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STABILITY PROPERTIES OF EQUILIBRIUM STATES 

by 

Rudolf Haag and Ewa Trych-Pohlmeyer+) 

II. Institut ftir Theoretische Physik der Universitat Hamburg 

Abstract 

The significance of stability of an equilibrium state under local 

perturbations of the dynamics (as defined in [\])and the different 

degree of stability with respect to extended perturbations of states 

at phase transition points are discussed. The general conclusions are 

tested and illustrated in the example of the free Bose gas. A more 

transparent proof of the relation between local stability and the 

Kubo-Martin-Schwinger relation is given. 

+)Present address: Institut filr Theoretische Physik der Universitat 

Heidelberg 

Introduction ------·--

[twas argued in [I] that thermodynamic equilibrium states of an infinitely 

extended medium are distinguished among (possibly other) stationary states by 

a certai~ stability with respect to small changes of the dynamical law. In 

fact, this stability should be considered as the defining property of an 

equilibrium state. Specifically we consider the quantum physics of an infinitely 

extended system. The system is described by the algebra at of its quasi local 

observables, the states by expectation functionals on ~ and the dynamics by 

the !-parameter automorphism group at 
I) 

The conceptual definition of stability is then the following: 

Consider a small change of the dynamical law to the automorphism group a~ 

which results from at by the "addition of a perturbation Hamiltonian h" 

Then if w is a stationary state with respect to at it is called stable under 

this perturbation if there exists a state wh stationary with respect to a~ 

which is close to w In particular, in[\] we took h to be an element of 

OT , which means physically that we consider essentially local, bounded 

perturbations. If A is a coupling constant which we let tend to zero 

ultimately then the stability requirement is that 11 wAh- w :: ->- 0 as A->- 0 

for all such perturbations i.e. that wAh be continuous in the norm topology 

of state space at A = 0. Let us call this specific form of the stability 

requirements s
1 

• More generally a stability criterion will involve on the 

one hand the specification of a class of perturbations and on the other hand 

the specification of the type of continuity of the state which is demanded. 

Requiring s
1 

i.e. norm continuity of w under local perturbations (h €" IJt 
it was shown Z) in [!) that this leads to the condition 

!)Notation: w(A) denotes the expectation value of the element A f ~ 

state w . at(A) is the time translated element A. 

in the 

Z)We had to assume there in addition that w possesses sufficiently strong 

!"\osting propetties. This may bP rPplAcPd howevPr t>v a requirf>mPnt of suffi­

ciently strong asymptotic abelianness of the dynamical system i.e. by a property 

of Ol ct which does not refer to the particular state. See Section IV and 
I t 

appendix. 
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J c.;([!./ atetl]) elf= o A rdf' 4 & tz (I. I) _ .. 
Secondly it was shown

2
) that if an extremal stationary state w satisfies 

condition (I. I) for a dense set of h f ~ then w satisfies the Kubo~Nartin-

Schwinger (KMS)-condition for some value of the inverse temperature B . Thirdly, 

in the appendix of [I) the condition (1.1) was used directly to compute all the 

extremal stationary stable states of a free Fermi gas and verify that they are a 

2-parametric set of quasifree states with a !-particle momentum distribution 

of the form 

Yrt_J = (t+ .vq.(<it~~)r, 
(I. 2) 

It is instructive to do the analogous computation for the free Bose gas. In that 

case the condition (!.I) selects two branches of extremal stationary states: 

the normal one (labelled by a,B) and the "superfluid" one labelled by 

and some constants c, ('_i describing the state of the superfluid component. 

This will be done in Secti~n II. 

One may note 

of stability 

that while the derivation of (1.1) from the 

in Ref.[!] took tJt to be a C
4
-algebra (~o.'ith 

conceptual definition 

A and h belonging 

to t'() it appears that condition ( l, I) itself remains meaningful under wider 

circumstances. Thus in Section III we shall apply (1. I) to an algebra of 

unbounded observables. This is, in the Bose case, a much simpler procedure. 

One verifies then afterwards that the resulting states are indeed KMS-states 

of a certain c•-algebra (the uniform closure of the associated Weyl algebra) 

but this algebra itself depends sensitively on the class of wave functions, 

which one allows. 

One expects that an equilibrium state which is away from a phase transition 

point is stable not only under local but also under homogeneous perturbations 

and that the stability class decreases at a phase trcmsition point. Possibly 

the remaining stability class depends on the nature of the phase transition 

("hierarchy of stability"). Heuristically a test of this idea would be to 

see whether (1.1) remains satisfied for extended perturbations of the form 

I. : f ()'l (11} ( lf-/!!f"' ;( l )< 
(I. 3) 

\VIwre 1)'(;- ){ is local, 

homogeneous perturbations; 

Cl denotes space transl8tions. For n "'0 1ve have 
X 

;; = I is roughly equivalent to surface perturbations 

which sl1ould be the beginning of instability in the case of first order phase 

transitions; n = 3 + ~ are quasilocal perturbations. The question is then 

for which rnnge of n the integration over x and that over can still be 

interchanged if one inserts (1.3) into (1.1). l~e shall consider this question 

in Section III. 

Finally, in Section lV 1ve discuss again the relation between the conceptual 

formulation of stability and condition (1.1). Apart from a proof of this 

relation under t;omewhat modified assumptions (as compared to [I]) we are 

interested in the qualitative physical picture of the perturbed state in the 

case when is not s
1
-stable. It appears that in this case the local 

perturbation causes the expectation value of almost every local current, to 

decrease only like '!1-z with distance so that the flux through each solid 

angle becomes asymptotically constant (independent of the distance from the 

origin) whereas in the stable case the asymptotic outward flm: vanishes. This 

is the mechanism by 1vhich :: w\b - w 1 becomes small in the stable case and 

remains equal to independent of the size of in the unstable case. 

In the appendix we sketch the derivation of the KMS-condition from (1.1) 

for a primary state without the USEO of additional asumptions on the rate of 

decrease of correlation functions. 

~____!',!:l_~- Extremal, Stable, ~~~~!i:_onar_L~~es of_!_!:t~____£ree B~_:o~-,9~~ 

Consider an infinite system of non-interacting identical Bose particles and 

let 

o/(/J ~ Jc;~ J lrf1 "t } a(/)= 14(/'J Ire)~ f 
be the creation- (respectively annihilation) operators of a particle with 

momentum space wave function The commutation relations are 

{r<i/J) u(~;j "'(fj} 0 J frt,;rc;ct/ / 
L-c..rk ~~1;] = " 

(2) 

(2. I) 
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Letfdenote the (not closed, nor normed) algebra of polynomials of the 

a+( , a(g) where f, g are smooth wave functions 3) and t¥ the subalgebra 

of "gauge invariant" elements of r i.e. those polynomials which have in each 

term an equal number of creation and annihilation operators (conservation of 

particle number), tl will be considered as the observable algebra. The 

dynamical law (in r) is given by 

c/.t (u"'f) = 
~ 

'i.f 
(_ ~ f q_~(t ) ) f = 

t 
' !;;:,.. 

(2. 2) 

We shall analyse the consequences of the "stability condition" (1. 1) for a 

state w , allowing for A and h arbitrary elements of 4t 
may be described by the set of "Wightman distributions" 

The state w 

(>")( ' I " w r., .. f.,f., - - -
I I* .. /. I') f.)= f.J( C. If•! "'I/•) Ctf',) .. aN . 

,_ ... ,... r-
(2. 3) 

which are Laurent Schwartz distributions over ~(&n), 

First take 

A- = 
Jf(/ • I //1 a ..,,) a((-J a(/.; .. c..,-.) 

(2.4) 

I. = tl -~(j) Cliff) 
and denote the support of the respective wave functions by 

SAw f.-~ I(;;~(/~ k:', J-«HJ=k; "'W-9 !(' 

If we choose 

K' disjoint from Ki fori= 2, ... n 

(2. 5) 

K disjoint from Kj for j l, ... n 

then condition (1.1) gives (for stationary w) 

)) Specifically we take f 4- P , the infinitely often differentiable functions 

with compact support. 
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f , (I")( 1 , ) J:;, j) /' i"' 1 f' I Tj I /,(2.6) 

w- Lf, 1 ·t·; j, j~ , y·' Jr,q,, r~t/:.·1 r,itJ t·{· J wil:"!;; ~ o 

with 

Frt' = JifJ j J(!;-~') f,ttJj~) t~j' (2. 7) 

whenever (2.5) is satisfied. If we choose 2n points ~~··· ·?n• ?]•· ··~'n 

such that !l f- ~j for any 

K of ~~ and neighborhoods 

and p 1 
F 0 then there exists a neighborhood 

K. ;f p.(i = 2, ... n), K! of p!(j = J, ... n) 
1 _l J _J 'A 

such that for arbitrary F, fi(i = 2, ... n), fj(j"' l, ... n) from class II/ 

with supports respectively in K, Ki, Kj we can choose test functions 

£
1 

g, g' with supports respectively in K1
, K, K' so that (2.5) and (2.7) 

is satisfied4) This means that W(n)(p 1
, ... p', p', ... p;) vanishes unless 

... .. n ... n _ 

either ,!I = 0 or !l = ,£j for some j . Since the argument may be repeated, 

interchanging all the primed quantities with the unprimed ones in the choice 

of the supports and since the Index l is not preferred (w( 2n) being symmetric 

under permutations of the p. ), this means that w2n is a sum of terms each 

' one having point support at the origin in some of the p., p! 
.... 1 ,.. J 

for some pairing of the remaining momenta. 

and point support 

" (p - p') = 0 
.... k ..... R, 

[n particular, the 2-point function is of the form 

,j'i(t {) = C(j 1 cij'; r f'(!,f'J 
(2.8) 

where 

. D I p' . ,] 
c (/'J = ( c r l c- - -t c.- - r ) J t/'; 

; • Jf: ·J J )1.</i (2. 9) 

4)If p f p~ we can choose the neighborhoods of the points p 1
, ... p' small enough 

,...! -J - .-n 
so that (2.5) is satisfied with a K' which}vers the whole energy spread of 

J\ ')£ I -1 I ,/} I 
K. Then for £ 1 =g' the function fl't.jJ<;; Oli-[ (ftfJ31.fJu/' 
will be infinitely differentiable and nonvan1sh1ng in K if K excludes the 

point 0 (Note that }?(O) = 0). Thus we may choose g(p) F(p)/ J'(p), 



(~I J I f) j' Y(f'/J = U'ttJt· f ii<l''F,;; t·· 
" I J,t-c ; (2. 10) 

Here c, ci etc. are constants, the indices i, j referring to the 3 components 
of the vector p . The stationarity and positivity of the state w implies that 
in p(Z) no de;ivatives may occurS)_ Thus 

!/~j, !') - ':\j I 

Itfl 0\rt ) (2. 11) 

It also demands that 

l C.;t 2 c . - .. . .;; J -
• 

, 
( 2. ! 2) 

' 
So far the argument is completely analoguous to the Fermi 
annihilators a(f) are bounded by the r¥ (2 )-norm of 

case. But there the 

and this implies 
immediately that in the Fermi case C(p) "' 0. In the Bose case we have to 
carry C(p) along. 

The next argument shall show that if 

state then the w< 2n) for arbitrary 

{<•) • I I . -w ( t" . t· I C' C· / -

the state w is an extremal 

n are determined by 1./ 2
). 

stationary 

In fact 

-.. -I z /{ Cf/'iJ C~~ 1 
0 l-I.J 1 

_, r/'•'l'<J (2. I 3) 

where the sum runs over all partitions of the 2n arguments into clusters of 
one or two arguments and for the latter we can pair only a primed with an 
unprimed momentum. An extremal stationary state has the mean clustering pro-
perty 

f!:iu. 
T..:yoo 

T 

~ j j (CJ (A <itfli;J- r.Jtf; .;,If;; v~-·:­
-r 

0 

S)If we· go e.g. in (2.10) up to the second derivatives then the positivitY 
demands that p(p), p .. (p) are real, p.(p) purely imaginary and at every p 

lJ - l - -' 
the 4 x 4-matrix[ -prl 
l:Pijpj=O, IPii"'O. The 

o i I 
p. ·J shall 

I J 
latter twb 

be positive. Stationarity demands (oipi=O 

conditions are incompatible with positivity. 
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Thus we should have, e.g. 

r 
'f} 1 I 

~ /r 1 \. J ~r1,ll;_~ .. ,~~;-
. I ' 

<J I Jl I ' - ~(1:; '~) t -, J /I J",f.~~·)./t!'I~~JjL N.•i /rtz'Jd/'.··.Zt,C2,14J , -}fY ~ ~ - --I 

""0 

Due to the singular support of \~( 4 ) the integrand v.'ill, for suitable choice 
of the f., f! always contain a time independent term 1vhich violates (2.14) 

l 1 ( 4) 
unless the part of \Y , having support at r

2 - r; = 0 factors, and cancels 
the corresponding term in 1/ 2 l(p

1 
,p;) 1\JZ)CPz:r:Zl """and the same holds for the parl of 

w' with support at ! 2 
0, !2 "' 0. Using the symmetry 

one gets expression (2.13) for 

of \,r4 

\~ ( 4). 

under inter-

change of !J with ,, 
To get further restrictions on the function p (p) 

we apply the stability condition (!.1) to 

and the constants c, ci ... 

h= !If J: I , I 

a,j,Jc.,J<J"<J· 1 "''" J ,- A·~ 
~ 1('- - .• I 

::. ,/..;" l·J "I·, 
'I 

~;f< J 

The condition (1.1) gives then with (2.8), (2.11), 2.13) 

{ J',f,J~/<Jl1t f,f',~j, 1 t Ji(',
1

Jj -lltfl/''l}tl 'J,f,J//'·~ '</'' ~~ 
~ I I 

J~i~ t 1j- ~ -~,)~0(2. 15) 

-and in addition either 

c,r1 • o 
(2. 16) 

oc 

f ~'rt<A' dif.'/;1 , t f</'.i) -L'.,. Jif,1i i1t.'; J,J,Jj )~~ -~, c,,'; z o (2. I 7) 
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Condition (2.15) implies that 

energy. Thus 

I + ,) 
log -----;_:;--- shall b£> a Linear funr:tion of the 

'?~ 10 { e·t~~ r) -1 (2. 18) 

The remaining condition gives the altexnative between (2.16) (nbsf'lll'P of the 

"superfluid" part) and 

C{jl f o J 
<X~ 0 (2. I 9) 

Remarks: 

i) The possibility (2.19) arises formally from the fact that in J(or more) 

dimensions 6(t:) = 0 since 

[ N' t1f1 d'r = 1 !if, J,,, It- .11 "a= o 

if is finite at p = 0 In 2 dimensions a solution with c(p) ~ 0 

is not allowed. The superfluid state i_, not stable under perturbations 

for functions f(p) which are singular at the origin involving a(f) 

like c.:-l/ 2 
though still square integrable. 

ii) The'
1
1-point function

11 
c(p) is the wave function of the macroscopicallv 

occupied !-particle state. The conditions (2.12) read in x-space 

AC(~) = 0 which is the Schroedinger equation for zero cnergy
6 ) If one 

approaches the problem from a finite system then the solutions where c i' 

c .. 
'J 

etc. are not zero correspond to boundary conditions which increase 

as the box becomes larger. The superfluid density increases in them as 

one moves away from the origin and one has a circulating superfluid flow 

in this case. 

iii) The expectation functional overtJ/ defined above can most simply be 

summarized by saying that w may be extended to a quasi free state over 

the Weyl algebra generated by the unitaries .£K.jt ", { Ci1/J t-Ctf/;) 

b)This significance of the conditions (2. 12) was pointed out to us by D. Ruelle. 

IO 

with f 6 "' .v The truncated 2-point function is given by (2.11), (2.18), 

the !-point function by (2.9), (2.12). One checks then that w has the 

right analyticity propertiE'S for a KHS-st<Jte with respect to the appropriate 

combination of time translations and gauge tr<lnsformations corresponding 

to the parameters ~,3. 

D_l_._il.£~~~_?_!:ahi l i_~_y 

Suppose Ul is an extremal, stationary state satisfying (1.1) for local, 

bounded perturb<:~tion h (i.e. h (: Jl ). We may ask whether it will still 

satisfy (l.l) for extended perturbations of the form(!.)). The left hand side 

is of the form 

rlrr!l)-· fl.}/) :I'~ .if (3.1) 

where 

f..t J) ..J ( [x.u '1711 A); (3. 2) 

and the x-integration shall be performed first. 

\~e know that if we integrate first over then (3. 1) will indeed vanish. If 

the expression is absolutely integ'rable we can interchange the order of the x and 

t-intcgration and hence get zero for (3. 1). A very crude criterion for extended 

stability is then obtained by the following power counting argument. 

Introducing x/t and was variables it is reasonable to assume that the 

correlation function $ will depend smoothly on x/t and decrease fast for 

x/t 7 ro (for fixed t ). lf 

6(5t; ~ h. t r f 
f-,>0? 

{ £or fixed J.1 ) 
is finite then (3.1) will be absolutely integrable as long as 

~w.,-r>f 

(3.3) 

(3.4) 
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Let us consider the example of the free Bose gas! Here one may compute the 

function ¢(x, t) for bounded observables v,A from the Heyl-algebra mentioned 
at the end of Section II (Remark iii) when w is taken as one of the equilibrium 

states described. It turns out
7

) that the generic asymptotic behaviour of ¢ 
for large arguments is the same as the one obtained when one takes for A and 
v the simplest unbounded observables 

A= c.~/1 °1/1 v = c. fw·(J; 
Then, for an equilibrium state 

¢={ft-~ 

with 

w p,c 
we get 

r/f = J ur ,/rt '-r 11- (t~rJ1 ( f0 :~-f(tl J/1!1 ,4IJ'fi1 l;ffl "!ttl 

f, = <L.{.vq.,((t!c)J-/f:EJ1 (c,(; frt!J(f;j/tl"{l "'f "'f' 

Consider first the branch where is given by (2.18) and a~ 0, c = O. 
Then the asymptotic evaluation of ¢

0 
by the stationary phase method gives 

f= ~ 7 f-f F(Jr) ~. '>"'= y. 

The power 4 arises because the stationary point in both the p'- and the 
p-integration is at p = p' = x/t and the dominant contribution which would 
have a decrease like r-3 vanishes because of the factor (p(p) - p(p'); so 
one has to carry the stationary phase approximation as in [2; Eq.(l.l2)] up to 
terms of order t- 512 . The lo>.est non-vanishing term comes then from the cross 

. -5/2 -3/2 -4 terms wh1ch are or order t , t = t 

Next consider the boundary point between the two branches where a = 0 and 
still c = 0. Here the function o becomes singular like lr !-2 

at the 
origin so that now 

~'C- ~-7 r'r:{~) ,·.(_ r= J. 

?)We are very much indebted to K. Fredenhagen for this observation. 
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Finally, when a 0, ' f 0 the slowest decreasing part comes from ;, and 

¢c t-3/2 F(~/t). 

Thus we have r = 4 in the normal case, indicating stability up to n = Q. 

At the boundary of the two branches (a = 0, c = O) r decreases to r = 3 
and ultimately we have r = 3/2 in the superfluid case. 

IV. Discussion of the Stability Criterion (1.1) 

A dynamical system possesses in general many different types of equilibrium 
states (e.g. phase transition points, critical points). It is therefore 
desirable to separate as fas as possible the properties of the dynamical system 
as such (algebraic properties) from those of a particular state (e.g. behavior 
of correlation functions). One relevant algebraic property for our purposes 
is the degree of asymptotic Abelianness in time and space-time. 

We shall proceed here from the assumption 

integrable function of if A and B 

that :'[A, at(B)JII 

lie in a domain ]) 

is an absolutely 

which is norm 
dense in d{ , and that the same holds for the perturbed dynamics a~h for 
sufficiently small \ when h t3 ]>. 
This assumption will be called ~(!)_asymptotic Abelianness. 

Consider the automorphisms 

a>( = £' r!.'( 
l't f t 

One has 

A r)~ f;((_A}= -)IX;·([ f,, {)(;~(Ail) 

,·~ {p;~({ A)· t A(<X;(r( {t; "t~U) . 

In the case of~ ( 1) -asymptotic Abelianness the norm of the right hand side 

( 4. I) 

(4 .2) 

(4.3) 

of (4.3) is absolutely integrable provided h, A~j) and the same holds for the 
r.h.s. of (4.2) if A is sufficiently small, This means that for h6-j) 
the limits 
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f:~ . £,;.. (JM 

f-'lt~ ( t 
( 4. 4) 

exist and are automorphisms ontfl (compare [3]). 

s:h the "MOller automorphisms". 

In analogy to scattering theory 

one rr1ay call 

Given a primary state w which is stationary under 

. At h. h . d 
two prlmary states w± w lC are stat1onary un er 

a, we get then immediately 

a.Ah namely 
I 

{J l' ([!) ~ tJljj:'w) 
If we now require as the stabi 1 ity requirement for w that 

/( tJ;'- [J If • c, (A) -;> 0 
a.:, J "7 0 

(norm continuity) then for sufficiently small A , say 

as c+(A) < 2) wAh, wAh and w must all lie in the 
- ' 

' c 

same 

( 4. 5) 

(4. 6) 

A (i.e. as soon 
0 8) 

folium . But a 

primary folium can contain at most one stationary state for the asymptotically 

Abelian dynamics 

tv" + 

'h a, 

tJ~l 

From (4.3) we obtain 

Therefore 

for any ,\ < ), 

~~ 

CJ;)'A)r {,.)@j = ~· ,1 ! q'([ 11 xttAi) J t 
' 

Hence by (4.7) 

0 

f {J_'~( g cic£4J ott 
"' 

f- ['J:<([A,ati4jH=ojvr 

-~ 0 

( 4. 7) 

(4. 8) 

o<'<~o 
(4. ':l) 

S)By the folium of w we mean the set of St!ltes which correspond to do:>nsitv 

matrices in the Hilbert space representation of cf arising by the CNS-construc­

tion from the state w . 
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Then, if we choose A 6]J due to (4.6) and .;.(<I)_asymptotic Abelianness we 

get 

<><· f {J( (f., oit'c\ ,;f < /1+ C,JtiJ r f1 C_ cA) (4.10) 

_.., 

where !>! , H are fini.te constants (depending on A and h but not on ~) 

' . 
namely the time integrals of the norms :! [h, ut(A)): 1 Since the left hand 

side o[ (4.10) is independent of and the right hand side goes to zero as 

A+O wehave(l.l)for A,h6}. 

We shall sketch in the appendix how one gets from this result without additional 

assumptions to the K~lS-condition which implies also that (1.1) must hold for all 

pairs h, A and not only for those in the dense set), 

Let us now osk the converse question. Suppose w is a primary, stationary 

state which does not satisfy the stability condition (1.1). H01~ does the 

"instability" of w manifest itself? Such states exist for instanre in the 

frc>e Fermi gas, (More generally one expects them if the dynamics is "non­

~:rgodic" in some sense). As an example we may take in the case of the fret> 

Fermi gas any quasdree statp over the algebra of FPrmi creation and dt>struction 

operators (CAR-algebra) with a 2-point fum·tion 

t~/ I 
W,ftf J• - ·' J I Jrt 1 J ,r.r ; (4. 12) 

where 
-I 

is not of the form(l+exp(rt+;'E)) . ff WP takv 0 direction dependf'nt 

then the stability condition (I. I} is already violated for h and A of the 

form 

I • I , I I Ji I "o ~J/'I~Ir!fi/';•)"'!nr, 
J - - - c 

,.J, g&. I :" I J .1 1 

"J'I"/ I ft!, f:) ol /' '-'f(4. 13) 
v -

The physical pieture of the c:nnsequo:>nre of thiR violation emerges if we 

\h . . 
comput~: !.tJ± (A) up to the second order In l~lth 

.,J'' 
f 

,;J f A ,J(~, r ..-1 ,)(<!I j 
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we have from (4.5), (4.4), (4.2) 

CJ~ [di =- J o([c<_t,c{JJ ~~.,.J)#J])a~df. (4. 14) 

tiO'Jtz_)t1 )0 

For h, A as in (4.13) and w having the 2--point function (4. 12) 

I ,_1 I 

j"' ' 1 1 I " I -il!~ -f~t t.c(ll-i._jt 
w;''(IIJ=- Uf!,,- 51.C.JJ ~J.,r, ;'/J'·,t~J/iJ,,f',;e d'f,«fo,'/t< (4.ls} 

-If, )t,) o 
X if, c/fL + * where .X means the complex conjugate if t: and A are chosen self adjoint. 

We evaluate this for an observable which is loc-alized at a large distance from 
the origin i.e. from the approximate localization region of h . Thus we put 

ax(A) 

lx\ · 
instead of A in (4.14) and consider the asymptotic region of large 

This changes the integrand of (4.15) by a factor ei(pJ-~2J~ lo.'e may then 

use the method of stationary phase for the integrations over ~ 1 
and subsequently over t 1 , t

2 
The stationary phase occurs at 

I 

/'• = t· . 
~ ~ 

~' 1~1 
I t_J 

f, = t = 1t< 1;: " - I 
and we obtain up to a numerical factor 

and p' 
~' 

t,)~J&:~Jj -7 ...L If),, ·'/Ctito 'I It f ')~ d 1 I /~!' fi{>CJ tf'J.Jt J, !!if'- i[J ' t 
with 

f = If' I X 

1ft 

(4. 16) 

(4. 17) 

(4. 18) 

(4. 19) 

This is the (first order) expression for the effect produced by the difference 
between the number of particles scattered per unit time from an arbitrary 

momentum p to p' and that of the inverse process. 

where p(p) '"'p(p') on the energy shell (4.18) vanishes 

In the stable case, 

and w( 2 )(a (A)) 

' decreases faster than ~ with the distance. If we perform the~same 

16 

f/ : - ' ' . ,._ I / - ) cal~ulation 1vith Jl."::"j Jlt.,Jcl; t:~l.- J:_..ot~r-O.t/!_l)J-f1"!-·A f.._ 
describing two-body interparticle forces ~o.•e get as the dominant term proportional 

to l-;1·7 an expression similar to (4.18) with p(~) - p(~') replaced by the 

2-pa~l:'icle co I J is ion factor Yf-,J fljll. J l r- lif'./,j(_ t- itf~-1; - L t-Ift.,; ).._I-l(fzJ) f{'-• 11 .11/'./ I 
which vanishes (on the energy shell) if and only if p is a Fermi distribution. 

Thus, a primary, stationary state which does not satisfy the stability condition 

'" w+ 
(I. 1) will change under a local perturbation h into a stationary state 

which has a steady 

In w~h 
radial flux, asymptotically constant in each solid angle. 

this flux has the opposite sign. In a stable state w "' w + '"d 
the perturbation does not produce an outward flux. Its effect is then absorbed 
essentially in a finite region. 
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APPENDIX 

We sketch here how one obtains the KMS-condition from (1.1) without additional 

clustering assumptions for the correlation functions if the dynamics is£(!)_ 

asymptotically Abelian and w is primary. Noting that the domain jD is by 

definition invariant under time translation and closed under the product 

operation we may, as in [I] put in (J.l) 

I = t~ rtr (!, J ; A- = If, <V.,.(tl, J 

;:

0

"0(fl,tJ.rri,J, tf., c«A~)dt = ftz-rlrtl/ td)t!f 
-~ 

I= 1Jr4-(f,J, "'tvt'U rf.M(d-,; 

I= 11 riJA~J {c~,-{t..), Oif..-0•il 

1"' !?, J riJA,J] rf_ft-'1 (A-d r!z- t/.) 

N == rif(A,) [ ( ritt\(A,Jj r4:ii.J 

(A. l) 

We consider the limit 1 + oo of (A. I). The norms of II and III are bounded 

by ~(!)_functions of t which are independent of T Thus we can inter­

change the 1-limit with the t-integration and obtain due to the ciustering of 

a primary state 

it;.. [4 t 1/J )cd : ff,)i!. lit-{d,J t.>{J., r{(ii,JJ f 
r~"' 

t f "{( t,, oit(A,J) (;)(ritC4,; t,) dt 

"' I(f,itJ f.(t"l- G,Ltit:r,.Lfl j :It 

1,1."/i.. 

~ .. = 
/.) ( /..- rit: !J. J) J 51: = tJ (_ f4&,·) t; J 

(A. 2) 
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Next one shows that . ( . ( ( ) d 
hm J w(I) = llm ' w VI t = 0. One has 
T-7«> T->= 

~II/ ~ 1/L, « /IA,/1 li [ .t,, r~t_.,.iA,i] ~ 

Since this is an £(!)_function and since w satisfies (I. I) we can choose an 

arbitrarily small t: > 0 and find a T large enough so that 

r - J 

and at,o/ [tJf{l.,, dtf•lt!,i})c/f/(E (A.3) f 4!~}dt < [ 
j<-<1 > T -T 

Then 

-*., /{J{rJclt 1 < f + 

f-r-~ T 

k 1 {.)( 1; "r 
f-r·- r 

The second term is 

t;.. f0Lr/__ 7 (1,j{£, rit,(4} IY-en{!l,)dt 
1 

t'-Joa !J 
-1 

Since the t '-integration is over a finite range 

integra~and obtain for it 9) 

we can perform the 1-limit 

under the 

IJ( t,j tJf'l, J j {.){ [~,, .xf, (4,!]) vft 
1 

-1 
Thus by (A.3) 

I!J.. ( t,{Jjdt/< £ (t + /r.![t,, "{!1,;/) 
(. 7'0 J 

(A.4) 

for any E > 0. The corresponding estimate can be made with IV and we obtain 

finally by (A. I), {A. 2) 

~ 

jc~tft f,tt;- ~[t; ~(f;Jtlf =o (A. 5) 

-~ 

g) The integrand becomes lim w([h
2

,n,,(A
1
)la (h

1
)a 1 {A

2
)) and, since w is 

T--l<» -T t +T 

primary and a_,(h 1)at'+T(A2 ) moves into the center this equals 

H~ ~J([h2 ,ut 1 (A 1 )]) w{a_/hJ) at'+
1

(A2 )) = w[h 2
,at 1 (A 1)] w(h1 ) w(A2 ). 
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From (A.S) to the KMS-condition one may follow essentially the arguments of 

(I] using again the technique described above for the derivation of the triple 

relation([!]; (4.3)], 
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