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Abstract: We find all those unitary irreducible representations of the 
co - sheeted covering group G of the conformal group SU(2>2)/Z(t 

which have positive energy P°^ 0. They are all finite component field 
representations and are labelled by dimension cl and a finite 
dimensional irreducible representation of the Lorentz group
SL(2£ ). They all decompose into a finite number of unitary irreducible 
representations of the Poincare subgroup with dilations.



1, Summary and introduction

The conformal group of ^-dimensional space is locally iso­
morphic to G o SU(2,2) ; its universal covering group G is an

A/infinite sheeted covering of G# Both G and G contain the quantum 
mechanical Poincarfc group ISL(2C). It is of physical interest to 
have a complete list of all unitary irreducible representations 
(UIR's) of G with positive energy P ? 0* They are at the same 
time unitary ray representations of G# In the present paper we 
shall give such a complete list# We show that all the UIR of G 
with positive energy are finite component field representations 
in the termeinology of F13. They are labelled by a real number d, 
called the dimension, and a finite dimensional irreducible represen­
tation of the quantum mechanical (q.m.) Lorentz group
£L(2C)« Thus, 2jj are nonnegative integers# There are 5 classes
of representations# They differ in their Poincarfe content lm, s}, 
m s mass, s -■ spin resp# helicity as follows:

(1) trivial l-dimensional representation d=j t 0 •

 ̂> 3 }+3*+2 contains m > 0, 8 a 1j,-jj ••• 
(integer steps)

contains m > 0, s - h +h  •

d = W 2 contains m > 0, s = v h  •
contains m - 0, helicity

The proof of these results proceeds in several steps#

We start from the observation l2,3] that positive energy P°$ 0 
implies that also H ?, 0, where H *= 1(P° + K°) is the "conformal 
Hamiltonian", K° a generator of special conformal transformations. 
Next we point out that any UIR of G with positive energy is very 
much like a finite dimensional representation in that it possesses 
a lowest weight vector and is determined up to unitary equivalence 
by its lowest weight 1 - (d,-^ In particular there is an al­
gorithm for computing the scalar product of any two*K-finite"vectors#



We then derive (necessary) inequalities for the dimension d 
from the condition that the unique candidate for the scalar product 
is indeed positive semidefinite. They come out as d^ j,+ j^ + 2 if 
jVj, / 0 , and d* j f+j +1 if « 0 ♦ except for the trivial
1-dimensional representation which has ds j 1 »j^ = 0*

In the last step we construct a unitary irreducible represen­
tation of G for every weight \ satisfying these constraints*Practically 
all of them have been investigated in more or less detail before, 
l*f,5,6 l • In particular, a careful study of the representations with
d.>3f + + 3 has been carried out in Ruhls work [5J* The faasBless)
representations with d o j 1 + j t + l have been investigated by Todorov 
and the author [61* For the remaining representations there remained 
some open questions concerning either positivity or global 
realization. In particular , for practical applications one
needs a clean construction as an induced representation on Minkowski 
space* This requires particular attention to the center P of G*

Our representation spaces consist of vector valued functions 
<p(x) on Minkowski space M with values in a finite dimensional 
irreducible representation space of the q.m* Lorentzgroup SL(2C)*
They transform under g in G like an induced representation

( ) (f1) ( x ) S' (  ̂, x ) ip ('1 x ) jcr  ̂e $ , xt H 1* (1*1)

The multiplier S is a matrix with the property that S(n,0) - 1 
(unit matrix) for special conformal transformations n • Thus the 
representations are of type la in the terminology of 1.11* The scalar 
product is constructed with the help of an intertwining operator 
("2-point function"). 2-point functions have also been studied in ^1 8 ,2 3 ],

The result of this paper will be used elsewhere in the nonpertur- 
bative analysis of the axioms of quantum field theory with conformal 
invariance [ 7»81* la particular it is crucial in the demonstration 
that in such theories operator product expansions applied to the 
vacuum are convergent*



3

2 A The Lie algebra

The group G* SU (2,2) consists of all complex x̂̂ f matrices g 
which satisfy the two conditions

det g = 1 , g"1]} = ftg* for B = ( o -^ ) (2.1)
k is the unit 2x2 matrix. Let Oj, the real Lie algebra of G.
For a neighborhood of the identity in G we may write g = e^ , X£op 
The Lie algebra op consists therefore of all complex kxb matrices X 
satisfying the two conditions

k  X e 0 , -Xft = a x *  (2.2)
The maximal compact subgroup of G is K~ &(U(2)xU(2)). It 

consists of matrices of the form

k . ( k; l )  , k  e U(2.) , Jet W X  * 1

(2 .3 )

li(2) is the group of all unitary 2x2 matrices. The Lie algebra 
li of K consists of matrices such that Xs -X , whence XB = BX . i.2.4)

Following Cartan,the Lie algebra may be split into a compact 
and a noncompact part as

^ = 4  + f  (2.6)

where X € if XB= -BX , and X £ $ if XB= +6X. Explicitly , Jo 
consists of matrices of the form

X  e /; with a complex 2x2 matrix z (2.6;

We denote the complexification of k-t by <̂ c , ^  
respectively. i*pc consists of complex linear combinations of 
elements of etc.

fV/e choose a Cartan subalgebra ft of op which consists of all 
diagonal matrices in Of, . It is simultaneously a Cartan subalgebra
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of ep and of $ ♦ V/e may then decompose

0JC ■= h H'*> w" » "feç + ^ n T*c n Tc (2.7)

where rt* (t t ) consists of upper (lower) triangular matrices 
in oj,c ♦ In particular

7t+CiJ>c iff X 4*3 ^ ) with a complex 2x2 matrix z

For such X+ the adjoint action of ke K of the form (2.p) is given 
by

( o  fe.z^'x
\ q o , (2.8)

+ 1-1acl(k)-X* = ka k

V/e see that *pc n transforms under an irreducible represen­
tation of K which restricts to the UiR (ir,̂ ) of SU(2) X SU(2) 

V/e may select a basis of opc which is diagonal under the 
adjoint action of L , this gives us the commutation relations of 
^ c in Cartan normal form.

Let us choose a basis of & h u fCK* consisting of

He - t (*■ c) H ,  j.(** CN) , « = i ( °  °)I 0 -lj 1 I 1 U  0 /  ' 1 \0 V
(2.9)

ex'1 is the third Pauli-matrix, a = diag (+1,-1).
The possible eigenvalues of are t i  for eigenvectors

in 7» * V/e will use them to label the basis X ̂
4 ^ -

Thus

; [«, . xjk i " j Y  , t t . *jk J ~ k *_,!< (2.10)

for the upper sign +. A basis for rt r> can be chosen as

*, this gives C P. {2 fc ) for the lower signs
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The compact subalgebra 'k transforms of course according to
the adjoint representation (0*1) + (1*0) of SU(2) x SU(2).
Therefore we may choose X ^  C (n'r-tn~)n kc with (j,k^  ̂(oy.tl(*i )4such that

[HC/^ ck ] = c  , [ H . A j k W V  , K . x / J " k V  ’

(j,k) * ( o * * n  Of 1 I c )
(2.11)

, IExplicitly the matrices X ^  may be chosen as follows: Let us label 
the rows and columns of a 2x2 matrix by , ~ \ from top to 
bottom and from left to right. Let the 2*2 matrix with 1 in
the jk-position, and 0 otherwise. Thus

( c c ) ' (c \ ) ’V i ’ (c (, c ) (2.12)

. . li • . . \We also introduce Pauli matrices o' , m  particular cr =(?l L - e L u
X 1 X X

The multiplication law of these auxiliary 2x2 matrices is:

e- Ct,,. vj kl - , * * M : V  e*i ' K ii
a ■ ■ p ■•iJ ' -J<T -= S [.e J* - fc;,:n  1 *

with £ "J the Kronecker- F , Define
(2.13)

(° V*')
V c c -■ ■ *j'*' <**..)* • (

c c \ 

■e*-J0 J

C  - C r : ) - X c > - C : )s L Ji -X
(2.14)

and Hq , as in (2.9) . The matrices H m , 4 given
thereby form a complete basis for O'.. . Their CjR.may be worked
out by explicit computation using multiplication law (2.13), One 
verifies in this way the CR. (2.10), (2,11); in addition one finds

X _ <. i X <1 - ■Hc r 2 k -t- li
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i x : ,-j' *k£ ^ s ' S r t Xk+i,c ' Ss.k X 0 ^  /c.' (i.j ’ * (

r •cX X *  ] = + r  x \ ; [x" , x ’ 1 = t S . X1 C,Zk ' ‘J * u w e  «-j k,-<- Kj

K ' - < .  J 5 - £ x . ‘ c .X ,% J  -an, , X °  1 - o
CV

(2.15)

Eqs. (2.10), (2.11), (2.15) are the CK of tjc in Cartan normal 
form relative to the compact Cartan subalgebra 4 of < The 
generators ancl-ii^ of 4 commute of course.

The real Lie algebra is spanned by the generators

r

4

x +k
lk '  V  J l'

( V - X " ' »  t j ' - -t t  • te ■

-  i f f m (•m r  0 ,1,1 ) , 3
c

<,.c - X °  ,i{Kc » X *  ) ;  x ' - X
- I,C  ' \  ! ,C  I.C  '  J V I

Besides the compact Cartan subgroup expi&R generated by 
the group G also possesses two noncompact ones. The most noncompact 
Cartan subgroup can be exhibited as follows. We make a basis 
transformation,

tj - U 5 U 1 with li = TT "^ ) (2.1?)

The group G may be identified with the set of all complex 4x4 matrices 
satisfying the constraints

3
UMIC p - U ( * u

(2 .1 8 )

The set of all diagonal matrices satisfying these constraints forms 
a noncompact Cartan subgroup of G. Furthermore we may now exhibit in 
a convenient form several important subgroups of G. To every 
4-vector (x*1) we associate hermitean 2x2 matrices x and x as

A/

follows ( are Pauli matrices).

• ^  j k ifX « x Ji i- J. x <r i . , k ̂  kX *L - x <T> X ( 2 . 1 9 )
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To every At SL(2C) there is associated a Lorentz^ransformation 
such that

A *  A
* x *  X with x ̂  - A (A (2*20)

With this notation, we introduce subgroups of G as follows (They are
-s/all at the same time subgroups of G t s. below). We omit the ^ 

henceforth.

M: Lorentztransformations m

A : dilations a

Ni / 'ations n

X: ■ x

A 0 \ , c. , „ vj. , . , 4 ̂  ^  )
r.  A  *  '  t

C iai’S

3L ° \ $ ii*~ real (2.21)* \fL1V k

Jl
12) ■ x‘ ̂  real

C 11 •'

The generators of M, A, H, X are denoted by t D, and
respectively (after dividing by i~-i as is costumary in physics V  
The reader may work out for himself the connection with the generators 
introduced before. One has in particular

Hc i  ( V  M
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2.B* The Lie groups.

Let us now turn to the universal covering group 6 of G* It is 
an infinite sheeted covering and is given by a standard constructionv(cp* text books, e.g. 19 3): 6 consists of equivalence classes of 
directed paths on G starting at the identity* Two paths are equiva­
lent if they have the same end point and can be continuously deformed 
one into the other* By the group action in G a path may be transported 
such that it starts at any given point* Using this, group multipli- 
cation in G may be defined by juxtaposition of paths*

The structure of G is best understood in terms of its Iwasawa 
decomposition (cp* text books, e.g. [10])* Let M - UA^N^ the Iwasawa 
decomposition of the q*m* Lorentz group M. U-SU(2) is the maximal 
compact subgroup of M, A nc consists of Lorentz boosts in the z-direction 
and N^ i s  the two dimensional abelian group which is contained in 
V/igners little group 111] of a lightlike vector p pointing in 
z-direction* The Iwasawa decomposition of G is then [12]

Q ■ KA N with A c A A , N “ N N ,p p p «t 7 p «ft

A, N as in (2*21)* The subgroup A N is simply connected, thereforeP r
any two paths on with the same end points can be continuously
deformed into each other* Thus

- v  v  ^

G - K  A Nr K 5= universal covering of K
V V

Explicitly K * TR x (SU(2) * SU(2)) . Here'K is the additive group 
of real numbers, x denotes the direct product* The center P of G 
is contained in K * It suffices then to consider K and its coverings. 
This gives the chain of isomorphisms

conf* group of \ ^ 
Minkowski space' S0(*f,2)/£2 * SU(2,2)/Z/f * G/Z2 * Z .

The conformal group of Minkowski space has trivial center* The center 
P of G is thus isomorphic to Z^ * Z and has two generating elements 

and ^  t with y* s e *
, rt( , n
V , ' ^ n - e,i o, t',- } - r r1 K

is the rotation by 2n contained in SL(2,C). An explicit formula
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for  ̂ will be given in the next section*
V ■N»'- f fFinally, G is also a covering of G, viz G ~ G/F . r c 

given by r ‘ s | (Y, J C, t The image F / r ' of P in
center of G, it consists of the elements im I, 0*««3i 1 
matrix, i = Y -1 •

 ̂ is 
G is the 
: unit
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3# Representations with positive energy

_
Let 1 a unitary irreducible representation of G by operators 
T(g) on a Hilbert space Suppose that it has positive energy,
T(P°) > 0. There exists an element of G such that teP°R ̂  = K°. 
Explicitly R«exp PniH^. acts on compactified Minkowski space 
like a reciprocal radius transformation followed by a space re­
flection. It has been pointed out by Kastrup long ago that this is 
an element of the identity component of the conformal group .]

Positivity of energy T(P°) >, 0 means that (% ,T  l J'Mr ) 0
for arbitrary states in the G-invariant domain of T(P°). Consider

('U.TChJ ' * ^ ’ z 'I \  ( ' f J I K ' i t )

-- \ (v ,t [pc) v ) * t  ( i ' . r i p ' i ' t ' )  ? o

with ■* T  ( '  M  ̂  • Therefore we have the
Lemma 1: T  ( Pc) ? 0 implies T  ( Hc ) ? 0 for the
conformal Hamiltonian H c ' ^ ( Pc r i<c )

This result was known before [2,3], the proof given here is a 
modification due to Luscher of Segal's argument.

Consider next the action of the center P of G. It consists 
of elements of the form

r* ; ^ V , 1 > X x 9 R e*P ^  Hc , V,* * 1 ‘

Since the UIR T is irreducible

T($)i£ * for all \  (3.1)

with <^(t) ~ fe'Xp for y »

d is some real number which is determined up to an integer.



It follows then from the spectral theorem for the selfadjoint 
generator T(Hq ) that all its spectral values are of the form d+m, 
m some integer. Since T(Hq )? 0 by lemma 1, the spectral values 
d+m if 0. We may therefore fix the integer part of d such that the 
lovjest spectral value is d. This gives
Lemma 2: In a UIR T of G with positive energy» the generator T(Ho ) 
has a discrete spectrum. It contains a lowest eigenvalue d, and all 
the other eigenvalues are of the form d+m» m positive integer.
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4. Lowest weights
By a vector space V we shall mean a linear space with a finite 

or countable basis such that the elements of V can all be written 
as finite linear sums of basis vectors.

Consider an irreducible representation of the Lie algebra 
(resp. & ) by linear operators T(X) on a complex, possibly

oo -dimensional vector space V. Irreducibility means that there 
exists no invariant subspace of V. We say that the representation 
T possesses a lowest weight vector O. V with weight X if

T ( X  ) Q  = 0 for all

t (h )q  * ,X(H).a

X t (resp.X c n  n hc ), and
(4.1)

for all H g iiC

The weight X is a linear form on ^  , viz X c X is
specified by the three numbers

X ■ - X (rî } We write X * (\r A . X )t, v ' C t • • JL '

A classic result says that every finite dimensional representation 
of q resp,& has a lowest weight. In particular, finite dimen- 
sional representations of have a lowest weight of the form

X = ( Xc • - ,  - jx X with 2j^, 2j2 nonnegative integers.(4.2)
Infinite dimensional representations of need not possess a 

lowest v/eight. We will however prove below that representationsiV
T of ojc which are obtained from a TJIR of G with positive energy 
possess a lowest weight.

Consider a unitary irreducible representation T of G on a 
HilbertspaceM  . It restricts to a (reducible) representation of K.
< vK is a direct product of an abelian factor isomorphic to 1R which is 
generated by and a compact Lie group .



Since T(Hq ) has a discrete spectrum, *j£ decomposes into a Hilbert 
sum

3£ = 0  V *  (Hilbert sum) (4.4)
A

where is a Hilbert space that decomposes into copies of one and,v
the same UIR of K with lowest weight tw By lemma 2, all the weights 
p appearing in (4.4) are of the form

y. a (d+N, -Jg) * N * 2<̂ 1* ^ 2  nonne6ative
integers. (4,5;

Let us introduce the algebraic sum V of the subspace©

V s Z* (algebraic sum)
A

it consists of finite linear combinations of elements of the V^1 •

It is a standard result in the general representation theory 
of semi •'simple Lie groups with a finite center that all the V^1 
are finite dimensional when we decompose with respect to the maxi­
mal compact subgroup L 15 1 * Consequently, V is a vector space.
Furthermore V is a common dense domain (of essential selfadjoint­
ness) for all the generators X of Oj. Thus there is associated 
with the UIR T of the group an irreducible representation of its 
Lie algebra by linear operators T(X) on the vector space V*
Conversely, any representation of g by skew -hermitean operators 
on V can be integrated to a UIR of the group, and so infinitesi­
mal equivalence implies unitary equivalence ( [1.5.) , theorem 4,5,5*5) 

We will take it for granted that all this remains true for theV
representations of our group G which we wish to study here, even 
though G does not have finite center P , and the covering K of.V ^
the maximal compact subgroup K/P of G/P is no longer compact.
The vector space V will be called the "space of K-finite vectors".

a;
We say that the UIR T of G possesses a lowest weight if the 
associated representation of its complexified Lie algebra ojc 
on V possesses a lowest weight.

Let d the lowest eigenvalue of T(Hq ). Then there must 
occur among the weights y io (4*4) at least one weight ^ of the

form X « ( c i ;  {¡* i)

^  Note added in manuscript: A proof is given by
M. Luscher in £22] .

l< * "R * K1 ,  ̂ -SU (î xSU(Y) , R - {txpl<xwc > o< >ieâ } (4 3)



a commonwith some integers 2J2 • There exists then in V ̂
eigenvector Cl of T(H^).> i = 0,1,2 , to eigenvalues d, “Jjt* “Jg* 
viz*

r  ( h c i ci r e i n  , T [ H j n  » - j K n  ( k ^ v O  ( i> # 7 )

We claim that this is a lowest weight vector.
We have to verify that T(X) 0 = 0  for all X c n ~  

Wow rt“ is spanned by X”^ (k,£~ ± ^ ), X , X ' ,
Consider then the vector T  ( X T, ) O. .We haveN KC 7

T  (h .i t (x,; m  * t ( L h .,x;4 |) a  *- r  (x , „ ) r ( h _ 'a

= (¿-1 > r  n

by C *W. (2.10), Since d is the lowest eigenvalue of T(Hq ) by
hypothesis, it follows that T(X“^)-Q = 0,

Consider next *i,(X°1 ~) Cl . We find from the C.R. (2.10) as-J., u
above that this is an eigenvector of T(H^) to eigenvalue -j^-l*
Since X0  ̂ _ t 4 , the vector 'r(X°n „)^1 will lie in V ̂  .-1 ,u . ~ J- * u ^
But since consists of copies of one and the same UXR of K
with lowest weight A , the only possible eigenvalues of T(ft^)
are -j^, -j^+l, ..., J1 . Therefore - 1 is not a possible
eigenvalue, hence T(X°1 )O  = 0. One shows in th& same way
that T(X° . )JQ =0. o,-l

We have proven part of the following

Proposition. Let t a unitary irreducible representation of G 
with positive energy. Then T possesses a unique lowest weignt.
Any two such representations v/ith the same lowest weight are 
unitarily equivalent.

Proof; Let T^, two representations of the Lie algebra 
on vector spaces V^, We call them (linearly) equivalent if 
there exists a bijective map between and which conlmutes
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with the action ot
We know already that any XJIR T of G with positive energy 

possesses a lowest weight. Consider the associated representation 
of the complex Lie algebra g on the vector space V# A standard 
theorem ( [lV] ^.^*5 Theorem) asserts the following^Jihe lowest 
weight of an irreducible representation of ofc on V is unique if 
it exists. Let fl the lowest weight vector and Jx, } . , , a basis
for >% + . Then V is spanned by vectors of the form
r(xf) ... i (X^) , n^ nonnegative integers. Finally, any two
irreducible representations of with the same lowest weight 
are linearly equivalent*

\[It follows from this also that the eigenspace V of T(Ho ) 
to the lowest eigenvalue d carries an irreducible representation 
of#.]

Uniqueness of the lowest weight is thereby proven# As for 
unitary equivalence it suffices to show that a Of-invariant 
scalar product on V is unique if it exists, cp, the discussion 
after (4.5)* By a of «-invariant scalar product we mean a scalar 
product such that T(X) is skew-hermitean for X in the real 
Lie algebra oj of G.

Skew hermiticity of operators T(X) for X e of- implies that 

T(Z>* - T(/3'z*/3‘"i ) for 'i e %e (**.8)

since every element Z of cjc is of the form Z = Xt-i/; X , V m * fy «
Let J the basis of rt+ c c introduced before, and 

consider vectors in V of the form

1») ( x , ) ' 1' . . . t  ( x 4) Mi.n .

They span V. It may happen that •« 0 • The scalar
product of two such vectors must then be of the form

(¿f.10)
r ( x f en )

t f

( % „ m  < V u . )  - ( n- ■■ T (f3x*/i',)n'
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If Y i c rt* then ; hence ) = 0
We may therefore use the C.R. of the Lie algebra (Sec#2) and 
hermiticity condition 0*8) to rewrite the left hand side of 
(3.10) as a sum of terms of the form

. ill,.  m ,  r M ,  . " V  *ii,

( n ,  H c H, O ) - J (-J,) I -:(l)I-,.;"-1 in a )

To this end one need only switch all the operators T  f)
to the right and operators T(X;) to the left until they ani- 
hilate n  .

In conclusion, there exists an algorithm for computing the 
scalar product of arbitrary vectors in V (* finite linear span, 
of vectors of the form (4.9))if it exists. Therefore the scalar 
product is unique up to normalization and proposition 3 is proven. 
Moreover, a scalar product can only exist if the bilinear form 
computed by the above algorithm gives a positive semidefinite 
norm squared || ̂  //4 = (̂ ; U* ) to all the vectors ^
of the form (4.10).

5* Necessary conditions for unitarity

Having established uniqueness, we now turn to the question 
of existence; What are the conditions on A ■* ,'|t)
that X is lowest weight of some HIR of G. Vie know already that

nonnegative integers, .
(5.D

The last condition comes from the requirement (lemma 1) that 
T{f/c) ? o , which implies that the lowest eigenvalue d of I'iH^) 
is nonnegative.

We shall derive sharper inequalities on d. They come from the 
requirement stated at the end of the last section; The bilinear 
form computed by the algorithm of Sec. k must assign positive

with 2h > Xh
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semidefinite norm to vectors of the form (4*9J,
Let us introduce the vectors (in ) defined by

n ( l r mi >• In- •»! > !__ f V ( x c r ' T ( x °
^!ij y  (k - u '.'; '-c

( 5 * 2 )

One knows from the theory of angular momentum that they are norma­
lized if (0,0) tr ■! as we assume. Moreover the generators of K 
act on them as follows:

J 1 (  ^ a* H I

T ( * n c [  £ ] ,  +  * " ,  ) ( / - , * » * > . * 1 > ] V l n ,

T ( < * , N

nfe

( 5 . 3 )

V/e shall distinguish types of lowest weights \

M : Consider the vectors

h ~ X •]%' 1
- L  c(i„t

‘ T  (Xm,.^) a

Herein C are vector coupling coefficients in the notation of BosePsJ. 
We remark that this vector transforms according to the represen- 
tation of K with the lowest weight (cj-ti $ 'ji^z

Since T (X* ) C l  -  C $ the norm of this vector is



We insert commutation relations (2*15) and evaluate the resulting 
matrix elements with (5»3)* With the vector coupling coe[K»c»ertti,
(B.l) of Appendix B we obtain the final result

V Vt,Ml ' >ttM t ' h  h

This must not be negative? we obtain therefore the condition

¿ y'i, + h  + i i f  h * °  ' h * °  ■ (5.ha)

-> n(*2. case:L J<*° - h *
• We consider the vectors

* - £  c ( v i ' i r i  •

The norm squared ot these vectors is computed in the same vjay as 
above to be

1 -1 ,1 H i > h - b  f
M,Mt M1« t

This must not be negative; we obtain therefore the condition

$  U  ± 0 > k  = 0 •oi ^
1 , * 1 H

, rd
h __ case :-  i, * ° 1 Ù * 0

one finds the <

d > H * 1 ^

case : Ji*ft - 0

Y  ■* E  T ( X *

y  i > o , u t o
(Stkc)

. We consider the vector

00

We remark that it transforms according to the representation of K



with lowest weight (d+2^ 0, 0)« The norm squared is computed in 
the same way as before* One finds

s Soi(cM)

This must not be negative, we obtain therefore the condition

cUo M. ^>„1 i f  3,. 1,-0 fs.itd)

By uniqueness, the special case 0 corresponds to
the trivial 1-dimensional representation which is indeed unitary*

Conditions (4*4) are necessary for the existence of a UIK of G
with lowest weight \s > "ii t " jt  ̂
that they are also sufficient*

* We shall see below



6* Induced representations on Minkowski space *

Let G the universal covering group of G - SU(2,2). As we 
know, the center i" of G is f a P ̂  with n s 2  .

It is well known that Minkowski space = {y^j can be 
compactified in such a way that it becomes a homogeneous space for 
G, and therefore also for G. The conformal group of (compactified) 
Minkowski space is isomorphic to t2)/Z^ “ G/Z^ « G/r • It
is compounded from the following subgroups

M /r¡

A
N

X

Lorentz transformations 
dilatations
special conformal transformations

with
translations

y14-* A*\,yV » Ae SOe^,l)
y*1 I at y*1 , \&\ > 0

y*1 ->o(y)"1 (yv’- n^y2 ), 
n^ real, o(y ) = 1 - 2ny + n2y2

y*1 yU + real

The need for considering a compactified Minkowski space M arisesc
from the fact that special conformal transformaHons can take points 
to infinity*

The little group in G/r of the point x e O  consists of 
Lorentztransforraations, dilations and special conformal trans­
formations. Thus m J? * ( 6 /Pj P, ) / ( MAf//rj ) } or

M ;  » G / r  m AIV c *
(C

This is meaningful since M A N is simply connected and therefore
contained both in G and in G. Here and in the following we denote
by M the quantum mechanical Lorentzgroup, it contains the factor
P of the center of G • On the other hand P. » 2  has a 1 z,

generating element y^ as we know ( Secs. 2B*3)

P » { y /  , N" * 0, ±i ,■■■ } , ^  = l ? « *p  i * H c ; t t * W p 2 ir;Ht .

We leave it to the reader to verify that the parametrization (2*21) 
~ , (6.1) of G * G/P induces the transformation lawAon cosets.



Let us now turn to induced representations on M . T o  everyc
> ■  we associate a finitedimensional representation
of r M A N by4

2)X (^vnan) = latCe tff̂ CD ^ Ji (m) with c = d - 2 , for y =. y *  . (6.*0

Here is the familiar spinor representation ( of
M * S L  (2 C), viz D*1*'(m) 3 L ^ (A) for m of the form (2.21).
It acts on a (2^ + 1) (2j% + 1 )-dimensional vector space e\
We equip E^ with the natural scalar product < }> which is such that

D (m* ) st (m)* for ra€ M as in (2.21) (6.*#*)

Consider the space £\ of all infinitely differentiable functions 
. A/ Xy  on G with values in E which have the covariance property

(p(^ywan) » |alX ( ywan ) ' <jP (%) { i s )

 ̂into a representation space for G by imposing the trans­
formation law

(t î j  * c p i a ' Y ’ (6.6)

Since translations act transitively on the dense subspace
A A *vM C M * G /r 11 A N, almost every element g of G may be c »

decomposed uniquely in the form

j sr XymftKt f X € X  t ÿwan € TAMAN’ (6-*7)

Therefore functions (f> in 6 ^ are completely determined by 
their values on X.
Let x* and yman determined by x , g through the unique decom­
position

â
-1 x * x y m a a / .i

<j£ â j X, X ,6 X 'y y mon C f[ MA*T ,



The transformation law (6.6 ) becomes then by virtue of the covariance 
property

( T ( g ) t y ) ( x 1  =  ( p ( x ‘ )  ( 6 4 )

Mote; translations x€.X are in one to one correspondence with
cosets x = x M A N • Both may be parametrized by Minkowskian
coordinates x*1, p k 0#. .^Functions may thus be considered as
functions on Minkowski space with values in the finite

Xdimensional irreducible representation space E of the q.m.
Lorentz group M « We call them ’’finite component wave functions 
(or fields)". Eq. (6.9) is the typical transformation law for 
an induced representation on Minkowski space, induced by a finite 
dimensional nonunitary representation of the ( nonrainimal parabolic) 
subgroup of stability E  M A M . Eq.(6.8) says that x ^ is
determined by by the usual action on cosets , x* = g x ,
which is explicitly given by (6.1).
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A* intertwining operator

As a prerequisite for writing down an invariant scalar product on 
we shall first define a map (or operator)

where
values

A

in

X
4* e \ T \

is a space of generalized functions 
E^ having covariance property

i on G with

<j> (gymnn ) / n 11 2)̂  (ymftH )* <f> ($) f*Of a e Cî ^hi«n € Vx MAtf (i 10)

It is made into a representation space for G by imposing the 
transformation law

(t <3)4>)(j '> - (6.11)

The map will be required to commute with the action of the
group, viz ,

< T ^ V >  * T ( 3 ) A ^ (6M)

Because of this property, A . is called an intertwining operator.
XThe construction of A ^  parallels to a large extent the construction 

of the intertwining operator for the Euclidian conformal group as 
described by Koller [17 ,see also l8] * A/Consider the special element Yii of G introduced in Sec* 2*
It has the following properties:

'&X * e j ft ft”1 s X ) Y2rn.U“' s m € M  jof m c M  ,

YiaTc"1 » a.'1 far a 6 A .

V/orking with the parametrization (2.21) of M one has m = (m*\)”^ f



thereforeDhU (m ) *  = J ) 1'* -»’ ( „ T ' (6.1«)

We define the map by a generalized Kunze Stein formula [l9j

= ù + (p(^) = *+ (X> ^<Xx<f>(<}Nx) (6JS)

X

n is a normalization constant* Integration is over the subgroup
+ o 3of translations, with Haar measure dx e dx • dx . One may ask

under what conditions the integral makes sense (it may need regu­
larization) • This is a difficult question which we postpone* For 
the moment we proceed formally.

Let us verify that 4* has covariance property (6*10).

^(^yhian) = ^dx* (p ') = tcV ip (^>?y m a“1 x x ' )
X

-Iwith x = ‘R n ' R  € X • We introduce new variables of integration 

x" = m a”3* x x* a Î d x" = |ai“^ d x*

This gives

■* n+ iai^ jc/x " (p w\ )

*  ^  J 4  i a f  )

* "■+* 1<* 11 3)^ (y man )*

q • e * d *

In the second line we used covariance property (6*5) and in the 
third line we used (6*14) and the definition (6.*f) of DX .



T.'*

Let us next express the map A + in terms of the restriction of 
functions to X . We have

<£>(x) = n.+ ( X )  ^  c i* 7 (p ( x ^ x *  )
X

nUsing the decomposition (6.7) v/e may define x , ^man as functions 
of x by

t t x ' = x ' V *  , < q M A N f  UM)
i MThe jacobian of the transformation x x will be found below 

with the result (cp.(20 b))
t ii Hd x « lal d x

Thus
(<o.n)

4>(x> - n+ U)  J Wxw<£>(xx” S (X) ̂ X W|a|1D >k(yWKaM) (xxW)
X

iLet us reinterpret (16) as an equation which determines x , s = yman uin terms of x * viz

ft-1 x" = x'yman

Define the intertwining kernel (*) by

¿i^(x ) * ¡ ¿ m a n  depending on x through
the unique decomposition (6.l8a)

Writing multiplication in X additively , viz. x - y in place *1
of x y , Eq.(6.17) becomes

« n+ U )  jotg \  ix-y'<pty

x
(6.1«»)



Since X may be parametrized by Kinkowskian coordinates (x^| , 
the intertwining kernel A (x) may be considered as a matrix- 
valued function on Minkowski space M .
Our next object will be to derive an explicit expression for the 
kernel (6 *l8 ).

NTTo this end we must evaluate y- m a n . Write y « y , v the 
generating element of introduced before, viz . (Trtt0 .

Let us first consider Eq. ( 1 8  a) modulo F* , i.e. as an 
equation between elements in G * G / P ' • We write x in place 
of x . Using parametrization (2.21) we have

X ym<m = v
pA - f \ ' Ä  n
• »I . Vt p A

*p" X A ̂

f"Ä y where Ä ä ( A V , r i « i 'h.

and
t 0 %ft X » I
\ 1L tX

. -1 1 . i .The solution of the equation x = xy-m a n (mod r* ) is found
by comparing both expressions. From comparison of the second column 
we have

i V  Ä = >

equation and use det Ä
XX = det x s x^x „ 2 S X •* p
final result n. e - X

i 2 1 “ ip - la( « 1X I
1 -1x * - X w 3 ■

tU 1 -f J  r

We take the determinand of the first
-a. , kT-» i . , -K, j.

- i * “1 1 X 1 I " X i (6.10a )

3 ■ X//M - - j <p/x * = |xM"«x - tai^x (6.sob)

It remains to determine y * . This is done by applying both
sides of Eq. (6 .l8a) to the identity coset in M - G / M A N .
The necessary computations will be done in Appendix C. The result is

N = a/ ( x ) -  0 ( x l ) ^ x ° ( (i-il'-V )
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Inserting this into formula (6 .l8  b) for the kernel we obtain

)

We extend the definition of the representation D 1 1 of SL lie) "k 6h(2C) b\j

V h U (?A) = p ^ V 1*’^It if /

Using x = x*x”' we obtain the final result (d«2+*c)

D llJ< (Cx )A + ( x )  = ^ ( \ ) ( - x l * u x ° ) ' J ' l r h  " h l < (e.2i)

The matrix elements of D ,l*'(i x) are monomials in the coordinates x .

B* Scalar product

For functions cp in ^  we introduce a sesquilinear form by

( % , % )  - \ J x.cIXl <<Pt (X,), A+(V*t > V>L(x1>> (6-25)

Herein <( , > is the scalar product on the vector space E  ̂ intro­
duced with (6.*+ ). We note that the sesquilinear form (6.23) isv
formally G -  invariant:

Let <f>̂ = A* (p̂  Because of the intertwining property (6.12) of Â .

- S « v ( t < 3 > 0 < * > ,

-1 -hLet g x  ̂ = x^ m a n , whence d x1 = a d x . Then this is

* Jolx i V l’l“" ) * ^ x) > “ \d* <%(*>,

(<£, < %  ) q.e *d.



It remains to investigate the question under what conditions on \ 
the candidate (6 . 2 3 ) for a scalar product is well-defined and positive 
semi-definite (for suitable choice of ) •

Ideally, the scalar product (6.23) should be well defined and 
positive on a ll of the representation space . We shall be less
ambitious for the start. Functions (p in are in fin ite ly  d iffe -
rentiable functions on G . It is therefore clear that their
restriction  </>(*) to X defines functions on Minkowski space {x^J
that are differentiable in the coordinates That is not a l l ,
however. In addition <p(x) must admit certain asymptotic expansions 
when some or a ll x*1 -*■ v* .We w ill not write them down exp licitly , 
but we note their existence. They come from the requirement that
are oo differentiable also at those points g which map x  ̂ = 0

4 4into points of M at in fin ity  of Minkowski space M . c

Consider now the subepace of vector-valued Schwartz
test-functions on X (or M ) with values in E* . They can be extendedA/by covariance equation (6.5) to oo differentiable functions on G 
which vanish with a ll  their derivatives at points g in G that 
map x  ̂ n 0 into points at in fin ity . Thus Ŷ  C is a proper
subspace of ¿x which is not G -  invariant. Indeed it  is 
clear that is the smallest G -  invariant space containing .

tis however invariant under the Poincarc subgroup with dilations, 
and it  is also invariant under the Lie algebra oj. of G which acts
by differentiation with respect to g on functions <p ( on G.

Elements of Ŷ  possess a Fourier transform (F.T. )

(p (?) = ^Wx 6 tpx (p{y.) (i-W)

with T x 5

We see from (6*22) that the intertwining kernel is a distribution 
in and possesses therefore also a Fourier transform.
We are now going to determine i t .
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Let p *= ( E, cT ) and U S U (2) the q.m. rotation group 
O ( M , it  leaves p invariant • The generators o f in the
representation of M w ill be denoted by 3 = (3 J 
We may decompose the vector space E* into irreducible subspaces 
with respect to U

(4.2S)

E > Ji+U
2Z so that 3 7TS£^ * s (¿+t)TTs £

s'TT are projection operators that project on the irreducible 
subspace of which transforms according to the 2 s + 1 - d i-
mensional representation of U.

IT s s < A ^TT TT (6-z()

For p V+ , the open forward light cone, define TT (p> by

TT (A(M)p) * )* TT4 (w-1)

For reasons o f dilational and Lorentz-invariance, the Fourier
(6-2Z) N

transform of the intertwining kernel^will be o f the form [X * (<*j ’ U' h '
as usual 1 ‘

/i*1i
A X.(P) - U x e  « r ( d - j ' - h - i y z  1 <tfJ(MTr'iP>(? * r i+‘t

s-tjSU' +

where if>1')2> * 0 (p1) © (Po) + ̂  for <̂ >3,+)̂ +'
{ ¿ . I S )

are polynomials in (p) is there­
fore an integrable function for the indicated range of d* We will 
fix the normalization factor vi + (X) in the intertwining kernel
by imposing the

normalization convention q(. j (6.29«)
Ji+ Ji



The c- number coefficients CV'jÎX} will be determined in Appendix D, 
the result is

(of-3-0
(öf + j^ |x-2) "* )

for * - V J r 1 »
* = <°* ) -j, ■-)x)

The sesquilinear form (6*23) becomes now

; bi-ul
(6 .2 9 b)

Jr+J
(6-30)

TT SThe boosted projection operators TT (p) are positive and the 
integral exists for o/> j ,h- |a + I » Eq.(6*30) w ill therefore define
a positive semi^definite scalar product for d in this range i f  a ll  

ols (\> Vo • From the exp licit expression (6*29) we see that
this w ill be so in the following cases

[<P> <P)>, 0 for all (pe yx if
(6.3i)

either J* ^ 0 /'fx ^ o  j +

or ji ■ 0 Qndjor jx * 0 , d > j, i + I

In the second case there is only one term in the sum over s in (6*30), 
It remains to investigate the limiting cases ^  « o } <dr j1+ i

and ^  * 0 , ci = + t •
* j

Suppose j^s o . Then TT14 - 1 and

(,-pV’ TT1, (p) = (p > -*• TT (p) A* p'-» 0 U.3i)

Here TT(J t is the covariantly normalized projection operator on the
\ —► —*unique eigenstate ( 1-dim.subspace) in E of the helicity "3p/p0 

to eigenvalue j, ♦ It is -normalized according to



Tih.l<’ >TTh.l<») *=

To verify the first of Eqs•(6.32) take m of the form (2*21) 
with A *= (y/fv )*X and use the fundamental formula (2*20) of spinor 
calculus, viz* A pA a A(A)p * The second assertion of (6*32) 
is well known from the theory of massless particles [llj.

The second case = 0 is analogous* To take the limit in 
(6*2 3) we use a standard formula for the S -function [l6 ] and insert 
(6*^2)* The result is

A*(p> = e(p„)TT’,['U (p)S(pl) for X = (6.33a)
d a ^  + J2 + !; = 0 or “ °*

The scalar product becomes then

( % , % ) •  <r<P(p>,TT i’ ' ' 1 (P) i  (p)> > °p0>O 1
for d « + j2 + 1  , “ 0 or J2 = 0

It is positive semidefinite since also TT? ,(p) is a positivehel
operator*

(6.35b)



C. Poincare - content and irreducibility:

Using the positive semidefinite scalar product ( </>, , c ) 
introduced in the last subsection we can complete ^  to a Hilbert- 
space after dividing out zero norm vectors» The elements of 
will be equivalence classes of functions, the equivalence relation 
will be denoted by ^  and will be explicitly given below.

To exhibit the Poincarfc content of let us define to
every in the forward lightcone V̂. a boost L(p)c SL(2.C) 
which takes 'p a (fipS 0 ) to 'p . Explicitly we may take

by the fundamental formula of spinor calculus (2 .2 0 ) ,
To every (p $ ^  we associate a Wigner wave function Vip)

with complex functions >sm. . They transform under homogeneous 
Lorentz-transformations in the Wigner way,

(6.3*0

(6.35)
Let us introduce a basis e4Hl in E * which consists of ortho--v %normal simultaneous eigenvectors of 1 and U* . generators
of the rotation group) to eigenvalues s(s+i) and m, respectively. 
We may then expand

(6.35 )
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gD is the (2s+l)-dimensional representation of the q.m. rotation 
group SU(2). We leave it  to the reader as an exercise to rederive 
(6 *3 6 ) from the transformation law (6,9) with = m € M •
The label s has the physical significance of Lorentz-invariant spin. 

We can reexpress the scalar product (6 . 3 0 ) in terms of the
A 1Wigner wave functions ^  (p) • Since 7T e5w = e,sm we

obtain for the norm

r ( d - U ' U

ll + l;
> y ' L o(f

s*lh' ii1 V+
Z  \ t sm <p >1*

( 6 . 3 7 )

Consider fir s t  the case when d> ¡¡ +fL+Z or J,)L*o  , of > j, * * \ . 
Then a ll o/s (X) > Q . Thus (<p, <p ) * 0 i f  and only i f
a ll  (y>) ** 0 for p e V+ . Translated back to wave
functions ty , this means that the Hilbert space consists
of equivalence classes of functions with equivalence relation ~ 
as follows;

provided X *= \ - 1 w ' 1% ) ^>Ji+  ̂ ** J 1fa 01 ^  y J»+ U  1

I f Ufa 4* 0 and d -  j i + /4 * 2- then i but - o fa s

Thus ( (p,<p ) s 0 i f f  'V-(p) =; 0 , Translated back
this means that consists of equivalence classes of functions
as follows

(p -v 0 i f f  TTJ, + *1 (p) </> ip) * o for cJX 'p e

in the case J¡ + 0 / ji^O j d - + 1
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Lastly consider the case d -  j, + fa+1 f * 0 * We see 
from (6*33) that $C\ consists of equivalence classes of functions

# ^ 5 (p ~ 0 iff TT^# Q(p) * 0  for J>2" 0 ,j>o > .0

in the case iiit * 0 > d* jt ■* 1*. •* l

From Eq* (6.37) resp. (6.33) we can also read off the Poincare 
content of the representation space » The result is as 
indicated in Sec. 1.

Let us next turn to the question of irreducibility. If either 
j 1 3 0 or d = irreducibility of ^  is obvious since
the representation restricts to an irreducible representation of 
the Poincarfe group with dilations. It remains to investigate the 
case cl > ̂  + t , ^ 0

We start from the infinitesimal form of the transformation 
law(6.9)« We denote the conformal generators obtained from T(g) 
by K^f , D as usual; while the generators in the finite
dimensional representation D*1*1 of the Lorentzgroup will be 
denoted by - they act in the vector space E * •

The infinitesimal form of the transformation law(6.9)
reads then as follows ( cL «■ )

r

(%) - iS'Xx) ; M ^ v 9?(x ) « c xv3* ~ i ^ v )(p{*)

T)<jf>(X) » I (if -0/ + Xy^V ) (p (*) (6.37*)

k (p (x) * i ( [5-1^3 X'“ + 2xA xv3v - - 2.txv Z ^ y ) (p (x)

In view of the general result of 1*3 it suffices to check validity 
at h 0 (identity in X), everything else follows then from 
covariance. We have from (6*9) and (6.^)

(T ( m ) <J> ) < 0 ) 

(T (<K)(p) (c)

D j,lx(n)Cp(o) >̂r vn €M (6.3 8;
1« I** ( p  (<>) f à f  <X € A • (“T(n )  ( f ) ( 0 )  -  ( f i o )  f i >y  r\ £ hf



for Lorentztransformations m, dilatations a and special conformalH,
transformationsArespectively. The infinitesimal form of this 
is (6 .3 71) with = 0 .

Let us introduce matrices (J1, J2, j^) = J , (N1, N2, * N

t £ijk J1« hr x Z ok dVO) /U-pLCxJçjcl M oL'cHA j £(2 ? = I )'

We wish to derive from (6*3V1) the action of infinitesimal special 
conformal transformations on Wigner wave functions 'V'(p)
It is defined in terms of the action (607) of by

K ̂ D Jlil(L(p))l'(p) « X i x U  (tip)) * £ ip)
We have

L (p) « e*p -1 0 ^  ** * i-JL^pr? - -Lx (pf?)N -

where "p « ( p0 ) t wi « Vpx , 0 * lp lz/ m'

A straightforward computation leads from the Fouriertransform of
16.37') to

¿ 0/* ( f -o>  = (-2ol3°- 2p''$vZ ° + F°CH--;L ¡?‘)y (j?.o) (6.39)
A
KU (p * o ) * {-¿cid - 2-p̂  9V r  - 2̂  ( ?X 1 )+ .̂ [t(c/-f)iî - îxi? J ] ^ ( p  = O) .

It suffices to have the transformation law at - ^ = 0  since 
K*1 transforms as a k -vector, viz .

T"(ni) K r(w) *> A(m) k for jjorentztransformationi M  M  (6 *^0 )

And we know from Eq. (6 . 6̂ ) that Lorentztransforraations do not 
make transitions between spin states. Neither do dilatations nor 
translations.



We insert the expansion in basis vectors (6.55 ) and make use 
of the explicitly known action of the generators 3 1 N* on 
basis vectors esw of E A (cp. Appendix A).
As a result we obtain

K 3U ( p * ° )  * K Jr. e5m (p-o )1 5  m  >
(6.41)

- —  Z ! Cs
> 1

- (3-fll+S)(S+M+t) 1 Cs+) e ¿+1,m + *" / ̂  (fa0J) iw ( ->

where the dots stand for terms proportional to <?4W , and
Cs « are the constants given by Eq. (A.l) of
Appendix A.

We see that K makes transitions between states with different 
s. The coefficients of and tf5+| w do not
vanish (identically in m) for d > j,+|i+ l unless

S ~ f J* " /xl resp • s = ^max * Ji+U

Therefore there exists no invariant subspace and the representation 
is irreducible.
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D. Integrability

So far we have demonstrated existence and positivity of the 
scalar product only for Schwartz test functions (f ✓hi ^  .
But unfortunately *-s invariant only under the action of the

a#Lie algebra Oj of G but not under the group G itself 
(cp*Sec«6B). Therefore we are faced with the question whether our 
representation of the Lie algebra is integrable to a unitary 
representation of the group G • [it follows then a posteriori 
that the scalar product is defined and positive for functionsV

(p in <f̂ , since is the smallest G -invariant space 
containing • This problem is solved by the 

Lemma 3* Suppose the scalar product
((/>,, (f̂ ) ‘ (2 0 '"  JdV < %  <p>, A * (p > £ jp > >

exists and is positive for functions (f such that

ty (p) s \ds x 
$ >o

X(i,?) <for pl »°,Pe>°.(6>it2)

X an infinitely differentiable function with values in 
and compact support contained in the half plane $>0 •
Then the representation of <w is integrable to a unitaryA/ ^
representation of G.

iiThis lemma is a corrolary of the theorem of Luscher and the author 
on analytic continuation of contractive Lie semigroup represen­
tations (generalized Hille Yosida theorem) [3]* A proof of the 
lemma is implicit in Sec. 4 of ref* 7 .
Remark: In purely group theoretical language what is involved here 
is this: Functions of the form (6.42) with supp X a given 
compact subset of the upper halfplane s > o form a dense set of/V
equi-analytic vectors for the hermitean generators of G.
Integrability follows then from a classic result of Nelson*s Il3* 21]



It is evident from the explicit form (6 .2 8 ), (6..53a) of the " Xintertwining kernel A + that the hypothesis of the lemma is 
funfilled. We have thus constructed unitary representations of the 
universal covering group G of SU(2,2).

E. Another realization:

Let 7^ the space of (generalized) functions of the form

4>(k ) » jdy , <f <= ix

is the function space introduced at the beginning of this. ~ V »section. T^ is a representation space for G. Since the F.T. (p)

has support concentrated in f the closed forward lightcone,
<j> (x) are boundary values of holomorphic functions in the 

field theoretic tube domain. In the limiting cases 1,144o ,

^ + and 1ili c 0 > ^  - Ji + U + 1 they satisfy
in addition certain differential equations. For instance

l ?  t  + C J, - 1,.) ] 4> I*) 0 if

(6.4?)

Since <£> fis;es uniquely the equivalence class of (/> in ?(A , 
the scalar product (6,23) makes 3^ into a Hilbertspace which 
carries the same unitary representation of G constructed before.
In practical applications it : cun useful to deal with
the space 71 of generalized functions instead of the spaces

C »' •of equivalence classes of functions in . Ruhl s work deals
with functions in 7^ ,
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i i\f
As our last task we should show that the UIR s of G in 

the Hilbertspaces constructed so far have lowest weights X *
If so, it follows by the uniqueness theorem of Sec, b, that wei vhave constructed all the inequivalent UXR s of G with positive

tt i .energy. We shall instead refer to Kuhl s work 15J* It follows 
from his results (and the remarks above) that all our represen­
tations constructed so far are (linearly) equivalent to analytic 
representations that have explicitly known lowest weight vectors 
(viz.constant functions) with the right weight X »

We mention one last result without detailed proof.
A UIR of a semi-simple Lie group G is said to belong to the 
discrete series if (and only if) its matrix elements are square 
integrable on the group. It is known that the discrete series 
is nonempty iff G has finite center r1 and possesses a compact 
Cartan subgroup [l^]* Quotient groups G/P with T C P  of

Uour group G possess these properties if their center P/P is 
finite. This motivates the

Definition: A unitary irreducible representation T of the 
semi-simple Lie group G with denumerable center P is said to 
belong to the interpolated discrete series iff

| <f> ) ll < ">
S/ r

for some nonzero vectors N', <f> in the representation space, (dg is<v
Haar measure on the group <5 n ).

We note that the definition is meaningful since the integrand 
is invariant under g -»> gy for g £ 6 , y e P (cp. Sec*5)*
It can therefore be considered as a function on G/P *

The representations of G constructed in this paper belong to 
the interpolated discrete series if and only if

+ 3> j . + A (.£.M-H- )



t+0

Sketch of proof; There is a canonical way of reconstructing unitary 
irreducible representations as(irreducible parts of) induced 
representations on G/K. [Here we may consider the space of 
functions , T (g“1)'H' ) , ) °P* Sec.^J.

Representations with lowest weight give rise to analytic represen­
tations in this way. Square integrability furnishes a scalar

* iproduct on this function space. RUhl has constructed the analytic<v ~
representations on G/K and has found the condition (o . ĥ ) for the 
scalar product in question to converge ("5]. Alternatively, result 
(6.Vt) may also be derived from Harish Chandra s classification 
of all discrete series representations [e.g.1 3 ].

Acknowledgement r The author is indebted to M, Luscher for discussions



Appendix A: Finitedimensional representations of SL(2C).

Let 3 and N the generators of rotations and Lorentz 
boosts respectively. They satisfy the usual commutation relations

1*3 , ] • »3 5  ̂ W* ] = - W* , ^ ] = I*'/ and cyclic

Write = ; K/̂  s V i tn/ 1

Finite dimensional representations of SL(2C) are labelled
by (*j,, i nonnegative integers. A basis in the
representation space may be labelled by s,m, with s(s+l) the ^ 2, * eigenvalue of t7 , and m the eigenvalue of : s" #irIt*
U+U. y m a “s s in steps.

According to Naimark[20] the action of the generators on the
basis vectors is

t/
CS,m S L ($ Z ™  ) ( Hi + / ) } CS, rtj±i t ^  SS,»l

and for the boosts

Vi
tit es,m a Î [ (Sï^1 + Csew , w ± i

t [ ( S±m+|>( Sim + t> 1 /a> C3+l e4+|( m t ,

* t (S"M H 5 + w ) J *" ei-J, tn
r ■/»- HI A5 eSjln - |.(S+Hl+l)(5-m+l)] Cj*.,

with

A i fc* r 1  1 l
fts = J(ITo ’ s ' s l Us1*-! J

(A.l)

c J < + 1 i + 1 S ]i ~ h  * s * f ••• c - * in integer steps



kz

The sign of the square root in C is a matter of phase conventions.
It is costumary to have the generators N » and therefore also
C , change sign when one interchanges * 1 x ^  ~ '* ^ 1 x1 1 i ^  •s ^

examples: 3 = -̂ <y , N * -

< 1 . .  1 «  > *  < °  < i  > ’  i ’ i ’  (  * = t ’  •
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Appendix B: Clebsch Gordan coefficients for SU(2).

The vector coupling coefficients C ( j  
the notation (and phase convention) of Rose are given by [ 15"!

’/i^ ,. . . rj* + m  +
■ ? [ - ^ 7 7

in

(B.l)
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Appendix C: The homogeneous space M - G /MAN

Let MAN the noniwin\vvicJL parabolic subgroup of G
consisting of Lorentztransformations m € t\ * $L (2.C ) , dilations

CK e /A and special conformal transformations w e A/" •
MAN is simply connected and therefore also contained in G. 
Consider the Iwasawa decompositions

G * KApW-p and MïUAmWl with ¿ „ ’■ A,. A- N". it H  (see Sec.2)rn - VK '  H i > n  |n

It follows that the homogeneous space

M  »  G  /  M A  NT «  i c / u  -  Ifc  * S 3

S3 the unit sphere in «Thus M  may be parametrized as

W  » { (r> J, ) > - ,K,< ) a unit ^-vector >

Elements of K * R * K act on A1 as translations of r
and rotations of e .In particular 

ivHo

Yl

T —>• t: + <y 

r t

£ -V £

<V VThe center r* Hr1 of G acts therefore on M as follows; n acts
1 X 1

trivially, while consists of elements of the form
¿ttH, takes r-*?T + 7r . t _* - £

* M **

A domain F contained in M is called a fundamental domain 
(with respect to the discrete subgroup ^  ) if

U  yr P C y F* a for y ̂  w  r



A fundamental domain F may be chosen as follows i

r =  ( ( ^ t X M  , - 7r^r<TT , t s > - i r > T }

IfIt may be identified with Minkowski space M through the repara- 
metrization

x o _ />cn T . * 1 «__ t--- - (t - 113
cwr + £ s £5

translations x € X  map F into itself• They translate coordinates x*1. 
For further details see e,<j. Sec. 7 of ref. 3 •

Consider now the equation encountered in Sec. 6a .

TG'x - xywan, j x ,x '^  X , mnu e MAtf ,
We viish to determine N as a function of x . * *Apply both sides of the equation to the identity coset e »(<>,£)

£ - (ooo^t) • Evidently, by what has been said above

) * X ,_X y wan, e € F

Since v/e know that the integer N is a Lorentz-invariant, it suffices 
to consider 3 cases for the right hand side •

< 0
r

: take X° 0 then xe «*(<),£) with < 1

therefore tf’ x ê « ( 0f - $.) with - £S > - l * - <**0 .

Thus li'xe £ F* whence nT* 0

( ° > 0 : %- o } xô > 0 • Tftwv xé a (T , £ ) 0 < T < TT ,
•khtrtjert *r'xé « ( r, - $ > 0 < r < F < I* , £ - (- £ S) -
TÎLv» V?-,k 4 € f7 iritnct Af» 1

■> o  ̂x 0 < O ; *9v* Wutj A/*- \

0



Appendix D: Fouriertransform of the intertwining kernel.

Our task is to determine the intertwining kernel A + (p) in 
momentum space. We know already that it will be of the form (6.28). 
Consider

3>K ) ' (L < p >)* (U p ) )

r (ci-j,-jt-' r ’ S * s (X^TTS
(D.l)

Instead of working out the Fourier transform of (6.22) it is easier 
to work out the coefficients oi& from the requirements of 
infinitesimal conformal invariance. In particular, we must have

K*'}>).(?) V  (p> K 3 "S' (p) (d.2)

for arbitrary Wigner wave functions N'(p)« I eJft) .

« 3 is given by Eq. (6*39) or (6.4l), and K 3 is obtained 
from it by substituting and reversing the sign
of boost-generators bf • This is in accordance with the trans­
formation law (6.10) of <f> * A* (p e jr̂  which differs
from (6.9) for cp f .

The projection operators

TT es,w * ejfW 
From Eq. (6*^1) we find

(p) K ^  (p*0)
s - 2£ z. I <*«., U-ei*0 [ ( s*wH » wi] tCs CJ-! ,nv

- OiJ+ , (3 - ci + s ) [(s vw +• l ) ( 5 -W*H ) ]  ei+l, M

+ -  I V * J



»+7

while K A+ (f > (p = o)

. - K  ( p V 1"* Z.«i,
’  +  S , m  v '

+ (d-i+Ol (s+*+'Ks-h m >>]''*C4<|eiH W 

+ ... } V 4"1

The dots stand in each case for terms proportional e.jtM,
CQ are the constants [for the representation] given in
Appendix A. By comparison we find two identical conditions on ô 5 f 
viz .

S"\
d-l-$

d -  x  *  5
s

for s = I Jr )i1+1 •“ ji + /t

This is a recursion relation whose solution is

( d - i - ji-U ) -  (e'-s-O .— - --— _______ _ cx(ci-2. + + (ci**5-l ) i,+ lx 3)
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