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Convergence of operator product expansions on the· vacuum in 

conformal invariant quantum field theory 

G. Mack. 

II. Inatitut fUr theoretiscbe Physik der UniversitRt Bamburg 

Abstract: In a conformal invariant quantum field theory ~n 4 space 

time dimension~ Wilson operator product expansions conv·erge on 

the vacuum, because they are closely related to conformal partial 

wave expansione. 

1. Introduction 

Let c:/>~(x) , cj>J ('j) 

According to Wilson l1l 

.., 

two local quantum fields. 

their product should admit an 

asymptotic expansion at short distances of the form 

.p'(t•) .p1{-tx)D • z:c'i"cx><l>"<•lfl· 
• 

(l.la) 

Herein ~It are local fields, and C~j~(x) are singular c-num.ber 

functions. In a scale invariant theory they are homogeneous 

functions of x. The expansion is presumably valid for all 

states {). in the field theoretic domain 2 whict, is created 

out of the vacuum by polynomials in smeared field operators. 

We shall however only consider the special case 

n = vacuum 

Studies in perturbation theory [11 indicate that -expansion 

(1.1) is then valid as a~ asymptotic expansion to arbitrary 

accuracy for matrix elements ( "t, 4>"Cx"'l cJll(yl n ), 'If in 53 

This means that the error in a truncated expansion can be 

made smaller than any given power of x' at sufficiently 

small distances II x.U by taking into account sufficiently many 

terms. (For more precise formulation cp. e.g. Appendix A 

of [>] ) . 

Asymptotic expansions need not converge. For instance 

the asymptotic expansion near y = 0 of the function 

/<"J) • exp(-r/y) of one positive real variable y in powers 

of y vanishes identically and does therefore not converge to 

the function f 
Among the fields q,lt there are derivatives of other 

local fields. In general there appears 0 14 ~ etc. together 

(l,lb) 



:l. 

with any nonderivative field + 
theory, non-derivative fields ~ 

conformal transformation law [41 

• In a conformal invariant 

can be recognized by their 
, viz. [cf(o), K,....] • 0 

KP ~ generators of special conformal transformations. 
From the work of Ferrara, Gatto and Grillo one knows [~J 

that conformal symmetry imposes strong restrictions on the 
coefti.cients CLjk in (1.1): The terms involving non-derivative 
fields determine all the others. Using this, the terms involving 
derivatives of one and the same nonderivative local field 
can be formally summed. Here we will prove more : 

Theorem 1: Consider conf9rmal invariant quantum fie~d 
theory {in four space time dimensions) and suppose that 
vacuum expansions (1.1) are valid as asymptotic expan­
sions in·homogeneous functions of x to arbitrary accuracy 
for ('t, .p'(t•) .pi (-!x)n) , 't in :0 • Then 

cpi. 4>J n admita a convergent e:z:pansion, 

oj>'(xl.j>i(•J)fl • .;' ~cl• ~'m.:'~ ~~'i (t; •yl 

l3 k~j are generalized c-nuDI.ber functions. Summation 
ia over nonderivative fields .plt only and integration 
is over Minkowski space. Convergence is strong convergence 
in Hilbert space after smearing with test functions /(xy) 

The result is valid for nonderivative fields ,.PL , ,PJ of 
any dimensions d1 , dj transforming according to arbitrary 
finite dimensional irreducible representations -!._ , .li of the 
Lorentz group M ~ SL(2C)~ Multispino~indices have been sup-
pressed. 

The functions ~-lj are to a large extent determined by 
conformal symmetry. Let lA" SU(2) the rotation subgroup 

(1.2) 

'i 

of N and denote by M ~ the sets of all finite dimensional 
irreducible representations of M reap. U. • Write 'X;..,. Cl-.,c( J eic •. 
We shall show that functions ;sii~ are linear combinations of 
a finite number of kinematically determined kernels :B 15(z'Xu X Xi. yX.l 

~ J. 
Given X-. , Xj and 'X., they are labelled by 

_( < M .scu ~ ~aJ. .sc.f. ant:( icl-®l- ,.lief. .. • l • (1.3) 

® etaAde for the Kronecker product, and C means "is contained 
in". If no pair (s,l) .satisfying (1.3) exists, then <Pt{ cannot appear• 
in the operator product expansion of .p' .pi 

Example: 4> i , cl>j scalar. Then --l-c "" .ij "" id., the trivial 
!~dimensional representation. So!= id., s = id. and l1c must be 
a completely SyDWletric tensor representationt ~iJit ia then unique 
up to normalization. 

1. 

2. 

The proof of the theorem has two ingredients 

The Hilbert space of physical states carriea a unitary 
representation 'U. of the conformal group a• = universal 
covering of 80(4 1 2). It was shown by LUscher and the 
author that this is true even if one only assumes weak 
conformal invariance, i.e. invariance of Euclidean Green 
functions under SOe(5,1) or it~ 2fold spin covering (Sl 

All unitary irreducible representations of a• with 
positive energy are finite component field representations 
in the terminology of [6] • This result was proven by 
the author in [7] 

Using these facts one can derive partial wave expansions on G • , 

i.e. decompose Sdxd"J I (xy) 4>i. (l() ~j ('j) n into 
states which transform irreducibly. Because of the Plancherel 
theorem, partial wave expansions are strongly convergent. 

"' !'or massless tree fields ~~~()!;\there are further restrictions 
beyond this, cp. end of Sec.?. 
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They are here at the aEme time asymptotic expansions.· Comparing 

with (l.la) one finds that they can be rewritten in the form (1.2). 

An independent proof of the theorem for theories in 2 apace time 

dimensions was given by LUscher lBI. He ~sea different methods em­

ploying a eemigro~p. Interesting further results on 2-dimensional 

modele were obtained by RUhland Yunn [9]. 

We conjectured in (lOj that the assertion of theorem 1 would also 

hold true in realistic theories with mass and without conformal symmetry. 

Let us mention that one can also give a dynamical derivation of 

the vacuum expansions (1.1) themselves in conformal invariant quantum 

field theory (QFT). This ia discussed elsewhere [11} • It is not, 

however, a derivation from Q1T axioms and conformal symmetry alone: 

One also needs Lagrangean integral equations to identify composite 

fields, and meromorpby of Euclidean conformal partial waves in dimension 

must be assumed to get a discrete expansion in the first place. 

Pinally, the following corollaries of theorem 1 may be of 

interest. 

Let Pr I<,... the generators of translations and special 

conformal transformations, respectively, and 

H • -\: (""P
0 

+ K") the "conformal Hamiltonian" 

Assume that the hypothesis of theorem 1 hold for arbitrary 

products of fields + l, ~j • Let / test functions and 

tP"cl> • jch:J(M)+"<)(> smeared fields. 

Then we have 

Corollary 2 • The Hilbert space X of physical states 

-5 

is spanned by states of the form 

smeared fields, !l =vacuum. 

.p~<q)n. • <P' (f) 

Corollary 3. The conformal Hamiltonian H 

discrete spectrum with eigenvalues w•O 

has a purely 

(vacuum) dncl 

w"' d" i-1'1'1 m,. o, 1, 2., ... 

d .. dimensions of nonderivative fields in the theory. 

CorOllary 2 is obtained by recalling that finite products 

,f' <1. ) .. ' <j. '• d. ) of fields generate a dense set 

of states out of the vacuum according to the principles of 

QFT. Then one applies theorem 1 repeatedly. 

Corollary 3 follows from corollary 2 because states 

~k(fJil for given k span an irreducible representation 

space of • 
G ' 

be of the form 

with spectrum 

w" d~z-4-"" 

of H determined 

d, • dim q," 
in ref. [s] 

• Because 

only a discrete number of fields appears in the operator 

product expansions by hypothesis, the corollary follows. 

to 
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2. Harmonic ana1ysis 

We wiah to decompose t/>~("l~j(y).f'l into states 

which transform irreducibly under a•. It will suffice to con­

aider eoalar products ('i, q,i.(,q q,.i<~lf"l) with states ~ in 

the dense domain ~ 

For simplicity of writing consider first a theory of one 

hermitean scalar field <P (x), and tf i. • + i .. 4> • The 

Wightaan functions are 

hi (•, ...•• ) (n,<j>(v,J ... .j>(x.>O) 

Let !· I:w ;/,., the space of finite sequences of Schwartz 

teat functions lo • 41 (X1') ·•• fw ()( .... )1.,.) • The sub-

(2.1) 

apace f. coneiata of a sequence with only one DODYanishing 

ter11 f~(xl' x2). The fi~ld theoretic domain :3 consists 

of Yectora 

"t (~l • ~ ~clx, ... <lx, fk<x, ... •,><I>C•,>···<I><••'n; #<f. (2•2) 

Accordinc to the reconatruction theorem, the dense 

domain ~ in the Silbert apace 1(. of ph;raical states may 

be identified with a space of continuous linear functionals 

Pa ~,.... <:r, t> on;/ , i.e. eequenoea F =- (J'.,),h 0,41 _. of genera­

lized function• "Fn' 1.: • We shall write "F(z, ••• z"') in place of 

r
0

(z
1 

••• z_) and uae functional notation, 

(F,/> -s ~ ~dx., ... Jx.._f(x4 ••• w.,>J.,(x, .. x,.) 

The identification ia euoh that 

J:'' 2> if and onl;r if F • Wf for an t in t , with 

Wt(x, ••• x.,) 1: ~ ~dy, ... olylor: j (y"' .. :Y, l W'(y, .. v.x, ... x") 
{2.3~) 
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The scalar product on ~ becomes 

("J<({,>,"J:<f.>l • <wf,.f.~ 

Since the Hilbert space 1{ carries a unitary repre­

sentation U of a• it can be decomposed 

X·\<~r<x>llx 

'• /-4 a measure on the set G • {'X } of all unitary irre-

ducible representations ( uiR 's) of G • • :It X consists of 

a direct sum of irreducible representation spaces which carry 

equivalent UIQ 's 'X 

In particular, states wf in 2 may be so decomposed, 

wf • J <j- <1< 1 r" r~M.. 'Jtx 

Since an irredu.cible representation apace of G * must 

(2. 3b) 

(2.4a) 

(2.4b) 

be contained in X ae a whole, the spectrum condition allows 

only UIR' s with positive eneriY• All such have been classi­

fied in (7]. First there ie of course the trivial 1-dimenaional 

representation. The othere can be l.abelled by 'X • [.t,&] , I. fi M a 

finite dillensional irreducible representation of K ~ SL(Ze) 

("Lorentz spin") and 8 ~ a"'i" (l) real ("dimension") ' cp. proposition 6. 

below. The UIR 'X may be real.ized in a apace 'J"X ot (generalized) 

functions on Minkowaki apace· with Y8luea in the finite dimensional 

representation apace vl ot the Lorentz group M. Functione qt in 'f"X 

satiaf;r a ape1trum condition, i.e. th1ir Fourier transform is 

supported in aptr. (X)' V+ , the closed forward cone. The actio• of 

TX(g) of gc G" on functions lfl in '1'JC' will •e re•bwe• later on. 
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Consider·isometric intertwining maps" 

;B"' T - ll~ 
X 

such that )-C~>;BX .. ;s'X'u(~~ for g in G" • 

i.e. ;B ')( preserves the norm and commutes with the action of 

the group. Every vector F" X in :J("( may be written in the 

form F X ., ;s X ep X where ;B .'J( is an intertwining 

map as were just introduced,and c,X'-€ T 1 • Both 

,":8 X and (fJ X are uniquely determined by F'"' 

W• may assume that ('1f'(f) ,n) = 0 • The trivial !-dimensional 

representation of a* will then not appear in the decomposition, 

because the vacuum n is the only Lorentz invariant state. 

The decoapoeition (2.4b) becomes 

wf • ~d;<<x> ;aX 'fx with c.p'K E r· 
K 

(2 .5) 

We restrict \Vf to a continoua linear functional Wj{x,x~) 

on :/,_ • Since 

~ (•xix;-<,l 

~X ia a function apace there are kernels 

associated with maps ~X such that 

("k(fl.</>(x,)<j>(x,ll1)• Wf(x,x,>• J"r<x> jdx<flp.f'Jj~•X•"•x,l (2 ,6) 

The kernels are singular functions with values in v1; we write 

~*~~ for the scalar product of two vectors in v1 • Often, physicists 

write indices ~!Ba. (sum over e1). 

Since functions cp in T" satisfy a spectrum condition, kernels 

B(x X; · ·) are nonunique aa functions of x. In particular, the 

Fourier transform 

i (-px.; xi X1) ~dx e ~px ;:8 (xx; X1 x~) 

is only relevant for pE sptr.(?()fV._ 

W• shall count kernels B(xx;··) only ae'distinct if 

differ for some cp in :r~ 

(2, 7) 

;f(p )~ B(px;x~ x.._) 

v 

The intertwining property (2.5) imposes strong covariance 

condi tiona on kernels B • Further restrictions come from the 

spectrum condition for states f>Cx,lD. • We write Yt.>Y, if Ya_-Y
1

£V+-· 

Spectrum condition and covariance imply 

Proposition 4. Let ~(p) the Fourier transform of an arbitrary 
- . -element ofT X • Then Cp<pl ;B(p9{J x.x.t) iB boundary value of a 

holomo:rphic functio~ of zj •Xj + iyj (j:::1 12) in the tube 

y
1 

"> y
1 

"> a. Kernels B(pxj X1 xl.) are linear combinations of a finite 

number of kinematically determined functions B15 (pxj x, x.t) (at 

most one for scalar .p .. <f.t,.,q:,j) which can be labelled aa in (1.3). 

Moreover, they can be analytically continued in p to entire 

analytic functions of p. 

Proof of proposition 4 ;.!ill be given in the following .sectionst 

explicit expressions for ;! will be given in Sec. 8 

Let us return to expansion (2.6) • It ~emains to be shown that 

i} the measure r<xl is discrete so that 

( ~ ( fJ , 4> (x, l <} (x', ll1 ) • f J <lx 'f X. (xl* ,l3 ( x X,; x, x,) 
(2 .8) 

and ii) , 

epX'(xJ"• (~({), o4
(xll1) 

where 0& is a nonderivative field appearing in the Wilson 

expansion (1.1) with dimension dk and Lorentz spin l. 

if x.· [R.,ot.J • Later on we write ;a• for ;B(,x,,,,) 

We shall use the hypothesis that Vlilson expansion (1.1) is 

valid as an asymptotic expansion at x = 0. We will derive 

from (2.6) an asymptoti,~ expansion at x = 0 in homogeneous 

functions of x • As asymptotic expansions in homogeneous functions 

are unique, (2.8) can then be deduced by comparison. 

By propositioil 4, kei-nels i3(.-p')( 1 ~,~,.) are entire functions 

of ~ • They may therefore be expanded in an everywhere con-

vergent power series 

,i (PXJ'fx -{:x) 
M Xr 
L. C (xl;>fl "1'1' 
r• o f3 ' ~ 

I'. (f',"/'· l 
(2. 9) 
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For reasons of dilatational invariance one has for ~c.al ).,.,. o , 

"'' cf' (hl·:l.-•••s.- c x, (•) 
(' 

for X • [.l, S J , d = dim 4o (
2

.lO) 

(or, more generally 2d 5 ell + dj , d . . • dim .._;,; ). 
~.J 't' 

We will insert power series expansion (2.9) in (2.6) 

(>t<f> .P<t•l oloH•>n) • r du(x > r <~p r; c "'· <•>p ···lll' .;;• <p>* cu• l • j, J .. (l (3 .. ~ 

Suppose that in (2.6) f is a sequence of test functions whose 
7ourier transforms have compact support. Vectors 1((f) with such 
f are still danae in the Hilbert space )( of physical states. 
hcauae of aomentua conservation, the Fourier transforms ;px(-p) 
of (fl\xl will theu also have compact support, and so q:t"(x) 
are infinitel7' differentiable at x=O (even entire in x). Because of 
lloaoseneit7 (2.10) , expansion (2.11) implies the following aeY!Ilptotic 
expenaion 

('t(fl, .P<N+<-t•Jn) • f ftcx> Jdp c;• <•>pl'o ·1'1' • .;; ~(p>* 

• ;. ~dfl'('X) C' C~"-(JC) Vfl{··· ~r 'f" (o>* (2.11°) 

where it is: understood that a\UIIZatioa. and integrations f f~<x> are 
rearranpd in order of increasia.g 8+~ • ('X•[.t,S]). 

Expansion (2.11') can reproduce Wilson expansion (1.1) only if 

(2.8) holds true. It follows from (2.6) and (2.8) that expan-
sion (1.2) is true on a dense set of vee tors 1' ( /) as des-
cribed before (2.11'). Being a partial wave expansion it is then 
generally true and strongly convergent as stated in our theorem. 

At the same time we see from (2.9), (2.11') how the coeffi-
cienta in the Wilson expansion (1.1) are obtained by 

expansion from the kernels :8 '('?'X~ x-1 " 1 ) • 

We have written our formulae for a scalar field 

power aeries 

4o. <~>'· "'j 
They will however remain true generally if interpreted correctly, 
i.e. with appropriate indiceS ·SUpplied. The analysis of the 
kernels .:B 

sections. 

will be done in full generality in the following 

II 

It only remains to prove proposition 4. The sequel of this 
paper will be devoted to this problem. At the same time, we will 
obtain explicit expressions for the kernels i(pX;x1 x~), cp. Sec.8. 

One could try to determine the kernels B by imposing infini­
tesimal conformal invariance. In fact this program was already 
carried out by Ferrara et !!~]for the scalar case even before 
global conformal invariance was understood, and proposition 4 is 
implicit in their work for this case. For general spin the infini­
tesimal method becomes too complicated. We shall therefore resort 
to global methods ~hich are more powerful.[In applications one wants 
to apply theorem 1 repeatedly (as e.g. in corollary 2) and fields 
of arbitrary Lorentz spin may then appear.) 



• 3. The conformal group G 

, ... 

The group G * is an infinite sheeted covering of 

SOt. (4,1) Ita geometry was examined in (71 • The following 

picture emerges. 
G~ contains the quantum mechanic~! (q.m.) Lorentz group 

M ~ SL(2t) and therefore also its two-element-center r 1 whose 

representation distinguishes between bosons and f~rmions. 

r
1 

is also contained in the center of G *' but does not 

exhaust it. The group G * / r'
1 

may be pictured as a group 

of transformations of superworld M • That is, G • can act 

on M , but the action of ~ 

may be parametrized 

is trivial. Points '1. of M 

~ ( 't'' L --.C'T.< bQ e .. {t"t1t~£s) a unit 4-vector 

viz. (_("1l~ + (£a}l-t (ll)l + ( l $ ) l " 

The action of G * on M is specified by the action of various 

subgroups. . . 
A subgroup 

translations b~ 

K of G acts on 

of 't: to O""+'t: 

M by rotations of (. and 

K-::: ~ )( SU{1)><SU(2.) 

K contains the center r ... r
1 

ra. ~ z:~. x z of a* • r
4 

is generated by an element ~ which acts on M as 

~ ('r,.l), {-c+x,-t) viz. ~ ... "Fl. exp ~'lt"tl "' "R b""' 

.... is the generator of T -translation, and ~ rotation (.sic) 

of t. into - E • Its square R 1
"' e • K I r is the maximal 

(3.1) 

' o.ko 

(3.2) 
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compact subgroup of a* / r • 

A fundamental domain F in M with respect to the dis-

crete subgroup r'1. is a submanifold such that 

>nrc. f fo..- C>#-NEr1 u rF 
¥<Er~,. 

M 

A fundamental domain F M" 
' 

may be chosen as 

,.,. 
' 

t (T
1
£) E;::.. ) ~1\ <T~ l\, .tS" ":1}-CO.s't: 

(3.3a) 

Its interior may be identified with Minkowski space M~ 

through the reparametrization 

'0. •' ----X (.:~ 1,1,3) 

\x~ l 

,;_ T 

t.rn"t" + f.s ~"t" +tS 
(3.3b) 

Translations ;; . in N Lorentz transformations m in M 

and dilatations a in A act in the costumary way on points of 

MIt c. M~ parametrized by xll (see below). Their action on 

translates 'i Mit of MIt is then also determined because 

ii.mav = ]Jiima , lJ being in the center of a* • It extends by 

continuity to all _of M = U "ll Mit (union over r'). ). 

The action of a* on M ia completely specified by the 

action of it~ subgroups K, N, M and A , for every g in o• 
may Oe written in the form 

g k m a n ~ ' I< etc. 

[This decomposition is nonunique. Let u: K f) M <o: SU(2) the 

rotation subgroup of M • Then k m a n k' m' a' nl if and 

(3.4) 
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only if It',. k"'- ' -· WI " v. rn with u in U , and 

0. • o.' - -. " . " 
Let N•~ij"R-t 1 4 A.. called subgroup of special con-

formal transformations. The point 'to .. ( o, i.) i.. (2,i) 

is left invariant by MAN , and M is a homogeneous space 
~ . 
M ~ G /HAN • MAN is isomorphic to a Poincarlt group since 

'ftm~- 1 ii t:' £ M ,~a"R.-•,.o.- 1 

for 

The fundamental domain 

' -geneous space M, ~ M/ r4 

M ~ may also be 

:: G*/ P with 

....,..a E MA , 

made into a homo­

p = ra. MAN_. The 

(3.4•) 

action of subgroups 

is the usual one: 

r',_ , N, M, A, N 

The center r. r r . ' on cosets x = t:\. 11 1::» t: M~., 

acts trivially, and* 

M 

A : 

fi : 

N : 

" 

" 
Lorentz transformatio~ • x~ 4- A(1t1)1" .. lr" a {mx)~"" 

dilatations a 

tran.lations ", 
spec. cont. transr. "lly' 

xi' ........ I o.l x"' lo..\ ..... 0 . 

xf'.,...- xl' .. ~,. '. Yp. real . 

xJ4 .._ o-(x,..,l- 1 (x"-'Y"xl) 

yrreal, O""{x,y) ~ 1-2.x·y+)l1 y'" 

xP.- !!!.!' •• ,9.time reflection 

If ii € N then ~ ri ):Z~ 1 
• n,. €. f.( 

7 > ' 

(3.5) 

Elements mE- M~SL(2C) ma;y be identified with unimodular two by 

• .Our metric is ~)'V diag. ( + ---) X·y • 3J<.,..xl'y") x' .. x·x etc. 

.~ 

IS" 

two matrices; I\ (m) is then given by the fundamental formula 

of apinor calculus. Let 

determined by m through 

• m~'" ~ 

~ ... )(a;!. +I./ xlrrcr"- then A (m) 

with l(
1
1'" 1\(..,)ft..,..x" 

is 

(3.6) 

Translations act transitively on MIt and H 14 is almost all 

of M ~ ~ a• /P. The;refore the set fip fills up all but a lower 

dimensional submanifold of G•. Elements in NP will be called 

regular. Every regular element 

unique way as 

g of G• may be written in a 

~ . ;:j )/ M~i'1 with ;;<;<, ~t:r:~o ,mEM ,~EA and.., E li".(3.7) 

Haar measure of a* factorizes as dg = dfidmdadn in this para-

aetrization .. In the following it is under-

s~ooa tnat restriction to regular elements of G• is made when­

ever this is necessary in order that the formulae make sense. 

Let x' and 'P(x,~) ( 'P " r1 MA'-1 

through the unique decomposition 

!f~ ~l("' nl(,-p{x,~l-i • Then x• 

determined by x, g 

g~1 )( 

viz. x' is determined by the action (3.5) of G* on cosets 

x € G* / P • From (3.8) one deduces the cocycle condition 

tl'(K, ~1 ~'1.) a -p(K,,:j,) 'P(!j·,1x 1 ';) ... ) 

Special cases: For ii )/ h'lo. £ N' r
1 

MA one has 

-p(x' n~mQ.) ~M~ independent of x 

(3. 8) 

(3. 9) 

(3.10) 



" 
The next lemma gives an explicit expression for p(x,g). 

~ 5. Let p(x,g) as defined in (3.8), and J<E: G* the reci­

procal radius transformation defined after (3.2). Then p(x,~) 

ia MA-covariant in the sense that 

bp(<,><). , ( b<,'l') b for b£ MA b .. ~b"N.~ 1 E: MA 

It is explicitly given by 

~ex Yl) • V)TI Q n. With ¥"' vh" 1 t(,. M"ql'lX ( ) 
r 1 0 )I X X <J J.il: 

lax I• jx1 1 1 mx • i.f'(· 1 ~ lxtl-'11 ·, zP ·-)l.l'/x1 

Herein '!. x 0 JL+Lxli<Yit, and Mfncz:t1 for xEV:t and 0 otherwise. 

The quantity p(x,g) for general regular gf G .. is expres­

sible in terms of p(x,'R). Write .jch~rnon) ;:;-~N-,'i£r.:t etc. Then 

·-p(x.f•).., -p(x, n-' )(Nma..f 1 and -p(x,n"t) .. -p(x,ll)'J>('Rhx,~) 

The quantity p(x, 'R) was computed in [ 71 • The other assertions of 

lemma 5 follow from the cocycle condition (3.9) and (3.10), noting 

that l?n,. '):? ,. n.,. , bn: ... iibxb for b 6 MA. In particular, it follows 

from the laat relation that 'b:~n."" "Rti.bx b , and ao by definition (3.8), 

bn:Yb-p(x,~)- 1 
ii Yi.'RbiCbp(x,R)-

1 
,. riRb..-"P(bx,~)-

1

b This shows MA-

covariance o.:' p(x,Q ). a 

Raving completed the outline of the group a• 'a geometry, we 

now turn to its unitary irreducible representations with positive 

energy. 

Let ~. [ l, $) G' real 

irreducible representation of 

space vt • We equip vt with 

and ./.E. M a finite dimensional 

M by matrices Jl{m) in a vector 

a scalar product, written u•v , of 

vectors u, v in vl which is such that 

:n1 (M)-• "':Ol(m>* for ~. ~11'\R-' • Ehn8~ 1 

J m £ M 

We define a finite dimensional representation of P = r, MAN 

in yl by 

ll
> ( -c i.lfN"<" .t 

:t'"ai'l) = Ia. I i!. J) (m) with c~ g_.z. ·" 1 for v • 'i 

As usual, at A is dilatation b:, laJ , cp.(3.5),etc. 

(3.12) 

17 

Let EX the space of infinitely differentiable functions. 

on G* with values in vl and having covariance property 

f(~p)• 1~1' :JlX (pl*l<~) for -p"' ~manE: r.tMAN"'. 

fx becOmes a representation space for a* by imposing the 

transformation law 

(Vl'flCJ'' - t<f'a'' 

(3.13) 

(3.14) 

Because of covariance property (3.13) and decomposition (3.7) of 

group elements, functions f in Ex are uniquely specified by 

their restriction f (x} i! f (il") to N • Transformation law 

(3.14) becomes in this language 

(V~lf) (x) • I• I' 1\~(p(<,~>)"/ (f'x) 
(3.15) 

with lat from -p(x, g)= ¥man. We are dealing with an in­

duced representation on G~/P. (P is called a parabolic subgroup, 

it is not the minimal one). 

A scalar product on Ex 
intertwining map (or operator) 

is constructed with the help of an 

"~ + t X ,......... 'fX 

where TX is a space of generalized functions on G • with 

values in vi having covariance property 

(3.16) 
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epraP'. \Q\':D'(pf'<pr~' for d£ G* 1 -p..-&>m<.lnE. r;MAN' 

TX is made into a representation space for li * by the trans­

formation law 

rv~l<p)\3''- 9>(~-·~·· 

Generalized functions ~ in JX are determined by their 

restriction 

law becomes 

ep (xJ:: Cp(rix} to ~ • The transformation 

('ll:Jl rp)(xl \Q •':o"' (1'(',3'-•) 'f IJ"'x) 

with notation aa in (3.15). The intertwining map 

required to commute with the action of the group 

~ 
A, 

ll~ r,<~ l f ·•,r~JA: f for f in tx 

It is given explicitly by 

<p(x). (A!f)(x) • "•(xl \ao'f(n,Rn'J 
N 

X 
ll+(x) 

) dx' A: (x~ x1
) l (~~; 1 } with 

( ' -~-j-j t n,. bel -x -ti(.x 0
) ' :~. ::n (\.~_) 

is 

Here ( 

P. ~: M 
j., j~ ) is the highest weight of the representation 

of M , and J) l is the extension to GL (2C) of i. 

through J) f ( fl'll) .. p 2j, + l.j., J) ~ ( m) ' r f- tt' 

Eqs. (3.20) were derived in (7] 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

jq 

The Fourier transform of the intertwining kernel (=conformal in­

variant 2-point function) (}.20) is 

-x 1 t 'd -:l.+~ .. J•i 
A+lfl • n.+(X) :D (--ap) G(f) (l''l ' ' (3.20') 

with a new normalization factor n'(x). a~(p) vanishes for momenta 
• + 

p outside the closed forward cone. The massless scalar 2-point 

function is obtained as a limit, jl =j
2

= 0 1 S __.. 1 1 viz. 

f"'(c+l )-lQ(p }(p2 )c ~ Q(p) g (p2 ) as c .....,. -1. 

In ref. [7} a complete classification of all VIR's of G* with 

positive energy was given. The result will be quoted as our 

Proposition 6 • The toR's of G • with positive energy 

can be labelled by X "' [ -f, ~ 1 
irreducible representation of 

~ a finite dimensional 

MzSL(2t) andS'rS,....;.,(l) 

real. If (j
1

, j
2

) is the highest weight of .f. (viz. 

2j, ,lj
4 

nonnegative integers) then &'..,;., ({) J1 iJ,. +1. 

if j, + o J" + o , and f...,,· .. U ) .. J 1 + 1.. + 1 

otherwise, except for the trivial !-dimensional represent-

ation which has S' • 1~ ~ j .. ~ 0 The nontrivial 

UIR.'" 

spaces 
X 

'x 
can be realized in the representation 

equipped with scalar product 

(/,!,)· r - x 
Jdx,olx 1 f

1 
(x~)· .1.+(•,-x.~.l.f.1 (x,) 

with intertwining kernel (.3.20). 

Hepresentations with j
1

=D 

mass representations, the 

sptr. (x) = v+. 
Remark: An equivalent 

spo.ce "x .. 6~ ex If 

or j =0 and <5 = S . are zero 
2 m1n 

others have continuous mass spectrum, 

UI R. X is realized in the 

</;"L\~f, . f, < tx then 

the scalar product ' '1', • 'f, ) .. ~ dx f
1 

(x J'*. (p (x) 

' 
Generalized functions 'I' in TX satisfy a spectrum condition 

since the intert;,·ining kernel .:1~ <p> does, cp. (~_lo1). 

In the following, we shall often not distinguish in notation 

between the test function space Ex and the Hilbert space constructed 

from it. If we use functional notation for the elements of this 

Hilbert space, it is always understood that an arbitrary represen­

tative out of the equivalence class of functions modqlo zero 

norm vectors is to be chosen. 
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4. Implications of the spectrum condition. 

Let us use the intertwining map d: to introduce 

v()(x~x.x,)"" ~dx' .£\~(x·x'>* ;B(x'x;x1X'l) (4.1) 

Because UIR'e of G* acting in 'TX and £X. are equivalent and 

intertwined by A! , the conformal partial wave expansion (2.6) 

may be rewritten in the equivalent form 

('I! ((l, <j>(x,, .p (x,> n) • wf (x,x,l • \o/' (1(> \dx ~X(, J* V (x X; x,x,) 

wl&. ~· < <x (4.2) 

The kernel B is determined by V to within the arbitrariness dis­

cussed in Sec. 2. We shall first det~rmine V and then recover 

B from it by solving (4.1). 

Let us first state implications of the spectrum condition for v. 

!::!.!!!!!, 7. The kernels V(xX ;x, x"') are limits of generalized 

functions V(xx ;z 1 z~.) of x which are bolomorpbic in the 

complex parameters z
1

"' X 1 +iy, , z 1 .,. X 1 +iya. in the tube 

y~> y 1 > o. The limit is taken by letting y1 ,y~-+ 0 through 

the tube. 

Proof: Consider expansion (4.2). It is well known that 4>£x,14>(x1 ).(l 

is boundary value of states ~('z;z1 )E.'Je wh:i~h:· are holomorphic in 

z,= x,+iy
1 

, z
1

= x
1

+iy1. in the tube. (Thi~ \:;;rstlt is reviewed in 

[5] ). Therefore , by decomposing ~({)we obtain an expansion 

(1!Cfl.~(z,z,l) • SdrCx> \dx ~~(xl* V(xx;•,z,) 

in which ~dx ~?l:(xfV(xx;. z, z.t.) is a holomorphic function of z 1 , z 1 

in the tube and has )dx~X(x:)"V(x:~jX,X1 ) as a limit. If ~ 0 £lx 
is an arbitrary vector, then, because Cx carries an irreducible 

unitary representation, vectors of the form Sds J(~)T(~)~o 
with f an infinitely differentiable function with compact support 

on G* form a dense set of vectors in t~e UIR-Hilbert space E~ 

Therefore !i"(x) may be considered as an arbitrary element of f.x • :Su.:i 

Cx contains all Schwartz teat functions with values in vll 

therefore V(X'X; zi z
1

) is a generalized function of x and has 

the indicated holomorphy property • 0 

11 

It follows from lemma 7 that it will suffice to determine 

V(x X; X 1 X~) for relatively spacelike pointe x, 1 xl- on Minkowski 

space. 

Lemma 7 cannot be carried over without further ado to 

B(xx; x.xa.) because this kernel is nonunique as a function of x. 

However , it does imply the first assertion of proposition 4 

because every element of ';;, is of the form (!>=A'!~ with ~££''X. 
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S.Relatively spacelike pairs of points 

our further analysis is based on the fact that the con­

formal group a• acts transitively on pairs of relatively 

spacelike points on superworld M . This will now be explained. 

The manifold M admits a a• -invariant causal ordering [s] 

Two points 'lt .. (-r,, E,) and tt-." (T._,El) 

are relatively apacelike if and only if 

ITJ.- -c. I < Arccos Ef t:..l. 

Arccos x is the principal value of arccos x which lies 

be~ween o ••• ~. 

~B. a) a* act~ transitively on relatively space-

like pairs of points on M • 
b) '1. , '1,. in M are relatively spacelike if and only 

if there exists 
~ . 

It£ K c G such that l.t'7, , "''h are 

relatively spacelike points on Minkowski space 

MJt c M. (cp. Eqs. (3.3)). 

in G • of a pair of relatively c) The little group• 

spacelike points on ii is isomorphic to }~. The mani-

fold of relatively spacelike pairs of points on M 
therefore be identified with the homogeneous space 

may 

G * /MA. 

Proof: Let 'lo the origin of Mt, c M and ~ ... * R'1
0 

We call tf.... the unique point at spatial infinity of Hink:owski 

space. Explicitly 't ...... ( o, l) , i .. (2_,-1) 

• little group subgroup of stability· 

(5 .1) 

t3 

The little group of '{ 0 is YIAN and the little group of tz.,. 
therefore MAN = RYlAN ~- 1 

a) Let ('1 .. , '1 ~) relatively spacelike. Since G,. acts 

transitively on M there is g such that t'j~ • ~ '"j..., 
By G 4 -invariance of causal ordering, ~:,. f•'1... is then 

relatively spacelike to ~" • By (5.1) and (3.3a) this means 

that 1.' must belong to Ninkowski space M 4 • The little 

group HAN of oz."" acts transitively on M 't 

such that ~.· • l"l 0 

There is 

therefore -p in BAN Since 

l' leaves '{..,. invariant we have then ( 1., 'l ~) • (~p '1o ,~p~..,). 
Since every pair of relatively spacelike points may be written in 

this way, with !I"P" G* , we have proven transitivity. 

b) The if part follows from G •- invariance of the causal 

ordering. Conversely, choose 'la in Nit and relatively 

spacelike to 'to • By transitivity a) there is g in G
4 

such that ('1,,'1,.) • <',l'l .. ·!!'l:J) • Decompose 

g = lrtmaii. as in (3.4). Then ('1,._,"1s) .. (m<t;;'1
0

,tt.q>t"\.,l 

are relatively spacelike points in M 4 since the Poincar6 

group carries H 11 into itself, and ( "!,, 'la) .. (lttt,., k"'s) 

c) The little group of the pair ("! 0 , ~t,..) is MANn MAN 
The assertion of c) follows from this and a). D 

MA. 
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6. Global transformation law. 

According to the discussion in Sec. 2, physical states in the 

dense domain 

functionala 

2 may be thought of as continuous linear 

F = Wf on the test function apace ~ 

They can be restricted to the subspace· !.,_"' which consists of 

Schwartz test functions h (x1 x2 ) with support containing 

only relatively spacelike pairs of points on Minkowski space. 

These pairs may at the same time be thought of as relatively 

spacelike pairs of points in the fundamental domain M ~ in 

superworld M 
The space .f." 

' 
is not globally a• -invariant. We shall' 

imbed it in a space 3"" of test functions on M x M with 

compact support containing only relatively spacelike pairs of 

points. The space :J... is a* -invariant, i.e. it admits an 

action 

T (g) ::~"'-:J"" (gina*) 

of the group G* • Afterwards we will extend functionals 

F "' Wf from ;('' to :r- by a process of analytic conti-

nuation (cp. Sec. 8 of[.S] ) ·. In doing so 

a physical state '11 (-I.) is associated to every h in , ... 

The global G* -transformation law of these special states 

can be stated explicitly, so that we may thereafter deal with an 

explicitly known action of a• in a concrete function space 

in place of an abstract unitary representation of G~ in 

an abstract Hilbert space of physical states. 

and 

law 

Let us deal with general spin right away. Let x,,. [.t~,ol~l 
l(j • r~J,>~il 

and dimension of 

specified by 

the fields <f>~ and 

Lorentz transformation 

~j whose operator 

>s' 

product (l.la) we want to expand. We denote by ·V'- , V~ the 

finite dimensional vector spaces in which act the representations 

~, 

with a 

and 1; of 

scalar product 

M • It is understood that they are equipped 

which is such that :J> 1 {ett~er' .. :Dt(~n)Jt 
The space r • consists of test functions 

vi®vj 
h (x1 x2 ) with 

values in the tensor product and 

"t'(.t) • Jdx.dx~ {,{J (x~x~> .f.: ex.>¢~ (x~) 0. 

for{e:.Yl."' 

Indices a. , .B label an orthonormal basis in V l reap. yJ 

summation over repeated indices • ' B is understood. 

Let 'P 0 = MAN so that superworld M = 

Let us restrict the representations n'X (3.12) 

a• I P 0 

of P = 

to P 0 

Po )( Po 

Consider the finite dimensional representation 

in v.: ®vi by matrices 

TC(-p. ,-p
1

) • [,n'X;. (p;' )®'J>'X.j (-p~')*l ~p(1'/lb'P(p~\i 

~ 8p(.rnD.n)aiO.IIt ) 'Pt•"f'?.E""F' 0 

P"rl. 

• of 

The space ~~ consists of all infinitely differentiable 

( 6 .l) 

(~.2) 

cross sections on the homogeneous vector bundle ~- (M)(M)~ {Vi.®llj) 

with compact support containing in its interior only relatively 

spacelike pairs of points on M (notation of [t3] ). In other 

words, J- cohsists of infinitely differentiable functions on 

a*)( G* with values in V ~®Vi having covariance 

property 

.f. (l·~'· ·3·J>,l. 11:(J>,;p,l-·~,l··~·' ~ -p,E:."Po' ~~ € G*" ( 6.3) 

( i.. 41 2..) 
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The action T(g) of a• is 

(T(llq(~,.hl • k({j .. f'j,l 
(6. 4) 

Evidently such functions h are completely specified if they 

are known for one representative (g1 1 g2 ) out of every coset 

\1 •• ~i.) E M x M ... ( G* )( G 111
) / (l'"x-p•) • Therefore, if a 

representative of every coset is fixed in some way, cross sections 

h may also be considered as vector-valued functions on M :< M • 

The support of h is the closure of the (open) set of all 

pairs ('7,, 'la. )£ M x M such that h (~,, ~\) 4 0 for 

( 3, 1 h) E: (tot, , 'll) ~- is made up of cross sections 

h with support properties as stated above. 

Consider the subspace of l- which consists of cross sections 

which vanish outside Minkowski space MIt x Mit C M >' M • It 
may be identified with the space ;/

1
"' as follows: Every 3; E: G* 

with a_"'P
0 

€ M" C M may be written as 9i • ~ 11 • -p~ with 
"• ' 

-p~ (. ""P0 
1 Rx = translation by x • Therefore by (6.3) 

~ l~,. ~.) x c,. •. -p,_,-· .J. <"-, . n.x) . . 
a n: (p,.p

1
y• ...f.. (x.,,x4 ) 

~ Ji • ri.x;."P'- E hx?o E: M~ 

and h (x
1 

, 

everywhere on 

x
2

) is in 
a• ,..· a• 

:Ia."' and determines 

so long as h is in 
h (gl • g2 ) 

the subspace. 

Let h. € :(- and 

It follows from the results of 

"f (h) 

[ 5 1 
defined by (4.i) • 

that the Hilbert space of 

(6.5) 

"L1 

physical states carries a unitary representation U of G • 

whose action on states 1r(() is such that 

'U(~l"t(t) • "Je(T(jlt) 

provided ~ E: 

T(~\~<:fc­

support of h 

G~ and -t. • .r.- are such that also 

·, i.e. g does not carry any point in the 

outside Minkowaki space. It follows froin lemma 8b 

( 6 .6) 

and compact support of h that every h in 

as a finite sum of the form 

, may be written 

.l..LTl~,>f.; 

' 
We may then define 

with 

"t (~ \ • L u (~,I "t (( l 

hi. (" "J ,.. .... • and ~· £ G 

with ~ (-1. 1) defined by (6.1). We must show that this is con .. 

sistent, i.e. independent of the choice of gi and h. 
1 

in 

(6,?). Suppose that hw :C. Tf3{>~t is another 

decomposition of h with hi in t,- and gi ' a• 
By making finer splittings and reo~dering we may achieve that 

both sums have equally many terms, and 

Tlo!1&.' • T(o.l l. 
d• .. ..,. • for all i 

(6.7) 

('. 8) 

(6. 9) 
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But 't (T(j:l{/) • U(~:l't((J • u(j(l"£(T(~:·•~)t,). 
• t.«~i>u<s(··~,l'/:'l!,J. ut3,,'i'(U-Hr<!,>Cl. 

We used in turn definition (6.8), hypothesis (6.9), Eq. (6.6), 

the group law, and definition (6.8) again. By summing over i we 

have '\! (~) • L 'J- (T <j,l £,) • ): 'j: (T (l:J~() which proves con­

eistency. 

We have shown that definition (6.8) is meaningful. It is then 

automatically consistent with (~.1) and, moreover, transformation 

law (6.6) holds generally true for arbitrary h in J- and 

g in a•. Eq. (,,6) is the promised explicit form of the global 

transformation law. 

It tollowa that the functionale Wf on ~,...extend to continuous 

linear functionala on l- by virtue of the definition 

< "'L t > • ("'a , , ... ,, > l f.· f•:t' ~,,,-
and 

(U(~lY(f>,'r!~l) • (lH3Hif,{> •(Wf,TCf'>A> (6.10) 

The conformal partial wave expansion of these expressions is obtained 

by decomposing the states~(") as described in Sec. 2. We write it in 

terms of elements of £:x as in Sec.4. 

<W'f,t> •Jd;<(l() \dx\'(x)*V'(x,li.) • )clf'(l(l V~\,";-ll 

with ~X( tx , for (, ( J"" (6.lla) 

If l 1.s in .!1"CJ'"'it is determined by a function ~(x-.•.~,) of relative­

ly spacelike pairs (xtlx._) of points on Binkowski space through (6.5), 

and eo 

V~[(,I.!•Jdxclx,Jdx \<•>'V(xx;»,x,l{(x,x,) f.· ~..,_-c J- (6.llb) 

Here and everywhere we use vector ~otation: h(x 1 ,x~) takes values in 

Vi.® Vj , the kernel V(x X ;x
1

x
1

) is a linear map from Vi.® Vj to ve, 
~(x) takes values in V t , and we write u;v-

1 
for the scalar product 

oftwovectors lJ1 ,v1 M.t.vt. 

z' 

The intertwining property (G* -invariance) of vX reads because 

of (6.10) 

vX[T,(~l~,T(~lR. ]• vXl~,f._l (6.12) 

This must hold for arbitrary ~tin lx , because of irreducibility 

of the UIR-epace Ex , cp. the proof of lemma 7. Thus vK[·, ·] ia 

a G* -invariant eesquilinear form on t:X x :J"". It determines the 

kernel V(xx _;)(1 X.~_l for relatively spacelikeMinkowski space arguments 

x 
1

, x:t. through (6.llb). 
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1· a• - invariant eeaquilinear forma on ExxJ-. 

We wish to deteraine the moat general aesquilinear form 

vX[·,·] onEx.x':l-which b a•- invariant in the sense of (6.12) and 

auch that the kernel V(xx 1 X.. x 2) determined by it admits anal.ytic 

continuation as required by lemma 7• This problem can be solved 

by a standard aethod of the theory of induced representations, viz. 

Bruhat theory of intertwining mapa {1*] 

Firat ~· she an alternative description of the apace J .... It 

will exhibit the representation acting in J ... as an induced representa­

tion on ~·/MA. Let ua define a representation L of MA by operators 

L(~~a) acting in the 'Yector apace Vi.® vi 

L (Ma..f 1 
IE :n"~ (ma.)* ® J)Xj (Ma.-• >* 

tl'l • ~ .. ·-· (7.' ) 

te ... 9. There ie a bijective intertwining lll8.P Q from :,¥ 

to the .e:pace of all infinitely differentiable cross sections 

on the hOaogeneoua vector bundle (G*/MA)~ (Vi®Vj) with 

baee a• /M.A. and tibre" v1e vj. 

Explicitl7, QJ- consists of infinitely differentiable functions . . . 
~ on G with Yaluee i.n V\~ yJ baYing covariance property 

h, (,.,.)- L.(•••S' ~. <~> ~ "'o. E: MA (7.2) 

It ie a&de into a representation apace for G~ by impoeing the trans­

formation law 

(-n~l(,)<l' • {,tf'l' ((,< Q~-) (7.3) 

~he aap ~ ia explicitly giYen by 

(Q()(,)•~(~,~Y<) f.,r .J:£0- (7.4) 

Evidently it coamutes with the action of the group, T(g)~ = QT(g) 

b;y (_1;.4). Covarialloe property (?.2) of Qh follows from (G.3) 

eince RmG'R-!.m"o:• by (3.4 1 ). ~was defined after (3.2 ). To prove the 

leama it only remains to be shown that Qb determinee h. Thie 

follows from the fact (lemma 8) that G* acts tranaitiYely on rela­

tively epacelike pairs of Points on auperworld M . As g ranges over 

3[ 

G '~~" , the pair ( S 'to , f-.:l l'j 0 ) • ( ~ 1o , ~ "1.1>0) ranges 

over all relatively apacelike pairs of points on superworld M , 
cp. the proof of lemma 8. Therefore the set of paire { ~ 1 ~~) 

contains a representative out of every coset ( 'J:. 1 "!~,.) ( M x M 
IE ( G* x G 11 

)/ ('P 0 x 'P 0
} • Thi.e: suffices to determine h by the 

discussion following (tl.4) • 0 

Because of lemma 9 we may consider VX[· }. as a a"-invariant 

seaquilinear form on C:x x Q'J""' This will be helpful. 

Elemente h £ Q'J"" admit an integral representation 

h<s>· \ J .... c(m•>l.'(~m•) 
MA 

for h € Q::J"' (7.5) 

with h 1 an infinitely differentiable vector valued function with 

compact support on G*i d~ is (right- and left) invariant Haar 

measure on MA. This integral_ representation makes covariance 

property (7.2) manifest. 

may al.e:o be considered as According to (3.13) , f < Ex 

functions on G * with values in vt and admitting an integral 

representation 

f<s>. \ap & <prt J>~(p'J* (<~pJ 
p p 

.. Here t r is an infinitely differentiable function on G • with 

values- in vt and compact support,· and dp ia left-invariant 

Haar measure on 1? • rt.MAN • Integration over "P includes a 

summation over ~ • The measure dp is not right-invariant; 

instead d(pp,l• EptlV Jp with modulus function [1S") 

~p (p). fa. I' for 1' .. ~!'nan £ rt_MAN' 

Integral representation (?.6) fulfills the covariance condition 

(3.13) for arbitrary l' . 

(7.6) 

(7.7) 
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For the seaquilinear form y'X [ · , · 1 we may then make the 

general Ansatz 

v'[f,Q·•q. ~.lld~'((lJ"i(j·j'>i.'t~'> for -I..QJ-, f•<x 
G,.x&* 

and ~·.f' related to ~. f by (7.5) , (7.6) (7.8) 

with a kernel ·H9,,·, which maps Vi.®Vj ~ vt The kernel i (~·3'' 

is a generalized function on G * x G * 1 but we will use functional 

notation as physicists always do. 

Rx:pression (7.8) must depend on h.' only through h • 

If h."(3) • L.(b)h'{3b) with bt: MA. then h." and h 1 determine the 

same h • Therefore we must require 

t (3·~'b)L(b>"'• i lj.~'> for b £ MA (7.9a) 

o. •••c-·l•f'( f' oP {pl l> p ~p) and (~) determine Similarly, f
11

(~l • 
the same l . Since vX[J,h] should depend on f.' only through f 
we get the consistency condition 

s.<•i'•:o'<r>' <~r·l'l·! <9·9'' for lH 'P (7.9b) 

From transformatioa law (7.3) and integral representation 

(7.5) we have 

(n9 >~ )(~''. t lfY>. }d• L(b)~''f's'bl for hE:G:J-
MA 

Similarly from (3.14) and (7.6) 

(T,(~>f)(j'l. ft:(~'>. l<~r s,.crf~:o'cp-•>*+'<f':!PJ for f( Ex ., 

3'! 

Therefore, a*- invariance (6.12) reads 

v'[Tx(j,>f ,T(j,>t 1 s \a~d3' f'cl;'jl*t(~·l'>~Cf~l •V'[p] 

This requires 

H~.9•l•l'l • i!~·9'> for all 9, £ G * (7.9<:) 

It remains to determine the general solution of Eqs. (?.9a 1 b 1 c ). 

The general solution of (?.9c) is 

" i ~~·9'> • t (9'"'l) 

with a (generalized) function t• on a* 

vi.®vi .........,. yt • Covariance conditions 

t~(b·'~1'l. Sp<rl'•:o'(rl"'t"(llL(b) 

(7.10) 

whose values are maps: 

(7.9a, b ) read then 

for bt"HA, '}lt:P (7.11) 

Let us abbreviate HA,. H and let P • r1 HAN as before. We define 

a left action of H~tP on G* by 

(h,p)os • b~·· for p E: "'P , b e: H • HA. 

Evidently this satisfies the group law (p,,b, HP:t.• b:l.)·~ ... (p,p:l., b.b1 )o~ 

The manifold o• decomposes therefore into orbits under ~"F and 

~ xP acts transitively on each orbit. Let us determine the 

orbits. 

Consider the action of H.,? on cosets in M~ "'G'*fp and 

their elements. ~·acts transitively within each coset; therefore 

the problem reduces to determining the orbits in M~ under H 

Let us parametrize the finite points of M~ by Minkowskian 

coordinates X• (xf<) as in (3.3b). There are then three open 

orbits consisting respectively of positive timelike x 1 negative 

timelike x , and spacelike x • In addition there are several 

lower dimensional orbits (They consist of the point x ~ 0 , 

pos. lightlike x , negative lightlike x, the unique point at 

spatial infinity of Mit , and the remaining points at infinity, 

respectively) • 
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Correspondingly, the open orbits on a• consist of 

6': .. {3·rixp with ,,-p • X pos • time like 

u~. l ~. t\x-p with 1'<1' • X neg • time like 

G:- { ~ • nxf' with 1''1' • X spacelike l 
and in addition there are several lower dimensional orbits. 

Suppose that !.'*(~) is knoWll on one of the open orbits, say a: 
It is cl.ear that V(xxj x,xt) will then be determined on an open 

set of arguments. Analyticity properties (lemma 7) can then be 

used to determine it everywhere. 

Let us choose a standard X,.c (.1,000) Correspondingly 

we select nX as a standard point in G: • Let us determine the 

little group of i\.;, in Hx"P • The rotation group Uc M consists 

of u.E.M auch that u:X .. ;. • Suppose bti~p- 1 
.. ti;, 

Consider thia·equation mod 'p). It follows that bX ... X • This 

requires b€ U • On the other hand 6~~ 'P-f • n:b~ bp~' • There-

fore we muet have 1'- b • In conclusion 

br\..Q-p~'. ~i for b .. H. 1 1"£P if and only if (b,-p)•(u.,u) 1 uEUP• 12 ) 

Thl•a the little group of h.i in H "'P is isomorphic to the rotation 

group U 

Let SJ€ G: Then it can be written in the form 

3 .. b~i'P·•. ;;_"' bp·' with bEH, -pEP 

Covariance condition (?.11) says that 

x~ bX for ~ E" G: 

t"(b";p-'l. b,.<rf''J>x(,Jiuor' with . " t .. t c n.x > 

For consistency, ! must be U -invariant 

t • l>~(u) t L(uf" E :o1(u) i [:o1
'(ul ®J/i(ul]-• for v.EU 

In other words, -l is a U -invariant map V~®V 1 ,__.. vl 

(7.13) 

(7.14) 

(7.15) 

l> 

Next we will classify all such maps. 

Finite dimensional irreducible representations of M !< Sl.. (:tC) 

=< Spin (3,1) are 

unitary trick) from 

constructed by analytic continuation (Weyls 

U1R
1
.1 of Spin (4), the twofold covering of 

80(4) The Clebsch-Gordanology of both groups is therefore the 

same, and they contain U as a common subgroup. 

Let us decompose Vi..® 1/ j into irreduciblea under M ' 

yl®vj = r vt' 

c(t,ei,t'> 

, with Clebsch Gordon maps * 
v~ ® vj - t' v 

(7.16) 

Let us decompose representations . .f. and l' of M 

ducible representations s€ U. of U.. 

into irre-

v 1 • L v 1• 
st:ii. 
HI 

etc. (7.17) 

' We identify yl$ .. Vt.s li W' • Consider the projection operators 

lt'"(ls) and their adjoints, viz. Ll-invariant imbedding& 1\"*(ls) 

"1f" ( ls ) vt,......,.. w$ it" -II Cl~ > "'s ........... vl' 

The most general U. -invariant map from Vi®Vj........,. yt 

linear combination 

t 
• t' 

Lc,,i' 
l's s 

~~·· • ,.-•a; >"'a'> c (I, ep o 

is a 

' . sum over f £ M , S £ U. such that l'c fi ® ij 1 s c t , .s c;. f' 

(7.18) 

(7.19) 

with complex coefficients c1~ • M is the set of all finite 

dimensional irreducible representations of M 

With this we have found the most general form of i: ( ~ , ~') 
for a'-'!! £ G: . The result is given by Eqa. (?.10), (7.14) 

with (7.13), and {?.19). The seaquilinear form v"[(,l.1 
on ExxJ"" is then determined by (7.8) for f , I:. having 

suitable support properties. It remains to recover the correspond­

ing kernels V(xx j x4xa.l and continue them analytically. 

• Remember that we write vi for vl• , the vector spa~e which carries 

the irreducible representation l, of M. 
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Let .,(. J: ~ ,- • Then on the one hand h.. is determined by a 

function I, (x, "'a.) of Hinkowski sPace arguments x,,x.\ 

~ .5) and, on the other band, it is also determined by 

according to lemma 9. Let us find the connection. 

First we observe that 

by 

Qt (l) 

itx1'Pt • ~xtf1'A tor -p1 • "~t), 'P2..•"PCy,Nl,. .., ... 1 -x1 • 

in the notation of (3,8) , and -p,, "Pa. are in "P" for apacelike 

by lemma 5, It follows from covariance (6.3) 

h (lt.1 x1 ) f h. (it." , i\"} • lf" Cp, •'Pt l h ( tl 11 1',, hx 'P..,) 
t l • l 

• "'f'(p,.-p-1-)hl;;x,"P,.•;;:x,'Pl'?)'"' "'ll"f.p,.fllQh(n"'-nlt:;t)· 

and Ql. {Sl vanishes unless 3 • ~-. nwt~ mod(MA) for some •,. and 

apaoelike 7 • In particular it vanishes if a· titlt'l'la}{' with 

~+e.' ~'ra. etc. 

y 

It we write S • hn V"'.,. , then Haar measure olj "'dMJ" dmd"-

and alii',. .. dx , 

then 
ol"•y. d><y. l-~·i'dy. rt Q~( 3 >. ~db t..(bH.'r~b) ... 

~d3'i<3.,">'-'<l'' • ~ \oliidnolb i(l,nn~b)L(b)h'(nn1 b) 
K _\ dncln t l~, iin > Qh (i;n) , 

'"" because of the above mentioned support property. Thus finally 

(7.20) 

~ d~ I t f 3. ~ t) J, 
1
( s') ~ \\ ( -ya. f If dydx t £3 ' ;; .. ..,fl_,) Tr (p, •Pl )' h. ( x.xa.l 

with x, .- )( , x.t .. x+y 
I "Pt "' t\. 'Ry '"P:t• -p(y,l<.) 

Similarly, let f£t'x and write -(Ui."lfif(IC.I. Splitting s--iip 

with -p~"P the measure factorizes d.3 =diidp aa we have just 

said. Some integrations in (7.8) can therefore be carried out with 

the help of (7.6) and covariance condition (7.9b). As a result 
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V X [ f, (] • \\\ (-y')'dyJxdz f (z)• t. (n, , n, "~>) "lj>, •1', ,-• i. (x, ••• l 

• \\\ (~-X1 )-I d,.,cix1 dz. f {:z: )* !- *(n'fi(x~-x,) h:t:·Xo) 1\: (p1 ,.,.J' ~ (x,xt l 

for / E:: lx , e.(. :12.."" Thus by comparison with (6.llb) 

V ( ( ' -· .. ( -' - -' xl'X;x,xa.)"' -x11 ) -t 11.-x M." }1r(p,,pa.> 
... ... ll (7.21) 

with 1',"' n~xl, '-pl• -p(x..,,,lQ.} )Cij .. x,- "i 

It only remains to insert the previously derived expression for t~ • 

Evidently, V(···) is translationally invariant, i.e. depends 

only on coordinate differences. We may therefore put ~~ o 
According to definition (3.8) 

_, -
n.-a~ "';~: .. 

- _, 
h.:&• p(z' "•'j' bn:x -p-' (7.22) 

' _, 
with x • .-,~'j z • n l~x-'R'j) and -p• -p(z, I'I'R~> b 

provided bX • x'·, b€:MA 

A suitable b in MA exists if y, z are such that z' is positive 

ti.melike. We have z' 1 ,.,(1Qz-~jf,_ .. (z-")>t.{zly"- • Since y ie 

spacelike by hypothesis, we may put y 0 = 0 without loss of 

generality. We see that z 1 will be positive tlmelike if 

z pos.timelike, z~ spacelike or vice versa, y spacelike 

We restrict our attention to this case. It corresponds with the 

previous assumption that the argument of t# is in the orbit 

According to definitions (7.1), (6.2) 

L(bl• v(b,bl with 

b - ~b"R.-1 .. ~c..·1 for b • mo. £ MA , ;; a 9tnG- 1 

a• 
+ 

(7.23) 

(7.24) 
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• Expression ( 7 ollt:) for ! (.) yields then 

V(xx; oy) • (~'f"S.(p(1'll'(p)i.-(p,b,p,bl'' (7.25) 

with same b,p,-p11 'Pa. as before in (7.21), (7.22) • This is 

valid for z, y as described in (7.23) • 

Expression (7.22) for p can be simplified. We use lemma 5 

repeatedly. -p • 'P (z, n'lt lb. "f'(z, ~)p ("R'Z~ 'I<) b• p{z,'a) bp (b- 1 'Rz'~~) 
- ' • l'lz,-..>bl'<-x.-..>· 

But -p{-X,ll) • ;.-~ mod(N) j ).•generator of rl. • Writing 

-p(x,R)•1mzO:r.l1z as in lemmaS we obtain 

p & r r-t l'nz Q:r. b (moe{ -,.,-) a i r-f mz;;; Q:r. a-1 (mod N'} 

with ,. .. M311. :z. _; la..l'". z.' 1 • (z-y> 1 /z 1 '/a. j IQ1 .1 ~ Lz.:tl 

Similarly 

'P., ... "llty j 

We will now 

to switch l>x ("p) 

r>~· m1 n (modr•O with lo.yl" -y 1 (?.26) 
y • 

introduce an H-covariant version of i in order 

through r in (7.2.S) • According to spinor 

calculus, irreducible representations ~ of M may be labelled 

by their highest weight fj~,j 1 l; j., j~ half-integer. Completely 

aymmetric tensor representations of rank j are labelled {ij.ti) 
in this way. 

~10. Given three finite dimensional irreducible repre­

sentations ..l,lt,.l.j of M t define 

I! • max. rank of any completely symmetric tensor repre­

sentation of H contained in the tensor product .l~i~®l.i 

Consider linear maps t(~l : v 1.:®vti ~ vl such that 

1) i(ac) is a homogeneous polymomial of x of degree L 

2) i(x)are M-covariant in the sense that 

t [ I; I· -< 
'J) (m)i:(K) l) (ml®::DJ(m>) •i(lr»()for tnt:M 

All euch are obtained from U-lnvariant maps + as were 

3, 

classified in (?.19) by setting 

t(x) • lx'r*" :n1(mJ t ['1> 1'(mJ®:n1i(m>r' (7.27) 

for positive timelike )I • lx~l\'' mX 

Conversely let +(K) defined by (7.27) for positive timelike x • 

Then it can be analytically continued to all x and satisfies 

l)and2). 

We ehall relegate the proof of this lemma to Appendix A 

Jsince representations :OX of MAN are trivial on N we have 

::D':{(rl: J>"(mz.Q~b) fOr Z. (. v+ 1 ~ .J\(m1 ),.. \1\0.
1

\ a l.z/4 z"- ~}'Yz.~ 

by lemma 5. Moreover (m 1 a1 b~)}'l .. (z1'")-•A(rn1 )J!.,ta:z.1(9z.')" , whence 

-.. (z-y>'lz 1 f -x z-v } 
'"z.ax.bx • .... J. l %1- (-z-y>'" 

;( . 
Now we are ready to use lemma 10 to switch~ Crl through t in 

(7.25) • At the same time we insert the definitions of ~~(fl and 

1!:(·,·) • They give 0-p(f),.. la
1

o.-•llt 

-.r(-p,b.p~~)-'. 1Jx, (ma)*®l>Xi(m)'o.)'ma.:•)*·to.Y\l. • Altogether 

v(zx;oyl· 
c. -c· 

-l.+c-e;.-c:· -J: ( )-1-e+t: ( lzl ) ' ' 
lyl J lz.llz--,1 lz-yl 

·t(.!.- ..3..:..L.. )[Dl.:(mt:)®J:}j(mzWatn·1 m;•>] 
1). (-z.-yJ'" (7.27) 

with lyl• 1!f1 1'h 

.. of l>lj • One has 

etc. We use lemma 5 again to evaluate the argument 

m;c•:f.and so h'lstnmx"' m...,~m c m
1

,rro - ;;; 
""R1·~:t 

- 4 ._ -1 - -~ - -I 
Thus m 1 m ,.,..· ...., 1 • m"' ml'l~ .. 'R)' my • mz-y 

Irreducible representations t of M-:=: Sl.(U) are extended to 

GL(2C) in a standard way. Suppose J. has highest weight (J,.h), 

then one defines 

I . ·tr »<>tc I I ,. J, + j 
1 

; J> rm) = p J) m) for tn(SL(:tt>, f'( (7.28) 

With this notation, Eq. (7.27) becomes 

V(t.X;Oy) • lyi-Hc:-c;.-£j'""L (lzl)z.-o;lf~-e.t·Z:-l.lt;.l-~ltjl (~ )'j-ci. 
12-'Y' 

(7.29) 

t (-=-- z-y )[:n1'('1.l®:Jl
1i(:-xl] · 

z.1 (z-y>.a. 



qo 

Thia is valid for z positive timelike, y and z-y spacelike. 

An &%pression for arbitrary arguments is obtained by using the 

spectrum condition, viz. lemma. 7. We note that expression (7.29) 

is real analytic in its domain of validity. This guarantees 

uniqueness of analytic continuation to the whole domain of 

holomorphy given in lemma 7. As a result we have the following 

proposition 11. Of course kernels V (xx; x, x1 ) depend also on 

spin and dimension 'Xt•[!i,ol'ol, "'Xj~tlj,djl of the fields ~"(•11,4)(\i:~) 
whose product we want to expand. We shall therefore indicate 

thie dependence by writing V(xx;x,xi.x:t.'Xj) "'V(xx;x,x,_). 

Proposition ll. Let V(x~'X; )(
1

X
1 

x1 'X:t.) a }-point function 

which satisfies the spectrum condition (lemma ?) and which 

is conformal invariant in the sense explained earlier,- with 

transforlllation law epecifi&d by X, ... [l-t,2+<:
1
1, ')(t .. [./1 ,l-f-cJ,x~[t,2.+e] 

(In this, C1 ,c1 ,c are real, .11 , t-~., l finitedimensional · irre­

ducible representations of M ~ SL (l() acting in vector 

spaces Vt 1 ,Vt", vl}. Then 

( 
t -8'12_ t -S3 • 1 -~3 V Xi'X;XtXtXtXt.) • (-xl2.) (-)(31) (-l<32.) \. 

·t(~- ~ )[:D1't>< ~4;1)1•(,., lj hc;l) (-xt,) 31 ,. t 

(7.30) 

with b,z."" i;{l-c+c,+c._•r::)) b31 +S;51 •2+c-I.+ll-l.J+:tlla\;S.,-8'J1~ci-c'l., 
and t(x> are linear maps: vl'®Vt"....., vl which satisfy the 

hypothesis of lemma 10. It I etc. and ~ are defined in 

(7.28) and lemma 101 if --t,ISJf't®l does not contain a completely 

symmetric tensor-representation of M , then a conformal in-

variant 3-po~nt function does not exist. An 

tion is understood, 

( •• [l •. ('']" ->c~) .- - x~~XJ) + 1.£ x •• -J(ll 

. . ~ ~ • JoC. 1. +fx .. it. ... ...,~..,..,..Q,.h-..·~. 

iE -prescrip-

Expression (7.30) is a well defined distribution for arbitrary 

c, c1 , c
2 

• 

(7.31) 

'H 

Corollary 12. Let v (xxlt; x.t'X1 x,'X 1 ) a conformal 

invariant 3-point function which satisfies· the spectrum 

conditions for a 3-point Wightman function. Then it can 

be analytically continued to the permuted extended tube 

and satisfies all the Wightman axioms for a 3-point 

Wightman function (..0 1 r/:>ft(x>* cP'-(x.> .q,l (KJJil) of three 

possibly distinct local fields (with Lorentz_ spin and 

dimension x~"' [l~ 'ale 1 etc.). 

When two of the fields are identical, the Wightman 3-point 

function has further symmetry properties. These are not auto­

matically_ensured by (7.30). 

Remark. The kernels V(x'X; X~')(1 l( 2 'X.1) are~ Clebsch Gordan 

kernels for the tensor product 'XifbX,_ of UIR's of G:* • Indeed, 

states cp.1(x.._l¢'1.&<tllltranaform in general according to a unitary 

representation of a• which is not a Kronec-ker product,cp. 

epilogue of ref. [5]. In particular it restricts to a nontrivial 

representation of the center of G* , while for a Kronecker product 

of irreducible representations eTery element of the center would 

have to be represented by a multiple of the identity. I 

We add some remarks on zero mass representations. Most of 

the UIR's X of a* with positive energy have continuous mass 

spectrum, but there are also zero mass representations ( cp. [ 7] 

and proposition 6). A priori they could appear in the conformal 

partial wave expansion (4.2) and then also in the light cone 

expansion (1.2). We shall now argue that this only happens in 
• exceptional cases. 

Let us first discuss the meaning of this. Suppose +<x> is 

a local field and ccPlJ<lfi ~0 • Then also orf,(x) • 0 because 

a local field can never anihilate the vacuum. Therefore +<~l 

is a free zero mass field. Appearance of zero mass representations 

in the conformal partial wave expansion would therefore mean 

that there appear massless free fields in the operator product 

expansion. This can happen. (Example : The expansion of the product 

.. This observation originates in a remark made by L. Castell some 

years ago. 
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of a maeslees free field ~(x) with its stress energy tensor must 

contain ~(X) again). But it happens only in special cases. 

The reason lies in the nonexistence of a suitable 

Considered as functions of :x , 3-point 

space '+X 
functions 

3-point function. 

v(xx; x.x. ,l(t.Xt.> 

must be in the representation • As such they must 

satisfy a spectrum condition. For continuous mass representations 

V (px; x1 X 1 x .. x ... > has it says that the Fourier transform 

support concentrated in the closed 

Because of the 

this condition. 

it -prescripti(fn, 

forward light cone,-pE V+ 
expression (7.30) satisfies 

If 1( ia a zero mass representation, however, elements 

of ~X satisfy certain differential equations, in particular 

their Fourier transform is cohcentrated at 1"'- .. 0 • Expression 

(7.30) does not meet this condition i•• general. Consider for 

instance the scalar case .l~= 1 1 c id. , c • -1 • The Fourier 

transform V is given by Eq. (8.4) below for this case (Caution: 

the limit c -~1 must be taken with care in order not to lose 

contributions concentrated at -r'"• o , cp. after (3.20' )). We see 

that V,. cannot vanish identically for 'P in the interior of 

the forward 1igh1fcone unless the argument of one of the r -functions 

ir_ front is a nonpositive integer, i.e. c.-ca.. is an odd integer. 

More careful inspection reveals that V'(-r.--~; X4C4 Xa.Ct) is 

concentrated at 1>'""' o if and only if c.- e~, e. ± :1. 

8. Recovery of kernels ;8 (-p?( i M'
1 
x~) 

We introduce the Fourier transform of 3-point functions 

with respect to the first argument 

- ( ~ V(l'X;x,x1 xlxJ.) .. Jdx«!: V(xx;x.x,JC.a."X.a.> 

The kernels i are obtained from them by Eq. (4.1), viz. . -\i(-px; x.'X.x ... 'X,> .. .:1+(-p> .:B(p?(; x.x~xt'l(1 ) 

where A 'X fp) is the Fourier transform of the 2-point function . . 

(8 .1) 

(8.2) 

(intertwining kernel) (3.20). As we discussed earlier <in Sec. 2)' 

kernels JB are nonunique and determined only to the extent that 

(8.2) determines them. 

We consider the scalar case first. We introduce a special 

notation for this case 

V 0
(XC.j)(4C4 lla.C.t) V (xX i x,x, x~xt> 

~ 0 (xe _; x,c, >c,c*) ,:a(xx;x~)(,X~'Xt) etc. 

with 1(,,.. [id,l+c,l, ":(,_2" fid,hcll. x·lid,:t+c] > 

( 8.3) 

where id stands for the trivial !-dimensional representation of M • 

From proposition 11 we obtain (same notation 7.31) 

,_, f ~px~ l tCc·e,-e~·l)( l :\:{-c·c,+c1-1)( t )t(-c;+c,-c~,•1) 
V0(pc;x,c,xlc1). Jdxll! (-x,"-) -xJ,) -l(u 

' ., f'(c+l)r(c+e-;'a.Hr1r('-' +;~.•1y1 (-x:-,)t<c-c.-c,·z> ~du. u.t<c+c~-"t}(•-u.)-tfc-c,Ht). 
0 • 

(_, "'' l ( ' ' . ( • ]_,_, · l~x e .. z(u.)-x) - u.(1-u.) )(11.- ll z:(v.) • x•) 

with r.{ .... l,. ux, + (1-u.)x~. • The second equation was obtained by 

inserting the s_tandard integral representation 

1 

A-"-;a·l" .. r(\1"'r) r"('<'). 1 f'(fl-' ~~ u"'-'(r-u.)~"-' [uA+ (•-v.rarll-)'­
o 
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The Fourier transform of the generalized function [-x~~41 +~~x·]-l 
is well known for ~1 > o , and eo we obtain , for '11 1~ < o , 

-· V (pc; XiCiXlC._) a 2WJ r(C+C,~C!.H}t r(c-c,~t,tlrt (-X~1 y\:(t,+Cl+.tl 

' · 9<-plidu (.~ u. )Hc,-(':~.l e. ip[ux.+ (1-u)x11 oh ( > 'J'") {-kt>1) J, [-u.{l-u)Xn.l' · 

(&~) 

lc ia the Bessel function~ 6(p)c_.f" for -pEV+ and 0 otherwi.se-.-

The u -integral is regularized by analytic continuation inc [161. 

Validit7 of (8.4) for arbitrary x1 .xt follows b~ uniqueness of 

analytic continuation. Dividing by AX(?) we obtain finally 

.;;o( . • C) • .,_'( 1~t 2'11'3 r(C-tc,~c,-t1)"'r(c~c,+c1.•1)''(~)(~ )-iC~,+cl.H) 
rQ "PC 1 K1 C:1 2.2. +c. :z. 1 G. 

~' ( u )ycc,-c'-1 ,:P(c.uc,+(l·'-l)x.l ( ')~ch.J ([· (. l' ']''•) 
. du. -- e Ltp c l4. • u x,t'P 

>·u 

fo.- p< ii.' 0 ~ ;, - ,..,....;ri'"' (7."). ( ... ) 

with a conatant n.;(c) which is determined by the normalization 

of the .. alar 2-point function, cp. Eq.(3.20 1 ). 

We aee by inspection that lo has the holomorphy properties 

in 'P which were stated in proposition 4. It is equal to 

(-x! +;u:,: )• times an entire holomorphic function in 

.IC
4

, xl. a11d 'P , and so it is a generalized function of )(, 

and x1 which h bolomorphic in the parameter l' 

let ua now turn to the general case. The first· two assertions 
.t..-.7 

of proposition 4 are clear from Eq. (8.2)~and proposition 11, 

viz.tbe classification of 3-point functions V • It remains to 

demonstrate holomorphy in "P • This can be simplified very much 

by remembering once more the arguments of Sec. 7. 

Let ~ (x, x., l an arbitrary Schwartz teat function with 

values in the dual of vl-evl.., and 

,l3! (_." l ~ . ~ dx, dxa. ;8 ( xx ) x~ X, X1 'Xt.) ~ (x,x.) (8.6) 

.. .-

The kernels ;B have the following properties which define them 

{Eq. (8.2) is a consequence, cp. Sec. Jt ). 

1. As functions of "• and x,_ kernels ~(xx.; x~x. "tXt) 

traneform in the same way as V(xxpc,')(,W1 'X 11 ) .lr.e. they 

are both restrictions of cross sections on M x M , at 

least for L 
)Cil < 0 cp. Sec. 6 1 • 

2. As functions of x 

elements of E.x 
Hilbert space Ex 

kernels ;! (KX; X1 X, ~ ... X..,l transform like 

The smeared kernels ;!!(x) are in the 

viz. 

(:a~, E! 1 • \ap i: (-pt· 6~lf) :.a: (p) <~ 

3. Kernels ;s ( x X ; x~ )('1 X1 X1 ) are conformal invariant • 

'!'he statement of the transformation laws 1. and 2. gives meaning 

to 3. 

Let f a function in the representation space 'Tx_ , X • [1,2-c) 

c real, and define f 1 
( x) "' J ( ~ )() • Then f 1 transforms like an 

element of Ex , X .. [.t',2+c]. This is seen by comparing Eqs. (3.15) 

and (3.19) and noting that the phase factor ei~~e in definition 

(8.7) 

(3.12) can be reverted by a space time reflection 1T9 (It takes 't....,.~'t'~ 

£- -e: in the notation of Sec. 3) 1 while 

'Dt(ml* • ·:t,t (""' r• • (-):tl.f.lli.(namelT)- 1 

·It follows that ;s(xx;x_1 X1 Xa'X. 1) transforms in the same way as 

a function of x as. v(-xX:. -x.'X,-)(~x'l) 
formal invariant and they also· have the same 

They are both con­

transformation law 

Y(-xX .J.-x1x, -x1~1 ) aa functions of )t• , x,_ 

transforms in the 

v (xx i x, x. x~ 'X1.) 
same way 

[for 

tion of representation D~ 

(6.3)) for which the phase 

This is ao because 

as a function of x1 • "l. •• 
(x1·JC..,l1.<o1, since only the restric-

to P0 =MAN entera now (cp. Eqa. (6.2), 

factor ittNC in (3.12) is absent. • 
In conclusion, .E(xx; "•'X• x1 x._) has the same conformal co­

variance properties as v(-xj ;-x,x,-x ... 'X
1

) . 



If~ 

Moreover, we see from proposition 11 that 

V(XX;X1 ')(,X11(~.l • i("'~~x 3,-x!1 xu.)Y.,(Kc',K1 c.'x.c;) 

c'• C+L+:tll,l+tll.1,1 j <• c11 +I: +ll/+-llal (~·t,l) 
(8.8) 

with !(x) a matrix valued polynomial which satisfies the hypothesis 

of lemma 10. This motivates the Ansatz 

.l3(xx;x,x, x~,X1 ) .. t(x~~ x31 -)(:a.xl 1 )::8°(xc'i._.,.c.' x~.c:) ( g.8d) 

-c'• -c +I:+ 2.ll,I+:J.It~.\ j ' "~t • C'lrt+L+Il1 1+1l.~,l ( .lr· 1'' 2) ?( :r {.t.2+c. 1 ~. 

with t(l() a matrix valued polynomial which satisfies the hypothesis 

of lemma 10 with l,tpi1 substituted for .t',ti.,ij• Correspondingly 

- *' l. 1.. "'0 I I I ,lH"?X;x.x.x .. :X.-.) • (x:11 x11 --xux11 );8 (-pc: ,x1 c, x.~.ca.) ( 8. 8b) 

where now xu. •-i..{p- x .. ~ -i. ::l - )1;1 
)(.II ilp 

It is clear that this define~ an entire function of ? because the 

aame ia true of JB• , and application of a differential operator 

of finite order cannot destroy holomorphy. 

Therefore, proposition 4 will be proven if we can show that 

Anaatz (8.8a) is general and satisfies the conformal covariance 

req~irementa 1-3 aupra·and (8.?) • It suffices to do ao for 

relativel;r apacelike 1( 0 , x t. because i ( ""PX ~ '4,")(~ x .. x_ .. ) shares the 

analyticit;r properties (lemma 7) in x, and x'" for -p or sptr.')( 

Concerning generality, we only have to count. Given x,x,.x .. J 

there are according to Eq. (8.2) as aaoy linearly independent kernels 

.i(p:x.;x,x, x,xLl as 3-point functions V(xx; x~x. x .. xL l 

In view of proposition 11 it only remains to verify that the 

number of linearly independent polynomials flx) satisfying the 

hypothesis of lemma 10 remains unchanged when e is sub-

atituted for ~ • These polynomials t(x) are in one to one 

correspondence with U -invariant maps i . The vector spaces 

V l and V t are the same, and representations 

l and ..t agree on U Therefore every U -invariant map 

~7 

!: v 1~evl•,_.. v1 is at the same time aU -invariant map from 

yt. ®vl:r. 4o vl and vice versa. Therefore there are a forteriori 

equally many linearly independent ones. 

Bext we discuss finiteness condition (8,7). It follows from 

(7.30) that VCpx;~x. x1X~) is a tempered distribution, and there­

fore, by (8.2), B(px;x,x, x1 x") is polynomially bounded in p for 

p € V+. The Fourier transform i;' (-p
1

-pt.) of any Schwartz test function 

h(~x1 ) falls off faster than any power of total momentum P 1 +Pt. • 

(translation invariance), also Because of momentUm conservation 
•X 
Br..(p) falls then off faster than any power of p for p€ V+ • Since 

it ie also ~differentiable (even holomorphic) in p, it agrees with a 
X 

test function on the support of ~+(p), and therefore 

\ 
•X • X ~X (8 ) dp ;a,h (-p) ·A+(f);&J. (p) <oo • Thie proves .7. 

\ie turn to conformal covariance of Ansatz (8.8a). We need only 

consider the case of relatively spacelike x, and xa. 

According to the discussion of Sec. 7, conformal invariant 

3-point functions are determined by matrix-valued functions t*(~) 

on the group a* which satisfy a covariance condition, viz. (?,11). 

a* decomposes into three open orbits a: I a: and G~ plus some 

lower dimensional submanifolds. On each of the orbits t•c,) is 

fixed once it is known at one point. Conformal invariance alone 

does not relate the values of t•(~) on different orbits however, 

We showed that t'*'<~l for ~EG: determines the 3-point function for 

arguments x, 1 x,., x such that x-x, is positive timelike and 

x-x~ spacelike, or vice versa ( x,-xL is spacelike by 

hypothesis). G~ is obtained from a: by space-time reflection, 

and G~ is the open interior of ·what is left. Let us introduce 

step functions to match 

e:t (xi x, ::('") = 

e_ {X; X, Xl)"' 

11 if X~ X 1 £ v± , X• X:t. Space like 1 Or ViCe Versa 

0 otherwise 

t~ 
if sign (K~x,l 

otherwise 

sign {l(-l(t) 
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aignx. ie defined to be .t 1 if x € V -t , and 0 if x ia 

apacelike. Note that x-x,.: V+ X- x_, E V _ is impossible if 

X, -Xz. is spacelike, therefore e+ + e_ + e ..... • 1 for- "ll x 

It follows from the orbit structure that 

[ 0 1 Q ... (X j X1 x1 ) + Qt. 6. (X; 1<, X1 } + a 3 fl,. (x; X, X:o.} \ V {·I( i ) -X, X, • X1 'X_ 1 ) 
(8. 9) 

hae the same conformal covariance properties as V(-'){i ,-x,')(,-lC:1')( 1 ) 

tor arbitrary constants a, , ct:~., a;·-·(for x,-x'" apacelike ). 

Moreover, in the scalar case l, .. f: .... l·i.d., expression (8.9) is the 

moat general conformal invariant 3-point function because then 

-t* (2 > at any point 3EG* is a imply a nWiber. It followl!l that the 

kernel .:B(•x, w,'l(, )(.._'X 1 ) is of the form (8.9) in the scalar case. 

But then the Ansatz (8.8a) ensures that the same ia true in 

general, becauae of identity (8.8) for V , and ao the Aneatz 

(8.8a) ia indeed conformal invariant. 

There is one technics~ subtlety involved here. Our discussion 

ao far baa been for singular functions of x, ·"~ and x that ia 

functions which are defined everywhere except on some lower 

dimensional aubmanifolds. What we need is distributions, though. 

So the question arises whether there exist& a conformal invariant 

regularization. The regularization ia unique (within the limits 

discussed in Sec .. 2) it it exists, because ;i{-px; x,'l(, x._)(
1

) 

ia boundar;r value of an analytic function of x, and x., tor -p *' spt.r. X 

For so•e range of c 1 it is an integrable function of x, and x ... 

Elsewhere it can be defined by analytic continuation in c • 

~p.lici~. ex~pressio~s (8.8b) and (?,.5) uhow that this is possible~ 

at least after a change of normalization has been effected through 

multiplication by n~(c• ). 

In conclueion, we have found the kernels i(-px; x,'X~ 11 1 Xil which 

enter into the conformal partial wave expansion of Sec. 2. They are 

given explicitly by Eqs. (8.8b), (8.5) and Lemma 10, and they have 

the propertieS listed in proposition 4. 

• This is consistent with the remork at the end of Sec.? since 

B(px;x1 Xt x,.x~) may vanish at p2=0. 

., 
Acknowledgement. The author ie indebted to M. LUscher, B. Schroer 

and I. Todorov for discussions. 
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Appendix A. Proof of lemma 10 

The first part is easy. Given t(x) , define ; b!J i. .. .f:(X) 

Then i ie U -inVariant by covariance condition ii),and formula 

(7.27) follows from (ii) and homogeneity. As for the converse, 

we note first that definition (7.27) of t(x) for positive 

timelike x makes sense, i.e. t(x) depends on m only through 

mM. x/lx"t''" because i. is invariant under the little 

u. of ' It remains to show that t(x) is a polynomial. group X • 

Let E • 1.. (v', v 1
' ®V 1;) the vector space of all linear 

ma:pe from vl .ffJ vt .. ® vt.i • It carries a representation of M 

given by • I I· I· -· 'l>{M).,. • .3) (m)'\1' 'D '(rnl®:DJ(ml]. This represe.ntation 

ie isomorphic to the tensor product .l ®lo ® (j • Because 

of Fermi-superselection rule, it is a 1-valued representation 

of M/r, • so. (3,i) • It may therefore be decomposed into 

irreduciblee which are all tensor representations of M • Thus 

E .. E9 E lr 1 eu.m over irreducible representations of M con-

tained in .tel.®fj , with multiplicitiee. 

vector in E 1 it decomposes as i • Z:: c 11 vl.t 

coefficients ck , and u' a normalized 

in EJJ • Such a vector exists only if E"' 

i is a U -invariant 

with complex 

U -invariant vector 

carries a completely 

symmetric tensor representation; let its rank also be denoted 

by It • The components of the vectors lg 11 (r,n()-J)(~n)!J" are 

called spherical functions for M • It is well known that 
" \(>-•> l91rr (x). tx21"t2>9_.{x/f'ict.) are polynomials. So t•.Z::c11 1x1 1 "J~ot(x) 

According to Weyl's unitary trick, 

representations of M/r, ~ Sot (l, 1) are obtained from represent­

ations of S0(4) by analytic continuation. S0(4) has nontrivial 

center, S0(-4>/2'
1 

... SO(J)xSo(J) • Now .i&-1, ® fi either 

comee from a one-valued or from a two-valued representation of 

SO{~) xS0(3) • In the first (second) case it contains only 

completely symmetric tensor representations of even (odd) 

rank lrr • In any case r: - 1<t is always even and ~ o , because 

l: is the maximal value of k by definition. This shows that 

t(x) is a polynomial. 

SA 
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