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Abstract

We develop a method for investigating the asymptotic
hehaviour of vertex functions at certain Minkowskian
exceptional momenta. It is a direct generalization of
earlier treatments of Euclidean exceptional momenta.
It makes use of formal expansions in momentum space,
closely related to light cone expansions in pesition
gpace. Our expansions have to be performed in those
channels which carry finite total momentum squared
and admit (in A“—theofy) two-particle intermediate

states.
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1. Introduction

It is an old aim of field theory to determine the asymptotic
behaviour of Greensfunctions for large momenta. One can, for
example, investigate their behaviour under scaling of all

momenta

p —> Ap for A —» oo

1)

Dimensional reasons imply

Mgy Apns;m,g) = A T pa ps = e) (1.1)

r

i.e. the asymptofic behaviour for large momenta at fixed mass is

expressed by that of vanishing mass at fixed momenta.

An important tool for investigating these limits is the technique
of mass vertex insertions, which gives rise to the Callan-Symanzik
3
(CS) equations 2,7%)
2 2
[m Sz Pl 35 2 ¥@)] Tlea e mig) =

(1.2)
=Aal (P pr;vmi )

where AT is obtained from [’ by insertion of the soft 4)

mass vertex operator
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A = 2w gy A,

and ZSD is one of Lowenstein's differential vertex operations 5)

By = =[x Ny TAT G0 = ¢ N TAT(0)

The parametric functions (5 , vy, and ¢ <can be calculated in

3,6)

perturbation theory ,

P = 2= ¢ o+ 0(3%)
¥i9)= 7w 3" + D(g®) |

These partial differential equations (PDEs) relate a change of
the mass to a wavefunction and coupling constant renormalization

apart from the extra term on the r.h.s. From (1.1) and (1.2) we

have

LDyl llppny 2 g) = D (pypay 2 ) (103)

with

LR R LR O LR T TR T AL T ERE R Tt RR R R e T e Rt R IO




AT ppay ) = -2 55 a@) bollppn;, Big)  (104)

and the differential operator

> >
= - —_ =+ ( —_—
D A 5% (53,)9%
. A
In perturbation theory f1(p1--- Pn = %‘) can (at
least for Fuclidean momenta) be expanded in a double power series

in A™1 and  £n A. The formal sum obtained by discarding all terms

which for large A are smaller by powers of k-l than the leading

l"" 3!7!8)

ones is called the asymptotic form of . It can be most
easily obtained from (1.3) if for large A AT is smaller than I
(in every order of perturbhation theory) by a positive power of
K-l, such that O can be asymptotically neglected. Such
momenta are called nonexceptional 7'8). It is easy to give ex-
amples of nonexceptional momenta, whereas the question of which
momenta sets are exceptional usually requires a somewhat deeper
investigation. Euclidean momenta are nonexceptional if no (in Ak—
theory in % dimensions even) partial sum of momenta vanishes. This

9)

can be verified by application of Weinberg's power counting theorem .

Conversely a momentum configuration is exceptional only if in
(1.3} A is not negligible in comparisen to [ . Then
i AN
r1(P1"'Prt) N ,t@) must develop a sufficiently strong

-2
infrared (IR) singularity such that the explicit factor of A 7,

O T T e R S P P I R R R S L T T R I U T LT TR T T TR T A



-4 -

see {1.4), is not sufficient to suppress, for A — oo |,
AT relative to [ | For example, if (- ; %%, q )

diverges logarithmically in that limit then Mo M(- ) %%, g )

must diverge at least guadratically, or if " behaves like 10)

()L(AQ) for large A then Dol must behave like C)L(K&) 11).

The asymptotic forms at nonexceptional and exceptional momenta

7,8)

are denoted by r&s and (o5 , respectively . It was shown

that the ras are vertex functions of a theory with massless

2
particles. the so-called preasymptotic theory Th). They obey

homogeneous CS equations (equivalent to the usual renormaliza-

13)

tion group equations for a massless theory) which can be

R
integrated hy standard methods and wvield the transformation laws )

Naslpypn; 5,9) =

=a"(g,50,9)) Tas(prPu;m,§,q)

with an effective coupling constant g_(k,%) implicitly de-
fined by
“3_().,%.)
A4
Lo\ = ‘gd‘a —= {1.6a)
; Py

or equivalently by




5 300 = PGOe) . 3R - (1.6b)

such that

DFOg) = [0 + ppae 1300 =0

and an effective wavefunciion renormalization

3
— C Y (9
a(g, qxg)) = exp | dg ——L—
LR J 4 =
5(x9) (1.7)
Coa ’F
= WY"S OL,;T ¥ (g g))
1
such that
D aly,3ng)) = Y9 al3,30,9)
(1.8)

a3.9) alg,q") = alg,q") | alg,9) =1 .

Equation (1.5) effects a resummation of perturbation theory.
Apart from a g-dependent factor the r.h.s. of (1.5) can be
caleculated by an expansion in terms of i%(kj%J . If one knows
from (1.6) that §(>W%J apprbaéhes zeré fﬂf A — oo (wpich.

. b —
is the case in asymptotically free theories ! )) then Cfmfo,%(quH'



-fﬁqs(pi-u Puw, ™M, §(A;1J) can be calculated to arbitrary
accuracy. Otherwise one has to resort to assumptions outside
of perturbation theory. For example one may assume 8) the

existence of an eigenvalue 9o with

i) Plge) =0 | P'lgm) <O (1.9a)

such that 5()«,%) —> 9 for "\ = oo )
ii) F;S(--- ™, g ) left continuous at Yoo , (1.9b)
iii) Y (9) left continuous at g, .= (1.9c)

Under these conditions one finds (for nonexceptional momenta)
L}-‘—VL . [ 54t ~
r‘()r)d..‘APn-/m)%) _ 9‘ r'(\'oi..-r)n) _.)_J%_) =

Y- (1+ ¥ (3ea)

~ cexp Cny(39)) 0 Tas (py- puy m, )

where

} 1
Y_(XI‘%) o= S O% [Y‘(-%D‘I%)) . )’.('300}] = O(L’L)\) R

i.e. the field A has the (anomalous) dimension

LIRS T LT

B R L Ly R T R NIE 1 T R R R IR A T O R R A - T AL R AR L LI A



=
in the sense of Wilson 1)).

The vertex functions of ithe preasymptotic theory are singular

(in perturbation theory infinite) at exceptional momenta. This
indicates that for such momenta the (true) asymptotic form Pe&
of 7 cannot be taken directly from the preasymptotic theory -
one must determine it from the CS equation (1.3) without neglect-
ing A7 . Actually, the FEZ are certain IR finite parts of

the [gq 16).

The ultimate aim is of course to calculate the asymptotic be-
haviour of physical amplitudes where usually only a few momentum
invariants go to infinity (energies or some subenergies) while
most of them stay fixed (masses, momentum transfers). Such cases
can be realized as a one parameter -limit if the appropriate mo-

menta are "stiretched along hyperboloids™ in the sense

p) = da+ b+ XN cC

with : (1.10)

such that



[p(x)]z = 2ac+ b

remains fixed for A —» oo + With the choice = %%(11010’1):
b=(0 ,bﬂ', bz',O), and c-_—h_,:.(i,o,o)—i) such parametrizations are

equivalent to the introduction of infinite momentum variables

© o - 1 .2
P-I-"'P*‘P:”:Wl’f\)P-:ZP—P—s:M)l) PL = (b™, b%) 17).
Dimensional analysis then yields

-w -1 ~2 ¥
Pl ;m,q) = A7 M (la+Xb+ X7cl 5 2 q),
i.e. one has to study IR singularities mear exceptional momenta 18).

We shall use such momenta only in section 3 and appendix B where

we deal with a simplified version of deep inelastic scattering.

The outline of this paper is the following. In section 2 we review
Symanzik's 1treatment of some vertex functions with Euclidean ex-

&)

ceptional momenta . In section 3 we repeat Christ, Hasslacher,

19)

and Mueller's discussion of deep inelastic scattering. We give
a version simplified to Aa-theory and scalar currents. In our
terminology it is a mixed exceptional configuration containing both
Euclidean (zero) and Minkowskian (essentially lightlike) momenta,
We give both an x-space and a p-space discussion. By the direct
momentum space analysis we circumvent the assumption of light cone
dominance. Section 4 is devoted to the discussion of two configura-
tions with lightlike exceptional momenta. We obtain results that

are straightforward generalizations of Symanzik's corresponding

Euclidean ones in the sense that his equations mow bave to be

LR T T R R LR T R E L R e TR T PR R T R ST S R R PR TR Y] v o L e L e R e




interpreted as (infinite dimensional) matrix equations.
Section 5 contains a summary and the conclusions. In
appendix A we recall the perturbation theoretical deriva-

20) and explain the notion of

21)

tion of the Wilson expansion
normal product (NP) expansions in momentum space. Appen-
dix B contains the derivation of formal expansions of vertex-
functions involving lightlike momenta. This is the basis of
our momentum space analyses in sections 3 and 4. Finally in

appendix C some asymptotic estimates are derived which serve

to simplify the CS equatiomns.



2., Buclidean Exceptional Momenta

In this section we want to briefly describe the method for

obtaining the asymptotic forms at Euclidean exceptional

momenta. We take Symanzik's examples °)
M (-p)p 00 —";1)%) with p2<¢0 (2.1)
P{epp e B g) with p)p (prp)c0 (2.2)
PlpGr), 05 2 q) with  p? ¢ 0 (2.3)

where in the latter case the entry "O" denotes the insertion

21) 5 ._ 1

of a composite operator =3 N2 [A2] with zero momentum,

The CS$ equation for the function (2.1) reads

[2-uy]lricppoo; = q) = sT(-p)p 00, 22 a) . (2.4)

It is easily seen that [’ on the l.h.s. of (2.4) is logarith-
mically divergent for A — oo . Namely, logarithms of A

arise from the self-energy and vertex corrections, as is also

the case at nonexceptional momenta. But here one finds additional
singularities. They originate from two-particle intermediate
states with vanishing total momentum, cf. fig. fa, such that

2‘ —
the integrand behaves like -~ (k_l - ?:; ) z for small loop

FIFULEY U DRI PRC et 0PI AL AR ] IR e e P LRI wn

TR K bin A TR PR I TR UHCTW PR IR LI W E N HE L Db el e e e an e e st e e e w
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momentum K . On the other hand Do I is gquadratically

IR divergent. Such singularities arise e.g. from graphs with
two-particle intermediate states with the vertex insertion

in one of the connecting lines, c¢f. fig. 1b. Then the integrand
is ~ {(k? -~ %’:-: )"3 for smallA K . Hence ATl
cannot be neglected. The trick now is to extract from AT only
those contributions which for large A have the same growth
properties as [ itself, These parts are given by the first

21)

term in Zimmermann's normal product (NP) expansion, the
momentum space analog of Wilson's short distance (SP) expansion

cf. appendix A,
L) p00, B o) =

with
ProOP

M) = LT B)A AR

A
16 vt 4

—_

+ 0(g%)

From (2.4) and (2.5) one obtains the homogeneous asymptotic CS
equation

[D-2¥-¥,]1 T (CPIp 00,2 9) = 0

with

Y1 0% Y ; Ya ¢ 2—¥i + 4

20)

(2.6)

(2.7)

(2.8)
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It is equivalent to the transformation law

(o ((-p)p 0O 2q) =
(2.9)

Ay (4, §00g) ag (9, 50g)) Tas (Cp)p 00, m, 5 (25)

which differs from (1.5) insofar as two factors of a4 are

replaced by Qy - The wavefunction renormalization constants
A, and (11 are ‘related to ¥ and Y2 @as in (1.7). Under

assumptions analogous to (1.9) the transformation law (2.9)

would give rise to a changed power behaviour

3 - 201+ y(ge)) = (R4 ¥3(90))

i.e. 2 ch‘ﬂw) is replaced by Yo (Foe) = Zyifcéoo)“""fﬁgw).

The second example of exceptional momenta, the function

7 (-p) p r'(*r')/- =g ) with re y”z)' (pty')fco (2.2)

is more complicated to deal with. After a similar NP expansion
of AT one does not vet get factorization into an IR singular

part times a (momentum independent) parametric function as in the
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former case. Here it is necessary to perform a second NP ex-

pansion in order to obtain the asymptotic CS equation

[2-4¥:]) Tas (Cplpp'tp); T q) =

(2.10)
=Tas (PP 0052, 4) - i Xaaly) - M (00 )5 21 g)
with
Yaa (g) = =0 LT Blo) A 3 (o) >
1
= Of o2 (2.11)
16w * (9%)

This time we end up with an inhomogeneous PDE. It can be integrated
since the A-dependence of the vertex functioms on the r.h.s. is

known from (2.9). It yields the transformation law

Mas (Crdp p'Ce); 5 q) =
Y -
= Otl (“a'l % ()\{%)) { r‘ﬁ (("P)P r'(‘r"')", VV\-} a(xl‘%)) + (2.12)

+ L Tas ((-p)p 00 m 5 (x,q)) a5, (g,500,9); 30,3) -

Ty (00 ¥ p); m, 3 (3,5)) }
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where another renormalization constant @Az, 1is introduced,

g
d r 1
QXZ(%)ga} ) = *7gr. az(%fgl)xaz(%) ak(QZﬁz) (2.15)
3, P(3)
such that
Doaa = Uy Vi By, Gxx (9., 9.; 94)=0

This constant is related to the subtractive renormalization of
the vertexfunction of two B-operators, < T B(0) ng) 7.

In (2.12) the term proportional to a,, is a specific solution
of the inhomogeneous PDE (2.10), the remaining solution of the
corresponding homogeneous equation is adjusted such that for

A =1 (2.12) reduces to an identity. In view of (2.9) and (2.13)

equation (2.12) can be rewritten as

Mas (CpYpp'e) % a) =
[+ § 1
= A (g,53009)) Tas (Fppp'tr'); m,30,9)) +

+ ¢ Tag (Lp)p 0O, r—;’,c&) %22 (9,50¢);9) Tas (o0 p'tpy; =9)

From (2.9}, (2.12) and (1.5) one sees that at exceptional momenta
the transformation laws of the asymptotic forms differ from the
one at nonexceptional momenta which is the reason for the notation
r15§ instead of FLS_ They then depend on the actual momentum

configuration. This can be regarded as an alternative criterion




of exceptionality. In general each exceptional configuration

necessitates a distinct investigation 22).
The treatment of F()aﬂwﬂ) 0, %}l %) is closely
related to that of Mit-p)p oo, ?%r %,) , the reason

being that they are "adjoint" in the sense that in a NP ex-

pansion the latter is the coefficient function of the é%fﬁz[ﬁs]"

23)

operator of the former . The CS equation now reads

[D-2y, +y, 1M (ptp), 0, 2 o) =
= AP(P(-p%O; —?\-—,%) = (2.14)

=l ¥a.(9) P(oo}o(—p)-)—"‘i‘—lo&) + oL (x?)

which entails for the asymptotic form the transformation law

Cas (pl-p), 0, &2, q) =

(Ao (9,5009); ) Tas (00pCp); 5 g) + (2.15)

+ a0 (3,5009) A (50,9),q) Tae (pl-p), 0, m, 5 ().

The above method can also be applied to higher Euclidean vertex
functions with more elementary fields A and/or compesite operators

B = _?-i. N, [T A*] . The generalization is straightforward if
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two-particle intermediate states with zero total momentum
arise in one channel only. If more than one even partial sum
of momenta vanishes then a more detailed investigation has to
be performed. Such configurations will in general give still

more complicated transformation laws,

3. Deep Inelastic Scattering

From seciion 2 we know, in principle, how to deal with Euclidean
exceptional momenta. An important contribution to the analvsis
of the more complicated Minkowskian configurations is due to

19)

Christ, lNasslacher, and Mueller Following them we now dis-
cugs the asvmptotic behaviour in deep inelastic scattering. First
we give an x-space version along their lines, simplified, however,
to Aéntheory and scalar currents. Then we give a p-space version,
which is not directly obtained from the former by Fourier trans-
formation. The difference between the two methods is that CHM
first use the CS equation and only then make light cone (LC) ex-

. 24)
pansions

s wWhereas we prefer to perform the appropriate expan-
sion first and use the CS eguations for the coefficient functions
only afterwards. Our method is also applicable to more general

configurations of exceptional momenta, as we will demonstrate in

the following section.

The inclusive cross section of lepton hadron scattering is related

by unitarity to the absorptive part of the forward Compton scatter-

(ECRERRTTTUL L AT AT YL T C I T TR U AR T S R R T R S LY
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ing amplitude

—_— (gXx : ~ ~ PRO®
(9, p) = (oxe ' LT jo0 i) Kp) ACp)> (5.1)
The Bjorken limit 25) is
O{z —> —co
Vo= | —5 <C
but W= - %}) and Pt = m?
4)

fixed. CHM insert into (3.1) a formal LC expansion
- s % ~ 2 Pa e
1(3)i6%) = Zn CaO¥) xP2 o x™  Op i, (0)

where the symmetric traceless operators (Djﬂt-nr¢n (0)
have matrix elements
- pn (00 ALP) Al-p) =
pz

= [Ppi'“ Pprn ;*?mC€5‘] b, [;ﬁ) %)

26 )

for any momentum p » and are normalized such that
by (0,4 = 1 . (5.3)

Fourier transformation yields
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folx &7 Colx®) xPoox*n

_ 6)«. (a%) (%)Y‘t (—2‘; )}*n . %}*;}*{ Lerms

so that one ends up with
Tlq,p) = > an(oﬁ) w™ bh(—g-\-,,tg.) . (3.4)
n

Proceeding in the same way with the r.h.s. of the CS equation

for 7_(q,p) they obtain

~ ~ 2 n i 5
AT(q,p) = Z Cala') w o.n(w,%.)_, (3.5)
4
where the invariant functions 26) A (%&1, o ) arise
in the forward matrix element of ()ﬁl...fxﬂ (o) and the
mass vertex operator A
PROP

<T Op, o pan (0) A K(p) Al-p) > =

z
T - roces ] an (25 5)

Comparison of coefficients of w? at p2 = 0 yields, in view
of the normalization conditions (3.3), homogeneous CS equations
for 6;_(q1] alone. These can be integrated and may give rise
to power behaviour. The coefficients bnfilg) for use of (3.4)

on the mass shell must be computed separately.
In the above way of deriving asymptotic CS equations it is not

clear a priori why the insertion of a LC expansion is asymptotically

relevant. It seems to rest on the assumption that in the Bjorken

LRI, LT
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limit the contributions from the strongest singularities of

the operator product J(x) j(o) actually are those from
the LC. Furthermore the existence of a LC expansion (at least
in the sense of an asymptotic expansion) has not yet been de-

27)

monstrated in perturbation theeory . While we cannot im-

prove the situation with respect to the second remark we believe
to be able to give better arguments for the first one by directly
investigating the large momentum (respectively small internal

mass) behaviour of the relevant vertex functions.

We shall demonstrate our method not with the function 7'(q,p)
but simplify the algebra by considering the twice amputated

connected Greensfunction

E(Xg,0, p(A); m,g) =

' - | pPROP (3.6)
= KT N LA K O] AlpO) Al-p() >

where p(A) is a momentum of the type (1.10),

p(N) = A ¥ A e

with

£ = 27 = o0 222" = M?

and

el
_gh(“
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E:()q, 0, P(A)) ““J‘ﬁ) is a special case of the
function E(hg, pa(X), p-(X); m, g ) discussed

in appendix B. With the above parametrization of the momenta
A —>» oo corresponds to the Bjorken limit in deep in-

elastic scattering since both

2 2
AT a

and vA) = Aqp(d) = X (ql + X% qr')

become large with asymptotically fixed ratio

v{X)
¥ q*

— L

wihy= -2

and the momentum p(A) is on the mass shell

[p ] = m*

In appendix B we give arguments for what we call a "lightlike
momentum (LLM) expansion". It is obtained by formal iteration

of Zimmermann's identities 21)

+ At each step only contributions
from two-particle operators need be kept. The others are smaller
by powers of A, From (B.18) we get an expansion, which is the

analog of (3.4),
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E ( 1¢ﬁ) O, p); m,q) =

= Z Can(Dq,%¢;m,q) -bn(_"’hg,-%) +ooL(x®) o (3.7
with

C;1n (q)-E) Vn'l}) =

proe’

= = 9 <TN¢[A(o),a\(a,J],e:\(;sa),c\(-f_z,;¢)>lf5
- =0
N . P (3.8)
= -5 9 Elq,0,p2, m'o‘l')][s:o
and
Pe t |
b, (1=, %) = bu(0,2;, 2 0,4 . (3.9)
Since Cuw is of order » in (the cﬁmponents of) the light-
like vector £ it is clear that it could be written in thé
form ex‘(qz) " s but ﬁe pref;r to use (3.8), It is well

known 19) that the coefficient functions in deep inelastic scatter-

28 )
[A¥H

ing can be isolated by calculating Callan~Gross integrals * 7, i.e,

moments with respect to the variable x = ™ *.

We remark that in our direct momentum space analysis we did not
; ‘ 5

refer to LC dominance. However, it was necessary to assume that
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the formal expansion obtained by infinite iteration of
Zimmermann identities in the limit of large A indeed con-

tains all non negligible terms.

In contrast to CHM we can derive CS equations directly for
the functions (., (qJ 25 m, %) since by (3.8) they are
expressed in terms of derivatives of a Greensfunction. We

again express the large momentum bebaviour by that of small

mass,
-4
Can (Aq, 08, m,9) = N7 Canlq, ;2,4 . (3.10)
The CS equations read

DCanlg, L2, 0)= ACu.lq,L; 2 4q) (3.11)

and with (C.9b) we obtain the homogeneous asymptotic equations

oS
[%*18’1] Ch_“ (OI)‘E)Z:-)%’) =

p
(3.12)
as
= Y‘L nn Cv\n (‘1)2) _\')_V:_l?) ;
vhere Yonn = 2% * Mnw (3.13)
and, of. (0.6),  (3) = o ooy L 00y
They are equivalent to
oAs "
C.“.,_ (q,f.) =) %,) = (3-1!*)

= 0\::(35()'?)”}) qz_("al 5 (X,g))nn Cy\.“-f (°|J ‘E) A, i();‘%_))
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where again O, ... is defined from Y, ..., as in

(1.7).

We thus see that the asymptotic form of the Minkowskian

- ) . m
exceptional fanction E(q,0,p2; 1 9) does not
have a simple transformation law which relates its mass
and coupling constant dependence only, as it is the case
for the Euclidean analog f’((-ﬁ)q 00; %%a a) ,
cf. (2.9). But (3.14) implies that different derivatives

with respect to B , cf. (3.8), in general transform

distinctively.

The above discussion of asymptotic behaviour directly in
momentum space can be generalized to functions like T(q,p)
which involve the product of two current operators. This,
however, would require in appendix B the use of bilocal
normal products of operators which themselves are lecal
normal products. If spin is included tﬁe same considera-

tions hold for the invariant_strnctnre functions.
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4, Lightlike Exceptional Momenta

In this section we apply the method of LLM expansions to

more complicated cases of Minkowskian exceptional momenta.

We are able to derive the asymptotic form of a vertex functiom
whenever only one lightlike momentum vector is involved, e.g.

for the functions

E(Xq, ahe, PAL m,a) =

(4.1)
~ ~ rrop’
= <TNoTAMOAMq-ad2)] K((+p)AL) A (w-p)A2) ¥
with o,?—<o} A% - o
and
F()\P)')\e)‘)r]}hﬂ.}?’) =
(&.2)
- ~ - . pRop’
= LT N TAMD) A(Ap-28)] NoTA (N p4n) Al-Ap+2e) >
with YJZJ P‘zt(iaiva']z 40 5 L2 =0
For dimensional reasons we have
- -4 .
Edqg,adl piL m,q) = N Elqal, pt, 3 9) (4.1a)

Fldp, 2, 2y mq) = X Flp, 8,0 5, 4). (1.2a)
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in these more academic examples we confine ourselves to
exactly lightlike momenta, but it should be clear from
‘the previous section that momenta of the type (1.10) could

be used, too.

The above functions are generalizations of previous ones

in the sense that lightlike momenta replace zero ones. We
therefore expect related results. Indeed, {4.1) and (A.Q)

are generalizations of (3.6) and (2.1) and of (2.2), re-
spectively. Namely, for a=0, =4 we obtain from

(4.1) the function E(Aq, 0,285 w, o) . It is
equal to (3.6) except for the replacement A& = AL+ Nt
If both o« and B are set equal to zero the function on

the r.h.s. of {4.1a) reduces to £ (9,0,0,; = o).

Apart from amputation this equals the Euclidean exceptional

vertex function I ((-9)g 00 ; %%, o ) of (2.1). Similar-
ly F(p,0, e ; ."_;-‘r %,) is related to
Fi-p)ye pv); 5, 9) , ¢f. (2.2).

In section 3 we already dealt with the special case o= 0

in (%.1) which corresponds to forward scattering. The general
case of nonforward scattering (with, however, q2 > 0) is re-
lated to deep inelastic annihilation 29). Its discussion is
along the same lines. We first expand E(A‘T:"L)‘t; pAL; m,g,)
in terms of Euclidean exceptional functions by use of iterated
7 immermann identities. This yields the formal LLM expansion,

cf. (B.16,18), which expresses E in terms of its derivatives

at Fuclidean exceptional momenta,
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E()\Oho(}-e} ﬂ}{;ml}) =

o " —
= Z 2Z2Z

h=0 =0
R EVE RN

CrnC)ﬁJﬂtjvm,%) & ﬁr

with

Cf‘“_ (q){) M'%) =

prop’

1 4 9“"'
(8

o Dy <TNoLAX(4)] X “‘"""’“K“‘""‘“’»L:P:o
- &3—) SN E (o, L, pt; M'%)lo{=p=o
From the CS equations
2 Crn(q,2;% o) = 8Cenlq,2, %, 9)
and an expansion of ACrwn (o, 2, 2 oy) , cf.

(C.9b), we obtain the system of asymptotic equations
as .
I% +2a’1] 'CfVl (q,—?.)-:laa_) =

s
= %; ¥z vy Crwt(ﬁ,zg
TEr £n
‘ven

|3

XY
with, cf. (C.5,6), Yo ov! 2= 2 ¥, + 4,

Similar equations are implicitly contained in the paper by

29)

Mason - At the level of the leading logarithm approximation,

were only the lowest order terms in the parametric functions

(%.3)

(&.4)

(4.5)

{4.6)

(4.7)
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Blg/, y‘(%) JEREE are kept, he constructs certain
integral operators, They are equivalent to the PDEs (&.5)
plus boundary conditions which are taken from lowest order
graphs. Using these operators Mason is able to derive the

30)

Gribov-Lipatov reciprocity relation in the pseudo-
scalar theory. It connects the scaling functions of deep

inelastic scattering and annihilation.

Equation (&.6) can be read as a homogeneous partial differen-

tial equation for infinite dimensional triangular matrices

CTQE = ( lei ) , %i = 0 for T 7 nm
¥a = (Yz.rn) ) Y2em=9 for v o0

The transformation law then is of the familiar form

xRS

= a (500g), ) 2209,3009)) CF (9,45 m,300y))

where Q, now has to be understood as a triangular matrix,

too, It is the solution of the differential equation

a t 1
[5(0)'5‘% o,(9,9) = ¥.(g) o,(q,q9)

normalized such that

(%.8)

(4.9a)
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Q’.(%'?_) = 1

and obeys the (matrix) multiplication law

aly, §') a2y ,q") = 2.0(3,9")

It can be obtained by iteration from the integral equation

a_,_(-g‘%,) = éq'-(ﬂl'?") *

3o B3

where 6'a2. is the diagonal of the matrix

3
dg'
(50«_,_(%3,) = Rop QSO Ao 8\(2_(%)

and

AY, = T~ 6-Kz

oy '
+ 02 da(a,9) AN(9) 2u(q, g0)

A, given by

(%.9b)

(4.9¢)

(4.10a)

(&.10Db)

(4.10¢)

is a matrix with nonvanishing elements only above its diagonal.

For the calculation of any matrix element Gz ¢n

- with +

and n even, v+ & wn - only & finite number of iterations is

n-
2

necessary, namely




It is clear that {(4.8) generalizes (3.14) and (2.9). The
equations (3.14) are contained in the diagonal of the
matrix equation (4.8) while (2.9) corresponds to the first
term in the diagonal. The A, -factors are different in
(2.9) and (4.8) because pg_\}_ ((-p)yp OO; —";:—J g) is

totally amputated whereas Cas includes twe external

propagators, cf. (4.%).

If in (4.1) & is different from zero it may be set equal
to one since the normalization of the lightlike vector L
is free. For fixed + the sum over n can be performed

in (4.3), and one formally obtains

A

E()W;)"e)ﬂ}’(‘} ’Ma“a)= :4;-0 Cf‘()“]))a} “"‘,}) pr (&.3')
‘van )

with

ff(ohf,-)w\,«}) :Z C"n(cl:zlw‘:%-):

LT (4
= & 3 El9,4,82; m,5)

!

From (4.5,6,8) one finds in the same way the differential

equations

D Celal,C,q) = 8Ccla e, o) (5.5')
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FAlE-Y 1
[$+2¥3—] Cf—é(o}lz)%l%) = ?;,r XZ o' + (4'6 )

even

and the transformation law

C®(q,e;% ) =
(2.81)

= 0T (3005)19) @ (3,50031) C¥ (4,8, m, 503)

2 as o5 . PO
where now C= = (Ct.) is an infinite component vector
which, in view of (4.4'), is formally obtained by summing the

. as
column vectors of the matrix C~ .

In our second example of lightlike exceptional momenta (4.2)
a direct LLM expansion, e.g. for the first No-product, turns

out not to be useful since the formfactors of the composite
12
operators depend on A through the invariants )z-fzz
L
and A 2
125%

. If, however, in the CS equation

L2+ %y, ] Flp, £, p"

7

%)c&) = AF(r)}{)rJf;. %‘%’) (11.11)

we perform two LLM expansions on the r.,h.,s. we obtain the

asymptotic equation, cf. (C.21),

[Q)+LFX1] F%CFJ'Q)PI'

/200 -

~m
A

N

(5.12)
as as
= as - - o s '
h-;zr;o E’”io Crn (}0,'2-,' '}”,%) (LXU-(%'))T?' Cr.n‘ (szj _,;._\4_)3—)
even

T TEAPER RO E I A b
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!
Here again the sums over n and n can be performed. In

A
terms of the vector (2 and a symmetric matrix -,

(4.12) then reads

[D+ug, 1 F*(p, e, & q) =

(%.121)
— ESEE_r( g = . ~as ] ™
= P8 5 g) ¥aly) O (p, ;5 q) .
Using (4.8') we find the transformation law of the asymptotic
form
FE0, 2,0 B9 =
L (3¢ [ F¥(p 2 ¢ w3
ql (3 )\i%)i%’) P}P’lr} Vl", %(Af‘é’J) +
(4.13)

T

o5

P LCR 4 m 500 (9,5 008); 50ve)) C¥ (P4 m, 00 ] =
v
= O, (5 C),%)“?) F:gé (:P‘Q) p') . % (A'%)) +

AT . e T
o CF Ul 5 g) o (4,50050,4) C¥(pe; %, )

where a symmetric matrix of renormalization constants

has been introduced,
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9

ohe' T, '

a.l?._ (%;%1} 3&):5?2'_) A, (n,%z) Y?.Z.(%‘J 0‘2(%;37.)’ (4.115)
2 .

i.e.

M);% A2z (9,955 92 ) = QZ(%,M ¥2.(9) %2.(9,92),
A4 (3,7; ﬁa): O

(4.13) and (4.14) are obviously matrix generalizations of

(2.12) and (2.13).

We close with the remark that the formal resummations in
(4.4', 5', 6', 8', 12') indicate that the expansions in

the throughgoing momentum might be superfluous from the
beginning. We have, however, not succeeded in deriving

(&.3', 6!, 12') directly by expansions in the relative
momentum variables only. Apparently this would require

the use of normal products which are subtracted at a through~
going lightlike momentum, But then asymptotic estimates which
replace (A.7) are not available. They are necessary to single
out the asymptotically leading contributions from two-particle

intermediate states.

LR RN A T R L TR e TR R T P Tl T R R DT T T DT TR P SO
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5. Summary and Conclusions

The Callan-Symanzik (CS) equations provide, in conjunction
with dimensional arguments, for a tool of investigating large
momenta limits. They. give quick results, however, only in the
nonexceptional cases where, loosely spoken, all momenta go to
infinity far off the mass shells and all subenergies become
large, too. With this understanding the physically interesting
high energy limits are exceptional. It requires detailed
analyses to see whether nevertheless any useful information

can be gotten from the CS equations for these limits.

The asymptotic behaviour at exceptional momenta is related to
the infrared singularities of a massless theory. In Ah-theory
in four dimensions the singularities at Euclidean exceptional
momenta originate. from (the iteration of) two-particle inter-
mediate states in those channels which have zero throughgoing
momentum. We have reviewed how they can be extracted by the

application of a normal product expansion in momentum space.

We generalized this idea to some Minkowskian exceptional
situations where large lightlike momenta are involved. This
led us to formal infinite normal product expansions, closely
related to the light cone (LC) expansions in pesition space.
In our special examples of (nearly) lightlike momenta (LLM)}
they again reduce asymptotically to the contributions from
two-particle intermediate states. Assuming the applicability

of such formal expansions we obtained asymptotic CS equations
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of the same form as in the corresponding Euclidean cases, with
now, however, some expressions to be understood as infinite

dimensional matrices or vectors.

With this direct momentum space analysis we were able to re-
derive Christ, Hasslacher, and Mueller's results on deep in-
elastic scattering in a simplified model. We did not use LC
dominance in position space., Instead we had to assume that the
formal LLM expansion actually carries the asymptotically lead-

ing behaviour,

Maybe our method can be generalized to other physically interest-
ing cases. But it is hard to believe that these momentum space
expansions are adequate for more than a few situations. Probably
it is necessary to find expansions (or integral transforms) in

31)

different variables depending on the process under considera-
tion., In section 4 we already encountered the possibility that
for the asymptotically leading terms our expansions could be

partly resummed. This indicates the relevance of operators which

are different from Zimmermann's composite fields.
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ABEendix

A. Normal Product Expansions

In this appendix we review the perturbation theoretical
derivation of the small distance (SD) or Wilson expansion
and explain what is meant by the notion of a Zimmermann or
normal product {NP) expansion in momentum space. The start-
ing point of the derivation of the SD expansion are the
Zimmermann identities which relate bilocal normal products

21)

of different degree . They read in operator form

(G\,b even, O Y b 20)

(o)

Ny DAG=E ) Al-$) ] =%;\; GES(E) B{r& )+

(a.1)
+ NoLAG+§)A(x-§)]

The composite operators and corresponding coefficient functions

are defined, respectively, by 32)
@ )2—_#{)“)3
a, (-
B{PE’CX) = T Nq[A(ﬂ)i'-'A(r\)m] (X)
(a.2)
Y,w a2 om+ LHP);
irh 4 pRop’

G LTNGTAAEE)T ANy oy KM= ()

(A.3)

(f) =
Ce) T #0p), !
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with the notation

2
"A\r)«); (x) = ar,u),'A(") = (‘5?)(»)1 A(x)

I

A’(}A)J (P) - 9”"‘);&(10) (_3_9_}0)“").:;\‘(‘0)

(i = Pie " Pl , wm) =H8(p); 2o

a(f"\).i = af":ig.“' a}"jmu) ] 'a()'\),': 1 ‘/f- mwafy}=10

Iph = (Wa o (p) L owm %2

The summation in (A.1) is over all sets {p%  with

b < i+ ZH{p),;, £ « . Parity and Bose statistics
restrict m and ZH{n); to be even in Aq'-theory.
This is also why we need consider normal products of even
degree only. The Zimmermann identity {(A.1) relates a bi-
local operator of degree b to one of higher degree o
plus a sum of local composite operators multiplied by

c-number coefficient functions.

The bilocal NPs are defined through the matrix elements of

their Fourier transforms, e.g.

T Na LAGHE) Ax-E)] Ka) - K(qu)> =

_ S_D“( —vRK

@n)*

P =L

{A.4)

£ - ~ ~ ~ -
CTNLIA (24 )R (E-1)T ALY AG) - Rlaq)> . (4.3)
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<TN0»[K(-E—,_+K)K(%-K)]A(D) Aloy) - Alqn)?
N (A.6)
(q
-5 o S G B (B R A Ay )
is the appropriately subtracted integrand integrated over all
internal loop momenta Jk¢~-- A (for details we refer
to Zimmermann's original papers 21)). The subtractions made

. (e} .
in E‘A imply the large momentum behaviour

prov'

LTNLIA (%-\—}K)K(fi-)\*ﬂ]/\(o)x{qb) Y NC DA
(A.7)
= OL (X_a_ur) for A—> ®© | Kte O

at least for Euclidean momenta. The same estimate holds if a

mass vertex A is inserted in {A.7).

Setting a = b + 2 and iterating (A.1) one obtains an expansion

No [AG+§) A=) = 25 G6¥(s) Bypy (x) +
{r}

+ N TA+§) Alx-5)] (A.8)

in terms of minimally subtracted composite operators and

corresponding coefficient functions
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(a)

B{rs ()() 1= B{’p\g (x) for e Z&(}«);
3
G—”d’ (§) = G?;) (§) for = m+ TH{(p; -2

(A.8) is not yet an asymptotic expansion since for

remainder approaches Na TA] (x)

f-> o

(A.9)

(A.10)

the

which in general does not

vanish. This, however, can be remedied by introducing the so-called

M-products 21)

MalAGHEIAG-E)] = (1-£7") Na LAl ) Alx-§ )]
which have the small distance behaviour

MQ[A(X-\— 341) A()‘”S"’J)J - ?(S’o{-—z)

for ¢ 0 , m*#o , o> 2

In terms of them (A.8) can be rewritten as
MoTA(x+S) Alx-8)] = {Z.;: HY2 () By (x) =
r«

+ My TAGHSY A (x-§)]

AL LR RO RN AL L Bl 1L L TS SV NTULR LT O L T T U A EREE Dt e e ey U R LRt LI L LR DRI AR O e

(A.11)

(A.12)

(4.13)
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21)

with modified coefficient functions

‘t}“}) -¢) (M, yaialy PROP
R7(g) = <TH LA AEIIA 1oy - AP (0) 7
(A.1%)
b = m+ T8, -2
In view of (A.12) equation (A.13) is an asymptotic SD expansion.
Since we are interested in the asymptotic behaviour for large
momenta we take the Fourier transform of matrix elements of
(a.8),
N N N - prO®’
LTNITARH)A(E)] A A(,) - Alqu )P =
@ "'(r'& ~ P ~ PRoP
= {Z}ASO G (w) <TB{r3(0)A(%A(qL)--'A(q“}> + (4.15)

proe’

+ INL LA (B AE )] A R(qy) - Algn) Y

In view of (A.7) this is an asymptotic expansion for large
spacelike k., As distinguished from the Wilson expansion in
x-space we call it Zimmermann or NP expansion. It is not
identical to the Fourier transform of the SD expansion. The

33) relates the large-k-behaviour to

Riemann~Lebesgue lemma
the strongest singularities in g » not necessarily te the
small- f ~behaviour. However, according to (A.11)

Mal AlG+S) Alx-$)] differs (for a > 2) from

Na [AK+S) Al-$)] by a polynomial in § only.

Therefore the Fourier transform of the former differs from
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Na[;’\ (*E_-t“—) A (%"K)] by terms which are
proportional to derivatives of a 3 (k) -function. We
stress that for momentum space considerations the ex-

pansion (A.15) is the adequate one.

B. Formal Expansions at Lightlike Momenta

We first recall how in position space the light cone (LC)
expansion is related to the SD expansion. The main topic

of this appendix is, however, to find a similar formal ex-
pansion in momentum space, which we call "lightlike momentum

(LLM) expansion".

The LC expansion is formally derived 24) from the SD expansion
(A.13) by reordering the terms according to the singularities
of the coefficient functions Pi{rs [f) on the light
cone §Z =0 + This cannot be done rigorously since "in
principle it is conceivable that none of the leading terms

of the Wilson expansion carries the leading light cone

27)

singularity" . In a SD expansion up to any finite degree
the remainder may be more singular on the LC than the other

terms.

In the following we want to make use of the NP expansion (A.15)
in the case when the relative momentum K Ybecomes large in
spacelike region and the momenta ¢; become large, too. This

seems to be possible if the latter are essentially lightlike

1D SHE 4 e U b ) R A E P 1R T S PPRER I LSO L A N | 1 5] 0 e A g g e
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and parallel, such that their components become large but

the invariants g oy étay fixed.

We are interested in the large momentum behaviour of a

function which is used ip sections 3 and 4,

E(AC]) p+(>\)}\()—f)\)} M'%’_J =

(B.1a)
~ a prop’
= <TNeTAD A(p )] Alp, ) Al 00}
where
Yj'l.z(}\) = FAq - pr (M)
Pre () = pa () p OO (B.1b)
and P4 (N are momenta of the type (1.10),
pr (XY = oy (A2 - XTR)
| (B.1c)
p- () = o (he +3\—1£’)
with
22 2% - 0 , (0i-a2)2 08 = M° , at4 o,

The mass sqguares

Ps’ P = MT



5D o
and the momentum transfer
2 2 ]
E= (pirpe)® = -8 w7 L4

stay fixed in the limit A — oo . The NP expansion (A.15)

reads in this special case

a  ~ &} N " PROP
E =X, G 7 () T By (o) Klp, ) Klpy0)> =+
{s}
(B.2)
~ ~ ~ proy!
+ <T N LA X (o, ONT Alps ) Alpy (M)
with
G} 1 x ~(6) ~ (6 Proe!
G (}\q) = <TNn[A(D)A (Aot)] AT (o) A 5 (0)>
TV s (s); |
n o= s+ Lat(e); -2 (8.3)

It can be seen that asymptotically only the operators which
are composed of two elementary fields contribute to the sum
in (B.2). This comes about as follows. From (A.7) we know

that the coefficient functions have the asymptotic behavionr

5{65 ()\ol) = OL (}\_n,—lf-) ) (B.4)

sl LU LITE LI T

VIPL LHIE =400 1 R Um0 wmmrm o9 (RS2 P [0 L8 011 4Pt g
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The matrix elements of the composite operators in (B.2)
obtain contributions botk from the trivial and from non-
trivial diagrams {(recall PROP = PROP' + TRIV). The normaliza-

21,34)

tion conditions of the NPs imply that ibe nontrivial

partis

Roe’

~ ~ P
ST B0 A (wpy ) Al pa ) > (B.5)

vanish like CD(3{'L*1) for small & since they must be

even in ¥ and all terms up to order v have been subtracted.
Now in the tensor decomposition of (B.5) the ¢ -dependence can
arise from explicit factors (}c- Vs, 4 CX))S and from the
invariants 'yf ks }th . Since the latter are A-independent

2
the maximal power of A's, namely Z:ii(E)J =n+l-5 ,
arises only if all indices are generated by the large light-
like vector N 4£ . So we obtain

p ROP'

CT Bisn(0) A () R(pe(W)> = 852 ) Ligy £ +O(A"2)  (B.6)

where we introduced a shorthand notation similar to that in (A.4)

’e{_G'E = ’efG'),_“- () ~ ‘ee:“ ‘h"‘u )Q(,—'si... (B.7)

The "formfactor" f depends om o+ , M  and t, Clearly the con-
tribution from the trivial diagram has the same A- and £ -depen-
dence as in {B.6). Combining (B.4) and {(B.6) we see that the sum

in (B.2) reduces asymptotically to contributions from operators

which are composed of two elementary fields as was stated above.
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Furthermore only the symmetric and traceless part of their

matrix elements is needed which is proportional teo the large

lightlike momentum X /£ .

At this point it is convenient to reparametrize the relevant

set of operators in terms of total and relative momentum

variables,

+

Oy (x) 1= 2C£) N LA 5 AT (.8)
with v = #(g)-

According to Lowenstein's differentiation rule 35) we have

n-+

(%) (eh 0(5}_ (x) = —:t- (—__23:)"' Nn-\rp_ [9r5)+(A 5’/5)_/&\)] (x) (B.9)

with _ﬁ:(j)_ = r ) _ﬁ_(j)_’, - n-r

The corresponding coefficient functions are

(8l () (3)4(¢). PRrop’
Con (Nqymg) = <TRIADRGOD] X D (5.10)

with

(3)+(s). 4 1 .
_ = X Ky Sre- (B.11)
=g M 59 Re)
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The matrix elements of the operators (B.9) are

(__é)“_réq— 3 ~ pROP
=y ). Ore). (00 Alp () Rlpe0))> =

oy

~ ~ PR :
= (p+ Ny, T O) () Alps) Alpe ))> = (.12)
n n-r MZ £ -2
- ) 2(5)_‘_{5J— O(+ bf— (d‘-l-) o{-) -‘;Z- ) ";\'t ) %_) 4 O Ck ) .
The "formfactor" bo(---.) is a homogeneous polynomial in
oly and o of degree + . It is easily verified from the dis-
cussion after (B.5) that for exactly lightlike and parallel
momenta oy , () , i.e. £'= 0 in (B.1c), only the trivial
diagram contributes and yields
be(d+,d.;,0,0,58) = o . (B.13)
In order to get rid of the indices we define scalar coefficient
. . (s)e (5], .
functions by contracting Con (Aq }u\i%’) with the
large lightlike momentum A& , -i.e.
Con(ha, 32, m q) = G (A ) A " (B.14)
T 9, y i R T ;"2 (%)4(3)- A
New in the Zimmermann identity
1
n ($)i(s). PROP
<TNILAD AP Xeww > =
[
S (1) ) (g)+(3). _PROY
=2 5 G[o) (Mq) <T Bggy (0} X > + (B.15)
i . ’
- (s)+(5). FROF
4 2T N, TADAM)] Xra >

R R By ST
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()
the matrix elements of the composite operators B{G’S (o)

cannot be traceless in (¢)4(g). since

= ‘)ﬂ: (5)-}— ""#[S)-

'+ L#(6), ¢ n-
J S‘I 7/2 .

Therefore in (+, the Nn-product may be replaced
by N 36)

»

CT“ Ckol:le} ”"loaf] =

(e)+(s). PROF

= LTNJTA®X O] Xpro D Legris). AL (B.16)
- A T 0T LT NI A Ay Rllsm ) Ala-p)ar) >T°?'
Oa-e)t P dp=o
So we finally obtain from {B.2) the simplified Zimmermann
expansion
Eq, pe ), p-0)5 m o) =
a2 n
= Ee E} Crn Oy, 22, ~e ) vy b (ayd; %i} %.‘}) 4
e (B.17)

+ <T N, A K(\OL(A))J A lps(0)) A (py 0 )) ;m +

+ 0oL (A ¢

Letting hereina go to infinity does not yield an asymptotic
expansion in A since for every finite @ the remainder is
oL (A'q) like the separate terme in the sum. The expansion

(B.17) suggests, however, that all terms of order OL(A"*)

LA EE L R UL L R TR L L R Y LU LT R R T O S T L T T g P T L TR T Ty o T R TR I L L TR LN AL
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are contained in the formal series which is obtained by

letting the degree a go to infinity and discarding the

remainder. This assumption apparently is similar to that

of the existence of LC expansion, which has not yet been
27)

proved in perturbation theory either .« We therefore

write a formal "lightlike momentum (LLM) expansion"
E(ko}) }o+()~)}p- (>«)-)m,«3,) =

0 n ) .
= “Z___o Z- Con Cko‘,)‘ijw\j}) d:" bf'(dhd-}%)%zl‘}) + (B.18)

RVeEew

+ oL (X %),

For exactly lightlike and parallel momenta p3 (A it
reduces, in view of (B.13), to a formal power series in

oly and od_ . Then the OL (X%) terms vanish identically.
The point of the formal series (ﬁ.18) is that it expresses
a function with Minkowskian exceptional momenta by its

derivatives at Euclidean exceptional momenta.

C. Asymptotic Estimates

We now make use of the previously derived NP and LLM ex-
pansions in order to extract the asymptotically leading
terms from Greensfunctions with mass vertex insertions.

Our first example is the function AC:, (g, 4 5 )
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which occurs on the r.h.s. of the CS equations (3.11) and
(4.5).

~ PROP
ACTH, CG‘)'e/Mt%) = <TN°[A(D)A(‘])] A -'e'yrv\>
(c.1)
z . 2
qQ <D0 J £ =0
with
(5)4+0(8)_
L Xpp 1= ’((S)H'SL Xrn
(c.2}
[COMEIN . . . .
and ra is defined in (B.11). Weluse a Zimmermann
identity to express the N, -product in terms of N, ,, 37)
~ ($)+(s). PWoP
nez o~ fgll . (m¥) (3)+(5). PROP
:Z}o Gy () £ T8y (0) & Xoo o 2 +
{s'
(c.3)

3 g s n (81450 FROF
+ ZO AG[e.u ("]) LT B{Q"B (0) Aywn > -+
{s"}

~ (w4181 FPFOF
+ KT Ny TAPY AT A Xew 07D

where the second sum arises from renormalization parts which
contain the mass vertex & . When contracted with 483;+3,_
the second sum in {C.3) does not contribute because of the

argument which was given after (B.15), namely the matrix

. w
elements of the composite operators B~ cannot .be trace-
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less in (£):(%)- gince SH-J-Z#(U‘")J £ n o= Hg), 185). ,
(. 2. 7 His") < T Hig) .

For the same reason it is necessary to have $f= 2 and
P #(g')s = n in the first sum. Transforming again
to total and relative variables, with ' = #(5’)_ and
o= tt(g’)_l_ + H{g')_ s one sees furthermore that in
}

fact only terms with +4£r ¢ give nonvanishing con-

tributions,

woUr

k‘ h—t‘t P
(_“5_) LT 9(5‘)+ 0(3')- {D)A £ Xvn b,

pRovY
'efs')4 LT Opep_ (o) &b K- X ¢yt D = (C.4)
= ’F(Srh./s')_ A iy (-3) :
The functions ey (%) can be isolated from (C.%) e.g.

by introducing an auxiliary lightlike momentum £,

~ el PROFE
AU g (?) - /6(5)4TO“.,){0) A LN > -
T S P\ A S U B ﬁ((ﬁ{s)x)'ﬁ((.a—p)z);“? (c.5)
eyt TP s) Jupeo .
ER —

with 2= 2% = 6, 2-X=1 ; f’:ﬁff') and t even.
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An explicit calculation of Apie (o) in perturbation

theory gives, cf. (2.6),

4 4
1+ 46 n* q

Moy (%) = CSTO + o(%z_)

Since the lowest order graph for

prROP

LT Ogy (o) & Kl(xtp)2) K ((#-p) &) >

is independent of the relative momentum ﬁ-i it contributes

to Y., only.
So {(C,1) can be written as
AC,‘_"_ (0',»3) M‘ca) =

:E Cr’n (ﬂ,‘e,'“"lg-) ety (g) 4+
€ ven

PROP

+ LT Ny LA R ()] B £ X

The last term in (C.?) is negligible under overall momen tum
gscaling or, equivalently, if the mass m is replaced by %;— .
This is seen as follows. We replace in (C.7) the momenta by
Ag and €. According to the definitions (B.14) and (C.2)
the dependence on the vector A€ can be factored off. The

large-A-behaviour of the remaining functions is, in view of

(B.10) and (A.7),

(c.6)

(c.7)
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Cot® (qymiq) = oL ™) (c.8a)
~ (s)4(5). J¥°F o
CT Ny TAOARG)] 8 Xew > = oL (3775) (c.8b)

!

since q2 <4 0. Therefore we obtain the asymptotic behaviour

ACTV\. (AG‘,}\{) W\‘CZ—) =

(C.9a)
= Eén Cv"ln (kc‘,)‘e‘)v\’\lcd') A/]faf_ (?) -+ OL(/\-L)
or for dimensional reasons
M
ACI‘\-._(O])I,)"/\"!(}) =
(C.9b)
, [Py -2
= E‘M Con (o, 25 5 9) Ao lg)  + OL (A )
€vewn

We remark that the above extraction of the asymptotically leading
- ‘ ‘

terms from AC e (a‘r 45, }) makes use of the

Zimmermann identity (C.3) which relates NPs of finite degree. It

does not contain formal infinite sums.
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In contrast to the previous example we need the formal LLM
expansions in our second ome. The function A F (p, 4, Y"_; "";‘, a)

is the r.h.s. of the CS equation (4.5).

bF(p,I}p'} Mi%') = <TN0IA(°)2‘\(r‘p)] T No[l";,}'q] 7 (c.10)
with Prp = F -+ , Pae = + wr+£
Feo L, (pae)t <0

and the shorthand notation

M“[F’slr"u] = Natﬁ(w;),’&(w)] . (c.11)
The formal expansion of the first No ~-product in (€.10) is
AF(p Ly, m q) =

~ IS (ne2)
27 T G () < T () A Nl py 1>

nzo {53 )
Ve w
At () (C.12)
+Z AG(K) (\0) LT B{Tl (0) No[f’;,(’#]) -

i}
+ 11“-4 £ TN“_[A‘D)K(PL)JQ No [ Ps,}”u] 7 }

The summation is over sets {9} {7} such that

!

S+ L#(s); = n+z , EFTHE), =n | (c.13)
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The "overall subtraction terms" are defined by

—a 1

() o '
Ie S = Y « [(52)(«) <...>]£:O
a = #(«) (C.14)

o
Ty &y o= 0 4 aco

They arise for n %4 since AF  is the vacuum expectation
value of NPs only (as oppbsed to both NPs and A-fields). They
would be absent if e.g. the second Nj -product in (C.10) were
replaced by a Wick product. This is an ethple that the N,-
prescription in general is not identical to the Wick product.
Further expansions of the remaining N,-products in the two

sums of (C.12) give

(n+)
LT Bygy (0) & Nolps,pel? =

Cinte) o (W42) ~ La'}
=Z ‘{Z <TB{“‘5 (D)AB{G'E (28_)> G()(yﬁ)-}

n'o {1} "

even (c.15)
- (htd) (w') ~ "}
+ 2 LT Bisy (0 Byian (220 LG () +
{1
ne'-2 ()}
* Tz <T&{cs (D)AMn‘[Pg,rq]> }

(w)
LT B'{TB {D) NOIP3¥PQ]> =
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" ~ (W42) ~ {g'}
=T ) T TR () By O> G (f) v (co16)
Ne ot
—wvin' -2
+ Iz <TB{ﬂf0) N“-[yo%ﬁ]) }
with s'+)::t:t(s')3 = n't2 , e ZH), = | (c.17)

In the following we show that in the formal expansion of

A F (X P AL, AY")- ., ta,) again only two-particle
contributions must be kept in the limit A—> oo . We list

the asymptotic behaviour of the various terms in (C.12,15,16)
if the momenta are scaled with the common factor A.

1. From (A.?) we have

"' Lu}

G ) ()‘P mog) = oL(X"TY) (C.18a)
) -4
LG i: ()‘V W) = OL (") (c.18b)

2. The three matrix elements which contain two B-operators,
(C.15,16), depend on A through the momentum A4 only. By

definition they are subtracted at zero throughgoing momentum

up to the order mn+4+w'-2 . The argumentation unsed after (B.ﬁ)

then implies, in view of (C.13,17),

CwW4z)

<7 [3“.3 (o) & Byey (228)> =

(C.19a)
= ds, Iy AT Aied 1573 /r,(«}) ;

TP L1 OM D WK 10 8 0 0B 00 LR P @0 TP 1R ROUAIR <5 KNS | AN P W[t s = €8 S O PR PO R TR 9
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(n+2) ~ (W)

LT Byey (0 By (28X Y =0 : (C.19b)
Lw}) ~ (h}-(-?.)

LT Byyy (0 B oy (2%2)> =0 (C.19¢)

-1
We remark that a throughgoing momentum AL + N2 gives
ntn -2
additional terms of order O () ) on the r.h.s. of

(C.19) which do not invalidate our reasoning.

3. Finally the overall subtraction terms have an asymptotic

behaviour as expected from naive dimensional analysis ,

T T N TADROp)T AN Ap 17 = oL (x*")  (c.20a)

nen'-2 +2.

(n+t) n-6
T, KT By (P2 D N l2dpy Apel? = OL (2"7) (c.20v)
hth'-2 (n e c
Te LT By (0 Ny Dapy, dpel 2= oL ). (c.20¢)

We postpone the proof of these latter estimates to the end of

this appendix.

B e R S T I TR TR NI
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It is now straightforward to verify that the asymptotically
leading terms of OF O\P,AE,AP'; o, %—) come

from the composite operators 13(6),(0); . Transforming
again to relative and total momentum variables we find after

some algebra

AF(kP))"E)AP'/ Mf%’) = Z_ Z_ C,—h()\lo'}»e}m,%)

r
n2rzo w370

Ciya, @) eer = Crw (Ap) Ay m g ) (c.21)
+ oL (\T?)
The functions (B’u (%))”, are given by
(Xu('a))fr’ = -1 2”"(7’0,5, (o) D -5(,') (ze)> 2 (c.22)
with 72 =4t = 0 Z-2= 4

T =#(g) and ' = tf(¢') even.

They are symmetric in r and r', and from the lowest order graph

we obtain, cf. (2.11),

1 1

Oy*) . (c.23)

1+t+c' 46 2

(Y?.?_ (7)) S




- 57 =

We still have to verify the estimates (C.20). By the usual
dimensional argument the l.h.s., of (C.20a) can be rewritten

as

L. L.s. og (C.20a) =

(c.24a)
- ) .
= N1 (ame) A £ s (eirs 5 )
(o))
with
bo by Cpir =)=
(C.24b)

(2 )y <TNW [AD RCp-00) 20 No Ll i 217 (3)]

(L) = n-u
The estimate will be established if one can show that
Ao {.‘(DL) (ig, P}; _V;\l_) diverges at most logarithmically for
A —» vo ., To this end we investigate the IR divergence of

the mass zero function AD‘F(dJ ,(P) r:') 0)

Zimmermann's renormalization scheme is strictly speaking not
suitable for zero mass theories, since the subtractiens are
performed at zero momenta. The "finite" counterterms thch
appear in his Lagrangian are(at most logarithmically)divérgent
for w — D . As long as such logarithmic divergenceé do
not add up to positive powers they do not spoil the following

argumentation 38’39).
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We consider a given diagram Do (" which contributes to
Ao(‘(d)(l”,frjo) and a given routing of p,p’, and the internal
integration momenta. The corresponding diagram without the
vertex insertion is denoted by [7 . We identify the end
points of the external lines with momenta E and j;r’ and
denote them by V, and V|, , respectively, cf. fig. 2. Since
p and p’ are spacelike all integration momenta can be Wick
rotated. Then IR divergences can arise only from lines with
vanishing throughgoing momenta. We consider the contribution
from a given part of the integration region where some (or
all) integration momenta are small and define a degree co of
IR convergence which counts the powers of small momenta. An
integral will superficially converge if w> > 0 for all

possible subintegrations.

The lines with nonvanishing momenta form 2 set { XS of
mutually disjoint proper subgraphs and two situations may

arise, cf, fig. 3a,b,

a) V% and VD are in different subgraphs Yn, Yo or

b) V. and V, are in the same subgraph Yo

In addifion to ¥n, Yo ©OT Y¥no, there may exist other subgraphs
which do not contain the momenta p and P' + The reduced
diagram X is obtained from I’ by shrinking all subgraphs of
the set {y& to a point. By definitien it consists of lines with
small momenta only. Let +, be the number of external lines of ¥,
H{w); and H(st)y denote the numbers of derivatives acting

on lines in Y and X y» Tespectively,

L T A R T P e ey N LY T LTI OEN EARTNT M YRBI RN AT hor I | R U P Y XL OISR A A i 10w e ne e e e
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We find the following wvalues of 0!

Case a:
[«
W(X) =4 + (rp-4)+(¥-4) +Z Crf_"q') -ﬁ("‘)x (€C.25a)
o=y
follows from power counting,
W (¥n) = max (n-t, - #*)+41, 0) (c.25b)
is implied by the kktnprescription)
Wiy,) = O (c.25¢)

gince the ﬁJo -prescription does net imply overall subtractions |

w(yy) = max (LF-—T‘i -}, 0) i=4 2 ... ¢ (¢.254)

since the renormalization conditions of a massless theory imply
that selfenergy insertions vanish of second order in the through-
going wmomentum. Adding up the values (€.25) we find a total degree

for the diagram fﬂ
c
we (M) = (X)) +w(yn)+ wiye) + Z w(y:) »

2 G+(r-d)+(ro-t4) + 2 (t:-4) —H)y +
&=t (0.26)

<
+n-t, —He),, + 1L + Z (Y-r.- #H);) =

i=|

=[n-4 - o)y ~tla), ~Z HW; ] + tot+ 1

> 3
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The value of the square bracket is nonnegative since the

total number of derivatives is vi—~4, and +, 22 .

Case bz
w(X) = v, + zctt Cri-4) - By (C.27a)
W lywo) = max (n-W —v, ~ H (), +1,0) (C.27b)
w(y:) = wmex (% ~+ ~ H#(d); ,0) i=de, e (c.27¢)

These values add up to

() 2 In-t )y - Hlet)n, Z Bl ]+4 =4 . (c.28)

So far we have neglected the operator A which may be inserted
in X or any proper subgraph of the set {yl . It is easy to see
that for all possible insertions A, can lower the values (C.QS),

(0.27) at most by 2, Therefore we obtain
Wa (Do) > +1
hjb (Zborj) 2 - 1

i.e. the worst IR divergences of Dy F(*) (P,rfj o) are
linear ones, but symmetric integration reduces them to logarithmic
ones., Thus (C.20a) is verified. The proofs of (C.20b) and {C.20¢)

go through similarly.
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Figure Captions

Fig. la A diagram which gives rise to a logarithmic

IR divergence in [ (f-p)yp 00, ﬂ;-, %,) .

Fig. 1b A diagram which gives rise to a gquadratic IR
divergence in Lo M((-p)p OO -"i"—| ra_) .
The cross marks the insertion of the vertex

operator AR

Fig. 2 Diagram contributing to f($) (p, pﬂ;O) =

0 N srop’
= (5% )y < TNLTAL) K (p-2)T No [p'se,p 21> | (m=0)
L=o

Fig, 3a,b Reduced diagrams which are obtained from fig. 2
by contracting subgfaphs with nonvanishing momenta.

The vertices V,, and V, are in ¥y, y, (=) or in y,, (b).
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