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Abstract:

We apply the Cegenbauer expansion method to the
evaluation of integrals encountered in virtual
higher order {QCD corrections to e’e” annihilation
3-jet cross sections. With these integrals the

cross sections o= Sy + = and o, are calculated.



1. Intreduction

The usefulress of evaluating momentum-space integrals associated
with Feynman diagrams by expanding propagators in terms of Gegen-
bauer polynomials is well known E?]. We apply this technique to
the calculation of higher order virtual QCD corrections to ete”
annihilation into three jets. These higher order corrections

have been computed previously by two groups [2] independently.

In these papers the integrals encountered in the evaluation of
Feynman integrals were obtained by employing Feynman parametri-
zation to combine propagator denominators [3]. In this paper we
work out these integrals employing Gegenbauer expansions. This way
we obtain an independent check on these earlier calculations. We
shall see that the Gegenbauer method is quite straightforward and
leads us to the final result rather easily. After doing the inte-
grals the necessary trace calculations for obtaining the three-jet
cross sections were also repeated. This provides a further check
of the results already reported. In addition we calculated the
longitudinal part to the three-jet cross section.

The outline of the paper is as follows. In section 2 we collect

all the contributions to thé O(QS’) corrections to the cross section
ete” - gqg from which the necessary momentum space integrals can be
read off. Then in section 3 the evaluation of the loop integrals.
with the Gegenbauer method is described. Section 4 contains the

final fermula for the cross section o = o, + o, and for o, separately.

8] L L

2. Virtual Correcticns to qqg Final State.

In this section we give the explicit expressions for the asz

z
(as = g/4n, g = quark-gluon coupling) contributions to the cross
section of

e(pe) + €(p-) > Fp) +q(p.) + g (ps) (2.1

The symbols in brackets denote the momenta of the particles in the
initial and final state respectively. The quarks are assumed to be

massless.

The diagrams contributing to (2.1) in order uS‘ are shown in Fig. 2,
The cross section summed over all polarizations is given by the
product of the first order diagrams in Fig. 1 and the diagrams

in Fig. 2. For our calculations we use the Feynman gauge.

As is well known the higher order diagrams in Fig. 2 have ultra-
violet as well as infrared and collinear divergences. We regulate
these divergences by continuing the dimensionality of spacetime
to arbitrary n = 4 - 2¢ [4]. For general n the cross section for
the process (2.1) is obtaiﬁed from (q = p, + p_)

4
de = .'ze_?é_ L'“‘u Zﬂuu . {phase space} (2.2)

where (phase space) is the 3-particle phase space in n dimensions.
LmJ is the lepton tensor and HuU the hadron tensor including
summations over final spin, colcur and flaveour together with the

quark charge factors.

Huv must be calculated for arbitrary dimension n before it is
rultipliied with the lepton tensor L™, The formula (2.2} is quite
general and contains also the various angular correlations between

the final state particles and the direction of the incoming beanl[Sl



These various contributions can easily be disentangled by
expanding Luv into preducts of polarlzatlon vectors of the
(0, 3+ 1, - i, 0) for the
(Uﬂr; (0, 0, 0, 1) for the longi-
tudinal polarization in the rest system of the photon q = G.

incoming virtual photon: e

transverse polarlzatlon and e

This expansion is:

Ly = Ppfoo + Prepro = F Jow

— (23] L - - () (o)
- U (6P s ee) + L 5

&) )% )R L) e &} . o) &) Co)
FT (e + &€ ) + T (686 + & @{)23)

The coordinate system x,y,2z is determined by the mementa of the
final state gqg. With respect to this system the positron momentum 4t

&

B, = {- sin®cosy, sinBsiny, cos®). Then
U = [4+Cos¢9)
4
1 L
z {2.4)
<2
T __.ﬁ;acosz}i’&me
pa
I =z_l;cOs?(6‘w'\26
Ve
With (2.3) we can write for the product of lepton and hadron
tensor
H = Ul + LU +TH +IT4 (2.5)
"‘ 2A L T ia .
where

I’Ia = %ﬁﬂ A’M ek e/i—w,auéﬁ)* (2.6)

is the unpolarized transverse part of H and

- e
# = el W e (2.7)
is the longitudinal part of H and similar for HT and HI' If (2.5)
is integrated over angles @ and x only HU and HL remain:

F(#on)

Therefore the integrated cross section with all correlation angles

Ia(c:::d?( Z/«y 4

integrated out is obtained by replacing ™ in {2.2) by
2
Ct) CF) X E) Aty K &) ~tos) zf

. u
Since gq Huv

lengitudinal cross section g = oU + o, follows from replacing

2
Luv in (2.2) by (— guv). The longitudinal cross section ay,
(0)S {(0)
\]

= (0 the sum of the unpclarized transverse and the

is obtained by substltutlng 3~ €

(2.2). Cf course ar, depends on the choice of coordinate system,

This will be specified later.

instead of L in
uv

Then the three-jet distribution up to order o has the following
simple form [2]

ﬁ‘;; = g® A 4t \E 1 -
Az a3 7 An G (74'1) T(4-£)
9(4_ 6’;"3— ?‘3) (?73 ?2.3 (4‘ gls‘?zz))-e 3(@3,?&3)

(2.10)

where



B(?U; Yes) = BV(}'?M, 3;3) - & 33('3:3, ?zg)

7 - Gs " A3,

T3 G ?1?. %23

B V(Z’-"; ?‘3) =

Bl ) = B8, I L,
o) s e * -

S. .

i

We introduced the variabl I i 2p. P s¢ that
1 rl es ylj q plpj/q2 a

and W is an arbitrary

W 1l

Yig t Yyq t ¥Ypg = 1. Furthernore Cp =
parameter to define the coupling constant g in such a way that

g is dimensionless for arbitrary n: g + gu®. B(y13, y23} is the
full three-jet matrix element squared for arbitrary dimension n.

0(2) is the cross section for gg production for arbitrary n:
&
CYCZJ = o 4m“? TYZ-&J
- 0 2 (2.12)
a T'(2-2¢)
with
A?
b ® 2
o= 2N Z Q; (2.13)

being the ggq cross section for n = 4. N, is the number of colours,

Ne the number of flaveurs and Qi the quark charge with flavour i.

In the foliowing we write down the contributions of the varicus
diagrams to~H“v in order to exhibit the momentum space integrals
which will be calculated with the Gegenbauer technique in the next

secticn.

We start with the first two diagrams in Fig. 2. They consist of
a quark self-energy insertion. They are multiplied with the two
lowest order diagrams in Fig. 1. Then the first diagram in Fig. 2

produces the term

A
FC‘I) = [yt 4 %C’tbtcf“’ 2% _““"?_'_'_"z.
o = (4770 f ) J A5 (A1)
SpL 17 () a0 Coivp) i 3P G P O 5

- 7"?@?& (K*ﬁ)%iyc’m(ﬁ*ﬁ)éﬂ“ﬁzpé{*ﬁ)/ﬂs:s—f (2.14)

t” denote the colour matrices and repeated indices have to

be summed.

In (2.14) we left out a factor which is commen to all diagrams.

(2}
we
is of similar structure and will not be written down here.

The contribution of the second diagram in Fig. 2, called F

The third and the fourth diagram have a vertex insertion for the
quark~-photon vertex. The contribution from the third diagram is

€3) = ' d b ,a,b Abc‘tb19:t“‘ qZZQ (%G‘&lf ’ég
ot = (et ) f A (R p,) Rg)”

Sp{#7 00 G PR 0700 PO CHieps) 1 o
GRS St Y
13

13

{2.15)

= (4)
uv
to F

;» the contribution of the fourth diagram, looks very similar

{3). F 3) and F {6)

uv uv 1Y

fifth and sixth diagram in Fig. 2 which have a vertex insertion at
(5)

the quark-glucon vertex. FHV is:

are the expressions coming from the



(’é" Psle £ $

{Emf;} = ot beret [u% ! -
A" (R ps )" (R s

Sp{ #1060 3o 72 0 Cpiegs) Yo £ 1PCrin i) o
— YW IS G e (ﬁ*ﬁ)Jﬁ——S"—,_—-;
{2.10)
Fuv(V) and Fuu{S) stand for the contribution of the box diagrams

in Fig. 2 which have quark-gluon couplings only (QED box). The

former one has the following form
_.F f)?) - 'z:‘ta"bb 'ta'fb fd% ([74—/4,)0- (Fﬁ'f’f’é)? (ﬁt-f é)),
a (A ) (- p ) (o prps)®

Sp{ 47 04970 13 0 1 i 0 (i) Y5
R0 P T P PR e 5 |

{2.171)
Fuv(S) is of gsimilar form. The next three diagrams in Fig. 2,
whicn yield Fu (1) (i = 9, 10, 11) contain the three-gluon vertex.
Fuv(g) and Fuv¥10} come from the diagrams with vertex insertion
at the quark-glucn vertex. F 9 4g

;L; (a) ‘Fabc PN j‘d% (Pf*Fa"ﬁ)‘r[ (z,o,—,é)agdp+(2b-p3},j¢x(pﬁ&g@].

o =

4t (Apa)- (A prps)

A

Sp{ #7717 7 (et o £ 0P (i) I 55

“'7”7a’dlafl(ﬁ*fﬁ)fﬂf;%(ﬁ%)ip—sﬁr_; (2.18)

{EU). F v{11) comes from the

and a similar expression for Fuv

box diagram with the.three—gluon coupling (QCD box). It is

-T: 14) _ ]Caohc -{;bf.’ot“ j‘d‘ld& (F1'4’€-)r (Pz.""Pg 'l"‘k').t;l
I3

y =

[ (Ps"k)g pr * (2&+F3){5 3¢ — (‘Pz*ﬁ)h 3?/5)
,&,’*(»k'p,)z’(ﬁfﬂqag)’“(4&+F3)‘

é§)7r1a;a/1‘Iorag'a(cbfg/FE JL C}ﬁiﬁﬁg)aﬂﬁ S;:
~ PTG YT YR g 5

4
23

f

The remaining diagrams in Fig, 2 are absorbed in the counter term

(2.19)

which renormalizes the guark-gluon coupling g. It will not be

derived here and is taken from earlier work [2].

Let us denote the total contribution cof the first eleven
diagrams by Fuv' We split Fuv into two terms according to

whether they are proportional tc the colour factor
a b o b _ /V)
140420 = CF(CF—E_,"C {2.20)
ab b ¢ 5a )
7L c't 't t = ?/CFE.‘:'
. 2 (2.21)

The decomposition is:

Fu= G (G-t)E, o2 GH %

=



e e

- 10 -

Py

The contributions to F and F are easily derived from the 3.

(1} [T
formulas for the Fuv

L)
Foew

>
T
.
Me

Y

4

A
=,
1h
a0

hZ

1. =4
=> £ .5 F
I face * Aepd

1 given above. They yield

Evaluation of Loop Integrals.

For the computation of diagrams written down in the last section

we need the following integrals

M £
'43 J;L*' 4z(2_/°)z (3.1)

H

{2.23)

o
!

fou & -
féz(é—fu)z'(fﬁ-f:,—/yajz’ (3.2)

The expressions ¢f the Feynman diagrams contain five types of

integrals which are evaluated by the Gegenbauer expansion technique

in the next section.

B, = |aw %t
d f ** (- po (R pr f’s)" (3.3)

C = Jd% ’ 3.
f ’ﬁz['@rﬁz,)z’(féfpr)z("-fq“f’s)" 8

We shall demoﬁstrate the method with the simplest diagram of the
type (3.1} which is

14=f4‘2,_4__

rﬁz(aﬁ—!b,,)z (3.5)

'For using the Gegenbauer expansion technique the integrals must be
analytically centinued into the Fuelidean region. This is easily
acomplished by letting the zero component of each external and
internal line dquire the same phase factcr i. Then the external



lines are all spacelike, s¢ that it will be necessary to analyti-
cally continue the external momenta back to the timelike region.
This will be done after the evaluation of the integrals. In the

Fuclidean region A is

A=z fd,’f—k m— (3.6)

Having obtained the Euclidean integrand, we introduce four-dimen-
sional spherical coordinates for the loop momentum and expand in
the integrand each propagator in a series of Gegenbauer polynomi-
als [6]:

4 N T¢r-¢ )
[(p-£)]°  (p&F (o)

izo It gr1-¢)
(3.7)
C;_E are the n = 4-2¢ dimensiocnal hyperspherical harmonics
{Gegenbauer polynomials), T(p,k) = min(%, %), B, K are unit vectors

along p and k and p and k denote the lenght of p and k on the
right side of (3.7). The properties of the C;_E needed in this

paper are summarized in appendix A.

gubstituting (3.7) with p = 1 into (3.5) the angular integral

becomes trivial and

.?,.,‘71;'1"3

= -2& 1 (3.8)
Ay ofdéé Tort) File, 1, 26, T'(p %))

by T" .+ .+ A 1‘8 A
Z (3+¢) TJ 9(Pik)-tﬁ(§—4+£) org, 1+2-€, T%o;ﬁ)) g (f’;',,@)

_13_

The next step is to expand the hypergeometric function into the
well known power series {(see appendix B). Then the radial integral

is easily done and

¢ 2-E _ o0 A 4 ?_7(. )
/4:1’E—/DZ‘EZ( + \ J+E

r(e) J=o J+1-¢& Jr & Jr(jea-e) 13.9)

The infinite sum over j in (3.9) can be performed with the

summation formula in appendix B. If applied to (3.9) this is

“’z": rjre) ( 1 L ) _(re) (ra-e)
e) \ je-¢ B

(- J+E T(2-2€)
- (3.10)
With this we get for A:
. 2-2 2,
A= 2% r'¢e) (T'(1-€))
1& -2z
P rrez-ze) (3.11)
which can easily be continued into Minkcwski space
. B- z
it E r(1+e) (T(1-¢))
(3.12)

- (_.f,z,)& e T(21-1e)

We see that A has a pole in £. It agrees with earlier evaluations
utilysing different methods [2,6].
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The computation of Ap proceeds along the same line. We quote
just the final result:

Tase) Pz-e) T1-e)

z'.e
ot ,
- /01)3 & T(3-2¢) Ps {3.13)

A

Next we -calculate Bp and Boo' The methed for deoing these integrals
can ‘be demonstrated more ‘easily with the scalar integral

3 = 4% {3.14)
f ,éz. (i_P’)z.(lé__P'_Ps)z.

In {3.%4}) we encounter two prepagators which can be expanded in
hyperspherical harmonics. But this leads to complicated double
sums.. It is more economical to combine two propagators with the
standard Feynman parameter method. Then B is, now in Euclidean
space

="’f°¢’<‘fd {(3.15)

'ﬁa[(& - ”/"3) + P xéf—»)]

For the special case p} = 0 - this is actually needed only - the
integral {3.15) can be treated by the Gegenbauer expansion method
in the same way as we did it for the integral A. The result,

which we obtained after integraticn over angles, the lenght k and

X, is:

- 15 -

- 'p'mz';
3-877(44-8) .Z/J.,Pa {(f’+2P'P3) +(P') f

T'{qe2) 7"(3‘1*41»&)[ 1 , 4 ]
j.{ Ty+z-8) jt1-¢& J+1+e

i=0
{3.16})

The sum over j can be done with the summation formula in appendix B.

The finai result, continued to Minkowski—space, is;

L %8 Pitre) { I"(»f—s))x' 4

2 ~& , -
= T(1-z¢) 2p,ps {(“Pf - 2pps) = (-p7) 7(3.17)

We remind the reader that (3.17) is valid only for p! = 0.

The calculation of the more complicated integrals BD and BDU is
done with the same technique. The needed angular integrals are
given in appendix A. The final summation over j which comes from
the expansion of the hypergeometric function can again be per-
formed with the general summation formula in appendix B. The
result, continued to Minkowski-space is:

R - en 8 Iiave)rfr-e) a-e) 4
§ g T(2-2e) 2 pips

{g(ﬂg l/o.,[a Psg’) 7(‘(/"1,/’1[’3) +4 P /O3fg(f7’/f’lo3)j

(3.18)

and



- ‘|6 -
ent® Dltre) TMi-e) r(3-e) 4
& Ifi3-zg) .Z/:,/oe,

E%a‘ =

zr-giészgz) e PiPs 3(?%3/%f%) + j;— f%ff%r}%?%%/%f&)-
+ (Ffj’Paa—ﬁLf)sngur)(j’—é:- 3(/31)Prf>3) - ﬂ'zf’/’ f(ﬁ /0.,/0;))

- F“'P’? C?-_’ZE ,A(P,z} P"P’) +/f —f— 8(}7:’][’1,”3)“?(2%;)?@;/&&}

® Pps

{3.19)

where we introduced the functions f, g and h:
-£
F R pp) = (-pi-2pp) " = (p)

g p)y pips) = W [Cp2pp) =)

ALps pips) @FT [Cp=2pps] = -p) ] oo

The integrals B, Bp and Bpo are evaluated for general p?. We

need them for p? = 0 only.

We remark that the resuits obtained so far are valid for all ¢
for which the original integrals exist. For later applications
we need only the terms propertional to €2, &1 ana €°. They are
deduced from the well-known expansion of the ' function and the

other functions which appear.

The last integrals te be calculated is C which is needed for the
various box diagrams. C has four denominators. For applying the
Gegenbauer expansion method in the "same way as for the simpler
integral A we combine just two denominaters by introducing one

Feynman parameter respectively. This gives

_1']_

L} L)
C-—-f) fd,’% J‘dx!a@4424-f—rpz—?ﬁ)4 (3.21)

In (3.21) we assumed p? = pg = pg = 0. Now we can use the expansion

{3.7)}. Then, after inteygration over angles and k:

1 4
_ aenre(ree)) Tiee) o -4-22 (3.22)
c JoxJog F

e TTj1-2e)

where p = By * XPy t ¥YP3- To derive {3.22) we used again the
summation formula (B.3). The integration over x and y can be
done easily with the help of standard formulae [7]. The final

result for C, continued to Minkowski-space, is:

C=- 2m2 € (F(4—e)) Fitre) A
% [(1-z8) S i

-€ - S23 (S12+ 53 *-szs))
{ (= Sa=S5= %) 27 (1,-¢, 1€, ~ Sre 3‘3

(- TS F (e e - 5] - 0T Sl e - )]

S12 /3

(3.23)

The hypergeometric functions in {3.23) have the power series

expansion
on
dFi(f-e 1€, 2) = §, - {3.24)
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This series is the expansion of a logarithm generalized to
n = 4-2¢ dimensions. If expanded in a power series in e we

obtain

e ) = Z—-—“ z" = -,&,(4-2).;.2 sJ (z)

J (3.25})
J =4 J =4

where Jg(z) is the generalized dilcgarithm

Z.(z) = Z ; (3.26)

Therefore C can be expressed by logarithms and generalized di-
logarithms.

With (3.25) and (3.26) the terms~e %, ~ ¢ ' and v € in (3.23) can
be obtained. The result agrees with the formula in [3] where a
completely different method had been used. We remark that our
result {3.23) is valid for time and space-like g’ whereas the
method in [3] was limited to time~like g2

This completes the evaluation of the integrals needed toc evaluate

the various terms in section 2,

- 19 -

4, Cross Sections.

The loop integrals derived in the last section are substituted

into the wvarious F (i)
uv

Then the traces have been processed with the help of Schoonship [8].

terms written down explicitly in section 2.

In intermediate stages of the calculation expressions become quite
lengthly. The final result has, however, a relatively compact form.
First we report the result for g = Sy * oo
polarized transverse and the longitudinal cross sectioh which is

the sum of the un-

z
cbtained by contracting (2.22) with &%— guv) in n-dimensionai
space. The result is written in the following form:

——_.A% = o® Kt C (4rr 1
A 13 A7pas 2 ra-e)

G- e - Z23) (9 Y23 (1~ ?!3_%3))-8 7_(2743, ?ﬁ)

(4.1)

where T is decompcsed as

T =G(e-%)T +26M4T (6.2

in complete analogy to (2.22), so that the contributions to the

two colour factors are given separately. For T we obtain-:

7"_ _ r’(’f.-a) /"H?"Z) () {B(?B, ?2'3)[_ Z

r(1-2e)\ 9%
+“g'(2ng,z— 3) -~ & + ‘g-iz - szyfz,]

+ 4‘45»:?1z 4 91L + 3h:' J?
LR (9,3 +323)-1-
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4 1 . > _ 13 23
Yutps gurgn (et Pn)’
bl [ By Pl e ]
Y Gin Y Gt 3 (?m* Fos)
— 2 + (e z,) ?}:f‘(’ylr*_%i)b
2 (o, o+ (et s g )
- @ ) di3 Fes r:(gl)l”) s Fes
g2, _In A Y I I,
Gt - Puties ,3’3 +qu T s s

Here B()ﬁ3,y23) was defined in (2.11) and the function r(x,y)

is defined as
rixy) = sz&? - /&»k/f:«(”;x') ~ Aoy lntr-y)
~ Lto) - Zly) + E

(4.4}

Similarly ¥ ois: .
o Tle) (At N dogt) 4
7= Flrze) (52 ) 2 {3@5’?‘3)[ T v

(Z Aoty + 2lnizy— 3) -8 + ’&“3!3 A"Zza ~ &0, ?zsg]

R/ 4?!21“3:3_ }7!3?23 .
?’5[ GutrPn (@)

fl [ Ber Ty I
‘? 3[‘ 13nﬂkgh3 (2?n,+:?3) ,7

+ P + gt In , Dny 713 +Z‘_‘E ]2 (4.5) -
Hort 2;713 ?uf- Y23 713 F3 ?:,3 713

_21_

This is our final result for the virtual correction to the =

2
differential cross section d c/dymdyz?’. It agrees with the

result in [2] if we add the counter term in the M5 [9} re-

normalization scheme which contributes to T the term

{et) _ rit-g) 4:174/ 3 A
T = F(J-Za)( B(gf’fy3)(3 6 )
(£ +7 - ’4%)

(4.6)

This term takes into account the last six diagrams in Fig. 8
through the rencrmalization of the guark-gluon coupling constant
as was explained in detail in £2}.

We remark that the flavour dependence, the terms proporticnal

to Nf, come in through the counter term (4.6) only, i.e. the
rencrmalization diagrams in Fig. 2, This contribution is also
responsible for the terms which are absorbed in the running

coupling constant a_(q®).

In order to calculate the longitudinal part of the cross section
we must specify the z direction in the system a = 0, First we
identify the z dlrectlon with the direction of the guark momentum
{c) _ p1u/
P1o

p1 Then €y u/qO for % = o, so that we can write

p1“/p,I for EH(O) in (2.7). In lowest order the longitudinal
cross section is in this case:

0‘.10_,(1) @) Ofs&bz) 4%1_ =4 P
0(313 d?zz L7 ei-8)

G(1- ’jrs" 13) (713 ?zz(”f’ g ;713))_8 3;){?13, 7;,3) (4.7)

where

Bf)(?is, yzs) FZ—) (4“8) . (4.8)
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The virtual O(a’) contribution can be written again in the form

(4.7} with the functlon Bc)replaced by Ti)whlch we decompose as
(4.2): . .
(4) ~ o) ~ o) '
&3
C;._-(C'F ‘)72 +fC;.—/lé7Z (4.9)

Then we obtained:

iy} _ Tl-e) [dnp As(ur) o 1) y3
7: - ]’1(4,18) (72. ) 2 B ( 3/ ?23)[ _—i

+-—(.€d~y,,“—-3)-ﬁ+ /d.,gu

+ 2 Amfgzs r 23
’gvs 723

# 2 [, 1z P13 .
" (53 oot

~ 2t ) * Z?ﬂ% r(g,,,,,'ya)] (4.10)

and
=) Tl-e) g hmat € 0(5&-) )
[ F/a-22) ‘]/: 25 57Cos ?‘”)[ g%

+é’* (ZA?,3+ b&_?g -3) -7+ 4\;12 -~ ’&V}n "&"E,'fzs

+ 2’&"723 - 2 V‘[yrs,72,3)]

(4.11)

For the calculation of jet variable distributions, as for example

thrust distributions, one needs also the longituinal cross section
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with the z axis taken along the antiquark (z\\ﬁ} or the gluon
momentum {z Ifﬁg) [5]. op, with z [|p2 follows from (4.10) and
{4.11) by the interchange of yy3 * ¥yy- L/clymély23 with =z Hpg
must be calculated separately. The result, in lowest order, is [5]:

A_¢3) £
AT L g K o (znrg )
A gy A 23 A g%

Fea-e)

G- 13- Ya3) ('(713 T3 (1- 7 _:723))"8 3;-(3)(?13, Y3)
(4.12)

wherea

4 Mgy,
BL[3)(?’3: ?43) = M‘%‘)b {4.13)

We notice that there is no extra term proportional to £ as in
{4.8). The virtual O{o.;) contribution is again decomposed in

the form {4.9)}. Then %L and %L for z ||§3 have the following

form:

2oy _ re-e)  fmE\E dopt)
7;_ = e (T e BL(BJ(?‘BJ yza)[— 2

P(1-2e) \ 9* 2
+—g'(—'(’,(ng,z-3) + %_z. -5 - Azg,z_ + 24«.7,‘

e Bt __ 5 s
2y, Zge(Gur) X (G +hs)
. 1 ,&,313 gz Jes L 2
~ ((g,z N )

4.14)

4'%’5“'?23((?8 des _, L )

s + ?{3)" Gzt 73

- T‘(@;,,u) Grs) — r{ d, ?13)]
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Fa)y _ T-e) [Amd\ osrr) 2 @)
% F(4—ze)( ) pea ) 3( e, 3’“)[ £*
+ é(.&&ay,ﬂ-z&?u - 3) - & + %’t -—/&f‘m -,&%“

. Dt _ _af s
Ty 2ou(eds)  Agu(ntds)

gl a2l

2 2 zza 13 T 23
“7 (et s )" 'Z?w?zs)

-2 "(’2}3,?13)] ' (4.15)

- (3] w o 43) fo
We remark that TL and T, are. symmetric in Y3 and ¥oq

as it should be.

The counter terms which come from the renormalization of the
quark-gluon coupling constant have the same structure as {d.8)
if the renormalization is done in the M3 scheme. The only change

is that B(yﬁz,y23) in (4,6) is replaced by B

(1
(y12r¥q:) OF
(1 1‘. 1377423

(y13,y23) depending whether d o, or d o has to be re-

normallzed.

This completes our calculation of the higher order virtual
corrections to three-jet cross sections with the help of the
Cegenbauer expansion method. In crder to produce measurable
cross sections one must add the infrared and collinear diver-
gent part of the four-jet cross section as was done in the
second paper of [3] for o but not for S which still has to

he done.
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Appendix A

Orthogonality relation:

A-!—'f A
A .. a Aay P A C' AA
fmb Cj1 (&b) CJL (5¢) = 5;*3’*{"(4,«:1) Geen (&¢c
(A.1)
Special cases:
Cl (x)=1 _ Clx) = 22% C-l(fr) = M
0 ) 1 > 37 T7(za)
(A.2)
Angular integrals:
A A 2-g
T
J:iflf /ég > = f;?g:zgyﬂ é;a‘ ) (A.3)

A s & A, 76’2_8 A A 4
futn ke G D =7 (2 = 8)

(h.4}
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Appendix B

Expansion in hyperspherical harmonics (n = 4-2g) [6]:

(g+1-£) Tl 3+¢)
F(g+4-€)

(@z- 2abx + bz)~9 = [a—b)h?—r’-{ﬂ

ris)

(T(ﬂ;b})g?z E(gﬁ,’.'.e) s’fj‘) Jl+2‘€.)- 0_(4)6))1) C:/;—Efx)

Expansion of the hypergeometric function [7]:

o0 . .
2F1(a,b, ¢, z) = e > Fl1+a) 77(0‘*6)‘2,
Tlay Ple) 5= j! Ilj+c)
summation formula [10]:
2 Plasn) T btn) ( y ) py )
nep ! I{A-b+arn) \ n+ 2 - 2 M+ gz

I(g-2)(£+2)T-6)T(b)
Plt-b +8~2) T(1-b + 2 +2)

=

(B.1)

(B.2)

(B.3)
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Figure Captions:

Fig.

Fig.

1:

2:

Diagrams with guark, antiguark and gluon in the final

state to order a-

Diagrams with gqqg in the final state to order a;
interfering with the diagrams in Fig. 1.
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