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Integrable Hamiltonian Systems and Interactions through
Quadratic Constraints
by

K. Pohlmeyer

II. Institut fiir Theoretische Physik der Universitit Hamburg, Germany

Abstract: 0n~ invariant classical relativistic field theories
in one time and one space dimension with interactions that are
entirely due to quadratic constraints are shown to be closely related

to integrable Hamiltonian systems.




1. Introduction

Even in one space dimension, relativistically invariant classical
field theories defining integrable Hamiltonian systems with a
non~trivial, momentum dependent scattering matrix, are not in
oversupply. Actually, up to equivalence and slight modifications
there is only one such model available, the celebrated sine—Gordon

equation T_l s 2,3] .

In this paper we shall present a whole series of non—equivalent
relativistically invariant field theories in one time and one

space dimension, each having a one parameter family of Backlund
transformations and an infinite number of known integrals -of motion.
These conserved quantities are associated with covariant local
conserved currents for which the family of Backlund transformations
serves as a generating functional. Further, each one of these models
has non~trivial momentum dependent scattering, and possesses stable
stationary finite energy solutions, so-called solitons.

By a procedure explained below ("reduction'), the series of new
models is obtained from On - invariant Lagrangian field theories
whose interaction arises solely from the condition that the values
of the field functions be constrained to the surface of a sphere
(describing a homogeneous space for On). The new examples should be
viewed as generalizations (involving more and more fields) of the
sine-Gordon theory , which corresponds to the chiral symmetxy

group 03 (To O2 there corresponds the theory of a free massless

field). The connection with the 0n ~ invariant chiral theories allows for

a simple geometrical interpretation of various computational

manipulations in the new models. For n £ 6 we set up the linear
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eigenvalue equation (for the characteristic initial value problem),
which is the key to the inverse scattering method %,5). We determine
the evolution of the spectral data and thereby solve the

characteristic initial value problem.

Conversely; the analysis of the new models provides a significant

first step towards the complete description of all finite energy
solutions of the original 0n - invariant chiral theories e.g.

supplying for them an infinite number of integrals of motion associated
with covariant local conserved currents. Of particular interest is the
O4 fﬁl. SU (2) x SU(2) - invariant chiral theory, the one-space-
dimensional version of the non-linear O - model t6].

Apropos, the original On - invariant chiral theories do not possess
soliton sclutions. However, the solutions related to the soliton

solutions of the corresponding reduced model are expected to piay a

special role.
To sum up, the aim of this paper is twofold:

1) furnishing new examples with the same powerful structure as the one
which is at the bottom of the sine—Gordan theory and
ii) contributing to the solution of theories with an effective

Lagrangian comprising the results of current algebra [61.

The present communication grew out of joint work with H. Lehmann
and G. Roepstorff in 1968 when the connection between the chiral

03 — ipvariant theory and the sine-Gordon theory came to ight.
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II. Heyristic Considerations and Normalization of Coordinates

We start from the classical theory of n real-valued scalar
. o] 1 o I, .
or pseudoscalar fields qj(x s X )y an. qn(x » X ) 1n one
time and one space dimension which in dimensionless units, with
. . o o 1 . .
the help of a Lagrangian multiplier )(x s X ), is described

by the Lagrangian density

(I1.1) L &°, x1) = %ii (% qq._(x",xd)x-g;;hq;(ﬁf\) |
o~ .

A=A pm=ad -
e ICHCE R

This Lagrangian is invariant under the action of the internal

symmetry group On:

e |
.Sqioc", (L ;&% %D A, == AeC,xh

l. i=1,...,n i=1,..., n

{IT.2) |

I o 1 - o 1.,
qJ(X X ) = ‘;:le ql(X s X ), R = (le) € 01‘1

! 1 o
l(xo, X ) = A(x , xl').
With the short hand notation: |

(11.3) ' ‘
x = (x°, Xl) m.\ _Pz(Pa)“'\Pw) m
R L T 1A

. d
qw(x\ = &-“qf(x) X qﬂcx) =a% q (x) ;
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together with the summation convention , the Lagrangian density

takes the simple form

(I1.4) L (x) = -%(q_ﬁ(x). aﬂ(x\\ + l;’x) ( Cﬁ‘(x)— 1Y

The corresponding Euler-Lagrange equations of motion are

(I11.5) D Q—(X\ i (q{ﬁbﬂ,q‘f‘ﬁ)ﬂ) q((x\ l“_" O 3 q_l(%) 51
AR = — (gwtx%qf"‘m\ .

It is convenient to introduce the characteristic coordinates

(11.6) “é= 35.__.;_5_ , TL mx_;_si.,

in which the d'Alembertian X:l factorizes

T3EY a0

.

2
"B‘ga'\l :

(I1.7) O

Employing the notation

1. =2 E
P gy Tl Gy g el o

and denoting the unit sphere in rR® by the symbol Sn__1 the equations

»

of motion read in characteristic coordinates:




(11.9) Gy * gqﬁ. gmyq( e ? q e S, .

These equations are forminvariant under general coordinate
transformations which map the light cSne onto itself, i.e.

under the local scale transformations

(En@ — (g'\m)
dx'= I HEdy | do = (K dn.

(11.10)

with

HE) * 0 % Kin) .

The sum and difference of the energy and momentum densities of the
' rN 2, o :
. . 1 1 : .
fields gre given by 5-(1~L and 5 Ci{ respectively and the

energy-momentum conservation is expressed by the equations

LS L 5 M 1N

z y
Hence q_% and Cj(_E are functions solely of ‘rz. and g

respectively:

we gt o) | ql- Kl

which are already determined by the Cauchy data at a fixed time.

For the derivation of the continuity equations (II.1]1) note that
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and are orthogonal to in virtue of = 1
% A A *

and that aT?L is parallel to ¢ in virtue of the equatiocn

T * (3;909=0.

We may choose

(I1.13) 58] ={nc g |
TS AR L

This amounts to an identically vanishing monumentum density and

1 . . .
5 in the new "normalized'" coordinates.

(A situation with KW(¥) = O for some §=§° and/or

a constant energy density =

kel vL) = 0 for some 11=ﬁ1? is to-be approximated by Cauchy data
for which %( ¥ ) and  ( qL) are different form zero everywhere. )
Without loss of generality we may take normalized coordinates as a
basis for our discussion and omit the identifying primes.

Now, only one of the On - 1lnvariants formed from ¢ and its first

derivatives qﬂg and q"’l, is undetermined, namely (q‘_g. (i"!.) :

2 2 2
A = 1, = 1, = 1
(11 ) % E*g %Qﬂ 4
Gy P = 0, (9,1- ) = 0, -1 £ (gfg- g"‘L) £
We set
(I1.15) ( qg . qﬁl)' = cos™,

I1T. The chiral 0, model and the sine-Gordon equation

For n =33 the wvectors 9 QE and 11- already span the entire
space R™. Without loss of generality the solutions of the equations

of motion (I1.9) satisfy the constraints

i




2 2 %
= 1 = =
+ % G
. 2 _ 2 2
Conversely, for n = 3 the constraints q = I = q‘g = q""(,

imply the equations of motion (II.9).

Hence, solving (II.9) for n = 3 is equivalent to the construction’

of all three component unit vector fields q = g(g‘%‘) with

2 _ | = 2
q§ - - E¥1 .

Next we want to derive the sine-Gordon equation for arc cos ( %E. 17.).
To this end, we express the second derivatives q and q as
. ¥ T

linear combinations of q,' %1 and'@nd

{

Qe = ~ F 2 Agx g — IX

Gpn = & oy o G l&”tdq?fd %

(I11.1)

and compute the mixed second derivative of o =arc cos ( %§' qWL)

* = m{(gﬁg' qm_)jigm-:_i(o - )

£ Aanol AAS,

(I1I.2)

gl conot + ({-cmaet 454 )4 (Gyy Gy )
Wan X

Making use of the above expressions for q and . we
: 5% EW”L

obtain

1 L oy Coa— e+ (A - el Cradl)
¥ Aol

(II1.4) dng = — Aol

i.e. the sine-Gordon equation
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which can be derived from the Lagrangian demsity T ='f,(x)
A
C (202 + (aa-1)

(1II.5) L 7 —BX,_.O{’ Bx’“OL + (Ccﬂoc A

Conversely, to every solution o of the sine-Gordon equation there
Z

exists a solution of the equations of motion (II.9) with (1 =4 = (1‘1
%

and . = ok .

(9 g ) = G

The sine~Gordon equation is known to possess a one parameter family of

. A
Backlund transformations TB" Y€ R -

o —> o (- 3¥)

where O(( -;¥) is again a solution of the sine-Gordon equation

(xir.6) {OL Gy + d}g - X_ﬂ-A/(m(aQ ) =k )

'y o

(III‘.62)

R e R

being a constant independent of and .,
| ks

By elementary manipulations we derive the conservation law

N R

1f we expand OC (‘ ) ‘5’) in a formal power series in Y around

the point Y'= 0, insert this expansion into the above conservation law,
collect terms involving the same power of X’and set the coefficients

of the resulting power series in Y separately equal to zero, we obtain
an infinite number of conservation laws for. covariant local cutrrents

involving higher and higher powers of higher and higher derivatives

—
g™
i
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of the sine-Gordon field o . The corresponding integrals of ﬁotion
are independent of each other and in involution.-

The soliton and antisoliton sclutions are most easily obtained

by applying the Backlund transformations T, with positive

and negative respectively to the wvacuum solution o= 0.
g ¥y

Next, we would like to remind the reader of Newell's derivation

of the isospectral linear eigenvalue problems 7y ( 'yz' )q,‘,, = *gq_},

with the n- coordinate as the deformation parameter [8}. These
eigenvalue problems play a central role in the inverse scattering
methéd for the characteristic initial value problem. The derivation
follows the pattern: one—parameter family of Backlund traﬁsformations-v
one parameter family of Riccati equations —» linearization of these

Riccati equations = isospectral linear eigenvalue problems.

We start from the first of the two ordinary differential

equations defining Ty

oy B et
13 A

and reduce the transcendental non-linearity to a quadratic one

by rewriting the equation for

(I11.8) F :-A%(O(('H{:—d) .

(1I1.9)) \_; + %%;(/_‘—\-FL) ‘—“—X-W_‘, '

This is the above mentioned one parameter family of Riccati

equations.
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The linearization is achieved by substituting

(111.10) V = My .
N,

The resulting differential equatiom

Wk, - ok + S () = Y Y,

is satisfied if Y, and Y, solve the following linear

system of first order ordinary differential equations

o _ A
A%, + Hfl\j’“ - lb"lh
(III.]ZI) o A
—WLw;”\“ ‘3:5'1'\"\: i} %

i.e. the linear eigenvalue problems for each value of m

ey LW = (B

y - ()
Ln) = &(gfﬂ %@* T (:Z: &oﬂ.

Remember that ¥~ is independent of ﬁlf(and § Y-

(III.14)

The 7Lfevolution of 1y can be determined from the second of the

two ordinary differential equations defining TU':
Al Y=oty ey ) e,
(I11.6,) { \ Yl\ } "'_X'/MM(OC( \;(:)Jr \.
"

(II1.9,) \_I,,L + {—MO((/\—-—FZ‘\ _ __X.cmo(r




leading to

By

—
3

(I111.12,)
with
B - ¥ c,avoé,/wwoz,)

L\ Mol ; — Ceadd /.

We confirm the relation

(1;1.15) %%%i' = [:tlg)\ l—‘pl

the necessary and sufficient condition for the TL* indgpendence
of the spectrum of L ( n ).

We notice that the parameter Y’of the family of Backlund -
transformations plays the role of the continuous eigenvalue in
the family of isospectral'linear elgenvalue problems associated
with the sine-Gordon equation.

Returning to the Backlund transformations TX' s

solution of the equations of motion (II1.9) for the chiral O

model with N E/] = q°  and (Ci_(i )= cos ol
%y T ¢ 1

Then

| F111.16) q,( 51\ - Cego-(_%fﬂ (%l%g'*ﬁmggij)(%—?%g

let C% be a

3

is a solution of the equations of motion (I1.9) with

@) =1 = (gl
Lq 051, g (3),) = oaet(-30),

The wvectors (1_ and q_(- 5 "l\ are orthogonal to each other. The

(111.17)
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requirement that the component of e A in the
q%( ) )ENL

direction of Q¥ vanishes, is equivalent to the conservation law

i {on 83028 L s

However, for general values of the parameter ‘X-, the
geometrical relation between the solution vector ¢ and a solution qﬁ-3yﬁ

of the equations of motion with

@ y=1= (qr(' 'aﬂﬂ"
(a050) - Qo)) = Cooot o)

is not so simple.The resolution of this point is presented in

(II1.19)

section VI for general values of n, after the geometrical meaning

of the parameter ¥ has been clafifiéd in section V.

IV Goals and Strategy

We aim at associating a one-parameter family of isospectral

linear eigenvalue problems (with the Wl-coordinate as the

deformation parameter) to the evolution equations for the invariants
of the general chiral group 0n in normalized coordinates. So far,
this task is accomplished for n £ 6 only. A less ambitious goal

is the construction of a generating functional for the infinite

number of covariant local conserved currents.




Lacking a better idea for the realization of this program we
maintain the spirit of Newells' pattern [8]:
1) introduction of ¥ as an expansion or contraction parameter for

the sum and difference of the energy and momentum densities respectively

2) adjunction of one discrete Backlund transformation for the chiral

fields qi i=1,...,n

Remark: 1) and 2) yield a onme-parameter continuum of Backlund
transformations Ty which serves as a generating functional

for the infinite number of conservation laws.
3) transition from the chiral fields to 0n - invariants

4) derivation of a one-parameter family of systems of (n - 2) coupled
non—linear first order ordinary differential equations involving

at most bilinear terms

5) conmstruction of a one-parameter family of genuine Riccati
equations
6) linearization of these Riccatl equations to obtain the desired

isospectral linear eigenvalue equations.

V The geometrical meaning of the parameter X"

In this section we shall show that for every solution q_of the
equations of motiom (II.9) there exists a one—parameter family

: @) I
of solutions q' }Y&TP\ with

(V.1) q'(:)h: Yﬁhqrz y qr(:;)L: X qm )
(g% g = (a, q.)

(in a general system of coordinates). Actually we shall prove

o . _— ) .
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even more, namely the existence of coordinate dependent rotation

matrices mu‘) = &fr’(‘g’«t-} q‘_\

¥.2) W RV _ mwftfa—%m -1

the superscript tr denoting transposition

such that the equations of motion are satisfied for

(.v.3) q,(m = Z’R‘”qr
and

(v.4) q_(? = \f4 ?Rfmgh ‘ q:fz = B“F&w)qr;h

Obviously, for q}r)so defined the relations (V.1) hold.

. : . &) '
The existence of such rotation matrices R f0110ows from the

compatibility of the equations
s ( -4 )
(v.5,) R 32 = (A-y"y WY Mc-n

(v.5,) ’5{(:2 - (1- ) ’ZRM ™ -

and

sy RO RmOTRe - 4
73
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(V.6 M(i) = M(ﬂ _(‘g,»l ,gr\ = (M@)M’,)

and

(V.60 M@,yu, = A% Gesbes M(—)kt: G Gen” e fe .

M (+)k1 are the sum and difference respectively of the zero and
+
one components of the current densities for the chiral field

vector ¢ corresponding to a rotation in the (k,1 )-plane.

The construction of the matrices O ) follows the standard iterative
procedure for the generatiom of the resolvents for systems of homogeneous
linear first order ordinary differential equations [9] .

Moreover, the following transitivity equation holds

.7 e —&(‘&‘6‘«) ( ') q() _ ZR((V;_)(. )mﬁ&.)()qﬁq_\
SR (-5 9)

To sum up, the parameter Y describes expansions or contractioms
of the respective sum and difference of the energy and momentum
densities of the chiral field vector q without at the same time changing
. =}
the angle between and .
& % L

vI Backlund Transformaticns and Conservation Laws

.. . 4
We adjoin to the transformations R_‘L ; X- [ R L

WL D q. R G =?5~2}H(- )q\_\q‘
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of the solutions of (II.9) onto themselves essentially one more

such discrete non—~linear transformation B+:

s

(VI.2) q_ Dx_ qr/

which changes neither the energy nor the momentum density, but the

angle between the g— and ﬁl-derivatives:
I 2 . B _ L
qf‘s = 9 A A
| |
gy qm\ + (4 qfd'L\ :

B, is defined up to some cocrdinate .independent rotations by the

(VL.3)

four compatible equations:

(VI.4] , (qr‘*' q')g _ (qfq(ﬂ‘;}qd'(ﬂ ( q_‘_ qr\

: | |
(v1.4;) (qr‘— CQ”’L _ (qg"?v' Q);(qq«-ﬂ) (qr N qr\
(VI.43) q.',” = 1

(VI.4,) ( q;. qf\ = O .

This transformation corresponds to the Backiund transformation TI

in the sine-Gordon theory. Along with B, goes the conservation law:
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wo (g, + (9 g,= 0.

We obtain a one-parameter family of Backlund transformations Te -
to be compared with the maps ot -—> oL (*;¥) in the sine-Gordon
theory, cf. equation (III.6) - if we combine B, and the R1~’s

to form

—A
T, = R)B. R,
(VI.6) -

g T qur - (g

taking the non-commutativity of the diagram

%, Ry ;. q}r)
(V1.7) & N
i ‘
- ' ‘ Y @y
QL5 y+) Ry Chl)

into account.: the angle between C*(-‘,$+)§ and %_K' 3‘&+)~L
depends on ¥~ . '

Along with T goes the conservation law:

( qvmi’ 'q—cr;)qt N (q_m',_ qrwjt\z
S A GG R I NS C I SEMARL

with

T s R0 ) R 5e)




oy,
By expanding q}w near the asymptote of 7¢L1 ( ‘Q)(%*
g

for ¥~ O into an asymptotic series in ¥ , inserting this

expansion into (VI.8), collecting all terms of the same order in ¥
and setting the resulting coefficients separately equal to zero,
we obtain an infinite number of covariant local non-polynomial
conservation laws leading to independent integrals of motion

for the chiral fields which are in involution. The first

three continuity equations are given explicitly by

wor {4l -0

e A R

1 ;

(ovg (v Loy 3¢ i - [

(a,.a.1(3(q W
B mlqﬁxﬁ(_éi'(%{\\“

Obviously, instead of the discrete non-linear transformation B

(v1.93)

1

we could have taken the transformation B_, up to some coordinate

independent rotations defined by

i . @, q) - (g ;
(VI.4) (qr - a_)g = e g 7 % QE\ (qr*qr\

if
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i @'s )y - (@f-@«o; (3.9) (4'-)

(VI.4;) qul = /\

(VI.4,) (q(' qr\ = O | '

To B_ there corresponds the same conservation law as to B+:
eq. (VI.5) and a one—parameter family of Backlund

transformations
- D
(V1. 10) T\(_. - a\g— B_R{y ‘

Going through the same routine as before, we obtain an infinite

number of new covariant local non-polynomial conservation laws,

which arise from the above ones by replacing ‘g-derivatives by

“1’- derivatives and vice wversa.

VII Differential quugyt:ihm:ls_'fc‘J‘r_the‘Or1 - Invariants

From now on, we shall work with normalized coordinates. In these

coordinates the conservation laws look much simpler than before e.g.

(VIL.1)) | i %: q:g 1]1 =0
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(VII. 1,) {%‘, q;'gﬁl - '%.(qtz'am\x

(VIL.1,) %if qt’:;g - % (%;Y&l:‘ %" (—q‘}{‘:’g Q(;}E ele.

The coordinates normalized for the solution q serve at the
same time as normalized coordinates for the Backlund transformed

solutions

G(( \Xi\ ::Tyt q'_

From the solution wvector q_ we construct a basis in R© with the

first three basisvectors specified

(VI‘I'Z) é_'_*_ = q(\ /6'5 = q‘--gy 6= q-l—md'q'.t gl

such as to give M, _a simple form with (g;q?*independent entries:

(+)

(VII.3) Mm {'1'-‘ "@o \ M@){E= ﬁ‘:l_ ) ‘\1&){?;_0 ’5:4,“.‘&“%'

In this basis also M takes a fairly simple form:

(=)

I

My
M &, =MDL@:L‘MH€L;O A= .

Goac Gy vt MG = et by
(VII.4)

% \TL“'%.
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?ﬁé?(;; \maps this basis into a new one

) ' .
wrs Y = WCsa b, k--404, - me

W
We may construct a similar basis {&gli % starting from the solution
vector Qk( ))~] and envisage a derivation of a differential equation
for the rotatien CD. This describes the change of basis {;GrBS 7{€KX)§
and is symmetric with respect to primed and unprimed quantities.

. . )
The entries of the orthogonal matrix Gfr:

|
0, - (& AL

(VII.6)

are On - invariant.

However, i1t turns out that the Ef derivatives of the entries

(VII.7) Xh = (Q((ﬁl. Qz)

of the first column of (}W can be expressed by at most quadratic

terms in the entries of this very first column, and the same goes

for Fhe - derivatives of Xk k= (1), 0,1,...., n-2.

Hence we confine our attenFion to the On—invariants Xk’ and study

two systems of (n-1) coupled non-linear first order ordinary differential

equations involving at most bilinear terms:

Noy = —y e X - Z (& figxi
(VI1.8)) vy, 7

1 by [LIE L UIEETY L T T
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Koo = Yool (12X) ~pmeest XX,
. m-]
(VII.8,) X - = — YC@QOLXOXA—\- }j‘/&wwl (’\-—X:*) +Z (é{@xl

o T T Y ook XOX,; - X/J«/{/LO(X,‘)(,,; '\_Z (ﬁiﬁyg

subject to the constraint

Xo= (X, X)) € S

ey ¥
Jox =
e .
£=0 i
X, is identically equal to zero since (q?)-q{"‘)}:m

}
The gonstraint (VI1.9) reflects the COnditionAQiﬂJ¥=1.

(VII.9)

As we see, explicit knowledge of 2R9ﬂ is not required.

We eliminate the constraint (VII.9) with the help of the stereographic

projection

(VII.10) Y = S W— ’};: Ay -y
g

and arrive at two systems of (n-2) coupled non-linear first order
ordinary differential equatidns also involving at most bilinear terms.

: A =3 &)
Y’é;“'g =Y \(’i + % S YM 3
(VII.11)) —%—(;{m\(m)\{g 4.“-%—(/\—*;\(:}

§'= A \Wm-au
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with
4 _ (1 _ ) 4
SV TR
t., = (& &)
and
\(Q; KC&O&\/ L &) N
(VII.11,) M1,
— B"M\(‘Y} 5;4 T Marol (/\ *;ﬂ\(m)
g’ = A, -0 e
with

Sf;% = Sf,:g (_émt {}_m.)

These systems of differential equations are to be compared with the

Riccati equations (III.9j)and (III.92) of the sine-Gordom theory.

VIII Linearization and the chiral SU(2) x SU(2)

All points of our program (cf.section IV) have been realized but the
final one which consists of the linearization of the system of

equations (VII.]]I) {and (VII.llé).

For n £ 6 the system (VII.I]I) can be cast into a single egquation for

(VITI.1) Y = \(4.4— "LYL + A+ Y,

where 1,i,j,k is the conventional basis for the quaternions:

= 3 4 @ @) A= 1
(VITI.2)) 7C§ SR Sl SN ’/KGJ(;) L XTH + ¢
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e R T L

with

Ll ( H(?‘))

RS L5 - st Vg (8- (aTsE

(VIII.3)

A (oSS
=‘E,\+/LJLZ+Q{344<JC“

and where the bar denotes quaternion cenjugation.

Linearization is achieved by the ansatz

(VIII.4) X =(OL&?)<€TIJrY1

with . a and b satisfying the compatible equations:

A ) LA
a ";:613 Q- %‘a“ 7%
(YIII.5)
_ A e )
O AL b - polt
- — - 7
(viiz.e) (L ‘= a . X@- = (r
giving‘_.
_ 3
9 = 3&—@ +-;—4(Q’t:{r§'q/
(VITI.7 ) :
_ . 1 (g~
Ye = = ¥ p@aet g,

(VIII. 72)

—Y_-_—/[',%
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More conventionally this can be written as

(VIIL.8,) Lb@ \ji = (i‘?-,) ’T

(VIII1.8,) ﬂg;(;\f = B"f

where . q“
Y- :.

Yy

(10 L O ((a_'t £)..)

(VIII.9) L(TU = A 0O -1 Ay 3 ((_{'R-)A’Q O q

—wdl 1, e (@6))
(VIII.10) ’B = X — 3
by Amm((ﬁ{r\;ﬂ ‘ Coaol I

! 0 €47 Gy =Gy =Gy
(VIII.11) I = A A (CA ) - C,_\ Cay ~Cy,y Gy
0 1 K C3\ Ty Ca -G
Cu ~Cy, Cy, C
b 3 F Y A .

By setting up eguation (VITI.10) we have determined the
”L—evolution of the spegtral data for the linear eigenvalue problem
(VIII.SI) and hence solved (in the sense of the inverse scattering
method) the characteristic initial value problem for the models

obtained by reduction from the ¢ - invariant chiral theories for n & 6.
. ‘n

mmm R 1IFHNMY iy

LLL L] | UL UL Ll I L TL DT R TN LI RV AT DL T S TL T L T L L LU N e R
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To complete the proof that these models define integrable
Hamiltonian Systems we would have to solve (in the sense of the
inverse scattering method) the Cauchy initial value problem and carry

out an analysis simila: to the one of ref.[?])

Among the models under discussion there is a particularly
interesting one, n = 4, corresponding to the one-space -dimensional

version of the non-linear & -model 6],

The SU(2) x SU(2) - invariants in normalized coordinates are:

K = axr Lo (qrgu@m]

(VIIZ.12)
u = q . [G‘—\Q‘E\Q“'L] qtj—: (3( . Lq(\(')\‘.x\\c{lgl
TER An ol ) T Aol
[-\ ,] denoting the vector product.

The equations of motion for these invariants are:

. 4V Sava
oL & 4 SO A
(VIII.13) 12 4+ AaAaol + Al ()
%4
Uy = —— 1 O =
~L Aol ! z) Aol

It was noted by H. Lehmann that the last two equations possess ‘*g%é

as an integrating factor. Thus we set

ol oL
(VITI.14) u:(gg/q%-?: ) q}:ﬂ-@”ﬁc%i
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and obtain two hyperbolic equations for the scalar fields ol -

and {%

xR =0

(VIII.15)

By + Db O
21 Arancl

These equations can be derived from the Lagrangian

(VIII..16.). i(g‘,o _ ‘9:"0[‘50(1+ %:A'??%PEPAL“' Ceooi—1_

Yor the formulation of the family of linear isospectral eigenvalue
problems associated with this model, we can dispense with the

Loy = GGy
y - (4)

. : (aipgd Yo
Ly = 2o %) &O%Jri(%_‘i%ém’w% )

. where W is defined up to some constant by the equations

- A o |
(VIII.18) (,0Z wr 0 % Cori

(VITI.17 D
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The ®-evolution of of and % , i.e. the solution of the
characteristic initial value problem, is obtained from the.
Td—evolution of the spectral data for (VIII.I?I) which in turn

can be read off from

(VIII.17,) EH/’ - Bl{/
(

This completes our analysis of the classical theory related to the

one-space—dimensional version of the non-linear & -model.

An essential part of the work presented here was done while the

author was visiting CERN. It is a pleasure tc thank all members of

the CERN Theory Division for their kind hospitality.
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