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charges exist. 

We ask whether there are currents associated with these charges. 

For D • n a conserved, local current is known in the literature. 

Our investigation is forD~ 2(n-l) in particular D = 4 and 

n m 3. 

The results are: 

a conserved current exists, but is not local; the corresponding 

charge is given by Hopf's invariant of the field; the charges 

are additive. 
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On Currents associated with 

Topological Charges 

by 

J,Hertel 

II.lnstitut fiir Theoretische Physik der Universittit Hamburg 

Abstract! 

We consider n-component classical unit vector-fields on a 

D dimensional space-time,For n~n and D=2(n-1) topological 

charges exist, 

We ask whether there are currents associated with these charges, 

For D=n a conserved,local current is known in the literature. 

Our investigation is for ll=2(n-1) in particular u~4 and n=J. 

The uesults are: 

a conserved current exists ,but is not local;the corresponding 

charge is given by Hopf's invariant of the field;the charges 

are additive. 
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I Introduction 

Usually a conserved charge Q in classical or quantum field theory 

is associated with an internal symmetry of the Lagrangian, 

Noether's theorem then furnishes a currentJ)'such that Q=~J·~~}w 
is a constant of motion. 

Recently however the possibility of topological charges has found 

renewed interest,They are not related to a symmetry of any Lagran 

gian, 

We study whether one can find currents associated with 

them, 

We consider classical n-component unit vector-fields 

on a D dimensional space-time; 
1:( <'...... ,... • ... ... 
T .!):) E rJ+ ; + :(+, .. ,+""); 4>+•1 

Let us 
A 

write ~ =(1,0,,,,,0) for the north-pole 

! • (AD-£ 

... 1 
(NP) of s,. 

(1) 

Assume 
,.. 

that 4-'C!,.f')is acontinuous function of _the arguments (~ 1 t) 
and that the Lagrangian is such that the total energy of a given 

field configuration~C:,.'4Jat a given time t can be finite only if 

.... 
4> (l!,~) --4 

.. 
4> as x~• 

We compactify the (D-1) dimensional space by adding the point at 

infinity and write I\0 "S.wf .. J::t$&·.&by virtue of a stereographic 

projection,The f'ield ;"at any time t may now be considered as a 

continuous map: 
op(t): s D·£ --~ s;·:L (~) 

which leaves the NP invariant, 

Topological charges characterize the homotopy-classes 

or the map (2). 
Since ;tJ.) is continuous in t (by assumption) time-deve1opement 

does not change the homotopy class:topological charges are 

conserved, 
.... 

We assumed that the field + represent a rinite enerF,y confieura 

tion,The existence of topological charges indicates that the space 

of finite encrrry fields is disconnected,These soliton-sectors are 

in one to one correspondence with the homotopy classes or the 

map (2) anrl the topological charges are homotopy invariaa..ts or the 

map (2). 
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Two cases are of' interest;in both o:f thCm there exists a topolo 

gical charljc Q which takes as values all inteq~ers: (~=0,:!1,!2, ••• 

Case A: D=n ;D>l QA =deg+(+) (degree of' 41'l+J) 

Case B: D= 2(n-1) ; 0=4,6,8,10, ••• Q8 =r<+J(Hopf' invariantyof'fC+J) 

Note: for D=6,10, •.• )"Ct)~O 

In (case A) a local conserved current was f'ound by Patani et al.(l] 

J
·-"cxP-tO €,....,..,, .• ,__._:._• • ..., ...... ,..., •.., 

-J " .. •1~ ... , •.. T ~& r ··· ~ .... 4-
We will find that the situation is quite different in case B. 
Of' main physical interest is D=4 ;let us therefore specialize to 

this value. J 
One can again f'ind a conserved current J"_..,ll.9such that Q= SJJtj•ltiJ 
determines the ~omotopy classes ofpfi).However j.JI is not alocal 

functional of ~ 

We introduce the "field-strength" 

Its dual(} : .1E ppr r;._.., ~ _,...,,r r 
P_...v(JF,t)•£.~< +"3,.;~:>.,.;\vJ (3) 
is conserved(see Sec,Illb). 

N 

;)-" ~--- = 0 (~) 

Theref'ore there exists a potential~ such that 

f.,..,.~A .. -~ ... 1-- (S) 
Of course~ is determined only up to a loca] gauge transf'orma 

tion~ .... 1-- t~ .c1, since p....,. V is exp] i ci tl y gauge invariant. 
Using standard techniques of algebraic topology,one shows that 

there exist gauges such that (5) is valid even at infinity!=• 
in a sense that will be made precise.We will give an explicit 

expression for the potential A which achieves this, 

Given such achoice of potential the current 

J .... = P"'~A ... - . is conserved,because ~...., p,...., !I' 0 (seelllb). 

The chrge density d°C!,ths given by 

•0 -;:- ~ ..... d =,..,....,A and Q.: S.t'~(A""c.....tl) • 4u;yC'/>O>) 

" 
However A,.... is not a local functional or 

current is not,either. 

... 
4-

Moreover the current is not gauee invariant: 

if 1--~~J..--1. 

and therefore the 

then the current changes hy a total divergence: 

j_.. .... .,. J_.. ~ .;J., (f.,.. ~-4) 
f'or these reasons the current cannot be considered as an obser ... 
vable,for its value cannot he determi'ned by a measurement of+ 
and its derivations at time t, 

It appeares impossible to f'ind an observable current associated 
with the Hopi' charge, 

Nevertheless one cannot rule out the appearance of topo]ogical 
charges of the llopf type in nature. 

To f'ix ideas,think of' baryon number as a Hopf chare;e.This is not 
absurd:the e,m, ch<'lrge distribution within an elementary particle 
can be measured (e,m. f'orm factor),but the baryonic charge 

distribution cannot be measured experimenta.11y for lack of a 
Vf'c;tor meson that \<.-o,ld rollT'lP tn it,One only mPfPHlres baryon 

number by countinG particles and adding up the baryon numbers 

associated with them,But this is also quite possible for topolo 

gical charges which take as values ~ integers,especially for 
charges of' the Hopf' type.They have the appropriate additivity 
properties as we shall see in Sec,IV, 

Jn Sec,II the concept of Hopf''s invariant in introduced; 
in Sec,III the current is constucted; 

in Sec.V an alternative f'ormula for the current is given;here 

the current is concentrated on closed c11rves but is again 
non local and not F,auge invariant. 
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II The Hopf-invariant (2) 

~ 

Let+CJ,tjbe given as described in the introduction.For D::-4 the 

associated map +C+) (eq.2) maPs s3 in coordinate space onto s; 

field space: 
1 ~ 

+Ct>: s s ... (surjective) 

J 2 .,.cp> 
The spheres S and S. are manifolds,Let T (~)be the space of 

p-forms on the manifold M1 if p > dimM,each p-form vanishes 

identically on M. 

Choose I"•~Cs;Jto be the normed surface form on s:, i.e. 

Se-:1 
s~ 

The 

since ./i'e '!0 )($pt £allows that Ji':O. . 
induced 2-form f>•lr*t<.U(S,is closed: .I(+.,J: (>

11(./tr)o(). 

in 

By application of de Rham's second theorem,one finds that on SJ 

each closed form is exact.Hence there exists an 1-form o( E }''•ts~ 
such that ~tl...=f'llrtr on SJ • 

Hence the integral of .t/\+*6" over SJ is defined: 

<~<{>"'6" t; 1(.)) ( s t) )' c +> = J o(JI .... 

~3 

(6) 

yl#) has the property of being an integer and of being inde 

pendent of the special choice of 

( i) .-e1''Jcs;) 
(ii) atE :r'• 1 cs~) 

such that.i'a.r=1 s 

such that .lot• +"'tr 

The integral yC+J is called Hopf invariant y of +U·J 
and had been discovered by H.Hopf [3] 
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III The Hopf current 

a) Construction of the potential 

Let D be 
l)oo• 

We map p_...., 
any skew-symmetric tensor defined on s3~6t. 

.... "' . into the 2-form f II J (S"~ given by 

p = £., • .It"" .lxY 
Let the dual D • .1 115 Dffibe conserved.Then f is a closed 

t...,., -1. Jl*lllf•r 
form: oip = 0 Ot) 

The results of (sec II) say that f' is exact on SJ; since ii\ is 

contractible to a point 1 f' is exact on~ by Poincare's lemma. 

"'"' ' Hence there exist an 1 -form AE: J (S AA)such that 

.IA•f 
I 

on S xlil. . (&' .. ) 

We write A::~,l,r.M ;locally (eq.8a) can be written as the common 

formula: 

f-"v = 9- Av- :>. ~ on IR3xfR ( 5'1.) 

f'or the construction of the potential A some notations are needed: 

manifold [ 
" t SJ,, (l~ ... ,Jt),;fl\~ ,~(J 1) =:tj 

NP =(0,0 1 0 1 1) 

open covering 

I u" S , ftnj 

- 3 
'lA_:: S '~SPj 

1A
1 
~ are contractible;the 

the stereographic projection 

SP=(o,o,o,-1) 

local coordinate system 

xc.'-:: 

~'· 

l' 
1·J'f 

J' 
-1+ Jt 

(i·~.f,l) 

local coordinate system (x''),; (~·) 
on /i\3 . Hence on U.)(/A. riA.x/A a 

' 

is 
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solution o:f (e(j,Pb) i:> r;i-v0n by tltP ]'.,in.rnrt' lC't"t!Hl: 

"""UxfR ' olB•p <.='> f,..v·~B.-:J.,~ (~,t)eUx/R. 

""' U.xli\ ol B ·P <.='> p_.,v '3- Bv -~ ~ (~,t)E u~IR. 

On the intersection e :: (U,.i:i);<~ \...-e f'ind a closed form: 

ol ( i'S - 8) = c1 
Since on tL" ii ~ Sl,fWP;SPj:wf~\{Djeach 1~cyc1c z is a 

boundary b of' a h,·o dimensional domain,wc apply de Hham's 

second theorem ur,-ain anrt conc_lude th;lt the closed 1-form 8f::8-8 
is exact on ~.so that B- B =ell. . 
l.et c be any inteF,ration path in E thPn a suitable scalar 

f'unctionX!J,+) is given by 

• 
H!,t). JJx',.,.. ~Cx) x•C!,+JEe. (-11) 

; 

The integral 

·and B! is closed, 

is path independent since (c-c ') is a boundary 

itC!, i;) is determined up to an arbitrary 

constant. 

In order to compose the complete solution in a smooth way,a C­
function Y on S1xfR.. is used,which has the following propertles: 

let 

V be a sufficiently small neiF,hbourhood of NP; then :fiVr~f\:-::!. 

V be a suf'f'iciently small neighbourhood of SP; then :f,vxf/1. •C. 

The complete solution of (eq,8a) is def'ined by: 

ACa,t) :: BC~.+l t.1Cf!X.) (1':) 
where the scalar function X.lE,t) is t;i ven by ( eq 11 ) 

That ,4(1!;1f) is indeed defined on S1
iC' ll\ in seen by the following 

consistence check: 
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~n(U,jUj</l 'A>J31".,1(y,t),, rlcfined,nnd ./It :c/ B > P 
~"J1..!A::A=BtotX:i3 iR dPiinect,especiaJJy in NP,anct.JA:;J'i=/ 
on(V.,V'.,V}x.<t: A-=B is rld'inPd,Psper-inlly in SP,anrl JA~cJB::f? 

l.'e writPA:-~{¥),/.,r.....,t'orP1<111y/'R <Jn int<'(';ral Jn covnriant form: 

A.C•>.Ix"· jo~x""f..vC•~Jx", .,l(yX) Htlx$. (13) 
; 

!JifJ'ercnt paths of inter,ration correspond to diff'erent choice 

of' gau~es :for the pntential,i,e, 

Av (c. -c.)= dv ':t c
1 

inteP,"ratlon path; 'l' scalnr runction 

Uut since tl1e tcnsor~_.......vis r;:auF,c invariant,each choice of' an 

inter;:ration path leads to a solution of' (e~.8). 

b) f_~!:_IE..!£.12.<;tion of' ti-H' curront 

ln or<l('r to define a current associated with a cllarr;e of' the 

Jlopf type we introduce the skew-s)'mmetric "field strenf:h" tensor: 

f ... .ov •;; ( ~; x.;J•j,') 
• ~ • c. 

• li,.J, < 1> ~ p ::>. ; 
(11;«) 

and its dual: 'jj' - 1 ~f ... 
t,uv- ~;;.,.f .. r c1m 

-"" -~ Since .p. ~ :: 1. the functionalmatrix (~ ;:) must have a rank 

i . e. ... {< (g..?J< 3 
€#"'/tr t::.,, c ~ "'. ~ tpl:. ~tit c = 0 (-t s-) 

which implies the conservation Jaw for the dual: 

~ #""'"=" u~..; 
The next step is to prove the lorentz-invariant orthoF,ona1ity 

relation: {-"'·~ .... =o (-1") 
• Since ( ,...,.v f.-c.,) o( IJ-~'1 we havP- to show that det~v =0 , To verify 

this we only need the two Geometric relations 

~·~. :1 (4~) 
;-.,_; = o c• ~~., 
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..., ~ 

and the multiplication law f'or scalar triple products f C;lc;l(,j) 
We obtain then 

.,.. ; ~I'+ ~¥ J .. ;-

(!;..) 

e,.. '"" = ~ ... ,... 
.... ':Jp. 

.., ... 
~-· ~ .. 1-

Inserting (eq,l?c) into the identity 

~ P., •••• ( p., , ... f··l·· ·1·•/ .. ):L 
it follows that detp~w=O • 

Since p..,...,(r,f) is defined onSlx/1{ and repr€'sents a skew-symmetric 

tensor,such that the dual is conservect,there exists (cf,ITia) 

a potential AlY11onS 1.u~satisfying /) =-~ A .• R"- A on s.ll(jk ')M"'''J F,...v ~ , I' .;M • 

The Hopf current is defined by 

' N J"" '= f/""Av (1~) 

The conservation law is a consequence of ( eq. 16a, b): ~ j ,..M.: 0, 

The Hopf cha·rgeQi s given by 

Cl. = s .11
• J"ll,+) (1'") 

with the charge density : 

r=x-~ll ('1!~ 

"''"•'\ To evaluate the int('g-ral in (eq,11)a) we choose a 2-form ()t: ;r ~f) 

such that ff is the normed surface form on $~ (sec, J I). 

Let 6 be given by: /. " .,.J 6 , c. 
Tlffi .: .i '"•l,c 'f> .; A.,.; (.to) 

Using polar coordinates (J,~) on S~, thP- 2-form fT reacts: 

The induced 2-form 

with 

r; =iN 4.;..J .t.:T./!1 
.. ~~6" j s gi Vf"n by 

~iitP*tr= i f··iolx•',..Jx~· 

ftt = E.__c +•o,. .pb -;>_.; +' 
(~1) 

(~,i) E-(1, t, t) 

We map A into thP 1-form oJ..: A·-'Jl,. ;then curl A is mapped into • 
the 2-:form Jot•} ~~d·,f/Jt'",.,/Jli;: ~p t-*o 
lienee the char~P dens.ity J-form i•-t~JC in (e'l,1Yh) is F,iven by 

j"J'. •~!r(.t.A+06) 8~ 

and therefore <)r 4;r i)"( +) (H) 
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Thus Q is a topological charge,rtetermining the homotopy classes 

' ' of the map+C+l:S t--':1-S+.The charge conservation Q=O turns out to 

be a consequence of the invariance of homotopy classes under 

continuous transformations,and time developemcnt is of that kind, 

IV Additivitv of' Hopf' Charr;es 

If' the Hopf' charge Q in (eq.2J) is to occur as a physical charge 

(as suggested in the introduction) 1 we have to say how to count 

them. _, 
\ole say that a finite energy field +fJ,i-)or equivalently the 

relat~d map tfHJ describes a "particle". 

A single "particle of small extension" is described by a map .,.lt) 

which is the constant map+ outside a convex suhdomain Dc.l.l. 

on which the "particle" is concentrated.The Hopf chargeflis 

defined via (eq.6,2J). 

We imagine a situation of a finite numhPr N of ''particles of 

small extension",ench one carrying: a Hopf' charr:e Qi (i=1, ••• ,N) 

To describe this N particle configuration we consider N disjoint 
l 

convex subdomains Di ell\ and a map +Ctiefined by 

cplf) '::' $ outsirle aJ 1 ni +tDi = +,lb,· {:,t4) 

where each f',· descrihes a "particle of' smalJ extP.n~lion" with 

Hopf charge ')i 

(ef1.24) means,that theN partic.les are concentrated on the N 

subdomains D. 

' Let Q the Hopi' charge determined by the field .:f>ff·)in (eq.24). 

We now show the "additivity of' Hopf charges" i.e. Q=l:Q . 
' 1 

For the proof we need some arguments which are used to verify 

the group structure of the third homotopy e,roup rr3 of s 2 C!t] 
Since the charges (~i nre invariants of the homotopy classes l+i] 
o:f +t they nre 

mapf:.'E-[41';] and 

unchanged 

' ' 4>_. ""• = ~ 

whenever +; is replaced by a homotopic 

outside D. 

' We take N-:=2;tlH• case N> 2 follows by induction. 

lt is r:onveniPnt to rcpresent s 3 as a )-cell r 3 such that the 

houndary dTJ of TJ if> identified with thr> NP of SJ ,The J-cell 

consists .of J-tupels (x
1

,x
2

,x
3

) such that 0~ xi 61 ; (i=1,2,3) 

IJ 
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3 

The boundary':>IJ contains 3-tupels for which iTJ.;(~oi~1)=o 
i:., ..... ~ 

Let.P,.(fJ ..1.(',.1 be two maps related to finite energy fields 't..Cl,f) •tr•l 
of .. 'J'i "/ .a,. -. I~ ;j; 

resp.by (eq.2).We then have f?. : I 3~ S .... and -"' (~II):~ 
1~ T ~t T 

A multiplication Q is defined by: 

.;.c., ••.• ,) • C+,•;..)( • •• • •• •.> = ~9 [ 

't1 (~JC 4 ., l'~,. Xs) t:14 X~' f 
~ {2Jf.,-1,~ x,,. x,V f 'J'., ~ 1 

This operation induces a multiplication o in "l(~~the set of all 

homotopy classes ['I'J of+ such that 9>{~l')=i: {f>,J•f.t.J=[;,o!JJ 
( i

1
(S,, o) is an abelian group. @') 

Now a special homotopy is defined on a sub-cell D
1 

of r 3 

which it~ J( 1 ~ 

Def'ine: 

0
1 

contains those J-tupels for 
o,s...tc._....w~c.:t 

~( ~.-il - r~.,..-· ,~ X._ J X s) (x1, x1• x,)E ~ 

Then: 

4> .. lx.~x~,.xv = l ~ 

~e[.p,] N 1> 
Similarly D

2 
From {eq.24) 

and +L 6:{ ;A.} are def'ined. 

the 2-particle field + 

.lluwis( (~~ 

is e,-iven by: 

<l>(•,,x..,x,) = f; , ... , •• ~,,)& I 3 ,(J>.u0.) 

+;D"'•'~>.,o,. 6 [tp .. ] ; 

We choose special sub-cells D1 and n
2 

.D .. ::- f <-.,, x_t, x.l): o :s- x .. f: 13 
Da. ::{ (J~:.-~X,, xl): 1 ~ JC_. ta .t 1 

+, D = tal I> a[</>._] 
.. 1 

Any other choice of Di can be reduced to this special one, 

Define a new map "f1 by l'"' (x .. , "or..."'l); +ro"' ( tx.,J x\..1 Ka) 
~ 

Then 4'1,. : ']'
1 

where ']'
1 

and 7 are related 
"""' .... 1 Similarly f',Z>a,: 'l''l is found by def'ini tion 

Thus we have .., ( • ) 

[ 

~1 "\Jt .. , :~~,, )Cl 

.P(•.,x,,x 3 ) = 
2',c~ •• -1,•.•J) 

via {eq.27) 

of ']:~ . 

0" ,.., .. i 

.1. ~ x-9 ~ 1 • 

[4]. 

Hence 'f>E['t.]•[l',] (cp.eq.25,26), Since 'l:.EfY.}and[Y.]=£+,0]: 
:: £+1 ] we find ~1 11i CtJ'1Jand similarly l:~E[~a.] and theref'ore " 

f/'S{f/11}o[+4 Jwhich implies that Q=Q 1 +Q2 ,if Q,Q 1 ,Q2 are the 
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Hopf charges determined by + ~ tJ> respQ 
- 1. J .,.I 2. 

Since n
3
(S) is cyclic infinite li~(Slj~~Hopf charges can take 

as values all integers. 

The property that Hopf charges are always an integer supports 

tihe suggestion that they might represent a charge·like quantum 

number~ 

The following is a short summary of this chapter: 

If the topological charge1 determined by a 

field,can take as values all integers,i.e. if 

given unit vector 

'ilc1 ( s-·•) "'1!.., 
and if a given N particle configuration is described by a field 

which results from "patching togetheru (cp.Coleman's lecture 6 ) 
the nontrivial parts of the single fields,then the total charge 

of the N particle configuration is the sum of all single charges. 

V An Alternative Description of the Current 

\Ye give an alternative description of' the current in (eq.18) 

f'or two reasons :the new formula confirms that the current is 

not a local functional in the fields,and is not gauge invariant; 

moreover it shows that,by using the gaup,e freedom ,the Hopf 

charge may be considered as concentrated on a closed 1-curve 

and not as continously distributed over the whole space 

To any map'tc.t):S
3

t->S\here exists arbitrarily close by a map 
~ s3 s'- · · .l s'" ~: ~ such that for a g1ven but arb1trary poi~t ~ C 

-· 'J J the inverse image + ( f" is a 1-cycle z on S • 

(precisely: ~ is homotopic to a fibre map; over the fibre space 

SJ with f'ibres s 1 

N •< y 
We approximate f by p ,i.e, we assume tP C9) to be a 

1-cycle z .This 1-cycle z is determined by two equations: 

~!-= .p•cxJ- .;~ = 0 

~ " f' • ! f> (X) - f> b : 0 
(Q, ') "'(~.:p) (.H') 

We now use an integral transformation which is closely related 

to the original definition of Hopf's invariant as a certain 

mapping degree (5} 

5<(Aop"r :so( 
S3 ~ 
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Now define 

1-cycle z 

r-•1' 
distributions d* ~which are concentrated on the 

by: 

S.I~>-"E_,.-.1.- ~;/'(•) :fCr.J .:5Jxt> fl(~ .i 'fi.Jll.,.fl..../t~ 
~ a 

Summing over the components of the potential 

)J.-"'1:.. = SJ•-"<;...,.-J;'A" = J;•"" A,. 

with j,<z.~J: ~.,.r J;Pc,JA ,.Cl,I:J 

we obtain 

Since dx 0 =0 on zcSit follows that 

and hence s •1, 6' 

(..~ ... A. =So( 
J., :a 

411' 0 
., .. ,.. t;-..1' .. s ... (X) A = a( c~,J 

With (eq.28) the distributions J;fw are v,iven explicitly by 

1
~. +" ~ +q J ri'• _ • "'• .$ ( P. ) $ C ~ ) d;, (x) - , , « o 
"'•., ~" r• 

where the 8 -function S'tP,•) is concentrab?d on Pa:::O and defined 

as in the standard text l?J 
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