'3 Jt13 s.: 
13 

-fi lfl c f1 +-f!; t.. ?fa-t ..... r~ ~"' !£" J'fl ~ + M ~ _., ] 
.s;, SL3 

I 2. 151 

F ( 4 ) 1 the contribution of the fourth diagram, looks very similar 
t~vF (J). F ( 5 ) and F ( 6 ) are the expressions coming from the uv ~v ~v 
fifth and sixth diagram in Fig. 2 which have a vertex insertion at 

the quark-gluon vertex. F ( 5 ) is: 
l!V 
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f:Cs-) = i t"-t-b-&"tb Jd~ {~-p,J~~f 
1
"" .J-"(.!t-;,;<r.~t-t,-M" 

So{f1 Jd. o"' tf31~ o"' {f1 •"'J t"" ~ oNfi-•-raJr., /--s 
I n :n 

- f1 ~« r 0/J r~ t« {fi•raJ r"' ~4, (fi+rfi).fr3 ~] s,, 
(2. 1 6) 

F (?) and F (S) stand for the contribution of the box diagrams 
uv uv 

in Fig. 2 which have quark-gluon couplings only (QED box). The 

former one has the following form 

F. 01 = '~-.1/"tbt"'tb Jd~ (p.-.~<.~(p,+fe~.Jd&.+J.h. 
r" -~<. ~c ..r..·p~tr.~<- N'" ( ..r..-p,-p .. t 

.Sp{-{< oo~.iJ"'" 0{3 J'f or-!'" t« f1. fv (f1 +-f3 > fil c!-
"'' 

-f1 r .. r O{J o1 t,.. f). I" -fz. tfl ( 1'-+f' J /v -f- j 
" (2 .17) 

F (S) is of similar form. The next three diagrams in Fig. 2, 
~v (.) 

'•lhicfl yield F 
1 

( i "' 9 1 1 0 1 11) contain the three-gluon vertex. 

F ( 9 ) and F uy 10 l come from the diagrams with vertex insertion 
~v ~v 9 

at the quark-gluon vertex. F ( ) is 
l'V 

£ (9) = f"kti>fci" [d.':k (p,+p,-.LJ""[Czp,-.l..)d«(!>+{2k-p,bff..:t-(ffi'l~t1J 
~~ L & 

..f<. ~{ ~- ,,) ( ..r..-/'1 - f3) 

S10 { f1 ,. .. r l'" { fi +..r1J ,,... ~ tfl (fi +f3 J tv is-
' 1'3 :.t3 

- f1 o" O"f' ( _,., .. .,, ) d/"' .r;. 0'"' {, ... _,.; f!l s,~ 1 (2. 18) 

- 9 -

and a similar expression for F ( 1 O) F ( 11 l comes from the 
. UV lJ.V 

box diagram with the three-gluon coupling {QCD box). It is 

r,.:"> = fbc t;btct .. f,i"-k {p,-J..l,.. {fVP,+-1<-)"" 

[ (p,-4)~ ~1n + (t.k•p,)l' ~·~ - {Lf:v;,.),._ ~vd 
_, '-( -k-p.)" {~ .. f. +p,)" { 4-t- p,Y· 

sf' { f t" r""J'..,. t'C'tr _,;. ,,., ( f1+N rf3 s,: 

- 1>1 ,~ r 01<- /7:' J'f f£ ofl { fi + fi) {v -
4 

- 1 
7 ' s .. , 

(2. 19) 

The remaining diagrams in Fig. 2 are absorbed in the counter term 

which renormalizes the quark-gluon coupling g. It will not be 

derived here and is taken from earlier work [2 ] . 

Let us denote the total contribution of the first eleven 

diagrams by F~v We split Fuv into two terms according to 

whether they are proportional to the colour factor 

-t"" tLt~t• = c.,:(cF -1'C) 

or 

f""bcib tc t" = ;_ C.F !f: 
2.. 

The decomposition is: 

A 

:r:;., = C,J Cr- {c) ~v + I CF~ ~>' 

(2.20) 

(2. 21) 

12. 22 I 
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A 
The contributions to F and F are easily derived from the tF ~ formulas for the F~v l given above. They yield 

A 8 
T. c-i) +;v = L ,1-W 

i-=.A 

~ " 'F: c..:, 11 
t;.J) -= .t .,.2_ ;:- ,~, 

(2. 23) -'""" ,..,.., 
i:=.-r ,;:8 

The expressions of the Feynman diagrams contain five types of 
integrals which are evaluated by the Gegenbauer expansion technique 
in the next section. 
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3. Evaluation of Loop Integrals. 

For the computation of diagrams written down in the last section 
we need the following integrals 

~f 
As = fa.~ ~!-(-~<-{f ( 3 . 1 ) 

]s r " ~~ >" = ;d.~-~.~( ~-/'1)"(~-p.-f, (3. 2) 

]fer r • -Ryt.c- ... 
= Jd."'- ~"-{-~<-r1J"-(""--!'1- f•J (3 .3) 

c - ld')l. _.:!_1_-:---:-;.._-;-:-~1"-- r -r.~{.,..,.t>LJ'-(""--p1) (-'-?1-f•J 
(3. 4) 

We shall demonstrate the method with the simplest diagram of the 
type (3.1) which is 

1 

A = J ... ~ 4>:'(-k-!'1t (3 .5) 

For using the Gegenbauer expansion technique the integrals must be 
analytically continued into the Euclidean region. This is easily 
acomplished by letting the zero component of each external and 
internal line ~quire the same phase factor i. Then the external 
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lines are all spacelike, so that it will be necessary to analyti­

cally continue the external momenta back to the timelike region. 

This will be done after the evaluation of the integrals. In the 

Euclidean region A is 

A ; " J.t~ 4 

.-i'- ( -!<-f')" 
( 3. 6) 

Having obtained the Euclidean integrand, we introduce four-dimen­

sional spherical coordinates for the loop momentum and expand in 

the integrand each propagator in a series of Gegenbauer polynomi­

als [6], 

1 

C cr-"'->"f 
T'{i.r~) 

TY-t-e J 

({'-kly T'(~) 

. 1-~ 

i 
J =o 

T'{J'.r1-e) 
T :J+f{p,n.).~. '11 (f-1+eJ f+-J; j+2-e1 T(/'11<)) ~· { f$_) 

(3. 7) 

C~-E are then= 4-2£ dimensional hyperspherical harmonics 

{6egenbauer polynomials), T{p1k) = min(~, ~), p, K are unit vectors 

along p and k and p and k denote the lenght of p and k on the 

right side of {3.7). The properties of the C~-E needed in this 

paper are summarized in appendix A. 

Substituting (3.7) with p 1 into (3.5) the angular integral 

becomes trivial and 

2-on:t--e "" 
A "'T'{z-e) f Jd~ _,.-ze T(f,"'-),,'t;,(e, 1; 

0 

z-e, T{p,-kJ) (3. 8) 
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The next step is to expand the hypergeometric function into the 

well known power series {see appendix B). Then the radial integral 

is easily done and 

A~ 
. .:t-e 

<11: 

('{e) 

"" {ze ~ 
J;o 

{~ + 
4 j 7'(J';-e.) 

J ·+- c ) T'(J'-~-e) 

The infinite sum over j in {3.9) 

summation formula in appendix B. 

can be performed with the 

If applied to {3.9) this is 

~ 
1=o 

T'(i+e) 

T'(f+t-e) (~ + 1 ) 
J+-6 

With this we get for A: 

. ~-e T'{e) ( T'(-1-e!l' A ~ 'V11:' 

fu T'{.2.-U.) 

= (T'{eJ/(T'(t-c;J)" 
T'(L-U) 

which can easily be continued into Minkowski space 

A ~ 
. z-e 

<-1C 

(-f")£ 

T'(1+e) (T'(1-e.)/' 

e T'{.t-2.e) 

(3. 9) 

(3. 1 0) 

(3. 11) 

(3. 12) 

We see that A has a pole in E. It agrees with earlier evaluations 

utilysing different methods [2,6]. 
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The computation of A
0 

proceeds along the same line. we quote 
just the final result: 

A~ = 
. :-e 

1.1t'-

(- r)e 
T'(4+e) T'(.t-e) T'{4-C) 

e T'(3-ze) t~ ( 3. 13) 

Next we calculate 8
0 

and 8
00

. The method for doing these integrals 
can be demonstrated more easily with the scalar integral 

13 
= Jet~ -i'- (:-p.f(-1.-;>,-p.)'-

(3. 14) 

In (3.14) we encounter two propagators which can be expanded in 
hyperspherical har_!):l.Onics. But this leads to complicated double 
sums. I-t is more economical to combine two propagators with the 
standard Feynman parameter method. Then B is, now in Euclidean 
space 

" --~1------~~~~~~ 13 = -~['>~-~fa~ ,,,:'{(1<.-ft-xp.J"' +-p,"'x-(~-><!J" (3. 15) 

For the special case p~ = 0 - this is actually needed only - the 
integral (3.15) can be treated by the Gegenbauer expansion method 
in the same way as we did it for the integral A. The result, 
which we obtained after integration over angles, the lenght k and 
x, is: 
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'3 = 
· 2-e .,.n; 

e T't-t+-e) 
.t;,f, { (f,L+- .trv,re dp,<T£} 

"" z: 
J=O 

T'(i+-~) T'{/+-1-re) 

j.' T'{i+z-e) 
[_!_ 

+- ;/+4"'+-e J 
( 3. 1 6) 

The sum over j can be done with the summation formula in appendix B. 
The final result, continued to Minkowski-space, is: 

~ e -e.z = -.·rr:t-e r(-rr-e) (N-1-eJ)~{{-,i'-- zp,p,r -(-(',') /3.17> 
J3 e.~ T'(1-u.) .tN'J 

We remind the reader that (3.17) is valid only for p~ = 0. 

The calculation of the more complicated integrals Bp and 8
00 

is 
done with the same technique. The needed angular integrals are 
given in appendix A. The final summation over j which comes from 
the expansion of the hypergeometric function can again be per­
formed with the 9eneral summation formula in appendix B. The 
result, continued to Minkowski-space is: 

?y= 

{~ 

and 

.. ·~~:.z-e T'{4+-e)T'(-1-e) T'(.z-e) 

e T'(.t-2.e) 
" 

.t ftfJ 

-t>."' -1 :t I 7 ( h- t"- f3y) fCp1~N,) + 
4

_ e f•f ~{f.;f•f'3!J 
ftf• (3.18) 
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~·,>--e T'{4+e) 17{4-e) T'{3-e) 

e, T'{3-2e) 

4 

.tf'/'5 

{- (4:e)[t-e) s~ 1'1f3 9(f,~ N3) + T ftff1C' frt,~ p,p.) 

+- (f,rf.cr+f,,p,,)~-1e. 9{f,~f<f,)-; f/ fC!"~?,f•)\ 
"'f'f3 '/ 

flcrf.r 6-: --l.{p,~ N•) + A:e h: 8Cf.~fV3) -f{4;,Jrq,,;f.f.~ 
(3. 19) 

where we introduced the functions f, g and h: 

f Cp,"') p,p.J = c- f·,__ '2P•f3re- C-p,Lre 

,_ 1 { 4-e 1-e} 
~ Cf, 1 N3) =- (- fi,__ -2-fV,) - C- p/) 

,2_ ftf 3 

~ 2- ) 4 [ 2 ).t-e )"-ej {f,Jf'fl -~. 
1 
.. {-p,- 2N~l -{-p/ 

N1 
(3' 20) 

The integrals 

need them for 

2 
B, B and B are evaluated for general p 1 , We 

2 P PO 
p

1 
= 0 only. 

We remark that the results obtained so far are valid for all £ 

for which the original integrals exist. For later applications 

we need only the terms proportional to c- 2 , £-l and c0 They are 

deduced from the well-known expansion of the r function and the 

other functions which appear. 

The last integrals to be calculated is C which is needed for the 

various box diagrams. C has four denominators. For applying the 

Gegenbauer expansion method in the ·same way as for the simpler 

integral A we combine just two denominators by introducing one 

Feynman parameter respectively. This gives 
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1 ' 

c;.; J.~-')A. Jtt .. J~ 1 
J, 

0 0 
(3 '21) 

2 
In (3.21) we assumed p 1 

2 
p2 

2 
p3 0. Now we can use the expansion 

(3.7). Then, after integration over angles and k: 

c = 
.z; rr:z-e { T'{1-e)f' T'{z•e) 

e T'(4-z.e) 

1 1 

Jtt>~' J d;; /4 -u 
0 0 

(3,22) 

where p = p
1 

+ xp2 + yp
3

. To derive (3.22) we used again the 

summation formula (8.3). The integration over x andy can be 

done easily with the help of standard formulae [7]. The final 

result for C, continued to Minkowski-space, is: 

C = - z•11: •-e (N-r-e)/' T'(1+e) 

eZ J'{-1-ZS-} 

4 

s,., s,, 
{ (- sl._- S

13 
- s .. ,fe.t. 'F1 (-1, - e 

1 
1-e 

1 
- s,ds,.,+ S/3,. S:.,)) 

s, .. ~3 

- (- s,,re .. F., (t, -£ 1-e
1 

- ~13 ) - (- s,._f~ t::, {1,-e, 1-e1 - s.,)? 
J s1., s,, 'j 

(3' 23) 

The hypergeometric functions in (3.23) have the power series 

expansion 

"" 
.2-1'1(1,-e, 4-e, z) ~ 1-e Z 

i=1 i- e 

4 zj 
(3' 24) 
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This series is the expansion of a logarithm generalized to 
n = 4-2£ dimensions. If expanded in a power series in E we 

obtain 

"" -1 
.., 

.fe,..{eJ i!o) :: 2.. J-E: 
j=1 

;z;,J = -4(-t-z.) +L e:J d;.,.;J·(z) 
J=1 

(3. 25) 

where ~(2) is the generalized dilogarithm 

"" :z3 
;;t,. {z) = 2.. ~----

jh (3. 26) 

J:< 

Therefore C can be expressed by logarithms and generalized di­
logarithms. 

With (3.25) and (3.26) the terms cv s.- 2 , cv s.- 1 and cv e 0 in (3.23) 

be obtained. The result agrees with the formula in [3] where a 
completely different method had been used. we remark that our 
result (3.23) is valid for time and space-like q 2 whereas the 
method in [3] was limited to time-like q 2

• 

can 

This completes the evaluation of the integrals needed to evaluate 
the various terms in section 2. 
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4. Cross Sections. 

The loop integrals derived in the last section are substituted 
into the various F (i) terms written down explicitly in section 2. uv 
Then the traces have been processed with the help of Schoonship [a] . 
In intermediate stages of the calculation expressions become quite 
lengthly. The final result has, however, a relatively compact form. 
First we report the result for a = crU + oL , the sum of the un­
polarized transverse and the longitudinal cross section which is , 
obtained by contracting (2.22) with ~~ guv) in n-dimensional 
space. The result is written in the following form: 

d-a- = o-t•l cls(f<:IL) C (4rrt=z.)E---.:!. 
.2fT;' F 1" T'(-1- &) .( 1/13 d'3•3 

-e e (1- (!•• - 1 .. J ( d" ;.3 (1- (!13- d'-3)) r tJ1s, -; .. 3 J 

(4 • 1 ) 

where T is decomposed as 

T "' c'F { c, - Nc) 7-
.t, 

-r i C,Nc T (4. 2) 

in complete analogy to (2.22), so that the contributions to the 
two colour factors are given separately. For T we obtain: 

T _ T'(1-e) ( 4rr;:z)e IJ(s{f<:L) { { 
- T'(1- u.) c 1" .!11:"' 'B('bl3, d'-3) -

+ t ( zh.d''-- 3 ) 4~1~-] - 8 + -27r' 
T 

+ 4 47j1z! .2 l/1L 

d13 +(Jt3 

L 

f' ~IL ] 

(J/3 + 'jt3t 

.£_ 
£"' 



[ 
4 -;;,, 

+ ,!... d13 
1J1tf d'' + 

4 (J1z 
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2-J, 
'1/'<+ d:1.3 

d111!t3 1 
( ';/1L + 1]1-1 t 

+ ,/.,. J•' [ 1!. ~" ;; .. ~l-3 ] + - -'-----'----, 
1]11- f (/13 ~11-+ d13 ( "31~ + d23 t 

- Z r("' "' ) '!J,!:+{1J,._+~z,{ , .;, ) ';J,f: .,.(~"+]1 3 ;" 
. qiLJ <JI3 - « f1_1JIL ,_,. -

. 1;13 7/23 , {Ji31f~, 

+ 1}11- -:;,,_ 4 ~I£ ~IL "JJL 1/13 -; .. l, 
<f .. +(!,+ 7J~;+J~3 + 1J•3+1ft3 - ~13 - d'-' -1.,- 'l/13/

4
•

31 

Here B(y
13

,y
23

) was defined in (2.11) and the function r(x,y) 

is defined as 

r {~t1 '3) = A ~r kif - A~r4{-1-x) - 4'3 k{1-'3) 

~ 
Sim.ilarly T is: 

"' r(1-e J 
T ,. T' ("- te) 

~ .:t:ttx) - Z:.C'3) 1/:2. 

+6 

(-
4,.,r'- .~ e <><50"? 
'f L ) .ZW { U'J,,, ).,) {- f" 

I 4. 4 I 

+ #;{ 2. 4'l/,3 + 2 4;z3 - 3) - 8 + ';''-- L'j, -4j,3 -Zr(-,,,~,33 

+- t,_ d'1 [ 4 . '3•H -:/13 
1l·•~ifz• 

+ 1.-.d'-3[ 4 

+ 
1]11. 

1}1L + (/13 

~1L + j13 

1J1L +- (/13 

+ ?h. 
(J1L ~ ";23 

-;;,, d'-3 7 
( 11•'- +- dJ.3t 

?/13 JZ3 ] 
(JtL~ di3t 

~ Jj,,_ + 

d" 
-T-+- (4.5) 
. ;;,._ ~ ;;13 dLJ } 
1]z3 fL> -')13 
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This is our final result for the virtual correction to the 

differential cross section d
20

/dy 12cty 23 . It agrees with the 

result in [2 J if we add the counter term in the MS [9] re­

normalization scheme which contributes to T the term 

T{ct) == T'(1-e) (4';e':lell (J,, ~,_,) ( fM - 11 #c) 
r(1-2.e)l-1'-) I '£ 6 

(4.6) 

(; + d - ~ 4;() 
This term takes into account the last six diagrams in Fig. 8 

through the renormalization of the quark-gluon coupling constant 

as was explained in detail in [2]. 

·we remark that the flavour dependence, the terms proportional 

to Nf, come in through the counter term (4.6) only, i.e. the 

renormalization diagrams in Fig. 2. This contribution is also 

responsible for the terms which are absorbed in the running 

coupling constant a 8
(q 2

). 

In order to calculate the longitudinal part of the cross section 

we must specify the z direction in the system q = 0. First we 

identify the z direction with the direction of the quark momentum 
+ (o) P11J. qlJ. + 

p 1 . Then ElJ. = /p10 - /q
0 

for q = o, so that we can write 

P11J.;p 1 
forE (o) in (2.7)_. In lowest order the longitudinal 

0 1' 
cross section is in this case: 

d:L~.dt) 

do'' d'J,, 
= o-c.<J Ols(f<-•) C (_ 4rrt=L )e _:!_ 

.tr;; fl f'-) T'(J.-s) 

· ( ,re c•!;. ) 
e{1-1J13- (Jt3) d'' (jzJ{4- (/13- 'J:L>)j J3 L ( ')13

1 
JZ3 

where 

.2. 'Jn 
- L 

(1- i••) 
11)( ) J3 L. ':/13, d>3 (1-B.) 

(4. 7) 

(4. 8) 
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The virtual O(a~) contribution can be written again in the form 

(4.7) with the function Bi1)replaced by T~~which we decompose as 

I 4. 21 , 

A 
Tt1) 

L = Cr { ~ -lj_c) Tj_C1) 

Then we obtained: 

+ ~ C 1\\: T~ «> 
~ F C L. 

T (1) = T'(1-e) /_ 4rrt:L)e o(s~L) 'B (1) ( ' "'")[- !,. 
L. T'(-t-J.e) \ r" .z,..- 1... if<, 17 e" 

+ t ( ~ ,{.,_ diL - 3) - j + ~1f2.. - ,4_,''d1L 

+ ~ ,k. "JL3 +- ..!:..:2!1. 
1J"+-;;., 

+ ~,e.,._, ( d'' + J,, d'l ) q1;.. ..(.. 
~,, +-,';23 ( 1}13 +=1Jz,) 

2. r { 1}121 71•3) 

and 

+ .t :iJ2,._ 
'J13 /" [ 'J=r•, 7123) ] 

f i1) = 1'(1-f.) ( 4?'~_) e o<s0') 'B, C<J( ) [- !t. 
L T"('t-n) 1"' / ,t.,. '- dl>, j" e'-

14. 9) 

I 4. 101 

1( ) 42. z pL + e z£...J,, +- z..e... (1<1 - 3 - t- + v- - LJ~• -A:vv;;., 

+- z Lt'' - 2 ~"'( d" /J.,)} 
14.11 I 

For the calculation of jet variable distributions, as for example 

thrust distributions, one needs also the longituinal cross section 

- 23 -

with the z axis taken along the antiquark (z IIP2 l or the gluon 

momentum (z IIP-+3 ) [5]. oL with z IIP-+2 foll?ws from (4.10) and 
d a ~ (4.11) by the interchange of y 13 +-+ y 2 3" Ljdy 13dy 23 with z IIP 3 

must be calculated separately. The result, in lowest order, is [s]: 

d"if(3) 

d 'J·• ,{(/'' 
= o-C..> ~ C (lmp.L)e ~ 

.Ztt' F l- "!'" T'(t.-e) 

'\-8 13) / ) {)(-t- "Jto-'dAJ)(d''d'' (1-4··-'d·•); .E,_ l1/13, d21 

where 

4 'JtL B/31
{(!131J2l) = {4-'dtLt 

We notice that there is no extra term proportional to e as in 

(4.8). The virtual O(a~) contribution is again decomposed in 

the form (4.9). Then TL and ifL for z [[p-+3 have the following 

form: 

" Tj_(3) = T'(1-e! (ln;t:"')e o(3e .. J 13 t'>{,., .., J[- 1,. 
T'{1-U) 'fl. .l1t' L <f131 <fl3 eL 

+- ~ ( z,t.,.J1" -3) + ;;' - 8 - ,!.. "(!it.. + .r..t..;;ll .. 

""' d.<: + q,, 1" "JzJ - ~. -
.2 d'L 1-"?/z. ( ~IL + ~) L~L(-lJ,~ +-7/:~.3) 

+:J.,t__, (?h~u + -l'd<> ) .z. q1?J .t. 

((! .. +-'if:~.•) 1J ... +=;z.3 

+ :J. 4 :'lj ( if,3 dZ.3 L .?. if,3 ) L oZ3 ~ r 
[~/L + (}13) "?1z. + if13 

- r(1J1z.11J•3) - r( -q~~, ?:~.3) J 

14. 12) 

14. 13) 

14. 14) 
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fC3> = J7(1-s) (l"rt/)s ti5rp> ])13)(1!,, d'-'J{- ±.._ 
L J7(1-Ze) 1 ,tn;- L I E 

+; ( .tL...(/,3 + z.t •• if.,- 3) A-L .<. P ~ 

8 + 'f- - 4 d" - "-d.lJ 

+-
L -:;,. 

L 

~·3 d'' + 1•• 
,t{J1L .tJtd~ ... ~,) i(Jtz(~,+;p,) 

+ i ,t,_,_ d'' ( 1/13 2•• ' 
('Jr._ +J••> 

+ J. L..."' ( ~3 g. .. , 
~ qZ3 /. t 

l dt" + dt• 

t. r ( (}13, ~,,)} 

+ .t' d.t3- d") 
d"- + i" 

+l :J,,-;") 
d''-;. ifz3 

We remark that ;L {3 ) and ~L {3 ) are~ symmetric in y
13 

and y
23 

as it should be. 

I 4 • 1 5 I 

The counter terms which come from the renormalization of the 

quark-gluon coupling constant have the same structure as (4.6) 

if the renormalization is done in the MS scheme. The only change 

is that B(y12 ,y23 ) in (4.6) is replaced 
I 3 I . I 1 I 

BL (y13 ,y23 J depend~ng whether d oL 

I 1 I 
by BY ly13'y231 or 

or d 3 )oL has to be re-

normalized. 

This completes our calculation of the higher order virtual 

corrections to three-jet cross sections with the help of the 

Gegenbauer expansion method. In order to produce measurable 

cross sections one must add the infrared and collinear diver­

gent part of the four-jet cross section as was done in the 

second paper of (3] for o but not for oL, which still has to 

be done. 
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Appendix A 

Orthogonality relation: 

f dL2b cj~ ( ££) cJ~ a~) 

Special cases: 

- 27 -

';<t-1 
:lrr; 

= ~~j:J., r'{-1+- i\) 
~ cit "' :1· +- /1. JJa. c) 

(A. 1 I 

cit()(")= 1 ci\(~J =.z.::tx:-. ) ., 
i\ 

) CJ·c"~J == 
P(f .. a) 

jl T'{:<l<} 

Angular integrals: 

fda* *~ {: "' 
z-e. 

1C 

T' {3-e.) 
dy.r 

2-e 
A "' 1-8 o'\ .-1) 1(;' f d{2k .lf~ cj ( 4 1 ={7 -...,-{1--e-,--) 

(A. 2) 

(A.3) 

(21~ia- "' J.: ) {t.-e)(3-e) 'f<r 

(A. 4) 
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Appendix B 

Expansion in hyperspherical harmonics (n = 4-2g) [']: 

(-.~- :z,_bl<"+ b~rf = (a-hf~ T'ft-e> ,i 
r{g) 

J=O 

{i+-1-e) T'fi+f) 

T'{i+-.Z-e) 

{ )~+J ( . , (r L) 4-8 
T{a,b) .t F:, ~-he, f+J I JH-e j {a.,b!) cj {X') 

Expansion of the hypergeometric function [7}: 

T'(c) 
.t'F1 (a,b,c;z) = T'{«) T'{b) 

summation formula [10}: 

"" l 
J.;o 

T'{i+-o..) T'{:i+-b) 

jl T'{f+c) 
zt 

~ 

! 
.11 =c 

T'{o.;-;,) T'(b+n) 

.-n_l T'(4- b +C>.+-») 
(____!_ + ~+;~7) 

"' 
!7(1 -z) T'(J.+zJ T'("-h!T'fh! 

rr1-b +z -z! N1-b +x+Z) 

(8.1) 

(B. 2) 

(B. 3) 
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Figure Captions: 

Fig. 1: Diagrams with quark, antiquark and gluon in the final 

state to order a
8

. 

Fig. 2: Diagrams with qqg in the final state to order a 2 

s 
interfering with the diagrams in Fig. 1. 
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