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Abstract

We develop the Mueller—Regge formalism for inclusive photo— and electroproduc—

tion of pions in the photon fragmentation sector. We discuss under what assump-
tions about the analyticity of the six-point function one can derive a Sommer-—

feld-Watson representation, which involves integrals over the crossed-channel

helicities.

In particular we examine the properties of the so-called helicity-pole limit
(H.P.L.), whichis relevant in realizing the Mueller-Regge expansion in the frag-
mentation region. In the case of the four-point function there exist relations
among the s-channel helicity amplitudes at high energies, if only Regge singu-
larities of definite normality are exchanged in the t-channel (Stichel Relations).
One of the main points we make here is that in the case of inclusive distribu-
tions, these properties carry over to H.P.L. if we take into account only the
leading helicity pole. An important consequence of these relations is that the
inclusive photo-production distributions vanish as k% + 0 (kT being the

transverse momentum of the pions).



1. Introduction

In recent years much work has been done on the phenomenology of inclusive di-
stributions. However although there have been a number of attempts to under-
stand the detailed way, in which a Regge expansion arises in the case of an in-

1’2’3, some aspects of this problem have not been adequate-

clusive distributien
ly treated. In particular, when we include external helicity, it is important
to see if and how those properties which one normally associates with a Regge
pole theory of a two body process, carry over to the case of an inclusive di-
stribution. Photo- and electroproduction have always been a good testing ground
for the helicity dependent properties of Regge theory4 and for example, it was
pointed out be Stichels, that when definite normality is exchanged in the t-—
channel, certain linear combinations of the helicity amplitudes vanish. This
has the important consequence that the unpolarized differential cross-section
for photoproduction vanishes a36 t > 0. In a previous work7 we argued on heu-
ristic grounds (by using elementary exchanges) that completely analogous rela-
tions exist for inclusive photo- and electroproduction of pions in the photon
fragmentation sector. Further we showed in reference 7 that as a consequence of
these relations in a purely Regge pole model the inclusive photoproduction di-
stributions of pions vanish as k_, >0 (k

T T .
the pions). Experimentally8 this and related properties are not in evidence and

being the transverse momentum of

it was concluded that absorption corrections (i. e. Regge cut contributions) are
needed in order to reproduce the data’. In order that this interpretation is
really binding it is necessary to establish that the symmetry relations men-
tioned above are indeed a property of the inclusive distributionms. We shall
attempt here on a more formal level to establish the Stichel relations for in-
clusive photo- and electroproduction of pions. This we do by deriving a genera-
lized Sommerfeld-Watson representation of the inclusive distribution, starting
from a model of the analyticity of the corresponding six-point function. Our
analysis differs in certain important points from feferences 1 - 3 and is most
directly related to the approach of White developed for the five-point func-
tionlo. The latter involves a direct generalization of the usual Gribov-
Froissart continuation of the partial wave amplitudes and Sommerfeld-Watson
transformation of the partial wave summationll. This approach is the most appro-—
priate if one wants to examine the helicity dependence and the symmetry relationms
that arise if the process is determined by Regge poles carrying definite quantum

numbers, in particular normality.



In section 2 we review the definitions and kinematics involved in a Mueller-
Regge analysis of inclusive photo— and electroproduction of pions in the photon—
fragmentation region. In particular we shall recall why the relevant asymptotic
limit for the missing mass discontinuity is a heliecity pole 1imit1’2’3. In sec~
tion 3 we derive the generalized Sommerfeld-Watson representation and discuss
how poles in the complex angular momentum plane determine the asymptotic beha~
viour in the helicity pole limit. We discuss the crossing and normality proper-
ties of the helicity amplitudes in section 4 and derive the Stichel relations
for the inclusive distributions in the helicity pole limit in section 5. In

appendix A we discuss the model of the analyticity on which our analysis is

based.

2. Definitions and Kinematics

The essential idea behind a Regge expansion of the ome-particle distribution

Yp > "X 1is to assume that the t-channel six-line function (fig. la):

(2.1)

*) _
Ti',a =7 ( YOA) + T(-k) + Y (-1X) + TH) = Pp) + m»o)

can be related by crossing to the physical region of the six-line functien in

the s—channel (fig. Ib):

(2.2)

= T(X(%l) + P(p) + ) —=> YGN) + p () + "c'@“)

(s)
xh A



The latter, through the Mueller optical theorem, determines the one-particle

distribution, i. e.

3 - . (s)
24,47 _ ! Disepa 1, , (2.3)
BE = AZ?:\( R IREYE )4'4;P-fﬁ7=7’

(where Feff is the effective flux factor for the virtual photon7).

In both (2.1) and (2.2) it is understood that we averaged over the proton heli-
cities. The configuration in fig. la will be referred to as the crossed channel
(or t-channel), while fig. 1b shall be referred to as the direct chammel (or

s-channel) of the six-line function. A symmetric set of four vectors and inva-

riants for the various channels are defined in fig. le, so that

$= (p+7)2'
s'=(pee)
SeMg = (pra-4) = (prad
(A=t 2g) = (3-65)"
s, = (p-p~9)° = (7+&) (2.6
s, = (A-4')
t, = (1-4)
t, = (7-4)
t, = (r-P)

S

For defining the kinematics of the crossed channel partial wave expansions we

need the cms systems"!", "2" and "3" which are defined as follows:



L]

1" cms of YA T(4) [?+(—2)=0] (2.5)
Q4 = g-4 = (Va)o,o °)
- (5,7), 1- ,a,-, - (a%) , 7 = g ALt
C G T) ) & (g, f g (uooier)

N, U

2" cms of w)y(-9.x) [ £ +(-3)=0] (2.6)

Q, = 4-9 = (1&g, 0,0, ")

2,0 1 % . Liﬂf .
"= (-5,7) , §= L <(an), Bl X (im)
4 = (Ei,', -?h) )y =9 —md) b"‘.},"‘;;( “‘”rz"?")
"3 cms of p(p)Fep) [ P =0] @.7

& = p'=p = (Vg)cr,cr,oj
'F’ = (E?") F)
P ("EP)P) ) ﬁ’;’g‘ = (63)(7%)

The center-of-mass systems "1" and "2" can be reached by boosts along the z-

P = BL(%) (VR 0, 0,0) = (V cosh e, 0, 7, V5 sian)

: QLS = —Bz CX") (V;;) 7,9 OJ) = (VE COSA’XL) 0’) C,") V?z-‘ SMAX“)

(2.8)



The boost parameters )L and ?Q_ are related to ts b, and t; respec-

tively by .
% , A Gty ts) [ty t -
smh Xy = (A-(*';*z;fs)/ffé,fg) , smhX, = - (b, ta, %3) [ 4204
(2.9)
so that from (2.8)
af + @z.s = (\/E COSAX, + Ve COSA,X,,,) d’) 0’/ 0’) (2.10)
We define |

C; = cosh X, , S o= sk X, (2.11)

Then the four vectors q, k, k', q', p and p' are represented by:
P

= ( &+ S, lcasg, , I%Isda G, cos g, | 127’13»;. b smb, GG+ c,ty“':casé,)

it

1
4 (— CiEy + 5;!%/0039,) I%Ié‘w}é, cos ¢, I?ISMH, St i, )-\S;E? +CI,§I¢OS@

I = - I+ S -’;609@1 f’isw; 94 coS¥, l;fs»i 92' Sh:t"??_) —‘S;E;: +Czl‘f/c°394,
i G G +Sfpieosl, 17 ) _

4 = (CL Ee! + 5;/;’/@56}_) /;'/s,,.;@_ cos ¥, lglsm b, swm<f, S & +_Q/7'/<:os@)

(2.12)

p = (..E,, ) [Ptsm Oy cospy | IPlsmby smp I7o/cos93>

o= (EP S 1Bl By cospy , Plsmbs s, ,Ifolcosé_g)

For defining the t-channel partial wave expansion we use the eight variables
t1s tps tg, 91, cfl, 92, ‘fz and 93 (2.13)
and for the crossing to the direct channel the set of nine symmetric invariants

S, 85 S, Sy» 5o, Sgs tys by and t3 (2.14)

defined in (2.4). Only eight of the above invariants are independent, there
being one nonlinear constraint (arising from the dimensionality of space-time).

We can avoid this constraint by restricting ourselves to a sub-manifold, in



which the four 4-vectors, whose associated channel ipvariants are all t-variab-

les, are linearly dependent (see section 3 and appendix A). The nine invariants
(2.4) are related to the eight variables tys tys ta, 9], Cfl, 92, sz and
93 {by setting <P3 = 0):

S—m-q% = 2pg = - 25 (C’E7 +5}l7+/cas9,) - Zﬁ”?/ Swbs Smby cosp
— 2[?[ COS&; (,S; E? -+ C,/?? COSQ_,).

S _mz_7 = .2/.'){‘7’ = — 'ZEF‘ (C E7 5 /7:/ cosQ,_) - -8/;://7'/ Smby Sm@, Cosgo
+ 2 Il cos Gy (S_;E.?' - G 191 Cosé,,)

I

M2 mPrt, — 25V o+ .2,!/3.1 V¢, S, cosb,

Sy = ty +9% = V& (C,E + S Bl cosdy)
(2.15)

S, = '(,Ls + 72' — &VE (Cx. Ey’ "“S,z, /?7 cosé&)

L mgt + 2 (C Ee - & I?j’lcds@,)(c /7*/@39)

+ L @IF sy smb, cos(B-7) — 2( 5 E~GIFl cos é)
(6; Egr + G I3 COS&:,)

Double and Triple Regge Limits

We are interested in the Double-(D.R.L.) and the Triple-(T.R.L.) Regge limits

of the forward direct channel amplitudes defined above. These are given by:
D.R.L.: s + g" +®, all other variables fixed and
= M2 = = = = =
SO"MX" ty -tz—t, t3—0, $1 = 8, = q°, 53-0.
(2.16)
g T
T.R.L.:

—_ -S—2 + o, all other variables fixed as in D.R.L.
Mx- My



Clearly the T.R.L. is a further asymptotic limit to the D.R.L., so that omne
should consider the latter first. These limits are however problematic. In par-
ticular there exists more than one route that the D,.R.L. can be reached kinema-
tically. For example, if we divide the limit into two steps: L, 1is going to
the forward direction [ Ly>t, = t, t3—913] and L2 is the direct asymptotic
limit s,s'-»e0 , other variables fixed . When realizing L1 and L2 in terms
of the Regge variables (2.13) one sees that L1L2 and L2L1 are not necessari-
ly equivalent. In fact by requiring these limits to commute one obtains additio-
nal constraints. Let us beginn by analysing the limit L,. Here the relevant
quantities in the relationship between the Regge variables (2.13) and the in-

variants (2.14) are the boost parameters X’(l = 1,2) defined in (2.9), i. e.

(ts (@*VE))(% (V& - V_)L)} (2.17)

From (2.17) one readily sees that the limit bty ty=> t, ty—> 0 depends cru-

Smb X; =

41‘; T3

cially on the path taken. For example:

+

(a) &Q‘y\ ,Cu‘ﬂ S'Ul:t& X,: = v
'ts"'O t«['} tb

R SmbX, =¢
®) f;;o b ey .

() e SmhX; = oo
'b'-bf,':_ 't_g-)O
The correct limit presumably depends on the dynamics. We shall later use possi-

bility (a), which is consistent with k = Ak'. In this case
C =G =0, 5 =5 =2 , p=<m

so that one reads from (2.15)

§—mi-gt = - 20m 3] Suby Swb, cosf  + %(* +9%~ mi’) cos &,

$'-mi-g = — 2lm/F] smls sib, cosy — = (* +9%~m#) cosGs
S, = s, = 72-' _ (2.18)

ML= 4-’12'4-‘6 *-ZMCO.Séa

S, = 2 (mrrz-f- ?f.*‘)(cos'@, cos8, + s 6, smb, cos(ﬁg—ﬁ) + E‘Ea

Now L, corresponds to taking

Swby cos ¥, SwbcoSP —» oo (2.19)



with the constraint

cosfy s + S s, c:os(cg_c,g,) = 1 (2.20)

The degree of ambiguity in (2.20) is clear. In particular, if we take
SuiO”S‘u;G,_—)C’O, f =% fixed, we have a Regge pole limit, while on the other hand,
if we take CoSfy, COSY, ~>oo , cosb, , cosd, fixed, we have the helicity pole
limit. To see that the triple Regge limit, from the kinematical point of view,
cofresponds to the latter, one need only consider the second ordering LILZ
(1. e. L2 first) , where L2 is the limit §, Slé“) '*nf:.,'és fixed and

%49 . Assuming either ¢os ¢ and/or cos B »% (i = 1,2) we have

S =-25, S, (3 cosb, ~ 2@IFI sy Swb cosp, — 2 B1171 C, cosy cosG,

!

$' = 2E,S,19' cosb, ~ PG| swbs swh cost, — 2[BIIF] C, co58, cosb,

S, = —2 VE S, 17 eseby (2.21)
S, = 2AVE S 19 coséy

Sy =~ 23131 (84S, ~ C C) <cos 8 cosb, + 2/FUFY swiby s, cos(~H)
Hence we see that if the D.R.L. is reached through CG§'91, cos@, ~> e | then

S¢, 5, and §3->»o¢ . However in the forward direction we know S, =5, = 72‘

and 53 =0 . This means on the grounds of smoothness we must opt for the heli-
city pole 1limit, since cos f, ,0e5f »9 1is not problematic with respect to the

interchange of limits.

Since we shall be imposing the constraint k =Ak', it is convenient to use the

ordering of the limits LZLI’ by going first to the forward direction t,>t,

then ty> 0. This leads to constraints on &1 and @, which follow from

i >
(2.12) . The derivation goes as follows. From ¢y t, we have |ql| = '],

2

Eq = Eq, and Ek = Ek' - Then we take k = k', which according to (2.12) is

equivalent to
(1) —C-, E‘_ + S., l?l COSQ1 = Cz E{, + S&/;/COSé,L
(2) Smby couf, = Smbcody
(3) Slﬂ:t 6‘, cos ()pz. = Sh\‘ 6)_ Sb\:l CPL

(4) - S B + Gl cosOy = S E¢ + Ql;l cos 8,

(2.22)

From (2) and (3) we see that & = &.=6, b =% =% . When t) = toy,
S, = -Sl-—-S and C, = Cg_ =C » 8o that (4) is automatically fulfilled. From

(1) we have
(5) .,?.S[‘?,COS@ = + & C &g

and since for ty = 0 ) S = S”“LX,,=1; and (= coshX, =&, we see from (5)
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that c0$0 =0 or @ =%/ . Hence the limit, which determines the inclusive

distribution, is

=4 = F, cosf—>eo and 6 =8, =T (2.23)

t-Channel Partial Wave Expansion

Referring te (2.1) and fig. la, the t—channel amplitude is denoted by

() n " .
T/u‘,/q/.A’,z = </D,-/‘-,/¢4/T‘/ (3,2 0)., 9,2%;0 > (2.24)

where € )Tdenotes the time reversed system., We introduce 0(3) states in the

J&—-channels t; and t, to obtain the partial wave expansion

T e T K e [ TT AN, 3,35 TN G 0>
PV PR ;7':7MM <7:Mr)\’ 7;>‘,'°> (2.25)

. . . . . . . 12
The expansion coefficients are given by (u51ng the Jacob and Wick convention 7).

KAl §n o> =Ny DI (6 86,-6) , Ny = (201

Iam! (2.26)
KM N (§, 20> = /vy,CD J)”A,(? 8, -%)
where we use i ; .
T TS = KBS wd T/ T mas =) e N
Hence yf*- t?
{
) o= N'J’/V?' Y (Cﬁ) ™ ) ,\(c{"’i 7" ) /4
Aupn i N MM (2 27)
where L am! /
e) T-M A ! ’A 7 M A>
. = (-1 < s [T T, M0 9,
A sy pr s AN 1) P o/ o " 228
We shall use later the truncated amplitudes
~ &) < (X% - AE) 7“(*)
7- _ e N (2.29)
A '\’:X B Axi

3. Sommerfeld-Watson Representation and.Helicity Poles

In this section we discuss the Sommerfeld-Watson (S-W) transformation of the t-—
channel partial wave expansions defined in section 2. The problem of defining
signatured amplitudes or partial wave amplitudes that satisfy the conditions of
Carlson's theorem, is closely related to the underlying analytic structure of
the six-point function. This is in general expected to be rather complicated.

However some simplified models do exist, which may be good approximations in



!

. 13,14
certalin clrcums tances

. The most appropriate for our purposes is a gene-
ralized fixed t-dispersion representation proposed by Dahmen, Steiner and Ko-
netschnyla, which includes all the discontinuities appropriate to the double
Regge expansion and explicitly satisfies the Steinmann c:onstraints]5 for the
basic cuts]6. This representation is written for the retarded funmction and is
described in appendix A. It fulfills the causal requirements of the retarded
six-point function and has the crossing properties one would expect from, for
example, the Dual six-point functionz. The corresponding representation for the

missing mass discontinuity in which we are interested is given by (see appen-—
dix A):

T=-% jdffdc- 5)w Cov, 55, M {*}) (3.1)
4J=1 ol c‘ -8 +o£)( 18)

where ‘Sf, = 5 = (f'"?)& ’ S, = w = (F__‘,,)?-
S,,’ = s’ = (P""‘?’)L ) s, = % = (P»‘_&!)z'

and {t} denotes in general five t-variables; however we shall restrict our-

selves to the sub-manifold %k = Xk', which is sufficient for our purposes. In
general when we include spin, the full amplitude infact is expressible in terms

of a pumber of invariant functions, each having such a representation. However,

it is well knownl1 from the four point function that,when one removes the kine-
matic singularities,the helicity amplitudes also have the basic representation. For
k = AK! {t} = {tl’tQ’tB} we write the helicity structure functions 7;:A

defined in section 2 in the form (neglecting the spin of the proton)

7—{*’ _ Z Z Z Z (2.’7-:-4)(274—1) Z ‘a1’ 6(, At x JZMO{M,\(”)

iy
)-g}\ /6 Mzaso Te=M H=—°° Jg,.fl

(Y M7, M, ME {4}
A A X ) ) (3.2)

and from (3.1) and (3.2) we see that we can discuss the (S-W) transformation of
the respective partial wave summations separately. To this end we write {3.1)

in the form

T(S)t’)MXl; V) = %‘j

r 85 (s, t”)”x;”) jd Ful e, N v)
=

$'=- § » e n' — w1l
where
2 fi &
Fe _ 1 ! j%f<fsloj &}) t}}ta,ﬁ3)
5 (st ) =25 jdo;- 5%, .5
j-'f G'J‘ G-J""' SJA — £

similarly for Jql replacing Py by PZj

and (3.2) in the form

(ZIX") ¢, )(L) v_) 4%_ 2_ 5‘ (2J+4) 2" o{’MA(X"‘) U (.7M /‘{x)v)

with the inverse M=~ J—”a"‘[/”/ 'W} (3.4)
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L
Z =1 x z x, T r
%(7) M)'L‘:.,)M“?)') _-2‘,’ f et de' sz.( ) 7;() J 1}%) )
lzf=1 -1 (3.5)
In (3.3) =~ (3.5) we have used v to dencte the set of unexhibited variables.

The connection between (3.3) and (3.4) comes about when we remove the half

angle kinematic singularity factor from (3.4)]7 i. e

= (M* ) 7 (3.6)

The angular variables in (3.4) are related to the variables s and u defined

in (2.15), from which we obtain

ta _ o tf -
Mi,f' = az(1-x)* ¢brtc , 2= , X=cosf
where 4 }ty 2
£
=" t, 9, mE] * 2
A L £, Smhky (0,9 2
L = acoshX, + b (3.7)
C = % (‘t‘-r + ‘?1"“ mla) + Co Al
-2
(ao, bO and ¢y all vanish like t, as tB-} 0 and are of order P& .)
Using (3.7) we can replace (3.3) by
oo - oo .
= 4 ' s 2 foﬁz.’__,___.‘?u' 7, (3.8)
7_ — jdz 2 2 -+ et z — Z + r '
- ua(x-) 4=~ uﬂ(“’)
4
where in the limit S, S/Hxﬂ- » 1 5 7: = 0’(4/3) and U, (ic) =(bx-+c)/¢(4—x’)/"

(3.8) is sufficient to allow us to define the Gribov-Froisgsart projections of the
partial wave amplitudes (3.5) into both the complex M and J-planes and con—

sequently to make the (S-W) transformation of (3.4). We begin by considering the
summation over M, where we essentially repeat the analysis of Whitelo and

write (3.8) in the form

Pt f o] Lo Jete

where 'E‘ __{jzf >4 'Ee.z } 'E< {IZI(’! Rez % 0'}
and ? can be read off from (3.8). Writing (3.4) and (3.5) in the form (sup-

pressing for the moment the x—dependence)

T = > b,z" (3. 10)
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b= 2 | 22 T Gt

zM+1
1zi =

and inserting (3.9) in (3.11) we see that

by, (M) M0
b(M) = { 7
be (M) M<o
where
by (M) = By (M) + by (M)
with AT(M _ J’dz ;-M':j, _ %fdz’(—zf)‘ﬁf-'f (3.12)
>< (4 -

Hence b(M) 1is separated 1nto four sets i- b.{-(ﬁﬁ)} accordlng to whether M
is even or odd and M 20 or M 0. From (3.]12) it is easy to see that

65 (M)] < (eo‘m’) Re M >0
P e (mil < (enm) Re M <0

z
as M| % with &< T. Hence the {5% (M)} satisfy the conditions of Carl-~
son's theorem and therefore can be projected to complex M, correspondingly

(3.10) has the $-W representation

- 2 Z { f "‘;;’” 57 (M) £ (z”+ ?,(_,_)M> .

P BES ey (2 )

where the contours CEZ <are shown in fig. 2. In equation (3.13)
z 7
b>< (M,X') = Z (27+1) Q,} g ( ) d’M,/\ (x) (3.14)
T=Max{iH, mj
- 7 =
iy Y — 3.15)
Uy (3 M) = Jﬁm A jn () by (M, x) (

We now con51der the problem of continuing a,Z (Jfﬁ) to complex j, restrict-
p A, % p

where

ing ourselves to the A = 0 case (generallzat1on to A = *+1 is essentially on-
ly technical). A representation of the {T b Ch1)} can be read off from equa-
tion (3.8) te (3.12) and it shows that they have a complicated overlapping cut
structure in X7. Part of this however is induced by the representation itself
through the half angle kinematic factor (4 - x*)~%/MI Ye therefore consider

iM/ .
(7—*1');; Z>>< (M, x) » Wwhich from the original representation (3.3) we know
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must be analytic in the upper half x-plane. This means we can represent the

function by o
$iml (2 4 o X
(1-x) " b5y = | 7 () @7 e (3.16)
. :

-
where the specific form of )C>< is of mo interest to us. Imserting (3.16) in

(3.15) we obtain
a,z (D:’ M) = Jaﬂo( )C> (M 04) fa(/x e’-w(x" /V(J; M}o) (4“>¢2')M ?g“’gr)
(3.17)
(77(7—7\4-4) TP (7e0+1) )‘fm

where

N3, M) = rsries P (3.18)
and 72@“'[5)()(") are Jacobi polynomials.
Using the symmetry property (1) . )
M M
Py = ey BT x) (3.19)

we can write
(M,
' ‘?‘N('JMO)IMJC (Ho()jatwcasmrﬂt- ) ’PN(x) for J even
T
“x (M) = (3.20)
2 N (3M0) fd»x f,< (M) jo(/x"S‘w; we(-x)" B 'Cx' for J odd
o ¢

Hence if we define the signatured amplitudes

1
J T '
a5t (3,m) = [ digg @) (o () 50 By (- -x))
! (3.21)
we obtain for them the representatlon

a)( (j M) 4.!'7 '7(7+H+4) V'_ IM )C (Mo() 0( M-% \734‘”*5: (“)

T( 7- M+4)
(similarly for a>7 J,M) . (3.22)
<
Using 5 p or o
A z) = 73 (3.23)
P L o ¢ ) Vi 2o /)
we see that @_7;_7
aZ® (7 m) foax £ o) (22
1.’7!->ao (3.24)

Hence the signatured partial wave coefficients separately satisfy the conditions

of Carlson's theorem and can be projected to complex 7.

The (S~W) transformation of the J summation is now straight forward; we

write

(ym) = £ (aeen?) @y (Gm) 2 (1 =€) Ay (51

(3.23)
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and

ol 7
1 7T = o | AT Grr) a’ (7 M) d ., (x) (3.2

where the contour CL is shown in fig. 3a (dotted curve). Since we expect no

-1
singularities to the left of (, arising from (sinT(J—M)) » we replace this
factor by M - M) and redefine 5%;? accordingly (see equation (3.28)). We
note if in fig. 3a the contour encloses the point J = j, j=0,1,2,...,

then the M-contour C; and C% in fig. 2 will be pinched at respectively

M=0,1,...,7J and M =-1,-2,...,-J. If one avoids Regge singularities we can
without ambiguity simultaneously distort the contours (l, and ng to re-—
spectively to ( (fig. 38) and the line KeM = - %4 (fig. 3b). We thus obtain
the required S-W representation
M M z Cf
$ 3 Ja ()" roz") (6500 « 47m)
2¢85mm
‘ M (3.27)
with
> A7 T 7 )
b (M) = j—-—— 7"(-17’-,—/»4!) A, (7)”)7’) 0{’/‘10( X,
>< 927'51/ < [
c (3.28)
A similar analysis can be carried through for 4 # 0 . However since the J-

summation runs from J = fﬁbxGM[, 130, one should remove the discrete contri-

butions for J g[RI and treat these as additional background terms.

For the primed J-M summation we return to (3.1) and (3.2) and repeat the above

analysis with the important difference that the opposite t& enters in the dis-

persion representation, which means

S - 'z (4-:‘)4/" + bx'+c’ (3.29)
Mt

We are now in a position to write the full double S-W representation for the t-

)
channel helicity amplitudes 7F(

(ﬂ ) —Z \}'faLSIMILM (C =) +27ZM) f&S M’ ((—Z.’),—M:I-?:‘IZJM’)

’KQM“I, R&Hz-“

f i 1) P

e ziT Al 35"

x + b + + (3.30)
{ Za’,x, >, > AN, 7)< A4, <, > A4, <,<
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e
bl 5y =2 AT =g i) “7 T(-7ein1) (7 +5'¢2)7 ) (4+5¢17)
AN 2, R s s/ '211-1,
' C
za/rrss (:7N :7/‘4 i‘f}t‘_;_,f3)0tM,\f(x') dMA(r)

(3.3

We end this section by considering the contribution of a Regge-pole dominated
mechanism in the H.P.L. (see section 2), for which, if we neglect for the

moment normality

%7 g2 0% ) d‘(dﬂf My ME4 H)

a’ﬂ',ll, ?t}‘?: = [ (7sz)ﬁ7t 1, ({7!—0(1('5';))(]‘“1(-"1)) Z) %) %) 71)‘/3
(3.32

where F“).“! (M, M ’M;L’t]’tZ’tB) is the Regge-particle discontinuity function,

which depends on the helicity variables M and M'. We perform the J-plane
integrals by extracting the Regge pole residues. Through the gamma-functions,
this introduces helicity poles at sense values M =&y, %=7,.... (similarly for
M'). Remembering in the forward H.P.L. Zz = Z’-f ~ %,_—)"0 we need only

retain the contribution from the leading helicity pole, which yields

(t) A+ r ‘e” R0y (t) ) = ér“"t’
ﬁl (‘]J‘t') ﬁ) (? t) we 7T 06 () Suwr'O(r&) (3.33)
"(M2°‘l(t +%g(z) F“&"‘f 6_0&(*)) 0(:!.(1"')) Mx p) 't) i‘j 0)
e

We notice that the leading behaviour is determined by the maximal helicity flip

in the Regge-particle forward discontinuity. It is apparent from the above
analysis that this is a direct consequence of the <& prescription involved in
a Mueller discontinuity and has little to do with the dynamics of Regge—particle

amplitudes.



4. Crossing and the Normality Properties

In this section we discuss the crossing relations and the construction of heli-
city structure functions of definite normality. We then consider the Stichel
theorem for the Regge limit COS&,, Cos@y, => 00 | leaving the derivation of the

corresponding relations in the H.P.L. to section 5.

The crossing matrix can be constructed by using the well known properties of the
helicity states under boosts and rotationslz. The general crossing relations
¢s)
between the s-channel amplitudes 7;a} defined in (2.2) and the t—channel
) .
amplitudes 7;4} (2.1) is given by
o A
) ) % % 1 P
7_’{ = 7_ P -D ¢ (?p’) .D/q / (?P) 'DA,‘)’ (?’) 2/\# (ﬁa’)
X, pa; X, g J,pr L, M B0 T e ad
740 ) M (4.1

-7
We obtain for the helicity averaged amplitudes in the forward directiom 7§p'='2;

namely
) 4 T ) (4.2)
Ta‘,;t T4 /% Alpg; Xy phs
&) 4 -7-éﬁ ’
7:{& T4 é;; Sy e X, A

the crossing relation

x
e _ 5 Tfi :'D:"u'(?aﬂ) -D;,(Pa’) (4.3)

i
AN So
In the Regge limit, where c05 01 and Cos8, are the relevant dynamical variables
it is simple to see that the s-channel amplitudes obtained by setting the azi-

!
muthal angles ¢ and ¥ equal to zero, are related by crossing to the trun-—

cated amplitudes

™. ) —c (2% - 'g) )
Tx,a = € ' 7;',» (4.4)

In the forward direction & = 8, the crossing relation reducing corresponding-

T =2 T da (%) do, ) .9

ly to

Because of (4.4) the relevant dvnuwical wvariables in (4.5)

are Ceos 84 and Loe Oy . In the H.P.L. we saw 1imn section 2

that 84= 62':K/z‘and Q.= =P vith Cos P>« . In this case the t-chan-
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nel vectors q and q' have a different orientation than that they have in the

Regge situation so that the crossing relations have to be correspondingly mo-—

dified. We shall discuss this in section 5 and restrict ourselves here ex-
clusively to the Regge configuration, in which the azimuthal dependence is

completely factored out.

From (4.5) it is a simple matter to show that the combinations

) ) = (€ : L6
7—: = 7_4,4 * 7;,-1 (4.8)
. &) - (#) . .
together with 7%, and fﬁ, transform under crossing according to
2 (s) - )
']"+ 1 g 0 0 I,
2. () . . = t¢)
I8 0  cos*X VZ s X cosX Sua"Y /o
- - (4.7)
() . . 2 (e)
7_4,0 0 --‘\'/Lz cos X smiX costX %.", S Xcos X 1,0
s) . . >~
7_( 0 swm*X ~2VZ smX cos X cos™X T
9,0 0,0

States of Definite Normality

7
Angular momentum states in the J®& system with definite normality M =(1) F’

where P is the parity, are defined by

,7’ Millo’n> =jvf(l7;M:x)o>" %/7;MJ"A)0>) (4.8)
so that
("4)7? I ‘7) M) AJ 0)’"’> = / M l 0 ’YL> (4.9)

The partial wave amplitudes with definite normality are correspondingly given by

A;"‘T/“" )'l <7 M 7 M; ,P) = <§)/“"J/“'*’T, ‘7; M,; )")01”1‘ 7; MJAIO,’!>

(4.10)
and have the follow1ng symmetry relations
aln non
1 ) f ! A
A/“z.,/lﬂ"'}l}\(y M 7”!") = —-MNn ﬂ;lﬁqu\,”Z(yIM}’y)M/f))
(4.11)

A fn '
74./“’":/"‘4 X*A("YM 7M7°) - }4“, ll(y’M:" 7’”'%'\)

With (4.8) we can express the states / 7,’1,370:> in terms of states with definite

normality and by making use of (4.10) we can rewrite the partial-wave summation



defined in (2.27) in the form

(¢) v’ ¥ 7
- A Ny Ny Dpni(%,6-2) D)\ (%, 6,-4)
A T 7 7T eV %T 2 ) L\ (T, 67
/“4:/“1‘ A A e 7{7}/‘1:1‘1 » t ! (6.12)
i / / A
3 A (710, 3, 8)
h,rb

By virtue of the symmetry relations (4.11) of the partial-wave coefficients
with definite normality, we have the following equations for the t-channel heli-

city amplitudes when either A =0 or A'=0

(t) — () ' _
' = - mn /[ ) for A =440
/“‘v/“',‘ A,0 A s A0
and (4.13)
{t) ; €)
= . N r A =z 7,0
il Al F
&)
This means that onl n = ~1 states can contribute to Ao and n' = ~1
%) ¥ Az ph Ay
state to Ty 0,1 . Furthermore only the term n =n' = -1 can contribute
Sy

to &)
7./“‘{/“' ;9.0

Stichel Relations in the Limit €036, 036, > o0

If we set G =1 =0 and let Cos@y, cos@, »o0 we can obtain additional

constraints, because the dJ-functions satisfy in the limit cosé + =

. 4
the relation f Z’!—l ¢ c.ase) = (—»r)>t dﬁ,k (COSG) (4.14)
I

7 b4
Using (4.11) and (4.14) we obtain to leading order (Cdsaq) (065‘62,) the rela-

tions

— (£) PR . 7— {e)
= (-1 <’ (4.15)
//u"i/“""; "A', A ) A4 M LA _
and
&) A+ ()
= (-1
7_/“1}/“4; Af’ "l < ) % 7;'_"/(4_,/-).:1
For A = A= 4 (4.15) tells us that
(*) _ &)
T Ayba 4T T e 7/—““-;/‘1,‘4f 7
and ) ) (4.16)
= _ , o
M = = > 7—/«,,/4., ;1

which means the appropriate linear combinations are dominated respec—

tively by positive and negative normality states in the T4 ( (f(?)x(e&))channel,
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a corresponding relation holding for the ¥; — (3’(‘?‘) 'T(“"J) channel.

The relations (4.13), (4.15) and (4.16) are valid for arbitrary proton helici-

ties M2 and 41 . However if we restrict ourselves to the inclusive distri-
)

butions averaged over the proton helicities 7;r1 (see equation (4.2)), then
! )

we obtain additional constraints. By virtue of parity invariance ;,\;A satisfy
(¢) A-A ) (4.17)
7 = (- T . 17)

=25 1) ALa

and together with (4.15) it follows from (4.17) that

¢) &) ) ==

(a) 7-+ = 7_;’4 + 7:,-1 F 0 for
@) —-—(¢) ) ”n = n'=y

while 7 = /1,1 - 7-4,—1 L for

i
while for A = 1, A=0 (4.15) and (4.17) lead to the relation

—_ ) — )
(b) /40 = - /-1,0 +0 for N= 41,":-4

+)
Together with result for To:o derived above we have in summary the asymptotic

relations
(&} - () 7 @)
(1 7:- = /1,1 IR A

is dominated by positive normality states in the ym channels,

&) ) — (¢) t¢} &/
(2) 7__. f—4 7-1'4 e /.4..1 ) 7:;0 and 7;:0

are dominated by negative normality states in the Y% channels.

(1) and (2), derived here in the Regge limit Cosé, 0@, ~» °© is our main re-
sult. It is important to note that the helicity averaged amplitudes (4.2) cannot
have asymptotically interference terms involving opposite normalities in the
respective yT-t-channels. Such terms would only appear if polarized targets
were used. It fellows from the crossing relation (4.7) that in the limit 6 =6
the relations (1) and (2} carry over to the s-channel helicity structure func-

tions, which are directly related to observable quantities7.

Now we analyze the normality content of the t3—channe1 in the limit oSGy —»oco.
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. AN . . . -
For this purpose we expand the state //-02.,/44,P> into partial waves in the pp

center-of-mass system. The expansion is:

<F’\f/“a-,/"fl7—l y:M’aA';Ml/ y; M, )’n>

(4.18)
u +
= Z NJ o ME M, pam e (6s) < giparprl T/ 7:Mi1’1'"”i IMA >
As for the other two channels we define states of definite normality 2 :
| g0 m, pus, peq, T> =J\/3 {1g,m,/‘.,/4,> r 3;”",'/“1,7“4>f (4.19)
so that .
C"")J'P | ?.4“)/“).'/-(1)77> = t"/Jf’"")/"“i/““)"D'> (4.20)
and
lﬂ.f MMy, T = T Gy, T (4.21)
With the states (4.18) we express (4.17) in the form
<'\ . JT’ 7IM'A,”’L’. VIMA-}”">
Pr /ot A R’ ! (4.22)

(6:) < gopaspua, I T1 V0420wl 7 49,0, 0>

4 J
== N d
V& Z J N'—M)/:;-,u,
4,7
According to (4.19) the partial wave amplitudes with definite normality in the
ty-channel obey the relation |
.o — i { J [
<J"mfﬂ/u"!-/‘44[b/[/ VJH,Z,M’-ZN,),’"'> (4.23)

= T <J‘, m, /“'8,/1"-1,7,7-[ 7;M:A: /W’/. Z’Mfllm>

With this and the asymptotic relation (for 60555 > ) for the dJ-functions:

' - 7
J R M | .
OC”LM}-O"‘—’/‘“) (95> = 1) d”r‘N;/‘L“/‘v (93) (4.24)
we obtain
] ! !
</?}‘/“2:'_/““F [TI 7.r N‘; A, ; 71 M, A/ ”‘> 4.25)

= T P e [T] I MA T, A, D

The result (4.22) tells us that the combinations

Az {
‘/&1<“I/“‘r/"/TI yf”:)\:”; 9:’“6",-“>

(4.26)

KBy o o | T T 1 Nt 32> £ ()
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with the (4) sign have only positive (negative) normality exchanges in the t3—
channel. In-particular, for the helicity averaged amplitudes, defined in (4.15)
only states with positive normality can contribute asymptotically. States with
negative normality contribute only if the helicity of the target proton is fixed
(inclusive polarization experiments). It is clear that the relation (4.22) is
useful to select the observables in which different normalities in the t3—chan~

nel can be detected.l8

5. The Stichel Relatioms in the Helicity Pole Limit

In the H.P.L. the crossing relation has to be modified, because, compared to
the Regge configuration discussed in the last section, the vectors q and q'
are orientated differently in the t-channel. However it is sufficient to com-
pute the crossing relation between the two respective t—channel situationms,
characterized by q = q, (Regge) and q = de (H.P.L.), where, referring to

section 2
- ~p . N
- > .
Y= ( o Ficnt, fiswg, <&)
and q¥, are related by a complex boost along the ¥y axis i.e.

% = By (+m2) 9 ‘ G-2)

where in addition we have ¢Co78 = Sm<¢ . Because of the difficulty of defining

(5.1)

e

the rest frame of the photon, we shall use as the standard frame in the t-chan-

nel that defined by
9=(&, 0,0,4) | (5.3)

This frame is reached by the complex boost Bz (""f/b) along the z axis. The

Wigner rotation corresponding to (5.2) is given by
R, = &) B ) B, (%) = ?E’x, %) (5.4)

. . - 12
Thus according to the general transformation law of the helicity states = we

have

U(By (%) [ 9,2 = % [0, 2> \D;‘A (R) (5.5)

where, if we restrict ourselves to the forward direction in the H.P.L., for

which @ = %4 then £ is given by

R = Ry (-%) Re (%) Ry(%) Re(~%2) = Re(%-¢) (5.6



23

Hence the crossing relations involve simply a phase
. (% ) A
U(B () 92> = %9 g, 2> 6.7

From (5.7) we see that the¢f-phase factors out in such a way that the s-channel
amplitudes are related through crossing to the reduced t-channel helicity am—
plitudes defined in (2.29). However we are left with the addltlonall. ~dependent

Ly
phase factor ¢ “ in the H.P.L. Therefore instead of (4.12) we have now the

following partial-wave expansion in terms of amplitudes with definite normalify:
@) mM! M Y ¥/ 7
T =12 NyHyz P o (%) Ay (%)

Pnpn XA —-,,”“1
Z }4!'/411)\(7/\1 7M)
1 |

where Z = @ “and z’.: € -ce’
Using the symmetry relation for M = J

0(7; (%) = Cf;_A (%) (5.9)

(5.8)

and (4.11) for the partial-wave amplitudes with definite normality we recover

for the leading helicity pole in the H.P.L. from (5.8) the relations

() A1 , )
A4 I T 1) SR OW AR
and (5.10)
&) Aet &)
/a"!/u'i )';"A' = 1) " 7/_“41/‘";')":1

" which are identical to the relations (4.153), derived in the Regge limit in the
last section. It is clear then that all the further consequences derived from
(4.15), at the end of section 2 are also true in the helicity pole limit.

This completes our analysis, in which we have seen that, inspite of the kinema-
tic and analytic peculiarities involved in the Reggeization of an inclusive di-
stribution, one recovers the usual properties one has come to associate with a

Regge theory, through the study of the four point function.
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Appendix: The Generalized Fixed t-~Dispersion Relation

We record here the generalized fixed t-dispersion representation of the six-—
point function mentioned in section 3 and on which our analysis was based. The
idea14 is to write a causal multiple Cauchy representation of the retarded |
function in the physical region, in which we are interested. This is done by
singling out the positive energy vector P, with which one defines the s and
u variables. All channel invariants not involving P or its related vector p’
define generalized t-variables, which can be held below their respective thres-

holds. We define p; = (1,4) where refering to section 2, P; < {‘k,q,k’,—q'}.

The s-variables are defined by:

i = (p-p)?
Sij T ®-py-p)?
Sijk - (p - P; T P; Pk)z

while the t—variables are given by

tij = (pi + Pj)z B ] . (A.1)

{i,j,k} are permutations of {1,2,3,4}

(A.1) defines nine variables, which are related through one Gram-determinant

constraint 1. e.
Gram—det. {p’pl’pZ’pB’ph} = 0, (A.2)

which relates in general the s and t variables. However, if we choose
3 2 _
P, = El P Ay = Pidegidatg (4.3)

then we satisfy (A.2) by forcing a relation only among the t variables. In this
case we can write a multiple Cauchy represenmtation, involving at most triple
discontinuities. Such a representation has only the allowed normal threshold
(see the Dual diagram in fig. 4), i. e. explicitly satisfies the Steinmann
constraintsls. Concentrating on only the triple discontinuity, the representa-

tion is given by

ot .
TP ooy b bypn) = 5

-EN

AR
<
>

= St e
s G (p ~POE A G (prpeR)Y o (p-pp)

X 5(’,.(0?, Gz, 0% ; {*,,;,-}) (A.4)
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where P' = (P° + i¢, P) and for scalar particles 52(...) is given by:

96(3,,‘) Soy) Siyk, L t:; }) 8(ps) Elp-pin) OLpo-pis - pio) Olpo- PeoRio=Pus)

-1 57370'“1‘- e {CPLXg b xa v pxy) (A.5)
1 X<P L dexay 40xay Jixsy Jeod 0>

If we consider the total discontinuity of Tt with respect to P° i. e,

6
Y rF
Disco Ie (oo poypn,pu) = 5 2 f""?f““’—fdﬁ $i (&3, 92,03, f454)
pem S¢S O
(A.6)
X .Dtg‘cpo{ 4 " f
(% =Cp-Pe) (Ti=(P-Pi-pi)) (% - (P 0 -B-pay®

Then denoting D; T . (o—b - (f.».'i'_/-;,y‘;)”)n1 we have

Discp, 50,0 = DURY - 07N < XR(B-R) +2(p-0) )
VAR S @)
i. e. we can decompose this discontinuity into the three basic discontinuities
shown in fig. 5. The middle term fig. 4c is of the Mueller type and we must
extract from the representation all such terms, i. e. by setting SQ‘:(P'p;—an=ﬁ§f
It is simple to see that there are four such terms and collecting these together

we obtain the representation for the Mueller discontinuity given in section 3.
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Figure Captions

Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig. 5

(a) and (b) show configurations of the six—point function
YT >Y¥p'n', (a) depicting the t- or crossed-channel and

(b) the s-— or direct-channel missing mass discontinuity.
Configuration of‘the_contours in the mrplane.

(a) Configurafion of the distorted contour in the J-plane.
The dotted curve reproduces the partial-wave summation.
(b) The distorted curve in the M-plane.
The deformation from the line Re M = - 1/2 corresponding
to the distortion of the J-contour in (a) around the Regge

pole.

Dual diagram for a given term in the dispersion relatiom.

Discontinuity with respect to p° of the retarded function.
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