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Convergence of operator product expansions on the vacuum in

conformal invariant quantum field theory

G. Mack

II., Institut fur theoretische Phyéik der Universitat Hamburg

Abstract: In a conformal invariant gquantum field theory in 4 space
time dimensions) Wilson operator product expanaions converge on
the vecuum, because they are closely related to conformal partial

wave expansions.

1. Introduction

Let $'(x> , ¢3(y) two local gquantum fields.
According to Wilson {17 , their preduct should gdmit an

asymptotic expansion at short distances of the form

P ) $n - Ech(x)_d)k(x}{)_- _ (1.1a)

Herein ¢k are local fields, and Cgk(x) are singular c-number
functions., In a acale invariant theory they are homogeneous
functions of x. The expansion is presumably valid for all
states {1 in the field theoretic domain 9 whick is created
out of the vacuum by polynomials in smeared field operators.

We shall however only consider the special case

£ = vacuum {1,1b)

Studies in perturbation theory [2] indicate that .expansion
{i.1) is then valid as an asymptotic expansion to arbitrary
accuracy for matrix elements (‘\k,ﬂbi(x) dMyryn), ¥ in B .
This means that the error in a truncated expansion can be

made smaller than any given power of x?

at sufficiently
small distances | x} by taking into account sufficiently many
terms, {For more precise formulation cp. e.g. Appendix A
of [31).

Asymptotic expansions need not converge. For instance
the asymptotic expansion near y = O of ths fuaction
f(y)- exp(-1/y) of one positive real variable y in powers
of y vanishes identically and does therefore not converge to
the function § .

Among the fields ¢h there are derivatives of other
local fields. In general there appears 3"¢ etc. together



with any nonderivative field 4> » In & conformal invariant
theory, non-derivative fields <{> can be recognized by their
conformal transformation law (4}, viz. [¢fe), KM] = 0
k* = generators of special conformal transformations.

From the work of Ferrara, Gatto and Grillo one knows (i]
that conformal symmetry imposes atrong restrictions on the
coefticients CY* in (1.1): The terms involving noan~derivative
fields determine all the others. Using this, the terms involving
derivatives of one and the same nonderivative local field

c¢an be formally summed., Here we will prove more :

Theerem 1: Consider conformel invariant quantum field
theory (in four space time dimenasions) and supposae that
vacuun expansions (1.1) are valid as asymptotic exXpan-
sions in homogensous functiona of =x to arbitrary accuracy
for (¥, $'gx) $i(-4xyc1) , ¥ in 2 . Then

¢‘¢j_ﬁ_ admite a convergent expansion,

B (xy ¢i(y1n ~ E Sdz 4a"m;"2 g4 {2, xy) (1.2}

Bk are generalized ¢-number funciions, Summation
is over nonderivative fields é" only and integration
is over Minkowski spmce. Convergence is strong convergence

in Hilbert space after smearing with test functions f(xy) B

The result is valid for nonderivative fields ¢', ¢! of
any dimensions di N d.i transformiang according to arbitrary

finite dimensional irreducible representations £;, -fi

Lorentz group M ¥ SL{26)s+ Multispinorindices have been sup-
Pressed.

of the

The functions 3‘“} are to a large extent determined by
conformal symmetry. Let W% SU(2) the rotatien subgroup

of M and denote by " s W the sets of all finite dimensional
irreducible representations of M resp. W . Write X ;[(‘.,di] ek..
We shall show that functioas ;B':i“ are linear combinations of

a finite number of kinematically determined kernels Bls(z'xk; xXp 73(5)
Given * OO -xJ. and ¥, they are labelled by

dem , setl such Hat scd and Ecli@t‘. yacdy (1.3)

& stands for the Kronecker product, and C means "is contained
in", If no pair {s,!) satisfying (1.3) exists, then ¢%cannot appear "
in the operator product expansion of $'¢! |

Example: 4>". , ¢j scalar, Then ;= IJ- = id., the trivial

l-dimensional representation. So { = id., = = id. and {, wust be
a completely symmetric tensor representationj ;E,‘l" is then unique

up to normalization.

The proof of the theorem has two ingredients

1. The Hilbert space of physical states carries a unitary
representation W of the conformal group G™ = universal
covering of SC(4, 2). It was shown by Liischer and the
author that this is true even if one only assumes weak
conformal invariance, i,e. invariance of Buclidean Green

functions under S0,(5,1) or its 2fold apin covering (5] .

2. All unitary irreducible representations of G with
positive energy are finite component field representations
in the terminology of [€]1 . This result was proven by
the author in 7] . '

Uaing these facts one can derive partial wave expansions on G“ ,
i.e, decompose dedy f (xy) d (1l (yy N1 into
states which transform irreducibly. Because of the Plancherel

theorem, partial wave expansions are strongly coavergent.

¥ For massless free fields ¢¥xithere are further restrictions
beyond this, c¢p. end of Sec,?.
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They are here at the ssme time asymptotic expansions., Comparing

with {1.la) one finds that they can be rewritten in the fors {L.2).

An independent proof of the theorem for theories in 2 space time
dimensions was given by Lischer [8]. He uses different methods em-
ploying a ssmigroup. Interesting further results on 2-dimensional
models wers obtained by Rihl and Yunn [9].

Wa conjectured in [10] that the assertion of theorem 1 would also
hold true in realistic theories with mass and without conformal symmetry.

Let us mention that one can also give a dynamical derivaticon of
the vacuum expansions {1.l) themselves in conformal invariant quantum
fisld theory (QFT)., This is discussed elsewhere [11] . It is not,
however, a derivaticn from QFT axiome and corformal symmetrf alone:
One also nesds Lagrangean integral equations to identify composite
fields, and meromorphy of Euclidean conformal partial waves in dimension
must be assumed to get a discrete expansion in the first place.

Finally, the following corollaries of theorem 1 may be of
interest.
let PM , K* the generators of translations and special

conformal transformations, respectively, and

He § (P + k%) the “"conformal Hamiltonian"

Assume that the hypothesis of theorem 1 hold for arbitrary
products of fields ¢°, ¢} . Let { test functions and
b (£) = IEITALEE M CD) smeared fields.

Then we have

Corollary 2. The Hilbert space X of physical states

is spanned by states of the form 4:"‘({ oo, ¢~ (lf)

smeared fields, £l = vacuum.

Corollary 3. The conformal Hamiltonian H has a purely

diecrete spectrum with eigenvalues W= 0 (vacuum) and
w= dg+m , = 0,1,2, ..

dy dimensions of nonderivative fields in the theory.

Corollary 2 is obtained by recalling that finite products

ULy )

of states out of the vacuum according to the principles of

of fields generate a dense set

QFT. Then one applies theorem 1 repeatedliy.

Corollary 3 follows from corcllary 2 because states

4;h(f) e ! for given k span an irreducible representation
space of G' , with spectrum of B determined in ref. [s1 to
be of the form w= dy+m , dj = oim t#h . Because

only a discrete number of fields appears in the éperator

product expansionse by hypothesis, the sorollary follows.



2. Harmonig analysis The scalar preduct on 2 becomes
We wish to decompose ¢‘(x) :{:j(y)ﬂ. into states w
a <
whish transform irreducibly under & . It will suffice to con- (v, v N {.. f;" (2.3b)

sider socalar producte 4 i(” i{ 1Yo} with atates 4 in
» ¥

the dense domain 9 ., Since the Hilbert space H carries a unitary repre-
For simplicity of writing consider first a theory of one sentation ¥ of 6° it can be decomposed

hermitean scalar field ¢ (x), and 4:'"' . t#i - ¢ . The
Wightman functions are ’ % = Sdf‘ x Kﬂ( (2.ha)

Wl .x,) = (2,400 d(x,12) (2.1) 4+ a measure on the set G = {x} of all unitary irre-

. R ducible representations (uirR's) of a* . ®¥ consists of

Lot f = Iu ‘f” the space of finite sequences of Schwartz a direct sum of irreducible representation spaces which carry
test functiona {§,, {‘ () oo F (%% ) . The sub=- equivalent WIR's .
space f,' . tonsists of & sequence with only one mnonvanishing In particular, states w{ _in 2 may be so decomposed,

term f"(xl, xa). The field theorstic domain 2 conaista
of vectors X X
wf = Iq}l(x) FX L Fria W (2.4b)

Since an irreducible representation space of G* nust

v({) = L de‘.‘..dxk fh(x,...x,‘)¢(x,:..-¢>(x..an s el @y
R .

be contained in R a= a whole, the spectrum condition allows

According to the recomstruction theorem, the dense enly UIR's with positive energy. All such have been classi-
domain 2  in the Hilbert space XA of physical etates may tied in [7] . First there is of courae the trivial l-dimensional
be identified with a space of continuous linear functionale representation. The others can be labelled by x=[£,5] LiMm a
Fi £~»(F, t> en S , i,e. sequences F = (¥, )n:o,4,-- of genera- finite dimensional irreducible representation of N =3SL(2¢)
lized functions F ¢ 7] + We Bhall write F(x,...x,) in place of ("Lorentz spin") and &3 &, () real ("dimension") , cp., proposition &'
l'n(x'...xu) and use functional notation, below, The UIR x may be realized in a space %, of (generalized)
(F{>»z E sd!' e, F(x'...v,,){" (x‘...u_.) tunctions on Minkowski apace with values in the finite dimensional
" representation space v{ of the Lorentz group M. Functions ¢ in T,

The identification is such that X

satisfy a spestrum condition, i.e. their Fourier transform is
F£2 if end only if F = Wf for an f in f , with (2.32) supported in sptr.(yx)g ﬂ s the closed forward cone., The actiom of
WE(x,...x,) = {‘ Sd)ﬁ-“"')’k {(yu"__-‘. YWy, %y %) - ?,{(g) of gc¢ A" on functions ¢ in Py will We reviewed later on,



Consider "isometric intertwining maps”

x

B3%. 7 — X such that 'T;(g);Bx=;B'xu(3) for g in @~ .
X g :

{2.5)

il.e. ;Bx presarves the norm and commutes with the action of
the group. Every vector FX in th may be written in the
form ¥ . BX gax where .‘l?uf‘r is an intertwining
map as were just introduced, and (pr'e '}'x . Both
2% and q:x are uniquely determined by FX
We may assume that (‘V(f).n): O , The trivial l-dimensional
representation of " will then not appear in the decomposition,

because the vacuum {1 is the only Lorentz invariant state.

The decompoaition (2.4b) kecomes

Waf - Sagu(x):ﬁ'xﬁpx with ¥ e'}‘x'

We restrict Wf to a continous linear functional Wf(x,xl)

on .f,_ . Since F ig a function space there are kernels

X

2 (“X!X‘*z? associated with mape BX  such that
1

(e, ) $lxr0) = Wi () fo}u ) Jolx Pt Bk xxd (569

4

The kernels are singular functions with values in V7; we write
"1*”:. for the acalar product of two vectors in vi, Often, physicists
write indices '6:3& (sum over o).

Since functioms ¢ in 3;‘ satisfy a spectrum condition, kernels
B{xx ;- ) are nonunique as functions of x. In particular, the
Fourier transform

Bpxsxxy) = (ex e P Bl (2.7
is only relevant for pe€ sptr.(x)¢ -‘:’+

We shall count kernels B{xy;-') only as distinct if F{p)*B(pxix, x )
differ for some ¢ in TX .

The intertwining property (2.5) imposes strong covariance
conditions on kernels B ., Further restrictions come from the
spectrum condition for states $({x){1 . We write YooY, i v -v, eV -
Spectrum condition and covariance imply

Propesition 4. Let §(p) the Fourier transform of an arbitrary
element of ¥y . Then 5(9)*53(;:9(\; X,%,) is boundary value of a
-holomorphic functj.ozi of zj aX, + iy:j (i=1,2) in the tube

y,>5,> 0 Kernels B{py; X, x, ) are linear combinations of a finite
number of kinematically determined functions BA%(py; x,x,) (at
most one for scalar ¢’=¢vi'=. d;j) which can be labelled as in (1.3).
Moreover, they can be analjvtically continued in p to entire

analytic functions of p.

Proof of proposition 4 will ke given in the following sectionsy
explicit express'ions for :E will be given in Sec. § .

Let us return to expansion (2.6) ., It temains to be shown that

i} the measure -/A(x) is discrete so that

(¥, SV ) = T fex 9%0® B {x s %%
: (2.8)
and 1i) ,

Q'X;. (x)'z (% (1), OL(K)-Q)

where C)’E is a nonderivative field appearing in the Wilson

expansion (1.1) with dimension dk and Lorentz spin £

it oy, = D4y, dil
We shall use the hypothesis that Wilson expansion (1.1) is

. Later on we write ‘,Bh for B(- %> )

valid as an asymptotic expansion at x = 0. We will derive
from {2.6) an asymptoti: expansion at x = O in homogeneous
functions of x ., As msymptotic expansione in homogeneous functions
are unique, (2.8) o¢an then be deduced by comparison.

By proposition 4, kernels B{(p¥; ¥k, ) are entire functions
of » They may therefore be expanded in an everywhere con-

vergent power series

~ . i X
BPAipad B Cp OBy, 5 A A 2.9



For reasons of dilatational invariance one has for real \vo0 t

% ~d+ Sar v

e {Ax)= X res Cx(x) for % = [4,3) , 4=z aind .

1 I (2.10)
{or, more generally 2d = o, + d; , d. .« dinm .#i-l' 3.

‘,I
_ We will insert power series expansion (2,9) in (2.6) .

(%), (x) d(-3x)02) = Hu(x) fdp z C;r(K)Pp4-.-?pr G (2w) .

Bupposs that in (2.6) £ is a eequence of test functions whose
Fourier transforms have compact support. Vestors w{f) with msuch

t are still dense in the Hilbert space ¥ of physical states,
Because of momentum conservation, the Fourier transforms 5"‘(?)

of (px(x) will then alsoc have compact support, and =mo qzx(x)

are infinitely differentiable at x=0O (even entire in x). Because of
bomegeneity (2.10) , expansion {2.11) implies the following asymptotie
expansion

ah, da0dt40n) = L {duxr fdp Ca (P, Ta, &y
I g0 e v, g T (2.111)

where it is understood that summation and integrations z.[c}u(‘.() are
r
resrranged in order of increasing &+v , (%=[4{51). '

Expanesion (2.11') can reproduce Wileon expansion (1,1) only if

(2.8) holds true, It follows from (2,6) and (2.8) that expan-
gion (1.2) is true on a dense set of vectors Yi{) as des-
cribed before (2.11’). Being a partial wave expansion it is then
generally true and strongly convergent as stated in our theorem,

At the same time we see from (2.9), (2.11') how the coeffi-
cients in the Wilson expansion (i.1) are obtained by power series
expansion from the kernels ,:ﬁ*('p*;(';)t1 %3, )

We have written our formulae for & scalar field &~ ¢ - ¢/ .
They will however remain true generally if interpreted correctly,
i,e. with appropriate indices supplied. The analysis of the
kernels ,:'I; will be done in full gemerality in the following
sections.

It only remains to prove propositiom 4. The sequel of thise

paper will be devoied to this problem, At the same time, we will

obtain explicit expressions for the kernels ﬁ(p';( iX,X,), ¢p. Sec.8.

One could try to determine the kernels B by imposing infini-
tesimal conformal invariance, In fact this program was already
carried out by Ferrara st allilfor the scalar cass even before
global cenfermal invariance was understood, and proposition & iz
implicit in their work for this case. For general spin the infini-
tesimal method becomes too complicated, We shall therefore resort
to global methods which are more powerful,[In applications one wants
to apply thecrez 1 repeatedly (as e.g, it sorollary 2) and tields
of arbitrary Lorentz spin may thea appear.]



3. The conformal group ¢

The group G* is an infinite sheeted covering of
80, k4,2) . Its geometry was examined in 71 . The following
plcture emerges.

e
M = SL(2C) and therefore alsc its two-element-center T, whoge

contains the quantum mechanical (q.m.) lorentz group

representation distinguishes between bosons and f:rmions.

r, i8 also contained in the center of G* but does not
exhaust it. The group G‘/F‘ may be pictured as a group
of transformatione of superworld M . That ie, 6" can act

on M , but the action of T, is trivial. Points w of M

may be parametrized

na (T,e} - <t < = i g2 {ee™3e¥)y @ unit hevector
(3.1)
viz. (€M « (53 e ()P (5P =
The action of G* on M is specified by the action of varicus
BUbETOUDPS .

A subgroup £ of G"acts on M by rotations of € and
translations b, of T to o+t . K = mxsu(z)xsulz) , ake
K contains the center > N, = Z xZ of 6. T,

is generated by an element ¥ which acts on M as
P(r.ey s (Tem,-€) viz., 3 = W exp iRH = Rbg (3.2)

+H is the generator of Tt ~translation, and R rotation (sic}

of £ into -¢ . Its sguare R < e . R/P is the waximal

compact subgroup of G- /F .

A fundamental domain F in M with respect to the dis-

crete subgroup is a submanifold such that
F”YF=?§ ‘fur e+y€f',_ ' Ul"’_":‘
Yen
18

y

A fundamental domain F = M may be chosen as

N ~
M‘ J {(T'E)EM ; T AT ® 8" 5 -cosT }

(3.3a)

Its interior may be identified with Minkowski space HM" = ix#
through the reparametrization
At ; v
x®. i x' . B (i~1,2,3)

tnt + &5 tnt + EF

(3.3b)

Translations % .in N , Lorents transformations m in M
and dilatations a in A act in the costumary way onrn points of
MY < M: parametrized by x¥ (see below), Their action on
translates ¥y MY of M* is then also determined because

fmay = ynma , y being in the center of G . It extends by

continuity to all of. M=uU gM" (union over ., ).
The action of G¥ on Mo is completely specified by the

action of its subgroups Ky Ny M and A , for every g in G*

may be written in the form

~

g = kman f ke K etc. {3.4)

[This decomposition is nonunigue. Let U= KAmM = 5U¢(2) the

rotation subgroup of M . Then kma A = k' m' a' d' if and



only if R'- ku , mleuwtm with w in W , and
aca’ , men 1.
Let N « WN®R' b 4 called subgroup of special con-
forwal transformations. The point 9, = (0, £) , £=x(0,4)
is left imvariant by MAN , and ﬁ ie a homogenecus space

ﬁ = G'/HAN . MAN is isomorphic to a Poincar& group since

wmR 'z R eM , Ra®R ' =o' for wa € MA . C(3.41)

The fundamental domain M: may alsc be made into a homo=
geneous space M: = i/l;' = G*/ P with P = M, MAN. The
action of subgroups I, , N, M, 4, § on cosets x = R, P« MY

is the usual ome: The center Il I acts trivially, and d

Ao

M : Lorentz transformatioms m : xM -y A(m}', x* & (mx)*

A ; dilatationa a : XM lat x| lat>r 0.

N : translations R, : xPow xM e oy , 7" real .

P

"N : wspec. conf. transf. gy kP oy (kA - yrxt)

y' real, o{xy)= 1-1x-y+x‘y" .

" xP e _9.3‘; yOstime reflection
x
(3.5)
It € N then RAR_R' = n, ¢ N .
y Y 4

Elements me¢ M=SL(2C) may be identified with unimodular two by

Our metric is = diag. ( + ===} ; Xy = g,,%"y", xtax-x ete.

v

two matrices; A {m) is then given by the fundamental formula
of spinor calculus. Let x = x"4 + L} x"ot then A (m)

deternmined by m through

mx m - x with x7 = A(m)A x*

Translations act transitively on M* and MY is almost al
of M: = @*/P. Therefore the set fir fills up all but a lower
dimensional submanitold of GY . Elements in HP will be called
regular, Every regular element g of " may be written in a
unique way as

is

(3.6}

1

3- ﬁgmqn with ﬁcﬁ',ycl"‘l,rﬂe‘M,aEA and h‘ﬂ".(j.?)

Haar measure of @ factorizes as dg - didmdedn in this para-

getrization. ; In the following it is under

‘srood that restriction to regular elements of G is made when-

ever this is necessary in order that the formulae make sense.
Let x' and -p(x,g) [ I"z MAW determined by x, g

through the unique decempesition

-4

§.n, = F,,?(x.g"’ . Then - x' = g""x

viz. x' is determined by the action (3.5) eof ¢" on cosets

xe 6*/ P, From {3.8) one deduces the cooycle condition
Plx 490 = Plag) Plglx, gu)
Special cases: For hyma € NI, MA one has

Pi{x,Aymal) = ymo independent of x

(3.8)

{(3.9)

(3.10)
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The next lemma gives an explicit expression for p(x,g).

Lemna 5. Let p{x,g) as defined in (3.8), azd Re G* the reci-
procal radius transformation defined after (3.2), Then p(x,R)
is MA-govariant in the sense that

bpi{x,») = ‘p(bx,’ﬁ}g for beMA , be RER™ ¢ MaA
It is explicitly given by

aN .
P R) ~ gmea, n, with yex™ , Wxognx, (2.4)

Yagl =[xty , myo= PN a xR A K
Herein x » x°fi+X xha", and M'gnxzin for xeV; and C otherwise.
The quantity p(x,g) for general regular g¢ G* is expres-

sible in terms of p(x,R). Write 3=Fwnr-m , AeN, pef, ste. Then

"p(x,ﬂ") = px,n’ )(xma)—' and  pix,n"'y = p{x,®IPp(Rnx,R)

The quantity p{x,R) was computed in [7] . The other assertions of
lemma % follow from the cocycle comdition (3.9) and (3.10), noting

that Rn R = n, , b, « Wb for be MA. In particular, it follows

from the last relation that bRR = RAp, b 4 and so by definition (3.8),

b A pouRY™" # By, Bp(x,R)" = Fig, pibx,R) b . This shows Mi-
covariance o p(x,R)}., I

Having completed the outline of the group G* 's geometry, we
now turn to its unitary irreducible representations with positive
energy.

Let 3= [£,8] , & real and 4e¢M a finite dimensional
irreducible representation of M by matrices :De(m) in a vector
space V‘ + We equip v with a scalar product, written wy |, of
vectors u, v in \,fl which is such that

ol(my’ = DY(m)"  for Wemmr' - @me” |, mem

We define a finite dimensional represeatation of P = I, MAN

in vt by

¥ (pman) = tal™ el‘rwc.’l)l(m) with c= §-2 , for ¥y ;M (3.12)

As usual, a¢l is dilatatior by 1aj , ¢p.(3.5),etc,

Let EX the space of infinitely differentiable functions.

on G* with values in vl ana having covariance property

figpy- 1ai* DX (Y f(g) for P wmancrMAN.

(3.13}
é‘x becomes a representation space for G* by imposing the
transformation law
T, Hy « fiq™'ah
e ACSERNT! fegs RN

Because of covariance property (3.13) and decomposition (3.7) of
group elements, functions § in £X are uniquely specified by
their restriction f(x)= § (A,) to N . Transformation law

(3.14) becomes in this language

X * -1
(T ) O = 101> D (plegy) f (3x) (3.15)

with ja| from -p{x, g) = yman, We are dealing with an in-
duced representation on G*/P. (P is called a parabolic subgroup,
it is not the minimel one).

A acalar product on é'x is constructed with the help of an

intertwining map (or operator}

X (3.16)

where '}'x is a space of generalized functicns on ¢* with

values in Vf having covariance property
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@lgp) = lal' % (®) ¢ (g)

?;( is made into a2 representation space for G by the trans-

formation law
(Tx(g) ?)(g - ¢ (379"

Generalized functions ¢ ‘in 7;( are determined by their
restriction @ (x) = @ (n,) to N . The transformation

law becomes

(1;(3) p)(x) = ta 1t ¥ (p(-.gl") ?(g"x)

with notation as in (3.15), The intertwining map Ax+ is

reguired to commute with the action of the group

AX g =T (DAL L ter f in g,

It is given explicitly by

¢ix) = (X )0 - oo [ar (R, ma"

N

- Sd*'ﬂi(“'wf(‘u with

A'f(x) = n, {x) (-x"+icx°)-8'3'-" ot (+x)

Here { j. , j,_ ) is the highest weight of the representation
feM of M, and Dt is the extenmsion to GL (2C) of £

through :Df(f"") - Pi'.’*li" dimy ped | .

Eqs. (3.20) were derived in [7] .

for geG*, p-ymane [MAN

(3.17)

{3.18)

(3.19)

(3.20)

I

The Fourier transform of the intertwining kernel (=conformal in-

variant 2-point function) (3.20) is

Z\f (P) = n.ix) :n’(_,aip) o(p) (PI)'“S"*“*
with & new normalization factor n!{(x). Zf(p) vanishes for moments
p outside the closed forward cone. The massless scalar 2-point
Tfunction is obtained as a limit, j1=32=0 f §~1 y viz.
Mes1) Yoo (2% > olp) §(»°) as ¢ - -1.

In ref, {7] a complete classification of all UIR's of a¥ witn

positive energy was given. The result will be quoted as our

Proposition &. ‘ . The UIRs of G with positive energy
can be labelled by = [€,8] , 4 a finite dimensional

irreducible representation of M = 8L (2¢) and &2 &, (¢)
real. If (jl' je) is the highest weight of £ (viz.

2§, . 2, nonnegative integers)} then S‘,m-“ ({y - J RN P
if j, 40, 3. 40

otherwise, ex¢ept for the trivial 1-dimensional represent-

s and gm,'"[f) - ],‘-vjll-ri
ation which has &-4, -3, - 0 . The nentrivial
UIR's x can be realized in the representation

spaces EX equipped with scalar product

(f,,fz) = de,aixl E(x,)-A’f_(x,-xklﬁ(xL)

with intertwining kernel (3.20).

Representations with § =0 or =0 and &= ‘Smin are zero

3
2
mass representations, the others have continuous mass spectrum,
sptr.(x) = V+.
Remark: An equivalent UIR. ¥ is realized in the

X
S A fie &y then

»

the scalar product <‘P. ’sz) - de 00N qﬁz (x)

Generalized functions '3 in ?x satisfy a spectrum condition

since tine interitwining kernel 5’; (p) does, cP. (3.20M .

space 'Fx = Ai Ex

In the following, we shall often not distinguish in notation
between the test function space £, and the Hilbert space constructed
from it. If we use functional notation for the elements of this
Hilbert space, it is always understood that an arbitrary represen-
tative out of the equivalence class of functions modyle zero

norm vectors is to be chosen.

(3.20'}
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&4, Implications of the spectrum condition,

Let us use the intertwining map Af to introduce
7 x o ! ‘+
V(o x,x,) = \dx A+(x-x) B{x'x; x,x) (%.1)

Because UIR's of G* acting in TX and Ex are equivalent and
intertwined by Af_ , the conformal partial wave expansion (2.8)
may be rewritten in the equivalent form

(e (), Sl b ) » W) = o (e £560" v (xxs xx,)

with, Xeey (4.2)

The kernel B is determined by V to within the arbitrariness dis-
cussed in Sec. 2, We shall first determine V and then recover
B from it by solving (%.1). ‘

Let us first state implications of the spectrum condition for V.

Lemma 7. fThe kernels V(xx jx, x,) are limits of generalized
functions V(xyx ;z‘zl) ‘of x which are holomorphic in the
complex parameters =z, 6= X,+iy, , Z,= x,+iy, in the tube

¥,> 1. 0. The limit is taken by letting ¥, ,y,—> O through
the tubs,

Proof: Consider expansion (4.2). It is well known that $(x3$(x )2
is boundary value of states ¥ (z,2,Y¢® which are holemorphic in
z = x +iy, 4 2z,= X, +iy, in the tube. (Thie reshlt is reviewed in

{5] ). Therefore , by decomposing W(f)we obtain an expansion

e, ¥ 2)) = Sautp Jax £X00™ V (xx;2,7.)

in which de EX(x¥V(xx; 2,2, is a holomorphic function of z , 2,
in the tube and has Ydx ¥X(0O¥V(xx; %,x,) as a limit. If ¥ €&y
is an arbitrary vector,then, because &y carries an irreducible
unitary representation, vectors of the form fdg 2 (T35,

with f an infinitely differentiable function with compact support
on G¥ form a dense set of vectors in the UIR-Hilbert space 81 .
Therefore .‘;x(x) may be considered as an arbitrary element of £y . Bui
€x contains all Schwartz test functions with values in Vtg
therefore V(x7%; z,2,) 1s a generalized function of x and has
the indicated holomorphy property . O

!

It follows from lemma 7 that it will suffice to determine

Vixy; x,x,) for re_latively spacelike points x , x, on Minkowski

2
Space.,

Lemma 7 cannot be carried over without further ado to
Blxx ; x, xl) because this kernel is nonunique as a function of x,
However , it does imply the first assertion of proposition &

because every element of '-}"x is of the form ¢ = A§§ with §€€I.



5.Relatively spacelike pairs of points

Our further analysis is based on the fact that the con-
formal group a* acts transitively on pairs of relatively
spacelike peints on superworld M . This will now be explained.
The manifold M admits a G” -invariant causal ordering [5] .
Two points n, = (v, ,¢) and ", « {7,,€,)

are relatively spacelike if and only if

I, -T,1 < Arccos e.%, (5.1)

Areccos x is the prinecipal valuwe of arccos x which lies

belween O...m .

Lemma 8. a) 6% acts transitively on relatively space-
like pairs of points on M ,

b) m, ., n, in ¥ are relatively spacelike if and only
if there exists ‘ke Keoa* such that kwy, , ky, are
relatively epacelike points on Minkowski space
M c M (ep. Egs. (3.3)).

¢) The little group™ in G" of a pair of relatively
spacelike points on n is iscmorphic to MA, The mani-
fold of relatively spacelike pairs of points on ﬁ may
therefore be identified witk the homogeneous space G" /Ma,

Proof; Let 4, the origin of M*c ¥ and B~ RY .
We call f? the unique point at spatial infinity of Minkowski
space. Explicitly 10 = (0,8 |, €. {e.-1) .

"
little group = subgroup of stability:

23

The little group of 3, is MAN and the little group of
therefore MAN = R MaN®™' .

a} Let fn, .n,) relatively spacelike. Since a¥ acts
transitively on ¥ there is g such that 7, = 94N .

By 6¥ ~invariance of causal ordering, r‘: = 3"14 is then
relatively spacelike to 17, . By (5.1) and (3.3%a) this means
that 1"' must belong to Minkowski space MY , The little
group MAN of % acts transitively en MY ., There is
therefore o in. MAN  such that n,6~« PNo . Since

* leaves 1, invariant we have then (4, ,%_)~ (gpyo,ap"zﬂ).
Since every pair of relatively spacelike points may be written in
this way, with gp € ¥ s Wwe have proven transitivity.

b) The if part follows from G *- invariance of the causal

ordering. Conversely, choose ', in M" and relatively

spacelike to %, . By transitivity a) there is g in g™
such that (yw, ,4,Y - {97,.3%;) . Deconmpose
g = kmaE a8 in (3.4). Then (1,,79.) = (man 4, mann,)

*  since the Poincaré

are relatively spacelike points in M
group carries M" into itself, and (n,. 9,0 = (kn,  knd
¢} The little group of the pair (4., %,.) 41s MAN n MAN = MA.

The assertion of c) follows from this and a). O
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6. Global transformation law. ‘ ) . product (1.la) we want to expand. We denote by vt , v the

finite dimensional vecfor spaces in which act the representations

£; and {; of M . It is understood that they are equipped

According to the discussion in Sec. 2, physical states in the 3

. 1 ] [ *
dense domain © may be thought of as continuous linear with a scalar PrOduft which s sucn that D7 (eme)” = D" (m) -
functionals F = Wf on the test function space S i The space 'fJ- consists OLf te?t functions h (xl ‘2) with
They can be restricted to the mubspace I which consists of values in the tensor product V'@V and
Schwartz test functions h (xl x2) with support containing ) . .

.
only relatively spacelike pairs of points on Minkowski space, Ap(hy = de‘d,(z fdﬂ (%, %} 4’# (x,) 4;{1 (x,) 2
These pairs may at the same time be thought of as relatively . ) for de f:' (6.1)
spacelike pairs of points in the fundamental domain H:‘ in - .
superworld Ko : Indices a , B label an orthonormal basis in Vi resp. Vi H
~ . » s r f
The space Ja- is not globally G —1nvariant. fe shall suzmation over repeated indices a4 B “is understood.
imbed it im a space J7 of test functions on M x M with o - . o
compact support containing only relatively spacelike pairs of . Let P = MAW so that superwoxrld M= 6"/ P .
: - L]

points., The space I° is G'—invariant, i.e, it admits an Let us restrict the representatiéns b (3.12) of P=F r.
action to P® ., Consider the finite dimensional representation =n of

P® x P° in vie vi by matrices

T (g} : I e 3™ (g in G™ )

. . _— . _
®(p,py) = 1D - (5 @D (] 3 3,78 0p 0

of the group G¥ . Afterwards we will extend functionals (£.2)
F e Wf from -f: to I by a process of analytic conti- whine Bp (moamy - tas® 3 PPy €P°

nuatien (cp. Sec, 8 of[5] ). . - ’ In deing so ‘ The space 3 consists of all infinitely differentiable

a physical state ¥ (h) is associmted to every - h in ¥7 - . cross sections on the homogeneous vector bundle £« (ﬁ";‘)’,‘, (v'avi)

The global G¥ ~transformation law of these special states with compact support containing in its interior only relatively

can be stated explicitly, so that we may thereafter deal with an spacelike pairs of points on # (notation of [13] ). In other
explicitly known action of G* in a concrete function space words, 13 cohsists of infinitely differentiable functions on

in place of mn abstract uritary representation of G" in a*x g" with values in V' ®vI having covariance

an abstract Hilbert space of physical states. property

Let us deal with general spin right away. Let 1y = [£,d.1
and X~ _[{i,dj] specified by Lorentz transformation
law and dimension of the fields ‘f)i and 4)3 whose operator

F(gp g = RIS RG890 o piePTL €8T (g3

(“-")1)
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Evige

26

ction T{g) of ¢" is

(TepA) (2,90 = b5, 9790

ntly such functions h are completely specified if they

are known for one representative (gl N gz) out of every coset

formad § Axf = (€*x 6" )/ {PoxP*)

repre
h ma
The s
pairs

. Therefore, if a
sentative of every coset is fixed in some way, cross sections
¥ also be considered as vector-valued functions on M ox M.
upport of h is the closure of the (open) set of all
(7,,my)¢ Mx R such that h(g,,9,) 4 © for’

(3”31) e {4, .1} . 37 is made up of cross sections

h

which
may b
with

with support properties as stated above.

Consider the subspace of I~ which consists of cross secticas
vanish outside Minkm;'ski space M¥x M*c M ox ﬁ . It
e identified with the space :f: as follows: Every g4, € G*
31’7"'@. MY¢ M may be written as 40 = Ry, Pi with

P. € P° s Ry = translation by x . Therefore by (6.3)

4[3,.3,) - xR pop) (Ry, + Px,)

g x(p.p) i (x,,%,)

for LTI R P emt

and
every

It fo

(£.5}

h (xl ' x2) is in .f,_"' and determines h (g'l ' By )

where on  G" x° G =0 long as h is in the subapace.

Let h € :f: ang ¥ (hy defined by ($.1) .
llows from the results of [ 5 ] that the Hilbert space of

(6.%)

z7

physical states carries a unitary representation U of G

whose action on states %W (4) is such that

’u(g)"i'(’-) - % (T(ﬁiﬁ)

provided g ¢ ¥ and e .f;_~ are such that also
1‘(3)& € .‘f: 4 i.e. g does not carry any point in the

support of h outside Minkowski space. It follows from lemma 8b
and compact support of h that every h in 5" may be written

as a finite sum of the form

4*211"303'; with ’n-‘cf.: and i € 6¥ .

We may then define
T - S oug ¥R

with "g({;) defined by (6.1), We must show that this is con=
sistent, i.e. independent of the choice of gy and hi in
(€.7). Suppose that hw I TighHk, is another
decomposition of h  with h; in f: and &; € a*
By making finer splittings and reordering we may achieve that
both sums have equally many terms, and

'
T(si)'&i - T(g'.)e‘i for a1l 4 .,

{6.6)

(6.7)

(6.8)

(6.9)



But % (T(304) = WD)« ugD¥ (T (g 508, -
= U ulg g Pl ) = Wlgo (8 - B (T (gAY .
We used in turn definition (6.8), hypothesis (6.9), Eq. {6.6),
the group law, and definition (6.8) again. By summing over i we
have YAy« Z ¥ (T(a.‘)gl) - % (T (Jbﬂi,) which proves con-
msistency. .

We have shown that definition (6.8) is meaningful. It is then
automatically consistent with (€.1) and, moreover, transformation

A

law {6.6) holds generally true for arbitrary h in I ang

g in G”. Eq. (6.6) is the promised explicit form of the global
transformation law.

It follows that ths functionals Wf on .f: extend to continuous
linear functionals on I~ by wvirtue of the definition

<wi, by = (v, v fr fer, Ao

and

(wip v, ey = <upwf, by =cwf, Tignhhy (6.10)

The conformal partial wave expansion of these expressions is obtained
by decomposing the states w{f)as described in Sec. 2. We write it in
terms of elements of &y as in Sec.k,

Wl 4> = fdu () faego0™ v RY = o VIR R

with gX¢ &, , for hed™ . {6.11a)

It b is in J‘icJ"it is determined by & function ﬁ(x‘xl) of relative-

ly spacelike pairs (x,x,) of points on Minkowski space through (6.5},

and a¢

A

AL jdx dx, fax Ee™ Vi mr) Rixx)  for hed e 0y

Here and everywhere we use vector notation: h(x,,x,} takes values in
vie vi s the kernel V{(x y;x,x,) is a linear map from vie W to vE,
£(x) takes values in vE, and we write v”v, for the ssalar product
of two vectors w,,v, m vt

29

The intertwining property (G¥ -invariance) of V¥ reads because
of (6.10)

vi[ndpE Tk 1= v¥Lg L) _ - (6.12)

This must held for arbitrary &;’in €y , because of irreducibility

of the UIR-space £y , ¢p. the proof of lemma 7, Thus Vx[---] is

a @¢* -ipvariant sesquilinear form on Exx 37. It determines the
kernel V(x)“:-rf ¥, ) for relatively spacelike Minkowski space arguments
x,, x, through (6.11b),
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7. 6" - invariant sesquilinear forme on £,x3.

We wish to determine the most general sesquilinear form
VE[-,'] onéyxI which is G*- iavariant in the sense of (6.12) and
such that the kermel V(xx;x‘x,.) determined by it admits analytic
continuation as required by lemma 7, This problem can be solved
by a standard method of the theory of induced represeatations, viz.
Bruhat theory of intertwining maps [1%]1 .

First we give an alternative description of the space J~ ., It
will exhibit the representation acting in 3™ ams an induced represanta=
tion on @“/MA. Let us define a representation L of MA by operators
L{ma) acting in the vector space V;Q v

r
. % : ~
L{ima)"' = D ‘{ma)*@ ])xl(ﬁa"J‘ , Mo RmeTt (7.1)
Lemmz 9. There is a bijective intertwining mep q from U™
to the space of all infinitely differentiable cross sections
on the homogeneous vector bundle (G"/MA)Y vigvd) wism
base G"/MA and fibre Vievd,

Explicitly, QJ” comsists of infinitely differentiable functions
hl on @% with values in V'® V! having covariance property

h, (gma) = L(may A (g) for maeMr . (7.2)

It is made into a representation space for a* by imposing the trans-
formation law '

(rphdghy = Aty (fe@3™) (7.3)
The map Q is explicitly given by

(QL)(Q) = '£ (a,aﬂ) #)r ‘ﬂf ™ (7.4)

Evidently it commutes with the action of the group, T(g)q = QT(g)
by (§.4). Covariance property (7.2) of Qh follows from (6.3)

since RmaR eMd' by (3.4'), R was defined after (3.2), To prove the
lemma it only remsmins to be shown that Qh determines h. This
follows from the fact (lemma 8) that G* acts transitively on rela-

tively epacelike pairs of irotnta on superworld M. As £ ranges over

3f

G* , the pair (gf.,qR1) = (9% 41w ranges

over all relatively apacelike pairs of points on superworld M '

cp. the proof of lemma 8. Therefore the set of pairs (3.31%)
contains a representative out of every coset (n, 1,0 € M xR

= {(G*x G*¥)/(P"xP°) ', This suffices to determine hL by the
discussion following (6&.4) . O

Because of lemma 9 we may consider Vx[- ,1 as a @“-invariant

seaquilinear form on &, x &7~ . This will be helpful.

Elements he Q7 admit an integral representationm

hig)= § dwa L (ma)A'(gme) for heQ1”
MA :

(7.5}

with h' an infinitely differeantiable vector valued functien with

compact support on G"; dmo is (right- and left)} invariant Haar

measure on MA , This integral representation makes covariance
property (7.2) manifest.
According te (3.13) , f¢ &y may also be considered as

functions on G¥ with values in v! and sdamitting an integral

representation
. . '
fig = idp Sphﬂ)1k J)x(p " f (gp)

Here {’ ig an infinitely differentiable function on G* with
values in v! and compact support, and dp is left-invariant
Haar measure on P = M MAN . Integration over P includes a
summation over T, .+ The measure dp is not right-invariant;
instead d(Pp’)t SP(R) op , with m‘odulus function (5]

85 ip)y = laf* for TPeyman € TMAN

Integral representation (7.6) fulfills the covariance condition
{3.13) for arbitrary ;’ .

(7.8)

(7.?)
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For the sesquilinear form Vx[','] we may then make the
general Ansatz

r ! r ’ ~
VEIE, @k - (dgdy 17" tqugOhg) for heqr, fegy
G*x6*
and h' {' related to £, { by (7.5) , (7.6) , (7.8)

with a kernel {(3,3') which maps vi@evl w» vl | The kernel {(3,3’1
is a generalized function on ¢¥x G* , but we will use functional
notation as physiciste always do.

Expression (7.8) must depend on h' only through b ,
I2 h'(q) = L{bYH'(gh) with beNA  them h”and h' determine the
game h . Therefore we must require

(a,90L(Y = tig,g"  gor beMA (7.9a)

” L, N :
Similarly, £ ()= 8; () 0" (s") f(3p) and f'q) determine
the same { . Since vX[{h] should depend on §' only through {
we get the consistency condition

3 ey DX (p) t (ap, 3’y = £ (g,9" for peP . (7.9%)

From transformatioa law (7.3) and integral representation
{7.5) we have

S

12V qh = b tgia’y = Ldb LIR'IGL)  pon heqa”
3 | 41 -

Similarly from (3,14} and (7.6)

(g2 £4g0 = f(q'9" = {dp SP(P:’&D"(P-*)*;’(S"gia) tor feg,
P

3

Therefore, ¢® - invariance (6,12} reads
Vi IT g f, Tig kT = (dgdg’ £1gp" tHg.H hg'p AR
This requires

oL '
t(g,9>9.9) = (g for all 9,66 (7.9¢)
It remains to determine the general solution of Egs. (7.9a , b, ¢ }.
The general solution of (7.9c) is

* [
tagh - T (7.10)

with a (generalized) function +* on " whose values are maps :
V-‘®V.' — yl . Covariance conditions (7.9a, b } read then

-1 Y X T
b §P) = S-P(I” DY tHPL®) for beMA, peP (7,11}

Let us abbreviate MA=H and let P = NMAN as before, We define
a left action of HxP on G" by

(b,plg = bgP" for PET , heH-MA

Evidently this satisfies the group law (Pp,b )‘(p,_.' b, »q ~ (P,p“b,b,_)-a .
The manifold a* decomposes therefore into orbits under HxP and
HxP  acts transitively on each orbit. Let us determine the
orbits.

Consider the action of HxP  on cosets in MY = G*/P and
their elements, P ‘acts transitively within each coset} therefore
the problem reduces to determining the orbits in M:’ under H '
Let us parametrize the finite points of M® by Minkowskian
coordinates X= (x*) as in (3.3b). There are then three open
orbits consisting respectively of positive timelike x , negative
timelike x , and spacelike x ., In addition there are several
lower dimensional orbites (They consist of the point x =0 ,
pos. lightlike x , negative lightlike x, the uniqus point at
spatial infinity of M*% | and the remaining points at infinity,
respectively) .
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Correspondingly, the open orbits on 6" consist of
* — . N -
€+ . [ 9= nyp with pe¢P X pos. timelike }

with p¢P , x neg. timelike |}

'
L
———

o
L]
3

x
_d

G* = { 9 AP with peP , x spacelike }

~

and in addition there are several lower dimensional orbits.

Suppose that t‘(&) is known on omof the open orbits, say G: .
It is clear that V(x‘x; X, %y) wWill then be determined on an open
set of arguments. Analyticity properties (lemma 7 ) can then be
used to determine it everywhere,

Let us choose & standard x”={1,000) . Correspondingly
we smelect Ki a8 a standard point in G: » Let us determine the
little group of Ry in HxP . The rotation group LLcM consists
of weM such that ukx<x . Suppose bﬁ;‘ e Ay .
Coneider this equation mod (P). It follows that bx =-x ., This
requires bell . On the other hand bhagp™' = A, bp™ . There-

fore we must have p= b . In conclusion

bl‘-\i‘P"- 7\; tor beH,peP if and only if (b,'p)-(u,u),usug?'lz) )

Thvs the little group .of r'l’2 in HxP is isomorphic to the rotation
group th .,
Let g€ G: « Then it can be written in the form

3: bRiP-‘- Exbp-| with bcH"PE-P,XEb; for 5€G: (?.1})

Covariance condition (7,11) says that

(7.15)

LTS - - ¥ X h -1 . *
E (bR @ EDURELBT L EL Ry (7.24)
For consistency, t nDpust be U -invarient
Pad¥eotiw 'z plaot[of bicry™
= w u} = D(w) D (WD (W) for well
In other words, t is & L -invariant map V;®VI — vt .

15

Next we will classify all such maps.

Finite dimensional frreducible representations of M=35L{(a¢)
= 8pin (3,1) are constructed by analytic continuation (Weyls
unitary trick) from Wir's of Spin (4), the twofold covering of
50(%) , The Clebsch-Gordanclogy of both groups is therefore the

same, and they contain W &8s a common subgroup.

Let us decompose VL®Vi into irreducibles under M ,
vieyl = @yt , with Clebsch Gordon maps &
. . v
cle e, 'y . vieovi —v
( I (?.16)

Let us decompose representations 4 and ¢’ of M into irre-

ducible representations sell of W N

! i
vie L,V . .
seld ote (7.17)

scd

ts

We identify Vhs v ¥ sw?, Consider the projection operators

x (€s) and their adjoints, viz. U ~invariant imbeddings w*{{s)

1
w(tsy vl W, RN wies vt

(7.18)
The most general L —invariant map from viegv!i e vt is a
linear combination
1 Pes tes gt I
t ’z‘E ey t , AP e wM S Ry (g ) (7.19)

v rS i
sum over feM, sct such that lct’i®!j s scl ,scd’

Wwith complex coefficients LU M is the set of all finite
dimensional irreducible representations of M .

With this we have found the most general form of t({g,q")
for 3"13 < (;_: . The result is given by Eaqa, {(7.10), (7.14)
with (7.13), and {7.19) . The sesquilinear form v [{,4]
on £y x 3%  is then determined by {7.8) for § , £ having
suitable support properties. It remains to¢ recover the correapond-

ing kernels V{xx;x,x,) and continue them analytically.

. X
Remember that we write Vi for V“ s the vector space which ecarries
the irreducible representation £; of M.
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Let Hec J:c 3~ . Then on the one hand h is determined by a
function l;{:, %) of Minkowski slpace arguments x,,%, by

(6 .5) and, on the other hand, it is alsc determined by @h p
according to lemma 9. Let us find the connection,

First we observe that

Kx,?; = qu?‘ﬂ for Py "nj , Pu=Ply,»), S LR ICL A (7.20)

in the notation of (3.8) , and p,,p, are ia P° for spacelike y

by lemma §, It follows from covariance (6.3)
l‘(x1":.) ¥ h{in‘nix‘) = W (Pi 1P l‘(i‘-'x'Pg ’ Exl‘P;)
- w(p’,?;) h(ﬁx'p' N K‘.?ﬂ) = X {p, '?z‘Q“(;x,"nj).

and @h (§) venishes unless S-FK'"“J mod{MA) for some X, and
spacelike y . In particular it vanishes if 9= Anmay with
Ige , vEN ete.

1f we write q- Anyma s then Haar measure ofg = divdn dmda

and d;‘: = dx d.-,“’ = dRry = (-y'fd] . If Qﬁ(ﬁ‘ - Sdb L(b)k’(gb)
then MA

Sda'f(s,ar)k‘(a') = I‘. gdr—rdhu‘b ‘f(a,ﬁnxl’)L(b) k'(ﬁnab)
"S dRoln ffg,;n)ah(ﬁn)

NuN
because of the above mentioned supyort property. Thus finally

¥

Sdaivl: la,ﬂ') L’(sl) - “ (_y*)"’dyd'x t (3,37-‘ ng,yn (P“,P,‘)-- l:\(x‘x:_) .

with X v X, X,e x¢y , P, = "'n, P Pam Ply.R)

Similarly, let {€£y and write {(ﬁ‘)sf(n - 8plitting g =#p
with peP the measure factorizes dg =dhdp @B we have just
said. Some integrations in (7.8) can therefore be carried out with
the help of (7.6) and covariance condition (7.9b). As a result

a7

v el - W\ oy aydxs £007 4 (5, o ngy ) TP BT h (%, xry )

- * ~ N
= X\\ (x-x) ' d’%d"z‘h f(z)* t ("R(xrx.) n;_“.)ﬂ(a N R h (=%}

- for .fc Ex o fe J': . Thus by comparison with (6,11b)}

- B, a4 - -
V("s’Xi "1"1) = (._x;:)lo t (y"'ﬂxnnln)t(ﬁ :Pa.) (7-21)

with P, = n\qu » Py Plx, , R x‘j v X -%

It only remains to insert the previously derived expression for t* .
Evidently, v {-) is translationally invariant, i.e. depends

only on coordinate differences. We may therefore put x«o
According to definition (3,8)

- _ - _
n n, = hz'P(z'“nu‘

Ry

with z'« n,;;z =R (Rz-Ry) and -p-p(z,nus)b

‘e b, p (7.22)

provided bi=2z'", beMA

A suitable b in MA exists if ¥y % are such that z' is positive
timelike. We have z'* =(Rz-wyy® = (2-y)z/z‘y‘ . 8ince y i=s
spacelike by hypothesis, we may put y° = ¢ without loss of

generality. We see that z' will be positive timelike if
z pos.timelike, z-y spacelike or vice versaj; y spacelike (7.23)

We restrict our attention to this case, It corresponds with the

previous assumption that the argument of +* is in the orbit & .

+
According to definitions (7.1), (6.2)

LibYy=w(b,E) with

b=®RER - Ra for bemaeMA , W2 omo™ (7.24)
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*
Expression (7.14) for t (-) yields then

V(zyg;oy) = (g‘)"’ 81! (7)""’- :D'x{p} i w{pb, 'P,_E y! (7.25)

with same b,p,P,,P. as before inm (7.21), (7.22) . Thie is
valid for z, ¥y as described in (7.23) .

Expression (7.22) for p can be simplified. We use lemma 5
repeatedl{. 7 'P(:,nuyjb - p{m.,RIp(RZ\R)b= p(z.ﬂ)hl;?(g"ﬂz',ﬂ)
» plz,®Ybp(-%.,R}-

But p(-%,®) = § ' mod(N); y=generator of r, . Writing
Pz, R)=ymyan_8s in lemma § we obtain

Ped ™ meagh(med W) = §7 ' m_ma,at (med N)
with r = M'an 25 lalt =zt o= {z-y)lziyt o tagi= izt
Similarly
Pat gy P = mya fmodN) with Ja,1= -y* . (7.26)

We will now imtroduce an M-covariant version of i in order
to switch Dx(-p) through t oin (7.25) . According to sp‘inor
¢aleculus, irreducible representations £ of M may be labelled
by their highest weight (4,.7,7; j.,J, half-integer, Completely
symmetric tenmsor representations of rank Jj are labelled {(4j.%j)
in this way.

Lemma 10, Given three finite dimensional irreducible repre-~
sentations £, ¢;.4; of M, define

T = max. rank of any completely symmetrie tensor repre-
sentation of M contained in the tensor product lslgelj

L4

Consider linear maps t{xy : V ‘@Vl

¢ such that

1) t{x} is a homogeneous poclymomial of x of degree L .
2) tix)are M-covariant in the sense that

j:——bv

DYmy ¢ (0 [D% (m)@:n'*'(m:]"-{(m) for meM

A1l such are obtained from U~-invariant maps t as were

with lyl= l‘\‘

39

classified in (7.19) by setting

1 Blmy & [0 my @ DY (my ] (7.27)

tixy =« |x
for positive timelike x = [x*|"* mx .
Conversely let t(x) defined by (7.27) for positive timelike x .
Then it can be analytically continued to all =x and satisfies

1)} and 2) .

We shall relegate the proof of this lemma to Appendix A .

_F'Since representations ZDX of MAN are trivial on N we have

D (p) = :Dx(mza,'g) for z <V, , wih Alm ¥ la 1 = 22#2"-g#ve?

by lemma 5. Moreover (m_a,bx}" « (2217 A{m V' ta,i (82"} , whence
e (z-yr'zt x _ Z-¥ }
myayhx S lEm T e

Now we are ready to use lemma 10 to switch ’_Dx(p) through t in
(7.25) . At the same time we insert the definitions of 81:”,‘, and
®(-,-} . They give & (p)« laga”*i*

- (_P'b s ?l; )" - j)xi (mq)'@ :DX, (m’n’r—;q" )”.la’\"' .« Altogether
- .l e e €i-gy
v(zg; 0y) = dy ST (peey)? ”:(llzz.;.)’
- & L r~ e
"f:(—:-l- _L‘(:__y,;)[b (mz)SD’(m:mm'm, )] (7.27)

11"* ate, We use lemme 5§ again to evaluate the argument

A~

t.
of D% . One has m «g and 80 m=x=mmy = m m_.ﬂy"‘

~ ~ ~
I-m"m = mz,m 2 ™
- ~ e~ -1 - ~ oo
m m m m m
Thus pmomiim e . mR’_-u, y - z-y

Irreducible representations & of M= SL(2¢) are extended to
GL (2€) in a standard way. Suppose { has higheat weight (j,,1.),
thenone defines : :

il

im g+, ',fl)z(pn1)=p -'D'(M) for meSLQC), peC . (7.28)

With this notation, Eq. (7.27) becomes

~24C-Ci-

-1-:.':;-1|£i,|-g|¢j] (Ill Yi'“

it (lz “l-y‘) hz-y?

V{zx;oy) = iyl
(7.29)

- f; t
(% - (%,J[:” (zyedi(z-y] -
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This is valid for =z positive timelike, y and z-y spacelike.

4in expression for arbitrary arguments is obtained by using the
' spucti-um condition, viz. lemma 7. We note that expression (7.29)

is real analytic in its domain of validity. Thia guarantees
uniqueness of analytic continuation to the whole domain of
holomorphy given in lemma 7., As a result we have the following
propoaition 11. Of course kernels V(xx;x,xz) depend also on ]
spin and dimension y «{¢;,d;] !‘Xj'j[-lj'd.jl of the fields & (x3, ¢ (k)
whose product we want to expand. We shall therefore indicate

this dependence by writing V("X 'v"ﬁ(a."ﬂ(]) = V{xyi%x) .

Proposition 11. Let V(";'Xi"{!. x,%,) A 3-point function
which satisfies the spectrum condition (lemma 7) and which
is conformal invariant in the sense explained earlier, with
transformation law specified by ¥, - [L .24, 'xle[ll.h-ci],x: [t 2+e]
{In this,e¢ ,c,,c are real, 4,,£,, ¢ finitedimensional irre-
ducible representations of M+ SL{2¢) acting in vector
Bpaces V!hvt‘, vt 1. Then
-5 -8 1 - F,
LR 2 L n .
V("ﬂ( ARSI RNCEM) (%) . (‘x"'f’) tl_ (7.30)

(- Yoty bl (k)

x5 (-x;l))[ tead}® D (53* i
with S, = f{2-crere,rE), Bye &y, m are-L o2l te21V; 8 8, - 00cy,
and t(x) are limear maps: yhigyli,s yt which satisfy the
hypothesis of lemme 10, {{| etc. and L are defined ip
(7.28) and lemma 10, 1f L@ &L does not contain a completely
symmetiric tensor-representation of M , then a conformal in-
variant 3-point function does not exist, An if -prescrip-

tion is understeod,

{7.31)

o LS . 0 o 3%
("‘i}’ . ['(*1"‘]’ ¥ l}_’(x.‘-x,ll

s
x = x"g +?§x"r"- , % Pauk mahean .

Expression (7.30) is a well defined disiribution for arbitrary

€y ©qy Cy -

Corollary 12. Let V ("xk" X%, X%y ) a conformal
invariant 3-point function which satisfies- the spectrum
conditions for a 3-point Wightman function. Then it can
be analytically continued to the permuted extended tube
and satisfies all the Wightman axioms for a 3-point
. R, # 4b i
Wightman function {2, 6" ¢ (xo ¢ ()0 ) of three
possibly distinet local fields (with Lorentz spin and
dimension X, = [£,,d]1 ete.).
When two of the fields are identical, the Wightman 3~point
function has further symmetry properties, These are not auto-
matically ensured by (7.30).

Remark, The kernels v {xx; X%, X3X,) are not Clebach Gordan
kernels for the tensor product X®X, of UIR's of a® . Indeed,
states cﬁ'(x,)#’(x;)ﬂtransform in general according to a unitary
representation of G“ which is not a Kromecker product,cp.
epilogue of ref. {5]. In particular it restricts to a nontrivial
representation of the center of G* , while for a Kronecker product
of irreducible representations every element of the cemter would
have to be represented by a multiple of the identity.l

We ndd some remarks on zero mass8 reprasentations. Most of
the UIR's x of G”* with positive energy have continuous mass
spectrum, but there are also zero mass reprasentations fcp. 171
and proposition 6). A priori they could appear in the conformal
partial wave axpansion' (4,2) and them alse in the light cone
expansion {1.2). We shall now'érgue that this only happens in
exceptional cases.‘

Let us first discuas the meaning of this., Suppose 45(,‘) is
a local field and Q¢$ITL =0 , Then alse OP(X) » 0 because
a local field can never anihilate the vacuum. Therefors d¢(x}
ie a free zero mass field. Appearance of zero masé represantations
in the conformal partial wave expansion would therefors mean
that there appear massless free fields in the operato-r product
expansion, This can happen. (Example : The expansion of the product

* This observation originates in a remark made by L. Castell some
Years ago.
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of a maseless free field $(x) with its stress energy tensor must
contain ¢(x} again). But it happens only im special cases.
The reason lies in the nonexistence of m suitable 3-point function.
Considered as functions of x , 3-peint functions V(X% ; X% X X!
must be in the representation space ?5‘ . 48 Buch they must
satisfy a spectrum condition. For continuous mass representations
it says that the Fourier transform “V'(?x5x1-x‘ %, Xz) has
support concentrated in the closed forward light cone, pe¢ 7_,, .
Because of the tf =prescriptién, expression (7.30) eatisfies
this condition.

If y 1is a zero mass representation, however, elements
of ?’x satisfy certain differential equations, in particular
their Fourier transform is cohcentrated at p = ¢ . Expression
(7.30) does not meet this condition iu gemeral. Consider for
instance the scalar case £« 4, « id. , ¢*-1 . The Fourier
transform \7 ie given by Eq. {(8.4) below for this case (Caution:
the limit ¢ -+ -1 must be taken with care in order not to lose
contributions concentrated at ¥ =0 , cp. after (3.20')). We see

that V' cannot vanish identically for p in the interior of

the forward lightcone unless the argumeat of one of the I'-functioms

iy front is a nonpositive integer, i,e, ¢-¢, 15 an odd integer.
~
More careful inspection reveals that V.(T"'i X, x,¢, ) is

concentrated at p'=0 if and only if e -¢c, = td, .

- Go('pc-‘)gc‘ ¥y€, ) = Sd"a ¢ R (‘x:‘,‘)

43

8. Recovery of kernels B(px;x x,) -

We introduce the Fourier transform of 3-point functions

with respect to the first argument

V(P'Xs".?(‘ %) < dee e 4 TER BN (8.1)

The kernels .ﬁ are obtained from them by Eq. (4%.1), vi=z,.

';(‘PX': %, %K) * A’f_(?) BIPX: %%, %2 %) {8.2)

where A’i (p) is the Fourier transform of the 2-point function
(intertwining kerne]:) {3.20). As we discussed earlier (in Sec. 2),
kernels B are nonunique and determined cunly to the extent that
(8.2) determines them.

We consider the scalar case first, We introduce a special

notation for this case
VO{xe; xe, 20 ) = V(XX 5%, %% )
B (xe; x,e, 5,6, = BIxY; 0% %) gte, (8.3)
with ¥ - [id, 24c], x, = Did, 2+c,], %= Lid, 20¢1
where id stands for the trivial l-dimensional representation of M .

From proposition 11 we obtain (same notation 7.31)

2 leree42)
3

e e -1) 4 (-e-c vy

("‘;l) ”('*

1
- -1 Flc-e-eq-2) Yerg-qy . yE(C-geey
s Ples)r(Eximaat Y r(Carat Y (-x)) ) gdu A IR LE b
L . -c-1
Y A RY CIN TSN w(i-u) x5 - ie {(z(w® - x) ]

with z{w) = ux + [(EATRE . The second equation was obtained by

inserting the standard integral representation

' -y
APBH o e PEY 07 (da w7 o) [uae (enn] T
Q



The Fourier transform of the generalized function [-x*+at+iex]”

is well known for a*» o , and Bo we obtain _ forx, <o,

~ _ -4 . 2 -1 N -k (g e+ 2) .
Vo(pci*,ﬂ,i‘;c;) - 2%} r.(c+c,1c,_+z) l"(‘ C1;C;' ) '('xu

h 4
ol (75 O ¢ P 0T (13 (a1
o

. _ : (84)
J. is the Besael function, @(p) 4 for p€¥, and 0 otherwise.

The wu -integral is regularized by analytic centinuation in ¢ [16].
Yalidity of (8.4) for srbitrary x,,x, follows by uniqueneas of
analytic continustion. Dividing by AY(p) we obtain finally

ioﬁ“i xc, %) » h.i(c)" PRC I cycl;c,;:.)-lr(c-c.?‘ﬁ,)-l(. ‘;.)'i(?‘ngz)
1 ¥ (e~ b
o (525)
fofpt\_/‘_, ow'dl‘ fe- puncaiphed (7313 . (&5)
with & constant n:_ (¢) which is determined by the normalization

of the sealar 2-point function, ep. Eq.(3.20')}.
We Bee by inapection that 3° 1nas the holomorphy properties

in p which were stated in proposition 4, It is equal to
(-,‘; “'ul: }" times &n entire holomo:_-phic function in
x,,x, aodp , . and so it is & generalized function of «x,
and x, which is holomorphic in the parameter p .
Let us now turn to the general case. Eii.first' two assertions
of proposition 4 are clear from Eq. (8.2) and propesitiom 11,
viz the clasaification of 3~point functions v . It remains to
demonstrate holomorphy in p . Thie can be simplified very much
by remembering once more the arguments of Sec. 7. '
Let J;(x, *y ) an arbitrary Schwartz test functiom with
values in the dual of vigyft and

,'Bf (x) * .Sd"rd"l BOK s %X, ¥ X ) b (%) {8.6)

e ip[ux, + (1-u)x, 1 ('-lp")-chac ([-u(l-u)x?lp‘]’&) .

Coug

The kernels B have the following propertiss which define thenm
(Eq. (8.2) is & corsequence , ¢p. S« . h ), ) .
l, As functions of x, and x, kernels ;B(xx;x..x. KoKy )
transform in the same way as V([xx; %X, %:%;) « LI.e. they
are both restrictions of cross sections on Mxm , at

least for x,:' <0 4 cp. Sec. 6 1.

2. 4s functions of x , kernels 3B (xx;xX,x,X,) traneform like
elements of EX « The smeared kernels ,1:(.1) are in the
Hilbert space EX s Yizm. .

' X = ¥ X =¥
(¥, 8% - Sdp. BY (Al B @ <= (8.7)

3, Kernele JB(xx;xX,%X,) are conformal imvariant,

The statement of the transformation laws 1, and 2, gives meaning
to 3. ] }

Let § & function in the representatiqh space Ti ' ,‘(‘.[I,z-c]
¢ real, and define {’(x) ={(~x) « Then f’ ‘transforme like an
element of £y , % = [4,2+c]. This is seen by comparing Eqs. (3.15)
and (3.,19) and noting that the phase factor e’ 4 definition
{3.12) can be reverted by a space time reflection o (It takes T-»-t)

E -~ -€ in the notation ‘of Sec. 3), while

Dlm™ w D (m) = M D (TOmem)

"It follows that Bxy, %, %, X3%X:) transforms in the same way as

a function of x as. 'V(-x§ 5 “yntx‘_x*.xz) « They are both con-
formal invariant and they also have the same transformation law
as functions of x, % . This is o because V{~xX;-x, %, -%%,)
transforms in the same way as a function of x, .x, as
V{xx s % X, LIS O [for (*.“';’tﬁ‘ 0], since only the restric-
tion of representation DX to F° = MAN enters now (cp. Egs.(6.2),
(6.3)) for which the phase factor eiﬂnc in (3.12)} is absent.

In conclusion, :B("‘,X P %K, "AX;} has the same conformel co-

variance properties as V("‘i K, K, %Xy )
. 4 t 1
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Moreover, we see from propesition 1l that

V(%% %% %%, = ¢ (g %q - x5 %3 ) VO (xe', x0e x,8)

PP ST AT 1T A B MU AT LA (Re1,2) . 6.8)
with 4+(x) a matrix valued polynomial whichk satisfies the hypothesis
of lemma 10, This motivates the Ansatz

Bxx; %X %Ny} = t (":n ®31 " x;x“) B(xc¢; ¢, x,€, ) (8-3a)

~g'x-c+Iw ili‘l-l»'llt‘\ K ‘

with t(x) a matrix valued polynomial which satiasfies the hypothesis
of lemma 10 with f,l,.f, substituted for {,{ &. Correspondingly

5 5 ° : ]
3(?7(3 %, %s X2 Wa) = *(x:lxu'-x:lxll);n (?cri X006, 0 ) (8.8b)
whare now  x,, --L% -x, 3 ¥y !-L%_x‘

It is clear th&t this defines an entire function of p bvecause the
same is true of ﬁ“ y and application of a differential operator
of finite order ¢anmot destroy holomorphy.

Therefore, proposition % will be proven if we can show that
Ansatz {8.5a) is general and satisfies the conformal covariance
reqiirements 1~3 supra and (8.7) . It suffices to do 8¢ for
relatively spacelike x, , x, because B (7% ; %X, ¥a%,) shares the
analyticity properties (lemma 7) in x, and X, for pe sptr.y .

Concerning generality, we only have to count. Given y,x,.X.),
there are according to Eq. {8.2) as many linearly independent kernels
B (PR XX XX ) as 3~point functions V (xx; x,X. % %, ) .
In view of proposition 11 it only remsins to verify that the
number of linearly independent polynomiale #(x) satisfying the
hypothesie of lemma 10 remains unchanged when & is sub-
stituted for £ . These polynomials t{(x) are in one to one
cor{eapondence with W -invariant maps i +» The vector spaces

Vt' and Ve‘ are the same, and representations

I and ¢ agree on U . Therefore every U -invariant map

Tt Cpr Ll b (ket2) . o [h 20 ek
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1. vt t

v ‘@V“H v is at the same time a W -invariant map from
vh @yt 4o vt and vice versa. Therefore there are & forteriori

equally many linearly independent ones.

Next we discuss finiteness condition (8,7). It follows from
(7.30) that ?(px;xix‘ x,X, ) is a tempered distribution, and there-
fore, by (8.2), i(p}(‘,'x";(1 x,%,) 18 polynomially bounded irn p for
pe 7+. The Fourier transform ;'.('Pf'Pa.’ of any Schwartz test funotion
h(x,x,} falls off faster than any power of total momentum p, +P, .
Because of momentum conservation (translation invariance), also
E:(p) talls then off faster than any power of p for i)t {T:_ « Since
it ies alsc «w differentiable {ever holomorphic) in p, it agrees with a
test function on the support of Ai(p), and therefore
gdp- ;ir (?)"A’f_(p) ir('p) <o - This proves (8.7).

We turn to conformal covariance of Ansatz (8.8a). We need only
consider the case of relatively spacelike x, and x, .
According to the discussion of See¢. 7, conformal invariant

3-point functions are determined by matrix-valued functions {*(g)

on the group G* which satisfy a covariance condition, viz. (7,11).
G* decomposes into three open orbits G: , G and G: rlus some
lower dimensional submanifolds. On each of the orbits i*(g) is
fixed once it is known at one point, Conformal imvariance alone

does net relate the values of {:*(3) on different orbits however.

We showed that {-.*(3) for gEG:_ determines the 3-point function for
arguments %, , x, x #auch that x-x, is positive timelike and

X-%, spacelike, or vice versa { x,-x, 1is spacelike by '
hypothesis}. G* is obtained from G: by spacetime reflection,
and G:_ is the open interior of what is left. Let us introduce
step functions to match '

1 ifx—x1 €V, , X=X, spacelike, or vice versa

e, (x; %, %} = {
0 otherwise

4 if sign (x-x = si x- %, }
0. (x; x, %) = { s.( 2 ) go (x- %,
¢ otherwise
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signx. is defined to be t1  if x¢V, , and O 1if x is
apacelike. Note that x-x €V, , X-%, € V. is impossible if
x,-%, is spacelike, therefore 9; ryo +g_ %1 foralx.
It follows from the orbit structure that

[o,9, (xixx) +a, 8. (x %% 3+ a3 6, (e x MV {ox X 5 =% X, - %%, ) (8.9)
has the same conformal covariance properties as V(-'M“(' XK, % XD
for arbitrary constants a,,a, . q;"(for x,-X, spacelike).
Moreover, in the scalar case { t,+txid , expresaion (8.9) is the
nost general conformal invariant 3-point function because then
+* (1) at any poiunt ge G* is simply a number. It followe that the
kernel B(xX ;x, ¥, ¥ X.) 18 of the form (8.9) in the scalar case.
Put then the Ansatz (8.8a) ensures ‘that the same is trus in
genersl, because of identity (8.8) for v , and Bo the Ansatz
(8.8a) is indeed conformal invariant. ‘

There is one technical subtlety involved here. Qur discussion
s0 far has been for singular funmctions of x, ,x, and x , that is
functions which are defined everywhere except on some lower
dimensional submanifolds. What we need is distributions, though.

So the question arises whether there exists a conformal invariant
regularization. The regularization is unigue (within the limits
discussed in Sec. 2 ) if it exiats, because B (pyx ; x, %, X, X, )

is boundary valus of an analytic fumction of x, and x, for pe sptr.y .
For some range of ¢ , it is an integrable function of x, and x, .
Elsewhere it can be defined by analytic continuation in ¢ .
Explicit expressions (8.8b) and (8.5) show that this is péssible:

at least after a change of normalization has been effected througk

‘multiplication by a!{c').

In conclusion, we have found the kernels if-px; X, %X %) which
snter inte the conformal partial wave expansion of Sec. 2. They are
given explicitly by Egs. (8,8b), (8.5) and Lemma 10, and they have
the propertiaé listed im proposition &,

% Phis is consietent with the remerk at the end of Sec.7 since
B{pxix, %, T.%,) may vanish at p2=0.

¥4

Acknowledgement. The author is indebted to M. Lﬁécher, B. Schroer
and I, Todorov for discussions.
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Appendix A. Proof of lemma 10Q

L3 A
The first part is easy. Given t{x) , define ¢ La t-+(xy

Then @ is W ~invariant by covariance condition ii), and formula
(7.27) follows from (ii) and homogemeity, As for the converse,
we note firast that definition (7.27) of +t{x) for positive
timelike x wmakes sense, i.e. t(x) depends on m only through

ma = x/|x‘|'h because i is invariant under the little

group 4 of X , It remsins to show that t{x) is a polynomial.

Let £~-vL{vt, vk @V‘i) the vector space of all linear

maps from vi o v"-@ v".i + It carries a representation of M
given by Dim)e = :n'(m)v[‘n"(m':Q:D'j(m)]". This representation
is isomorphie to the tensor product t@l;@fj . Because

of Fermi-superselection rule, it is a l-valued representation

of M/r, »30,(31) . It may therefore be decomposed imto

irreducibles which are all tensor representations of M . Thuse

E-@EF s sum over irreducible representations of M con-
tained in {@L ®¢ , with multiplicities. t is a U -invariant
vactor in E , it decomposes as i- £ chv“ with complex

coefficients <,  , and vk a normalized W ~invariant vector

in E* . Such a vector exista only-if E" carries a completely

symmetric tensor representation; let its rank also be denoted

by k . The components of the vectora )gk(mi)-l)(m)u" are

called spherical functions for M . It is well known that

“Ju(") - lxzib’z ’ﬂh(xﬂ;‘) are pelynomials. So +-Lc ix'l )gh(n).

A3 -k}

According to Weyl's unitary trick,

representations of M/, = 50,(3,1) are obtained from represent-

ations of S0(4) by analytic continuation. SO(4) has nontrivial

center, So(4)/Z, = SO(3)xS0(3) . Now !@!i@fj. either

comes from o one~valued or from a two-valued representation of

S50{(3Yx50(3) . In the firat {(second)} case it contains only
completely symmetric tensor representations of even (odd)

rank ® . In any case L -R im always even and » 0 , because

xr
t(x)

is the maximal value of k by definition. This shows that
is a polynomial. '

4,
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