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ABSTHACT 

The ultraviolet esymptotic freedom of a lerge class of 

tro be computed exactly in pe rt11rb:ot; 0:1. therory. This exRct 

knowl~dee i~ used in i0vestieatine renorMalized !ield e~1ations 

( . ) - 0. 
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I. INTRODUCTION1 

The organic union of a local nonabelian group symmetry 

with ordinary (abelian) gauge invariance has led to the intro­

duction of nonabelian gauge (YM) fields. 2 The very existence 

of the gauge field is then intimately tied to the nonabelian 

group symmetry present. The assignment of the gauge field as 

a carrier of the symmetry has been a rather attractive way of 

incorporating dynamically a given symmetry group in quantum 

field theory. 

Ordinary gauge invariance originated in classical electro-

dynamics because only the field strength f rv and not the 

potential ~ is directly measurable. It acquires much 

greater importance in the quantum theory, where the field 

Ar is the quantity more directly associated with the particle 

(photon) in the theory. In fact, the renormalization of 

quantum electrodynamics (QED) makes specific use of the conse-

quence of gauge invariance, namely the original Ward identity: 

In the n8nabelian version, the renormalization is more 

complicated, 3- 6 and again the consequence of gauge invariance, 

now in the form of the generalized Ward-Takahashi (WT), or 

the SlavnoJ identity~lays a critical role in the execution 

of the renormalization program. The nonabelian nature of the 

theory necessitates the introduction of ghost fields, which 

transparently manifest the lack of positivity8 peculiar to the 

theory. 

It is this very lack which allows a desirab~ state of 

affairs to emerge. People have been interested in the large 

momentu~ (ultraviolet) behavior of field theories, and have 
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found that a useful tool for discussing these behaviors has 

been the renormalization group differential equations 9 

satisfied by these theories. The asymptotic behavior was found 

to be determined in terms of the fixed points of the Callan-

Symanzik function ~(~ ) It turns out that there is 

always a fixed point at the origin, 6 and it is then possible 

to determine the asymptotic behavior from the information 

furnished by low-order perturbation theory, presumably valid 

at that point. 10 The catch is that the ultraviolet (UV) 

behavior is determined for a neg~tive slope of 
1
3(&) at 

g = 0 , and the infrared (IR) behavior in the case of a positive 

slope. These two cases are referred to as UV and IR free 

respectively. By positivity, all known field theories have 

a positive slope, all, that is, except for YM theories, many 

of which have indeed a negative slope and are therefore UV free. 

Thus YM theories occupy the privileged status that their 

true 10 UV asymptotic behavior is easily determined. In 

particular, the renormalization constants are known 
1 1 exactly, so that it is now possible to scrutinize the 

renormalized field equations of the theory for any new features 

arising, so to speak, from renormalization. 

We have performed just that, and in this paper we report 

on one aspect of the investigation. The renormalized field 

eauation is invariant under .£:..!}_additional symmetrv, namely, 

that £[ ordinary abelian gauge tranformation. Moreover, the 

nonabelian gauge theory satisfies a set of abelian WT identities, 

valid at all energies. 

The existence of this symmetry arises from the fact that 

the renormalization constants can be computed exactly 11 in 
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these UV free theories. ~nen a particular constant or relevant 

ratio vanishes, new symmetries can arise which are not present 

in the classical Lagrangian. Such new symmetries are a conse­

quence of renormalization, and furthermore are not present 

order by order in perturbation theory. In each order, the 

renormalization constants are infinite (when the cutoff tends 

to infinity) and it is only the sum which may become zero. To 

deduce the presence of such a symmetry, the group transformation 

must be interchanged with the cutoff removal limit. This means 

that suer. symmetries bave a distinct, and perhaps more specu­

lative, status than those which are present classically and in 

each order of perturbation theory. Since Green's functions 

can only be computed asymptotically in the relevant gaue;e theories 

the existence of the symmetry can only be directly checked in 

an asymptotic limit, although the symmetry is predicted to be 

pre~ent at all energies. 

The route to the emergence of such renormalization symme­

tries is indirect. First we use the known asymptotic behavior 

to G8lculate renormalj zation cor.E.t,ant.s. The obtained (suitably 

vanishing) behaviors of these constants implies the presence of 

(usually spontaneously broken) new symrnetri es and the ror seoyences 

of these symmetries are valid at all energies for the exar:;t 

theory. 

In the c:ourse of 0ur analysis we have found it expedient 

to work with field equetions, commutation relations, etc. obtained 

by canonical manipulation of the Y'M Lagrangian with ghost fields. 

The Slavnov identity, as an example. has been derived in this 

manner .from the field equations. Thus we feel confidert that 

the physical contf>nt of the Y11 theory should be embodied in its 
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local field equations, so that the symmetries present there 

should be true symmetries of the therry. 

In Sec. II we discuss in general terms how statements 

invalid in the unrenormalized theory can be valid as a consequence 

of renormalization, and cite previous use of the technique. 

Sec. III contains a resume of nonabeli.an gause field theory 

i.n terms of field equations as well as functionals. Sec. IV 

introduces renormalization constants, and the Lagrangian and 

field equations are rewri t.ten in terms of renormalized fields. 

It is shown how these constants are computed via the renormali­

zation group equations, with gauge-independent results. In 

Sec. V we show that the renormalized field equations and 

Lagrangian are invariant under an abelian gauge transform-

ation on the renormalized field. We deduce the WT tdentities 

associated with the abelian gauge symmetry both via equal-time 

commutators and by the use of functional methods. '!.'e diFC11SE: 

thei!" consistency with the nonabelian VIT (Slavnov) identities 

usually obtained. Sec. VI concludes the paper. 
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II. SYMMETRY AS A CONSEQUENCE OF RENORMALIZATION 

Before becoming entangled in the complexities of nonabelian 

gauge theories, we will illustrate our ideas in a simpler context. 

Consider a typical term 

( 2 • 1 ) 

in a formal renormalized Lagrangian or field equation. Here 

A(x) is a renormalized quantum field and Z is a combination 

of renormalization- constants. In the cutoff theory, both Z 

and A2 have expansions in powers of the renormalized coupling 

g: 

.. 
:::z = l CK) = z f' 2. ( K) ' 

"' 
(2.2) 

t1-=o 

"' A' (1) L. " 6 (.:ji<), - ~ "' 
(2.3) 

>~=0 

where K is the cutoff parameter. In each order of perturbation 

theory, the renormalization constant Zn(K) and the ordinary 

field product are divergent when the cutoff is removed: 

Z,CK) ' 
(2.4.) 

C'' (x · I(\ ., J I 
0() ( 2. 5) 

Typically, in a renormalizable theory, the divergences become 

logarithmically worse in higher orders; e.g., 

Z, ( K ) ,__ Q (R" K ) " . 
" 

( 2. 6) 
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These infinities combine with others to produce finitP (for 

K -7 "' ) expressions for the reno:"nal ized Green'" funct i .~ns 

in each order of g. That is, 

~ <-o\ T A!r,} 

exists. 

I h d th . ('11)h-- ; .. +-" n eac or er, .e express1nn \<. • • c.S nn .nl-ero~ .. ln[ 

symmetry property. For exa~pJe. unrie~ the ''R transfcrm2t!0n'' 

'( "' Co nst ) 

one has 

] (A ) _ 7 1 (A +r ) = l-CA I t- 1 r l A!~) + r, l ) (2.fl) 

so that 

l-CA t r) - } ( A) ' 

under (2.71. NoW suppose th8t th9 

sum (2.2) vanishes when the cutof~ ~~ ~o-~vPd: 

Then 
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and so (2.1) becomes R symmetric in the exact theory. 

In the above circumstance, a new symmetry can arise as a 

consequence of renormalization. The R symmetry is a typical 

( spont.aneously broken perhaps) symmetry which can arise in this 

way. Such symmetries imply interesting WT identities and low 

energy theorems. ConsidP.r. for example, 8. formal field equation 

of the form 

OA-= [ A 2 ~ ~(A,--·), (2.12) 

with -§ (A , -· · ) R invariant. If Z = 0 as in (2.10), 

(2.12) is R invariant in the exact theory even though it is not 

invariant in any finitP order of perturbation theory. 

A more precise formulation of such possibilities can be 

given in terms of finite local field equations. 12 • 13 Eq. (2.12), 

for example, can be given a mathematical status in the form 

with 

)J. (2.1J) 

Here, in each order of perturbation, z( 5) is a well-defined 

function with singularities at s = 0 corresponding to 

(2.4): }(G)="2_(,c) 

j(x) ---'7 J(t) + ""' 
R invariant. If (2.10) 

= :JG Thus, under ( 2. 7) , 

and the field equation (2.13) is not 

obtains for the exact theory, then 
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(2.15) 

[this zero cancels an infinity in the field product 

for S -7 0 J and so 

JC~) --7 L [t(~) ,A(Hfl A(,) +- f), fA, ···I 
~~c ~~ 

+ hru A(~+~~.,+ ~rn ,A 1,) + ~<n ".,_J 
(2.16) 

=5Cy..), 

an1 the field equation becomes R invariant. 

The finite field equation approach to ordinary gauge inva­

riance in OED proceeds in precisely the same way. 12 There 

the Maxwell equations read 

= ·~ j!"(~; ~) 
~-')0 

"' Q;""' [1l~) t l~+~) l t (y) + .. ·] • 
"s-"o r 

Under a local gauge transformation, 

with 

}(1-;l-) r ; , 

K 
r 

( '1- . 
) 

J t "~- ; ~ ) + R (-.: ; ~ ) 
r r ' 

0 ' 

(2.17) 

(2.18) 

(2.19) 

Eq. (2.12) is thus eauge invariant and this, together with the 

analoeous gauge covariance of the Dirac equation, is equivalent 

to the gauge invariance of QED. Note that here the gauge inva­

riance is true order by order, whereas (2.17) was only syErnetric 

for the exact theory. 
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In the following sections we will apply similar considerations 

to nonabelian gauge theories. ',ve will argue on the basis of 

formal field equations of the form (2.11). We are confident 

that our conclusion would also follow from using the more mean­

ingful finite local field equations o.f the form (2.17), although, 

because of the complexity of such equations in YM theories, 

we have not shown this in detail. It is our basic assumption 

that such employment of the field equations to determine the 

symmetries of the theory is legitimate even for the exact theory 

in which results of the form (2.10) are valid. 

In a nonperturbative context, we have previously used local 

field equations in this way. 14 There we studied the problem of 

consistently incorporating scale invariance in operator product 

expansions implied by canonical commutations. In a 

theory for example, it was shown that there must then exist two dis­

tinct operators j(x) and k(x) of scale dimension two, which 

form a two-dimensional reducible representation of the scale 

group. They appear in the short-distance expansion of 

cpCx_! Cf ( o I 

"f.-7 0 

and they transform under a scale change as 

Ia <~ n 
j 

Lt-(KJJ 
v-I = 

p f 
'- 1 t<P. ~ 

L~r j(fx 1 "" 

(2.20) 

(2.21) 

The transformation law (2.21) enables the presence of logar­

ithms in (2.20) to be compatible with reducible scale invar­

iance. From (2.20), j and k have explicit representations 
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i (~) "" 

ac"'1 ": 

<jl 

L 
s""' 0 

~ 
~--?0 
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<p(v..+~ )cp()<); 

-\~.e...~,-~-\,_ 
7 

(2.22) 

-';:-[crt~~-~~ tf(~): -(A, Q,.,x'-d,1Jrx)J.(2.23) 
I I 

The two expressions highlight the very C..i.stir.ct manners the two 

and k beh2ve und<?:r ,sr;, R tr-A.r.sfnrmat inn 

because of the pre!ence of the singular 

function in thP deno~i.n?t0r in (2.?2), j(x) is R invAriAnt, 

while k(x) is not. Now from reducible seal€· invariance only, 

j(x)j(O) has the expansion 

----'~ _I_ 

~· 

I 

1" 
.R_ (o ) ' 

(2.24) 

which is not a canonical structure because of the presence of 

logarithms. If, however, we have taken measures to implement 

R invariance in the system, then R invariance can be applied 

to the expansion (2.24). The result is of course that the R 

noninvariant k cannot appear, so that b 1 = 0 , and the 

expansion then assumes a purely canonical structure: 

(2.25) 

In this modeJ, R invariance combined with reducible scale 

invariance assures a canonical structure for the operator 

product expansion of composite 0penetors. It provides a 

mechanism tc re~oncil0 canonical Bjorken scRli.ng ~i~h greAter 

than free-field singuJari ties in fLe1 d products. 
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III. NONABELIAN GAUGE THEORIES 

The clBssical theory of nona be] ian gauge fj_elds is specified 

hy 

wherP 

I 

'+ 
( 3 . 1 ) 

wit.h fahc the structure constants of the gauge group, and 

g tho hare coupljng constant. Sometimes we write 

(3.3) 

vle define the covariant derivative 

1 ob -.,1- fa.c.b t "\ 
a o + q A (~ ! 

7 I" r t 
( 3. 4) 

anrl the Lagraneian is then invariant under the infinitesimal 

£BUEP transformation 

A"' !'1-! -7 
I' 

A c..!x I + 
r 

where ~ (;~.) is a c-number function nf spacetime. 

define 

--') 

(J v AI' (x ) 

By antisymmetry, 

(3. 5) 

We also 

( 3. 6) 
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r v _, 
d 0 f (¥._) 

f'v 
= 0 ) 

0 

By virtue of the group-theoretic structure of 

G c .t (.._) 

!"" 
0 ) 

--'! 

and (3.9) is valid for arbitrary AI" (:x) 

(3.1) yields the classical field equati~n 

" Q (Y..) 0 . 
r• 

(3.7) 

(3 .8) 

, we have 

(3.9) 

The Lagrangian 

(3.10) 

Note that no use of (3.10) has been made in deriving (3.7)-(3.9). 

Naive application of canonical· quantization to (3.1) leads 

to contradiction. 4- 6 It is necessary to introduce a gauge-fixing 

term in the Lagrangian, and the associated term involving 

fictitious, scalar, anticommuting ghost fields. For calculation 

of Feynman amplitudes, it is most convenient to choose the 

gauge function 

F [A] 

and one gets the modified Lagrangian 

= t. (-t.) 
d. 

(3.11) 

where is a constant (unrenormalized) gauge parameter, 

and c 1 and c 2 are anticommuting scalar ghost fields. Now 
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(3.~4) 

In order to discuss the jnvarjil.nce of t.he qwmtiz.ed theory 

rr~ntinn of the sy~t.t:>m. Vr1riai:i0n of -the pffective Lat::rangiRn 

t.('f.) ('1.12) sives the AI" fiP}d "qua+i0n 

'f 
"F 

whprP 

D 
I 

o Jjv c,'o(~) = 0 

r "" 

' -,-r:r P.rl<iinc · 

- y -= ,t ~ 
/" 

-::: iL d r 

:Dr ti' 
) 

l ~ 
A (J.. 

;"'-
T" ) 

(3.11)) 

(3.17) 

(?.'8) 
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and Ta are the fermion representation matrices. The field 

equation would now be 

(3.20) 

with given by ( 3. 12) . Here K1(x), and 

are clRRsical external sources 

J (X) ' 
I' 
coupled to t.he respective 

fields. The connected parts of the Green's functions are then 

generated by 

z [ J J - ~ w [J, ... J (3.22) 

r cc]. lj 
In crder to discuss proper vertices, the functional ~c is 

introduced viR the· Lec;endre transformation 

(3.23) 

and w12 have 

7 
(3.24) 
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(3.2~) 

The non?.helian gauge invariance of the Lagrangian leads 

to the generalized WT identities connecting unrenormalized 

Green's functions or proper vertices. To derive these identitie~, 

we perform t.he gaue;e transformation ( 3. 5) on the intee:ration 

variables jn (3.2~). Tne only change in the integrand 

cncces from tl>e gauge fixing t<erm ;,nd the source terms: 

W [J~ !<" K.loK,~o "? S [a A] [d c,J [d cL] 

'f.. ~x.r ~st.l~x{t[rlt [-rJ-'I·A ... Ix) Jt + 

-t ~ f~bc[a,.. c,b(~)J (l.cU)- };(~)] JJ~ {' wl. 1:~-)} 
(3.26) 

The transformation of the integrat.ion variab1 e does not Bffect 

tho value of the intee:ral, and so we may put the coefficient 

:>f ':he arbitrary function {..) (x) equal to zero. In this way 
b 

•,·e obt:ain 

0 -:= 

(3.27) 

+ 

For the three-pnint 

= 
T)'"' D() \ ,, r -P<. 
, 1.1,r n o'\ 

' ,.. y' ! ' ' c ) ) 
p' / 

(3.28) 

is 
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the proper vertex for 

related to the proper vertex y 
v· 

for the coupling of R YM 

particle with two ehosts by 

().2'l) 

The above identity (3.27) can also be derived usine the 

equation of motion approach. Combinine (3.10), which is a _., 
consequence of the gauge covariance of (f rv 
equation of motion (3.15), we have 

, with the 

Using (3.30), and the equal-time commutation relation (3.13) 

and (3.14), it is easy to deduce the WT identity by pulling 

derivatives through time-ordered products: 17 

~[<o\T~c<~ 4(r-y) Act-ilo/ + <oiT~(3d'4Cx-c)Arq)lo)J 

IT 'i:c.rr ......, ' /tr;,(~\ A('>("\ lo) ('3.3') - 1 <o, ,;_) L"r c, (K)j x(,c~} J I c) ) 

which is identical with the result of te:kinc: functiona:. 

derivatives twice on (3.27). 

Thus the use of functional integrals and of equati cr.s o" 

mo~ion are ec;.ui valent for deducing ~h8 cnn.sequence.c:: nf nonPtPl·i :-:r' 



-19-

gauge invariance. A symmetry that exists on the level o.f 

equations of motion should be explaitable also in the functional 

integral framework. 

IV. RENORMALIZATION AND ASYMPTOTIC FREEDOM 

The nona bel ian f::B.uge fj eld t.beories havP been shown to 

be renormal izablP. VTe ,.,,,, express the LBgrane;jqn in terms of 

renormalized fields R.nd co1;pl ine constants through thP i ntro-

duction of renormalizfltion constants: 

-;..1-- t.Y, -"r-

"" A 
' 3 R 

(4.1H) 

t ll, 
yl. 

+~ - ' 
(<l.1b) 

-" -zx _, 
1 )1.. ) (,. - c. R ) L ~ 

l 3 l 
(4.1c) 

Z, 
~ ~ ) 

2 l/,_ 
3 

(-1.'d) 

- 1:-~ rJ..R ) 

and we also have 7 · 
1 6 ) 

~ 

_b_ 21 
- ~ 

( L. 2) 

:2 ?.1 '-J 

as a consequence of non2helian gauge invariance. The r~nor-

mali7ed field equaiion for ~augP fields interacting wjth 
. ~ 

fermj_ons would be: it~ 
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( L , L ) 

' ['~\, r -z, f"'l> " J ~ o o "d + - q A ()<.) c l"') = o, r t~ JR c~< 211. 

y I~\" . 2, .... Ar () _,TJ , 
I I I! - .( - q " '1- • tJ., ()< J = 0 . 
tL t. d~ " 1~ , 

3 

( ! • • 6) 

In tP.rms of renormal.i 7-ed fi.elds, "'";·p I <~cc-angian is 

Similarly, for thP. functi.on&c. ::.ntee;r:;J approech, if v1e 

make the scale change 

~r - YL __, 
~ I r J - "C.> ~R ' 

( 4 • 8) 

~ _, 
itr --, YL 

J 1:: R 
r ;::: 

c3 ) 
(4.(l) 

in the definition of the generatint: fu:;ctionals. then t:1e 

funct.ional derivative,; v;ith respPct to these renormalized 
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quantities would give the renormalized Green's functions and 

proper vertices. 

All the Z's occurring can be exactly computed from 

perturbation theory via the renormalization group. We 

briefly recapitulate the results here. The renormalization 

constant Zi as a function of 1_ " j<.. j M where K is 

the cutoff and M is the subtraction point, satisfies the 

differential equation 

0 -+ A\~ ' o(~ I 1._ 4-
1- ~ 'Oj~'-

"/ (q-R' 0 R J rJ. .l_ 
3<./ Root 

t '{_;_qf?.,o<R}J l.;_("'1_,jgr o(R J' 
(4.10) 

where 

~( d R. ,r:J..~) I ~R 
- M _1_ I 

oM ' ' 
-'((~fl.· 0(~) 

I z. LQn 
" (4.11) 3 ' rf.. 

These parameters can be obtained by low-order perturbative 

calculations 

' 
4 
3 

(4.12a) 

( 4 . 1 2b) 

'I ( q ~ "\ ::: ~ ,/ ou -~ (!' \ c % [ J ( ) 
I \ J R' ~ J ~ 1l < <:, 2. !<- j 1 - 3 2 ) 4. 1 3a 

2 

Y,_(jR,d-.JZ.) - -k ()(.{<. S'/t I) (Ll.13b) 

%11., 

R 
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2 

\ (dR I dR) ::::: ~ [\ll- d ) c, 
'- 3 R 

)?1[ 
,.._ 

-=3/ 01 ( ~f.( 1 C(R) =- otR c., ) 

~1( 
2. 

~ ~ 12. ~ y 
3 (~JZ ) olg) = 0-- otR 

~11 ).._ \2. :L 

where 

S U·) ~- · 
l. ~; 

For UV freedom, we need b ;> 0 

c., 
I I 
'-t 

1 c~ J (t.13c) 
3 ' 

(L.13d) 

) c., ' (4.13e) 

(4.14a) 

• (4.14c) 

, or 

(4.1 :) 

We can distinguish two cases, depending on which fixed point ~c 

the effective gauge parameter a* appro8ches: 

{" ~ ~ C'l. I~ 

- 3 ' 
... < 3 c, l' c, 8' 'X ? 

c. 0 if "'• .!...}_ (4.17) , c, ::> P' • 



-23-

To calculate a quantity like z1;z3 
occurring in 

(4.3)-(4.7), we notice 

L 
~ <+I> 

~ \kfl 
c3 ,~ /}Q 

where 

1 

. Thus, for 

'( 

and, for 

= (- ~-

a = .!..l. 
c;. 3 

11 
: - 3 

a = 0 , 
c 

~ 
3 

c, 

'{ 

We thus conclude that 

= 

~,_c J c 

.s_ 
c, > 

+ 
4-

3 

0 

' 
(4.18) 

\ (4.19) 

c2. ') (4.20) 

(4.21) 

(4.22) 

and (4.22) holds for all choices of the gauge parameter ~ 

Other ratios of Z's can of course be computed in a 

similar manner. For example, 

31_ 
0 

'2. - ') 

~3 
(4.23) 

r--

~ - 0 
2.3 

) 
(4.24) 

all valid for any gauge parameter. 
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V. ABELIAN GAUGE INVARIANCE 

By abelian gauge transformation we mean the transformation 

on the renormalized fields 

( ;; • 1 ) 

_, 
with AC~) a c-number function, and no compensatory change 

is made in any matter field interacting with the YM vector 

field. When we make the transformation (5.1) on the various 

terms in the renormaliz.ed field equation ( 4. 3), the change in 

the first two terms are 

= d r o i\ fl<) . (5.3) 

The other terms in (4.3) are of course unchanged. Similar 

considerations apply in the transformation property of the 

other field equations (4.4)-(4.6). As we already discussed 

in Sec. II, the product ( Z.(r 1 ) Ar l"-) A J"') is a finite 

local operator, and so if z1/z3 
-7 0 , we must have 
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( 5. 4) 

Thus the right-hand side of (5.2) vanishes as a consequence 

of renormalization. The only term in the renormalized field 

equation (4.3) that chRnees under the abelian gauge trans­

formation ( ~-. 1) _is then the gauge-fixing terrn, as given by 

(5.3). Similarly, the field equations (4 • .1)-(4.6) Rre also 

invariant. Thus we have precisely the same situation as in 

an abelian gauge theory like C·ED. 
1 9 

Similar considerations apply in performing the abelian 

gauge transformation on the Lagrangian (4.7). The rule to 

be observed here is that any term that gives zero contribu­

tion upon variation to the equation of motion is dropped. 

For example·~ the ghor'lt term gives 

b i 2~:3 CJR [iJ/'7,,t~) )1._ c:fi(J<) J . A~(;<)} 
(5.5) 

and this term gives a vanishing contribution to the ghost 

equations of motion since z1/z3 
= 0 . The (G )2 and 

f'-V 

the fermion terms are 1_ikewise abelian invariant. The only 

change in £. ( x) tl1Us c orne s from the gauge fixint:; term 

---> ~ 

o-A • o A (5.6) 

1 a 
Again, (5.6) is identical to what prevails in QED. -

The origin of the abPlian invariance is more transparent 
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if we consider the non~belian transformation (3.5) and express 

it in terms of renormalized quantities: 

..... 
If we now c-hoos" w [~) 

is a finite r-nurnbe" function. and usp Z1/Z, = 0. (c.7) 
/ 

becnrnes t.he ;;l--el i_8n snu::;e tr8n.Sf0~T.1~tjor. (~. i) 0 GivPn th2t. 

(~.7) Is A symmetry transformation for all 
~ 

w (><.) , this shows 

that ( ~·. 1) is a symmetry trensforrnation for all finite and 
__, 

smo0t.h f1.mctions ;\''f.) In view of thP unrenormali zed fermion 

transformation law 

-'7[t-l; (5.9) 

and its renormalized counterpart 

_.., 

lf R ( ""} -'> [ I - t ~ T Y. ;:; (lc.) J \( R (I<) ) ( 5. 1 0) 

we see that in the presencP of fermions the ~ppropriate 

~beli~n transformations are (5.1) and 

(5.11) 

It miE;ht be instructive to compare the situation with 

what prevails in OED. There the gau£e tr;cmsfo:rnoat.ion 
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expre>c s"'ri in ".<:;rms of rennrl"l:sl i?ed quanti ties wou1 d be 

(5.12) 

(~.13) 

w (y_) 
I (5.14) 

makes thP sauge transformatior. form invariant under renormali-

zation. The point is that in QED the ·ward ident.i ty mandates 

the s8me -r<>nor~aljzation constant z
3 

for beth coupling 

const'lnt ,,ncJ photon W'lVe funr;tj0n renrormalizations. 

Th<?"'e <>re 0f r:ourse further implireti.ons of invBriRnce 

under ( ~. 7) . ThPse corrPspnnd t:o nth"r choices fnr (j (x.) . 

is chosPn so th8t (~.A) is R finite 

2, 
= 

currt?:J.l-, 



-28-

and .,.,.,;_ te down the divergence cordi ti.on for i.ts time-ordered 

products with n vector fields: 

t ot ol.~ ( ' ' --, 
o,....<o\Tj._C-t;A.,·,r~.) --· Ab~ ~n;'o~' 

" r I, - -<· l "" - L <o 1 {" ~c~·- i; ') T 1 if (A'v 1 G rvl ,.I xi, 1\~ (~;) -J 
A={ ~ 

+ r~_-' [dr (}.f,(ACx.), A:~(~;)]+ ~~drC 1 1c,_),,f"), A: (j~)J1 
, 

l( 

/' 
rJ, 

A A (t.j-J 
b · o• 
' 

(5.16) 

"· where the hat over A ' ( ~; J indicates that it is on:i tted. 
. b; 

We can evaluate as usual the equal-time commutators involving 

the unrenomalized fields to gi.ve
17 

rl 

d <oiT 1,...(x) ltJ'(Y,) ··· /lb ... (t.J.,.)/o) r o .. b, u • o 

" Gel· '1- A"''( ) 
= -;. ~ zo l T JJ •. ~ cv..- ff; 1 ~o, ~, 

\.. ::.-( 0. ~ oil 

/'--.. rl (5.17) " ... Atl~r~,) ... A "'q,J I 0/. •· ~ .. 
" 

'(e now write (c. 1 7) in terms of r8nOr'!l;oli.zed operators, w! th 

and we get the renomalized version of (S.17): 
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:::: 

/' 

'~--~~(~-~:}A"'' (i·J··· A::,/~:) 
b, R • 

rJ 
A~ I~Jio).c~.1s) 

·~ Q 

Because of the vanishing of z1/z3
2 from (4.23), the coupling 

cons+rmt. rlPpendent terro disappears, so that ( :;.18) is in 

effpct an abelian \vT identity. In particular, 

0 ' (~.19) 

(:'.20) 

Tl>us ae;ain the thecry shows abelian features beyond ordinary 

nPrturhst~nn theory. 

Fin?lly we shall now derive the WT identities correspond­

ing to the abelian gauge invariance using functional methods. 

\"p rer.:e] l +he e;enerat ing functional 

t (x_) given by (t.7). As we saw earlier, the transfer-

motion (•.1) on (~.21) gives 
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The transformation of the integration variables leaves the 

value of the functional integral invariant, so that we must 

have 

r- L rJ....'{.._, o a 
L ~" r J c.,.-; 

r~'-

The result is more conveniently stated in terms of proper 

vertices. The Legendre transformations (3.23)-(3.2:) give 

o-r 0. 

Eqs. (5.23) and (~.24) are just the WT identities for abelian 

gauge invariance. 1 9 For example, for the nmormaJ I zed n 

point proper vertex, we have 

lv>) .•. ,. ••. r (···,o, ... ) ~o' 
R 

l\ ";> 2) (:'.25) 

etc. 

Finally, let us note that the consjstency of (5.23) with 

the nonebelian WT identity (3.27) W0lJ1 ~. r'-"fJ.Uir::-> ? nPVl :rP] ~t i ('rl 

\ t ;;- [o<R -t ! 
__, 

~a,_ - jR(}.)l 0 ~ ...; 
~{<. 

X 
~~K(><) l 7. 1h rJ C'~-) )- -.J 

3 ?R 
!'- f ?, 

[ ~r ?., ~J 
. ,.. 

+ ~~ + dR ..., d 
7. y.,_ 23 J Jf (-,.J 

J ~ 

~ I (c .• 26) 
0 0 s W [ J, 1\,, It ] . X - K, tZ (x) 

)( 

f 1<, i< lJ<.) 0 

The abelian identity ( 5.25) g.i ves z~ro for both sides of the 

Slavnov identity (3.28), so that (3.28) is satisfied tr.ivjally. 
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VI. DISCUSSION 

The UV freedom of YM theories is seen to give us precise 

inform?tion on the singularity structures of the theory, and 

that enables us to draw conclusions valid at all energies. 

The very feature that allows this to be done, namely the non­

abelian nature of the gauge group, itself disappears from the 

WT identities, usually reliable indicators of the presence of 

a group structure. This is of course connected with the 

intrinsic link between the nonabelian group structure and the 

interaction: they occur as the product g fabc The UV 

.freedom means that 
20 

g can be neglected somehow, and in those 

cases the theory also behaves as an abelian one. 

We should reiterate the warning that our approach is not 

rigorous. The field equation we used with explicit Z's is 

a crude instrument indeed; limits are freely exchanged whenever 

21 necessary; 1:he nse of functional methods is formal at best. 

We feel thAt the derivations are plausible. 

The abelian nature of nonabelian theories would have 

other consequences; these are being studied and will be 

reported elsewhere. 
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