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Quantum field theory (QFT) 1 would here like to understand as four—dimensional (most-
ly, Eucli@ean) continuum theory. Unfortunately, concerning this there are so far anly
negative rigorous results:

a) In 952, Osgren< const [l].

b) An important recent result: Tn lattice approximaticn to ¢2, Qscannot have, in the
massless case, an anomalous infrared (1R) dimension (i.e., B =0}, and in the conti-
nuum limit, ¢ cannot have an anomalous ultraviolet (V) dimension {which would also
be given Syp) [2]. This result explains the failure of all attempts so far to obtain
a nonzerc 7 for gﬁz by expansions, e.g. analytically: £ -expansion in 4~ & dimen-—
sions, 1/N-expansion in ( )i theory, and numerically: strong-coupling expansion in
¢4 lattice theory [5]. - The strong-coupling-expansion result [4] that grm1N 0 as
f/Q)'DQ-‘ (E= correlation length, a2 = lattice constant) still remains to be proven

rigorcusly.

Obviéusly, lattice regularization is the most natural starting peint for comstruecting
and analyzing continuum theories. Therefore, after a few general remarks om lattice
theory (sect. 2), I shall describe the relation of lattice to continuum theory (sect.
3} on the basis of perturbation theory, and deduce herefrom the principles of con—
structing "improved' lattice actions (sect. 4). Then. I shall briefly describe scme
recent pérturbative and nonperturbative results in continuum thecry (sect. 5). -
Finally, I shall point out a few recent approaches of more speculative nature that
appear to merit particular attention (sect. 6). In the appendix, a few standard

formulae from renormalization group analysis are collected for reference.

2. Remarks on lattice theory

For the continuum theory, lattice regularization is valuable mainly due to the follow-

ing:

a) Strong-coupling expansions become possible. However, the needed extrapolation to

infinite expansion parameter, as a W0, encounters difficulties (e.g., in gauge
theory, due teo the roughening transition [5] or other irregularities such as a peak
in the specific heat in the SU(2) theory [6] caused, presumably, by a nearby critical
point in a several-parameter phase diagram [7] Y.

b) Lattice approximation is the source of many concepts (sea, e.%., ref. fs_]) that
may {eventually he proven to) be relevant also for qualitative features of the con-

tinuum theory, e.g. vortices, condensation, defects, domain walls. An impertant new
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entry here is the topolegical charge Qt recently constructed by M. Liischer [b}.

¢) The lartice allows computer simslation by Monte-Carle integration [10]. Hereby,
phase diagrams can be explored and, in "asymptotically free” (AF, see appendix)
theories, the weak—coupling limit, decisive for the continuum theery, can be extra-
polated to.E.g., the topological susceptibility f9] should (except in particular

cases, see ref. {11]) obay
Y4 2 -4
2.1 /"t::<Qt> f4-volume = } . const,

with the censtant here to be determined e.g. by computer simulation.
At this point we recall thas continuum theories arise at (more generally, in the in-

finitesimal neighbourhood of) phase transitjons of the second kind of lattica systems,

and they may have a direct Lagrangian description that is not cbvious from the lattice
Lagrangian. E.g., the continuum theory underlying the Ising2 model at the critical
point is the free Majorana theory [12}. The example of a free field theory at a
scaling lLimit of U(i)3 lattice gauge theory is reported by Mack f13]. On the basis

of mean-field calculations, E. Brézin and J.M. Drouffe [14] argue for a eritical

point in the intericr of the phase diagram of a Z(2) lattice gauge model.

RKigorous results, however, or even reliable approximative ones are very scarce, and

thus at present physicists set their hopes on Monte-Carlo treatment of lattice

approximeticns to presumed realistic theories (e.g., QCBb = SU(S)4 gauge theory with
fermions). So far, results have beeun consistent with and, with good will, even indi-
covive 2f AF (by comparing computer results with theoretical expectatioms, ¢p.
apperdix). While it would be of utmost impace if then AF should not ultimately be
borne out wnere it should apply (cp. Brézin's report flS] on critical phenomena,
where anzlogous renormalization group (RG) deductions always abode so far), the sur-
prise is that AF chould manifest itself on sc small lattices as are computerizable

4o far. This calls for examining the shortcomings of lattice approximations:

a) Lack of rotation (and continuous translation) invariance. E.g., for the Gaussian

medel in D dimensions with mass m, the correlation lLength in directien ?, 2= 1, is
. D
5 — “ “ £ « iy
.y i = m ’[7-»57# ICLD) 22;”’"’ + O tam) )]
4 L

The corrections here are consequences of "irrelevant” terms in the corresponding

local cifective action (LEL) to be described later.

b) Deviations from AF formulae (see appendix). E.g., in the o(N} vector, model with

activht
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(J G a'e_s /b( = unit vector in the positive A¢-direction) the devia-
tions -caan be given. in 1/N expansion at fixed gBN Simplest is the spherical model, i.e.
the NP9  limit. Then L6 (ep. (2.2

zﬂf?gﬂ//-‘f’ [’/1" fqzm’-]-"/(ﬁf%.,.nghq_]—f

which yields (cp. (A.5) and remarks there)

PN.E 418 exp /- Im(aa V) 'T]Zf/f-[-&r/?a/l/)"iyexpf‘lﬂ/;a /V}?,;
*O(s exp/~rr ey, A/}"_’/)j

such that the "ﬂ—function for the correlation length' m !

/I/}@M)" = —m Il ) /I /a =
(2.5) S,"E%—' 2, vt 4 [c?/}& Ay ;/?6y)7€kp/:5’ﬂ/gidﬂ/.}7+
# O (exp[~67 (g 17™'])

also has exponennally small" correction terms. In AF gauge theory the formula for
the "string teasion" (of mass dimension two)should have (by perturbation thecry alone,
not cemputable) corrections (cp., (4.5)) similarly as in (2.4), with different correc—
tions than for e.g. the "glueball™ mass, if.e. the lightest particle mass. (In this
gauge theory case, one expects also corrections from entirely nonperturbative effects,

like instantons and vortex formation.)

¢) Finite-size effects on computerlzab).e lattices. These have recently received atten-
tion iz Oauge theory computations (e.g., ref, [17]), and should do more so in the

future. The finite size introduces a new scale, which persists in the continuum limit

but is unrelated to the microscopic rencrmalization procedure, (For the related theory
of "finite-size scaling”, see ref. L8]

Points a) and b) here can be mitigated by computing with an improved lattice action.

To explain this, I must give some details on the lattice~versus~continuum relation.

3. Local effective Lagrangian for lattice theary

For simplicity, consider [19] the ¢z theory (sufficient for the present formal ex-

plicatiens) with lattice action (for uses belew, written in D dimensions)

L=t [- £ Z

Jrzo fu—"'/
af.“ _z 2
] ?"5 ‘7 2 m&o %_/
where el"‘- ¢?'= a""/???.*/‘: - Sﬁ;)

SR -

The full- propagator amputated one-particle-irreducible connected parts of the corre-

) is the bare-mass-squared of the massless (i.e., critical)theory.

lation functions are called vertex functions B (subscript for "bare™). Their Fourier

transforms (on the infinite lattice, momenta in the first Brillouin zone), with the
lattice-translation delta-function taken cut, have in perturbation theory the small-

a expansion (for D = &4}

. 4
(3.2) /;//04.../42,,; o, ?’«5 ) Am@/:
(-]

[=25)

:aé éoa J//”a) 7ok //04 Py o, ams)

Renormalizaticn absorbs the j = 0, k ¥ | terms herein: With gB(gu%) from {(A.4), there
are series Z (g,ﬁt/h) and 2 (g,ﬂ.,u) such that

(3.3) ‘23/% ry()ngﬁaq - Fn; A, 23/;‘3’,%))22_229"/”'y=
7—7(/0,, .Pg,,;/ﬁtl g} th'}-r‘-

+ 2 34 Z Q"'g//nq)

ﬂ“? A2
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and the aim of action improvement is to remove the G(a"lna” "), O(az'lna ) etc. terms

on the r.h.s,,This is possible due to their remarkable structure: They can be gene-

rated from a local effective Lagrangian (LEL) [19] Writing down such Lagrangian re-

quires to adopt an interpretation vule for such Lagrangians. By far the most con-
venient rule is dimenajonal regularization, i.e. to consider the lattice and conti-
nuum theory in 4 + £ dimensions, /2@ € > Pgeneric, (4+£ -dimensional lattice theory
poses in perturbation theory no problems, i.e. none more than the corresponding con-
tinuum theory which is standard nowadays[ZOJ ) Then the LEL densu:y for the 4 +§&-

dimensional version of (3.2) (where a - &k appears in place of a J(lna) ) is
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A AT 2,12 4 A7 3o a2
+ i Q 25(59’)«.9‘) "‘3./0’26}"8("%%95*
A = 2 4 € ¢ =
cBavZ, i8S - fotomtZ, 5 409t
o5 4‘-
~f atamilo 3y #"- f APms F
+ at-terms + aStermrs + -
Here _—
ZA 2.5 -7 oo
) 2L, 0% -£ -
a7 (22 5 c) xz’rﬁ'} 40/€)/9,g }sﬂ

Zs‘,e,?—e 970

where ala is the number of lattice-graph loops entering the cumputatlon (The Z,can be
expressed [19] simpty in terms of wvertex functions of the Am.B 0 lattice theory at
zero momenta aud derivatives there.)

Remarks: 1) Since the £ -»0 vertex functions exist due te a 0, the first three
terms in (3.4) have the 't Hooft form [21] whereby gBa_Esé plays the role of re-

normalized coupling constant {though the renormalization convention implied here

differs from 't Hooft's) and we may set 3—1 = A, the normalization mass (cp. appendix).

The beta—function of the unrenormalized theory (ﬁ(gB) in (A.3-5)) is

fag) = /8[09/&/3;60:“‘) (n(}aa""'z—,,/gaa‘f ).
Z.(o,a"5e) )] //
Zy(2527 ) )_7 £ o

. 2j . .
there are as many terms with factor a J as there are linearly independent

2) In ;.’off,

local monemials (medulo total derivatives) of dimemsion 4+2§. The j 21 terms generate,
treated as insertions in ordinary (j = 0) graphs with dimensional integration rules

L'-ZOJ upon letting & - 0 the additional terms on the r.h.s, of (3.3).

3 AmB appears in the LEL, like a couplmg constant, only in positive integer powers.

2
{Hewever, @am, resp. m need be used, of course, in the denominators of the prupagators )

) G
L) The first three terms in (3.4), i.e. the "marginal” {(dim. 4) and "relevant
(dim. 2) ones alone, decermine the symmetries of the conmbinuum theory, which leads to

symmetry enhancement of that theory: it is rotation invariant as a consequence of the

lactice theory being invariant under the discrete rotations alone. - Note, however,
that nontrivially scale-{and thus also conformally) invariant theories, as they under-
lie universality [-15], do not have a Lagrangian deseription but must be described
indirectly (e.g., ref. [22]). This allows intricate cases of internal symmetry en—

hangement [23] .

5) An LEL exists alsc for lattice spacing unequal in different directions and, in

particular, for (Euclidean) time continuous, (However, the LEL thea is not directly

related to an "effective local Hamiltonian™. Cp. also sect, 5.}

%) The existence of an LEL to deseribe large—cutcff behaviour is not trivial. In ref.
f?ri_'} it was proven for Pauli-Villars regularization (the loczal effective light-particle
Lagrangians incorporating virtual heavy- particle effects [25_7 are related hereto),

and the method used there is extendible [26] to the lattice case. An LEL does not

exist for sharp cutoff, in view of

(3.6) jo/"k lel™ e+ pt™ =

2ninlAlps"7)+
ey A
Jrtpf <2

S A et A7 = G 017 Ot

and (31,2 are nonnamed constants)
- ]
e AR e S e o, d
(kfe A flr< A

Jicrpr LI< A

.+(cg+2v4/a//j /,W'Q/'/o‘Z 46” s 27 O(//"/"A F)

The difference to the lattice cutoff is that the latter figures in the dencminator
of the (momentum space) lattice propagator; the limitation to the Brillouin zone is
not harmful due to the periodicity in momentum space of all lattice functions and

effects only "finite renormalizations" {cp. ref.[19j).

4, Tmproved lattice action [26]

2
The 0(a~) terms in (3.4) and, consequently, the 0(321na") terms in {(3.3) can be re-
moved by adding (four if massless, three additional ones if massive) "irralevant'

terme to the original nearest-neighbour-coupling lattice aection (3.1) with suitable,




Lkl ol

il

b . | Ll 1114 i

o1 Bl a0 ol il ) 1

Ed
]
H

7
at £'= 0 finite coefficients. These terms can be chosen identical in form with the
o(a ) lrralevant contlnuum terms, with CQJ{ replaced by the lattice dlfference

quotient and 43mB again appearing only polynomially. Corresponding statements hold
for 0(a J) terms, j ¥ 2,

Remarks: 1) The relatlon bLtween the coefficients of irrelevant terms in the LEL and
cn the lattice is nonllnear' The insertion of two azdun6vert1ces in lattice graphs
generates, upon summing over the lattice, via a short-distance expan31onzp21] with
lattice cuteoff new such operators, an effect-absent for continuum graphs under

dimensional integration ruie,

2) Determination of the correct coefficients of irrelevant terms on the lattice is

straightforward in perturbation theory. Outside of perturbation theory it can be
effected e.g. by "trial and error" (which alse ensures that, with the corrvect co-
eificiehts, the improved lattice action is bounded above as is the unimbroved one).
This inelegant procedure can be replaced by other ones [zﬁjfmploiting the IR proper-
ties of the massless theory in four dimensions [12]. — The lowest-order terms (zeroth

order in gB) in {3.4) leading ro (2.2),

_ “"e e %
G @ T 9idL b - £ o AL IR S

are removed by using in the lattice action the "SLAG Laplacian" [b%] vielding the

series of negative terms

YEE ST T S A g 42 2h. o T ¥ 934, 338

SR 57 A A F ol S By 2B =)
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3} Irrelevant terms on the lattice lead in general to violaticn of Osterwalder—

4 780

Schrader (0S) positivity [bQ_?due to presence of non-nearest-neighbor interactijons.
Such a vielation should not be more harmful than the related one in continuum theory
by Pauli-vVillars regularization, which is an ungbjecticnable regularization in

Buclidean perturbation theery and probably beyond [EQ].

4) The present improvement prescription is related to Wilson's [3]] but is more

. . . .. 2 .. . . , P .
systematic since it eliminates 0(a“lna’") corrections in all quantities. (This means,:
presunably, removal of the second term on the r.h.s. of (A.5) as far as it stems from
irrelevant LEL terms, as it does in (2.4)). The price to pay is the sacrifice of o5

positiviky.

3} The LEL allows one version of “integrating out degrees of freedom': One changes

the LEL parametrization in (3.4) from lattice constant a to e.g, 2a, which implies
85 change according to (A.4) and gﬁ -normalization change. Then one determines those
irrelevant terms on the 2a-lattice that would altogether yield an unchanged LEL. Since

hereby, due to the definition of rhe LEL, the Fourier transforms of the correlation

functions remain unchanged in the 2a~Brillouin zone, the relation between the new

8
field variables (i.e., on the Za=-lattice} and the old ones (i.e., on the a-lattice)

is linear but nonlocal.

The procedures described here for g‘2+£ theory are adaptable without difficulty to
the O(N) vector, o model [26] where David's result [32] on IR couvergence of O(N)
invariant quantities readers the coefficieats in the improved lattice action IR finite
also at £ = 0, Comparison with the 1/§ expansion is here an interesting check trans—
gressing perturbation theory. - More important is the application of these methods to

lattice gauge theory., With original actienm e.g. the Wilson one, the improved lattice

action will also contain traces of products of links bordering several adjacent
plaquettes as in Wilson's improved action[BI]. Again, the lowest—order contributions

to ail coefficients of such traces are merely kinematical.

5. DOther recent results

Ta all orders in perturbation thecry, the Schrédinger representation exists in re—

norwalizable theories [31]. Hereby, the field oberator that is diagonalizable on a
smooth three-dimensional hypersurface differs from the rencrmalized (and from the
unrencrmalized) one by a factor that diverges logarithmically if the cutoff is removed.

As cutoff serves the (inverse) distance from the surface, and there is a close relation-

ship to the short-distance analysis of operator products [11] The need for this cut—
off requires a limiting procedure Lo be employed if matrix elements of renormalized

field eperators are to be computed in the Schrédinger representation.

The diagonalization of Fermion fields leads ta Grassmann vatiables. Their treatment

in Volterra expansions leads to antisymmetric functions with properties otherwise
analeogous to the ones of the expansion functions in the Bose case. The noteworthy

point is that (homegeneous and inhomogeneous} Dirichlet boundary conditions do not,

in renormalizable rheories, require a new renormalization parameter to be introduced.

= In AF theories, the "precise" relation between the renormalized and the diagonalized

field operator zould be determined.

There is also a Schrddinger equation that involves point splitting aud 2 limit as
already needed in the free~field case. The new feature with interaction is that in

the removal of the point splitring, again logarithmically divergent factors must be

applizd where otherwise none are needed,

To the half-space problem for renormalizable theories are closely related the proper—

ties of semi-infinite ferromagnets at the critical point [3@].

A new nonperturbative result of, however, '"conventional™ nature is the rigorcus con-

struction of Pauli-Villars regularized Euclidean Yang-Mills theory in 2 space-"time"

bow by M. Asor.y and P.K. Mitter £35], who proved the existence of the relevant gauge-

covariant diffusion pracess. The regularization is hereby so chosen that 0S positivity

will not be imseded if the "rime" -infinity limit is taken. Cutoff removal in the
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formulation, rather than in the final Green's functions, would be equivalent to
setting up the Schrddinger representation and -equation as just discussed.

A recent less conventional topic that seems worth mentioning is G. Miinster's treat-
ment £363 of the dense instanton gas. Here the IR divergence due to the dilation

zero-mode has been a Long~standing problem. Miinster estimates the (convergent)
after

collective~ccordinate integrations in a finite Euclidean box and postulates,

summing over all winding numbers, the existence of the thermodynamic limit, A conse~
quence of this procedure is a correction facter to the one—instanton action as it

appears in the zpproximztion to the free energy, leading to formulae that differ

significantly Erom those of the "dilute-gas approximation” that has been used almost

. . . . N~ s
exclusively so far. Tn particular, a previous paradox in the CP2 ! model is hereby
explained. However, so far only the pure instanton gas is taken into account, and

more detailed calculations to support the estimates employed are desirable.

6. Unconventional approaches

Finally, L would like to draw attention to recent, in part still speculative, work

of AM. Polyakov [37] and of A.A. Migdal [38]. Guided by the (widespread) conviction
that local QFT (e.g., QCD), even if "correct”, is too far removed from the objects
(hadrons) cbserved to be useful for the description of their "IR properties" {relative
Lo the UV ones where AF should apply) both authers lock for better suited mathematical
modzis. These are "string” models that beceme surface models in Euclidean four-space.
Polyakov IBTJ'deEines an integratiom over (so far, closed) two-surfaces and is hereby
led to the quantun Licuville equaticn in tworspace, possibly a giant step relative

to "old" string theory [39]. Migdal [3&] proposes a solution (in terms of a Fermion
field on = two-surface) for a functional differeatial equation for the vacuum expecta-
tion value of a Wilson loop in Sl(o9) gauge theory proposed earlier by him and

Make'enko [40]. While this approach is highly suggestive, the mathematics as well as

the connection with local gauge theory are not clear. In particular, R.A. Brandt,

¥. Neri, and M. Satc [417 have recently analyzed, to all perturbation orders, the

renormalization of Wilior _s with corners and self crossings, and have been unable
to relate their results, which should be a constraint alsc on nonperturbative

approaches, to the Migdal-Make'enke equation.

Appendix: Scne renormalizaticn group formulae

For details to the following, see e.g. ref. [42;1 The case of several coupling con-
stants is dealt with in ref. ra3].

i1n a rencrmalizable massless theory (i.c. one where the formal continuum limit
Lagrangian nas only dipensionless parameters; we use, for simplicity, the notation

) 4 . .
appropriate feor massless qﬁﬁ theory) the (Fourier transborms of the) renormalized

green's functions obey

10

(A1) {/4 [P -f-/."/;;)[oD/aD;j -+ ﬂg‘(‘g}ja
G fog Py, ) =0

(g = renormalized coupling constant, M= normalization (e.g., subtraction) womentum) .

a
/3(g) and 313) depend on the renormalization comvention. In the expansion

(A.2) //3 (’E};} o jﬁa g} Q‘4h 191 2} 3 IS

b(J and b,L are, however, cgnventio? independent and sc is for érTg) the coefficient in
its first term. lt is cog" for 95z. Fo; nonabelian gauge theory {NAGTY, e.g. QCD with
massless quarks, it is c g where g = 8., B, the usual gauge coupling constant, and is
zavge dependent.

The unrenormalized Green's functions that depend on the cutoff /41 (e.g., = a 1, a

the lattice constant) and the "hare' coupling constant obe
P gB ¥

wn fATSAOA] + g ) [0 Ppg ] + 7 Ftas)f
'Ga (foq-- Pr; A, ?’5) = O_/(("ﬁj- /

The t.h.s. is actually O /4-25144}01: lattice regularization {(see sect. 4).
/3(g5} and éx(gﬁ) depend {as do the GB) on the manner of regularizatiom. The first

two coefficients of /3(gB) and the first ccefficient of aﬂgB) are the same as for

ﬂ(g) (see (4.2)) resp. Z*(B)- &g obeys

f‘i/w T/t )2 lnAd = f%/ ' Alg) T In
oo [Tty o) b 9/ /1s 2
where, for definiteness, we here understand /g(gB) as defined by its weak-coupling
ceries (see end of this appendix).

& "physical’ quentity P(rﬂ,gB) (see, e.g., vef. [44]) has, if computed with
? . Caq s s
3 (/(A/,!_ ?) from (A.4) and cutoff A, at fixed g, M a 1l oo1imit and thus obeys
B ¢
{(4.3) with n = 0. Lf then the r.h.s. is O//_‘tdzéﬂd )as for lattice regulariza-

tion,

% oliim P
(4.5) P(/iiﬁ‘g)-"[d e'ﬁd/—cfd%/s/7éjdf-/ i

: % _ ' -
+A.“‘"/§/gz5 )[dekp[—cf;@gﬁ/&’)"fjd P*f...
P,

follows, where the constant:?,and Fp(gB)’ meant to be at most mildly singular, are
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