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Iterated Mayer Expansion for Classical Gases at Low Temperatures * 

Markus GOpfert and Gerhard Mack 

II. Institut flir Theoretische Physik der Universitat Hamburg 

Abstract: we derive iterated Mayer expansions for classical gases 

and establish recursive bounds which control their convergence. 

These bounds are useful for gases with two body forces which are 

strong and possibly attr~ctive at distances that are short compared 

to their range. Our procedure·· is based on splitting the potential 

into pieces qf decreasing strength and increasing range. This may be 

called a renOrmalization group treatment of a classical gas. we apply 

our results to Yukawa lattice gas models and obtain convergence of 

series expansions for the pressure for a range of parameters (tempera­

ture, fugacities, range of the interaction) that was inaccessible 

before. Application to 3-dimensional U(1) lattice gauge theory (Coulomb 

gas, Z-ferromagnet) will be made elsewhere. 

* Work supported in part by Deutsche Forschungsgemeinschaft 
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I. Introduction 

In this paper we present some tools for the investigation of con­

vergence properties of (generalized) Mayer expansions for classical 

gases 1 • They are useful when the particles of the gas interact 

through two body forces that are strong and possibly attractive at 

distances that are short compared to their range. 

To be specific, consider a gas of particles with charge m ~ ~ 

which can occupy the sites x of a cubic 3-dimensional lattice A 

with lattice spacing set equal to 1, and which interact through 

a Yukawa potential {= infrared cutoff Coulomb potential) of range 

M-l. '!'he Yukawa potential v(xy) == (- 1:::. + M2 ) -l (xy) is the translation 

invarian-t. solution of the finite difference equation on z3 , 

(-LI + M')u(><y) " S,y ( 1 . 1) 

1:::. is the lattice Laplacian, viz.~f(x) 

nearest neighbours of x in z3). 

E (f{y) - f(x)) (sum over 
y . 

The grand c~nonical partition function reads 

z • 2.:_ z~ L I. exp [-If L m,v(x,xJ)mj1 
A N><Of -·· N. m4 ,x, m,...,x..., f'~·l'~'-~ 

' 1 (Xc£A) 

( 1 • 2) 

We have included the self interaction of the pq.rticles in the potential 

energy. Of course one can omit it and compensate for this by sub­

stituting z for Z on the right hand side, 

z - z exp[-j3v(ol/2] ( 1 .3) 

Since (- 1:::. + M2 )-l is a positive operator, the interaction is stable 

in the sense that1 

L. mi.u(x;.Xj)rn· 
Hi.<jHJ J 

~ - J3N C 1 • 4 I 

.B"" tv(o) :& tu(xx) ( 1 • 5) 

The lattice provides a short distance cutoff to the interaction so 

that u(o)<oo . some such cutoff is necessary, otherwise the system 

would collapse. 
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The Mayer expansion exhibits the pressure as a power series in the 

fugacity 

_t_k_Z 
II\ I A 

" L. 
n: t,2,. 

b z' 
' I 1 • 6 I 

Stability and finite range of the interaction assure convergence of 

the Mayer series (1.6) for sufficiently small z, depending on B, 
uniformly in the volume lA/. 

Estimates for bn can be found in the literature1 
•

2
. Here we are 

interested in the behavior for large S. The best known estimates 
that we are aware of are in this cas~ furnished by the recent work 

2 of Brydges and Federbush 

I b" I ~ ( 2(3v ( o) y-• e 'f'B 

u(O): L lv(xo)J • M-' 
xt:Z 3 

2 '1·f -e 
n I 1. 7) 

I 1 • B) 

From this one obtains absolute convergence of the Mayer series (1.6) 

for 

lz 1 > ( 2ef3M-' )"' 
I 1. 9) 

The present investigation was carried out to prepare, the ground for 
a rigorous proof that pure U(1) lattice gauge theory (will Villain 
action) confines static quarks for all values of the coupling para­
meter f3(J, 4Y. (Details of this application will be presented else­
where.)5 There exists an exact transformation of this system into a 
Coulomb gas 4 . For a sufficiently dilute Coulomb gas on a lattice, 

Debye screening was proven by Brydges6 , using convergence of the 
Mayer expansion in the presence of an infrared cutoff M in the domain 
(1.9). To cover the case of the 3-dimensional U{1) lattice gauge 
theory, one would want to use the Mayer expansion or a substitute 
for it for !3 large, Z ""' 1, and M of the order of the inverse De bye 
screening length rn

0 
{= inverse correlation length in the Coulomb gas 

in Debye, Hlickel approximation). It is given by eq. (1.18) below, with 
~ = 1 , For Z .s 1 

m; ""' 2Z(3 e -(3Va,(o)/2.. 
( 1. 10) 
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{vcb(O) = v(O) at M = 0). It is evident that the sufficient condition 
(1.9) for the convergence of the Mayer expansion is not nearly good 
enough to cover this case. Indeed, if Z = 1 and B >1 it would require 
an infrared cutoff length M-l less than one lattice spacing, whereas 

m~ 1 
increases exponentially with B. In the present paper we will 

prove the convergence of expansions for the pressure in the desired 
range of parameters as described above. 

It is instructive to inspect the derivation of the estimate (1.7) for 
the simplest coefficient b 2 • This will reveal a basic reason why it 

is inefficient when S is large and M is small. One has the explicit 
formula 

lA lb, =-', L L (exp[-pm,v(x.x,>m,] - 1 ) 
2. m m;l. )()( 

' ';1. 1 

"-±-0 L L ~ds m1 v(x,x2 )m2 exp[-(3.sm,v(x,l(1 )m2 l 
rn,m 1 x,x,~.. 

0 

I 1 . 111 

Now one estimates the exponential by exp(2(3B), using inequality (1.4). 

After that the s-integration ·is trivial and one obtains /bJ~2(3U(o)elf3E 
Bounding the exponential factor by its absolute maximum one ignores 
the fact that the interaction is strong (and possibly attractive) only 
at short distances, and not over its whole range M- 1• 

Another feature of the system which can be exploited is that a 
collection of particles at a given site with total charge zero does 
not interact with the rest of the system. 

Our treatment of the problem is based on splitting the two body 
potential v into pieces ur of increasing range and decreasing strength. 

v .. Lv" 
I 1. 12) 

and treating the effect of the interactions -vr one by one, short range 

interactions first. In each step a cluster expansion is performed by 
writing e-[3ur = 1 + fr and expanding in products off's. This may be 

called a renormalization group treatment7 of the gas.* 

* This be-:::omes clearer if we transform the problem into field theoretic 
language by using the formula for the characteristic function of a 
Gaussian measure with covariance Sv: e-f3(m.um)/2 = J dfA(Ju(f) e i.(m,,:P) 

With the split u.,z:ur one may introduce fields 4>,. whose propagators '0'" 

emphasize frequencies in a different range. Then one after the other of 
these fields are integrated out, high frequency parts first, by using 
cluster expansions. 
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To obtain the result for Yukawa gases mentioned above it suffices 

to split into two or three pieces, but the last step in this 

application is as difficult as a general step. We will therefore 

derive general recursion relations and recursive bounds first. We 

will then apply these to Yukawa gases with partition functions of 

the following from 

Z ~ L ITT \(m(x))lexp[-JtL L m(x),(xyJm(~l] 
A mtzA XEA X€1\jE.A (1.13) 

with A(q)' 0. Summation over m is over all integer valued functions 

on A. The following special models8 can be treated simultaneously 

1) The standard gas 

/.(o)•1 , A(9l- ~ I 1 ~ 1 (2z)/I,(2z) L, q~:tf +2. 1.... ' - ' .. 
( 1 . 1 4a) 

2) The Villain gas 

\(o)·1 , >-(ql • ~ fOr- 9~±1 ±2., ( 1 '1 4b) 

3) The hard core gas 

), (o) • 1 , A (±1) • ~ , A ( q l • o fo• lq I> 1 ( 1 • 1 4c) 

Iq(•) is the modified Bessel function. A simple combinatorial argument 

shows 8 that the partition function for the standard gas with ~ = 1 

equals the partition function ( 1 • 2) times I 0 (2Z) -!Al • Brydges' work 

was concerned wi:th this model. The Villain gas with 2; = 1 is the exact 

transform of the U(1) lattice gauge theory with Villain action
9 in three 

dimensions. 

cases we set 

z = 

In order not to have to distinguish between special 

for hard core and Villain gas. I 1 • 1 5 l 

We (re)interpret ZA as partition functions of a gas of particles with 

a hard core that prevents two of them from occupying the same lattice 

site. They can exist in two or infinitely many states labelled by 

charge q'=:!: 1 (hard core gas) and q,;, ~ 1, ::!:: 2,::!:: 3, ... {standard 

and Villain gas). They have a common fugacity 4, and some charge 

dependent selfinteraction in addition to the Yukawa interaction 

between different particles. We are interested in lo~"l temperatures 0- 1 

and long range M- 1 of the interaction. 
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Our results can be summarized in the following. 

Theorem 1. There exist constants M0 -:> O, c 1
-, o, c 2 .,. 0 and E1 '>' 0 such 

that the pressure in the Yukawa gas models (1 .14) admits a power 

series expansion in the fugacity, 

-'-kz ·L. A,~" 
1!\/ 1\ n-1,1,. " 

I 1. 1 6) 

which converges absolutely and uniformly in the volume IAiwhenever 

e is sufficiently large, z :r 0, 

-1 
mD 

IM = 

-:... {3E. 
M

0
). M} C

1
mn , and 1+Z(l+21~1) ~ C2 (3 e 

1 

is the screening length in the corresponding Coulomb 

O) in De bye m.ickel approximation (if ~ > O), viz. 

' mll 
• 2(3\:1 (1 )I e -fl"cb (o)/2 

(1. J7a,b) 

gas model 

( 1. 18) 

We note that the case z = ·l1 = 1 is covered by this theorem, for 

sufficiently large ~. The constant € 1 is the same that will appear 

in proposition 8. 

An "iterated cluster formula" for the coefficients -Gn in expansion 

{1.16) iS given in eq. {2.31) at the end of section 2. The vertex 

functions a which appear in this equation are recursively defined 

by eq. (2.7) and (2.11). The reader should study the beginning of 

section 2 up to ·eq. (2.11) to get acquainted with the notation. 

Alternative formulae for the vertex functions a are given in section 

3, eqs. (3.2) and (3.7). In section 4 recursive bounds on sums of 

such vertex functions are derived. In section 5 they are applied to 

the Yukav1a gas models { 1 .14) • 
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2. Setup of the expansion 

We start by rewriting the partition function { 1 . 1 3} in grand canonical 
form in accordance with the discussion after eq. (1.15). We introduce 
abbreviations 

,, ( m;,_, xi..) Sc~,,c \ 

' L 2: ( 
m;_ ,.±!,±:~,. xi f./\ 

v(s,,>;J) 
r + 00 •r xi.~ xj 

l m;_mj v(x~xj) of.hexw·1se 

In this notation 

ZA L ZN 
N= o, 1.. 1\ 

L_ 
Ns 0, 1, 

Jd,, ci!;w :i'(~, ·· l;w) 

;c'"(s,--l;w)-
N W 

--, jrr .\(mel) e'p [- ~ L: v(>;.,, ) ] N · o=-1 2 -...J~ 1 J 

Z~ is proportional to Z';N. 

I 2 . 1 l 

I 2. 2) 

12. 3) 

( 2. 4) 

We shall split the interaction potential into R pieces of increasing 
range and decreasing strength . 

.. ,_, 
v(s .~ l · v'(!;,,sJ-) + L. v'(s,,!,J) ' J .. ,.1 (2. 5) 

v 0 incorporates the hard core 

v'(o,, ,, ) - { +000 
<f X~ "" Xj ) i -Fj 

(2. 6) 
oiherw>-Se. 

The other pieces of the interaction shall assume finite values only. 
They remain arbitrary until we come to doing estimates. 

We write down an iterated cluster expansion. We consider clusters 
of cluste.cs of o 0 0 of clusters of particles = constituents. They 
will be called -f-vertices, -e = O, 1 ... R. A a-vertex is a single 
particle i which is its own constituent. Associated with it is a 
variable ~i = (rni,xi) which specifies its state and poSition, and 
a vertex function 

o-'(J;J ~ \(mJ (2.7) 
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Higher vertices are defined inductively. An {-vertex a' is a fini.te 
collection {a} of ({-1)-vertices, no two of which share a constituent. 
There is an associated variable 

s,, ({>;,j,,,) cis,, • 1r cis 
C(£0(' C( I 2. 8) 

A particle l is constituent of a' if it is constituent of one of the 
(f-1)-vertices at:: a'. We write i §.a in this case, and C(a') for the 
set of all constituents of a'. We use the symbol E for union of sets 
with vanishing mutual intersection. 

We introduce the ~ [a'] of a (-vertex. [a'] is an equivalence class 
off-vertices. All a-vertices are equivalent, so there is only one 
type of a-vertex. Two {-vertices belong to the same equivalence class 
if they contain the same number of (i'-1) -vertices of each type fa]. 
Thus, for instance, two 1-vertices belong to the same class if they 
contain the same number of constituents. We write T_( for the set of 
all types of {-vertices. Two collections {a'j of !-vertices are said 
to be of the same type {fa']} if both contain equally many f-vertices 
of each type l y 'JE T.e. 

It is convenient to introduce an abbreviation for interactions. If 
a., y are two !-vertices we write 

vl(o<j) 

vl(c<<X) 

L. 
1,~0( 

L vl(>.,,f,j) 
j< f' 

- T I: vl('.,,~j) 
'-,]§.()( 

foe cU ~ 

(2 .9) 

v-<{a,a) includes in particular the self interaction of all constituents 
of the --£'-cluster a that is due to the piece vi in the potential. We 
also introduce the quantity f~~ for distinct {-vertices a f ~. It 
depends on ~a and E,~ and is given by 

+ f:, ~ exp [ -rve(oi¥) 1 (2. 10) 

Now we will write down a recursion formula which defines the vertex 
functions inductively. we write !E~.l for the set of all connected 
graphs with vertices a £a'. Such a graph is specified by a set of 
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links = unordered pairs (a,\3), with a + 8 and a,!3 e: a'. We define 

'" i - 1 l z: I(TI- "e e -(3v
1i""') ( IT f 1 )j 

cro;, "' [~jE.T ~ r \ c<£«' oc (c.:Oe,SC(, ()(i' 

1 t [f'l -""'' 

I 2. 11 l 

It depends on ~()(' , N~] is the number if ·l-vertices of type [131 

in the ({+1)-vertex a•. 

We claim that the Boltzman factor l:N( ~ 1 •.. 'sNl may be expressed in 

terms of these vertex functions as follows 

z"(< .. ,. l. L:' -"-;- Ke({o~))s'"[[IT cr-t(~ l]•xp[-I}I: vl(o<8l]j 12 121 
<;I 'HI \ci l N' a.qot. l 0( 0( o:,~E:{ci} • 

LC(ci)"'li·· N} 

S(c) is an average over all N! permutations of the N constituents 

i = 1 ... N. K~((a}) are combinatorial factors which will be 

determined below; the result is given in eq. (2.25). Summation is 

over collections of ~-vertices a which share no constituent and have 

a total of N constituents i ~ 1 ... N. Only one representative tal 
out of every collection {fa1l of types of ~-vertices is to be included 

in the sum. ·This is indicated by the prime', This restriction could 

of course be dropped, but the combinatorial factor would then be 

different. The last factor in (2.12) involves the residual interaction 

not yet incorporated intO o~, viz. 

v1(-~y) • .L: 2: L: v'(~,,·f,) 
lf<x' jU r)t J 

V 1(oc<) • L: L. v' (~,.~J) 
~.j~cX r~i 

for 0(+ :{ 

The proof of eq. (2.12) proceeds by induction. 

I 2.13 l 

I 2. 14) 

f ~ 0: In this case a,y are individual particles. Since there is only 

one type of a-vertex, the sum over {aJ in (2.12) has only one term. 

If we insert eq. (2.7) for o
0 

and compare eqs. (2.13), (2.14) with 

(2.5) we see that eq. (2.12) agrees with (2.4) with 

K~ ({o< J ) • I 2. 15 l 

The symmetrizer S(c) in (2.12) is redundant if f 0. 
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induction step: Suppose that eq. {2 .12) is true for a given f ~ 0. 

We show its validity for e + 1. We split 

Ve(c<y). ~~(Oij)+L. Jr: L _v'(!;,,>;
1
l] foe oi-l-y 

r?-l+1 l tt:.:O( JH 
( 2. 1 6) 

and similarly for a= y. Using definition (2.10) we can then write 

• fIT e -f3v'l••>j{ lT [I+ f.' j J La (ot.rll .r 

· exp [-I}~ L
1 

v' (>;,,I;J 1] 
1.,J .-~ .j-j 

exp [-I} L: V
1C"¥l] 

"·' I 2. 1 7) 

The prodUct in the second{} is over a11 unordered pairs of distinct 

{-vertices u,y. We expand this product and proceed in the standard way. 

IT (1+f1
] • L Tf f 1 

Cc<¥) otx 13 (c<¥)E.l3 ot/J 

Sununation is over all not necessarily connected graphs 13 with vertices 

in the set !a} of ~-vertices that is specified by whatever term in the 

' sum Elal in (2.12) we consid~r. Some of the connected c9mponents of n 

may be. single (-vertices. We decompose r3 into connected graphs g a' 

with vertices a £ a'. a' is .a set of {-vertices with no common 

constituents and is therefore a ({+1)-vertex. 

(;:;,l<+f~~l. ~~ ~~(~ _L::;;,~.+-~ 1)} 
cornpo.hbl( wiil.. l<:iJ cx 

( 2. 18) 

Summation over \a'} is over all sets of ({+1)-vertices which consist 

of distinct f-vertices in \al and have the property that each {-vertex 

in {a} is in some ({+1)-vertex a' (i.e. it runs over partitions of th(~ 

set[aj.) 

We inse"rt eqs. (2.17) and (2.18) into expression (2.12) for z.N to 

obtain 

"( . " li, ~ ! • z ..L 
N I« l "'' 

l.'CI«l·{• "} 

Kf({c<j) 
(2 19) 

.s''' L. /Tfz:: (Tf ,o·;e-fl'''""1)rr f:, lexp[-~l:L v'(>;,.~Jl] 
{ol'l c.(' SO(' O(~ol (O(ij)£5c:c• t "•1 r~l .. 1 

cornpa"-ble wolh lot} 
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We inspect the last factor. comparing with definitions (2.13), (2. 14) 

we see that 

-'-L: l: ~'(< .>; l- i: L: v 1•'("y) 
2 '·l n.e.-1 ' J co::~· 

We may now insert definition (2 .11) of the vertex functjons to rc~n•rite 

expression {2.19) as 

<"(>;, ' )· [ 
'IN joe:} 

N~ KI(I~J) 

I 2. 201 .LC(.Xl~{l llij 

·S'<>E [[v. (rrt"lr_N" 1)]e,p\·iJ:L:. V1''(<¥ii]j 
/{)('] Ol£/ot} « Y>lt:l{ f(ll c::.;g...:{c<} 

compo.hb\t wd{, f..:j 

We are left with a combinatorial problem. Any two representatives \a' J 

of the same equivalence class lfo.'J\ that is specified by a collection 

of types of ( ~+1) -vertices differ by some permutation of constituents. 

Because of the presence of the synunetrizer S (c) they will give the 

same contribution to expression (2.20). Therefore, expression (2.20) 

is of the form (2.12) with {+1 substituted for t, and 

1(/ j) I(( ')) .,, TT. N"' l(l"(jcl})- k cl. n ol. c<'~!c<'l[f1...:Tt lfl I 2. 21) 

(o<l' l o/'""· "''' {o<')} 
(2. 22) 

nt({«'J) is the number of collections of ({+1)-vertices of type 

j[a'Jj that can be made out of a given set of {-vertices at: a'. This 

completes the proof of eq. (2.12). 

It remains to determine thecomblnatorial factor n.f(!a'J) and to solve 

the recursion relation (2.21) with initial ccndition (2.15) for the 

combinatorial factors K'f({o.]). ,The reader is invited to skip the 

following discussion and continue with eq. {2.25). 

To facilitate visualization, ~-vertices will be simply called vertices 

in the following discussion, and (f+1)-vertices will be called clusters. 

Vertices can be of different type = colour. 
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In figure 1, vertices of different 

colour are distinguished by symbols 

~.~J.O.X . Consider a set of 

labelled vertices, possibly of 

different colours. We partition 

this set into clusters a'. Two 

clusters are of the same type if 

both contain an equal number of 

vertices for each colours. Two 

partitions {a'} are of the same 

type if both contain the same 

number of clusters of each type. 

G 
GD ®4 x5 

06 

fi~. Clusters of labelled 

vertices of different colour. 

Two partitions {a'} of the same type are obtained from each other by 

permutation of vertices of the same colour [13]. Permutation of vertices 

of a given colour within a cluster does not produce a new partition, 

and neither does a permutation of vertices which is equivalent to a 

permutation of clusters of equal type. Thus the number nf ({a'}) of 

partitio:1s of the same type is 

1f N t I 
nl (lc<'})- [OJ<T< f~l. 

( lT IT N~ f) IT N '" 
0(' [?J€lt f(11' [~'].:1)_.,_, f(l 

(2. 23) 

T -1. is the set of types of -f-vertices (colours), T_f+l is the set of 

types of {£'+1)-vertices (clusters), N~~~J is the number of {l+1)vertiCE•s 

of type [Y 1]€ T{+ 1 in the collection {o.'J of ({+1)-vertices, and 

N[~ 1 =Lrx~{:Jl'j Nr;J is the number of (-vertices of type (S]ETc in the 

collection [o.J of C-vertices that is specified by {a'j according to 

eq. (2.22). 

We can i.1sert result (2.23) into recursion relation (2.21) to obtain 

K1•' ([o<' lJ Kf(lotJ) 
Tr Nl 

((l1£T_t [,131 

Tr Nh-t 

[j1'1 € 1{+1 [[l' J 
( 2. 2 4) 

In the special case f ~ 0 there is only one type of 0-vertex [13], and 

N[% 1= N =number of constituents in jaJ. The solution of the recursior, 
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relation (2.24) with initial condition (2.15) is therefore 

1. K1 ((otl) 
N! 

(2.25) 

IT wl I 
[('l<Tt [f'l 

N[~l= number of !-vertices of typel~l in the collection \u1 of {-vertices. 

This completes the discussion of combinatorial factors. 

Let us return to expression {2.12) for the Boltzmann factor and specia­

lize to..(= R. From.the definition (2.13), (2.14) ofVe and eq. (2.5) 

it follows that VR = 0 

Therefore we obtain the following proposition as a special case of e4.(2...12.) 

Proposition 2. The Boltzmann factor (2.4) can be expressed in terms 

of the vertex functions as follows 

N ' 
J!: (~, ~N)- f.j 

Z:C(oll• {1 

( Tr N" !fs'''Tr ,."c~ l 
[)1lETlt [pl o<.({cil oc oc 

Nj 
I 2.26) 

Notation and terminology were explained at the beginning of this 

section (up to eq. (2.11)). Summation is over collections of R-vertices 

a which share no constituent and have a total of N constituents 

i "" 1 .•. N. Only one representative {a.} out of every collection {[aJI of 

types of R-vertices is to be included in the sum, This is indicated 

by the prime'. The symmetrizer S{c) averages over all NJ permutations 

of theN constituents i = 1 ... N. N
1
: 1 is the number of R-vertices of 

type 1~1 iro {a}. 

Up to this point all our manipulations involved expansions in finite 

sums and no questions of convergence arose. In the following discussion 

it will be assumed that 

(JET ~d~.lo-:(~,J\ < 0o 

• 
I 2. 27) 

This implies in particular that the ~.-summations in the individual 

terms in the sum over [~1 are absolutely convergent. We may therefore 

sum expressions (2.26) to obtain the canonical partition functions 

z"- I:' ( Tr N" I)-' Tr {fd> o-~( ) 1 
1\ lot} (Jllt:TA (Jll. cU(ct} '1<:( 0( .;"' J 

Z:C(«l• {I .. N} 

(2. 28) 

- 1 3 -

Summation is over (one representative out of each) collection of 

types {[a.]} and is therefore equivalent to a sum over multiplicities 

N[~l with which R-vertices of type [6)€TR appear. The expression in 

{} depends only on the type [a.] of a.. Thus 

z" 
A 

L. 
{ N[pl}fJ1lt:.T'R 

"-rpl N~ 1 1C(('ll • N 

11 l , [ r N" j 
[y]t:T'R l N'R I Jd~~cr:(~K)l frl 

r, J. 
(2. 29) 

The constraint on the sum says that the total number of constituents 

is N. If we insert eq. (2.29) into the definition (2.3) of the grand 

canonical function, this constraint disappears and the sums factorize 10 • 

The result is given by the ·following 

Propostion 3. Z .. exp L. ) o/t,(l( CTCJ.Tl. ( ~ot:) 
A (olJt:T"'R 

(2.30) 

provided the sum in the exponent is absolutely convergent, i.e. 

inequality (2.27) holds. The' series in the exponent is of the form {u6) 

The (rigorous) derivation of eq. (2.30) from (2.29), (2.27) is 

standard; details can be found in Appendix A. 

( IC(y)l 

It follows from their definition that cry are proportional ~ • 

jc(y)\ =number of constituents in the -l-vertexj.Therefore the exponent 

in (2.30) is a power series expansion in ~ and represents an analytic 

function of ~ if it is absolutely convergent. It can be rewritten in 

the form (1.16) with 

/A/.f.o " L: r dt, .,."cr. J 
[~]t:TR ~ 't 't V 

I 2. 31) 

IC{~)[" ,. 

sa~y stands for summation over charge and location of the n particles 

which are the constituents of the R-vertex y. 
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3. The tree formula 

In this section we will present alternative formulae for the vertex 

functions a~. 
we start with 1-vertices. The 1-vertcx functions are determined by 
the properties of the hard core potential v0 , eq. (2.6), alone. To 
determine them we may therefore ignore the rest of the potential and 
setR=1, 

consider a lattice gas of particles which can exist in several states 
q, with (sufficiently small) fugacities A(g) that may depend on g, 
and no interaction except a hard core that prevents two particles .from 
occupying the same lattice site. The partition function for such a 
gas is equal to 

I 3. 1 I 

IAI 
Z [1+2:.:119>] 
" ' 

Therefore the pressure is 

-'-l.,z L: l·'l".'[L::I(gl( 
II\ I A n;. 1 n 'J 

We compare this power series in variables A(q) with the result of 
setting H = 1 in eq. (2.30). From the definitions (2.6) 
it follows that 

0"' ( l;, ~") • 0 unless x 1 = x 2 ... = xn 

The comparison yields therefore lhe unique result 

.,.· (E,,. 
( _ 

1 
)n- t 

~., ) • -
0

- A ( m,) A (m IS .. b 
n X

1
X

1 XnX 1 

I 2 . 11 I 

I 3. 2 I 

Now we turn to the higher vertex functions. In later estimates we 
will use the tree formula, eq. (3. 7) below, in Place of the recursive 
definition ( 2. 11) of vertex functions. The tr'2e formalism was developed 
in constructive field theory 11 . The tree formula for the cluster 
integrals in the Mayer expansion for classical gases was derived by 
Brydges and E'ederbush

2
. It is readily generalized to our case (see 

Appendix B). TD state the result, we recall the pertinent definitions. 
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Consider the set of all functions 11 which assign to every integer 
a= 1 ... t- 1 a positve integer 11Ul satisfying 

Tl (i) "' i I 3. 3 I 

Every such function specifies a tree graph with t vertices 1 
Its links are the pairs (a+1, n(a}), 

,P5 ,y; 
t. 

a = 1 , . . t - 1 . An example is 

shown in figure 2. (The numbering 

of the vertices is compatible with 

the partial ordering that is 

specified by the tree graph in the 

natural way, and every such 

numbered tree is obtained from 
1 (4)· 3 . 1 131•1121· 2 • 1 I•> ·; 

a function n as specified above.) 

The end points of the branches of 

the tree will be called maximal 

figure 2. A tree. lt.l.xima1 vertices 

are indicated by open circles. 

vertices. They are characterized by i f range 11 

one introdUces real variables 

s 1 ... st-l which take values 0 ... 1, and the functions ,. ' 
f ( 1' ', st· 1 ) 

TT 
0. ' 

s s 
0 0 ' 

s 
'](<ll I 3. 4 I 

Empty products which arise when 11 (a) = a or t = 1 are read as 1. 

Consider now an ({+1)-vertex a' which consists oft -(-vertices. We 
shall label them in some arbitrary way a

1 
stand for symmetrization in labels a

1 
expressions F ca:t-rying such labels 

SV(ot
1

. O<'t) f, ~ F ((l(,n ot.,./_ ) 

... at. The symbol S will 

at It acts on symbolic 

( 3. 5 I 

(sum over all t! permutations of (1 ... t)). By definition (2.11), thE~ 

vertex function o~; 1 is symmetric in the labels a
1 

... a.t. 

I Given the potentials v (a..a..) one defines a partially decoupled e l J 
interaction W . It depends on §. = (s 1 ... st_

1
) 

w1.(2_1c<') ... i vt(c<Q,O{o,) + L SO.S.<>.+t .sb-1 v((cto..otb) 
H a< b :!'-!::-

{3. 61 
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The tree formula reads for .f "9 1 

I+' cro(, .., 
t I " £+ 1 

"·· 
I 3, 7al 

Tf N<X' I 

f?1''! lfl' 

"'"l' l D.!L' e:<' co:' - t s 
1 \d,.ds z:{f(

1
,§\Tvt(c< o1 )]e-(JWI•Ioc'l 

• t-t 'i '- la~l a~•' 7<<>> 

0 

.blt-o-0(£('£,0/)} (3.7b) 
• \ b b 

Summation is over trees as described above. 

Proposition 4. The tree formula (3.7) is equivalent to the defining 

equation (2. 11) for the vertex functions, for e ) 1. 

The proof is relegated to Appendix B.(It establishes a substitute 

for the decomposition (2.18). The assertion follows then by a 

uniqueness argument.) 

To obtain bounds on vertex functions a 1 , estimates on W.f(§kx)will 

beneeded. They will be derived using the fact that w· 1 can be exhibited 

as convex combination of partially decoupled interactions as follows
2

. 

Suppose a potential Wr is of the form 

\J • T L w, (a, b) 
r Ha,b.! -1. 

(3 .81 

Then one defines, for n = 0 t- 1, a partially decoupled potential 

1./,:n .. T .L w,.(a,b)+ -:f [_ w~(a,b) 
• H:a,b'" n<a,b~i. 

To obtain w-f we set 

W'
0 

(a, b) vf(c<.a.,CX\,) 

The quantities Wr for r = 1 ... t- 1 depend on variables 

§ '"" (s
1 

... st_1). They are recursively defined by 

v~ .,.. (1-s,)~-1, .. + s,V..-1 

In this way one constructs 

w! (.>to<' 1 • IJ,., <~) 

13.91 

13.101 

I 3 . 11 I 

13. 12 I 
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4. Recursive estimates 

To get useful estimates, some bounds on the pieces v 1 are needed 

from which the potential v is composed, see eq, (2.5). We assume 

that v 1 are of the form 

vl ( '<" . l" . ) = m . m u e ( x -, x- ) or- 0 
St • "')J l J j 

.forf;y1 I 4 , 1 I 

and that it satisfies inequalities of the form 

" -I-L_ vi(G,.t,.)'} y1 +-t,e(-1+Lm~) 
H<,J~ t< J ,., ' 

f"" N ~ ~ ( 4. 2a} 

with 

t1 > 0 5.e +- o (e-z ... 'R-1) 14. 2bl 

s.e "' "<- t 1 >-- o (.eR1 .. ,"R.-1) 14 .2cl 

We will show in section 5 how the Yukawa potential can be split in 

such a way that inequalities"of this form are true, with y 1 = ;u
1 (O). 

We begin by.·deriving inequalities for the vertex functions themselves. 

~ -summations will be done afterwards. The final step will be to 

estimate sums over types of t~vertices. 

Consider formula (3. 7) for the vertex functions a~"!" 1 for l ~ 1. 

Remember that the (-!+1) -vertex a' consists of some number t ., 1 of 

{-vertices a 1 ... at that were numbered in some arbitrary way. We 

note first that the bounds (4.2) imply a similar bound for the 

partially decoupled interaction w( ( § Ia I) 

\J~(.>Io~') > S, .,, L "';' 
4 j~O(' 

14.31 

This is proven by noting thqt the inequality is··preserved throughout 

the recursive procedure (3.10) ••• (3.12) by which w1 can be constructe< 

because formation of convex combinations preserves inequalities. 

Inserting the bound (4.3) into formula {3.7) for cr~"!" 1 and using (4.1) 

one obtains the inequality 

I 'I"(' l\' L' e-f'(J,u,zJ,•'"'Jl{-fr\a-~('E, l\l 
ao<, '->0(· ~ i b~t O(b O(b 

(4. 41 

' 
S Jds, 

0 

\., 1 I 1\ ds LIT 2.: [ .set-1 sa.~l. ... s1 (<1.) \mj mlo. \J (xi'\) 
t-1 '1 a~, j~C<'Q+Ik(O(?(a..l 
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To obtain cr~; 1 one has to multiply with the combinatorial factor 

of eq. (3.7a). 

Next we carry out x-summations and do the s-intE!grations. We assume 

that the potentials ut, and therefore also the vertex functions, are 

translation invariant functions of the positions of particles xi~ L
3 

[This entails no loss of generality. If translation invariance in this 

sense does not hold, the following procedure should be preceded by a 

preparatory step where \a\, lvll etc. are bounded above by functions 

which depend only on differences of arguments,f(x, ... xn)_,.'>upf(\*" 0 xn+a.)] 
• 

We write ~a- (rnr;:{,xc£), xo.-= (x~);_~o( etc., and introduce a 

(preliminary)norm (n =no. of constituents of a) 

!Ia} IICm.l = L. , \a:c<.ll S,, 
:XC(( Z n ' 

( 4. Sa) 

~ ma' L I a-1 (>; ll ~· 
j,l< XCIE:/\'1 01. o< "J" 

I 4, 5b) 

i is an arbitrary constituent of a. ~he result does nol depend on 

i or x because of translation invariance. We introduce 

~ '(o) - I: I u'(• y)[ 
XE.Z3 

I 4. 61 

By translation invariance this is independent of y. If ur (xy) 4 0 then 

0r is the Fourier transform of r 
u 

We consider individual trees n and numberings of the e-vertices 

(they are permuted by S) • We carry out the summations over variables 

xa in eXpression {4.3) one by one, "trimming the tree and straighteni.IC: 

its branches" as explained in figure 3. 

'0....~4y
5 

3 2 ~ ~ 

I I f
3 

~ 2~ I, ot 

figure 3 How to trim a tree and straighten its branches. 

last dot represents a single constituent of the 

(-vertex a
1 

,) 

(The 

If we carry out the summations over x in the order a~ t, t- 1, 
a a 

we are st1re that in each step the summation variable is attached to a 

maximal vertex of the remaining tree, compare figure 2. 
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Each xa -sununation except the last is over all x ~E. Z 3 for i~a. In 

the last step, the position of one last constituent is exempt from 

summation. To do the individual xu-summations, we consider the terms 

in the sum over jEa in expression (4.4) individually. The summation 

over xj is done last, with the help of (4.6). 'rhe preceding ones are 

carried out with the help of (4.5a). The freedom of selecting a 

constituent i in (4.5a) is used to set i = j. 

In this way all the x-summations can be done in sequence with the 

result that 

II ' I•' 
"•' ll(m")' f [f3Uf(o)J"" ~-e. -(3$f -II 

0.0:: <\ • {11 /j -;3'Zm'} o-0( (ma)e .e Jli.« J 

I 

sh ds-t·• 
0 

[_ 1T _L L \m 1 rn~ls 0 .,s 0 . 2 I ! ' 

'1 "'"' J~cl,. \q~7(o.} 

s l I 4 . 7) 
? {o.l 

The sum over trees n and integrations over s-variables can be per­

formed with the help of the following. 

Lemma 5 ~the tree estimate). The following inequality holds for 

arbitrary u{a)} 0 and f as defined in eq. (3.4) 

j 

z. rds. 
7 l ' 

0 

···r J ,_,\ " 1"'1 dst 
1 

f<~.?: \~ y (a+l)j-'-('J(o.J) ~ ~~ .~'-"'(a.t-~)e' I 4. 8) 

The prototype of such an estimate was obtained by Glimrn,Jaffe and 

Spencer in ref. 11. The reader who is not familiar with it can find 

a proof of inequality (4.8) in our Appendix C. 

We set 

_P(o.) = "'- L )mJI 
J. j ~ o({l ( ~<1 >,. 0 arbitrary) I 4. 9) 

Applying inequality (4.8) with this choice of \.l to expression (4. 7) 

obtain 

t-1 11.S 
II.Yh'l[(m

0
.) c{ .'..]13~ 1(o)j<J] ,-,- < 

~, t I-

TT , j11 ,-: I ( "'•) e•p Z: (· f',c, m' + 2,, I m1 I) l d.O:o( j§o1 I ,._ J 
I 4. 10) 

we 



• 
~ 
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j 
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We have used that x f ex for x "} 0 to raise factors l: \mj I into the 

exponent, and included some factors exp ( ... ) > 1 to make the resulting 

expression look more symmetrical. Inequality (4.10} is true for any 

choice of K.t > o. 

Next we do m-summations. We introduce norms (n 

of a, 2.,.= z- (O)) 

number of cons t i. tuen ts 

I\ cY; ~ • L llo-11\(m") exr[ L (2x/m I- tmj)j 
(,IC mOl€ Z~ ci. j~OC: J 14.11 I 

From definitions (4.5a), (4.11), (2.1') and inequality (4.5a) it 

follows that 

I d>,~ I"~ (E,.II £ /A iii<T;, o,o ( 4. 1 2 I 

Inequality (4.10) implies that 

H pS e 
11&'''11 ' -t' [llv1(ol/•ll .- 'rr II". II,,,, ,,. 

o:' £."' I C(cc<:' r:t' :t 
( 4 • 1 3 I 

Finally we can estimate sums over types of vertices. Consider sums 

of ({+l)verticesa' which consist of a given number Ia' I = t of 

{-vertices. Define 

II .,.e .. I • 
t t:, 1(. 

L II cY '"I 
(c()£T. ot' £I< 

-t+t ' 

I'C.:'\-t 

I: ( <! \ 
[<X'l ~- Tt,-1-1 TT N<:l.' ' ) 
loc''l m t. ([!.}(T~ (f}' 

II & 
1."1 

0{ £, K 

( 4. 1 4 I 

Ultimately we will be jnterested in estimating the le-ft hand side of 

(2.27). Because of inequality (4.12) it satisfies the bound 

_1_ I l d~ •. I<T.~(r, •. l I 
lA! [OI''}Cf~ 

' r. II.,.: II 
t ~ 1 o,o ( 4. 15 I 

It suffices therefore to estimate sums of the form Lt~ 1 \\crte \lf..,K. 

We derive a recursive bound for them. 
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We insert the estimates (4.13) on the right hand side of {4.14). 

This gives 

II oc 1''1 i: (,I(_ 

' + [fve(ol/•,' ('.-fls, L ( t r )rr \lcr'~ 
(o::']<."il,._; IT N.x' ~ o<<.ci' c< E..•f!'i.t,"'+Kt 

lo::'l~t [fl€Tl (fl 

The type [a'l of a (-{'+1) -vertex is given by the number of times 

N(~ 1 with which any given type [01 of ~-vertex appears in it. Sunwation 

over[a'J is therefore equivalent to summation over the nultiplicities 

N(~ 1 s~bject to the constraint that the total number of -!-vertices 

L[ 01 N[
01 

= t. We can therefore apply the multinomial theorem to do 

the (a'I-summations. As a result 
t 

lloc,1''1\ ( -t' [llv1(ol/•,'(' ( L [[.,.~\1,, 0 , "'") 

t,K I [c<]€'t r ~ · J. 

e -('>bt 

We insert definition (4.14) to rewrite this as 

lloc,1''1,, ( T [('u 1(ol/•l]H (2-:,,, l\rr~l1,,1,.,,,,,,)' .-f''< ( 4 • 1 6 I 

This is valid for {. ~ 1 and for any "'.t" 0. Finally we may sum over t. 

This produces our 

Proposition 6. If the potential of a lattice gas with pair inter­

actions can be split into R pieces vR. ( -C = 0 ... R - 1) which are 

of the form (2.6), (4.1) and satisfy the bounds (4.2), then the 

following recursive bounds on sums of vertex functions are valid for 

e ~ 1 and arbitrar.:y "'t > o 

L lloct"! < 
t~t,2,. i: £,1< 

[fvl(o)j•: (.-Jls, k ( 1- ;Jv 1(oi•;'"~'·'·II<T}\I,,/',,·"",) 
( 4. 171 

provided the argument of the logarithm is positve. 

To apply these bounds, one starts from a bound on o 1 and applies the 

recursive, bound (4.17) repeatedly. This produces for instance 

Corollary 7. Suppose the hypotheses 

Let 
;L1H 

Kt"" k·tl<..t 
~-· 

E:-l- (3 t:k·( t.~ 

of proposition 

and A - L e s ... 
l lot •1 '< 

6 are fulfilled. 

Suppose that the following inequalities are also fulfilled for some 

A>O, o.::c-::1. 
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L. 11<1 >A(1-cf 
n~t,2, E 1,K, 

( 4. 18a) 

f3Uf(o)0(_~2 ~ c (r-c/A-' ef3!J.t., fo' 1-< 1H 14. 18b) 

Then 

L. ( dr,.lo-;(!;.1\ ,; 
(o(]E:TR j 

A (1-c('e-1'"•·• 
I 4. 19) 

proof: We show that 

L \la-il > A(1-cf 1e-j3A,., 
n~'.l,... £t,K(. 

tor (~ i ... ~ I 4. 201 

The assertion of corollary 7 follows from the special case e = R of 

this by inequality (4.15). The proof of (4.20) proceeds by induction. 
If~= 1, inequality (4.20) is true by hypothesis (4.18a). Suppose 

( 4. 20) is true for some <. ~ 1. We show that is then also true for 
-( +- 1. Since -ln(1 - x) ~ x(l ~ x) -l for 1>n-o, the recursive bound 

(4.17) give~-

e.,l 
L_ lo--'1 £f+t'Kt+1 11~ 1.2' .. 

>A (1-cY
1
e-fl"t·• e-j3S, (1-(lu1(ol<;'A(1-cY

1
e·fl",·J' 

-e-1 f3" 'A(l-C) e- l 

The second inequality follows from hypothesis (4.18b). Proof completed.D 

5. Application to Yukawa gases 

We will now apply the results obtained so far to the Yukawa gas 

models that were decribed at the end of the introduction. We split 

the potential as in eq. (2.5) into the hard core potential v
0 

plus 
R- 1 = 2 pieces v 1 and v

2 . Because of the presence of the hard core, 
an arbitrary finite value can be assigued to v 1 ( ~ 1 , ~ 2 ) for x 1 = ·x2 . 
We make use of this freedom to set 

v'(,,>;,) 
I o .r x,.x, 

1 m
1

m
1

v 1 (x,x 1 ) other•-/,Se 

.r..t~n m, = - ;,1Jn ml. 

I 5. 1 a) 

u 1 {x,x~) ( ' )-' - !:J. t- t'-\ ( X 1 , X~ ) 

15. 1b) 

and 

v..c(:s,.~._)"' m1 m 1 v"(x,x_~_) ( 5. 2a) 

u 2 (x,x~) ( ')-' ( ')"' -!:J.t-M (x;.x2 )- -Ll+M
1 

(x,,x.z.) 
I 5 .2b) 

M
1 

# M will be chosen later on. First we will now establish 

Proposition 8 This choice of v 1 , v 2 satisfies the bounds (4.2) for 

some t 1 > 0 if M1 is sufficiently smalL with £ 2 

~, ± v'(o) ::= ± v'(xx), c:n-1ol 0<£
1

<-tv'(o) 

Moreover, uf(x~x2 )>-.o and 

V'(o) = M- 2 

' 
1?·(o)- M-2._ M~ 2 

_, 
'M 

62 = o, 

(5. 3) 

proof: The positivitY assertion is a well known fact {see Appendix D). 
It follows that ll 1

(0) as defined by eq. (4.5) are given by the Fourier 
transforms 

e .kx p U(k)-L. e -u(xo) 
x(: zl I 5. 4) 
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Explicitly 

( 
3 ')-' 

V'(k)"' 2L [t-cosk,...]+M
1 

f'. 1 ' 

( 5. Sa) 

J -' ( 3 

u'(k) • (zf,[l-co>kf'j+M')- z;=JI t<n~.J + M:} 15. 5b) 

Relations (5.3) follow by setting k = o. 

The self energy -}) (O) of a particle of unit charge is given by 

v'(o)"' (2wr~ )d 3k (2L.[1-eo-d~f'1+-M12 }
1 

llq,..tpr t" -1 

We compare with the Coulomb potential "cb(x-y)= (-.6) (xy). A short 

calculation shows that 

u1 (o) l.)Cb(o)- (4rrf
1
M 1 + O(M~) (5.6) 

The numerical value of uCb (0) is known 
12 

uCb(O) .. 0.152.731 (5.7) 

Now we are ready to derive the bounds (4.2). We introduce the Hilbert 

space H o~ complex functions f on z3 
with scalar product. 

(f.~)· L fi''ql'' 
x.,.zl d 

The kernels vl(xy) specify positive operators in H which act according 

to 

(v1j')(x), L 3 u 1 (xylfl~l 
y<2 

These operators are diagonalized by Fourier transform, and it follows 

from eqs. (5.5) that 

(m,t/m) ">-- r:f (m,m) (5. 8a) 

with 
< ( ' - < f "" 11+ M

1
) ' ~ - 0 

I5.Bbl 

Consider a set of N particles with integer charges m~f 0 and not 

necessarily distinct positions xi. Set 

m(x)-L.. rn·Sx 
. t l)(' 

I 5 _ 91 
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It follows from inequality (5.8) 

bound (4.2) with 

that v 2 satisfies a 

62 "" £2 "" 0 15 _ 101 

It remains to study v 1 . From definition (5.1a) it follows that 

E,.. -}L ,_,1(~·.'£,-)- }:-(m.v'm) t- ± ~ lm~m-lv'(o) 
-i,l ~ 1 ... j ' J 

x,~xj ,SI~'l "\.• ~s•jn m1 

Inserting the bound (5.8) for the first term and noting that ~\:u1 (0) 

one finds after a short calculation that 

±L v'(r,,.t,j) ~ .Yr1z:mt 
'•I 

I 5. 11 I 

If M1 is sufficiently small one has 4p1
"> u 1 (O) by eqs. (5.6), (5.7) 

'l'herefore inequality (5.11) implies validity of bounds of the form 

(4.2) with y 1 = ~l}(O) if M1 is sufficiently small andZ::m~"V 4. 

It remains to 
1
discuss the ca!3el:;m~4 3. There are only the following 

possibilities. One may have N = 1, 2 or 3 particles with charges 

mi = ± 1. c'onsider first particles whose positions are all distinct, 

and define for this case 

N 

_L m._m
1
- v'(x.._xj) 

'·l ~ 1 

mtn ___]_ 

ix.._,m;_"'±l) 2. 
E 

N 

0 1 (xy) is positive and monotonically decreasing in 

of each coordinate difference (see Appendix D). It 

E
1 

"' T11'(o) 

E 4 = v1{o) -111 (1) .. t [1- M~v1 (o)l 

E~ ~ }v'(o)- 21/(t) 

(We use the abbreviation v 1 ( 1) 

direction.) 

v
1 

{x,x+eu), eu 

15. 12) 

the modulus [xu- yu[ 

follows that 

15. 13) 

unit vector in u-
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E
2 

is the energy of a dipole = two charges ± 1 at nearest neighbour 
sites of the lattice. It can be computed because 

u'(o~ _ u\1),. -..!.... L [ v1
(±e o)- u'(oo)] "'-i; .6.v'(o) 

6 ~.f' I" 

The inequality for E3 is obtained by dropping the repulsive inter­
action between like c_harges. In the limit M

1 
= 0, relations {5.13) 

give E 1 = i uCb(O) = 0.126'+, E 2 = 0.166 6 , E 3?0.206. Thus 
EN>; u 

1 (O) for N = 2, 3 if M
1 

is sufficiently small. So the desired 
bound (4.2) holds. 

Finally we have to dispose of the possibility that (atle3st) two of 
the two or three charges sit one the same lattice site. If they have 
equal charges, the argument is the same as above. It they have 
opposite charges, they do not interact with a remaining third particle, 
and the attractive potential between them has to be ignored according 
to eq. (5.1). It follows that E) ~Nv1 (o) and the desired bound 
(4.2) is again satisfied. T~is completes the proof of proposition 8.0 

To apply the recursive bounds on vertex functions of section 4 we 
need a bourid in o1 first. It is provided by 

Lemma 9. z: no-' II < 2i).C,lle 2
"-' (1-cY' 

fl E, I< f ( ) ,_ '" t !+Z: !+2/:;1 ~ Ce 
n '"1,1, 

This is true for any C in the interval 0 < C < 1 and Z::;. 0 

proof: There is only one type of 1-vertex with n constituents. It 
follows therefore from the explicit formula (3.2) for o 1 that 

I< i,,.- * l~"·"···I'A(9ll"p(-•q'•2•1ql)j (5.14) 

The modified Bessel 

n = 0,1, 

fore 

. Th.Ls 

functions satisfy In+ 1 (2Z) !0 Zin (2Z) i.f Z~o, 
follows from their series representation 1~ There-

11-Cqll < I'A(lllz 19'-' ( q • ", ~', ) ; "A ( 1) ~ ~ 'z wilh 11; '1 "; 1 (5. 15) 

for all three models (1.14). (We adopt the convention (1.15) .) We 
insert this into (5.14). We must estimate 

S"" L.. (ze2~.:)tqte-£9l. 
q~±1,±2, .. 
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- 2K We distinguish two cases ze ( 1 . Consider first the case 
ze 2" )/ 1 In this case we can estimate 

' L n s :>: L. (:ze 2«e-t: )9 $ 2 L (ze K-() 
'! <1•1,l., 

with A 
- 2K: -£ 
ze Thus 

z: I< II,,, ,; L -'- [21;'1A(,:Ar']" 
"~' n n~1 

2A (1-Ar' 

-~n (1- 2/,'IA(,-AJ-') 

,; 2/;'IA ['- (1+2/;'I)Ar' ,1 li;IA(I-Al"' < 1 

(Here and in the following the inequality -ln(1-x)~ x(1-x)- 1 for 
i)x~O is used whenever a logarithm appears ] The inequality of lemma 9 

will therefore hold if (t+2/~'f)A;;;; (1+2i~'I)Ze2 ~<-( ~ (<1 The 
hypothesis of lemma 9 guarantees that this is satisfied since ~~·1~ I<; I 

- 2K by (5.15). Therefore lemma 9 is proven for ze ~ 1. In the second 
- 2K case, ze f 1, we estimate 

2 -eql. - 2K L. -£n S ,; z e ~< f e ~ 2z e n~ 
1 

e 2i e 2
1<'-( ( 1- e-(r 1 

Then one proceeds as before. The details are left to the reader. 
One finds that the assertiori of lemma 9 holds also in this case. 
This comple.tes the proof of lemma 9. 0 

Proof of theorem 1. Because of proposition 3, it suffices to show 
that the hypotheses of corollary 7 can be fulfilled by a suitable 
choice of M1 ~ M if the hypotheses of theorem 1 are fulfilled. Corollary 
7 is valid for any choice of K.e_ > 0; E e and 6e are given by proposition 
8,and R = 3. The hypotheses of proposition 6 are met by proposition 8. 
We set 

M
1 

"' mo.x ( M 4-lrK,p-
1

) ~,~~<2.•-..e....(t-C) 
(5. 16) 

The following considerations are valid for any C in the interval 
0 < C < 1. In the end we may set C = ~· 
By lemma 9 

L llo-~ 11(3, '•,H, n ~ 1 1 

, A(1-cr' ( 5. 17) 

with ( ;', 'A(<I/z as in (5.15)) 

A 2/Z/Ie-(.3E,+2(K.1 +K~) ll;'lze-fl', (1-cr' 
(5. 1 8 I 

provided 

1 +z(1+21~1)<c(,-c)' el''· 
( 5. 19) 
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'l'hi.s is assuro.=d if hypothesis (1.17b) of theorem 1 is fulfil.kd, 

and B is sufficiently lurge or c 2 
sufficiently small, depending on C. 

Tl1us, hypothesis (4.18a) of corollary 7 is ftllfilled. 

Next we 

\~ 1 (0) = 

turn 
-2 

M1 

to hypothesis (4.18L) for -l = 1. 13y proposition 8, 

Therefore it is required that 

P"\~L<l C (1-C )" ( 21<;'1Z f 1 ef~r_, (5.2\l) 

-2 -2 -2 2 
SinceM 1 ~(4rr) K

1
0 and"'- 1

1-c this is fulfilled if 

21;'1:0, (4n)'c 3 (1-C)'el''·(l- 3 ( 5. 21) 

This is assured by hypothesis (1.17b) of theorem 1 if c
2 

is suffi-

ciently small, depending on C, since lz;'l,; I~ I by (5.1S). 

F' inally we have to verify hypothesis (4 .18b) for .{ = 2. Sine'-' 

U2 {0) < M-
2 

it will be satisfied if 

j3 ('-\ -' ,, C(1-C) 6 (2\l1,ii:f
1

.,.t!.6', ( 5 .22) 

where y 1 
if 

E \ + 61 ± ._, 1 (O) by proposition 8. Si_nce ><
2

;; C U1is holds 

~ -3 -" -'3v'(0)'2 
M ~ C (1-C) 2/3/:'1 1Zel ' I 5. 2 3 I 

This is of the form of hypothesis (1.17d) of theor-em 1, e:.:c'--'1-'l lh.:~t 

u
1 (o) appears in place of uCb(O). 

We distinguish the two cases M
1 

= H and M
1 

= 4rr "-,/',-
1 

• iiJL' have 

1'1
1 

= M only if M} 4n K, 13-t In this case, (5.23) follows from 

{1.17b) if c
2 

is sufficiently small. If M1 
4n 1< 1 ,0- 1 

we c.:~n use 

es. (5.6) to obtain 

,f3-v'(o) _'3'-'cb(o)- 1-<
1 

~ /10((>-~) ;~ /3vCb(V) +- 2~, (1-c) ( 5. 2' I 

if p is sufficiently large. Therefore (5.23) ~olds if e is suffi-

ciently large and , 

f'-\2 "':} c--.!.(1- c)·1 213\z,'IZ e-- /~'--'.·~ 

T!tis is true if hypothesis (1 .17a) of theorem 1 holds, witl1 c 1 

sufficiuntly sm'-111 {depending in C), since~·::_: ~\(1) by definition 

( 5. 15) . 
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Validity of all thG hypotheses of corollary 7 has now been estal,li.shed, 

and the proof of theorem 1 is therefore complete. 0 

Remark: Corollary 7 also tells us that 

l.: IG"IIcl"' 
n~• 

I AI_, L \dl;)c>~(>;,ll' 21\(•lle-flu'(o)/2 (1-C)_, 

[o1] E T 3 

( 5. 2 5) 

The leading term in the sum comes from a 3-vertex with only a s i.nqle 

constituent. Its contribution is equal to 

-6, ~ , l.: 
'1"" ± 1, ±2.. 

A(9)e-j3v(o)<j~/2 "'2.A(1)e-J?,v(oJ/1. fa.- ea.-~e jJ 

Thus, inequality (5.25) estimates the whole sum by a multiple of Lhe 

first term. u 
1 is obtained from u by substituting M1 

for M. Notin'J 

that u
1 

= 0 if M1 
= M, we deduce from eqs. {5.6), (5.16) that 

n(O)- )(o) ~ 0-
1 ln(1-Cf

1 + 0(0-
2 ). The constant C can be made 

arbitrarly small if the constants c
1 

and c
2 

in theorem 1 arc chosen 

sufficiently small, depending on c. 
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Appendix A. Proof of exponentation of the grand partition function. 
(proposition 3) 

We want to prove the formula (2.30) starting from eq. (2.29). we 
consider~~ as a function of the quantities 

A(Ctl) = l .l~r c:>~ (~ 1 ) 2~ = 2~({A([ll)j) 
Under the transformation A(CyJ)___,.;tlcCtJI A(CtJ) zz scales 
in the following way, as can be seen from (2.29) by simple inspection: 

2~({.1.1<<tJIA([Jl)}) ="AN Z~({A{[rJ)}) 

Differentiating (A.1) with respect to A and setting A 
we obtain the identity: 

NZ~=L \<<p\ 
Cy]o:T~ 

A< [ lJ) d 2~ 
~A([TJ) 

For further investigation we have to compute 

" ~= • ACc~JJ''"' 
oAiltll 

-~ ~ If 
Mlltl) {N~ } <•J<T~ 

CfJJ tj3JETa 
L N~]lc<pl\~N 

rpJ 

N~,! 

b. -II 
(..:]ETR 

{NC/3 Cjlh:Tlt ('"*'J+(t] 

~ N" ·1«~>1• N .C.. C(JJ 

(~] " ;>1 
NCJl 

L: -II 
{N~JlC/Uo!TJt C<~~:J E T'R 

L Nrp,·l<<i!>l =N-I<<r>l 
CPJ 

" A(Co<])N'"' 

~ N,.,! 

AIC<><J/~•J 
N~,! 

)2~ 
aA<ctJ) 

N~ 
A([f]) cp-1 

(N~,,:-1)! 

Z N~ic<r>l 
A 

if lc<r>I"N ,otherwise 
N 

;):i!A 
- 0 

~ A(CTJ) 

(A.1) 

afterwards 

(A.2) 

(A. 3) 
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So we get the following equation for the quantities l~: 

2N=L 
1\ ['f]ET'R 

\C('() I & N 

\<<r>l 

N 
ACcn) zN-I<<t>l 

/1 

From (A.4) we can derive (2.30) by a simple ~amputation: 
we introduce a fugacity z and consider z: ~z z/\ : 

(A.4) 

(A. 5) 

.,il...:[z" z~ =L:NzNr:N =Z ~ lc<nl AICrJ) .,lc<r>lz•-l«t>l 2N-I<<nl 
Clz N N A N CtJET'R A 

\c<t>I"N 
The left hand side is an entire function of ~ (a polynomial in our 
case because of the hard core) . Assuming absolute convergence 
of L, z.lc<f)l A(Cll) for li!l~1 we conclude: (y]ET"R 
(changing the summation over N and (yJ ) 

= {2.. \c<p\ ~I«PI MClll} · 
('rJ ET'R. · 

2.. z" 2~ 
N 

"L L z"zN az N A 
(A.6) 

Eq. (A.6) implies L:_ ~N r_ ~ = -"~J' ;E_ l! )C(lJ\ 

N C1J<T~ 
A( [rJ) (A. 7) 

for IZI.; 1 • 
This proves proposition 3. 0 
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Appendix B. Proof of the tree formula {proposition 4) 

Suppose we have a set of indices I and an array of real numbers 

w(..:iJ=WC~--l.) 

I is given. 

for ..:,-je I . We assume that some ordering on 

For any finite subset a c I we define the following quantities: 

Q(C1)::::::. .Q.)(.'P ~ W(Dliol'k) if o(={CI(,,...,ot'....._}' <~..,< otz..;:. < ol..,_ 

1!.,<-k ,,.,. 
IB .1 I 

Q.l<i')-1 
W(cijj otk) .f,,., ~ e -1 (B. 2) 

AI<><)~~ :E_ If f• "' if 
'¥1.. 511(. , ... ,i«~c)ES.c 1 

0{ = { ¢{ .. ' .. } «..,} 
(B. 3) 

Al¢)= 0, A(o<)~ 1 for ~·1 

Summation over Soc: is over all connected graphs, i.e. sets of pa.1rs 

(aj,ak) of elements in a where each pair (aj ak) occurs 

once in Sa· We want to show the following proposition: 

at most 

Proposition B.l: 

' At<><)=:;._ S,., S&s, 
0 

" Js-..... 11f 
k•2 

W(s,. s ... ~(1·--.,.,_) 
<>5 Wls, ... s, .• l1--~)e 

k·• 

( L. 4) 

where Sa denotes the symmetrization with respect to the variablL'S 

a 1 •.. an and 

W(S, ... s,.. ... \-1···.,..,) = :£ 5;) ··· Sk- 1 W(o(,jdk) 
H1<k.!O-»t 

[......,."' 2, 3, ... ' "11. J 

Wl l1)=o [..,•1] 
(B. 5) 

Remarks: 

(i) We expand theproduct in (B.4) and obtain using the notations and 

definitions of section 3: 

., 
If d~. w(s .... -sk .• l1-· 

k.: 2. -t<-1 

~·· k)=2. f<"'1.1)T/ 
"'t k-1 

w ( O(k~1 o(l((lq) 
(B. 6) 

Summation over 'Z is over all trees on,..__ vertices and s ( s 1 , · · · ' 5 n.-1 · 
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f'rom (U.6) we see that cg. {I3.4) is in some sense a generalized troe 

formula. 

( ii) Proposition 4 in section 3 follows from the proposition 13.1 by 

setting: 1::={«. ... ,«2.>- .,«t.} [where a
1

, ... ,at label the 

subvertices of the (1'+1)-vertex o.']and tu(ot:j«K)=-{lV/l(ot:a()(k) 

-(3W(~!<>~..')=W(s,.--St-1\1-.i)-(3~v
1 (rJ.jd.;)) for «'={0£ 1 ,--·,ott.} 

' To see this compare {B.3) with (2.11) and (B.4), (8.6) with {3.7) 

'l'o prove the proposition D.l we need the following two lemmata. Tllcy 

are in some sense two Kirkwood-Salsburg equations: Q(a') corresponds 

to Boltzmann factors and A(o.') to Ursell functions. 

Lemma 13.2: 

Q(<><) =.!. L lSI! AIS) Q(<><-5) lSI "'*¢ 
n Scoo:. ' 

where A(s) is given by the -t:ks. of (4) ( c<.. replaced by Sl 

EfOof of the lemma B.2: 

First we show the following equality by induction in m: __ , 

.,QI~)=::f. ;[ ISIISI'AlS)Q(~-s) + 
"1.""1 scoc 

lsl=i 

In. 7) 

(B. 8) 

__ , 
+ S, n S Js lf ("1'1.-i) .&s., W(S,-·· S"i \1"· it1) e W(s1---s-.,\1---n) 

[0,1]""·1 "'-"'1 

[-m=1,2.,·--,n] 

W(s ..... s-... 11---..,.)= W(s1 --·s'll._1 ("1··-n)j 
s..., .. S-.t 1 ""···•s ... , ... 1 

(i) m "" 1: 

"YL Q (o') = 0 + sol -n R.x:p ~ -w(ota otk) 
1:!2j<k~-n 

'l'his is true by definition of Q{tX.). 

(ii) m___,.m + 1: 

we have to show: 

S 1 --1 W(s --s,. [1---·M-) 
$« n a.S lf ()t.·i.) ~s~ W (s~ --5.,: (1----it1) e 1 ·• 

(:0.1]""'"1 .,_,.1 
= (B. 9) 

= L ISIISII A IS) Q(•-5) 
5<<>< 

S 
l'l\ W(s .. s ... [-1---~) 

+ 5.:< -n J.s )fC'II.·i) ;)5._W(s, ... si[1--it1) e • 
[o,1),.,. "-'"1 

IS[='M. 
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We use the following equality: 
(B. 10) 

W(S1 ... s ...... ~l1··...,.) W(S~---S.,..,s.,..•ol1-·1\) s1 W(s, ... S,..)1 .. '11.) W ) e = e + c:ls.,.e ~5"'" (S., .. s,..J1 ... 1\ 
0 

We insert (B.10) in the l.h.s. of (8.9) to obtain a sum of two terms 
which will be shown to be equal to the two terms on the rh.s. of (8.9). 

first term: 

~·· Soe.n Scis Tr (>\·i) ds.W(S..···S;.I1···i+1)€w(s, ... s ...... s .... •ol-'~· .. 1\) 
to,1]""-1 .0.•1 "' 

(B. 11) 

wcs •.. s,...,s ... ~ol1 ··"') w(s~ ... s ..... \1 ... '\oO\) e = e Q({oc~,, ... ,oc~}) (8.12) 

With (B.12) we get for (B.ll): 

S 
.,.,.1 w(s ... s j1 ... 1t\) first term = 511(. n (1<t-1} ·· C<tt-"'M-1-1) Js 1f <>s.. W(s:, .. s ... )1· .. i+4) e • ..... 

[o,1],...1 1..•1 

• Q({oC""'+.,, ... }O(-...}) 
(B. 13) 

first term= s.11.(1'1.-1} ··(11.·1'>\+i)')t'). AC{ot,, ... , ..... ]) Q({« .... .,, ... , «\ol.J) 

[ S=S·S{ ] a( « ... ,. .. ,-c .... } 

n -1 We multiply the .r::h.s. of (B.13) by (m) and sum over S c IX , lSI m. 
This does not change anything and we get: 

first term = S« .:£. 'l'l1.! (11.--J! 

5 c 0( ')\.! 
"'' ~ "'- 1,._;_)! A (S) Q( «- 5) 

ISia'Mt 

= ~ "".,., A(S) Q(o<-S) 
(B .14) 

Sco< 
ISf=l'K 

This is just the first term on the r.hs. of (B. 9). 

second term: 

'"-1 W(S, .: s._ f1 ... '1ot) S,(''" fJs Tf ("-i) ~._Wcs, .. S..I1···'-"l <l5~WC~··'·''···") e [0,1]"" -i=1 

"' = S,..,.. J.Ls lf 
(0,1]"' 'l•1 

('l't-i) dS.: W(s1 ... si/1···i+1) eW(S.···S .... I-1···.,._) (8.15) 
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This holds because the integrand is symmetric in am+l, ... ,a0 and so 
we can use the fact that everything stands behind the symmetrization 
operator sa. 

(8.15) is already the second term on the r:h.s. of (B. 9). 

End of the proof of the lemma 8.2. a 

Lenuna 8.3: 

Q<«)= ~ ~ ISI·Isl! A(S) Q(oc-S) , «4<¢ 
scoc ' 

(8.16) 

proof of lemma 8.3: 

This proof is similar to the standard proof of Kirkwood-Salsburg 
equations in polymer systems13 

c<J QC«J = Tf e-w<•;••J = Tf (1 + f··• ) 
U-j.:.k'l\. 1'~.(.1c,.... 1 k 

= L. u f•;•• @ («.;llr..)E (1J [ol.o/<{6, 1•1="] (B .17) 

Summation overiB is over all sets of pairs (otj,Oc'k) with j,k€{1, .,.,'l'l}, 
We decompose <B in connected pieces and finally arrive at the formula 

Q(o<)= 2. 
o(=~Sr 

r 

-II c;( s,) 
f 

·G"($)='1T p ~ f .:::::... l'oe· Ss,<•;••>•Ss, a"• 
[0"(51)=1 for IS,I-1] 

(8.18) 

Sununation over 0(= ~s, 

' mutually disjoint subsets 
same as- the analogous one 

is over all partitions of ~ in non-empty 
Sy with ys,~C( . sum over 5sr is the 
ineq. (B.3), 

(B.18) specifies a polymer system living on cc. 
(ii) Given two subsets YcXCO< with y:j:.'/J. x' ,;.·A- X 

We consider 

Q(x'+Y) =:f. 
X'+-Y ""'-£ S 

Tf cr(s) 
s (B. 19) 

Given a partition X'+ y = ~ S we consider D = X' nUS, where 
SnY?pl 

a) D is an arbitrary subset of X' (D = ~ is possible) 



- 36 -

b) :E:s is a partition of x•-o 
SnY=¢ 

c) :E:s is a partition of Y + D satisfying 

SnYof'Jl} S in the partition 

It follows that 

Q<•'~YJ=2. 
J)c)(' 

2_ 
x'-:D=£ s 

2.. 
Y+1>=2s' 

71 cr<SJ lT cr ( s') 
s s' 

s'n Y *pi 

We define 

</>CYIDJ=/£=~s· 1/o(S') 
s' 

s'nY:f¢ 
and obtain the equation: 

Q(x'+Y)= 2_ <i>(YID) Q(X'-D) 
"De. x' 

SoYotp 

We choose X y «i' «i some arbitrary element in oc. 

<j:>(«<lll)= 2.. lio(S') = cr(o<<+l>) 
~""'>..1+1>• ~s~ s~ 

s' :J «i. 

So we get from eq. (8.22): 

Q\«l = ~ ~(«,~J>) Q(ot-("<HI) = i. <r(S) Q(o<-S) 
l)co<. scot 

J>fol.i $~eli. 

we sum eq. (8.24) over i = 1, ... , n and divide by n to get: 

Q(o<)=.:.2: Z. G"(S)Q(•-S)=.:!.. ~ 15\u<S) Q(«-S) 
oti.Eot SeoL -n. Scot 

S;to(i. 

We compare {8.3) and (8.18} and obtain <Y(S)= ISl! A(S) 

This proves lemma 8.3. c 

for all 

(B. 20) 

(B. 21 I 

(B. 22) 

(B .23) 

(B. 24) 

(B.25) 
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proof of the proposition B.1: 

Consider the following system of equations for unknowns f(S)! 

Q(<><)= :_ ?:_ ISI·ISI! '('IS) Ql<><-5) 
Sc.o< 

Qlll')=1 'fl¢)=0 

J « * ¢ 

~ lives on finite subsets of the set of indices I. 

(8.26) determine the quantities r<s)uniquely: 

:!_ 1•1 1•1! 'fl<><l = Q(<><J-.:!.. :Z ISIISI! 'f'CSJ Q(o<-S) 
'h ..,.,_ SC.oC. 

S+« 

(8.27} allows a recursive determination of all ~(S). 

(B. 26) 

(B.27) 

From the lemmata 8.1, 8.2 we see that A{s) and A{s) both fulfill 
N 

the equations (8.26). So the~ must be identical: A(s) = A(S). This 

proves the proposition B.1. D 
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Appendix c. Proof of lemma 5 (the tree estimate) 

we wish to estimate quantities of the form 
1 !-1 

::ref<)"' :E J ''· ··· Js,., fr'l, ll lT [ f'-(H1J r<<"l<~>J] , 0 ~-1 
-1 !-t 

= :£. J..Ls~-. J.s!·i 1f [ jA-(«-H) Sa._1 s .... .t ··· s-ozc .. ., f"-("Z<Q..))J .,_ 0 a...:1 

The following procedure follows refs. 11 ,2 closely. Sununation over r1 
amounts to summing over n(a) ~ 1 ... a for each a. Thus 

1 i-1 ~ J (I"') = f .Ls, ... JsH 7r [ :;[ /"'("-,+') s •. , s •. 2 ... '• f" Ck l] 
0 "-"1 kz1 

Now one ±nserts a factor 
i-1 

1 ,;;. ""1' L s,., s,_, ... sb 1-'- (b) 
b•1 

After that the s-integrations can be performed in the order st-l 
first, then st_ 2 etc. In each step one uses the inequality 

1 su. u. 
SJs u. e ,;; e 
0 

Thus, in the first step one estimates 1 t.-1 t.-~ 1.·1 f Js._, Z: s,.2 ... '• f'-<kl,;; fJs,_ 1 ;!: s,_2 ... s.r<<kJ <>xf[:!: s,., ... '•J<CbJ] 0 k .. 1 '-'·~ 1:.•1 ... 
,.; <>xf[l"'<t-1) +:!: s..a ... '• J<CbJ] 

b•1 

Next, the st_ 2-integral can be estimated in the same way, and so on. 
As a result after t-1 steps one obtains 

i-1 "-1 t-1 ( ) :/(fA),.; { lT f'-C•H1)} .o<xp;[ /"(b) = lf { f"('4+1) €1'- "J ~,.1 b-.1 cx.•1 

This is the assertion of lemma 5. C 
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Appendix D. Some propertiep of the lattice Yukawa potential. 

Let VM(x,y) = {- !::. + M2 ) -l (xy) be the Yukawa potential in v dimensions. 
From its Fourier expansion (cp.eq. (5.5)) we find that 

~ 
.... 2. -'1 V"M(x,o) = (2.7tfv J'k [22: (1-u,k,.) +M] ,.., 

Integration is over k ~ -n ... +n. One inserts the integral represen-
oe> t u -tat ion x-1 = j J.t e-x for [ J 1 . The k-integrations can then be 0 

performed with the result that 

Oc:> -l.(2V+M2.) L 
VM(x,o)= J.Lt e II { fx (2t)l 

0 fA"= 1 f" J 
The modified Bessel functions In(x) ~ r_n(x) are positive and 
monotonically decreasing in lnl, for x ~ 0. It follows that 

V.M.(x,o)~O j V2.(x,o)=V,..(X1o)- 1)'"M
1

(X,o)';J.O if M:s;f-4.1 

and VM and v-2 are monotonically decreasing in the modulus 1 xu\ of 
each coordinate. (To show monotonicity Of In (x) in In/ for all x ~ 0 
one compute_s In (x) - In+l (x) from the integral representation, 
formula 8.431 of ref. 14, writing ze 2 t == {ajdt)e 2 t and reabsorbinq 
djOt by a partial integration. The result is an integral represen­
tation with a manifestly positive integrand.) 
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