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On Currents Associated with Topological Charges

i @.n,dmensmnal space-time. -, For D = n.and D - 2(n-l)¢tog9,;l g;gy
o charges exist.
We ask whether there are currents associated with these charges.
For D = n a conserved, local current is known in the literature.
Our investigation is for D = 2(n-1) in particular D = 4 and
n = 3.
The results are:
a conserved current exists, but is not local; the corresponding
charge is given by Hopf's invariant of the field; the charges

are additive.
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Abstract:
We consider n-component classical unit vector-fields on a
D dimensional space-time,For D=n and D=2{n-1) topological
charges exist,
We ask whether there are currents associated with these charges.
For D=n a conserved,local current is known in the literature.
Our investigation is for D=2{n-1) in particular D=4 and n=3,
The results are:
a conserved current exists ,but is not lecaljthe corresponding
charge is given by Hopf's invariant of the field;the charges

are additive,

I Introduction

Usually a conserved charge Q in ¢lassical or quantum field theory
is associated with an internal symmetry of the Lagrangian,
Noether's theorem then furnishes a currenté}‘such that Qijﬂdl/iﬂ
is a constant of motion.
Recently however the possibility of topolegical charges has found
renewed interest.They are not related to a symmetry of any Lagran
gian,

. We study whether one canrfind currents associated with
them, ’

We consider classical n-component unit vector-fields

on a D dimensional space-time:
P med ™ 4y D D-1 g
Pr)e ST F:(4],67),; §6=1 xeRT O
~ n~q
Let us write ¢ ={1,0,...,0) for the north-pole {NP} of S*
Assume that‘?;ﬂis acontinuous function of the arguments (g,t)

and that the Lagrangian is such that the total energy of a given
field configurationaﬁaﬂat a given time t can be finite only if

~ry, N

¢(t)——> ¢ as X —— 8
We compactify the (D-1) dimensicnal space by adding the point at
R . o~a b-1 .
infinity and Wl"l‘teR viﬂjgs by wirtue of a stereographic
projection.The field ;'at any time t may now be considered as a

$n: SOt 5807t @)

continuous map:

which leaves the NP invariant, -

Topelogical charges characterize the homotopy-classes
of the map 62).
Since P is continuous in t (by assumption) time-developement
does not change the homotopy class:topological charges are
conserved,
We assumed that the field ;’ represent a finite energy configura.
tion.,The existence of topological charges indicates that the space
of finite enerpgy fields is disconnected,These soliton-sectors are
in ene to one correspondence with the homotopy classes of the
map (2) and the topological charges are homotopy invariamts of the
map (2).



Two cases are of interest;in both of thém there exists a topolo

gical charge Q which takes as values all intergers: (=0,%#1,%2,,...

Case A: De=n ;D31 ; Q, =degét¥ (degree of ¢t#)
Case B: D= 2{n-1) ; U=4,6,8,10,,.. ; Qp =y{(¢)(Hopt invariantyof ¢ }

Note: for D=6,10,,.. yC($)z0O
In (case A)a local conserved current was found by Patani et al.f_l]

J)‘(!‘i'):c ., e&“/‘t,-*,/‘« *‘4/“ *“'...2‘4“*““'

We will find that the situation is quite different in case B,

ey

Of main physical interest is D=l ;let us therefore specialize to
this value, :
One can again find a conserved currentj’(&ﬂsuch that Q:j-‘xj'(g,l}
determines the homotopy classes of ¢{#}, HoweverJ)‘ls not alocal
functional of f .

We introduce the "field-strength”

Pau (5812 €ae $°0,4°0, ¢ (a0 3
-;—.fuvrf pf is conserved(see Sec,II1b),
A
) g" ()
Therefore there exists a potentlalfy‘such that

Puv22uA -2, A (s)

Of course A, is determined only up to a local gauge transforma

P

Tts dual? v
»e

tion A -p% 79 «1 since P/“V is explicitly gauge invariant.
Using standard techniques of algebraic topology,one shows that
there exist gauges such that {(5) is valid even at infinity X= eo
in a sense that will be made precise.We will give an explicit
expression for the potential A which achieves this.

Given such achoice of potential the current
b
J’f‘ = P"“'A
is conserved,because P P)“,SO (seeIIIb)
The chrge dens1ty4 Qﬂls given by

J'O" A owl/? and QL= SJ !x(;'wa(,r] = 4,7)»(9(»)

However 4“ is not a local functional of ;? and therefore the
current is not,either,
Moreover the current is not gauge invariant:
if &»tj..*?“-d
then the current changes hy a teotal divergence:

e § M 2, ()
For these reasons the current cannot be considered as an obser
vable,for its value cannot be determihed by a measurement ofj?
and its derivations at time t,
It appeares impossible to find an ocbservable current associated
with the Hopf charge,
Nevertheless one cannot rule out the appearance of topolagical
charges of the Hopf type in nature,
To fix ideas, think of baryon number as a Hopf charge,This is not
absurd:the e.m., charge distribution within an elementary particle
can be measured {e.m. form factor),but the baryonic charge
distribution cannot be measured experimentally for lack of a
vector meson that would couple to it,0ne only measures baryon
number by counting particles and adding up the baryon numbers
associated with them,But this is also guite possible for topolo
gical charges which take as wvalues all integers,especially for
charges of the Hopf type.They have the appropriate additivity
properties as we shall see in Sec,IV,
in Sec.II the concept of Hopf's invariant in intreduced;
in Sec,IIT the current is constucted;
in Sec.V an alternative formula for the current is given;here
the current is concentrated on closed cnrves but is again

non local and not gauge invariant,



11 The Hopf-invariant [2]

I The Hopf current

-y
Letd(gYbe given as described in the introduction.For D=4 the
a) Construction of the potential

associated map ¢ (eq.2) maps s in coordinate space onto Si in
' Let g“v bhe any skewesymmetric tensor defined on SBXIR,

3 HA
) : S ———d S‘f (surjective) We map P)W into the 2-form f &€ ?t"CS'JJ given by
. F: )e«V of x ™ ofx¥

Let the dual g‘".g‘lwrcff‘-be conserved.Then £ is a closed

field space:

, em
The spheres 83 and 53 are manifolds.Let'; r(’!‘l)be the space of
p-forms on the manifold M; if p» dimM,each p-form vanishes

. form: .
identically on M, JF 2 O (ﬂ)
yﬂ) 2 . .
Choose §€ (Snto be the normed surface form on S’, i.e. ¢ )
o - 1 The results of (secII)say that f is exact on 53;since iR s
£ = contractible to a peint , f is exact on R by Poincare's lemma,

0,3
3 Hence there exist an 1-form A€ ¥ (SxR)such that
since 45’6 ?( )(S‘}it follows that 0{35 o, )

. .
The induced 2-form 4’.56 3"”(8’)15 closed: d(*'f) z P (ﬂlﬂ'):lo. A ‘-‘F on S!XR. (?GJ
By application of de Rham's second theorem,one finds that on S3 . p
each closed form is exact.Hence there exists an {-form of § }'“’(Sﬂ We write A'-'é“'l" ilocally (eq.8a) can be written as the common
such that old.=¢*5' on S° , formula:
) k]
Hence the integral of oA **’6_ over 53 is defined: p;-v :'9,,Av - 9,,5“ on {R X I’R C9$)
» Q) 3 = A A '8‘ 6 For the constructicon of the potentialA some notations are needed:
AP &6 FCs ) ; ¥ =
. . ) . . ) 4
rCf) has the property of being an integer and of being inde nt
. 3 * % % . _5_ ' (I) =7
pendent of the special choice of manifold 57 = {(Iﬂa‘r )‘ m 3
' ‘ NP =(0,0,0,1) sP=(0,0,0,-1)
&) b 1 Uy 10,0,
(i) re } C S*) such that .{;“ =4
i local coordinate system
) 2 " open covering 2
(i1) € F CS) such that dasé & . B 7
‘a X B ——
u P S > i NP} 1~ I‘f
The integral nyjis called Hopf invariant ) of ¢ s I,- (1'54,2‘3)
and had been discovered by H.,Hopf 31 . nd .- i . } .
_ [2] A5 §sp vy

u"u. are contractiblejthe lacal coordinate system (x')‘.,(n.') is
the stereographic projection on n\s , Hence on uxm ﬁle a
L



-3

solution ef {eq.Rfh) is miven by the Voinecare leomat

on UxR dB:—P =D g“v=;3w-3y§“ (xt)e xR,
o UxR 0 dBsL > R :28,-0B, (g6 Uk

On the intersecticn E:=(uqﬁ)xﬁ we find a closed form:
d(R-B)=¢
_ 3
Since on U U = Sa\iwl’; SP}*’R \iofeach i«cycle z is a

boundary b of a two dimensional domain,we apply de Rham's
second theorem again and conciude that the closed 1-form BE-‘:E‘B

is exact on E,;s0 that -
‘ B-B=dX .

Let ¢ be any integration path in E then a suitable scalar

function x(&,i’)' is given by
®
' &
X(xt) = SJx»“ I;u (x) x:(s,Ne&. (1)
Iy

The integral is path independent since (c—c') is a boundary
‘and BE is closed, z-(!,t) is determined up to an arbitrary
constant.
In order to compose the complete solution in a smcoth way,a c*
function y on S"){R is used,which has the following properties:
let
V be a sufficiently small neighbourhood of NP; then Ylv‘n =4

V be a sufficiently small neighbourhood of SP; then f'\?xlk = O,

The complete solution of (eq.Sa) ig defined byt
Als = BCGH +dCpX) (#2)
where the scalar function X(E"P) is given by {eq 11)

That A(E,f) is indeed defined on S!fo is seen by the following

consistence check!

gngu-\ln_)__x__ﬂl:ﬁ-‘. B'I'O‘(b'zjlq defined,and JA‘ '—‘JB-?P
odUﬂZn k!.’(!: A = B+JI=E is defined,especially in NP,andJA:JE—'IP
r)n!Uan WEB= A':B fs defined,especially in SP,and ofA=ol B-‘“P

We writr}A:&[ﬂJx‘i‘ormal]y as an integral in cevariant form:
X

A0dE s [dx" g 6Ids” s A(gX)  xetxR (13)

X
bBifferent paths of intepgration correspond to different choice

of pauges for the potential,i,e,

AV ch-cz)= Dv'l’ c; integration path; Y scalar runction

Yut since the tensor PMvjs gauge invariant,each choice of an

integration path leads to a solution of (eq.S).

b} Construction of the current

in aorder to define a current associated with a charge of the

Hopf type we introduce the skew-symmetric "field str‘en}th" tensor:
- P -
]Q,uv 14 ( ‘9-1 ¢ x 9,, ")

Sabe ?“Ba Pbgy ¢C

(4a)

and its dual: 5 _a &
Buv =3 9‘"#6‘ff (744)
Since &;\.5‘:1 the functionalmatrix (EL ;) must have a rank
rl(F)<3

€ T ey 2t P DB =0 (9

which implies the conservation law fovr the dual:

2, f“z'ﬂu (76a)

The next step is to prove the lorentz-invariant orthogonality

relation: '-PV’WP/‘V =0 (4‘6)

2
Since (‘pvﬂvg‘,)ﬂtaug‘r we have to show that Cletg“v =0 , To verify

this we only need the two geometric relations
e F=1 LY
ey -
¢-;,;=o (137e)



=

. - - . g 3!
and the multiplication law for scalar triple products ¢ (9‘*‘%’)
We obtain then

. 91* 3P1’ aa:; Ds-?
£ = (17<)
. for
AT e 2,F9,¥
Inserting (eq.17c) into the identity

MP,«V 3 C Pen farr P‘l;-n '}oﬂsfq;)z

it follows that detf,, =0 .

Since Pﬂ"‘lﬂ is defined ons:*gm and represents a skew-symmetric
tensor,such that the dual is conserved, there exists (cf.IIIa}
. ¥ N : x
a potential ¢{z,ﬂon$ 2 satisfying g“vag‘/l' .')yé“ on SR
The Hopf current is defined by

[
(M DAY 78
j# s BA, %)
The conservation law is a consequence of {eq.16a,b): _:}.«J'“:O.
The Hopf chargeRis given by
Q= SJ’x e (734)

with the charge density :

§% At A (124)

CIY/RY
To evaluate the integral in (eq.1Ya) we choose a 2-form &e ?CJ(S_J

2
such that & is the normed surtace form on S+(SQC.JI).

Let & be given by: F) o 3
GHE = 7 €Cape P AP uApS @o)
Using polar coordinates (&, g ) on si , the Z~form & reacds:
b .
62 op omJJJJf
The induced 2-form 4*0‘ is given by
L 6 = % ?."' Ax'nof x ¥ (-21)

. (Liletyyy
with 'Pf.' - e‘“‘.e +l,9'_*b 9*_ +c s )

-»> . -
We map A dinto the 1-form ,(,A‘..lx‘ sthen curlA is mapped into

the 2-form det» 21 Bijdx'nexi = 47 e
Hence the charge density 3-form J"/’x in {eq.19h) is given by
J"'J"x =4ﬂ'(¢(l\¢“ﬂ') @1)
and therefore Q= 47 a*Cek) (23)

10

Thus Q is a topological charge,determining the homotopy classes
3 T . :

of the ma‘p@ﬁhs r-sS+.The charge conservation Q=0 turns out to

be a consequence of the invariance of homotopy classes under

continuous transformations,and time developement is of that kind.

IV Additivity of Hopf Charges

If the Hopf charge Q in {eq.29) is to occur as a physical charge
(as suggested in the introduction),we have to say how to count
them,

We say that a finite energy field;hgﬂorrequivalently the
related map ¢(# describes a "particle",

A single "particle of small extension" is described by a map ¢4
which is the constant map $ outside a convex subdemain D < A3

on which the "particle" is concentrated.The Hopf charge@is
defined via (eq.6,223).

Wg tmagine a situation of a finite numberrN of "particles of
small extension",ench one carrying a Hopf charge Qi (i=1,...,N)
To describe this N particle configuration we consider N disjeoint

3
convex subdemains D cefR” and a map ¢lkdefined by

4:(*)=$ outside all I, <P'D|‘ = ‘Prlb'_ ('3'4)

where each # describes a "particle of small extension" with
Hopf charge Qi .
(eq.21l) means, that the N particles are concentrated on the N
subdomains Di. .

Let O the Hopf charge determined by the field $(Hin {eq.2u),

We now show the "additivity of Hopt charges" i,e. Q:Z:Qi
. ¥

For the proof we need some arguments which are used to verify
the group structure of the third homotopy group Ir3 of 52, L’J o
Since the charges Q; are invariants of the homotopy classes E'h]
af ¢'. they are unchanged whenever 4’- is replaced by a homotapie
mapﬁ,'e£¢;] and ﬁ':ﬁ:; outside B, .

We take N=2;the case N» 2 follows by induction.

3 as a 3-cell I3 such that the

3 .The j-cell 13
such that 0gx &1 i {i=1,2,%)

1t 45 renvenient to represent S
boundary DT:’ of T2 is identified with the NP of S

consists of d-tupels (xl X

20)‘3)
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- |
The boundary 217 contains d-tupels for which .ﬂ_’;(l;ﬂ)-'-'?_
Letﬁ[ﬂ_ﬁ(y be  two maps related to fsinite enir'g? fields E(!'ﬂ»{"aﬂ
resp.by (eq.2).We then have #1-1= I°— S* and +1,a(91.‘)=$
A multiplication g is defined by:
' . (2x,, 2, %) oax,s1

1@9

Plx, x, %) 2 (#,0,)( %, %, %) = - .
#(2x-1,x, X3} FEX, T
This operation induces a multiplication o in Trac.s")the set of all
homotopy classes [$] of ¢ such that $IV:=¢ [*1]0[*;]=[’0*
g f ]
(i"(S!),o) is an abelian group. (h‘)

Now a special homotopy is defined on a sub-cell Df of I3

D_' contains those 3-tupels for which A & K, £t
gl

. Ke= A
Define: . t( 5 N x,) (x, %, %€ D,
¢qfx‘axbx3) = $ olhe ise CU)

Then: f‘*:e [*'J . .
2 and ﬁ.‘[ﬁt] are defined,
From (eq.216) the 2-particle field 4> is given bhy:

P (X, %, 53) = ; (R, 32 & IS‘CD-""D;}
*’D,,' *ip, € Ied +rpl= +-‘|.D., el#]

We choose special sub-cells D, and D2 H
D, = ¢x, X, ®3): 03 x,633

Dyief{Crux, xy): 2 exas2f
Any other choice of D:L can be reduced to this special one, [ll] .

Similarly D

Define a new map L4by T, (%, ';,X,) H ﬂD... 4 i‘x.J Xy, x.)
land "~

Then ¢|D,‘ = ’x‘ w}:‘ere '_'!’1 and :f.‘ are related via {eq.27)

Similtarly ¢,Dl= Y is found by definition of ‘Iz N

Thus we have

Y, (xg, 2y, xy)  oO8x,e %

Pxyx,X3) = {

2",;(2:,~1,xbx,) Fex,e2

Hence ‘? € [Tq]‘[?a] (cp.eq.25,26). Since ¥, & [fq]and [‘E'J:[ﬂ%]:

= L#y]) we find ¥, ¢ L{f)and similarly Iléfﬁt] and therefore

fs[ﬂ']o[f‘]which implies that Q:Q,l +Q, ,1if Q’QI’Q.‘?_ are the

12

Hopf charges determined by +, é_'} $, resp.
Since I-I-scst)is cyclic infinite ]Ti('s'_)‘x;“ﬂopf charges can take
as values all integers,
The property that Hopf charges are always an integer supports
the suggestion that they might represent a charge-like gquantum
number,
The following is a short summary of this chapter:

If the topological charge,determined by a given - unit vector

- -

field,can take as values all integers,i.e, if .D_‘ICS )-“-’2‘”
and if a given N particle configuration is described by a field
which results from "patching together" {cp.Coleman's lecture 6 )
the nentrivial parts of the single fields,then the total charge

of the N particle configuration is the sum of all single charges,

V An Alternative Description of the Current

We give an alternative description of the current in (eq.18)

for two reasons :the new formula confirms that the current is

not a local functional in the fields,and is not gauge invariant;

moreover it shows that,by using the gauge freedom ,the Hopf

charge may be considered as coﬁcentrated on a closed 1-curve

and not as continously distributed over the whole space

To any map¢ﬁ)=531—>slthere exists arbitrarily close by a map

5:531—551 such that for a given but arbitrary point 4‘;45"

the inverse image 4:‘(;) is a 1-cycle z on S3 .

{(precisely: ¢ is homotopic to a fibre map;over the fibre space
s? with fivres s' )

We approximate ¢ by ; yi.e. we assume ¢~C£) to be a

1-cycle z ,This 1=-cycle z is determined by two equations:

Pz (0~ g% = o
P = ¢5(x)-$5= o

We now use an integral transformation which is closely related

(a,8) € (2,23 C28)

to the original definition of Hopf's invariant as a certain

mapping degree [5]

<ad®e = \x
53 2
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A
Now define distributions tS; @which are concentrated on the
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