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A NOTE ON THE INVERSE SCATTERING PROBLEM
IN QUANTUM FIELD THEORY

by

Detlev Buchholz and Kiaus Fredenhagen

II. Institut Fiir Thecretische Physik der Universitiét Hamburg

Abstract:

We study the set of local fields ¢ describing the dynamics of a
scalar, massless particle. It turns out that these fields are
relatively local toc the free, massless, scalar field A 1if the
massless particle does not interact. This leads to a simple
algebraic characterisation of interacting fields in the above

framework.

1. Problems and Results

An old problem in quantum field theory Is to characterize all local fields
leading to a given S-matrix [1] [2; Chapter 4.6], [3; Chapter 19.5 1. Our
interest in this question arose [rom the desire for a local eriterion distin-
guishing field theories with interaction from non—interacting ones. For that
purpose it would be sufficient to know all fields leading to a trivial S-matrix.

However, even this simpler problem has not yet heen solved.

In view of this situation we Found it worth while to place the following
analysis on record although it applies only to a rather special case. We
consider in this paper the model of a sgcalar, massless particle which does mnot
interact. It turns out that there each interpolating field ¢ of the (trivial)
S-matrix is an element of the Borchers class [1) of the free, massless field A.
All these elements are explicitly known {see [4] and the Appendix) and this
solves the inverse scattering problem for this special model. Moreover, owing
to the fact that the free, massless field commutes with itself at timelike
separations one cbtains a simple algebraic characterisation of interacting
fields in the above framewerk: a local Field ¢, describing the dynamics of

a scalar, massless particle leads to a non-trival S-matrix if and osly if the

commutator L ¢(X), ¢{Y’J does not vanish at timelike distances (x—y).

Qur argument is based on the following reasoning: if the asymptotic fFields
L. in out . i

coincide | P = 43 = A, they have the same TCP-operator as the interpolating
field 4 ; consequently, $ and A are weakly local wich respect to  each
other [1]. Moreover, because of Huyghens' principie [5] the commutator between
¢(x) and A(y) vanishes at timelike distances (x-y). Hence it B ir oany
element of the Borchers class of A the support of the vacuum expectation
value

Koo = (1, [B, 0] Q2)

N

. . : 2
is confined to the lightcone x° = 0. 1t follows then from the spectrum

condition and temperateness that

(2)

Koo=}_ ¢

{fn;‘fe

(2} in})
tm),n X £(x,) 8 (X"
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where (m) is a multiindex and x =%, X % Xy
side of this equation is a sum of homogenous distributions we conclude that the

Since the right hand

unitary operators D{1), A >0 , which induce the dilations of the asymptotic

field A act on ¢ accerding to
-4 - sl o
DV SQA)DAY " = T X $ x) -
d=0

ie. d) is a finite sum of fields carrying a dimension; in particular
¢a=(Q;4>Q).4 and d>1 = A. Locality of 4) then leads to recursive

relations for d’r.l which imply that these Fields are relatively local to A.

Admittedly, this method of proof is tailered to the massless case and cannol
be generalized to massive models. Nevertheless we hope that this contribution

will serve as a stimulant for further investigations on these problems.
2. Details

The assumption that we are dealing with a field ¢ which leads to a trivial
S—matrix can be expressed as follows: let & be the free, massless, scalar
field acting in Fock-space H . We identify A with the incoming field

coustructed from the reai, local, temperate field ¢', i.e. we require

a) ¢ transforms as a scalar field under the same unitary representation
(A x) — Uy UA)

b) R‘¢EX)Q = A(K}Q where P1 is the projection onto the one-

of the Poincaré group as A.

particle states in H .

c) {A(X)i‘bt\/!] =0 for (x-y) € V,( {Huyghens' principle [51).

These assumptions characterize A  unambiguously as the incoming fieid

constructed from ¢.]) If A were the outgoing field the only change would

1)

It is of course a more delicate problem whether, given a 4> , one can always
construct an incoming field A with properties specified above. This
question has been answered affirmatively in the algebraic framework of
field theory [5]. .

be in relation ¢) where we had to replace V, ©by the backward cone V_.
Hence, if there is no scattering in the model, relation ¢) holds for
(z—v) € V,uV_. An alternative way of expressing the triviality of the S-matrix

is [1]

d} ¢ is weakly local relative to A.

For completeness let us also specify the domains of A and &

We suppose that we may apply arbitrary smeared polynomials in A and ¢ to the
vacuum §} . This rather strong assumption is not really necessary for the
proef. However, it will allow us to neglect intricate domain questions in what

follows.

Now let D(l], A >0 be the dilation operators acting on A according to
-1
D) Aca D" = L AR W

Since the Borchers class Q(A) of A contains only Wick-polynomials of 4 and
its derivatives (see the Appendix) each B e 8(/\) can be decomposed
into a finite sum of fields Bd € ,B(A) with dimension d ¢ {0‘ N). ue

take any such BJ and analyse the distribution
K00 = (Q, LB 4,001Q) = T4 (2, [B,,+(X W) ¢

where 471(_)() = D(l)¢(l-4x] D(l]-4. Tt follows from assumptions ¢)

and d) that (Q', de,¢>(xJ] 1)  has support on the light cone ¥ = 0.
The Fourier transform of this distribution vanishes for p2<{] owing to the
spectrum condition. We give the most general form of such a distribution in

the subsequent lemma.

| ) 1
Lemma 1: Let S e 5 (R)bea temperate distribution with Supp S ‘;[x"O]
and supp Sg {p*207 . Then

Sea=1__ ¢

finite
m

() LI
o X B0 87 0

where x(m) = xm xm1 xm with m; & (0, IN)
] 1 2 3 ! i )

nthderivative of the § -function.

" S(n)

(- denotes the

Proof: Since S has its support on the surface x2 =0 and is temperate there
Lo N
exists a minimal number Me N such that (xz)N SX) =0 |, hence C]P Sty)= 0.

We divide the set of distributions S into subsets corresponding to N and
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prove the lemma by induction in N : for N =1 g(p) is a solution of the
wave equation and can be expressed by its {(temperate) Cauchy data on the
hyperplane P, = 0. Decause of the fact that supp g [~ {pzz O} , these data
are localized at p = 0 and therefore finite sums of § —functions and their
derivatives. Taking intoc account that z(pO]S(PQ) iz a solution of the

wave equation with Cauchy data 0 and 2K.S(P] it is then easy to verify

that

S = Pbepydphy + B3V, 2epy) dph

where P P2 are certain polynomials and (ao, a) are the derivatives with

1
respect to (po,p). This proves the statement for ¥ = 1 after Fourier trans-—

. - . . . 2 .
fermation. To complete the induction we must show that if = 'S(x} is of the
form given in the lemma, i.e.

X Soo =% - Cmy x g x,) 87 (xY
fimite !

then ${x) itself has this form. To this end we must divide the above equation

by xz. An obvious solution to this problem with the desired properties is

(v+1)

_ m} ~1 2

S ixy = E Compn X n+1) zwo)g (X%}

finite
But the difference between 5 and S0 is a distribution A% with
~

supp AS ¢ {pzz Oi and xz.AS(x) = 0. We may therefore apply to A% rhe
argument given above for N = 1 and conclude that S = Sn +AS has the form

given in the lemma.

This lemma shows that the commutator function Kl given in (5) has a finite

Laurent expansion at Xk = 0,

Ky o0 = ? 2t K.ooo with i¢ Z. )

finte
In fact Kjq is even a polynomical in 1; the degree of this polynomial is
bounded by a number n which depends on 4) but not on Bd . To verify this

we estimate

A 'y guohp K oc-yi| 2 14, QI {IB,(NQIHIB (M Ql
1 b3 o d
(7

with g, h real. Now (QI¢¢(")CZ) is the Fourier transform of a temperate

b=}

"

measure and therefore {I 4>l(%)Q " = c% (." + A ) for some ne IN .
1

Thus iKl({” £ Cf (1 +1h) and this limits the exponents 1 in

relaction (6) to 0 £ i< n, Taking into arcount the spectrum condition we

conciude that for arbitrary By € B Al

n+ 1

j e (QJBJ ‘bl(x)Q) = 0.

(2>

But the linear span of [ Bd(f)ﬂ H Bdé @(A)' -fE \f(RQ)J dg {OIJN)}
is dense in H 2 and therefore

dni»'i
& __ b oall=0. (9
"+ A by

dd
This establishes relaticn (3) on the vacuum. Now it follows from
Huygheus' principle that [#X{Jﬂ . ALy)] =0 [or (x—y)2>0 and all 1 > oO.
So relation (9) still holds if we replace Qby a vector ?(A)Q , where
’P(A) is any smeared polynomical im A. This establishes relation (3) on

the dense domain ﬁo = {_?(A]Qi .

I the second step of our argument we analyse the compencnts ¢>d in the
"

decomposition ¢l= E ld r.#c( . Glearly the éd are scalar fields
which are defined on ﬂ)o—; moreover Lhey satisfy [4‘& =y, AW’} = 0

for (:n{-y)2 > 0. Keeping this in mind and using assumption b) it is easy Lo see
that 4’0 = (QI4>Q).’T and b1= A [7]. 1n order to show that ¢d & E(A)
for d 2 2 we start from the rerlation E‘#ACX}, d>l‘-\/)]=0 which holds for
(x-y}z & 0 because of locality. Then we replace 4’& by the expression given

above and arrive at the equations (1 £ m £ n)

i
g [¢dcx}|¢m+ 1ol L\/)] = 0 £°r (x-y)zéo ; (10}

which hold in the sense of bilinear forms on Bo x S.)o . Hut ¢1 = A

with [ Aty)=0 and therefore (3 £ m < n)

23

This may he verilied by direct computation or extracted from [6].



m-1
[A{x)l I3 4>mky):[=— 3‘:_2 Ed’dcx),ﬂ‘#m”ﬂd{y)] for weyleo (1

Hence if ¢1, 4’"‘_1 € 3(A) , the right hand side of this
equation vanishes and Gfbm must be an element of B (A}. To complete the
argument it suffices therefore to show that {1 ‘#d 3 R(A) implies

¢d€B(A)f°r dz2

Lemma 2: Let |0‘21 be a tempefate field with properties specified

above, If D‘bof € 8(/3\) then aiso ¢J€B{A)

Proof: since 4 ‘bd € 'B(A) it can be represented in the form
d+2
O, = E Pk o, )t Aoy Acxp): Xz XX ()

where Pk are symmetric polynomials in the derivatives 3; = ( 3‘-0 , QL)

with respect to (xio, ii). We shall see that each E(( 31'...9k} contains
a factor Dk = (31+---+ Qk)z . It is then obvious that 4’4 itself has
the form (%) up to a term which is a solution of the "homogenous equation’

O ¢, = O. However, this equation has only trivial solutions if

d22 since then ‘bdQ has no one-particle contribution and the vacuum is

separating for the operators ‘#d

The assertion concerning rhe polynomials P'L will be proved by induction. For
i
k=2 the statement follows simply from Lorentz—invariance and the fact that

Gd::d has dimension d+lj 50 p; (344.32) must be a homogenous polynomial

2
of degree d»2 in the invariant (3‘1- 32)2 . (The invariants 31 , a:
do not appear because of [ A=0.]
Now if each Pk (2,,.. Bk) , 2z ke £-4 contains a factor kae may

subtract in relation (%) the corresponding contributions from L9, and assume

that the sum starts with £ » 3 . Then the expressions Ko”'x Ej‘t:[bdoo ])("j")(x)
and Sol"x D¢d(x) Doy are well defined as bilinear forms on‘s—ox 9,_(585)
(Here D denotes the zero mass Pauli-Jordan commutator function and D
the retarded and advanced parts of D.) Morecover we have fdgx D4>dxx)'D0ﬂ= o

on 9°>< 2)0 as expected from the Yang-Feldman equations. To confirm this

statement we consider the temperate distribution

fa* Doa (€2, Ak Ay Df#d(x)rﬂ\(xk”)___ A(xe) Q) (xx)

(5§%)
Taking intc account the support properties of D &y s D= D(ret) - D(adv)
3)

and the timelike commutation relaticns between 434 and A it follows

that {#%} coincides with

(na’ v}

oo (Q A Acxy) l]ﬁ(le)

(l’€+)

‘o(k'x D el D‘{Q{x) Acc) .. AL }- YJ“XD

provided LIRERREN € V_ and ..x£ [ V+ . But

xl’r’“ )

(ol ‘D“d}tx) | 4:‘ a2 = {d' D(mmm O 61>“{LMQ = ‘th Q

if d 2z 2 and using the timelike commutation relations once more it becomes
clear  that (%) vanishes for the special configurations x],...x{ mentioned
above. On the other hand (®¥) is the boundary value of a function which is
analytic in a tube because of the spectrum condition. We may therefore apply
the "edge of the wedge" theorem [2] and conclude chat (%%} vanishes identically.
If we ingsert now into {#%) the expression given for D‘#’J in relation (#) we

get after a simple calculation

£ 2 £ £
m Z . . .

(T d%. §,¢5) S(l_c: s;p;) ye(Z- S5 Py.) Peusm,,... 5, Pp) exP(c g si(Pixj))=0
j=1 b 3 j=1 3=1 1=1

where Sj = -i for j £ k and 8 = 1" for j2 k+ 1 . Since the measure

€ ¢ 2
n dﬁ?ﬁ sfcp:)g([gisipj) )

=1
. 2 z 4 2

has support on the manifold Py = ... = pfe = (E sij) =0, pJ'oZ o
if 1l 2k £-1 and £23 , it follows from the above equation that
%L;;‘P_“ Lsepe) vanishes at these points. Thus P€(1p| s e 1p£)
vanishes in particular in an open neighbourhood of a regular peint on rhe
manifold
)

Our argument is not completely rigerous in view of the distribution character
ret
of D{ag") and D. However, it can. be straightened out if one approximates
. . . . . r t . .
these distributions by suitable testfunctions Dr(laﬁ"), Dn and takes limits

afterwards.



< 2
p?=...=pz=0,(g_4pé)=0

Fach polynomial with this propervy is of the form

e P
(a_EPé) Q<p,, - Pe) + E(Pé] R, py,- P

where Q, Rj are alse polynomials (see the Appendix). Again the terms

containing Pls roe p; do not contribute and therefore P{(ipl’ ip(}
2
contains a factor (E Pé) . This finishes the proof of the lemma.
121

Collecting the results in this chapter we arrive at the

Theorem: Let ¢ be a temperate field with properties a) to d) given above.

Then e B (.A)

An immediate consequence of this theorem is the

Corcllary: Let ¢ be a temperate field with properties a) to ¢} given above.

Then ¢ leads to a trivial S-matrix if and only if

[dwy, dipl=0 for cxayp?>o0

E I 3 1

APPENDIY

a) The Borchers Class of A

For the convenience of the reader we recall here some facts about the Borchers
class g(A) of the free, massless, scalar field A: a temperate field B is

said to be an element of jg(A) if it has the following properties:

a) B(l:)l fﬁ ?“Rq) igs defined on the dense set of vecLors %Qz {@(A)QE

where g)(A) are the smeared polynomials in A.

b) B transforms under the same unitary representation x —U{x) of the

translations as A,

2
c) EA(X}IB(Y)I =0 -(M' Q"Y)<O in the sense of bilinear forms on
D, <P, .
Following an argument of Epstein [4] we sketch the procf that 13(A) consists
of all Wick polynomials of A and its derivatives. For this purpusc we

consider the n-fold commutarer function
(Q, [Ao [Ax,y . (A tx,,)',B]--»] ),

which is a sclution of the wave equatien in each of its arguments. This
expression 1s symmetric in Bps oo B (because A has c-number commutation
relations) and therefore vanishes if any one of its arguments x; becomes

spacelike., Hence if we express the commutator function by 1ts Cauchy data at

time ®, o= =x, = 0 we realize that ir is of the form
o o “
Ph(a4l"'ah) H D(’(i)
i=4
where P is some symmetric polynemial in the derivatives d; = (3(;0 , ?_t)

and D 1is the zeroc mass Pauli~Jordan commutator functicon. We get therefore
in the sense of bilinear forms on i)n X E‘)o :

B = Z:: % P (~34.“.—QH)ZA‘QJ‘“ A(X"F‘x:_:x

vt 12l =0
= 2
But this series must terminate ar some finite = because B is a temperare

field.



WL Tl WO LD e T VL TR o R

b) Structure of the Polynomials P .

In this appendix we want te show that a polynomial P(pl, <Py 'R 221
which vanlshes in a real neighbourhood of a regular point en the manifold
P:":. (: P; ) =0 is of the form

4
p{PH PV\}—{EP) Q,(p1 Pn)+§;—.‘:P: l?j(P‘u"'Pe)

with polynomials Q and Rj' Unfertunately, we have not been able to
establish this result only by elementary means. We shall heavily rely on

results of the theory of polynomial rings, as expounded e.g. in [8] and [9].

To begin with we mention that z polynomial P with properties giveulgbove,
A
={I_p)=0.
=173

This may be seen either by function theoretical techniques or from the fact

automatically vanishes on the whole complex manifold == P
P

that this manifold is algebraically irreducible. {It is of course crucial here

that P vanishes in a whole neighbourhood of a regular point on this manifold).

In a second step we show that P has the desired form up to & factor. To
this end we introduce an auxiliary variable dand study the polynomial
PI(A,P.‘.---P_(}= PlAp,py - Pe). P' vanishes if p1z=~-= P£,2== o
and

L dym— (T (p pay" .
(3_;2 Py ;) (%;’pg Pl

Hence if m 1is the degree of P in the variable X it follows that

£
{ " !
(p, ... ={}
R Pye - Pe) (j_z{Pan)) Puo.P«r“Pc)
is a polynomial which vanishes if pf = ... = pi = 0. A straightforward

application of the Euclidean division algorithm then gives

£ 2
R(P’ll"'Pé):% PJ) Ri{P‘I“"P-E)

with polynomials R). Since P'(X = 1) = P it is also obvious that

£ w i L
[(inghpi)) P-R'] can be divided by ;t%z(Pij).There[nre we get
(T o £,
e v et R
P f:: P R, ™

R ) Id
with polynomials Q, Rj and N = { E: (P1PH))

12

The last (and non-trivial) step in our analysis consists of showing that we
may choose the polynomials (@ and Rj in the above expressien in such a way

that they can be divided by N. For this purpose we introduce some algebraic

notions:

Let [l, <. £ be fixed polynomials. We call the set of all polyncmials of
the form (gif1+ S * gkfk)’ g; being arbitrary polynomials, the ideal

I- (fi’ - fn) generated by f], . fk I  is called primary if

f.gel and f¢1 impiies g" el Ffor some meMN. It is one of che
fundamental results in the theory of polynomial rings that each ideal [

is a finite intersection of primary ideals, I fl J . Such a representation
is of course not unique. However, there exist the distinguished representations
in which one cannot omit any Ji‘ Let us fix such a representation and consider

the varieties of the primary ideals Ji, i.e. the set of all common zeros of the
polynomials in Ji. It turns out that these varieties are uniquely determined by I.
So let us call them asseciated varities. Now it is erucial for ocur argument that

if £ is a polvnomial, which does not identically vanish on any of these varieties

and if f‘j €l then g must be an element of [ {7, Chapter 16].

S0 in our case we have only to show that N does not identically vanish on
any of the associated varieties of the ideal [, = (P:rA,.,R:[ - P) ).

To this end we must determine them. First of all we realize that the
associated varieties of IO are subsets of the variety of Io’ i.e. the
panifold V, = {P:-:_,._ (Epa) = I; therefore their

dimensions must be less or equal to {3£- 1). But then Macaulay's theorem
[8, Theorem 26] tells us that each of these varieties has dimension (3£- 1),
because ID is generated by 4£ - {3£€- 1) functions. Bearing in mind that
the manifold v is algebraically irreducible we conclude that the
associated varieties of Io ceincide with V,. Noew we come back to relation
(#): since N.P e I, and N does not identically vanish on Y, if €2 3,

P must be an element of Iu' This, finally, proves the statement.
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