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Abstract:

As a consequence of the geometrical features of dilations massless
particles do not interact in a lecal, dilationally invariant
quantum thecry. This result also holds in medels in which dilations

are only an asymptotically visible symmetry of the S-matrix.

1. TIntroduction and Main Results

The conventional argument showing that massless particles do not interact
in a local, dilationally invariant quantum theory is in the simplest case
the following one {see e.g. {1]): suppose ¢ is a scalar Wightman field trans-

forming under dilatioms according to

D) d(x'=) DO = At $ix). (m

If 4@ has a non-vanishing matrix element between the vacuum and a massless
one-particle state, d can only be one. Then 4) has canonical dimension and
this implies that it is a free field, This reasoning is quite correct,
However, since the argument depends upon the existence of a field 4} with

the special properties mentioned above the conclusion appears to us to be
rather premature. First, there is no physical reason to rule out ab initio

all models in which the basic fields do not transform like a finite dimensional

representation under dilations. And secondly, even if the fields transform

in this way, it could happen that they do not interpolate between the vacuum

and the massless one-particle states. In general one should only expect that
suitable polynomials in the fields have this property. It is the aim of the
present note to close these apparent loopholes. Using only the geometrieal

features of dilations and the basic properties of local field theory, we give

a fairly general argument confirming the above no-go theorem.

The setting used for the analysis may be skatched as follows;we deal with an
irreducible field algebra 3:0f bounded operators acting on a Hilbert space gg.
3: is generated by a net O — 3%@) of local algebras attached te the

regions @ of Minkowski space. We may forego here a formal specificaticn of
the usual structural assumptions on the theory like locazlity, covariance,
spectrum condition and uniqueness of the vacuum. (For a detailed discussion

see for example [2]). 1In addition to these familiar properties we require

that there is a continuous, unitary representation A—+ D{A)of the mulriplica-
tive group of the positive reals in % . The operators D(A) , the dilations,

satisfy

DO UC2Y= WA2) D) and DAIWU(A)= U.(A)D(A) (2a)

where .:c:(x‘,:'._:_)—) WUtx) are the translations and A— u“\) the Lorentz



transformations. Moreover, the dilations I)(l) induce automorphisms of

the field algebra 37 with appropriate gecmetric properties:

DO FeYyDOY™ = F(a-0). (2b)

These rather general assumptions suffice to prove the following statement:

If there exist massless particles in the model, (i.e. a family of subspaces
gt:':)c % on which the unitaries W(x) ,ULA) act like an irreducible re-

presentation of thePoincar® group with mass zero and helicity S; }, then the

S-matrix for these particles is trivial.

Our interest in this problem arose in discussions with R. Haag on super-—
symmetric field theories. In a recent article Haag, Lopuszanski and Sohnius
have analyzed the structure of all possible supersymmetries of the S-matrix
[3]. They found out that in a pure S-matrix formalism there is.essentially
only one way of a complete fusion between internal and geometrical symmetries,
including dilations. Since such a structure looks very promising from the
point of view of physics, one may ask whether it can be embedded into a
conventional field theoretical setting. As a consequenceof our analysis the
answer to this question is negative: if the theory is to describe collisions
of massless particles and if dilations are to be a proper, unbroken symmetry
one has to abandon some of the usual field theoretical assumptions. At
present it is unclear how the assumptions have to be modified and we refrain

from speculations. However, we want to emphasize that even in a modified

scheme the iocal observables (the currents etc.) should have a structure similar

to that ofEF'given above. What may then be learnmed from our analysis is that
massless particles in the vacuum sector of the observable algebra do not
interact. It is therefore unlikely that particles like the photon and the
Qf-meson (both of which carry the charge guantum nﬁmbers of the vacuum} can
be incorporated into such a scheme. This apparently restricts the possible

range of application of these models to weak interaction physics.
2. The Proof
The central idea of the proof is very simple: we derive an asymptotic

expansion for the function A — IXAYA D(;Q" at d=s( , where A is a

suitable local cperator taken from 3: . It turns out that

DOIADGY = (R,AR 1+ 24 + o) )

where this expansion is understood in the sense of operator valued distribu-
ticns; Jl denctes the vector representing the vacuum and ¢> is some local
field. Now the crucial peint is that if ¢> is not zero it creates a massless
particle from the vacuum. It then follows from Huyghens' principle (i.e.

the timelike commutation relétions between local and asymptotlc fields given

in [4])that the S-matrix of this particle can only be trivial.

Unfortunately, there are models in which, for kinematical reasons, all local
operators A give rise to a vanishing 4>. However, this defect can be cured
by a slight modification of the above expansion: dilating and boosting the
operator A simultaneously one arrives at an expression similar to (3), but
with a non~trivial 4@. To abbreviate the argument we confine our attention
to models involving only onme type of massless particles with heliecity s = 0.
But we shall give a brief outline of how tc proceed in more complicated

situarions.

vl
Now let A be any operator from § which is localized in a bounded region

e R,* . We regularize A according to
A, = Jdb e WA UWE)! )

where f-—¥ZL(f) are the time translatioens. ?Gﬂ is a test function with
~

compact support which has a Fourier transform ?(ﬁﬂ with a twofold zero at

=0 . The smoothed operator A? is still local and we get the following

bound on its twe-point function:

Lemma 1:

Let A—E(A) be the spectral projections of the mass operator M= (Pz)“"

where [Lg ﬂ{+ ig any Borel set of mass values. Then

l(A, QB Ut A £ ¢ izttt UE@ AL+ EW AL

where_the constagt ¢ depends neither on x 10r on A .

Proof:

Using the methods of the Jost-Lehmann—-Dyson representation one can show



that the function

f,G= (AR, B U= AR)- (AR EM U1 A*R)
vanishes in the spacelike complement of some bounded region @ which depends
only on the localisation region £} of A (see e.g. [5, Lemma 6 2]1). Now if

one puts 4"&) st Pesy Pls+k) one gets owing to the spectrum conditionm

(Mg, E(8)Ulz) Ap Q)
= fae by (A, B0V UL, Z)AR) - [dt ¥ip) (AR, EWUG,2) A2)

o § e ¥l fan, EOUL, 0 AR) - (M, ENULCE 0 AR = [dt ¥l (4,2)

where
.

Pre o [do T e ™ o do [Bulte ™t

e
Since ]"?Lw)lz is a test function with a fourfold zero at ( = 0 it is
easy to verify that ¢+Lt) is continuous and |y e e (4+It]5)"

Taking the support properties of ﬁ. (x) into account, one arrives at

(A, 2, EQI U A ¢ [ db 1Y) (R, t4,2)]

lH2ixi-R
<o fdb (s 1oy fIEwAQ P+ IE@A 1]
Il 2 gt
where R 1is some length which depends only on A . From this inequality

the statement of the lemma follows at once.

We take now the operator A? and carry out the following manipulations:
first we dilate it, then we boost it in a fixed direction and finally we smear
it in the two remaining spatial directions. For the boosts we take these in

the xl-direction:
sy -1

1 (0= -1

Then if x = (0, Xy, X ) denotes the projection of x onto the Kg» x3—plane
N X
and if dzx = dxzdx3 we set

B, = & [t £ UEHUK) Dy A, DA UK Ul o

where 5(_:51') is any test functicn with compact support. To begin with we
examine the localisation properties of Bos since A ¢ is localized in
some bounded region {9 it follows from (&) that Bl is lecalized in

{l'KA(O + supp}} . Now El.m. a. K =P where P is the projection onto the
ray (G-, -0-,0,0) , o & .IR_ . Therefore the operators Bl are, for
sufficiently small A , localized in a fixed bounded region (94 . The next
step is to show that the sequence B :LJL converges to a {(possibly zero) one-

particle state in the limit of small A :

Proposition 2:
Let B, be the operator defined in relation (6). Then the weak limit

- Lim B JL,  exists and is an element of 3€1
20

Proof:

The proof of this assertion is based on Lemma . Since u(‘K:L) commutes

with 'U,tgl) and E(ﬁ) wa may write
BE@IB, R 1= % fdat (it Fuah gy (AR, EQM Utz g ) A, )

where we have made use of relation (2a). If we set g(_q._“')=Sd23L§Llil) S-LELH;)

we get, using Lemma 1,

AELAY B, Sul>= At (e gag) (A sz,E(AA\uLx‘g})A 2)
< spplgeghl- o st (it fREOR AL 1EQR)A* R |

Puttlng D= R it follows that the sequence BASZ, is uniformly bounded

in A . Putting A;[a,‘o] where 0<G£bh <o it follows that

Lim lELA YB.SLl=0 because the continuity properties of the spectral
A0 A -

resolution imply LMA. HE(lA )él{:O for every vector é & g’ﬂ_

Thus the sequence B SL converges weakly to zero on the orthegonal complement
of the one-particle spacegc It remains tec establish its convergence on gf
Since we are dealing with only one type of massless particles with

helicity 8 = 0 we may Ldentlfy the one particle states ‘-II 'Jt with
their momentum space wave functions @'(p) in Ll RS) ll?l)

The dilations and Poincaré transfcrmation-s' act on these functions as follows:
B (Ut P (py= & B 20 o
(‘D(Jﬂu_’)tg)ak (lg) ) (. I= ('E) (7a)

and

(WPl = TN p) (7b)
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where I\ o denotes the spatial components of the 4-vector P\ (,I.g]) p)
What is cruc1a1 now is that the wave function (,A AYR (.p') of the one-
particle state EG,O}) A A is continuous in p if A'f is the operator

defined in relation (4). To verify this we fix a set ef. of Lorentz trans-—

formations M which are close to the identity 1, e.g. L= [I\ HA-Ile !il.

Since A is local it is obvious that all operators (u(_M“‘A Wwiny- A), el
are localized in a bounded region {0 os configuration space. Therefore we get

the estimate, using relation 7 and Lemma 1,

Fupnt® [Ahep - (A= L | ((uwrawm - A 2 ) i*

<y e 2 (uearauin- A), 2, Bt} Ut (WINTA Ut -A), g,)

- $ o {Hmun- LYEGN A U - 153{05) A*.n.-u‘} ,

and this inequality holds for-all I\e& and P& R.s . Since we may take '
for $ a test function which has a zero only ;t the origin, it is evident
that M(AQA(.A'P] (Aﬂ,)(e) for P*G . But this shows that (ASL)CP)
and therefore also (_A S'L)(P),@,t)“"' ‘?(.'lpl) (_ASL)(P" are continuous at
p$0 because for every sequence Py converging to P we can specify a
s-e-quenc'e of Lorentz transformationS- A.hsuch that for suffj.ciently large n:
A e‘.P = Pa and !m- A =L . In order to establish the continuity of
(A &)(P) at p= 0 we estimate

Tt 1Ay DI e a1 fdk o5 (AR Vo) Uy Ay 2] €

Tth bound holds uniformly for all pe R and implies !,m (_A SL)LP) 0

Now we are almost finished: using relation (7) we get for the wavefunctlon

(BJ.‘Q’)LE‘ of the one-particle state E([oi) B;\‘Q
(B0 epr« 27 - Ty (A R)AKS" p)

where .
N N . L
}LPL) a (1_!)"' Sd};“'g vEP 5(_.-51) with p¥= (0, pys Py}
An easy calculation shows that 'AJM. A K - & (,Ipl\- Pa) €4 where
e, (4,0,0) . Taking into account the (‘.Dntlnulty of P — (A ) (‘P)
we get

Lime (B DYy = ax: Foon- (A Q)4 Dpivrde,). (8

Ao

It then follows from the bounded convergence theorem that the limit

L Sllg_l IP(_P) (B ) Lp) exists for all test functions &LF”
with compact support. These functions are dense in L"(.R.s d’ ) and

since the vectors BA‘Q’ are uniformly bounded in A we conclude that the wesak
limit U—ll_g:g E({O&) BASL exists., This finishes the proof of the
statement, .

Remark:
Using the above proposition and the localisation properties of the operators
B;\.' one can show that Qum. BA. also exists on a dense set of vectors in z
A0
The wave function of the one-particle state w-}_i:v; Ba_SL is given by the
right hand side of equation (8). It is therefore easy to specify a local
operator A for which this vector is non-trivial: pick for example a one-
particle state ée , which is invariant under spatial rotatioms R— UW(R).
Since 3: is 1rreduc1b1e there exists a local operator A € 3;' such that the
matrix element (é A ﬂ) ismotzero. The operator f§ = Sdfb(.R.)uLR.)A 'u.(RT.'
where dr-LR.) is the Haar measure on the group of roations, then has the desired
property. If one takes A hermitian and the functions (f f real one can

even arrange for the appruxlmatmg operators BR. to be hermitian.

In the remainder of this section we shall show that the existence of an

' operator sequence B, with properties mentioned above implies that the

A
massless particles do not scatter. The argument is based on results recently

derived in [4] in the context of collision theory for massless particles. We
recapitulate the main facts briefly: as in the massive case, there are

. s o im, ouk  ouk . .
collision states éf"' X %n and é,," e X ‘bn in x corresponding to
incoming and ocutgoing configurations @1 Yoty éﬂg mq of massless particles.
These vectors have the familiar Fock structure known from a free theory. They
in

can be generated from the vacuumﬂ.with the aid of asymptotic fields A and

AOUt. The bounded functions of the fields which are localized in a region (4]
consitute the local asymptotic field algebras 3‘“((9) and 3:0“*(@) respectively,
They have commutation relations with the basic fields which may be interpreted

as the field theoretical version of Huyghens' principle: if ® is any bounded
region and if (D+) 0. are two regions which have a positive and negative

timelike distance from {0 then

[F,F™Ys0  aa [F, F*1:0 (9)



for arbitrary Fa Fb) , F e F™(0,) and Fevt e T (o)

This relation is the key to the proof of the following statement.

Proposition 3:
If there exists a bounded region b < R* and a sequence of hermitian

operators B € 3:((9) which converges weakly on the vacuum to Some non—zero
out 3

vector in 4 » then the collision states @1): X @n and @ Y @

coincide for arbitrary configurations @” ey é,._e gfq . Consequently the

S-matrix is trivial,

Proof:

We define B::‘ Wit B, WILY'  where L= (A) x) is an arbitrary
Poincaré transformation and MULLY=s Ulx) ULA) is the correspounding unitary
in fJC Since B, converges weakly on the vacuum to some non-trivial one-—
particle state Qe’& wg get w—p_f,_u;vg B:-ﬂ. = 'U.U.-)é = “I’?L

These vectors form a total set iIn 3C1 because the Poincard transformations

are irreducibly represented in 361 . Now the operators BJL are localized in

the region L(O . Using relation (9) we get therefore

Y ok . oy L out . ) outgl
(Frdys FI70) = B (R7B 0, FI50) = fom (F20, F*8.0)

= (Fig, F24),

provided Fin € ?o‘([_(q‘_)and 'Fo_l_lte F* (L ). Since the operators A" and
cut ’
A

o

are free fields it is straightforward to verify that the bounded operators
M and F?_ut in this reldrion may be replaced by products of smeared field

operators Am, ves ,A:]n and A°Y"® whlch are localized in L(O and L(Q

1 m+1tT T oA n
respectively. Thus we arrive at

(A A B, A At R) - (A A0, A A5G Y. ()

Now we can prove the proposition by induction. .For a one- particle state
there is nothing to show, sc let us assume that é‘x u’dﬁ @ X - x
for arbitrary configurations 1, . ,cb 9{ . This implies in partlcular

that A:u A:SL = A:we A::k SL  and using relation (1]) we get
Oy [ ou y b uk
(AR AL A AR (AN AR R, A~ AR )

(AT A, AT AT s (AT AR A At ),

10

where the last equality sign follows from an explicit calculation of the
O owk
scalar products. If we set cb1- A1 Sy . ,éﬁ: A 5L we can

reexpress this equation in terms of the collisien states,
i u.i: wk ok owt ; sut owl- wt
(éq‘: - X ‘b '-"l éb‘ @.M,: N ° é ) (‘b v é étﬁ é-wn '”9 é’n.),

s i out . . : . :
provided A]l'n, Ve 'An ate operators with the special localisation properties
mentioned above. However, keeping in mind that the vectors él. form a total

set in x one can extend this equation by continuity to arbitrary configurations

@1 sy By @L gf‘ [4] and it is then obvious that @ P xé g@w o*‘&é“” .

Combining the two propositions it follows that the massless particles in QL’,
do not interact if the dilations are a true symmetry. We have established
this result only for one type of massless particles wit!-{ helicity s = O.

In the presence of a family of one—particle spaces ‘ GC:” < gc on which
the unitaries ‘u,(.l-) ‘U.M) act like an irreducible representation of the
Poincarg group with mass zero and helicity §; the main modifications are in
the second part of the proof of Proposition 2: for vectors 'lL"e gftk)

relation (7b) changes according to

s (A, p) )
(WNE), pr= & T () (A p)
where the index k refers to the space ﬁffk) + The functions ,ﬂ((/\,p)

are the Wigner phases [6]. They are not completely fixed by the structu;al
relations imposed by the Lorentz group. As a matter of fact we may choose

a convent-ion such that the functions O!(A, p) are simultaneously continuous in
A and P except at p = 0; morecver we may require that “(Ka.> P) 4]

where K:\ are the boosts in the x1-d1rect1cm introduced in relation (5).

is then easy to verify that the functions (BAQ)KL?_) are continuous and that
the analogue of relation (8) holds, The proof of Proposition 3 carries over

almost literally and we may therefore omit the details.

Finally we want t6 point out a further genmeralisationm of our main result.

In an asymptotically complete theory of massless particles there always exist
two representations Du(.'M and D (A} of the group of dilations which act

on the asymptotic fields Ain and Anut’ respectively, as in a free field theory.
Their commutation relations with the translations 'u,(,:_) and Lorentz transforma—
tions WLAY are again given by (2a). However, they do not, in general,

act on the basic fields according to relation (2b). 1In order that the dilations

are an asymptotically visible symmetry it would be sufficient to require



DRy = D™= DL (12)

and relation (2b) could be dropped. But this assumption still impiies that
the S-matrix is trivial! To verify this one has only to realize that Pro-
positions 2 and 3 still hold in this case. The proof of Proposition 2 depends
on the clustering properties of the vacuum and relation (2a} and therefore
applies. Of course the operators 151 are in general not local. However,
relation (10) which was crucial for the proof of Proposition 3 can still be
established. This foliows simply from the fact that the asymptotic nets
(g-ir$""(_(9) and (9——»3:“4(&) transform under the dilations D{A) = D‘"‘(A): D’“'E'(),)
according to relation (2b). Hence if for example ke S"”UQ) where (O

is any bounded region which contains the origin and if F:& € 33“‘(@+)

where (D+ has a positive timelike separation from @ one gets for A<i

[DyaDb, F 1= DA, D F Docd ] oo™ = 0

wk
by Huyghens' principle. A similar relation holds for F*%e 3r°“k(@-).
It is then easy to verify that the operators R_ commute for small A with
the operators in ?“((‘)Q and 3:"”&[(9_) where the regions (2“ (o depend
only on the localisation properties of :f‘ and A‘f . The rest of the argument

can then be carried over.
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