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Abstract: We find all those unitary irreducible representations of the
0 - gheeted covering group c of the conformal group SU(2,2)/Z,

which have positive energy PO; 0. They are all finite component field

représentations and are labelled by dimension ¢l and a finite

dimensional irreducible representation QL,iL\ of the Lorentz group

SL(2€ ). They all decompose into a finite number of unitary irreducible

representations of the Poincaré subgroup with dilations.



1, Summary and introduction,

The conformal group of 4-dimensional space is locally iso-
morphic to G = SU(2,2) ; its universol covering group G 4is an
infinite sheeted covering of G. Both G and @ contain the quantum
mechanical Poincaré group ISL(2€). It is of physical interest to
have a complete list of all unitary irreducible representations

©, 0. They are at the same

(UIR's) of G with positive energy P
time unitary ray representations of G. In the present paper we
shall give such a complete list. We show that all the UIR of G
with positive energy are finite component field representations

in the termeinology of [1]1. They are labelled by a real number 4,
called the dimension, and a finite dimensional irreducible represen=-
tation (§,,J,) of the quantum mechanical (q.m.,) Lorentz group
SL(2€). Thus, 23,y 23, are nonnegative integers. There are 5 classes
of representations. They differ in their Poincaré content |m, sl,

m = mass, 8 = spin resp. helicity as follows:

(1) trivial l-dimensional representation d=j, =j =0.

(2) §,#0, jZ;!O, d7j,+j,42 ocontaine m> 0, 8= 1§, ~J,1 «eed +J, .
(integer steps)

(3) 3,3,=0, dv>:},+:j)~+l contains m>0, 8=] +J,

(4) j_,;!O, jz;éo, d=j +],+2 contains m> 0, S=j'+jz .

(5) 4,3, = 0, d=J,+j,+1 contains m= 0O, helicity 31'3;'
The proof of these resulis proceeds in several steps.

We start from the observation |2,3] that positive emergy P°; O
implies that also H72 0, where HE = %(Poq-Ko) is the "conformal
Bamiltonian", k° a generator of special conformal transformations,
Next we point out that any UIR of G with positive energy is very
much like a finite dimensional representation in that it possesses
a lowest weight vector and is determined up to unitary equivalence
by its lowest weight X = (d,~j, ,~J,). In particular there is an al-
gorithm for computing the scalar product of any two*K-finite”vectors.



We then derive (necessary) inequalities for the dimension 4
from the condition that the unique candidate for the scalar product
is indeed positive semidefinite. They come out as d3 j,+J, +2 if
3,3, £0,and dyJ +J +1 if J j = 0, except for the trivial

l-dimensional representation which has d= j, = jz =0,

In the last step we construct a unitary irreducible represen-
tation of G for every weight \ satisfying these constraints.Practically
all of them have been investigated in more or less detail before,
14,5,6 ] . In particular, a careful study of the representations with
d>J +J,+3 has been carried out in Ruhls work [5]. The (uassless)
representations with d==314-3l4-1 have been investigated by Todorov
and the author [6]. For the remaining representations there remained
some open questions concerning either .positivity or global
realization., In particular , Tor practical applications one
needs a clean construction as an induced representation on Minkowski
space. This requires particular attention to the center 1" of G.

Our representation spaces consist of vector valued functions
¢(x) on Minkowski space M4 with values in a finite dimensional
irreducible representation space of the q.m. Lorentzgroup SL(2€).
They transform under g in d 1like an induced representation

(T@eY3) = S04 (47%) fr ge &, xenr (2.1)

The multiplier S is a matrix with the property that S(n,0) =1
(unit matrix) for special conformal transformations n ., Thus the
representations are of type Iz in the terminology of |1ll. The scalar

product is constructed with the help of an intertwining operator
("2-point function"),2-point functions have also been studied in 118,23].

The result of this paper will be used elsewhere in the nonpertur-
bative analyéis of the axioms of quantum field theory with conformal
invariance { 7,81. In particular it is crucial in the demonstration
that in such theories operator product expansions applied to the

vacuum are convergent,



2 A The Lie algebra

The group G SU (2,2) consists of all complex A4x4 matrices g
which satisfy the two conditions
3 0
1 * it ) (2.1)

det g =1, g B =Bg for B={4 -4

I is the unit 2x2 matrix. Let % the real Lie algebra of G.
For a neighborhood of the identity in G we may vwrite g = ex ’ Xe%.
The Lie algebra %,consists therefore of all complex 4xh matrices X

satisfying the two conditions
X =0 , =XB = Bx* (2.2)

The maximal compact subgroup of G is K¥ S(U(2)xu(2)). It

consists of matrices of the form

L [ ko€ UG | deb kg =1
R SO ’ '
| (2.3)

U(2) is the group of all unitary 2x2 matrices. The Lie algebra

\el of K consists of matrices such that X= —X'*, whence XB = BX*. 2.h)

Following Cartan,the Lie ulgebra may be split into a compact

and a noncompact part as
% = /E + 'P {?c t‘,)

where X €% if XB= -BX , and Xe® if XB= +BX. Explicitly ,¥

consists of matrices of the form

c =z
(-.z*o

X e P lﬂ X = ) with a complex 2x2 matrix z (2.6

e denote the complexification of g, 'a., 70 by gc, &é,‘f’c
respectively. ¢, consists of complex linear combinations of
elements of < etec.

e choose a Cartan subalgebra £ of o which consists of all

diagonal matrices in rj! o It is simultaneously a Cartan subalgebra



of ¢ and of {’ . We may then decompose

= £ brntepns = b -
¢ = for et en ’zci-wn*/.«c + 170 P, (2.7)
where wn* (n‘) consists of upper (lower) triangular 4x4 matrices
in ‘ﬂc . In particular
+ + += ¢z . : (207')
X ENNP, 1# X (0 o ) with a complex 2x2 matrix 2z

For such X the adjoint action of keK of the form (2.3) is given
by

. .
o k,zk, )

@ G

ad(k)x* = kXK - ( -

Ve see that y n #t transforms under an irreducible represen-
tation of K which restricts to the WIR (4%) of SU(2) x su(2).
e may select a basis of gw which is diagonal under the
adjoint action of ﬂ,, this gives us the commutation relations of

g'e in Cartan normal form.

Let us choose a basis of 4@R z vh consisting of

AN _if{o o )
He = J?—'(o --.u.)’ H1:Jf(o o) 'H*""'(o T (2.9)

% is the third Pauli-matrix, o’= diag (+1,-1).
The possible eigenvalues of H1 o are * % for eigenvectors
¥

in wtnap, . We will use them to label the basis X%ki J.k=t4

Of H+p“PL'.

Thus

ot ot et VA DRV
[HO,XJ;(]= xXak ) [H,,XJkJ=3X4k ,[”z-x&kl“kxﬁ (2.10)

for the upper sign +. A basis for W AN Yo can be chosen as

- .t * _ )
Xék = (x‘i'k) y this gives (R (21¢) for the lower signs = .
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The compact subalgebra '% transforms of course according to
the adjoint representation (0,1) + (1,0) of SU(2) x SU(2).
Therefore we may choose X;i ¢ (n*}:t-)n Ec with (kaa(ufgl%ftio)
such that

[HC’XJCkI:C , [anjkl"ljxék >[H:.'><'&k]= kx;,k )
. (2.11)
(k) = (0,1} o (£1.¢) - _

Y
Explicitly the matrices ng may be chosen as follows: Let us label
the rows and columns of a 2%2 matrix by =% , ~ % from top to
bottom and from left to right. Let eék the 2v2 matrix with 4 in

the Jjk-position, and O otherwise. Thus

We z2lso introduce Pauli matrices crk y in particular o’ @

AR
The multiplication law of these auxiliary 2x2 matrices is:
-"‘ > > -_P“, .-? N E‘()"":Q e -Q_ .
€y ke T S o T3Cy T Gy CuiCyi P BT Gty T O Sy
{2.13)
with E-LJ- the Kronecker- & . Define
ot ¢ c;_k') SO AVE SR L (C o )
= J ! X - X . . - > A
XJ“ ( c ¢ I* ( gk “nJU
v (en« c ) xSt .- (c 0 ) (2.14)
xzk,c i} c c 2k C ®kux
4
and Ry, H;, H, as in (2.9). The matrices H,_ X}V given

thereby form a complete basis for . . Their CR.may be worked

out by explicit computation using multiplication law (2.13). One
verifies in this way the CR. (2.10), (2.11); in addition one finds

. - . . - .. AL i YT
Xy % *a = Hoor 2k H, w2 H,



- c e
[XLJ ’ xk¢ ] = - SJ’_t qu-i.,c Lt‘-k XL‘,JP( ;C (L‘] 4 (~k’,£ )

¢ t & o '? .
EOE S I Nt S SR R e 4
[Xc(i")x"\:“l = ZHL ) [X—‘;'C’XI':CJ =2H‘ ; [XIKC‘XCZ“] = 0 (2.15)

Egs. (2.10), (2.,11), (2.15) are the CR. of 9 in Cartan normal
form relative to the compact Cartan subalgebra # of ¢ « The

generators -iHO,~lHl, and-{H2 of f commute of course.

The real Lie algebra is spanned by the generators
r - et \ (((-£r ,k.tL ) (216)
X r x t(}\ 'X 4 772 y Ix 2
}0 Jk ,J-k ’ Jk Jk J
i f L . ¢ .t 4 .Q
,F‘ -iH {m -C,!,l); X’C’ X'l't_ )L'\X!’crx ,c)3 Xcr_l.—xc,., ,t(XCerQ'_j) s

Besides the compact Cartan subgroup epr{Rgenerated by HO’Hl'Hz’
the group G also possesses two noncompact ones. The most noncompact

Cartan subgroup can be exhibited as follows.'We make a basis
transformation,
ﬁ = Ligti" with = L+ ( Looa ) (2.17)
' Vool o

The group G may be identified with the set of all complex 4x4 matrices

satisfying the constraints

it oo, gyt el pegpdt - (0

Lc. (2.18)

The set of all diagonal matrices satisfying these constraints forms
a noncompact Cartan subgroup of G, Furthermore we may now exhibit in
a convenient form several important subgroups of G. To every
huvector (x") we associate hermitean 2x2 matrices x and X as

follows {( o® are Pauli matrices).

¢ k

. . ~ ¢ Lk
)~<:=)<L+Zx"o—" ;X = xTfL-LKo

(2.19)



To every Ac¢ SL(2C) there is associated a Lorentz{ransformation

such that

x . TR I o
A ™o AYTTRAT L3 with xF A (2.20)

-

With this notation, we introduce subgroups of G as follows (They are

all at the same time subgroups of G s S. below). We omit the ~

henceforth,
. [ A C g
M: ZLorentztransformations m= | o A¢ SL(a€)
NIV
) . .
f C
At dilations a = flll + . \ , lal>v¢
. ) ) ]
\ ¢ Y
Ny i ~ations n = ( L ¢ \ ) n’ real (2.21)
t'.l”‘. R
X X = ( Loegy x" real

The genevators of M, A, N, X are denoted by ¥/” , D, k* and P¥
respectively (after dividing by Y-1 as is costumary in physics Y.
The reader may work out for himself the counnection with the generators

introduced before. One has in particular



2.B, The Lie groups.

Let us now turn to the universal covering group G of G. It is
an infinite sheeted covering and is given by « standard construction
(cp. text books, e.g. [91): G consists of equivalence classes of
directed paths on @ starting at the identity. Two paths are equiva-
lent if they have the same end point and can be continuously deformed
one into the other, By the group action in G a path may be transported
such that it starts at any given point. Using this, group multipli-
cation in G may be defined by juxtaposition of paths,

The structure of G is best understood in terms of its Iwasawa
decomposition (cp. text books, e.g. [10]). Let M>~UA N  the Iwasawa
decomposition of the q.m. Lorentz group M. U=SU(2) is the maximal
compact subgroup of M, A  consists of Lorentz boosts in the z-direction
and N is the two-dimensional abelian group which is contained in
Wigners little group 111} of a lightlike vector p pointing in
z-direction. The Iwasawa decomposition of G is then [12]

G ¥ Ko N, with A =AM, N =NN

A, N as in (2,21). The subgroup APNP is simply connected, therefore
any two paths on APNP with the same end points can be continuously
deformed into each other., Thus

E;' = f/iAP MT’ , K = universal covering of X
Explicitly K R« (8U(2)«5U(2)) , Here R is the additive group
of real numbers, x denotes the direct product. The center i of G
is contained in K . It suffices then to consider K and its coverings.
This gives the chain of isomorphisms

conf, group of , . N v .
( Minkowski space> so(#,a)/zé SU(Z’Z)/zh G/zz‘ zZ.

The conformal group of Minkowski space has trivial center. The center
' of G is thus isomorphic to Zax Z and has two generating elements
. 2
¥, and y with y" = e .

e o Tetipma o _— = i
b= ixl‘&)l )H:’("t:nl”crr'»"'} T

¥,1is the rotation by 2n contained in SL(2,C)., An explicit formula



q

for 3, will be given in the next section.

~ ~ I
Finally, G is also a covering of G, viz G = G/ . [T i ig
given by ' = | (y»})", n-Cr1..}, The image /7"’ of I in G is the
center of G, it consiets of the elements imI, m=0s4e3, I=bxh unit

matrix, i = y=1 .



%. Representations with positive energy

Let T a unitary irreducible representation of G by operators
T(g) on a Hilbert space #. Suppose that it has positive energy,
p(P°) » O. There exists an element R of G such that R'Po’r?,-l = K°.
Explicitly R sexp 2niHE.[ﬂzacts on compactified Minkowski space
like a reciprocal radius transformation followed by a space re-
flection. It has been pointed out by Kastrup long ago that this is
an element of the identity component of the conformal group .]
Positivity of energy T(P°) 3 0 means that (% T(P)y) 30

for arbitrary states in the G-invariant domain of T(P®). Consider

(4, THI¥Y = £ (¥, TPYy) « 4 (¥, T(KOY)
= (¥, TPH ) g (1£'§T‘{pc>w%i) z 0
with %' = T(R % . Therefore we have the
Lemma 1: T (P°) =z 0 implies T (H,) > ¢ for the
conformal Hamiltonian Ho = 5 (P e k%)

This result was known before {2,3], the proof given here is a

modification due to Luscher of Segalts argument.

Consider next the action of the center [ of G. It consists

of elements of the form

Py ey, Ty, sy Rep Ry o1
Since the UiR T is irreducible

Ty = «e@ ¥ for all ¥ wn ¥ (3.1)
with W) = exp rind for y = yzn = exn Arun H,

d is some real number which is determined up to an integer,



It follows then from the spectral theorem for the selfadjoint
generator T(Ho) that all its spectral values are of the form d+m,
m some integer., Since T(Ho)z 0 by lemma 1, the spectral values
d+m 2 O, We may therefore fix the integer part of d such that the
lowest spectral value is d. This gives
Lemma 2: In a UIR T of G with positive energy, the generator T(Ho)
has a discrete spectrum. It contains a lowest eigenvalue 4, and all

the other eigenvalues are of the form d+m, m positive integer.



4, Lowest weights

By a vector space V weshall mean a linear space with a finite
or countable basis such that the elements of V can all be written
as finite linear suwms of basis vectors.

Consider an irreducible representation of thé Lie algebra
9. (resp.‘%c) by linear operators T(X) on a complex, possibly
9 =dimensional vector space V. Irreducibility means that there

exists no invariant subspace of V. We say that the representation

T possesses a lowest weight vector (2 €V with weight X if
T(X)2 =0© for all Xe¢wn” (resp.Xe®n® ), and
. . (4.1)
T(H)Q = A(H)N2 for all Hec %,
The weight \ is a linear form on h_, viz Mc¢ ﬁ:‘, \ is

specified by the three numbers

X o= ALH? . We write A= (X .\ . \,)

&

A classic result says that every finite dimensional representation
ofcac retsp,i’@.<= has a lowest weight. In particular, finite dimen-

sional representations of &c have a lowest weight of the form

A= (lc;-j,.-gl) with 231, 232 nonnegative integers.(4.2)

Infinite dimensional representations of Fe need not possess a
lowest weight. We will however prove below that representations
T of g, whi?h are obtained from a UIR of G with positive energy
possess a lowest weight.

Consider a unitary irreducible representation T of @ on a
Hilbertspace ¥ . It restricts to a (reducible) representation of K.
,i is a direct product of an abelian factor isomorphic to TR which is

generated by Ho’ and a compact Lie group Kl .
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K = Rx¥ | K =* St {2) = Su(2) , R = {v_-xp LA H, X heaﬁ’} (ii 3

Since T(Ho) has a discrete spectrum, ¥ decomposes into a Hilbert

sun

® = ® V" (Hilbert sum) (4.4)
/A.

where V% is a Hilbert space that decomposes into copies of one and
the same UIR of K with lowest weight p, By lemma 2, all the weights
p appearing in (4.4) are of the form

g = (d+N, ~Jq -Ja) + Ny 29, 2J, nonnegative
integers. (4.5)

Let us introduce the algebraic sum V of the subspaces kel

Va XV (algebraic sum)
/J

it consists of finite linear combinations of elements of the Vu .

It is a standard result in the general representation theory
of semi-simple Lie groups with a finite center that all the '
are finite dimensional when we decompose with respect to the maxi-
mal compact subgroup [13] . Consequently, V is a vector space,
Furthermore V is a common dense domain (of essential selfadjoint-
ness) for all the generators X of g. Thus there is associated
vith the UIR T of the group an irreducible representation of its
Lie algebra by linear operators T(X) on the vector space V.
Conversely, any representation of Y by skew -hermitean operators
on V can be integrated to a UIR of the group, and so infinitesi~
mal equivalence implies unitary equivalence (' [1.3], theorenm 4.5,5.3)

We will take it for granted that all this remains true for the
representations of our group G which we wish to study here, even
though G does not have finite center I , and the covering E of
the maximel compact subgroup E/P of E/P is no longer compact.
The vector space V will be called the '"space of i—finite vectorsh,
We say that the UIR T of a possesses a lowest weight if the
associated representation of its complexified Lie algebra gc
on V possesses a lovwest weight.

Let d the lowest eigenvalue of T(Eo). Then there must
occur among the weights p in (4.4) at least one weight A of the

form X o= (d g ga) (B ¢)

x Note added in manuscript: A prgof is given by

K. Luscher in [22] .

)
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with some integers 2j1’ 232 . There exists then in V’l a common
eigenvector (2 of T(Hi)) i=0,1,2, to eigenvalues d, =Jq =Jos
ViZo

T(HC‘O‘ N ("IQ ' T(HK)Q = -J‘K'Q (k=1"£) (l"o?)

We claim that this is a lowest weight vector.

We have to verify that T(X)Q = 0 for all X ¢ 7"~ .
Now m~ is spanned by X}_{l (k2= %4 ), )('_:‘{ XL
) < |
Consider then the vector 7T (x;;,) L . We have

THAT (KD = T(Ih X, 10y T(x2 ) T(H 0
= (d-f)'T‘('x‘;d)O.

by C.R. (2.10). Since d is the lowest eigenvalue of T(Ho) by
hypothesis, it follows that T(XEI)I) = O,
Consider next ©(X°, .){) . We find from the C.R. (2.10) as

-1,0
above that this is an eigenvector of T(Hl) to eigenvalue =-j,-1.
o o ) ) C . A
Since X-l,o € k., the vector L(X_l’o)fl will lie in V .

But since Vl consists of copies of one and the same UIR of X

with lowest weight A , the only possible eigenvalues of T(Hl)

are -31, -j1+l, cesy jl . Therefore —jl ~ 1 is not a possible

eigenvalue, hence T(Xfl 0)() = O, One shows in th&é same way
o 1

that T(xo,_l)fl = 0.

We have proven part of the following

Propogition. Let 4 a unitary irreducible representation of G

with positive energy. Then T possesses a unique lowest weight.
Any two such representations with the same lowest weight are

unitarily equivalent.

Proof: Let Tl’ T2
on vector sypaces Vl, v

two representations of the Lie algebra Ie

5+ Ve call them (linearly) equivalent if

there exists a bijective map between V) and V, which commutes



with the action of %

We know already that any UIR T of G with positive energy
possesses a lowest weight, Consider the associated representation
of the complex Lie algebra Yo OB the vector space V. A standard
theorem ( [14] 4.4.5 Theorem) asserts the tollowingif&he lowest
weight of an irreducible representation of Y, on V is unique if
it exists. Let {1 the lowest weight vector and {xi} i-1...6 @ basis

for v*, Then V is spanned by vectors of the form

e, e
T(x,) .- T (X,) oo, n, nonnegative integers. Finally, any two
irreducible representations of Yo with the same lowest weight
are linearly equivalent. .

[It follows from this also that the eigenspace V' of T(H)
to the lowest eigenvalue d carries an irreducible representation
of £.] .

Uniqueness of the lowest weight is thereby proven. As for
unitary equivalence it suffices to show that a.g-invariant
scalar product on V is unique if it exists, ¢p. the discussion
after (4.5). By a guinvariant scalar product we mean a scalar
product such that T(X) is skew-hermitean for X in the real
Lie algebra 9 of 5._

Skew hermiticity of operators T(X) for Xec¢ dimplies that

T(Z2) - T{pz"p") for Z€g, (4.8)

since every element Z of 9e is of the form Z =¥X~+iY; X,Yb'ﬂ% o

Let ixi} the basis of nt ¢ 9. introduced before, and

consider vectors in V of the form

. i, L,
11‘.’{“} o T(xi) ...T(X‘) "Q (4.9).

They span V. It may happen that Yiuy = O . The scalar

product of two such vectors must then be of the form
(4.10)

by gy ) = (0 T (X0 p")"™ T(pxp) T T (X))



If X,cnt then /BXf/A"Gn' . hence T (,‘3’4':/3") = 0
We may therefore use the C.R. of the Lie algebra (S8ec.2) and
hermiticity condition (3.8) to rewrite the left hand side of
(3.10) as a sum of terms of the form

(2, HEHM U 0y - e g™ )
To this end one need only switeh all the operators 7'03Xf[3')
to the right and operators T(X;) to the left until they ani-
hilate () .

In conclusion, there exists an algorithm for computing the
scalar product of arbitrary vectors in V (= finite linear span
of vectors of the form (4.9))if it exists. Therefore the scalar
product is unique up to normalization and proposition 3 is proven,
Moreover, a scalar product can only exist if the bilinear form
computed by the above algorithm gives a positive semidefinite
norm squared ¥ j° = (y,v¢) to all the vectors %
of the form (4,10).

5« Hecessary conditions for unitarity

Having established uniqueness, we now turn to the question
of existence: What are the conditions on l»w(d;»J,;jl)
that )\ is lowest weight of some UIR of G. We know already that
) ’(Cl}'Ja-'J;) with 21"1JL nonnegative integers,tJ?O.
(5.1)
The last c;ndition comes from the requirement (lemma 1) that
T{H )z 0 , which implies that the lowest eigenvalue d of T(Ho)
is nonnegative.
We shall derive sharper inequalities on d. They come from the
requirement stated at the end of the last section: The bilinear

form computed by the algorithm of Sec. &4 must assign positive



17

semidefinite norm to vectors ¥ of the form (4.9).

Let us introduce the vectors (in v ) defined by

(5.2)
v,
T{X H{X

[
1e &

Dy om, = ”‘"’"‘14‘”"%

1M

)' }ZL ( N .J"Hﬁ'._( 0 )J,.
..(}‘, (Jerm, s ! ZJZ? (J,_*”‘a’.’

One knows from the theory of -angular momentum that they are norma-
lized if (1,0 ) =1 as we assume. Moreover the generators of K '

act on them as follows:
T(H“)’me'"z. = dQ’”r"’z, ) T(Hk)'Qm.‘*’;, = mkﬂmm), (%"’2')

i

T(x".:’f,c )Qm‘mz : [. (j,:pm, )(Ltm'«ri ’] 0 mEt, my (5.3)
(x:,tl) 'Qm,mL l.(szm )Uz. £ m "‘)] Qm BT S

We shall distinguish 3 types of lowest weights A- (o, It ,*Q{;)

iti’.@.":’ﬁ g', tC ;j,ﬁ +C ! Consider the vectors
ik
41 2740 A . . )
¥ = L C(Jﬂi"]:"i 3M,""':’m|)c (Ja»f'}z_'";.' y My m, 'ma.)
MlM). '"'"l‘L

—_ + -
P (Xm‘m,_)'ﬂn,--m,,f";‘m

Herein C are vector coupling coefficienmts in the notation of Rose [i5].

We remark that this vector transforms according to the represen-
tation of K with the lowest weight (d+1j -f,*5,-fa*%)

Since T(xm - )y = ¢ , the norm of this vector is

(Y:-*‘h.%',"fi‘-li’jt ",:) e .5 Z. (ca- coeffucncnh)
My M M L
R (_Q_ ] ['r( : l)T >]Q

MmM-m

M- ‘mﬂmz-m,_

)



We insert commutation relations (2.15) and evaluate the resulting
matrix elements with (5.3). With the vector coupling coeflicients

(B.1) of Appendix B we obtain the final result

RTOREBSAT SRS .
a2 =g -1 -2
(V’M,Ml s VM‘M,_ ) 171

This must not be negative} we obtain therefore the condition

dy 1.14'11."'2' it 1‘1*0 : Jz.* o - (5.ka)
nd . . .
2 case: 11*0 , hg o . We consider the vectors
Y’t"&-‘:i'vszc(, L il Mem m.)T(X+ y O )
M, M, " L’I’j' 270 mM, He-m, 0

The norm squared ot these vectors is computed in the same way as

above to be
(BT NE SR TY -
(qu :?'ZL)"d'.’J‘t‘l
My MM,y

This must not be negativej we obtain therefore the condition

dy g+ d ko, =0 - (5.4b)

rd ' .
S case: [ =0 ,h-{ao « This case is just like the 2. case,

one finds the condition

d7 ga+1 "{ 2020, Jf0 - (5.4¢)
th
L, case: 1, “f, = o) . We consider the vector

+ +
¥ o= EMLT (xmfml) T (x"“(mz.) & 0o

We remark that it transforms according to the representation of K
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with lowest weight (d+25 O, 0). The norm squared is computed in

the same way as before. One finds
(v, %) = 8d (d-1)
This must not be negative, we obtain therefore the condition
d=0 o~ d’/f 1-{ J1=1z='0 (5.4d)

By uniqueness, the special case d==j,=12 = 0 corresponds to

the trivial l-dimensional representation which is indeed unitary.
Conditions (4,4) are necessary for the existence of a UIR of @

with lowest weight )= (di-i1,.i1 ) . We shall see below

that they are also sufficient.



6. Induced representations on Minkowski space .

Let @ the universal covering group of G ¥ 5U(2,2). As we

know, the center " of G is F’=f‘;!1 with T = Zz ,r"1 ~7Z

It is well known that Minkowski space Mh = {y“] can be
compactified in such a way that it becomes a homogeneous space for
G, and therefore also for E. The conformal group of (compactified)
Minkowski space is isomorphic to 809(4,2)/22 = G/Z‘1+ ¥ é/ﬂ . It
is compounded from the following subgroups

M/, Lorentz transformations ' /\""‘vyv y A€ 80,(3,1)
A dilatations yv‘ ~ Ia\yp‘ sy tat» 0 (5,|)
N special conformal transformations yp' - d(y)"l (y" = nv‘yz),

with n" real, o(y)=1-2ny+ n2y2

X translations yp'-» y”’ + x* ’ x* real

The need for considering a compactified Minkowski space Mz arises
from the fact that special conformal transformaiions can take points
to infinity,.

The little group in G/r" of the point x =0 consists of
Lorentztransformations, dilations and special conformal trans-
. y ~
formations. Thus M = (6 /rr, )/ (MAN/TY , or

MY % GInmAN . (62)
This is meaningful since M A N is simply connected and therefore

contained both in G and in G. Here and in the following we denote

by M the quantum mechanical Lorentzgroup, it contains the factor

I, of the center of @ . On the other hand n~Z has a

generating element Yy, as we know ( Secs. 28,3)

r = {\’w N=o0, ¢t } ; x,_:??c)xpi'l'“o s Roxexp 2miH, . (6.3)

We leave it to the reader to verify that thes ;;arametrization (2.21)
~ o
of G ¥ G/f"' induces the transformation law,on cosets.
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Let us now turn to induced representations on Mf: « TO every
A= (di“th‘h) we associate a finitedimensional representation

of LMAN by
A ¢ imNe_jy)
D (yman) = lat e D*(m)  with ¢ =d =2, for y:gz’f . (6.4)

Here D'*} is the familiar spinor representation ({,.§,) of

M¥SL (2 ¢), viz D' (m)s D' (4) for m of the form (2.21).

It acts on a (24_"1 + 1) (21',1_ + 1 )-dimensional vector 'space EA.

YWie equip EA with the natural scalar product <,» which is such that

phhm* )y < plrh (m)* for meM as in (2.,21) (6.4')

Consider the space €y of all infinitely differentiable functions

¢ on 5 with values in Ex which have the covariance property

¢ (qyman) = lallbx(yman)'l(p(g) (¢.5)

We make 3,‘ into a representation space for é' by imposing the trans~

formation law
(Tre)g) = ¢ (g'9" (6.6)

Since translations act transitively on the dense subspace

ML’ C M: ¥ G /r;_}-i A N, almost every element g of 5 may be

decomposed uniquely in the form

g = Xyman , xeX | yman ¢ M MAN (¢.7)

Therefore functions ¢ in &, are completely determined by
their values on X.
Let x' and yman determined by x , g through the unique decom=-
position

.1

g x = x"yman g€ é ; x,x',ex;yma:a €l MAN

(6.8)
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The transformation law (6.6 ) becomes then by virtue of the covariance

property (6-5)

(‘T(g)fp)(x) = ial’":D)'(yman)-’ @ (x) ' (6.9)

Note:; translations x€X are in one to one correspondence with
cosets X = x:ribiA N . Both may be parametrized by Minkowskian
coordinates xn, 1 = O...3,Functions Y may thus be considered as
functions on Minkowski space sx”} with values in the finite
dimensional irreducible representation space E)t of the q.nm.
Lorentz group M . We call them "finite component wave functions
{(or fields)", Eq. (6.9) is the typical transformation law for
an induced representation on Minkowski space, induced by a finite
dimensional nonunitary representation of the ( nonminimal parabolic)
subgroup of stability MKAN. Eq.{(6.8) says that x " s
determined by x" by the usual action on cosets , x!' = g-li .

which is explicitly given by (6.1).



A, intertwining operator

As a prerequisite for writing down an invariant scalar product on E/\

we shall first define a map (or operator)

by

where ?; is a space of generalized functions § on G with

values in £ having covariance property

‘#’(38""“") = Mlzbk(yman)*cb(g) -for (cjeg , 3hmn€l1MAN' (6.10)

It is made into a representation space for G by imposing the

transformation law
(T(14) () = $ (g9 (6.1)

A\ . . .
The map A+ will be required to commute with the action of the

group, viz.

& T3y = T(g) 8% ¢ fr g &y (6.12)

Because of this property, A’:_ is called an intertwining operator.
The construction of Al parallels to a large extent the construction
of the intertwining operator for the Buclidian conformal group as
described by Koller[l?,see also 13] .

Consider the special eleiment W of 5 introduced in Sec. 2.

It has the following properties:
,. - —
Ro= e QRN‘RMSX ,YemR‘EmeM krmcM’

Ra " o 41 for aeA . (6.13)

Working with the parametrization (2.21) of M one has m = (m*.)'l,
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therefore

DF (¥ - i ey (6.14)

A
We define the map <A+‘ by a generalized Kunze Stein formula [19]

<{>(g) = A);cp(ﬁ) = n, (M) %dx ¢ (gRx) (6.15)
| - X

n_ is a normalization constant. Integration is over the subgroup
of translations, with Haar measure dx = dx°... dxj. One may ask
under what conditions the integral makes sense (it may need regu-
larization) . This is a difficult question which we postpone. For
the moment we proceed formally.

Let us verify that ‘# has covariance property (6.10).

¢ (qyman) = n, ga’x"(p(ﬂxmannx') = n+gdx'(p(gnxﬁa"xx')
X

with x =RnTR "~ € X . We introduce new variables of integration

x x' af } & x" = jal @ x!

This gives

¢ (gyman) - n+iaH’de"¢(gnx”¥ﬁa“)

< n el ia M (ymat)" (dx" ¢ (grx")

= n*lall I)X(ymcm )*4)(3)

Qe €+ do

In the second line we used covariance property (6.5) and in the

third line we used (6.14) and the definition (6.4) of - b .
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Let us next express the map A_ in terms of the restriction of

functions § to X . Ve have

b(x) = n, ) de'g;(xnx’)

X

Using the decomposition (6.7) we may define x" , yman as functions

t
of x by

Rx' = x"s" ,  S=yman ¢ MAN (6.16)

1
The jacobian of the transformation x'—-> x' will be found below
with the result (¢p(20 b))
d X' = Ialll' ad I“

Thus

(6.17)

b (x) = n, O {dx”p (xx" (ymany?) » nngdx”lM’D"(wn)@lxx")
X

t
Let us reinterpret (16) as an equation which determines x , & = yman
1"t
in terms of x , viz

R x' = x“yman (6.1%a)
Define the intertwining kernel Ai (x) by
(6.18b)
A}.("”M) = ialsz(xmah) ym a n depending on x“ through

the unique decomposition (6,18a)
Writing multiplication in X additively , viz. x - y in place

of x y“l , Eg.(6.17) becomes

>
$(x) = n, () fay &7 -yr 00 (61)
X



Since X may be parametrized by Minkowskian coordinates {1“} .
by .
the intertwining kernel A_‘_ (x) may be considered as a matrix-

valued function on Minkowski space Mh.

Our next object will be to derive an explicit expression for the

kernel (6.18).

To this end we must evaluate yma n . Write Y = x:r, ¥, ‘the

generating element of [, introduced before, viz . ¥, = Rexp inH, .
Let us first consider Eq. (18 a) modulo I’ , i.e, as an

equation between elements in = @G = G /F' . We write x in place

H
of x . Using parametrization (2.21) we have

-4 P Y Ay
) ~ A - ¢ x An p 5A\\
X yman =t ' _ - _ - Wy,
t()-lA." pA where A =(A)7,p=lal

and

o 1
R x =‘§/ )

WAL 1'-{(_

- L]
The solution of the equation W lx =xXyman (modl",) is found
by comparing both expressions. From comparison of the second column
we have

-1 T
le

~

Al
; Lo=1"p

We take the determinand of the first
eguation and use det A =1 . This gives 9"' = =N et X >C¢ But

§5= det x = xuxu

{4

xa. Inserting in the second equation gives the

final result Re =% T and

. _ vJ'_ ) 2 .
P = Jla| = tx’l" ; A = L 3 (=) -.-/)jux (6,;00_)

~

Ix*1"%dx = 1at¥dx  (6.20b)

o
1]
$
b4
b
v
>
X
L
|
X
~
x
o
Q.
x
i

It remains to determine y = yzh( « This is done by applying both
sides of Eq. (6.18a) to the identity coset in M >G / M A N .

The necessary computations will be done in Appendix C. The result is

N = N”(x) = @(x")mgjmx“ (6.20L)
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Inserting this into formula (6.18 b) for the kernel we obtain

AN (x) = g ) dxr 72 e TN O D (g T

We extend the definition of the representation D'*) of SL{2¢) % 6L(20) by

. 2o k2 )
:D,J.jl (PA) = P }1- .11_3*;.‘ (A)
Using X = x*x”' we obtain the final result (d=2+c)
X * ‘-J- -1 i A
4, (xy = n, (V) (-x*xiex?) Whe gl o5y (6.22)

The matrix elements of D"h(i X) are monomials in the coordinates x,

B. Scalar product

For functions ¢ in €\ we introduce a sesquilinear form by
" ) y > (6.23)
(@, @) = Ydxdx, <@ (x), A (x-%0 @ (x, :

Herein < , > 1is the scalar product on the vector space E>s intro-
!
duced with (6.4 ). We note that the sesquilinear form (6.23) is

formally G - invariant;

Let <$1= Aiqk . Because of the intertwining property (6.12) of A:

(T, T(arg,) = fdx < (Tir9)x), (T@d) x>

Let g—l X, = Xyman y whence dx; =a -4 d x . Then this is

foix <D (yman)™' @ (x), Dyman)*d, () > = ol <000, 000>

+

((P“'(PZ.) q.e.d.
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It remains to investigate the question under what conditions on h\
the candidate (6.23) for a scalar product is well-defined and positive

semi-definite (for suitable choice of n (M) .

Ideally, the scalar product (6.,23) should be well defined and
positive on all of the representation space 8A « We shall be less
ambitious for the start. Functions ¢ in &, are infinitely diffe-
rentiable functions on G . It is therefore clear that their
restriction ¢ (x)to X defines functions on Minkowski space {xu}
that are ® differentiable in the coordinates x". That is not all,
however. In addition ¢(x) must admit certain asymptotic expansions
when some or all xP ~»00 , We will not write them down explicitly,
but we note their existence. They come from the requirement that (3
are o differentiable also at those points g which map ™ =0

into points of Mg at infinity of Minkowski space M#.

Consider now the subspace ﬁ; of vector~valued Schwartz
test-functions on X (or Mu) with values in E>. They can be extended
by covariance equation (6.5) to w differentiable functions on @
which vanish with all their derivatives at points g in & that
map x" = O into points at infinity, Thus ¥, ¢ €5 is a proper
subspace of 8) which is not ,5 - invariant. Indeed it is
clear that £, is the smallest @G - invariant space containing J, .

7y is however invariant under the Poinmm;subgroup with dilations,
and it is also invariant under the Lie algebra 4 of G which éfts
by differentiation with respect to g on functions ®(4) on G,
Elements of Y, possess a Fourier transform (F.T.)

¢ = fox e P* g0 (¢-24)

with  px E'Hkx”

We see from (6.22) that the intertwining kernel is a distribution
/
in j; and possesses therefore alsoc a Fourier transform.

We are now going to determine it.
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Let 13 = ( E, 3) and U8 U (2) the g.m. rotation group

U< M, it leaves P invariant . The generators of U in the {j,,4,)

-ty
representation of M will be denoted by J =(3773%3%)
lle may decompose the vector space E)‘ into irreducible subspaces

with respect to U

{6.25)
F IR PN \ A N
E)= P T so that .:J”TI'SEX=S(5+I)TTSE}
s 11444

n

s
T are projection operators that project on the irreducible
subspace of E)~ which transforms according to the 28 + 1 -~ di=-

mensional representation of U,
A g Y] - A -t Y
T =T TTY < 8, T° (6.2¢)

For p VY, , the open forward light cone, define Trs(p) by (627)

TTS(A(MH;) . 'th(m“)*'ﬂ's j)h.h (m") #r meM,'f):(E,z),

For reasons of dilational and“Lzozx;entz-invariance, the Fourier

transform of the intertwining kerneiﬁwill be of the form [\= (0’;'11'1;3

as usual} :
A PX A AL s ~2td
A,y = {axe PAL ) = r(d-gu-g-1) X CASUAIUSN
Sslj‘-&‘b.
c2+d -
where ﬂ‘pz’)-k“' = 0 (P*) O(p,) (p*) 2xdl for dyj+),+!
(€.29)
('P")"HZ TI'S(‘P) are polynomials in ’p/,, ; Bi (p) is there~
We will

fore an integrable function for the indicated range of d.

fix the normalization factor H+(X) in the intertwining kernel

by imposing the

normalization convention o = 1 (6.29a)

j1"‘l'z.
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The c¢- number coefficients 'o/s (N} will be determined in Appendix D,

the result is

(d-9,-13 -2) e (-5 -1)

ol  (A) =
(d4)4)y-2) (des-1)

for s =441,y 4,40, 1, 5 B tad

N CERT AT A (¢.29b)

The sesquilinear form (6.23) becomes now

| it o fdh s-2d , ~ s ~
(0,,6,) = P(d-g-1,-07 2 GOV Y LG p), TR 6 (P
Sz']g'h. V+ (6'30)

The boosted projection operators TTS(P) are positive and the
integral exists for dvy j+j,+1 . Eq.(6.30) will therefore define
a positive semi-definite scalar product for d in this range if all

oLs (NY %0 '. From the explicit expression (6..9) we see that
this will be s0 in the following cases

(¢, )20 for all @eJ, if
' (431)
either fa k0 ,qat0 , dyyg+p,4+2
or ja= 0 and/or 1,20 , d> Jot ¥t

In the second case there is only one term in the sum over s in (6.30),

It remains to investigate the limiting cases 1% 0, 0’fj,+l

and 11-:0,04’:114.].

Suppose {, = O ., Then TIi* = and
L I Ve _ 0)s ; o~ 14 1
(PH7" Wi (p) = DT(P) = TT“ (p) as p o0 (6.32)
£
-quoujh v,
Here TT,fd is the covariantly normalized projection operator on the

-
unigue eigenstate ( l-dim.subspace) in E> of the helicity 3;/13(,

to eigenvalue 1, +» It is normalized according to



J
TTgel(p)TTgel(p) = zpoTThel(p)

To verify the first of Eqs.(6.32) take m of the form (2.21)
with A = (ﬁ/Vba)V‘and use the fundamental formula (2.20) of spinor
-ln - [
calculus, viz. A* ]}yA 1. A(A)p . The second assertion of (6.,32)

is well known from the theory of massless particles [11].

The second case J,=0 is analogous, To take the limit in
(6.25) we use a standard formula for the & —function ]16] and insert
(6.32), The result is

A 151
A, (p) = BRI T (¥ for X = (d,-§;4m3,) (6.33a)
d = jl+32+1; jleo or ;jzo.
The scalar product becomes then

(0,,0,) = §d'% St <‘;’:(P);TT::.L“'(P)(E_(P)> >0 (6.33b)

Por ©

for dnjl-lnéanl-l’jl:oar 32=00

It is positive semidefinite since also TTiel(p) is a positive
operator.
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C. Poincaré - content and irreducibility:

Using the positive semidefinite scalar product ( ¢, , ¢, )
intpoduced in the last subsection we can complete .74\ to a Hilbert-
space ¥y after dividing out zero norm vectors. The elements of K,
will be equivalence classes of functions, the equivalence relation
will be denoted by ~ and will be explicitly given below.

To exhibit the Poincaré content of ¥, let us define to
every P in the forward lightcone V, a boost L(p)e SL(2¢)
which takes 13 = (Y'»P‘,g) ) to p . Explicitly we may take

L(p) = (‘R/\‘}B‘)Vz since then. L(p)é L(p)¥ = P (5.34)

by the fundamental formula of spinor calculus (2.20) .

To every (¢ j‘;‘\ we associate a Wigner wave function T(P)

with values in E'\ defined for -peV, by

i) 1o
"l’(?) = "D""(L'(P)) (P(P’ (6 35)
Let us introduce a basis e, in E* which consists of ortho-
™
normal simultaneous eigenvectors of Utand 3?2 ('3" » generators
of the rotation group) to eigenvalues 5(5"”) and m respectively.

We may then expand

1541,
YEYs L Y (P e ,
S=lf-nl (6.35 )

with complex functions ¥sm . They transform under homogeneous
Lorentz-transformations in the Wigner way,
sm

(T )" (P = I, Do (U IALER) 4 (1)

'for m = (': :*_l)gm ; /\’“y; A(m)}‘v- i#GPAc”A*5 peV. . (6.36)
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p® is the (2s+1)-dimensional representation of the q.m. rotation

group SU(2). We leave it to the reader as an exercise to rederive

(6.36) from the transformation law (6.9) with g“' = meM

The label s has the physical significance of Lorentz-invariant spin.
Vle can reexpress the scalar product (6.30) in terms of the

Wigner wave functions ¥ (p) « Since TT* €om = S.si: €sm we
obtain for the norm

Ity
(0,0 = M (dga-" L 0 (b (27 2 1 e

5:']1- 11) v+ (6'3?)
Consider first the case when d> | +[,+2 or J,) =0 , o>}, 4,4}
Then all o (X)) > O . Thus (¥, ® ) = 0 if and only if
all ’\Vsm {(p)=20 for pevV, « Translated back to wave

functions ¢ , this means that the Hilbert space H, consists
of equivalence classes of functions with equivalence relation ~

as follows;:
3’(>= ¢~ o0 if{. (70'1(?)*0 a(by all -Pe\{'_

provided X::(olj-’”-h) mH; d>Jl+’:."l (. J,],jO,d)J'”z-H

If  §1, %0 and d= g, +[, *2 then 0(11*!: 1 but A =0 fva(j;tjz-
4 +
Thus (@, ¢ ) =0 iff 'IT" h Y(p) = 0 . Translated back

this means that ?(x consists of equivalence classes of functions

as follows

Hy: @~o0 ift TT"”*(p) (’;(p)=0 for all peV,

in the case 1,40 , f,+0 , de g+ g+
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Lastly consider the case d = ittt , fl, = 0 - Ve see
from (6.33) that #, consists of equivalence classes of functions

. 41 ~
ﬁl‘x: Gp~0 iff Tf]“" "(P)Q(P) =o  for ‘P2=0 , P> 0

in the case 4J17. = 0 o= g,41.4 1

From Eq. (6.3%7) resp. (6.33) we can also read off the Poincaré
content of the representation space 3?; . The result is as

indicated in Sec. 1.

Let us next turn to the question of irreducibility. If either
Jji, =0 ord= J$i,+1l  irreducibility of ¥, is obvious since
the representation restricts to an irreducible representation of
the Poincaré group with dilations, It remains to investigate the
case dY i+, +2 , f. %0 )

We start from the infinitesimal form of the transformation
law(6.9). We denote the conformal generators obtained from T(g)
by Ku, P“, M+’ , D as usual; while the generators in the finite
dimensional representation plh of the Lorentzgroup will be

denoted by £ - they act in the vector space E .

The infinitesimal form of the transformation law(6.9)
reads then as follows ( ?L e 3" )

Pl (x) = i3y 5 MM =i (x#3%- xR - LSV ) g (x)
D) = i (h-o+x,3") ¢ (x) (6.37")
KMy = o ( [8-2d)x# +2x#x¥3, - X' - 2ix, L) ¢ (x)

In view of the general result of ['} it suffices to check valigity
at x* = 0 (identity in X), everything else follows then from
covariance. We have from (6.9) and (6.4)

(rmye)er = DWrmygio)  for wmem (6.38)

(Tlarg) (o) = Jal" " dgeo) foraca ;(T(rg)0) = glo) for neN.



for Lorentztransformations m, dilatations a and special conformal
transformations?respectively. The infinitesimal form of this
is (6.37) with x* = o,

‘Let us introduce matrices (Jl, Ja, .j‘}) = 3 . (Nl, NZ, NB) = .I?

L ke
3 f e s VAR AL (A over neppeodedd iudicor | €y = 1)

We wish to derive from (6.37') the action of infinitesimal special
conformal transformations K74m1w1gner wave functions "V (p)
It is defined in terms of the action (6.37) of K" by

K"’.’D}"}‘(L(p))"I.'(P) e Dlrls (L(pY) wh Y (p)
We have
L (p) = exp -ie-rli’,«nr - 1-%;&’-#1(;@)%.”

where P = (Po,P) , m=Vp* , Anh o« IF13/m

A straightforward computation leads from the Fouriertransform of
(6.37) to

°

Y (F=0) = [-2d3°-2p"3,9%4 "0+ L NP}y (F-0) (6.39)

x>

b

m
¥ (Fe0) = |- 23 - 2p, "3 -2t (Tx3 )+ 2 [ifd-0ON -TxN ] |y (P-0).

It suffices to have the transformation law at f?= o since

k" transforms as a & -vector, viz .

M -1
Tm) KET(m) " = A(mylkvfor Lorentztransformations m € M (6,40)

And we know from Eq. (6.36) that Lorentztransformations do not
make transitions between spin states. Neither do dilatations nor

translations,
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We insert the expansion in basis vectors ((6.25 ) and make use
e
of the explicitly known action of the generators J, N on
basis vectors Csim of E* {cp. Appendix A).

As a result we obtain
K3y (B-0) = K5 egm ¥ " (B=0) (6.41)
¥ (p=0) = K s’me.s;m P .

. ! 1 'L
= ';.r% ¥ { (z-c}-s)(s-m)h'(s-rm), C €y, m
5,m

! .08 ~3
- (3-g{+5)<s+m+i)ll(_s—m‘t-l)”" Copy Esar,m +..0 i (p- o)

where the dots stand for terms proportional to eﬁm y, and
Co = C:lj' are the constants given by Eq. (4.1) of

Appendix A.
Z
We see that K~ makes transitions between states with different

8., The coefficients of €.y w and €4y, m do not
vanish (identically in m) for o>y +|,+2 unless
BT B PR N re6p: &= Smax = htls

Therefore there exists no invariant subspace and the representation

is irreducible.
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D. Integrability

So far we have demonstrated existence and positivity of the
scalar product (@, ,Y,) only for Schwartz test functions (p an A -
But unfortunately Y, is invariant only under the action of the
Lie algebra ¢ of G but not under the group G  itself
(¢p.Sec.6B). Therefore we are faced with the question whether our
representation of the Lie algebra is integrable to a unitary
representation of the group g . [It follows then a posteriori
that the scalar product is defined and positive for functions

¢ in &, , since &, is the smallest G -invariant space
containing $]. This problem is solved by the

Lemma 3. Suppose the scalar product
- = R ~
(@, = 20y $d'% <@ 1py, AL (PO (P>

exists and is positive for functions ¢ such that

~ —Pys +LPX -
() = S§2is So”x e P X (s,%) 'for P1»°»Po’°-(s.4z)

x an infinitely differentiable function with values in g*

and compact support contained in the half plane s>0 .
Then the representation of g is integrable to a unitary

representation of G.

This lemma is a corrolary of the theorem of Luscher and the author
on analytic continuation of contractive Lie semigroup represen-~
tations (generalized Hille Yosida theorem) [3]. A proof of the

lemma is implicit in Sec. 4 of ref. 7 .

Remark: In purely group theoretical language what is involved here
is this: Functions of the form (6.42) with supp X in a given
compact subset of the upper halfplane s> 0 form a dense set of
equi-analytic vectors for the hermitean generators bf E.
Integrability follows then from a classic result of Nelson's [13, 21].
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It is evident from)‘ the explicit form (6.28), (6.33%a) of the
intertwining kernel A}  that the hypothesis of the lemma is
fullfilled. We have thus constructed unitary representations of the

universal covering group G of SU(2,2).

E. Another realization:

Let ";'; the space of {(generalized) functions of the form
$(xy = Joy &) (x £
y Ay (X-yr e (y) ) fecy

5). is the function space introduced at the beginning of this

section. T,\ is a representation space for G. Since the F.T. Z: (P)

has support concentrated in V+ s the closed forward lightcone,
¢ (x)  are boundary values of holomorphic functions in the

field theoretic tube domain, In the limiting cases 1412.#0 4

o = Jit Lt and 441, = 0 cl = it ) they satisfy

in addition certain differentisl equations. For instance

[?'$+(11-11)?°]¢(x)=0 4’ Ta1, 2 0 Hd=g, 4040
(6.43)

Since 43 fines uniquely the equivalence class of (¢ in ¥, ,
the scalar product (6.23) makes '3:,1 into a Hilbertspace which
carries the same unitary representation of G constructed before.
In practical applications it : can b¢ useful to deal with
the space T; of generalized functions instead of the spaces

of equivalence classes of functions in 5), . R.tlzhl|s work deals

with functions in TX .
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As our last task we should show that the UIR'B of E in
the Hilbertspaces J?A constructed so far have lowest weights \ .
If so, it follows by the uniqueness theorem of Sec. 4. that we
have constructed all the inequivalent UIR's of 5 with positive
energy. Yie shall instead refer to Rubl & work [5]. It follows
from his results (and the remarks above) that all our represen-
tations constructed so far are {(linearly) equivalent to analytic
representations that have explicitly known lowest weight vectors
(viz.constant functions) with the right weight X\ .,

We mention one last result without detailed proof.
A UIR of a semi-simple Lie group G is said to belong to the
discrete series if (and only if) its matrix elements are square
integrable on the group. It is known that the discrete series
is nonempty iff G has finite center T and possesses a compact
Cartan subgroup {12]. Quotient groups éIr’  with r'c P of
our group G possess these properties if their center rir” is

finite. This motivates the

Definition: 4 unitary irreducible representation T of the
semi-simple Lie group G with denumerable center ' is said to

belong to the interpolated discrete series iff

ng I(*\!r,T(g)Hb)l1 < o
é/r

for some nonzero vectors ﬂ3¢# in the representation space. (dg is

Haar measure on the group GIr ).
We note that the definition is meaningful since the integrand

is invariant under ¢ -» gy for ge¢ ¢ yer (cp. Sec.3).
It can therefore be considered as a function on G/ .
The representations of G constructed in this paper belong to

the interpolated discrete series if and only if

ol > f,+4,+3 (C.ni )
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Sketch of proof: There is a canonical way of recomnstructing unitary

irreducible representations as(irreducible parts of) induced

representations on E/K. [Here we may consider the space of

functions )(':'(g) - (0, ,T(g"‘)'\{f) ,m=lm,m,) ;  CP. Sec.51.

Representations with lowest weight give rise to analytic represen-
tations in this way. Square integrability furnishes a scalar
product on this function space. Rual has constructed the analytic
representations on é/g and has found the condition (6.44) for the
scalar product in question to converge [5]. Alternatively, result
(6.44) may also be derived from Harish Chandra s classification

of all discrete series representations [e.g.13].

Acknowledgement: The author is indebted to M, Luscher for discussions,
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Appendix A: Finitedimensional representations of SL(2C).

g -~
Let 7 and N the generators of rotations and Lorentz

boosts respectively. They satisfy the usual commutation relations

. s 2 . 3
[35,3%) =13 | [N, N*]=-i7® [37, N*]=iN and cyclic

Write I = MEa3r N = NxiN?

-

Finite dimensional representations of SL(2C) are labelled
by (14:12) 3 24421, nonnegative integers. A basis in the
representation space may be labelled by s,m, with s(s+l) the
eigenvalue of 3" , and m the eigenvalue of 7% CENE PE P
1449, 5 M= =S5 08 in integer steps.,

According to Naimark[20] the action of the generators on the

basis vectors €y, is
?

,/l
Jyem = [ (sgm)(stmer)] o mgy 5 Id€gm = megy

and for the boosts

Y
Nt €gm = f[(s;m )(5;'""')] 1'Cies-t,m:tl
- [(sxm)(“m*”]”‘Asesmm

1
t [ (stm+|)(sim+z)]& Csay esu,mtl

i
Nleélm = [(s-m)(:‘>+m),]"Cse_“_,’,‘n

Y
-m Ag &gy - [(semei)(s-ma1)] ™ Copy sr,m

with
- ke L {(Sz*kz)(sz-cl) }"1 (4.1)
As = "5(54-1) y Cs= % st

= fa#g,vt , k= g, -9, , Szlkl.. c-1 in integer steps.
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The sign of the square root in Cq is a matter of phase conventions,

It is costumary to have the generators !\f‘e ; and therefore also

Cy change sign when one interchanges ({4,1,) — (1,11,) .
- .
examples: (11,1,_)=('T,o): 3.—.--5.&" ,57,-51.3
g - - .
(11112) ’(ol"i) 3"’50 ) N:%g
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Appendix B: Clebsch Gordan coefficients for sSU(2).

The vector coupling coefficients C (i,,-;-,ji-li 3M-my,m,) in
the notation (and phase convention) of Rose are given by [15]

T Egme & ]'h

Clotrivtsmears) < 5 |25

(Bol)
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Appendix C3 The homogeneous space M o= E;’IMAM'
Let MAN the nonmimamal parabolic subgroup of G
consisting of Lorentztransformations me M » SL(2C) , dilations
acA and special conformal transformations ne N .
MAN is simply connected and therefore also contained in G.
Consider the Iwasawa decompositions

5*;2A1°N“P and MxUA_ N, =

with Ar""AnA}N;o‘ 'JMN’ (see Sec.2)
It follows that the homogeneous space
M = a/MAM = l?/u = R x93

s> the unit sphere in RY ., Thus

M may be parametrized as

M = {(r,a),-m-:tcoo , £=(£s£z£3,£s')
Elements of K =~ R X ¥,

a unit h-vector}
and rotations of ¢

act oo M as translations of T

. In particular

ioH,
e T—=>T+¢ ; &~
r T-»T E»-¢

The center M=  of G acts therefore on M as follows: r, acts
trivially, while f} consists of elements of the form 3,1”
‘ ¥, = neiﬂ"“o takes

T>T+7W );_-,-g
A -

A domain F contained in EJI is called a fundamental domain
(with respect to the discrete subgroup 0

Y ) if

) P“YF'=P/ for y%eu'mr‘z
Ye o,



A fundamental domain F may be chosen as follows:

F = {(T,g_)e;'; , “FeT T £s>-m1:}

It may be identified with Minkowski space Mh through the repara-
metrization
o An T P et

x® » S x' =
cort +e5 CorT + £5

‘iszB)

translations % € X map F into itself. They translate coordinates s*,

For further details see €q. Sec. 7 of ref. 3 .
Consider now the equation encountered in Sec. 6A.

R 'x = xlgman 3 X,X,d:u X , mane MAN | y-x:‘re w

We wish to determine N as a function of %,
Apply both sides of the equation to the identity coset e= (O,E)
3 = (000,1) . Bvidently, by what has been said above

x'yman é ¢ y:(r-'

Since we know that the integer N is a Lorentz-invariant, it suffices

to consider 3 cases for the right hand side

xf‘x/“ <0 : take x° O then xe€=(0,£) with %<1
therefore R 'x &= (0,-¢) with -£5>-l = =0
Thue R 'xe € F whence N'= 0

xfx >0, %x°50: take ¥=0,x°»0 Thn x& = (T,£) wih 0¢T<T,

A

- . . s A g -
*l:hcre)eore. R'xé = (v,~-¢)whh ocTem<ar, 7=~ (¢ Yy=1
T, R7'xé ey, F whenee N 4
X ¥,

x“x, >0 , X® <0 : Fu Hie Aame hm(.] Onc-f:'mls N=-1
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Appendix D: Fouriertransform of the intertwining kernel.

~ )
Our task is to determine the intértwining kernel A _(p) in

momentum space. We know already that it will be of the form (6,.28).

Consider
R Ja * vy Jehy
A)(py = D (L) A} (D (L)

. [ (d-h.]t-‘)-l %ds (‘\)—’:‘-3 (?1)'Z+d.

+

(p.1)

Instead of working out the Fourier transform of (6,22) it is easier
to work out the coefficients o/ from the requirements of

infinitesimal conformal invariance. In particular, we must have

A A ~\ A
KA PI¥ () = AL (pYK? % (p) (D.2)

sm
for arbitrary Wigner wave functions VY (p)=Xe ¥ .

A

K, is given by kq. (6.39) or (6.41), and 3’ is obtained
from it by substituting d-—>4-o¢l and reversing the sign
of boost-generators b-/b o« This is in accordance with the trans-
formation law (6.10) of ¢ = At¢ € F, which differs
from (6.9) for ¢ ¢¢&, .

The projection operators

~ 4
T e, = 8g € m

From Eq. (6.41) we find
Ay Koy (Reo) =
= -2 (pl):"% sz:“ {c(s_, (1.4.5)[(s-m1(s+m)]"‘cs st ym
- oly,, (3-des)[is e (sman 14 Coy € m

4 oo }?Sm ,
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Asjn) -
while K A_'_(P)‘Y(Pso)
. ol- £ i
= -2 (O] T o - (dams)[omemltes ey,
]
+ (d-|+s)[ ($+m+l)(3—m+))] "C.sne.su,m

+ } Ay

The dots stand in each case for terms proportional Cg.um .
C, are the constants [for the (jzjl) representation] given in
Appendix A. By comparison we find two identical conditions on ofg ,
viz ,
oy = o-2 -5 o
d-2+5

for s = ‘j“h."&'1 v fat

PThis is a recursion relation whose solution is

(cl-2-9¢-1, ) (d-3-1)
(=24 ),+1,) o (das-1)

s ary 3 ST S (0. 3)
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