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S0(4)-Synunetric Solutions of ~finkowskian Yang-Mills Field Equations 

M. Li!scher 

II. Institut ftir Theoretische Physik der Universit!it Hamburg 

Abstract! We construct all solutions to the SU(2) Yang-Mills field 

equations in Minkowski space that are invariant under an S0(4) subgroup 

of the conformal group. They are real, regular and bave finite energy 

and action. A connection "''ith the instanton solution is pointed out. 

- I 

I. Tlw ;,imiL'lrity bet~<.•een rile four dimensioned SU(2) Ynng-~-!i.lts field and 

the tl.'n Jimen~i(lnill 0(3) nonlinear G'-lll<Jdel (1] ~·ith re;::ard tu pseudll-

parti( ]f;'s ~~] sugvcsls lll·Jt- the ~linkuw:-;kian classical Y;ln~;--~'i II~; field 

theory is co1:',pletely inte~rable, too. llm-tever, so far we kno1.<• of only 

one non-trivial, real finite energy solution to the Yang-Mills field 

equatilHlS in .~linkot.,rski space. This one solutioa was found (in a complex 

form) by De Alforo, Fubini anrl Furlan [!]and ~ms later shovm lo be gauge 

equivalent to a real solution by Cervera, Jacobs and Nohl(2]. 

ln this l~ttcr v..'e exploit the invarimH:e of the Yang-Nills field equations 

under an S0(4)-sllbgroup of the Minkowskian conformal group. First W"e 

rewrite the field equations in a manifestly S0(4)-covariant W"ay. 

Then, upon lllixing isospin with one of the S0(4)-spins, ~.'C obtain all 

S0(4)·-symmetric solutions. They are real, regular, non-nbelian and have 

finite cnct:r,y and action. 

11, Pe consiCer an SU(2) Yang-Hills field AI' = 
. . ~) Tl . . 1"-!! nkowsln space . 1e act1on !S 

(I) s = - ..L \ d'x 
4~' 

""f" a "P af4v 
}W 

W"here 

(2) F,.v = 
. .,.. 

r:r" 2. i = <l,..Av - av~ + 

A" 
)' 
~ 
li 

[A,...,A) 

in 

., k . d. Cree 1!1 lCCS r,v, ~, ... nm from 0 tu 3 and are subject to the metric 

!,}pv diag (+,-,-,-).Greek indices d..,~,"t' ... resp. latin indices a,b, ... 

k,l ... take on valnes from I tu 4 resp. 1 to 3. Repeated indices are 

ahmy;, summed over. 
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Correspondingly, the field equatiot'S are 

(3) a F"" + [A F"'"] }' ,.., 0 

They are conformally invariant, i.e. if Ar is a solutio,l and x"'-+ x'"'" 

is a conformal mapping in Minkowski space then 

4) A~ (x) 
dxh' 

A (x'cxl) · ~x" v 

solves the equations (3), too. 

The conformal group in Minkowski space is isomorphic to 0(4,2). The action 

of an element 1\ € 0(4
11) on a point x is conveniently written down by 

using projective coordinates for x 1 viz. we identify x with a ray in the 

cone [s) 

C,,, ~I~', A•O, ... ,s\Wl'-(~'l'-(~'l'-(l'l'-(l')'+(~'l'~ oj 

(5) 

xfl = 
~}' 

~· + '!' 

The conformal mapping xP. ~ xY"' corresponding to 1\ is then given by: 

XI~= '!'" 'l .. /\' ~ 't" 1'1.j.+ ~·s 

Let us now focus on the S0(4) subgroup of 0(4,2), which acts on .,. 
, d.. =1, ... 4, and leaves 1() and t5 fixed. An S0(4) adapted 

parametrization of the rays in c~/2. is: 

(6) ., "" 'V" ( S~t\'t' 1 l'\~ 1 h.11 n.\ 1'1. .. 
1 

C.OS't') 

- 3 -

This amounts to a parametri.-.ation of space-time points according to: 

(7) xo - sln.'t" nk 
xk 

COS't' + n."' COS't' + n.'+ 

The space M t ( "• nl I " E 1R , n e S' J will be called 

"superworld". The mapping (7}is one-to-one on the subspace 

M • \ (~,n) I l't I < '1t (cos't' + n'-) ) 0 } . Therefore, \·m w.ay 

identify Minkowski space with M. 

~ 

The superworld M has previously been used in conformal quantum field 

theory. Its outstanding features are firstly that the universal covering 

of the conformal group acts on it in a differentiable manner and secondly 

that it allows for a conformally invariant causal ordering of its points. 

For details, see [6) . 

In order to rewrite the field equations (3) in {'t",n) -coordinates it is 

convenient to introduce new vector potentials Bfl: 

(8) Ap.dx" B,.,. wl4 wh.el"e wo .. d.'t' ' w• k " "1 ... ,a n dn13 

"L=~ denote 1 t Hoeft's ([7], appendix) S0(4) - covariant 

"1.-symbols, i.e.: 

(9) 
k • 

'~·~ c - '~~· 
k 

'1t4 
k 

c •t k 
'ltj 

Thus, under the conformal transformations 

t'' = t' h.« ... 1\ «fa nfl 

Ektj 

1\ e SO(~) 



( 
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~ 
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~ 
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the B-field transforms as: 

I - 1 ,t 
(10) B

0
('t',n) =B.(,.,/\"); B,(,-,n) ~ B,(.,-,An.)'R(I\) k 

'R.(A) is a three dimensional orthogonal representation of S0(4): 

(II) 
k l 

'R(I\) ( '~·~ 
k 1 s 

'~•s f\ .. /1 " 

Let us also define a new field tensor G
14

y by 

( 12) r dx}lo 1\ d.x"' = }'Y GP"' wP" w'~~ 

In terms of the vector potential this becomes: 

( 13) 

Gok = '10 B,- v,s. + [ll0 ,B,1 

G,tk - "~B• - v.11, + 'l. ·~•· B· + J J 

where we have introduced covariant derivatives: 

G,w a - Govl' 

[B,,B,] 

(14) a 
Vo == h ~'k(•a Pl-) Vk T .,_ICI' n aht1 - n an ... 

They are dual to the differential forms wJJ< ,i.e. for any function 

~('t" 1 1'\) we have: 

d~ - wl" "" { 

Note also that Q'k and Q..t do not commute: 

[ "• ''V,] ~ - 2. ektj 'ilJ 
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From eq, (I) we now obtain the. action in the new language: 

'" 
( 15) s -/:-. \ d'< \ d'n ~(1- n"n"l EJ(ca.s'<" + n') <>;:, G."P' 

~ -· 
As expeded, the integration runs over the subs~ace N of the 

~ 

superworld M, i.e. over a region of finite volume. 

~ 

Hence, any regular field Bl'- on M. has finite action. 

Finally, the action principle yields the field equations: 

'V< C.~ + [B,, G,.l = o 
(1.) 

170 G0 , + [B., G..,]- v, G<k- [B,,G,k] + Ektj G.,i- 0 

III. We OO\o.' seek S0(4)-symmetric solutions to the field equations (16), 

Thus, r,.Je are concentrating on potentials B; satisfying: 

B~ ('t"
1 .i\tt) 

0. b 
7<(1\) b B.('!:,~) 

( 17) 

a ) ~()a b( (-')~ Bl..('rJ/\n, = JL/\ bB.tt',t-t.)'R.A k 

£or all /\E 50(4-), Here, 'it(A) denotes some three dimensional 

orthogonal representation of S0(4). A careful analysis shows that 

all such fields are gauge equivalent to 

(18) "B~ ""'0 I 1)~ (t",tt) = 9('t') s~ 7( (/\) R(A) 

where q is an arbitrary (real) function of 't' , 
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Let us insert the Ansatz {18) into the field equations: 

(19) a. • SQ 
Gok - 9 k i. G=~ - 9(9+'1) Ea.kt 

(20) 9 + 'l. 9 (9H)(9+'l.) ~ 0 

(the dots denote derivation with respect to~). This is the equation 

of motion of a particle moving in the double well potential 

' . . V(") = T q {q+l.). There are two types of solutions of 

eq. (20): when the "energy" 

(21) E -it 9' + q' (9+~)'1 

is smaller than the bump of V(") at q -I, we find 

(22) 9 =- 1 ± (1+ .fU)t' dn[(Hwl"'('<-'rol; k,} 

k' 
1 

1ru 
1 +5<' E ' -iJ1. 

whereas when e > %. the solution is: 

(23) q = 

k' 
' 

1 + (1+ .J'U)V' en.[(&<)"• ('t'-'t"ol j k,\ 

1 + ~ 
'l.flE 

E. > 'Y:l. 

(dn and en denote Jacobian elljpdc functions, [8) § 8.14). 

There is also a 't' -independent, but unstabl~ solution, namely: 

(24) 9 consia.n.t - 1 
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~~en translated back to x-coordinates one recovers the solution of 

De Alfaro et al. in a real gauge. 

All the solutions above are regular functions on M. Their restriction 

to M therefore provides a set of regular, finite action solutions of the 

original equations (3). A simple expression for the energy-momentum tensor 

CS) e,uv""' .;{-Fa. Fa.'>. 
~ I"' " 

+ i ~pv F;.-Fo.f 6
} 

is obtained at x0 o, 

(26) efl" = o for I' .j.v 
3• e =---,_ 

"" ~ 
1b 

(1+ ~::1.)'+ ) Elk.( ... 
Hence, the energy of these solutions is finite, too. 

For the sake of completeness we finally reproduce the solutions 

in their x-coordinate form: 

E 16 --,-­
~ (1+it'l' 

A" 
0 

4- (\("t'{x)) t'l. x 0 x" t [ • )-1', (-l+x,..x,.) + 4-'X 2 

(27) 

A" 
k - 4- 9 ( 't"(X)) 't'l. f 1 ( 1 + X}l X 1..) 0: + Eak j X j + XQ X k) 

where q ('t'") is one of the functions (22), (23) or (24) and 

't' = 't (X) must be calculated from 

sin 'l:' 2x 0 't COS't = (1- X~"- X./') 't j \'t'\ < 'it 
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IV. There is a simple connection between the mechanics of S0(4)-symmetric 

fields described here and the one (anti-) instanton solutions in 

euclidean space. In terms of ('t"1 n.)-coordinates tbe euclidean equations of 

motion are obtainecl. by performing the follm..ting substitutions: 

IS ,. i't' 
(28) 

BE 
0 (- \.) B., I B~ = ~k 

G~< - <-< l Gok 
E 

G.- = G,k 

The variable G ranges from -ooto +oc, i.e. the euclidean action is: 

(29) s• = ~ cla \ d'., ..L 
1~"1.. -oo 

<( ••)r•EroE o 1- h. h: q,.uv '-='pv 

For S0(4) syrmnetdc fields (eq. (IR)) this becomes 

(3o) s• •;• \c!s- { 1:<9'1' + V(9'1} 

and the field equations reduce to 

( 31) q' 2.9•<q'+1)(9'+2) ~ 0 

The potential V(q) has two minima, one for vanishing fields and one 

at q = -2, i.e. for 

(32) :Ilk -
-< 

'U. 'V'k "U. '\.1..= h.4--in.kl5"k 

which is a pure gauge. The IMpping n~u(n) has winding number one [9]. 

- q -

In quantum mechanics tunneling takes place between the two separated vacua. 

ln leading order of 1i. the amplitude for this process is given by the 

contribution to the euclidean path integral of thosehistories 

wh~ch interpolate bet\o.reen the vacua in question and that minimize 

the action (3o) (9,10]. These configurations are: 

(33) 9'(a) = - 2 [ 1 + e±l(·-··'r' 

In euclidean x-space these solutions turn out to be precisely the 

one (anti-) ins tan ton solutions (in a singular gauge). 

Acknowled_gement: I thank H. Lehmann for a critical reading of 

the manuscript. 
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