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Iterated Mayer Expansion for Classical Gases at Low Temperatures *

Markus Gopfert and Gerhard Mack

Ii. Institut fir Theoretische Physik der Universitdt Hamburg

Abstract: We derive iterated Mayer expansions for classical gases
and establish recursive bounds which contrel their cenvergence.

‘These bounds are useful for gases with two body forces which are

strong and possibly attractive at distances that are short compared

to their range. Qur procedure’is based on splitting the potential

into pieces of decreasing strength and increasing range. This may be
called a renormalization group treatment of a classical gas. We apply
our results to Yukawa lattice gas models and cbtain convergence of
series expansions for the pressure for a range of parameters {tempera-
ture, fugacities, range of the interaction) that was inaccessibie.
before. Application to 3-dimensional U(1) lattice gauge theory (Coulomb

gas, Z-ferromagnet) will be made elsewhere.

* Work supported in part by Deutsche Forschungsgemeinschaft

T. Introduction

In this paper we present some tools for the investigation of con-
vergence properties of (generalized) Mayer expansions for classical
gases1. They are useful when the particles of the gas interact
through two body forces that are strong and possibly attractive at
distances that are short compared to their range.

To be specific, consider a gas of particles with charge m = T

which can occupy the sites x of a cubic 3-dimensional lattice A

with lattice spacing set equal to 1, and which interact through

a Yukawa potential (= infrared cutoff Coulomb potential) of range
M™Y. The vukawa potential vixy) = (- A + u?) " V(xy) is the translation

invariant solution of the finite difference egquation on 23,
(-asMPulxy) = Sy - (1.1

A is the lattice Laplacian, viz. Af(x) = Ey(f(y) - £({x))} (sum over
nearest neighbours of x in 23). ‘

The grand canonical partition function reads

SN
- 5 __ZI 2.2 exp[—}%z maleaxj-)mj]
A NI NTom,x, myx, 1L {EN (1.2)
(] (X-LEA)
We have included the selfinteraction of the particles in the potential
energy. Of course one can omit it and compensate for this by sub-

stituting z for z on the right hand side ,
z - 2 ep[-fule)/2] (1.3)

Since (- & + Mz)_1 is a positive operator, the interaction is stable

in the sense that'I
Z. mi“(xi-xj)mi » - BN (1.4)
1$t<]£hl
Bn‘iv(o)s—'fu(xx‘} (1.5)
The lattice provides a short distance cutoff to the interaction so

that v{o)<es . Some such cutoff is necessary, otherwise the system
would collapse.



The Mayer expansion exhibits the pressure as a power series in the
fugacity

2 Az =2 b2" : (1.6)

Al A net2

Stability and finite range of the interaction assure convergence of
the Mayer series (1.6) for sufficiently small =z, depending on B,
uniformly in the volume [A].

Estimates for bn can be found in the literature1'2. Here we are
interested in the behavior for large PB. The best known estimates
that we are aware of are in this case furnished by the recent work
of Brydges and Federbush2

b1

n

i

(25 )" "B 2 onee (1.7)

Toy= 2 fu{xo)] = M2
xeZ?

{1.8)
From this one obtains absolute convergence of the Mayer series (1.6)
for
-1
121« {2eB8M7*
(2eppm7?) 1.9
The present investigation was carried out to prepare, the ground for
a rigorous proof that pure U(1} lattice gauge theory (will Villain
action) confines static quarks for all values of the coupling para-
meter 6(3'4). (Details of this application will be presented else-
where.)5 There exists an exact transformation of this system into a
Coulomb gasq. For a sufficiently dilute Coulomb gas on a lattice,

Debye screening was proven by Brydgesﬁ, using convergence of the

Mayer expansion in the presence of an infrared cutoff M in the domain

{1.9). To cover the case of the 3-dimensional U{1) lattice gauge
theory, one would want to use the Mayer expansion or a substitute
for it for B large, z = 1, and M of the order of the inverse Debye

screening length my (= inverse correlation length in the Coulomb gas
in Debye Hlckel approximation). It is given by eq. (1.18) below, with

L=1., For z ¢ 1

=a " e
mi = 2Zfse fves(0 (1.10)

(Lbb(o) = V(0) at M = Q). It is evident that the sufficient condition
{1.9) for the convergence of the Mayer expansion is not nearly good
enough to cover this case. Indeed, if z = 1 and B»1 it would reguire
an infrared cutoff length M_1 less than one lattice spacing, whereas
m51 increases exponentially with B. In the present paper we will
prove the convergence of expansicns for the pressure in the desired

range cf parameters as described above.

It is instructive to inspect the derivation of the estimate (1.7) for
the simplest coefficient b,. This will reveal a basic reason why it
is inefficient when B is large and M is small. One has the explicit
formuia

3 (exp [-Bmorem, ] - 1) (1.11)

i
28 e, X
M 1

KN 1"a
= —-—;_'ﬂ’ Z Z Sd& m1v(x|x2)mz exP [)Fsm1u<x1¥1)m2]
ST N P PR
Now one estimates the exponential by exp{(2BB}, using ineguality {1.4}.

After that the s-integration'is trivial and one obtains lg}sﬁGﬁw)e%B.

IAlb, =

Bounding the exponential factor by its absolute maximum one ignores
the fact that the interaction is strong (and possibly attractive)only
at short distances, and not over its whole range M .

Ancther feature of the system which can be exploited is that a
collection of particles at a given site with total charge zero does
not interact with the rest of the system.

Our treatment of the problem is bhased on splitting the two body
potential v into.pieces oF of increasing range and decreasing strength.

v LT (1.12)

and treating the effect of the interactions wE one by one, short range
interactions_first. In each step a cluster expansion is performed by
“BuE Ly 4 gt

writing e and expanding in products of f's. This may be

called a renormalization group treatment7of the gas.*

* This bezomes clearer if we transform the problem into field theoretic
language by using the formuia for the characteristic function of a
Gaussian measure with covariance Bv: e /™ v™V2 Jqppu(¢)eL0m¢)

With the split v=Zv" one may ihtroduce fields ¢ whose propagators v"
emphasize frequencies in a different range. Then one after the other of

these fields are integrated out, high frequency parts first, by using
cluster expansions.
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To obtain the result for Yukawa gases mentioned above it suffices
to split into two or three pieces, but the last step in this
application is as difficult as a general step. We will therefore
derive general recursion relations and recursive bounds first. We
will then apply these to Yukawa gases with partition functions of
the following from

zZ, = L { LA )\(m(x))}exp[—%i; )3 m(x)u(xyum(xj)]

A ezt Lxea xeA yeA (1.13)

with A{g}? O, Summation over m is over all integer valued functions
on A. The following special mode158 can be treated simultaneously

1) The standard gas

Afoy=1 , )(q)*%Ilql(zi)/Ig(zi) %ﬂr gq-rhoEz, (1.14a)
2) The Villain gas
Moy=1 , Mqy=g for g-27.%2,. {(1.14b)

3) The hard core gas

Aoy=1, A=y , X(gy =0 for 191>1 . (1.14c)

Iq(-) is the modified Bessel function. A simple combinatorial argument
showsB that the partition function for the standard gas with L =1

equals the partition function (1.2} times I;(ZZ)_MI

. Brydges' work
was concerned with this model. The villain gas with L = 1 is the exact
transform of the U(1) lattice gauge theory with Villain action9 in three
dimensions. In order not to have to distinguish between special

cases we set
z =1 for hard core and Villain gas. (1.15)

We {re)interpret ZA as partition functions of a gas of particles with
a hard core that prevents two of them from occupying the same lattice
site. They can exist in two or infinitely many states labelled by
charge q¢ = £ 1 (hard core gas) and g = £ 1, ¥ 2, ¥ 3, ... (standard
and Villain gas). They have a common fugacity & , and some charge
dependent selfinteraction in addition to the Yukawa interaction
between different particles. We are interested in low temperatures ﬁ—T

and long range M~1 0f the interaction.

Our results can be summarized in the following.

Thecrem 1. There exist constants Mo’ o, C17 O, C27 0 and €7 0 such
that the pressure in the Yukawa gas models (1.14) admits a power
series expansion in the fugacity,

2z =L A"

Al A n=i,1,.. nh (1.186})
which converges absolutely and uniformly in the volume |AiQwhenever
B is sufficiently large, zZ%0,

! -3 fle
Mo % My Cmy . oond  Tez(1e2zi) € G f3Te T (1.17a,b)

o

m];1 is the screening length in the corresponding Coulomb gas model
{M = 0} in Debye Hiickel approximation (if & > O), viz.

m2 = 2 (e e (O _ {1.18)

We note that the case z =-4 = 1 is covered by this théorem, for
sufficiently large B. The constant €, is the same that will appear

in proposition B.

An "iterated cluster formula" for the coefficients &n in expansion
{1.16) i3 given in eq. (2.31}) at the end of section 2. The vertex
functions ¢ which appear in this equation are recursively defined

by eg. (2.7) and {2.11). The reader should study the heginning of
section 2 up to eq. {2.11) to get acquainted with the notation.
Alternative formulae for the vertex functions ¢ are given in section
3, egs. (3.2) and (3.7). In section 4 recursive bounds on sums of
such vertex functions are derived. In section 5 ‘they are applied to
the Yukawa gas models {1.14).



2, Setup of the expansion

We start by rewriting the partition function (1.13) in qrand cancnical

form in accordance with the discussion after eq. (1,15). We introduce

abbreviaticns ) .
- %) N 5
2 (mix) 5 ag () m%t,,ﬂ'._xim( ) (2.1)
e [
vig;.E ) =
o m'Lmjv(xi,Xj) otherwise (2.2
In this notation
- N
Za =NZ=—0‘1....ZA =N2:—01 Sdr’"”dg” z“(;;‘__';”) {2.3)
N 1 d 3 5
20 - 3y | Ao exp [-ligﬂv(»;‘.};j)l o)

Zf is proportional to qN.

We shall split the interaction potential intc R pieces of increasing

range and decreasing strength.
R-1
viEGE)) = O AL B+ Ea v (%;.ZJ) : {2.5)

vo incorporates the hard core

oo i xp =%, i#j

Vo(iuxj) = { (2.6)

0 otherwise

The other pieces of the interaction shall assume finite values only.
They remain arbitrary until we come to doing estimates.

We write down an iterated cluster expansion. We consider clusters

of clusters of ... of clusters of particles = constituents. They
will be called f-vertices, 4= 0,1 ... R. A O~vertex is a single

particle 'L which is its own constituent. Associated with it is a
variable ﬁi = (mi,xi) which specifies its state and poéition, and
a vertex function

o (5 = A(m) (2.7

Higher verticesg are defined inductively. An {-vertex a' is a finite

coliection {a} of ({-7)-vertices, no two of which share a constituent.

There is an associated variable
E. = ( {E« }vx(a{') 3 dE . 'jjmr dz’fx (2.8)

A particle i is constituent of a' if it is constituent of cone of the
({-1)-vertices wea'. We write i € a in this case, and C(a') for the
set of all constituents of a', We use the symbol T for union of sets

with vanishing mutual intersection.

We introduce the type [a'l of a {-vertex. [a'l is an equivalence class
of f-vertices. All O-vertices are equivalent, sc there is only one
type of O-vertex. Two {-vertices belong te the same equivalence class
if they contain the same number of (f-1)-vertices of each type {a].
Thus, for instance, two 1-vertices belong to the same class if they
contain the same number of constituents. We write T, for the set of

all types of {-vertices. Two collections {q'} of f-vertices are said

to be of the same type {{a‘H‘ if both contain equally many £-vertices
of each type [v'e T,.

It is convenient to introduce an abbreviation for interactions. Tf

"a, Y are two f-vertices we write

viegy = £ 0T vle k) for x4y
e }g[_’.
[4 1 4 (2.9)
v {ote) = i'fgs« v (nL,;j)
v{{q,u) includes in particular the self interaction of all constituents
of the {-cluster a that is due to the piece vE in the potential. We
also introduce the quantity f:B for distinct {-vertices a + 8. It

depends on Ea and iﬂ and is given by
¢ 4
Lt foy = o [-pviea] (2.10)
Now we will write down a recursion formula which defines the vertex

functions inductively. We write ‘gu,]for the set of all connected

graphs with vertices o € a'. Such a graph is specified by a set of



links = unordered pairs (a,B), with o« # B and a,BPea’'. We define

4 {
N [ = 1 } l('rr € ("‘“’) ( ™ 1
A L = o w (2.11)
o T o e’ (epre %Y
[P]E. T N[PI . fgo(' S\i
It depends on g . . Naﬁ is the number if {-vertices of type [B]

in the (f{+1)-vertex a’.

We ¢laim that the Boltzman factor ZN(€.1... EN) may be expressed in
terms of these vertex functions as follows

! H (e} . 4
Srds B s el 2] o
EC@n i1...N}

g (¢l

i=1... N. Kf({a} } are combinatorial factors which will be

is an average over all N! permutations of the N constituents

determined below; the result is given in eq. (2.25). Summation is

over collections of {-vertices a which share no constituent and have

a total of N constituents i = 1 ... N. Only one representative {a}

cut of every collection {[u]} of types of {-vertices is to be included
in the sum. This is indicated by the prime'. This restriction could

of course be dropped, but the combinatorial factor would then be
different. The last factor in (2.12) involves the residual interaction

not yet incorporated inta 04, viz.
Vi) » £ LI vT{E.y) for oy (2.13)
lgot jgy ryl .
4 - (k.. x. 2.14
V (do‘} L%;_E:Of %f ¥ (:h. EJ) ( )

The proof of eq. {2.12) proceeds by induction.

£ = 0: In this case a,y are individual particles. Since there is only
one type of O-vertex, the sum over {a} in {2.12) has only one term.
If we insert eq. (2.7) for oo and compare egs. (2.13), (2.14) with
(2.5) we see that eq. {2.12) agrees with (2.4) with

KE(fe) =1 _ (2.15)

The symmetrizer s'®) 4n (2.12) is redundant if ¢ = O.

‘and similarly for a = ¥

induction step: Suppose that eg. {2.12) is true for a given {2 o.
We show its validity for (+ 1. We split

Vioy) = o)+ L {?: z V'(E;'Zj)] for oty (2.16)

vy det L1EX JEY.

. Using definition (2.10) we can then write
¢ -3 (etet) ¢ ]
wr[-gEVier] - [P gl ]

- exp [‘%Z P2 Vr(‘?;'*‘;ﬂ]

. rydry

(2.17)

The product in the second {} is over all unordered pairs of distinct
{-vertices a,v. We expand this product and proceed in the standard way.
Thefl s I 4
(aty) oy B (eyrend Xy
Summation is over all nct necessarily connected graphs 83 with vertices
in the set |[a} of {-vertices that is specified by whatever term in the
sum E}a] in (2.12) we consider. Some of the connected components of 13
may be single {-vertices. We decompose 13 intc connected graphs E;Q,
with vertices a € a'. a' is.a set of {-vertices with no common
constituents and is therefore a (£+1)-vertex.

gl 2 {7 (g L b D)

(xy) . {2.18)
compahible with |} il

Summation over {a'} is over all sets of ({£+1)-vertices which consist

of distinct f-vertices in {a] and have the property that each {-vertex
in |a} is in some ({+1)-vertex o' {i.e. it runs over partitions of thé
set [al.)

We insert egs. (2.17) and (2.18) into expression (2.12) for Z© to
obtain
N ! 1 ¢
2N .x ) L Aot {e)
g W (1] (2:19)
FClay= {1 N}

(03} ¢ —,Bve(w) f i ey
N %‘ {-H: Szo('(gdp—ae >(D’,;]€S«-,¥-°t¥ }*’-XP[ %t% 2:_)(’.»-1 (E’"'.E'!ﬂ
compahble with ot}



We inspect the last factor. Comparing with definitions {(2.13), (2.14)
we see that

L35 vy, mhz Vl“(oc';,)

1}:‘;,(”
We may now insert definition (2.11) of the vertex functions toc rewrite

expression (2.19) as

25, 5,0- {;} MRS

Feprs{t-N] (2.20)

‘S(”§’} l[ui‘;[“ ( h&}]EIN"‘ET)]exP[, 3&28 el V(f'(o(é' 1}

We are left with a combinatorial problem, Any two representatives za'}

compahble with fo}

of the same equivalence class |[a']] that is specified by a collection
of types of ({+1)-vertices differ by some permutation of constituents.

Because of the presence of the symmetrizer S(C)

they will give the
same contribution to expression ({2.20). Therefore, expression {2.20)
is of the form {2.12) with {+1 substituted for {, and
lH - n 0(' [
(fo}) = w! [d})n([d})o{e[d][‘,’ﬂﬁ' (p1 (2.21)
{o} = {ued',u%{uj}
(2.22)

l({d}) is the number of collections of ({£+1)-vertices of type
{[a'}}that can be made out of a given set of {-vertices aea'. This
completes the proof of eq. (2.12)

It remains to determine the combinatorial factor ﬂf({u and to solve
the recursion relation (2.21) with initial cendition (2.15} for the
combinatorial factors Ki({a}).‘The reader is invited to skip the

following discussion and continue with eq. {2.25).

To facilitate visualization, {-vertices will be simply called vertices

in the following discussion, and {(f+1)-vertices will be called clusters.

Vertices can be of different type = colour.

In figure 1, vertices of different

colour are distinguished by symbols

,v. 0. X . Consider a set of (:::)
labelled vertices, possibly of

different cclours. We partition

this set into clusters a'. Two

v a7
clusters are of the same type if 6 g X
both contain an equal number of Is)

0 n

vertices for each colours. Two
partitions {a'}] are of the same

type if both contain the same figure 1. Clusters of labelled

number of clusters of each type. vertices of different colour.

Twe partitions {a‘}of the same type are obtained from each other by
permutation of vertices of the same colour [f]. Permutation of vertices
of a given colour within a cluster does not produce a new partition,
and neither does a permutation of vertices which is equivalent to a
permutation of clusters of egual type. Thus the number nf([a'ﬂ of
partitions of the same type is

NG
né(fe}) - Blete
‘ 2.23
(T N R (2.23)
o BleTy 13 1, W

T, is the set of types of f-vertices {(colours), T€+1 is the set cof

£+1 '
[+
of type [v'leT,,, in the collection {a'} of ({+1)-vertices, and

types of {{+1}-vertices {(clusters), N is the number of (f+1)vertices

= L i R
le_zmﬁd}pﬂﬁ] is the number of {-vertices of type [BleT, in the
collection {a} of [-vertices that is specified by |a'} according to

eq. (2.22).
We can iasert result {(2.23) into recursion relation (2.21) to obtain

i

+ [ { [[}-.!(T
kI ]y = kM) ‘ N“‘ ' (2.24)

[/‘5]5 1+ [PJ]

In the special case { = O there is only one type of O-vertex [B], and

N[E]= N = number of constituents in {a]. The solution of the recursion



i
=
a
]
2
i

- 12 -

relation {(2.24) with initial condition (2.15) is therefore

1
L)

[pley 1

{(2.25)

N gy
This completes the discussion of combinatorial factors.

Let us return to expression (2,12) for the Boltzmann factor and specia-
lize to 4 = R. From the definition (2.13), (2.14) of Vf and eq. (2.5)

it follows that vR =0

Therefore we obtain the following proposition as a special case of m{&iﬂ

Proposition 2. The Boltzmann factor {(2.4) can be expressed in terms

of the vertex functions as follows

{c} C'F‘R(g 3

N .3 R X :
Z (E‘---tw) Z (W N['rﬂ ) s otefot} ¥ (2.286)

{«} (P1eTy
T {1Nt

Notation and terminology were explained at the beginning of this
gsection (up to eg. (2.11)). Summation is over cellections of R-vertices
« which share no constituent and have a total of N constituents
i=1... N. Only one representative [a}jout of every collection{kﬂ} of
types of R-vertices is to be included in the sum, This is indicated

by the prime'. The symmetrizer S(c) averages over all N! permutations
of the N constituents 1 =1 ... N. ngl is the number of R-vertices of
type Bl ir {a].

Up to this point all our manipulations involved expansions in finite

sums and no questions of convergence arose. In the following discussion
it will be assumed that

£ fardolsa <

ﬁi]eT;

{2.27)

This implies in particular that the f-summations in the individual
terms in the sum over [Bl are absolutely convergent. We may therefore
sum expressions (2.26) to obtain the canonical partition functions
R -1 ®
2N r (o N {jd;_o;(r,“)}
A et} [pleTy f o€ e}
TCea {1 N}

(2.28)

= number of {-vertices of type|Bl in the collection ja} of {-vertices.

_‘13—

Summation is over {(one representative out of each) collection of
types [[a]} and is therefore equivalent to a sum over multiplicities
ngl with which R-vertices ©of type [B]sTR appear. The expression in
[] depends only on the type {a] of a. Thus

=
" R QI FAATC )]N“'}
= 1 —_ 3
ZA - {%n} [yleTy { Nt f ¥
(p ipleTy [y1*
sz[‘;]\c(pn =N (2.29)

fThe constraint on the sum says that the total number of constituents
is N. If we insert eg. {(2.29) into the definition (2.3) of the grand
canonical function, this constraint disappears and the sums factorize1o

The result is given by the following

propostion 3. Z, = e L folt, o (5:) (2.30)

[x1eTq
provided the sum in the expopent is absolutely convergent, i.e.
inequality (2.27) holds. The series in the exponent is of the form {1.18)

The (rigorous) derivation of eq. (2.30) from {2.29), (2.27) is
standard; details can be found in Appendix A.

4

It follows from their definition that GY et

are proporticnal § .
]€(y) = number of constituents in the £-vertex y. Therefore the exponent
in {2.30) is a power series expansion in & and represents an analytic
function of t if it is absolutely convergent. It can be rewritten in
the form {1.16) with

AR
Inl, = [E,;TR fdr, o7tx, (2.31)
1Ic{y)l=n

Sdty stands for summation over charge and location of the n particles
which are the constituents of the R-vertex y.

+



3. The tree formula

In this section we will present alternative formulae for the vertex
functiogs oi.

We start with 1-vertices. The 1l-vertex functions are determined by
the properties of the hard core potential vo, eq. (2.6}, alone. To
determine them we may therefore ignore the rest of the potential and
set R = 1,

Consider a lattice gas of particles which can exist in several states
4, with (sufficiently small} fugacities A{q) that may depend on g,
and no interaction except a hard core that prevents two particles {from
occupying the same lattice site. The partitien function for such a

gas is egual to

Z)( )ilfﬂ
z, = LR (3.1)

Therefore the pressure is

iopz, - & S ]
1A

na1 N 9

We compare this power series in variables A{g) with the result of

setting R = 1 in eg. (2.30). From the definitions (2.6) ... (2.11)
it follows that
1
o (21.,2n) -~ 0 unless xq = X5 ... = x_
The comparison yields therefore the unigue result
(-1
Uf(};'u e 2,.!} " —;_'“ A(mﬂ‘“)‘(mn)s"le-”g"n"l ' (3.2)

Now we turn to the higher vertex functions. In later estimates we
will use the tree formula, eq. (3.7) below, in ﬁlace of the recursive
definition (2.11) of vertex functions. The tr=e formalism was developed

11. The tree formula for the cluster

in constructive field theory
integrals in the Mayer expansion for classical gases was derived by
Brydges and Federbushz. It is readily generalized to our case (see

Appendix B). To state the result, we recall the pertinent definitions.

Consider the set of all functions n which assign to every integer

a=1...t -1 apositve integer n(i) satisfying
nii) ¢ i {3.3)
Every such function specifies a tree graph with t vertices 1 ... L.
Its links are the pairs (a+1, n(a)},
a=1...1t ~ 1. An example is L5
shown in figure 2. (The numbering f;
A Vel

of the vertices is compatible with
the partial ordering that is 2
specified by the tree graph in the

natural way, and every such

numbered tree is cbtained from

RiE=3 o Beqlz)=2 (e
a function n as specified above.)

The end points of the branches of figure 2. A tree. MMaximal vertices

the tree will be called maximal are indicated by open circles.

vertices. They are characterized by i ¢ range n

One introduces real variables

Sy .. st_1 which take wvalues O ,.. 1, and the functions
£-1
s s = T A S Sy G4
Empty products which arise when n(a) = a or t = 1 are read as 1.

Consider now an (t+1)-vertex a' which consists of t {-vertices. We

shall label them in some arbitrary way %; ... Q.. The symbol § will
stand for symmetrization in labels @y ... ap It acts on symbolic
expressions F carrying such labels
- B 'S

SF(of o) = 1y % F (9 ) (3.5)
(sum over all t! permutatiocns of (1 ... t)). By definition (2.11}, the
vertex function (ﬁf1 is symmetric in the labels Qg ven O
Given the potentials v?(aiuj} one defines a partially decoupled
interaction We. It depends on s = (s1 Sg.q)

t
. 5 4
wlsla) = L vl » 2 sus, sy viege) (3.6)
a=r riachst
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The tree formula reads for f %1

& t! o e {3.7a)
T
iptey P

er - W{sled')
&Eﬂ(aa') - {"t,f}) s Sds
o

) {‘F(Vl 5){T_1 v ( ati 'dq(“)}[e
;Erio_ofh(gn(h)} (3.7b)

Summation is over trees as described ahbove.

Proposition 4. The tree formula (3.7) is equivalent to the defining
eguation (2.11) for the vertex functions, for 3 1.

The proof is relegated to Appendix B.{It establishes a substitute
for the decompesition (2.18). The assertion follows then by a

uniqueness argument.)

To obtain bounds on vertex functions 01, estimates on wf(gmjwill
be needed, They will be derived using the fact that WI can be exhibited
as convex combination of partially decoupled interactions as follows

Suppose a potential wr is of the form

W o=+ L w, (0,b} {3.8)

’ 1€abst

Then one defines, for n = 0 ... t - 1, a partially decoupled potential

- L w {ab)+ & Z w,{a.p) 3
I'\/v.‘,n 213;-,bﬂn '( 2 ncabet (3.9)
To obtain Wl we sat

Wy (a,b) = vi(et o) (3.10)

The quantities Wr for r = 1 t - 1 depend on variables

g = (5y «.. Sp_q)- They are recursively defined by
Wooe (-5 )W, s Wi ' ) (3.11)

In this way one constructs

Wisio) = W () - (3.12)

4. Recursive estimates

To get useful estimates, some bounds con the pieces vi are needed

from which the potential v is composed, see eq. (2.5). We assume

£

that v are of the form

vt(gi‘z’j) = mm uf(x-lxj) or O . for £ 1, (4.1}

and .that it satisfies inegualities of the form

N
IO MR AR IRV A CLES S I A (4.2a)
1N i i '
with
g, >0 , &30 ({-2..R1) ' {4.2b)
5} =y -8 %0 (-t R-1) (4.2¢c)

We will show in section 5 how the Yukawa potential can be Spllt 1n

such a way that inequalities of this form are true, with Yy = u (0).

We begin by deriving inequalities for the vertex functions themseives.
[ -summations will be done afterwards. The final step will be to

estimate sums over types of {-vertices.

Consider formula (3.7) for the vertexfunctionsoéf1 for €2 1.
Remember that the {{£+1)-vertex a' consists of some number t 31 of
{-vertices Ay e G that were numbered in some arbitrary way. We
note first that the bounds (4.2) imply a similar bound for the
partially decoupled interaction W((§1a')

z

AR ERT (4.3)

I m
£ jeact 3
This is proven by noting that the inegquality is- preserved throughout
the recursive procedure {3.10) ... {3.12} by which W can be constructad
because formation of convex combinations preserves inequalities.
{+1

Inserting the bound (4.3) into formula (3.7) for = and using (4.1)
cne obtains the inequality
a8+ g e My ) I
EMNES M os RS Jﬁ G (5e) (4.4)

t-1 ‘ ¢
G Ed’S‘ O{S Z i z z z faSaea S’I(a) \mj " (xka)l

r|| o | jeer,, keoy s



To obtain oifl one has to multiply with the combinatorial factor

of eq. (3.7a).

Next we carry out x-summations and do the s-integgrations. We assume
that the potentials UE, and therefore alsc the vertex functions, are
translation invariant functions of the positions of particles x;e F3
[This entails no loss of generality. If translation lnvariance in this
sense does not hold, the following procedure should be preceded by a
preparatory step where Ioi,lvgl etc. are bounded above by functions
which depend only on differences of arguments,?@rﬂxn)ﬁﬁgPFWfo~xn*“)]

We write X = (M%), ¥u= (¥ igu etc., and introduce a

(preliminary)norm (n = ng.of constituents of a)

Z
I D—uz f(mg) = x}:ezlﬂ \du (Eu)i gx*." (4.5a)
-4
> 'J'.‘ff \ F(E,«)Ié o {4.5b)

i is an arbitrary constituent of a. The result does not depend on

i or x because of translation invariance. We introduce

$70) = & v (xyl (4.0)
xeZ3

By translation invariance this is independent of y. If ur(xy)z ¢ then

~ M . r
5% is the Fourier transform of v

We consider individual trees n and numberings of the {-vertices
(they are permuted by §). We carry out the summations over variables
X, in ekpression (4.3) one by one, "trimming the tree and straighteninac

its branches" as explained in fiqure 3.

Lo\\/Y f/
2—'? 2.__-—-, —_—
] .

figure 3 How to trim a tree and straighten its branches. (The
last dot represents a single constituent of the

f-vertex ay.)

If we carry out the summations over Xy in the order a = t, t - 1,
a
we are sure that in each step the summation variable is attached to a

maximal vertex of the remaining tree, compare fiqure 2.

Each xu-summation except the last is over all x e 2’3 for iea. In
the last step, the positicon of one last constituent is exempt from
summation, To do the individual xu—summations, we consider the terms
in the sum over jea in expression (4.4) individually. The summation
over xj is done last, with the help of (4.6). The preceding ones are
carried out with the help of {4.5a). The freedom of selecting a
constituent i in (4.5a) is used to set i = 7.

In this way all the x-summations can be done in sequence with the
result that

- ,| ~ t- S . . _ i
T (e I PR LS
1

t-1 (4.7)
de51' 'O"St% z {TT P |m] mh'sn-‘salz S’z(m]
1

2 a=‘jgdmk§7m)

The sum over trees n and integrations over s-variables can be per-
formed with the help of the following.

Lemma 3 ‘the tree estimate}. The following inequality holds for
arbitrary u{a)» 0 and f as defined in eq. (3.4)

t 1

dst \ g—(q sﬂT [-)u(au)/.\()(aﬂl {/u(an}e ]] (4.8)

l\q

O
T
)

The prototype of such an estimate was obtained by Glimm Jaffe and
Spencer in ref. 11. The reader who is not familiar with it can Find

a proof of inegquality (4.8) in our Appendix C.

We set

/.,{(a) = K z. l“‘lj'

1 i, (%> 0 arbitrary) (4.9)

Applying inegquality (4.8) with this choice of u to expression (4.7) we
obtain

~ Lo - 1t -l
135 mey € T [psfer/xg] e

o€t

£ 2
ST Hcrdg(mu)expg_u(—/ﬁ&mj+2xl|mj|)} {4.10)
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We have used that x % ex for %30 to raise factors Elm into the
exponent, and included some factors exp(...}>» 1 to make the resulting
expression look more symmetrical. Inequality (4.10) is true for any

choice of %, > 0.

Next we do m-summations. We introduce norms (n = number of constituents

of a, Z,= Z-(0))

"

haln, o =

2
R "‘)'i“(mu) exp[jzéoc(lnlmﬂ‘imj)} (4.11)
¥

m
ol

From definitions (4.5a), (4.11), (2.1} and ineqguality (4.5a) it
follows that

{
gdgm |c5°f(£,d)i ¢ Iatled, , - (4.12)
Inequality (4.10) implies that

N '-/351 4
jae,, ¢ wlpsteyal eIy SREY

Finally we can estimate sums over types of vertices. Consider sums
of ({+1)verticesa' which consist of a given number |a'l = t of

{-vertices. Define

[ - 5 D,!M
“ f L,K [dchh|“ ILK
fet’ =t
]
- 5 S ENg (4.14)
BTe Teaa\ T N ! ® ek

jet- b IpleTy [p1T

Ultimately we will be interested in esfimating the left hand side of
{2.27). Because of inequality (4.12) it satisfies the bound

LT gdgd,!o':(!.u‘)l ¢ = o |
Ao €Ty £ »° (4.15)

4
Tesuffices therefore to estimate sums of the form ZL;,“ULHEK

We derive a recursive bound for them.

We insert the estimates (4.13) on the right hand side of {(4.14).

This gives

Gf”lan [/3~20)/K I

t! m |i
[u e, e T N e Tl
=t [p1ET fph

The type [a'l of a {{+1)-vertex is given by the number of times
N%é]with which any given type [B] of {-vertex appears in it. Summaticn
over{a']is therefore equivalent to summation over the multiplicities
NfB] sub]ect to the constraint that the total number of {-vertices
z[B‘.N[m = t. We can therefore apply the multinomial theorem to do

the [a'l~summations. As a result .
N - t-1 -/3%
uc_tf 1“5"‘ < t; [PUE(O)/K;] ([“Z‘- |cr |}£+FE£-K+K£> el

We insert definition (4.14) to rewrite this as
(r— ~f Ed t-1 ‘c t —/552
A ‘ﬁm <+ [pofe)e ] (E“’_‘_H% ““FELIKMI) € (4.16)

This is valid for {»1 and for any x,» O. Finally we may sum over t.

This prcduces oux

Proposition 6. If the potential of a lattice gas with pair inter-
actions can be split into R pieces v£ ({ =0 ... R - 1) which are

of the form (2.6), (4.1) and satisfy the bounds (4.2), then the
following recursive bounds on sums of vertex functions are valid for

£ 71 and arbitrary x,;» 0

Ly ~ - §
5 no_:!c- z‘K ¢ _[FU!(O)/KL] eﬂ‘/&-\(1—/§1}((0)5< ”'1."“ t“ypg Kw),

t=1,2,..
(4.17)

provided the argument of the logarithm is positve.

To apply these bounds, one starts from a bound on 01 and applies the
recursive: bound (4.17) repeatedly. This produces for instance

Corollary 7. Suppose the hypotheses of proposition 6 are fulfilled.

- _ R- 4
Let K! = Z:;"’{ ) L-‘{m/?’zh-t Ep and Al - th Sk

Suppose that the following inequalities are also fulfilled for some
A>0, 0<C<1,
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5. Application to Yukawa gases

1 AT
Ziz “03 ﬂe » € A(“C) (4.18a) We will now apply the results obtained so far to the Yukawa gas
n=12, .. 1%
" €t pa models that were decribed at the end of the introduction. We split
ATl ¢ c(ic) A PR Lo fer e (4.18b) o . . . ‘ o
e potential as in eq. (2.5) into the hard core potential v~ plus
Then : R - 1 = 2 pieces v1 and v2. Because of the presence of the hard core,
. - . 1
s Stﬂﬁ |GR(£¢)| < A {]"C)-?eiﬂARJ an arbitrary finite value can be assigued to v (21,372) for Xy = Mg
- o & (4.19) We make use of this freedom to set
fot1€Ty
(o] lf X, =X . oAlgam = - Agnm,
proof: We show that (5. %) o s g
A T 2 = .
: - 1 therwis 5.1
b |icrel £ A(s-cy e FELLYI ?o.- £-4..R (4.20) m, oy v {x,%,)  otherwise ( a)
e, .. " EL‘K{
The assertion of corollary 7 follows from the special case ! = R of s {x %, ) = ('A*‘M2)m'(&.n)
' 1
this by inequality (4.15). The procf of (4.20) proceeds by induction. (5.0}
1f £ = 1, inequality (4.20) is true by hypothesis {4.18a). Suppcse and
{(4.20) is true for some {3 1. We show that is then also true for
. : -1 .
£+ 1. Since -1n{1 - x) £ x(1 - x} for 1>x>0, the recursive bound ) v*(ghgl)= mym vt (x,%,) (5.2a)
{(4.17)} gives- : 1T1 ( 2 41
<€ _pa,. -As . . -8 _pa, AT v () = (-AeM fo ) = (- AM]) (x,,%,)
b P < A(1-c) P l"e'ﬂto—/&uf(o}xllA(l-C) e P ‘"') K (5.2Db)
n=11,.. n Erey Kees
P A{I-C)1&1eiﬁdt M] ? M will be chosen later on. First we will now establish
s . . 1 2 C e
The second inequality follows from hypothesis (4.18b). Proof completed.O Proposition 8 This choice of v', v* satisfies the bounds (4.2) for
some £1> O if My is sufficiently small, with €, =58, =0,
¥, = $v'{0) = L' (xx) , and 0<g, < Lv'(0)
Moreover, u((x1g);c1 and
ECHEN B0 - MR- M et (5.3)

proof: The positivity assertion is a well known fact (see Appendix D} .
It follows that 31(0) as defined by eq. (4.5) are given by the Fourier
transforms

ke

~ £ x v?
Sy~ 2 e f(xo) (5.4)
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Explicitly
3 -1
5 (k) = (2}: [l—r.oslz_u]+r1:-) (5.5a)
Mt :
~ 3 -1 3 . vt
v - (2,3.:-1["“"’!2'“1)'“1) ' (Z/E'["C‘”E“]J’M‘) (5.5b)

Relations (5.3) follow by setting k = o.
The self energy %«ﬁ(o; of a particle of unit charge is given by
- 2371
vioy = (2 fd%k (22 [1-ckibem, )
Ilv,,ls'rr # -1
We compare with the Coulomb potential Ucb(x~y}= (~-A) {xy). A short

calculation shows that

- 2
vi(0) = vy te) - (km)M, o+ 0{M) (5.6)
The numerical value of 1bb(o) is kn0wn12
Ve (0) = 025273 (5.7}

Now we are ready to derive the pounds (4.2). We introduce the Hilbert

space H of complex functions f on 23 with scalar product
- ¥ ftarato
({3) xez3{ 3
The kernels vf(xy) specify positive operators in H which act according

to
{off Y0 =l;§23uc(xy)f(j3

These operators are diagonalized by Fourier transform, and it follows

from egs. (5.5) that
£ 4 ) -
(m,o'm) » ¢ (mm (5.8a)

with
b -
pls {12+ M) S
(5.8b)
consider a set of N particles with integer charges mL# 0 and not

necessarily distinct positions x,. Set

m(x) = 2 migxlx (5.9}
i

- 25 =

It follows from inequality (5.8) that v2 satisfies a

bound {4.2) with

§ = &g =0 {5.10)
It remains to study v14 From definition (5.1a) it follows that
1

e f;jV1(§L‘E’J)- i—(m'v'm} vz Z: |"u"‘j|v'(o)

xi.""j ,Slgﬂ m; = vmjn mJ

Inserting the bound (5.8) for the first term and noting that p1su1(0)

one finds after a short calculation that
L E Ve 5 > RO Em (5.11)
] ]

If M, is sufficiently small one has 491> U‘(O) by egs. (5.86), {5.7).
Therefore inequality {(5.11) implies validity of bounds of the form
(4.2) with v, = %U’ (0} 1f M, is sufficiently small anazmzi> 4.

It remains to 'discuss the casezjmiﬂ 3. There are only the following
possibilities. One may have W = 1, 2 or 3 particles with charges

my = t+ 9. Consider first particles whose positions are all distinct,
and define for this case

N
= Min 1 v %)
En ™ bgoma1} 2 5,,m‘m1 g (5.12)

ul(xy) is positive and monotcnically decreasing in the moduluslxu-yu[

of each coordinate difference (see Appendix D). It follows that

E, = 5 v ()
E. = voy-v'(1) ~ &= [1- mEu'(o)
L = Ve = (1)~ g [ M (5.13)
Ey » %u’(o)—zu‘(t)
(We use the abbreviation U1(¥) = U1{x,x+eu), eu = unit vector in u-

direction.)
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. X . - 2 . .
We distinguish two cases ze " %1 . Consider first the case

E, is the energy of a dipole = two charges * i at nearest neighbour Eezkz t . In this case we can estimate
sites of the lattice. It can be computed because s ¢ T (zeaxe—s)qz <25 (Eezx-:)n LA (-A)]
q LR e
Ll 1 1 1 - -
ERCRERN (P IEIEFS f;/u [+ (re 0)-v'(00) | « 4 av(o) with & = 2e™°"% . Thus

s ’ 1 1l -1

The inequality for ¥, is obtained by dropping the repulsive inter- 3 |g:‘|i£K £ 2. ﬁ-[ZI;IA(u—A) ] = ~bn (l—ZIAIA{I—A) 3
2 ¢ Nz
action between like charges. In the limit M, = 0, relations (5.121} , - .
h narg : 1 4 < zlzla - (e2lg)al g ﬂ;lAO-A)4‘1
give By =3 ucb(O) = 0.1264, E2 = 0.1666, E3?0.206. Thus
Ey” % v'(0) for N = 2,3 if M, is sufficiently small. So the desired [Here and in the following the inequality -ln(1=-x)< x(1-x) | for
bound (4.2) hoids. i7x30 is used whenever a logarithm appears,] The inequality of lemma 9
will therefore hold if (1+ 21’1 )A = (|+ ﬂ;ﬁ)ie2“1'5 Cc <1 . The

Finally we have to dispose of the possibility that (atleast) two of
the two or three charges sit one the same lattice site. If théy have hypothesis of lemma 9guarantees that this if iatiSfied since l;lle
equal charges, the argument is the same as above. It they have by (5'E5;; Therefore lemma % is proven for ze ™ 3 1. In the second
opposite charges, they do not interact with a remaining third particle, case, ze <1, we estimate

. o= 2K ‘-£q]‘ = Ik - £n - . _2k-¢ |- —en-1
and the attractive potential between them has to be ignored according S & Ze % e § 2ze é%ie 2Z ¢ (1-e%)
to eq. {5.1)., It follows that E >%4¢u%0) and the desired bound Then one proceeds as before. The details are left to the reader.
(4.2) is again satisfied. This completes the proof of propositicn 8.0 One finds that the assertion of lemma 9 holds also in this case.

This complet th .
To apply th? recursive bounds on vertex functions of section 4 we pletes e proof of lemma 9. O

1

need a bound in o' first. It is provided by

Proof of theorem 1. Because of proposition 3, it sufficesto show

. -t . _ £-2 . .
Lemma 9 r "04" < Zlk(ﬂteZK s{l_c) l{ I+z(l+llﬁl)f Ce ™" that the hypotheses of corollary 7 can be fulfilled by a suitabie
— net, ... n TE,x cholice of M1) M if the hypotheses of theorem 1 are fulfilled. Corcllary
This is true for any C in the interval 0<C<1 and 230 - 7 is valid for any choice of «,>0; ¢, and 6, are given by proposition
. 8,and R = 3. The hypotheses of proposition 6 are met by proposition 8.
proof: There is only one type of 1-vertex with n consti?uents. it We set
follows therefore from the explicit fermula (3.2) for o that ' -1
| : )] M= mex (M R e R O (5.16)
1 - L. [ (q)|exp (-eq* +2xigl )
e lfz (@) lexp (-eq 9 (5.14) |
_ _ _ The following considerations are valié for any C in the interval
The modified Bessel functions satisfy In+1(22)£ ZIn(ZZ)lf Z30, 0<C<1. In the end we may set C = %.
n==a¢,1, ... . This follows from their series representation%’There—
By lemma 9
fore
~lglI-1 'Sowith 17'1< 21 2. "C"{H £ A(l'c)i‘! (5.17)
[N gy} < in@iz (qertiez,); M= 32 with Igieizl o g 45, R N .
t
: it = (1) /Z i .
for all three models (1.14). (We adopt the convention {1.15).) We with ( 5 /= as in (5.15))
i 5 ; ’ o= E 2 (k) v ~/’3£, -4
insert this into {5.14). We must estimate A - 21z'e = 2ig'iZe (1-¢c) (5.18)
191 -gqt
S = I (iezn)q e i
g=21,£2, .. provided

1+ 2 (1e2lzl) ¢ c(-0)t e (5.19)
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This is assured if hypothesis {(1.17b) of thcorem 1 1is fulfilled,
and B is sufficiently large or ¢, sufficiently small, depending on C.

Thus, hypothesis (4.18a) of corollary 7 is fulfilled.

Next we turn to hypothesis (4.18b) for { = 1. By proposition 8,
sty = M;Z. Therefore it is required that
-z - 5 L= e
/31“.|‘k12 vo(i-e) (21312 ) et (5.20)

Since M]% ¢ (4m) 2 K;z p’ and n,»C this is fulfilled If

. z . .5 £ -3 .
271F s () CP (1-0) E'G‘[S {5.21)
This is assured by hypothesis (1.17b) of theorem 1 if <y jg suflfi-
cicntly small, depending on €, since g1 ¢ lzt by {5.15).

Finally we have to verify hypothesis (4.18p) for £ = 2. Since

3%(0)< M2 it will be satisfied if
- <3 . IS | .
et coli-eyf (2131z) e B 5 22)
where Yy = 51 + 51 = % vI(O] Dy proposition 8. Since N22 < this holds
if
- ) _  ~/3uf{oy
M CRr-ey T 2algize ST (5.23)

This is of the form of hypothesis (1.17a) of theorem 1, cxoept that

v1(0) appears in place of qu(O).

We distinguish the two cases M, = M and M1 = dn n}ﬁ_i . We have

M1 =M only if M » 41 m!EL . In this case, (5.23) follows from

{1.17b) 1t €, is sufficiently small. If M1

-1
4w, /3 we Ccan use

e, (5.6) to cobtain

T(0) = Augy(uy -k, F BO(ETE) B Bug, (00 20 (1-c) (5.24)

if B is sufficiently large. Therefore (5.23) nolds if P is suffi-

ciently large and o, e
pME oy oG-y 2z e

a N
SR

This is true if hypothesis (1.17a) of theorem 1 holds, with <
sufficiently small (depending in V), since T’ =X{1) by definition

{(5.15).
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Yalidity of all the hypotheses of corollary 7 has now been established,
and the proof of thecrem 1 is therefore complete. O

Remark: Corollary 7 also tells us that

- ~Av'(e)f2 By
RN AN VY I Xdadlrr;(z,d)]é e POy o s
R [«]eT,
The leading term in the sum comes from a 3-vertex with only a single
constituent. Its contribution is equal to

S5 = X, e T ax(ye PO
q== R A

}'or £’o rge /.5

Thus, inequality (5.25) estimates the whole sum by a multiple cf the
first term, v‘i is obtained from v by substituting M, for M. Noting
that n1 = v if M1 = M, we deducc from egs. {5.6), (5.16) that

v(0) - U‘(O) £ B_1ln(1—cf1+ O(B_Z). The constant C can be made
arbitrarly small if the constants Cy and =P in theorem 1 are chosen

sufficiently small, depending on C.
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Appendix A, Proof of exponentation of the grand partition Function.

(proposition 3)

We want to prove the formula (2.30) starting from eqg. (2.29). We
consider Z§ as a function of the quantities

Aleyd) = [dg, 6% gy, ZN =2V ({Aynd)

Under the transformation A([rJ)—-y,‘\‘C("I AlCe 2,':" scales

in the following way, as can be seen from (2.29) by simple inspection:

ZV (A amy) = A Z) ({An)}) (A.1)

Differentiating (A.1) with respect to A and setting A = 1 afterwards
we obtain the identity:

: N
NEf = > eapl Alry1) 2Za _ (a.2)
(r1€T, "eA(LY1)
For further investigation we have to compute l‘z;?\'_ :
QA1)
N — News
32’\ = 2 . ” A(c“]) (A.3)
3ALID ALY [T - ®
{N?’E}IPJecTi‘T“ News '
c%"‘ﬁ:‘lc‘f“l’”
R R
: N Ne o -1
= E : ll A(C“]) & ACiyD) tr1
® ) )
{Nfﬁi}mev;, t:i;:’éﬂ Neay ! (N?n 1)1
N el =
NEy 31
. NR
= > [ Accay) ™ N=lenl
= Z
) LN A !
{N;F,}cp)era fuleTy N[,,] ! :
%N?,,-lccml =N-fecp)
2zl

if 1t €N |, otherwise = 0
dACYY)
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50 we get the following equation for the quantities Zﬁ:

NS tecni ( N-jetpl
= —_— C Z )
ZA [TleTh N ALLYT) =, (A.4)
letyy €N

From (A.4) we can derive {2.30) by a simple computation:

i i 2_
we introcduce a fugacity 2 and consider = %3 ZA (A.5)

33__2:?.” Z: =ZNzNZT\ =3 Z lecryt ACCYY) le(UIZN—lccxn N~ten)
9= N N N [31eTy A

leCHisN
The left hand side is an entire function of z (a polynomial in ocur
case because of the hard core). Assuming absolute convergence

iy -
of che-r“z A(Cy¥1) for (2141 we conclude:

(changing the summation over N and [yl )

2d 5Nzl = {5 |C<r)}z'“”'A(tm}- b N (A.6)
E N CyleTy : N
Eq. (2.6) implies 2 2VZN = exp 5 2! 400y (A.7)
N CeleTy

for [21<£1,

This proves proposition 3. O
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Appendix B. Proof of the tree formula {proposition 4)

Suppose we have a set of indices I and an array of real numbers
w(ijy=wiiiy for i€l We assume that some ordering on

I is given.

For any finite subset a < I we dafine the following guantitics:

(e} = QX?qsé_k‘nw(d‘dk) if D(:{ﬂ"),__'o(“} | A< Sy L & B (B.1)
Aalg)=1

W ely oy )
foaju, = € -1 (B.2)

1
Aly=-—=2 1T . ; = )
m Szx (o i Y€ G oy, if o= folg, o}

(B.3)

Algy=o , A{asty=1 for m=1

Summation over Sx is over all connected graphs, i.e. scts of pairs
(aj,ak) of elements in a where each pair (aj uk) cccurs at most
once in Sa. We want to show the following proposition:
Proposition B.1:
4 " (
4 W 5, 54.-1“"“"')

Al) =5 Sy gds,... .Js“«;ﬂ"z g, W Skl k) € (1. 4)

where SOL denotes the symmetrization with respect to the variables

Qe Gy and

WS S LA m) = & $5 - Sier W) [wm=23,., %]
141<k$m

W( tay=0 [m=1] (8.3)

Hemarks:

(i) We expand the nroduct in (B.4) and obtaln using the notations and

definitions of section 3:

" -1

mw € . Su 4. kY =

T 35, W (S S| k) % )c("z,é)lf; W ( iy, Ayt (B.6)
Summation over % is over all trees onn vertices and § = | Sy ""Sn—l"
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From (B.6) wWe see that eq. {B.4) is in some sense a generalized tree

formula.

(ii) Proposition 4 in section 3 follows from the proposition B.1 by
setting: I={e., %, -, %} [where a;, ..., o lavel the
subvertices of the ({+1)-vertex a']and w(o(ja(k)z-—ﬁ VE(D':“' oK)

_ﬁW(EId’)’—‘-Wfs4---5+.-1'|1-~-'§)-ﬁ2Vf(didﬂ) for o= {oty, -, o}
To see this compare {B.3) with (23.11) and (B.4), (B.6) with (3.7).

To prove the propcsition B.1 we need the following two lemmata. They
are in some sense two Kirkwood-Salsburg equations: 0{a') corresponds

to Boltzmann factors and A(o’) to Ursell functions.

Lemma B,

Qi) =

= R I

> Isl! A(S) Q(e-5) 1S) <t & (B.7)
G ’

where R{s) is given by the Ths. of (4)( « replaced by §}

proof of the lemma B.2:

First we show the following equality by induction in ms

-
= Ist- 151! A -
n Q) :§1 SZM ALS) Qlx-5) + (B.8)
isl=1
g
4 S m §ds I (mei) A5 WS- St ien) ew“*"'s“‘"“"'“)

coap™-t =1

[W\.=1.2.-'-;""-]

WS Smeaf1-mY = w{s, - s"""l"'“'“)’s“-sn“:----s‘ .
-1

(i) m = 1:

n QY= 0 + 5, m exp S w o dic)
1g3cksn

This is true by definition of Q{et) .
(ii) m—rm + 1:
we have to show:

m-q
Sﬁ.ﬂ Sds ‘H” (“"1.'> a_,,_‘W(S‘---S;'l‘-"“*) eW( -
[oq7™t =1 (B.9)

5-1"' Sm-a |10 '“-)

o mo . WS, - S b4 1)
:S%“ isIistl Ats) Q(=-5) + S“leijzltn-nasiW(s‘u-s‘-H---u«)e
(sj=m [ERY]
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We use the following equality:
(B.10)
WS, Swoq 110 M) ew(s,.s...‘s,_son...u) 1 WS, S | 1)

+S.dsme asmw(su"'sm"t--ﬂ.)
o

We insert (B.10} in the 1lhs of (B,9) to obtain a sum of two terms

which will be shown to be equal to the two terms on the rhs of {(B.9).

first term:

W (s, Sy SmB0 {1 M)

s m Sds Tru 1) Y W(sosilt iy @ (B.11)
['5"3"—1 g
WS, S Sme 0] 1) W5, o Sw., 1M}
e ' = 'Q({“mﬂr'wdﬂ}) {B.12)

With (B.12) we get for (B.1t1):
(s‘...s'” 4.
first term = S, M (m-1)--(n- "““) S"[S Tl' 3 W(s,-sij1-144) @ 4em),

+ [e, 1]“ 1 Amd

. Q( {“‘mn,"'a “"\})
{B.13)

Ll
first term = S“n(ﬂ-")--'(‘n-ﬂﬂ)m A‘({“u“‘:""“}) Q({“‘HH:"'J“"-})

£ Sa= S Stun my ]

We multiply the rhs of (B.13) by (;)_1 and sum over Sce« , S| = m.
This does not change anything and we get:

) (m-m} |

first term = §, SZcot o ™ (n’:m)! A(s) G(o-5)
[Sj=m
(B.14)
_ 2 mm! A(s) Q(=x-5) o
T Sewm

This is just the first term on the rhs of {B.9}.

second texm:

S fds Tr =) 35, WS, 5514 1e1) g WIS, Sm 1 1m) eW(sq"-S_H---'“)

Loqp™ d=d

S " 545 -[T (ﬂ-1)3 WS, 5.4 i11) @ W(a Sl 1) (B.15)

to13™ A=1

This holds because the integrand is symmetric in a -..,9, and so

m+17
we can use the fact that everything stands behind the symmetrization

operator SG.
{B.15} is already the second term on the rhs of (B.9).

End of the proof of the lemma B.2. a

Lemma B.3:

Q)= F Isiisi Acs) Ux-5) | wtsp (B.16)

5::0(

proof of lemma B.3:

This proof is similar to the standard proof of Kirkwood- -Salsburg

equations in polymer systems13.
D Q=TT W% _ 1+
16j<kgn 1sa<l<Su ( o)
=Z ¥“a°‘k [+ g, «j=m] (B.17}

® (d dk)etB
Summation over B is over all sets of pairs (otj,oq‘) with j,k€{1, ...,‘h-}.
We decompose B in connected pieces and finally arrive at the formula

Q=2 Totsy ssp=< T fu (B.18)
°‘=}<-.s!' ¢ sz (CH u..)egs 3 %k ‘
(oS =1 for (Sp1=1]]
Summation over o= §5f is over all partitions of « in non-empty

mutually disjoint subsets Sp with L}’SI’""O( . Sum over SSS‘ is the
same as-the analogous cne in eq. (B,3}.

(B.18}) specifies a polymer system living on e,

{ii) Given two subsets YcXceo with y£0, X'=A-X

We consider

X+yy= 2 m
QUX'+Y) g lﬁ 6(5) (B.19)

Given a partition X'+ y =5 § we consider D = X'nllS, where
So¥épg
a) D is an arbitrary subset of X' (D = ¢ is possible)
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b) Z s is a partition of x'-D proof of the propositicn B.1:
Say=g
c) z 5 is a partition of Y + D satisfying SnY#+ @ for alt Consider the following system of equations for unknowns CP(S}:
SoY ¢ D S in the partition Quay = 5 tsiasi! @(s) Qla-S) , «* &
fol Sex (B.26)
It foliows that =
Qup)=1 , @PI=0
Q(x'+‘()= Z - T ' .
¥ )(éb=£$ Y§=ES' ISJG‘(S) _!;!' 6(s') (B.20) P lives on finite subsets of the set of indices I.
snY+ @ {(B.26) determine the guantities ¢(S)uniquely:
We define (8.21) ‘
PYID) = z I s(s") A jappalt @y = Qet) — L 5 isiisi? @(s) Q(x=S) (B.27)
Y+»=£5' g " ) M oscx
gla¥# & S#x
and obtain the equation:
(B.27) allows a recursive determination of all (S).
B.
QX'+Y)= 2 r ¢(YID) Q{x'-D) (B.22) From the lemmata B.1, B.2 we see that A{s) and R(S8) both fulfill
Dex ’ the equations {B.26}. 5o they must be identical: A(s) -='.K(S). This
proves the proposition B.1. o
We choose X = ¥ = c(.l, o(i gsome arbitrary element in ec. .
¢(«;|D)= Z . I_io'(s') = g(a +D) {(B.23)
{3+ p= 25’ g
'y
So we get from eq. (B.22):
Quo= L s(k+D) Qu-irD) = £ 6(5) Qx-5)
Scot
Dot % e (B.24)
% We sum eq. (B.24) over i =1, ..., n and divide by n to get:
1
(ol -_-_—-Z & «-5 =1 -
Q Cot) % En SZ“ ($) Qe=S) = -~ S 15ic(s) Q(x-8) {B.25)

[ =4
PEL Sco

We compare {B.3) and (B.18}1 and obtain o-(s)=|s]! ACS)

This proves lemma B.3, o

2
]
H
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Appendix C. Proof of lemma 5 (the tree estimate)

We wish to estimate quantities of the form
1

L
T () Jds, o dsiy foy sy Tr1 L ptass) pimear)]
an

1l

Q

U

2
"
-1

O by 5

The following procedure follows refs. 11,2 closely. Summation over i

amounts to summing over n{a) = 1 ... a for each a. Thus
4 -1 “
o ds ...Js_ ' s Sa.a ~ 0 5 k)
J ) g 2 “a]-'q[;éﬂ”““) a Sacz S pCRY]

Now one inserts a factor
-1
1< axpg Sty Stz o Sy p(b)
={

After that the s- integrations can be performed in the order Stuq

first, then St etc. In each step one uses the ineqguality
4 v
. su w
Sclsu.e £e

Thus, in the first step one estlmates
£-1
I"LSI—A S Sip--Sk ) € (ds,, Z Sicg - Sy frck) ax«p[__z Sgeq - Sp p(BY |
° kewt

< axp[ pt0) +|§15¢.ﬁ e Sp e (b) ]

Next, the st_z—integral can be estimated in the same way, and so on.
As a result after t-1 steps one obtains

t-1 €1 1
Yipy < {Tr1f“("“"")} f_prz_ pib) = lf1 { JCata) e!*(d.)}
a= =1 a= .

This is the assertion of lemma 5. B

Appendix D. Some properties of the lattice Yukawa potential.

Let-uh{x,y) = {- & + Mz)"1{xy) be the Yukawa potential in v dimensions.
From its Fourier expansion {cp.eq. (5.5)) we find that

Vi (x,0) = (2my" S.i"k fzﬁf(ﬁ—usk,‘) +M‘]'1
o

Integration is over ku = -T ... +m. One inserts the integral represen-
tation y1= j“ut,e'”t for r ]_1 . The k-integrations can then be

&
performed with the result that

o
Vp (%, 0y = 5‘“: .-1‘.(2v+M) {Ix (2\‘:)}
©

The modified Bessel functions In(x) = I_n(x) are positive and

monotonically decreasing ininl, for x»0. It follows that
'UM(K,O)ZO ; 1;"(x,o)=vM(x,o)—v (X,0)20 if M$M1

and‘vﬁ ang 112 are monotonically decreasing in the modulus |x { of
each coordinate. {To show monotonicity ©Of I (x} in §n} for all X220
one compute g In(x) - In+1(xJ Efrom the 1ntegral representation,
formula 8.431 of ref. 14, writing zezt = (B/St)eZt and reabsorbing
3/3t by a partial integration. The result is an integral represen-

tation with a manifestly positive integrand.)
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