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Dilations and Interaction 

by 

Detlev Buchholz and Klaus Fredenhagen 

II. Institut filr Theoretische Physik der Universitat Hamburg 

Abstract: 

As a consequence of the geometrical features of dilations massless 

particles do not interact in a local, dilationally invariant 

quantum theory. This result also holds in models in which dilations 

are only an asymptotically visible symmetry of the S-matrix. 
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1. Introduction and Main Results 

The conventional argument showing that massless particles do not interact 

in a local, dilationally invariant quantum theory is in the simplest case 

the following one (see e. g. [I]): suppose <f, is a scalar Wightman field trans­

forming under dilations according to 

Dl:>..l .j.(:>..-'"') D(:>..l- 1 : :._d.. ,P(a.). (I) 

If 4> has a non-vanishing matrix element between the vacuum and a massless 

one-particle state, d can only be one. Then ~ has canonical dimension and 

this implies that it is a free field. This reasoning is quite correct. 

However, since the argument depends upon the existence of a field ~ with 

the special properties mentioned above the conclusion appears to us to be 

rather premature. First, there is no physical reason to rule out ab initio 

all models in which the basic fields do not transform like a finite dimensional 

representation under dilations. And secondly, even if the fields transform 

in this way, it could happen that they do not inteLpolate between the vacuum 

and the massless one-particle states. In general one should only expect that 

suitable polynomials in the fields have this' property. It is the aim of the 

present note to close these apparent loopholes~ Using only the geometrical 

~eatures of dilations and the basic properties of local field theory, we give 

a fairly general argument confirming the above no-go theorem. 

The setting used for the analysis may be sketched as follows: we deal with an 

irreducible field algebra ~of bounded operators acting on a Hilbert space de. 
~ is generated by a net & ~ ~(~) of local algebras attached to the 

regions 0 of Minkowski space. We may forego here a formal specification of 

the usual structural assumptions on the theory like locality, covariance, 

spectrum condition and uniqueness of the vacuum. (For a detailed discussion 

see for example [2]). In addition to these familiar properties we require 

that there is a continuous, unitary representation A.-+D(i\.)of the multiplica­

tive group of the positive reals in ~ , The operators J)(~) , the dilations, 

satisfy 

DO .. ) 'U.c:>ol, 'U.(:I.:..) DO.) and Dc;~.lU.(I\l• U(I\)DC-\) <2a) 

where <»•(:r,,~)-+ U(o:.) are the translations and 1\-+ 'U.(t\) the Lorentz 
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transformations. Moreover, the dilations 1)().) induce automorphisms 

the field algebra~ with appropriate geometric properties: 

D(;l.) 1FtC9) Dt:t)"1 = J:'C\.· C9). (2b) 

of 

These rather general assumptions suffice to prove the following statement: 

If there exist massless particles in the model, (i.e. a family of subspaces 

~~)C de on which the unitaries U.C.x.) , Uti\) act like an irreducible re­

presentation of the Poincare group with mass zero and helicity SL ), then the 

S-matrix for these particles is trivial, 

Our interest in this problem arose in discussions with R. Haag on super­

symmetric field theories. In a recent article Haag, Lopuszanski and Sohnius 

have analyzed the structure of all possible supersymmetries of the S-matrix 

[3]. They found out that in a pure S-matrix formalism there is-essentially 

only one way of a complete fusion between internal and geometrical symmetries, 

including dilations. Since such a structure looks very promising from the 

point of view of physics, one may ask whether it can be embedded into a 

conventional field theoretical· setting. As a consequenceof our analysis the 

answer to this question is negative: if the theory is to describe collisions 

of massless particles and if dilations are to be a proper, unbroken symmetry 

one has to abandon some of· the usual field theoretical assumptions. At 

present it is unclear how the assumptions have to be modified and we refrain 

from speculations. However, we want to emphasize that even in a modified 

scheme the local observables (the currents etc.) should have a structure similar 

to that of~ given above. What may then be learned from our analysis is that 

massless particles in the vacuum sector of the observable algebra do not 

interact. It is therefore unlikely that particles like the photon and the 

t'-meson (both of which carry the charge quantum numbers of the vacuum) can 

be incorporated into such a scheme. This apparently restricts the possible 

range of application of these models to weak interaction physics. 

2. The Proof 

The central idea of the proof is very simple: we derive an asymptotic 

expansion for the function A_,. DC:l) A DG\.)~1 at A_:; O , where A is a 

suitable local operator taken from ~ It turns out that 
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De>.lAD(>-1"1= (ll.,AJl.)·i • :t-{> + o(:t) (3) 

where this expansion is understood in the sense of operator valued distribu­

tions; ~ denotes the vector representing the vacuum and qb is some local 

field. Now the crucial point is that if ~ is not zero it creates a massless 

particle from the vacuum. It then follows from Huyghens' principle (i.e. 

the timelike commutation relations between local and asymptotic fields given 

in [4])that the S-matrix of this particle can only be trivial. 

Unfortunately, there are models in which, for kinematical reasons, all local 

operators A give rise. to a vanishing 4>. However, this defect can be cured 

by a slight modification of the above expansion: dilating and· boosting the 

operator A simultaneously one arrives at an expression similar to (3), but 

with a non-trivial~- To abbreviate the argument we confine our attention 

to models involving only one type of massless particles with helicity s = 0. 

But we shall give a brief outline of how to proceed in more complicated 

situations. 

Now let A be any operator from ~ which is localized in a bounded region 

19 c ptt We regularize A according to 

A~ = J d.!: PW U.WA UCtl"' (4) 

where e --t U.U:) are the time translations. f~J is a test function with 

compact support which has a Fourier transform ~(w) with a twofold zero at 

W==O The smoothed operator Af is still local and we get the following 

bound on its two-point function: 

Lemma I: 

Let A---+-E(6) be the spectral projections of the mass operator M"' { p2. )111 

where ~~Hl+ is any Borel set of mass values. Then 

\lAySl., Ett.) 1Ll:!;l A, Sl.)\ ~ t· (1•l<!il•t•· { IECt.l ~ ll. U1 
+ U Wl A~ll. B1j 

where the constant c depends neither on ~ ~ A 

Proof: 

Using the methods of the Jost-Lehmann-Dyson representation one can show 
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that the function 

f.
0
t>-l. (ASI., ElA) 1l.l:r.l ASl.)- (A*.l), ,E l6) Ul-ocl A* SL) 

vanishes in the spacelike complement of some bounded region @1 which depends 

only on the localisation region f!J of A (see e.g. [5, Lennna 6.2]). Now if 

one puts ~U:) = Jd.s 'tfu) CfC.s+l:) one gets owing to the spectrum condition 

(A,SI., fUll U.t;.l A'fS/..) 

= 5 dl: <ltU:l (A .ll., f£Al 1Ht,'!.l A .l),} • J cU: >Jt•ltl (A .!I., E"tA) We.'!:> A .Q) 

A J dJ: <i'\t) f(A.ll.,E tAl'lLU:, '!.l AJl.)- (A*.ll., t(t.) !LH,-;l A~lj • s dl: .Y'Ctl #,.6(t, ;.) 

0 

~ 

Jd..., /ft«>JI1 e.-'"'" 
0 • 

where 

<jr\~) = 
00 ....., • t 

(nr"• s d.c.> <lttc.>l e_..., • 

Since Jcfc.(.o)) l1 is a test function with a fourfold zero at w = 0 it is 

easy to verify that fi-lt) is continuous and jlj.rt-(.t)j ~ C· (..f+ /tJS")~~ 
Taking the supPort properties of g,

4
(:x.) into account, one arrives at 

/(A.,Q., ELAlUt;;l A.,.ll..l/ ~ J Jl: t.P•ttl/·lft/t,;;l/ 
ltH:/~1-R 

s C· J dt (1+ ltl'l" 1
· {IIElAlAll./11 + ll[(li)A•.n/1' J 

11:1~1e1-R 
where R is some length which depends only on A . From this inequality 

the statement of the lemma follows at once. II 

We take now the operator Af and carry out the following manipulations: 

first we dilate it, then we boost it in a fixed direction and finally we smear 

it in the two remaining spatial directions. For the booSts we take those in 

the x
1
-direction: 

Then if 

and if 

K = :t ( 

f (:t•A-'l 

l (:t- :~.·') 

1(:t- :t"'l • 
1 (:\.+ :t"') • 1 1) > ). > 0. (5) 

l ( . . ~ L 0,. x 2 , x 3) denotes the projeCtLon of x 

d x = dx
2
dx

3 
we set 

onto the x
2

, x
3
-plane 

.B.,= .:l"' .j cL',,• J ciJ Ut;'>UU<_,) Dl:tl A, Do.f
1
WK,/Uc:/)

1 
C6J 
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where ! (~.L) is any test function with compact supPort. To begin with we 

examine the localisation properties of B A: since A 'f is localized in 

some bounded region {!) it follows from (6) that B.\ is localized in 

{A..·K;;\. (Q + supp :f J . Now !l~ A· K;t = P where P is the proj ec.tion onto the 

ray (a. 1 -a.1 0,o) 
1 

o.. 6. 1R . Therefore the operators B A are, for 

sufficiently small .:l , localized in a fixed bounded region {9,.. • The next 

step is to show that the sequence B ~JL converges to a (possibly zero) one­

particle state in the limit of small ,.\ 

Proposition- 2: 

Let B~ be the operator defined in relation (6). Then the weak limit 

w _ t~"'t. B Jl, exists and is an element of 3l
1 l.-+ 0 ). 

Proof: 

The proof of this assertion is based on Lemma 1.. Since 'U.(K~_) commutes 

with U.L!1) and f(6)we may write 

!ElAl B,S1 11= ,._-•. Jd'-.1Jdt1 ft=1lJlll tAfQ.' W.ll.) Utl:'t;;1-l!1ll A., .ll.) 
lf'2.1.-l. Ll 

where we have made use of relation (2a). If we set ~(.~ ):Jd.~ fl'll!l-!.•~) 
we get, using Lemma 1, 

K Ett.) B,Sl. u• • ,.,-•. S"-'"'1~ t!!fl (A~Sl., El:tt.) utx'3 1 > A.,ll.) 

~ ~ISl~1ll· c)<1.'..1 (1+13"!•)·1·t11Eo.ll.)A.Sl.ll'• UE!All.)A*.ll.ll' 1. 
Pul'ting /::i = R_+ it follows that the sequence B,.S2. is uniformly bounded 

in A Putting~c .. [Q.)b) where O<a.ib<oo it follows that 

f.uw ( E"(L~C) B ... .Q.. R= 0 because the continuity properties of the spectral x-o ,... . 
resolution imply ~ ~f(AllcliH=O for every vector ~ 6 at. 

~-+0 
Thus the sequence ~~st converges weakly to zero on the orthogonal complement 

of the one-particle space ~1 . It remains to establish its convergence on a:t-1 . 
Since we are dealing with only one type of massless particles with 

helicity s = 0 we may identify the one particle states 'k 6 'Je-1 with 

their momentum space wave functions ~(.!:) in \}•(IR.\ t~\). 
The dilations and Poincare transformations act on these functions as follows: 

(Dt>.J1J:'h~l·).,1i't:I.E) , lUlt,;,Yl\t)tEl~ ,_tltlri-'!,E) 'f!'tE) (7aJ 

and 

('lHAl'l\t)l~) = 'IJ:rlll-'• E) (7b) 
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~ 1\~( where 1\ o p denotes the spatial components of the 4-vector 1~1 • p), 
What is cru:ial now is that the wave function (AttSl.) C.E) of the one--

particle state E({.o\) A'fSL. is continuous in £. if A'f is the operator 

defined in relation (4). To verify this we fix a set~ of Lorentz trans­

formations 1\ which are close to the identity I, e.g.£.,:.(/\: Ul\-!US; iJ• 
Since A is local it is obvious that all operators (U(I\)~tA U1A)- A)) /\6,! 
are localized in a bounded region 0 of configuration space. Therefore we get 

the estimate, using relation 7 and Lemma I, 

~ l'f llpll I'. \lASl.ltA· p l- (A.!l.)tp 1\' • .!... ·I ( {!.ltAf
4A 'LUIIl- A l,n.) tp> \ ~ 

1!,1 - - - lltl -

• ~"rs. ~d.'" ... "<&E . (cuw-'A 'l.U.Al- A l~ n., Et { o 1> 'I..Ll.:, 1 (Uti\ l-A UtA l-.~t )T n.) 

' C· t I l'UtAl-1.) Elto 1l A .!l.i'• llUtAl -1.) 8.~o\l A* .!l-(
1

} , 

and this inequality holds for all {\ £ :1... and p e: Ht3 
Since we may take - -for ~ a test function which has a zero only at the origin, it is evident 

that f;.... (ASl.)ll\•p)•lAll.)(f!l for P+O . 8ut thia ahowa that (A.Q.)Cp) 
A-.. I - - r-.~ -

and therefore also {A. S1)tp) 11 {.2.11:)-tl1. tftlpl) (AJt)tp) are continuous at ' - - -p + 0 because for every sequence p" converging to r we can specify a 

s;quence of Lorentz transformations- ~such that for ;ufficiently large n: 

f.. o p • p and L:w-. f\ ~ I In order to establish the continuity of .... - _..... - .... 
(A 5\.)lp) at D = 0 we e.timate 

' - L 

-'- \lA • .!l.ltp>l~. (11rl-J J .& e.'~E ·lATSl' fl[o\l Ut!!il A,.!l.l/ ~ c 
:l.itl ' -

This bound holds uniformly for all pE R..3 
and implies ~ (A,Sl.)tp):::. 0 . 

. . h d . - . (7) f f-+O f - . Now we are almost f1n1.s e : us1ng relatton we get or the wave unct1on 

{;B;lSl.)t~) of the one-particle state Elto~) B,_.Q. 

~ l I ) -• tB)1)ltl • 11< • ~~ J. ~A,Sl. t:~,K~ • E) 
where 

. 1l 
tv "r11-"~P ttEll•ll'lrr Jd: .. ~ -- jt~1 ) with E~. to, p,. p,). 

An easy calculation shows that ~ 1.· K;-to p "'" t (lpl"' p.,) !_ 1 where 
~~0 - - t 

§:
1

.(-t 1 o,o) 

we get 

Taking into account the continuity of e-+ A,Sl.)tE) 

!!:;, (1!>,_11)<t) • ,..,. Ste'l· (A,.!l.)l1[•E••r,h,). (8) 
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It then follows from the bounded convergence theorem that the limit 

~s!? 1 i'tp) (B).Slr)Lp) exists for all test functions 'tl'tp) 
,.~o #. e. - - L1. l cls -
with compact support. These functions are dense in (.lt)ffi) and . .sn . . , t 
s1nce the vectors A.JU are untformly bounded 1n A. we conclude that the weak 

limit 'LJ- l.:m, Eltol) ;B"-Q.. exists. This finishes the proof of the 
>.-+0 

statement .• 

Remark: 

Using the above proposition and the localisation properties of the operators 

E) , one can show that ~ ~A also exists on a dense set of vectors in ae 
A ~~0 

The wave function of the one-particle state w-~ B~St. is given by the 
,. .... 0 

right ~and side of equation (8). It is therefore easy to specify a local 

operator A for which this vector is non-trivial: pick for example a one­

particle state 4? &. ~" which is invariant under spatial rotations R.~ U.( R.). 
Since !t' is irreducible there exists a local operator A

1 
(: Sf such that the 

matrix element {q., A
1 

Jl.) isootzero. The operator A: S¥R )'U.(.R.) A
1 
'U.(.R)-~ 

where d~) is the Haar measure on the group of roations, then has the desired 

property. If one takes A
1 

hermitian and the functions <f) S real one can 

even arrange for the approximating operators B !t to be hermitian. 

In the remainder of this section we shall show that the existence of an 

operator sequence B~ with properties mentioned above implies that the 

massless particles do not scatter. The argument is based on results recently 

derived in {-4] in the context of collision theory for massless particles. We 

recapitulate the main facts briefly: as in the massive case, there are 
. ~... "-.t. .._... ..... .. . 

colltsion states IC" · )(' '1:' and ~It ... )( 4 in t~t, correspondtng to 
.. ""' " "'" 

incoming and outgoing configurations ~1 , ... l 4?...., E; ~1 of massless particles. 

These vectors have the familiar Fock structure known from a free theory. They 

can be generated from the vacuum J2. with the aid of asymptotic fields A in and 

A
00

t. The bounded functions of the fields which are localized in a region 0 
consitute the local asymptotic field algebras ~U,.((!)) and :fa&ot-((9) respectively. 

They have commutation relations with the basic fields which may be interpreted 

as the field theoretical version of Huyghens 1 principle: if ~ is any bounded 

region and if (!)+) {9_ are two regions which have a positive and negative 

timelike distance frOm (9 then 

[ I' F'~] 0 ' . . and [F, F_ • ..;,]•O (9) 
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for arbitrary F6 ~U•l, F_'~. :l""'tC9.l and F:"' Eo "&•~•tr.. ), 
This relation is the key to the proof of the following statement. 

Proposition 3: 

If there exists a bounded region f9 c rR.'t and a sequence of hermitian 

operators 

vector in 

coincide 

Bi\. E ~(0) which conver es weakly on the vacuum to some non-zero 

•. . . t "' - <!? ... ••• •• 
"'-• , then the coll~s1on states x ··· x and 'i::" ){ ·· • x ...;. 

' ~--· "'~ 
for arbitrary configurations ~1 ) ••• , 4a.. E ~1 . Consequently the 

S-matrix is trivial. 

Proof: 

We define a; .. tt.Ll.) B). 'U.(.L. )-1 where l=(A,o:.) is an arbitrary 

Poincare transformation and 'tL(L)::: tl.l:x:.} ULA) is the corresponding unitary 

B~ converges weakly on the vacuum to some non-trivial one­

particle state 4> • ~' we get W- liM Bf' .ll. , 'IJ.(L) tf? ' p, . 
,. .... 0 ,... Lo 

in ~.. Since 

These vectors form a total set in af1 because the Poincare transformations 

are irreducibly represented in 3e1 . Now the operators ~; are localized in 

the region L(9 . Using relation (9) we get therefore 

( Fu,,P F"""'nl= £' (F"'BLJl. F""'nl • .e.:.., (F"'Jl, F'"'lJI.l 
fo (., - .JU a~ +- l. ) - .IU .\ -+'O t- 1 - A 

( F''Jl. F""'"') +- l - 'i::'L , 

(I O) 

provided F~n E ~o-(l(!)+)and ·Fo~tE: a='"...t(L@.J. Since the operators A in and 

Aout are free fields it is straightforward to verify that the bounded operators 

Fin and F~ut in this relation may be replaced by products of smeared field 

+ in in out out . · · L0 L(!) 
operators A1 , ... ,Am and Am+ I, ... ,An wh1ch are local1zed 1n +and _ 

respectively. Thus we arrive at 

(A~ ... A: 41 •• o~ o..U. ("'A'"- o...C ~~~~ 
A,.., ... A, .ll.) • A, ... ~ Jl., A..,,; .. A, <eLl. (II) 

Now we can prove the proposition by induction. ~For a one-particle state 

' . 1 .._ .. "'~ <P-" ... .._ there 1s noth1ng to show, so et us assume that ~ .1( ···7( ~ "' 1t ••• 1t 'i:': 
1 - 1 ..... 

for arbitrary configurations <F1 l .•. l<P ..... ~ ~1 This implies in particular 

h Au.. A '~ " A'"" A'""' " · · t at 1 ... """,)U ::. 1 ... -. ,H,.o and us1ng relat1on (I I) we get 

"' A'" A'"' A'"'") (A, ... - 4>~,., -•1 .... 't\. .Ju = 
~ilt. 6...!-o~) 

(A, ... A- Jl., A_., ... A~ cPc 

(A•"" '"' n A '"' A""" .l. = ' ... A...,.. <)(.' -.H ... "" li:",) = (A'"" .. A"_..l. A •"" ... A..;,") 
1 M1. ~I. I '1'11.+1 '"'- ,J(I 1 
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where the last equality sign follows from an explicit calculation of the 

scalar products. If we set <P,,. A~S£., , .. ~ cF'I\. = A~w!: J2. we can 

reexpress this equation in terms of the collision states, 

.. .. ... '• ... ... ·"" ... -" (.I. ...... .&- ... .I. .&- ·"" ··'"' ) 
(<P"x···1C"t'.,..x'rLl~-... 1x···x 't'"""): '±',x···x't"'_x tj:'l.o)"t:'-..-1K···K 't' ...... ' 

provided Ain out · h h · 1 1 1 · ' · 
1 

, .•• ,A
0 

are operators Wlt t e spec~a oca ~sat~on propert~es 

mentioned above, However, keeping in mind that the vectors ~L form a total 

set in ~1 one can extend this equation by continuity to arbitrary configurations 

.+. .. ~ ~ & tiP [4] and it is then obvious that cf? ~ ... 7 t£ -c <P.~ .. o;~<£ , I 
'-i:'1l · ''±'<>t.)'±'L <1\..1 1 .fttt1 1 ..., .. , 

Combining the two propositions it follows that the massless particles in ~1 
do not interact if the dilations are a true symmetry. We haVe established 

this result only for one type of massless particles with helicity s = 0. 
. . u<il ~ . 

In the presence of a fam1ly of one-part~cle spaces m.. i C tf\., on wh~ch 

the unitaries U(;:t.)1 UCA) act like an irreducible representation of the 

Poincare group with mass zero and helicity si the main modifications are in 
. . ol. ho(k) 

the second part of the proof of Propos1t1on 2: for vectors ~ G ~~ 

relation (7b) changes according to 

is o<'(A,p) 
(U(fll'¥). tel· e. • - l'¥l.cA·'. e) 

, d ho(k) 
where the 1n ex k refers to the space d{.i The functions c((i\,E) 

are the Wigner phases [6]. They are not completely fixed by the structural 

relations imposed by the Lorentz group. As a matter of fact we may choose 

a convention such that the functions e~(A,p) are simultaneously continuous in 

A and p except at p = Q; moreover we rna; require that 0(( Kx) p): 0 

where K: are the boo:ts in the x1-direction introduced in relatio-; (5) .. It 

is then easy to verify that the functions (B Sl) (p) are continuous and that 
> K-

the analogue of relation (8) holds. The proof of Proposition 3 carries over 

almost literally and we may therefore omit the details. 

Finally we want tO point out a further generalisation of our main result. 

In an asymptotically complete theory of massless particles there always exist .. ... 
two representations D CX.) and D l'A.) of the group of dilations which act 

on the asymptotic fields Ain and Aout, respectively, as in a free field theory. 

Their commutation relations with the translations U.l::t) and Lorentz transforma­

tions tllA) are again given by (2a). However, they do not, in general, 

act on the basic fields according to relation (2b). In order that the dilations 

are an asymptotically visible symmetry it would be sufficiest to require 
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D"'l:<\ = Do.!l:l.\, DC\.\ ( 12) 

and relation (2b) could be dropped. But this assumption still implies that 

the S-matrix is trivial! To verify this one has only to realize that Pro­

positions 2 and 3 still hold in this case. The proof of Proposition 2 depends 

on the clustering properties of the vacuum and relation (2a) and therefore 

applies. Of course the operators ~~ are in general not local. However, 

relation (10) which was crucial for the proof of Proposition 3 can still be 

established. This follows simply from the fact that the asymptotic nets 

{9 -+~""'(0) and b-+S:o«of:(W) transform under the dilations DO.)= D~{A) = D"...J.(;t} 

according to relation (2b). Hence if for example A 6 s:'((9) 
is any bounded region which contains the origin and if F !" ~ 

where tb 
~'"(19,) 

where (?+has a positive tirnelike separation from (9 one gets for A.< 1 

[ Dl>..\ 1\ D l:l.) •1, F •"' ] = Dl:tl [A, Dl>:' l F."' D(:..·• l" 1
) Dl"-l-

1 = 0 

by Huyghens' principle. A similar relation holds for F~....t:-i; !rou!-{(9_), 

It is then easy to verify that the operators B commute for small A. with . ~ ~ 
the operators in ~1.1<1.(.(9+) and~ l&_)where the regions 0f') (9_ depend 

only on the localisation properties of 'J- and Alf The rest of the argument 

can then be carried over. 
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