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STABILITY PROPERTITES OF EQUILIBRIUM STATES

by

Rudclf Haag and Fwa Trych—Puhlmeyer+)

I1. Institut fiir Theoretische Physik der Universitit Hamburg

Abstract

The significance of stability of an equilibrium state under local
perturbations of. the dynamics (as defined in f11) and the different
degree of stability with respect to extended perturbations of states
at phase transition points are discussed. The general conclusions are
tested and illustrated in the example of the free Bose gas. A more
transpatent proof of the relatioa between local stability and the

Kubo-Martin-Schwinger relation is given.

+ . " . - ; a2
)Present address: Institut fiir Theoretische Physik der Universitét

Heidelberg

Intreduction

(t was argued in [1] that thermodynamic equilibrium states of an infinitely
extended medium are distinguished among (possibly other) stationary states by

a certaip stability with respect to small changes of the dynamical law. In

fact, this stability should be considered as the defining property of an
equilibriuvm state. Specifically we consider the quantum physics of an infinitely
extended system. The system is described by the algebra 6{ of its quasi local
observables, the states by expectaticn functicnals on,CV and the dynamics by

1)

the l-parameter sutcmorphism group @ -

The conceptual definition of stability is then the following:

Consider a small change of the dynamical law to the automerphism group a?

which results from o by the "addition of a perturbation Hamiltenian h ".
Then if w is a stationary state with respect to o it is called stable under

this pertutbation if there exists a state w , stationary with respect to a: ,

which is clese to w . 1In particular, in [1] we took h to be an element of
07 , which means physically that we consider essentially local, bounded

perturbations. 'If A is a coupling constant which we let tend to zero

ultimately then the stability requirement is that E!mlh ~w !l »0as A +0

for all such perturbations i.e. that wAh be continuous in the norm topology
of state space at X = 0. Let us call this specific form of the stability

requirements S, . Hore generally a stability criterion will involve con the

one hand the specification of a class of perturbations and on the other hand

the specification of the type of continuity of the state which is demanded.

Reguiring 8 i.e. norm continuity of w under lecal perturbations (h € 6¥ )

1
it was shown 2? in [t] that this leads to the condition

i)Notal;i.cm: w(A) denotes the expectation value of the element A £ 4? in the
state w . mt(A) is the time translated element A.

2)ye had to assume there in addition that w possesses sufficiently strong

¢lusting properties. This may be replaced however bv a requirement of suffi-
ciently strong asymptotic abelianness of the dynamical system i.e. by a property
of ﬂgo%which does not refer te the particular state. See Section TV and

appendix,
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2)

Secondly it was shown™’ that if an extremal stationary state » satisfies
condition (1.1} for a dense set of h 6’4? then w satisfies the Kubo-Martin-
Schwinger (KMS)-condition for some value of the inverse temperature B . Thirdly,
in the appendix of [1] the condition (1.}) was used directly to compute all the
extremal stationary stable states of a free Fermi ¢as and verify that they are a
2-parametric set of quasifree states with a I-particle momentum distribution

of the form

-

£(p) = (14 (4*PY)

(1.2)

It is instructive to do the analogous computation for the free Bose gas. In that
case the condition (1.1) selects two branches of éxtremal stationary states:

the normal one (labelled by «,R) and the "superfluid" cne labelled by §

and some constants c, ST deseribing the state of the superfluid compeneat.
This will be done in Section II

One may note that while the derivation of (1.1} from the conceptual definitian
of stability in Ref.[1] took 6% to be a C‘*aigehra (with A and h belonging
to 6? } it appears that condition(l.!) itself remains meaningful under wider
circumstances. Thus in Section I1I we shall apply (1.1) to an algebra of
unbounded observables. This is, in the Bose case, a much simpler procedure,

One verifies then afterwards that the resulting states are indeed KMS-states

of a certain C*—algebra (the uniform closure of the associated Weyl algebra)}

but this algebra itself depends sensitively on the class of wave functions,

which one allows.

One expects that an equilibrium state which is away from a phase transition
point is stable not only under local but also under homogeneous perturbations
and that the stability class decreases at a phase transition point. Possibly
the remaining stability class depends on the nature of the phase transition
("hierarchy of stability"}. Heuristically a test of this idea would be to
see whether (1.1) remains satisfied for extended perturbations of the form
-
/- [ofz(ﬂ)(”/;‘fa A x

(1.3)

where @VE'J? is local, o denotes space translations. For n = ¢ we have
homogenenus perturbations; n o= I is roughly equivalent to surface perturbations
which should be the beginning of instability in the case of first order phase
transitions; n = 3 + ¢ are quasilocal perturbatiors. The question is then

for which range of n the integration over x and that over t can still be
interchanged if one inserts (1.3) into (1.1). We shall consider this question

in Section IIT.

Finally, in Section IV we discuss again the relation between the conceptual
formuilatien of stability and condition (1.1}, Apart from a proof of this
relation under somewhat modified assumptions (as compared to [1]) we are
interested in the gualitative physical picture of the perturbed state in the
case when . 1is not Sl—stable. It appears that in this case the local
perturbation causes the expectation value of almost every local current, to
decrease only like ji?iz with distance sc that the flux through each solid
angle becomes asymptotically constant (independent of the distance from the
origin} whereas in the stable case the asymptotic outward flux vanishes. This
is the mechanism by which }:ukh - w .| becomes small in the stable case and
remains equal to 2 independent of the size of X in the unstable case.

In the appendix we sketch the derivation of the KMS-condition from (1.1)
for a primary state without the use of additional asumptions on the rate of

decrease of correlation functions.

[I. The Extremal, Stable, Stationary States of the Free Bose Gas

Consider an infinite system of mon-interacting identical Bose particles and

= Jepifar ) [arfrrdr

be the creation- (respectively annihilation) cperators of a particle with

let

momentum space wave function [ . The commutation relations are

[adi, e0i] =(£g)- /{&1,;@, p o
i, «i =0
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Let denote the (not closed, nor normed) algebra of polynomials of the
a+( , a(g) where f, g are smooth wave function53) and é?'the subalgebra
of '"gauge invariant” elements of i.e. those polynomials which have in each
term an equal number of creation and annihilation operators (conservation of
particle number). éz will be considered as the cbservable algebra, The
dynamical law (in ) is given by
* 4 5 ¢
o (@) = ¢ ’Q'Z/n)/f £ =t

A ' (2.2)

We shall analyse the consequences of the "stability condition' (1.1) for a
stata w , allowing for A and h arbitrary elements of é? . ‘The state w

may be described by the set of "Wightman distributions"”

W(M)(I”“f*;f'!’ ,._Z‘A'): 0{&?,).. f‘?‘a} ai/ndy.. ag»,,')/ (2.3)

which are Laurent Schwartz distributions over ;a(én).

.First take

&) Q’(?:') GV")“ c'%l) @.4)
4~ 0% ag)

and denote the support of the respective wave functions by

: /( ] ! _ // r ;7
Laff fi'z . ; .;ﬁﬁf f€‘ = 4:. }, J4ﬁﬁf(;'_ ! ; S“ﬁf g =
1f we cheoose
K' disjoint From K, fori=7,...0
(2.5)

K disjoint from Ki for j i,...n

then conditicon (!.1) gives (for staticnary w)

) Spacifically we take f éFJD , the infinitely often differentiable functions

~with compact suppert.

Mﬁﬂ(f‘ﬂﬂf"jf;'f;) @4))6@3;"%;‘&‘}%7&4!/-'/::Z‘«f} ][_4’/‘ ;,Ezoe)

with
LT
Fp = &) [ sy brg e 2
whenever (2.5) is satisfied. If we choose 2Zn points DpaeePp p],...p

such that ’?} £ 33 for any } and ,B' £ 0 then there exists a neighborhood
K of 7 and neighborhoods K, of Ei(i =2,...n), Kj of Ej(J =1,...n)

such that for arbitrary F , fi(i = 2,...1), fi(j = 1,...n) from class

with supports respectively in K, Ki’ k! we can choose test functions

]
f g, g’ with supports respectively in K,, K, ¥' so that (2.5) and {2.7)

1
is satisfied&). N(n)

1t

This means that (p],...p', pa....p{) vanishes unless

- ~ -

either P, = ¢ or p, = pi for some j . Since the argument may be repeated,
e LY

interchanging 21l the primed quantities with the unprimed oves in the choice

LU

of the supports and since the Index | is not preferred being symmetric

under permutations of the P; Y, this means that wZn is a sum of terms each
one having point support at the origin in some of the Py pi and peint support
-~

at (pk - pi) =0 for some pairing of the remaining momenta.
-~

in particular, the 2-point function is of the form

Fpp' ) i p's T P

(2.8)

where

C(/lj'—‘(Cf'jf. Dhe Zcqgfgf )‘J!/]) (2.9)

4)1E v, f p3 we can choose the neighborhoods of the points Pl""Pﬁ small enough

so that (2.5} is satisfied with a X' which cpvers the whole energy spread of
. ot N EL g d gt

K . Then for fl = g' the function W}: sz f}ﬂw }g(fja//'

will be infinitely differentiable and nonvanishing in K if K excludes the

point O (Note that () = 0). Thus we may choose g(p) = F{(p)/ #(p).
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?(ﬂ /'.; ) /57, 5 o 4 U B S (2.10)
(od )= (Sipre 2 Seprst ) St

Here c, ¢; etc. are constants, the indices i, ] referring to the 3 component s

of the vecter p . The stationarity and pesitivity of the state w implies that

0(2) r 5). Thus

in no derivatives may occcur

ey ;o N7 f
‘?(”/I/f ) = Rf’ d\f_f'} (2.1

It also demands that

ZC,-; = ‘254‘1‘3' = =2 (2.12)
4

So far the argument is completely analoguous to the Fermi case. But there the
annihilators a(f) are bounded by the &f(z)—norm of [ and this implies
immediately that in the Fermi case C(p) = 0. In the Bose case we have to

carry C(p)_ along.

The next argument shall show that if the state w 1is an extremal stationary

state then the w(Zn) W(z).

for arbitrary un are determined by In fact

ix) 4 i i o= ’
W( (t”.,/'h,/j’f:'/r- Z-// C‘(/'f'}cy“'j sz;"xl[&(/ (213

4

where the sum runs over all partitions of the 2n arguments into clusters of
one or two arguments and for the latter we can pair only a primed with an

unprimed momentum. An extremal stationary state has the mean clustering pro-

perty 7‘
Coa 3/—7_ (a)(ﬁldt(t?/)— »’J(‘bw’tb’/j AL =0
T2 00
-7
5)

If we go e.g. in (2.10) up to the second derivatives then the positivity
demands that p(p), pij(p) are real, pi(p) purely imaginary and at every p

P D-}
the 4 x 4-matrix —os 01 J shall be positive. Stationarity demands Epipi=0
ij
Epijpj:g’ ZQiizo. ‘The latter two conditions are incompatible with positiviey.

Thus we should have, e.g.

r . L3
. / Rt L ! <. I 2,,' Vo ._'lﬁg; [ )t_} ) ,
b 5o [ Pataind = ol b1 i oty

e
=7

2
=i

(4}

Due to the sinpular support of W the integrand will, for suitable choice

of the fi’ fi always contain a time independent term which violates (2.14)

gt

unless the part of having support at Py - pé = 0 factors, and cancels

the corresponding term in w(z)(p],p;) w(z)

W& with support at Py = 0 pé = 0. Using the symmetry of w* under inter-—

N(b).

(pz,pé) and the same holds for the part of

one gets expression (2.13) for

change of P with Py

To get further restricticns cn the function g(p) and the constants Ty Ciann

we apply the stability comdition (1.1) te

. ¥ ! VAN A
f=aidadeiag ags; A= aduibpade, wdes.
The conditien (1.1} gives then with (2.8), (2.11), 2.]3)
- o - ’ = b ! L J/I _Ei y
{ WA 1038 0) sy Tt apy p ey W g RatETE =00 s

-and in addition either

le"' -e (2.16)
or ’
;

- . -~ " P Y
1?¢'4/L‘*j¢",ﬂ (T = gy jf/,qujl/lejj W5 =6 @
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Condition (2.15) implies that log _ﬁ%,g, shall be a linear function of the

energy. Thus
g, -1
Y({n = [3.”#5 f} . (2.18}

The remaining cendition gives the alternative between (2.18) (absence of the

"superfluid" part) and

C[Z’H“’ ; ¥ =0 (2,19}

Remarks:

i) The possibility (2.19) arises formally from the fact that in 3{or more)

dimensions &(¢) = 0 since
(ﬁgﬁ,J\ﬁ'}g{/‘ f/[.}(}(f;,f Aidll=0
if is finite at p = 0 . Io ? dimensions a solution with c(p) # 0

is not allowed, The superfluid state is not stable under perturbations
involving a(f) for functions f£{p) which are singular at the origin

~-1/2

like e though still square integrable.

. f . . B . .

{i) The 1-peint function c{p) is the wave function of the macroscopically
occupied l-particle state. The conditions (2.12) read Ln x—space

6)

At(x} =0  which is the Schroedinger equation for zero cnergy [f one

approaches the problem from a finite system then the solutions where e,

Cij atc. are not zero correspond to boundary conditions which increase
as the box becomes larger. The superfluid density increases in them as
one moves away from the origin and one has a circulating superfluid flow

in this case.

iii) The expactation functional cverﬂzf defined above can most simply be

summarized by saying that w may be extended to a quasifree state over

the Weyl algebra generated by the unitaries ,&(f (ﬁ% r%/

6)This significance of the conditiens {2.12) was poinred out to us by D. Ruelle.

with [ € :? . The truncated 2-point functiecn is given by (2.11), (2.18},
the }-point functiocn by (2.9), (2.12). One checks then that w has the
right analyticity properties for a KMS-srate with respect to the appropriate
combination of time translations and gauge transformations corresponding

to the parameters o,32.

LTI, Depree of Stability

Suppose w 15 an extremal, stationary state satisfying (1.1) for local,
bounded perturbation b (i.e. h & J? ). We may ask whether it will still
satisfy (1.1} for extended petturbations of the form (1.3}. The left hand side

is of the form

(”'Ift]_ﬁ ?AU};Z‘/ %j'l Lr (3.1)

where
PA,T}= ,J( Z'xg,t lJ/)AJ/ 3.7

and the x-integration shall be performed first.

We know that if we integrate first over t then (3.1) will indeed vanish. If

the expression is absolutely integrable we can interchange the order of the x and

t-integration and hence get zero for (3.1}. A very crude criterion for exteaded

stability is then obtained by the following power counting argument.

Introducing x/t and t was variables it is reasonable to assume that the
correlation function ¢ will depend smoothly on x/t and decrease fast for

®/t » » {for fixed ¢ }. If

Ty- a7

Fow

(' for fixed 4 } (3.3)
is finite then (3.1) will be absolutely integrable as long as

Hnr T >% . (3.4)



Let us consider the example of the free Bose gas! Here one may compute the

function ¢(x, t) for bounded observables v,A from the Weyl-algebra mentioned

at the end of Section IT (Remark iii) when w is taken as one of the equilibrium

N 7 : : .
states described. It turns out ) that the generic asymptotic behaviour of ¢
for large arguments is the same as the one obtained when one takes for A and

v the simplest unhounded observables

A= ¥y ;U= Gl .
Then, for an equilibrium state w we get
gttt
with

¢ - f onp 411 =0 (38 100 ) Ak v o 5

bow e T g ifly 100 €4 foi o gy 4 1

Consider first the branch where p 1is given by (2.18) and o # 0, ¢ =0.

Then the asymptotic evaluation of ¢D by the stationary phase method gives

Pt TR e ren

The power 4 arises because the stationary point in both the p'~ and the
p-integration is at p = p' = x/t and the dominant cﬂntributién which would
ﬂave a decrease like ht‘3\ vanishes because of the factor (p(p) - p(p"); so

one has to carry the stationary phase approximation as in [2; Eq.(l.{Z)] up to
t—5/2.

terms of ovder - The louest nen-vanishing term comes then from the cross

. - -3/2 _ -

terms which are or order ¢t 5/2, £ 37 =t 4.

Next consider the boundary point between the two branches where o = 0 and
. . . -2

still e = 0. Here the function o becomes singular like Ip! at the

origin so that now
¢ - @—9f~”7%d i v=3

7

We are very much indebted to K, Fredenhagen for this ohservaticn.

Finally, when a =0, ¢ * 0 the slowest decreasing part comes from ¢C and

o 732

c Flx/t).

Thus we have r =& in the normal case, indicating stability up to n = O.
At the boundary of the two branches (g =0, ¢ = Q) r decreases to r = 3

and ultimately we have r = 3/2 in the superfluid case.

IV. Discussion of the Stability Criteriom {1.1)

A dynamical system possesses in general many different types of equilibrium
states {e.g. phase transition points, critical points). It is therefore
desirable to separate as fas as possible the properties of the dynamical system
as such {algebraic properties) from those of a particular state (e.g. behavior
of correlation functions)., One relevant algebraic property for our purposges

is the degree of asymptotic Abelianness in time and space-time.

We shall proceed here from the assumption that " la, at(B)]|| is an absclutely
integrable function of t if A and B lie in a domain ,D which is norm
dense inﬂ ; and that the same halds for the perturbed dynamics aih for
sufficiently small X when hE_D-

This assumption will be called é?(l)ﬁasymptotic Abelianness,

Consider the automorphisms

Al ~1 '\‘ \
Be = o, & (4. 1)

Une has » Y.
3 - o (LA w])

(4.2)

2 () ) -+ 2w (%) “t”’]) ' (5.

In the case nftzf(])—asymptotic Abelianness the norm of the right hand side
of (4.3) is absolutely integrable provided h, A E:D and the same holds for the
t.hes. of (4.2) if X s sufficiently small, This means that for he& J)

the limits
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exist and are automorphisms nnﬁ? (compare [3]). 1In analogy to scattering theory

one may call Bih the "M&ller automcrphisms'.

Given a primary state w which is stationary under a, we get then immediately

h

s Mo . A
two primary states w, which are stationary under o namely

Mo 344y )
4)1- @) = 0(’1‘ (4] (4.5
1f we now require as the stability requirement for w that
) -
{{ &)4{—&){( 2 L) > B 4o (4.6)

{norm continuity) then for sufficiently small * , say A < AO (i.e. as socon
Ah An 8)

as c, () < 2) Wy and w must all lie in the same folium But a
primary folium can contain at most one statiomary state for the asymptotically
- . A
Abelian dynamics uth . Therefore
il # 4.7
A).;.. hl 0—' for any A < Ao . (4.7)
From (4.3) we obtain * o

Al _
CJ;‘{A)*' w@j = t‘)[% /[f*’ “fwj Az (4.8)

Hence by (4.7)

w_"{([f) Olf(ff{} 0”‘ + (‘):‘(Z-XJ aﬁd{/ LE =0 ﬂ”’ 0({4;;1;,

- O o

4]

S)By the folium of w we mean the set of states which correspond to demsity

matrices in the Hilbert space representation of 5? arising by the ONS-construc-

tion from the state w«

14

Then, if we choose A G_D due to (4.6) and Rf(l)*asympto[ic aAbelianness we
get

Y

Of[ hegt, <t < Mgl v 1 Cw

(4. 10)
~ %

where M, M are finite constants (depending on A& and h but not on })
namely the time integrals of the norms 1}[h, ut(A)]E}. Since the left hand
side of (4.10) is independent of X and the right hand side goes to zero as
» » 0 we have {1.1) for A, h é'D_

We shall sketch in the appendix how one gets from this result without additional
assumptions to the KMS-condition which implies also that 1.1} must hold for atl

pairs h, A and not only for those in the dense set_D

Let us now ask the converse question., Suppose w 1is a primary, stationary

state which does not satisfy the stability condition (1.1). How does the
"instability" of w manifest itself? Such states exist for instance in the
free Fermi gas. ({(More generally one expects them if the dynamics is "non-—
ergodic' in some sense). As an example we may take in the case of the free
Fermi gas any quasifree state over the algebra of Fermi creation and destruction

operators (CAR-alpebra) with a 2-point function

WP .j” o 512
{['f[' )= I A
where p 1s not of the form(]+exp(m+ﬁg))_l. If we take p direction dependent

then the stability condition (!.1) is already violated for h and A of the

form
{'“ S F Y 4; /. f{ + N FA P Sy
Y VR R A R M E

The physical picture of the congsequence of rhis violation emerges if we

3h . N
compute @ (AY up £o the second order in 3 . Wirh

’ ¢ 5
DN AT 4 Iy



we have from (4.5), (4.4), (4.2)

(. /1 7 IR
(Jf_/@) == J (J( [t)l_ét(}) E—‘%Q,LA;)}H_!J Lﬂ:u’aé : (4.14)
@l 20

For h, A as in (4.13) and w having the 2~-point function (4.12)

ot _
' G tady 6t

1= [0~ 3p0) G 30,18 g st o
40 xdtdt, + *

where 3¢ means the complex conjugate if h and A are chosen sell adjoint.

We evaluate this for an observable which is localized at a large distance from
the origin i,e. from the approximate localization region of h . Thus we put
ax(A) instead of A in (4.14) and conszider the asymptot?c reg%on of large
Ix!. This changes the integrand cf (4.15) by a factor el(?l_qz)g We may then
u;e the method of stationary phase for the integrations over P and ?é

and subsequentily over ¢ t, . The stationary phase occurs at

17 "2

[\,, =1.L'= %[ /ﬁ“'/ 4.16)

fz "'t,, = %f (4.17)

and we obtain up to a numerical factor

L D eon TR
Qf}@.iwj_? lflz %f’f){%’f% G’W'%C// '/!/\ (4.18)

with

C X .

tz [ / .~ . {4.19)
LT

This is the (first order) expression for the effect produced by the difference

between the number of particles scattered per unit time from an arbitrary

momentum p ta p' and that of the inverse process. In the stable case,

where p(p} = p(p:) on the energy sheil (4.18) vanishes and w(z)(mx(A))

- | . . .
decreases faster than with the distance. IF we perform the same
X

16

calculation with ‘é:‘j 3(]“4,“1; ) ZE/.IJILI/G}-;J"Q{/_'!’} “")ﬂ-r"‘-‘ )_/'c'

describing two-body interpaézi:1e forgés we ;et as the dominant term proportional
to ?;ﬁy an expression similar to‘(A.IS) wit? p(?) ; O(P') replaced by th?
2-particle collision factor .ﬂf‘q[ﬁj‘a“ f‘.ﬂ/‘t, n'/k’-f'f‘// —Lf'“JV,/}L,r—J(fz})‘f{'q lﬁ‘[",’j
which vanishes (on the energy sheli) if and only if p is a Fermi distribution.
Thus, a primary, stationary state which does not satisfy the stability condition
{1.1) will change under a local perturbation h into a stationary state mih
which has a steady radial flux, asympteotically constant in each solid angle,

A . . -
In m_h this flux has the opposite sign. In a stable state w_ = w_ and
the perturbation does not produce an outward flux. Its effect is then absorbed

essentially in a finite region,
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APPENDIX

We sketch here how one obtains the KMS-—condition from (1.1} without additional
clustering assumptions for the correlation functions if the dynamics is f“)—
asymptotically Abelian and w« is primary. Noting that the domain :D is by
definition invariant under time translation and closed under the product

operation we may, as in [1] put in (1.1)

Lot ll) ; A=A %

.,fi;( [ 0 lle), A, idy] )t = /w (Ted el +i) T

(a0

-

L= 4, [l dptol] e )

T =4, slh,) [, oy )]
¥- _[Z,, delhi] oLy ] o (o)
W= )[4, derthl] st

We consider the limit 1 + = of (A.1). The norms of IT and IIL arve bounded
by z(n—functions of t which are independent of 71 . Thus we can inter-

- B ?
change the t-limit with the t-integration and obtain due to the clustering of

a primary state

fo f“@ )48 = f Wi, ) o 4, w1
t f [k k) O 4) L o

= f(ﬁﬁ‘/ Rt~ Gt ] 46

WAF!( = é‘)(z": olt,@f,-{} J‘ ‘5-1' = ‘defﬂ'j Z’l/

T
Next one shows that 1im J w(I) = 1im ( w({V¥1) dt = ©0. One has

T4 T+

ﬂI{{ ¢ M [la) df—r“ﬂjij

Since this 1§ an f( )—Euncuon and since w satisfies (1.1) we can choose an

arbitrarily small £ > 0 and find a T large enough so that

I - J
f Oa}df 4 £ and also’[w[[‘éa, %“(’41) )dfk! (A.3)
-7

fe-x{>T

Then 6-T=T
é)‘-‘;(‘fwgmf/ ¢ 5+ ,T%'ié#/”rw(i; di

The second term is

T— 4
li [0l %] o) 0

TP
-7

Since the t'-integration is over a finite range we can perform the t-limit

93

under the integra%_and obtain for it
. ; v (A.4)
wty ot [ [k, % 1) st
-1

Thus by {A.3)

L qup;df/< i(f + (WL "{'ftj[}

T7e

for any e » 0. The corresponding estimate can be made with IV and we obtain
finally by (A.1}, {A.2)
>

[ty Eity - i len)at =0

-_—

9) . ; : .
The integrand hecomes %ﬂ m[[hz,ut.(A!)]a_T(h])ut,”(Az)) and, since w 1is

primary and u_T(h])at.+T(A2) moves into the center this equals

Llig m(ihz,ut.(A])D wla__(h)) &t,”(é\z)) = wlhy,a (A ] wik)) wla,).



From (A.5) to the XMS-condition one may fellow essentially the arguments of
{1} using again the technique described abeove for the derivation of the triple
relation ([1]; (4.3)].
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