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Abstract: A covariant perturbation scheéme is developed to°
+glivei'd co-ordinate independent perturbation expansion of
thé chiral invariant pioh model with nucleons. On the mass
shell the: ¢ovariant approach is shown to be equivaient to

the standard perturbation theory.
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INTRODUCTION
In a series of papers L1, Zila non-linear chiral SU(2)xSU(2)

‘rareénd
FESTH POR R

invariant Lagrangien, (function;of theipion fields only) was
studied within the framework of ¢o-ordinate independent per-

turbation expansion, This medel wes,theniuged tocalculate in

a co-ordinate independent manner the phase shifts for pion-
pion scattering at low energies in the effective range appro-
ximation, However, it is clear that the pion-nucleon scattering
problem at low energies as well &s the calculations on'the.corv
rectionsmforuthe~axia1hcurrént coupling constant -lie. Beyondf
the framework of the covarlant“fqnmalism developéd in [1 . ],.
To deal with such problems one has to developed a covarlant
perturbation expansion of SU(2)xSU(2) invariant Lagrangians
which are functions of the pion as well as the nucleon fields.
In this paper we develop such .a covariant formalism. Furthér—
more we showﬁ;.mqm.emtm mass ishell; ' the rcovariént :formal ilsm
yields results which are completely equivalent with the re-
sults of the standard perturbation expansion. The on mass shell
equivalence between.covariant .and non-cowairiant perturbation
theory for the case of chimal ﬁnvarianmhﬁdgrangihhSEﬂh&@h:ahe
functions, of the.pion fields; only was demonstrawed in: 7]

Our proof for the equivalenge theorem is:vexry sﬂmﬁ&ar)to;the
one given in | 7 ] , that is,. we show explicitdy how: one:can
express covariant graphs by contributions of non-covariant

ones and vice versa.
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I. THE MODEL

In this paper we study the chiral SU(2) x SU(2) non-linear
pion model with nucleons within the framework of co-ordinate

independenf perturbation expansion (Eckéf, Honerkamp [j, 2] ).

The pion fields, which form an isovector, transform non-
linearly under chiral SU(2) x SU(2) transformations, and are
taken to be the co-ordinates of a curved manifold, which is a
3-gphere, ¢S, of radius Fﬁ ,
stant. The nucleon fields, on the other hand, transform in a

Fn being the pion decay con-

quasilinear manner, and form an isospinor corresponding to
isospin /2 . The 'standard form' | 3] of such a realization

is given by
qe SV@)xsvu@E) @ w— T’ q,,,LP’:D(é“'C”)'V)+ AN

where D is‘'a linear 2-dimensional representation of 8U(2), ‘
and
_ - A wlA w(@)V
ge = € € i
where V., and A (i=1, 2, 3 ) are respectively the vec~-
tor and axial vector generators of SU(2) x SU(2). Any arbi-

trary non-linear chiral realization is obtained from the stan-

dard form (1) by a redefinition of the fields (= ,\F ) e.g.

T — 7 = TT-JC(‘TI') , .jC(o)_—:i (2)

where S(n) is a SU(2) scalar analytic function of =n. .
Following the prescription of Callan, Colleman, Wess and
Zumino [47] we write down ‘an SU(2) x SU(2) invariant Lagran-

glan with pions and nucleons in the form
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where ’81 ('M -is. the metric g.n 83 ( .saspa,e;e orf_cons‘g nt

under the, pi@n fielp rrqd}ei'inlta.on (2), ; hereﬁs 3 i

'ﬂr?!Il fiik l l'

forms like a covariant t,ensor LS] We- also, reMark ﬁlhdt ,ﬁﬁl

corresponds to the 0p|ena:tflon oi‘ covar:n.amt dl,fgerentg.?tg.lqn on B
the nucleon i‘ields £4 y 5]‘. lLWe .shall .show, la‘ber on that all .
the interaction terms in e@ are due to the curvature| mf”QSJ 3

and vanish in the flat space limit. However, it is- possible

to add further terms that do not have this property. Such .
terms mus‘l‘|, be themselves chlral—lnvarlant, because the mini- |
mal form.of the Lagrangian given above is alneady chiral-ia-.
variant. We shall add onme such term to themlnimal form ‘for ..
the Lagrangian and take'the: Lagfdngian ,&eﬁgi{ty' to be

R S B T ST S S A CER . Rr

ARECIEER I 5 DR el AL P t-—f i al@‘ﬂ-
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where | ‘() are 2 x 2 matrices depending on the pion field
and satisfying rthe'Clifford algebra, ' |
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A representation of this algebra can be obtained in the

form
r-li (-rr) = ed_l'('ﬂ")'Ta
. .where zedf.‘(;a:-{ﬁgigf) are dreibein fields satis-
- fying;
i -
| { €4, eﬂj-)(ﬂ) = g(-j‘(ﬁ)
eaiebt' = Jﬁb
Like i)f’ﬂ” [7£(7?) transforms as a contravariant

vector under pion field redefinitions (2) . It is, there-

. :
fore, clear that aC/ is a co~ordinate scalar.

1I. COVARIANT EXPANSION OF THE ACTION

- Consider the total action 55:=Jﬁf&¢ﬂk). Our aim is

to construct a covariant perturbation expansion of S with
the terms of the expansion transforming covariantly under
pion field redefinitions of the type (2). To this end we fol-
low [ 1], and write

‘ S(—rr,qy,qu) — Si('f")i‘ S;(—rr,g,‘;_)

wheféwhs1(n)\,léhd S, (n;¥J,q3) represent the contributions
from the first and the last two terms in (3) respectively.
531(n) , of course, corresponds to pion selfinteractions and

its appropriate covariant expansion can be found in 1:1:].
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Confirling ourseives) théréfore ! toi 5 (g, g) ~weldwbroduce |

t i .
a classical pion field C;D(x) which satisfies the equation

§S(w,0,0) |

S + Ji(x) = O _ (5)
T (%

where ,Tl(x) i a ciass:.caljisourcefor ﬁh@"riﬁelﬂ 43‘(::) ! fn'the
following we intend to give a covariant expansion of S 4 Hrdund
the classical field cF" » 'Let § Ay ble 'lq‘hje gebdesics in 5’

from d;‘ to T’ where the parameterl ;\ (04 A £3) measures the
length for this curve, and S (o) = ?5 g(s) . & ()

(1 =1, 2, 3) satisfy the equatlons

Azgt aa.: =.:: |AQ 5- L v e
e oMy q=

NN B R T P

where TIE are the Christoffel symbols, of the second kind,

for +the metric 9ij - Be F$18 lwe | Iprofeed: Sy | fur thle,: (however,
it is nécess-af‘fy??"-to cohisider in somé . detaiil:rthe . cemariant -Spinor _
differen ntiatien. R A BT R TR R TR A S T '

o oL T e e e
Let {lp pe.a - comoogent field defined by

.Qe = .;'T- abe ]:La 77,] (Cﬂ,bf == Cba[) ()

where, Cabg(tﬂﬁ‘ yeyl connectlon) sajtlsf;es ‘the dlfferen‘t_:lal

R
euualeﬁ L6 __l oy R S T -
P om0

(8

Cak-t = Cu3% """ﬁﬂ-’eg;ﬂ T!GZE'E'@,'JEE*?_'% O iy

{(where Cu¢ 4 = M} ). Under the field transformations

drvt
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\k——? Sq) , ® —> %' we deduce from (8) that {2, trans-
forms like

Qe > 52,5 + 5,5 (9)

The covarlant splnor differention (or Weyl covariant deriva-
tive) is, now, given by

It is clear from (9) that tP,Etransforms like L}J i.e.

Yo — 5\{)@

Simllarly we write

Jr
Vo= ¢b o+ vt ()
and
~
| AN* =Syl ap’fﬂfa,mf - (3)

We now turn to the problem of the covariant expansion of 52_(117/7/)

We introduce two spinorial quantities 19 (1) and '8 () satis- ;
fying the equations ‘

49 - Ok, 45ty = SR

iy
| _ﬁ SR ON Fdgt = o (15)
dX da

where sz is the matrix element given by ‘

i [
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. where _ ' ' N

equatlons (6), (14), and (15) equation (18) ylelds

= 2bd) ,:ETaq Tp .,P A . (1]5)

o] i
LIRS !

O '4)‘,”a$& t=1!5§5=""?' vib R

actions arising from the covariant 'derivart!ive of the nucleon

o fields. The last term in (3) reduce!sl, 1n this \fla't space limit,

to the gradient coupllng term ___ Lf' [5 % 4, 34»"- . Now, we

Sy (m$ ) = Sa (80) Sm 1900) o

can write * o At fil- Fehl W _w ]

The functional on the right hand side of (}7). is.And ordinary
function of A with a -Taylor .expansiozi
1 — ' i A4 - Lol
S0 ,90), 3(,\)) = 5, ($c), V(o) Tlo)) +

M(4s 2), 9] (42 S, (€60 BN, D)) +-4-:418)
* (aA 2 (500,300, ()))_4=o+5.“.f“(432 (§6),9C ))j=o

4 - Jgis A@L T aﬁ‘ 3
H T Iy sE TaA e T Ay ss«
with the arrows mdicatimsg lett%: and 'r;ught dez‘lvaﬂsﬁ-mes. Using

™
LN

,2(5‘(9\} S(A) 0@)) -__'19‘*(07 N’j (%@)ﬁ,{

I B T TR R

A C_LS,.': 13“(3\) A,{,i EON D GA) )y oot Fire vl o
A (d\} ( ) i ')

—

e et aei 5% GDR
+%T(‘d;1“§_i' %%__3 A U(%\))@fcu)

where

S.'a S(A; 19(;\" IB(U 3
58"‘d> C )3 &Sfcm

Ai.fl(é"(l)),_ "g AH'(?@DM"MW’ ;!i:;wl‘ i nAlﬁ tgm))l gL 111\,3’(

SE)

AL (s) =

ML R A S T TR AR T L e VAL T4 T Ut R A L LTS TRT G TR TR H."...!-.p-lr\'F”"'”""‘Il'nnn-.- R e T
HE - F . o it o

H ) ﬂ}; [
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AL.j(50).= SAL. L-L§(U _ _Qij AS.L(5O)

+ Ax { (&(z\))ﬂ & A""'M(S-(z\))
and so on. Hence by virtue of the fact that Cc:llé_L /l _[_7_

)
where F is a ch:Lral bivector defined in [1] y We get for A=s

= _o( 6 L oo ____M 5 .
Sz (, q),q)-)= g A«GD)_?F +Z . i3 A“-t,--‘kn (43);}; F.k'... ]—:k.,
. ) n=1 1. ’ (20)
The corresponding expregsidn for S,(w) given in.]:1] has the

form
O

S, () = 5’(?5)*,% 1 Sk by () bk

where. the covarient derivatives of the coordinate scalar 3,
are defined in the usual manner, i.e.
Sy 5L = S/,

S{ Lj"‘gf LJ*FIJS1 m

Before closing this section it will be instructive to look

at the expansion (20) from a slightly different point of view.
First we observe that.any integral curve of (6) is determined

by a point, which is taken to be the point corresponding to c}:"
rl.t,'

. R —L
and a direction at this point, namely 51_5_ =
A=o S

Thus we have

THOY = 5% + F‘ At J?/ V...
d)?

The coefficients of 1> and higher powers in } are given by

(6) by differentiation with respect to A  and replacing the

second and higher derivatives of é-‘ by means of (6) and the

Ll dl PHNTITE P AT ENT | TRER S g SRR e
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. . | . X ,i .
resulting equations. Thus by putting;X=5 we finally obtain

o d_‘.""-? ) h"'kn . (21)
o CP yxz—;',ﬁ’li‘_l_:{’,k.,t \F"f""‘ f_' I o

where F by, are the generallzed Chrlstofi‘el symbols Wl‘th

FQ::~—SK. Similarly we observe that the integral curves of

the first order equations (14), and (15) are determined by a

po:mt whlch is taken convenlently to be golc and é"‘

spectlvely. Applylng the same procedﬁre as above e obtaln

Pz §f%,5kr’k _4_5“%‘* bk, F"*r’k
2!

‘where

%ik -—“.',‘. Q ﬁ,

Q“kf Q ke-}—kaQJEu Szuc T SRV
}F‘lé = “Qﬁk ¢ + Qﬁﬁugzij’.h = Qo(m!_’k[[ Cab

In general we can write :

(f)ot.—_-_ é"‘? }JZ 7 I8 Qﬁ klt Vk" ‘é wli "1 vy (22)

= §x+ Z ?F %f@, kn Fé M/ﬂ& ,62;.3)

ne EIRE T IR TR IR
I N B R O A O (AT RSO S
Let T'=¢btyxt and expand the func*tlonal S( ,q))
i A AT

. WOE ;
around %L « Then:

o
i" !II i

Simp.5) = mwz £ Soh b @ xt -;Ww—

8

A KWNZ:,, “A«,k e MW’ b

=

o SRS D drpgena R e o
From (21) we have ‘ ‘ ‘
iy ¥ B R s W O SIS SR LTI A0 TN A POCRE: 113/ B YR v | ST

LR L R e T (et T B L TR T TRt e T Y BE RURLE T It T -.....-..r,[.m,‘.-r GRAOLT s & CEEE TR L o R T R R R VAR R RN




| | -10-
[ ) ' - - . 2, kn - ¢ ¢ ;
| Xl ot ?IJL - _.{T szif— /—’lzt,---k., A _ _(V-:_-Jj) (25) ‘

i Inserting (22), (23), and (25) in (24) we readily obtain the 1

covariant expansion

S (. 5) = 5,60+ 2 A Sisheko (9 TH T7H |
F EALE +%qu._7 ?“A‘i.k,.-.kﬂ (py§ MhTh 28) ‘

We remark that in general summation over repeated indices im-

plies integration over their associated space-time co-ordinates,

- e.g.
' 4 , k: éz
Si bt (¢)7(k')/kz=ﬂ4/ % o k‘.() &) KX e
, o SR80 _p
and ' .
AL = IS e (AL () lox 20 |
‘where % p |

Ai (x, x') =

. =2(¢, 7 <
5\9—)“00 Lf)) ']bf(")

III COVARIANT PERTURBATION SCHEME

In this section we shall develop a covariant perturbation
theory, as well as the non-covariant analogue of it, using

functional integral techniques. The sfarting point is the

generating functional for connected Green's functions, LL_\(qu 7) )

given by

L (T;n,7 _ :
T T T [T T

p exf; i{ S, @, ‘/T) -f:/[j::(x)w"(x)+¢“(x)7¢(x)+;f((x)tkl(x)]clx

(27)

1A NI U1 R RTINSO IR 0 A mmlmmmwmwmwmm\lu|m“||||vmwlnmqmm‘rrl'lmlrnmmwﬂwmﬂmmmmmmmmummm 11T |

unqmmmnmmmmmmnnmmmmm- U



where V’ , ﬁ are spinor s;ourc.e_s of the anticommuting tjrpe:,

and N a normalization factor which is fjix,ed by the con-

i1 t(o , L . v
dition & ) . We iremark that the.:factor’ J.C;Iﬂ- , with
3

g(w) = Def(ccll-]-(qr)) is required to maintainia formal:din- -
variance of the funct:'Tonal measure 'With,_ respect to pion field

redefinitions. In general we have, using a condensed notation,

Pw§ (on%g@od }

TITIGn o e = P9 5

(28)

To ‘obtain a cj&vafiiaiht pé:r"*“turbai‘l;'.ion "!egpf’ahsi-ion'.Qa';i:#é'--'!pjn.:c)éé'éﬁb by
inserting the covariant expans]'ién for the action (26), andt1|1é
expansions (22), (23), and (25) into ‘the expre.ssion (27) for
the generatlng functlonal After chamglng the: 1nteg4ratlon va-
riables from 1t ito " and from ((]b'“ ?«) to (5%,&.) one ex-
pands all the exponentials ex@ﬁ;!ﬁ!’?ﬁ. ‘Lo ﬁt,h;eg fenm: that, inyolves
15 5k k; ‘@ Pk ke ERAR ) 73 In' this way ofi¢ obtains' an ex-
pression’ for the PeHerdting functional' of-conhected Green's
functions’ in' th& cb¥driknt ‘theory, Wwhitch we dendte by Ak (7'] 7)

‘ This'is W‘I‘l’tLt en'"- ‘ak i‘dllows !:" Pl ce R e

T BRI LR T AR RO Gl b -r||p--1||v|pq||m|,”,.q|w,.|n,,.,,.,.,.W..r.!|||u,.\..|.,-- T T IR R R A8 ey e Y R A T TR NG S AL T R TR

wprgn
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(F @5 S, (&)+ Tr ) | rrkr:k |
e 77): 4 EL( 1 ()t Cb /_DP (a,n.)\r-g—u 6'2 1! kk,_(‘b) ‘

N

ij?D?(BE_)(%P_)e

i
oo

2 ( EoAL (¢,)§F + Ex_"“ ?“7«)

Xex{:{(.t-za__:r Ft rn) )+ (¢ Z ,x_o_ﬂn g—F )

O FI")}

.Zly n - }V
X{i+ZZL K(A)nn (§ Ai.:c,,@)"ffﬂl'“ + |
21 (A V=1 - | |

n AU
+Z Z iz"" K(On U (strv P-L)‘

n>% A()&::o - ey \ \
v-1 . Te P
DS D S KOWnr 5= 70 K@), [T (B4 2% 1)
Myt rez Doy Cpdy =1
e (29)
x—l— (Sf S Tp rre )h’ }
where we have used the concise notatlon of [7] A)n is a |

partition of n , that is, a sequence 1,,);,...,A, of natural
rt
numbers (J).>0 ) such that Zu),,.—.—.n . Such partions are de-

V=4
noted as follows

MV = [1)"2.}?‘.._ nj"‘)

Each partition carries its own symmetry number, K())n , 8iven

by

KO, = 1 .
1T 21 (2 1)

n
V=4
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The index I  is a shorthand for indices k.- kn . It is

. clear that, apart from off shell contributions, the right hand
side of (29) is"indep-enﬁen'& of' the choice of the .pion field co-
ordlnates. We also rema;'k that in (29) we have disregarded con-
tributions of the g(#)(o) typé, which' .arise from the Jacobian
functions ) ( , and (39") , ‘as well as from \fg_'
(see (28)_),_ .Th;‘.s, is certéinly in agreement with the BPH point

of view. In (29) we negle;ﬁt all explicit 'couplings of the
sources to non-lingar .funct;,;l.cim!s ‘of the fields, since these
terms contain no s.ingle. particle pole in their matrix elements.
The functional integral now reduces to a series of functional

integrals that can be calculated in a _standérd way. These in-

tegrals are either of the Gaussian type [1] , or of the type
jD§D§ Etf?""AiCdSD?ﬁ SRR A R -

— Dot ( (LA) ) | [ -(n)- BC‘P) (17)} jg:_ | | (30).
| J"?f L
where B 1is the operatér 1nverse to. (i A ) , and Det ((cA)q)
is the functional deter'mlnar;-lf of (\A) . 'I'hus, in order 1:0 |
calculate the :Eunotlonal F(J 7 7) we ;;eed to know ‘the vertlces
5,.;?.;_; I = 3—1 ko e ngz..g__’;j ‘.
aﬁd |

ﬁ-__ R
Ax Th = :A'&"‘-K. Rp---Rn. . M=1,2,...

From ]:2] we have |

R e n Mo g gl ¥ad s L
S1 2B Rup ("‘P) = : 9/“56 )@mk k,_ Q k k.’v\ R R s kz,,,rn?rqb
n-t Y Yor-s
+ ( )k Sk, k3 g;:%g,g..'jl R Bianz Rapes ¥ v, (D )/a (n22)
- DR (31)
51;‘('“_%”:45%?&@Maklm - R "/e,,,_,/ez,, s ’Dr)kz,” (n>1)

1 1R g gt nmEm e w e AT '!Mflw IH'"!'!'IF"! r '"TF'H""H! H‘1";l!|l'l' n ﬂf""l][r"'rF‘WMW‘1" 1'"'”-"“"““""W LU AT LA T S8 Dl Nt C Ut A LUSLRIL T UL AL UL
|7 AL ¥ LA :

R T T
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where Rmnkz is the Riemann curvature tensor. In the present

. 3
case, where the curved J.sospace,S s, has a constant curvature

-2
F«+ , we have

Rmnkf =F"* (9,,& Ane ~ Gme gnk) cg\(xm—xn) J(XM—XR)J\(XM—.X()
Also (D"); is the differential operator given by
L al () ¢ 2
(DF)p = (§x 7%+ T 2Fp* ) dtxi-xe)
where O’ indicates differentiation with respect to X;

We shall now obtain expressions for the vertex functions

Al r, (n>+) + From (7), and (11) we obtain

(AP )(‘P) = l/f[A/‘)w ~m ry + L )/5 s (Ta)q as 3:“751

with

(AF)N crﬁ (at)

We first calculate

2 Cabe Op fb.[(["‘fa . Tb])f

Bphs = (ARl - QL (8 + B,

This is given by

(Ar)f.k = _g,——[_‘-l_'m-, rmj R mnid 9/* 96£

Similarly, for

(Ta €ays 9/‘925()!: (—ra oy D’“QS ) b —_Q k((Td)‘yedfag)

b ((ea)) eacd$) 2l
we obtain ' :

(Taeafal‘?s(l)-i..k = (’Tajia Eﬂ((Df‘){

R AU DL TGl D Tl LU LUTRLL L C LU VL T Ty gl Ll Dl DLl b s ads i L Ll sl L il
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These results can be generaglized to the nth derivative case

giviﬂg«fiééeﬁgvﬁﬁg ekt fégsfbﬁs L T T
S e o k CE R A L
kakyty 0 X

Al ke, cw 1 Epe () BF O] Rmmkm

- : Vg ‘!‘ ‘ ‘I. T f -:"| b
« R S 7@)&“‘ e (32)
PR R""'
i ':"— 3/5 CTaJdeal R & k‘ 'r,‘ Y k:_n 1 kznrn ?¢
2 F';F - ¥ K2
s st o e (i)
and o ’ !
Nt
AH ky-- kzn-n (¢) — ";_ gébc (TC)O( ed eb Rmnk noo k,_nkzn*,?*,?#}

v o (talk €ar Rbnn - R}W o, ( B ),52 o 3
- ' . (n>4)
In deriving these fermulae‘we hhwe”ﬁsed the fdet that due to
the constant curvature situation, the covariant denrnivatives.: .
of the Rlemann tensor ane zero as well as the fact that the
Weyl derivative of ‘the dbeibelﬂlfield is''zéro due to équation
(8). Furthermore owing to the form of the generating functienal i
in (29) only the symmetric part of the vertex functzons makes
a contribution. Therefore, compﬂete|symmetrlzatbon of the'

Fy oo kn indices is understood in (31), (32), and (33).

' In the dreibein field formalism one! is not dealidg directly

with chiral teﬂsdrs517 aﬁ-, but only w%th their components along
SR o |

the dreibein flelds themselves, which from the basis funct%qgs!

of a local 3-D Euclfaeanqspace, erseicomponemts are scalars

Ta

a, given by

4
T L T
th_dn = ea‘ e Edh ll"'zn

e R e Tt e SR VT TR T T R ST L L N TC R SR ke UL T TR Y T Rt B T FITUIY (98 00 U] 03 [N A TR T IR TR

v onp
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Thus we have

& k _

(Sf)a!"ah = e&,"" ea}:‘ STJ’k‘--'kn

where the ekpre‘ssions (S.t)a,...a,., (n_>__3) 'a_r'e given in [2] + Also
from (32), and (33) we obtain

B - £, k, -
(Aa‘)d,---d,, o ea_, ... € Ao( k, En

&n

where

? | |
(Aua,. gy = CAR Eabe () Sna, -+ Faypaaans (Poaay

'I'T

-+ (iz)n+4 X5(Ta) [C‘I\ 3zcrba, —J;b C[;,az] dz,, azna,cbb
2 F; - (34)

(Ai )i: e lanpr = (—\i)n Js Era )fx [:J\a'b J:z’ 2~ J\a EIJ;‘?Z](‘CIS 34 J‘;zn-; azn(y/}:@;m

™ Eave (T)E S, 2a, faZH 2o P ('.35)

(n24)
and

- (36)
(AZ)a, = =)o (@)l (P
a, = 5 2 aa
- e = i ) @) (Paa
We remark that under dreibein field rotations, which, of course,
leave the metmc 1nvar1ant (51 -4, and (Af; )a,..- 2, transform

like Euclldean tensors.

We now turn to the non-covariant perturbation theory, which
can be deve10ped along simllar llnes.- The starting P‘Olnt is
again the generatlng functional (27). Inserting (24) in (27)

we obtain . |

' = TSI S W P FSOPRINE
I - YR N BN 1000 R O AP P PR T 10 SR AR R R
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eim{j—"]ﬁ) —

‘kZ. L
_..4.... L(S C‘P)"— ﬁé()\/‘b/’}/\[——l S ,k.,kJ_C(f))Xé X
N

N f DF Dy e-"f%’?“f“‘fc(wsf*ﬁ +77% ot W y
x[i +g; Z =M KO, 77(7/ AL chw,vp;rr")
Z KO0 77 (54 . (w?fI")

nzz O
N =2

2. e —
' _}_Z’ Z IL T K()‘)" - 2 ‘Z/'Jf K,({")r X
n>4. V=3 O)rzr \ (f")r e

I Hi=p2=0

nr . y
X ﬁ(quAfIE(#)ﬁ XIE ‘ )6‘ f'77 (S."‘“Ii-’ er) ,Af } L BFY
=1 . -- = : ¥ Fooy

]

[
o

N : N A R i IR B A t
At this stage it is convenient to introduce certain abbrevia-
tions f?] Let f _T(Sf . 'XL))" be the con‘tribution to

the integral fDX exP{ S1,5#) X Xy T[‘ (Sym (4,)7(I~) “which corres-

ponds to the connection mapping C associated with the par-

ticular pairing for the Xrs'i It cor'responds to a gfé‘ph with

no external llnes. The vertices of the. graphs are fixed by the
i prbegl fh, moE LR [

part;tlon (1) (see [7] ), and ' deSCI‘lbeS wh:.ch vertlces
gl g il NRES R T T

have 'to be connected by full plon propagators zt} LJ (A i‘ull pro—

pagator is the one that includes all possmle ‘tree J.nsertlons)

S:Lmllarly fq) —f ( LP"‘A (B¢ X x*) Av is the con‘trl-
IR Sl - : H - (TR ey ¥ -t .
bution to the integral _ﬂ)?( expf L 54 ,J (6% }ﬁDoD.,u Exp{ (xf}"‘Aq(@)(?bF

Tl A
+7 %d-q} 74)}_]—(9 Aﬂ,:,(+)‘,~"f7t’r’) Whlch corresponds to -the connection |

: gl PRI -

mapping G associLEIted w1th the par’ticular palrlng of 'the 2’ s
i I

as well as the %@P ,‘77,:?1', and )vaqf pairings. Agaln this cor-

e I L L I T VI TR I U L s i | T T R R R T T T LT e T L T R B R RO IRt TR R EE TN ARG IR L AL AL




! - 18 -

responds to a graph with no external pion lines, but with pos-
sible exterrnal nucleon lines coupled to the appropriate nucleon
sources. Such external lines arise because of {(30)., With this

notation we obtain for hJct?ﬁ)the'expression
. _ . / _ . / _
ILL‘(T’,)"?) :tl—u{tr‘ee(?’v’y}) + ‘I_LJI‘F:JOP (-J-,V)’r}) ",—

+i Z Z RO, / —!j (502 % )y
x)c |

n=3 n

}=,_O

S5 -z K [ TT(F A 7™ )

YA N

Ny S s Z*GK(A;Y,, LK G,
C

< T A X ) fU (Sepx )T

X4, C

NS

' : : ’
The tree LLJ as well as the one loop LLJ11°0P contribu~

tree
' tions arise from

- i LS ey s L Al + gep. + =
e"(sf('b)"'\j-lfs )/D;(ef St ($)X XIIDVTDV’ . Le o + 9~ pu + P ]

1
N
e 4 . . - .
Lidtree ande1loop contain respectlvely a{l the tree and one
loop contributions due to pion selfinteractions; they also
contain some tree and one loop contribﬁtions arising from

pion-nucleon interactions., The remaining contributions of the

latter type arise from the last two terms in (38),.

PR 1 TR OO ] SRR T R ST A RO 100 W A A S O PR TPV Y WS TR T T AP TN

L (aaboiag il
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|
‘ In a similar manner equation (29) yields the following ex- i

pressieén for the generating functional r' "(;7,7.,71)

| ™ s

; l'(j'7';l): ¢ If-_ﬂe("f?,'??)-f (.I:Lf.: (777) +

=3 )(...);12‘3 ¢ .I'?J"C -
+ > 2 2L, TT(?“M«?PFI”)
n=1 (/\).a. F E"‘g_c v 4

P30S LS KL, K

T O (P c: o
'-l— o I
[  c :I(%- AL xesp D) F/{'(S‘f;f/’-f)

It is clear from (39) that the basic imgredients of the| co- |

variant perturbation expansion (for the on shell connected - 5

Green's functions) are the covariant vertlces 51 i, ($)and

/\E.L (¢) given by (31), (32) and (33), and the i‘u’l'l propa;

gators G J(cp) and (tP)whlch are the inverses of S,) § (?‘)
and (¢ A)“ (¢) respectively, i. e.

i Sy ey M

S Sy o a0y

1}

qu ”( A) (k ;(” (;) B}; (x"i"' )4;) :.o;g\ff(x*k’) ©(41).

The full propaga:borzgi G ‘J(y 7. 4:) and g/‘ ()/)/ qb) can be de- '
picted graphically as follows

x x
" GLJ( - p)= ’f kh?;“—x ’”-TM*
.y ¢)= ;“-"*};,“" }";“"“‘:"“;, tymho-g, +y-—*-f-~—); + ..
% X * oy
x

gy
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I"-—-x .

boeox

Y S --.--.vx

F Lo , L 5 :
*8«’(7»7,{7): Yo +):- = >y

N
\<

+
e Tt
N
-
~
X

where --~-x=6.J , and = ‘.3F .Go and ('S¢ are

the limits of G and ¢ Bi respectively when the pion source
T is teken to zero. Thus

GfJ."(x._ x ') N JU G (X'-Xf)

. ..where., . . .
Go (%) :=.‘ -
477‘2()(2—:'0)
and
. F JF h S /
L BM (x‘—x') — o b F(x"( )
where

("}m--m) Sk (’f“"') = J(**K’)

IV. RELATIONS BETWEEN COVARIANT AND NON-COVARIANT DERIVATIVES

In this section we shall eStablish the connection between
the covarlant and non—covariant derlvatlves of the total action
S S,+S . For the flrst part of 'the actlon, Sf , the required

connept.;.gr‘z. is given in L 7 ] . This reads

o ' | | ‘ " n Av
Ly (42)
Stz I"~n'; K, ng o TT (%)
o : (}) rY=4 . ‘

U R R NP1 - L R T P R M O TS R R MOt O o £ -
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» - A T L4 ,
‘with r::Zi.) . The coefficiemms —T;,,E.*T}f"kv are symme-
' ' gy

‘tric in the 1ower 1nd1¢es,.émd c&m v ‘ekpressed in termé of

the generalized Chrlstoffel symbols vTZ{“.{ y which oc-

¢

cur in (21). We confine, tmerefore, ourselves to the second

part of the ‘action,: 57 Fn@m 24) and (26) we. obtain ¥i6l
. ‘ '| I

(T S B R o "'ffi't\

Sm m WM«WF +Z £ §TAL @v%%e

b e S . (43)
= F A (95, +2: 2 FC ALz (6) B [T |

Now the relations (22), (23), and (25) can be invertedrto'iex-
| press ['. , §x , and ?“ 1n'terms of A 4, ‘Yo, and P respec—

tively. Thus we obtaln

PCo S Th AT (Trasfy W

FRTAME

(45)

Ea =
i L ‘ :!”E. L
R R S \F, PR
If

el g B L
k o mﬁﬁeéan.
\ rl'lI\ d .%FIH ' ; X
: i 1] g ,;‘r " B ; "

| has to be eXpresséd ir ms o m:j| ﬂ'”' (s )" 'fﬂéer ¥H1 (44),

:l.]. . ;h; ._!: | <.-: o
k dotirse,

idb of (43), and equating
i*j* ﬁbMibGth“éM@es of’the

------
.......

(45), and (46). inthe r;gh;'

exﬂressibns w1th1the s{

equatlon we obtain a f@Tmu;p @man

et e R 1 e e )

B e g

} — ————— e . -

|-|: ".“wml-q'!.-un:T 'ﬁ'!"imi:" |r|||l| !'i"T'""T surappd :
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PAL oz, () X = | “Z X«*’ 4, Azr bty Bige,

n,+n +n3._n

xT [ KO, TT( AP )xzz'j% (a7)

where Y= Z,\,, and nl_Zv)“) . Follom,ng [7]we introduce

.V_-"'d Vo g

the graphical notation shown below:

S0 Spta

We can, now, express graphlcally formilae (42) and (47) for
small values of n :

r ) ‘- v
\ s K \ /
N/ v g

i
Oz
+
&

=
+
&

<~ = e \" +2"(*2—"’+.';.--+ *‘*—"—@-6 ' : )—I—-
i & i i
f Roe  Xoe &+ e +—<-o_..®_<_+ o

For later convenlence we 1ntroduce the notlon of a generallzed
partit:n.on. A sequence ), , :), | 2‘,{ (1 % 1,2,...,M) of natural
numbers ),, 20 is called a generallzed.partion of n, if

yz;: v,\“’ = and n= :ém . We denote such generalized par-
titions as follows: {11, ,.{(4" )._.‘ (“- ) - J‘«"’___ )m) '

The symmetrj number associated with {)\},,l is denoted by K{)}n!
where K{A}h= T?LK (X, .- It is now possible to rewrite

(47) in the following way




- 2% -

. P
| ‘1) Aa,I.n('f)) “PP')(I — n! {%, K{l} “g‘ . Aty.&_../ﬁ §:£{§ x

Xﬁ[W(T{“’XI”) T4

where Yy _2;)3) (i = 1,2, 3) with ¥, =o0 and ‘' ¥; =0 implying

(48)

X;’: :“—Cg\o{ ang é's = g respectively.

V. THE EQUIVALENCE THEOREM

It is deSlrable to. show the equlvalence of the non—covarlant
and the covariant perturbatlon expansions on the mass shell.

That is, we expect that, on the mass shell, the generating

functional LtJ(T97) ana "(7.9,5) for connected Green's func-

: tions in the non-covariant and covariant~the6ry respectively

‘ are equivalent up to contributions'of'the”typeéﬂﬁ% It is the

. purpose of this section to establish the equivalence in some
detail. This equivalence will serve as a“pbssible Tink between
the usual BPH approach and the covariant approach. We shall fol-
low closely the proof*of*theiEquivéience Theorem' ih the case

of pure pion selfinteractions given in [7] . To this end we

decompoese each contribution from (38) into a sum of contribu-
tions containing (i) the corresponding covariant_contribution
from (39) , (11) contrlbutlons Wthh vanish on the mass shell,.
and (111) contrlbutlons whlch do not vanish on the mass shell
and are not covariant. However, it can be shown that contrl- |
butions of the type (111) are elther of the type § Qb), or
they are cancelled out by analogcus contrlbutlons, which arlse
from the decompog;tlon of a finite set of other contrlbutlons

from (38),

bl ainbeb L VL E L LA Ul B U T, DD TE TR R S STt Ve ST R L LR L L AT LTI L DR T (TTL R T T SR Gl L L AL LR LIVET I ST TR RN TRl Li) LI 190 ey
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To proceéd any furfher we need to introduce the notion of
a double generalized partition. In [7] a double par‘tifion, {
denoted by [ (M), ] is definéd to be the mapping ())—> )um
which assigns to each partition (A) a natural number p;, >
which is called the multiplicity of ( )\) In a similar manner
we introduce a double generalized partrtlon [{)}" ], de-
fined to be the mappihg {1} —> Foag “which assigns to each
the multlplioity Ps A}>0 . Suppose all the generalized parti- |
tions that occur in E{,\}” J are of 'the form ‘

‘J)(m) )t"’)

(3= [T (7 e

with m

"
&
=
=
L]
5

[{)} 7- [ WT { cnc-om M))JZ::") }r«] (49)

where the order n of [{,\}FJ is given by

e ‘

N
- (j)(m)
= o = Z/“’“(JZ,; ) |
We also define the symmetry number associated with [{)}’:] ‘

to be

KEnl= 1T 2 (Koep, )" o =
e T gl (T7 TF 31 7

""=1 J=1 ¥=1

(13tm )\ My

H . . / . 4
| The contributions from Lutree and; LLJiloop coincide -
(on the mass shell) with the corresponding contributions
/ y
from r'trée and .f’uoop . Hence it is only necessary
to establish the equivalence between W(J 79) and @(7,7.9)

. .
(1L LT TRTERERTE T QT (L U L T L L L YT R T T R T TV o e LR Y ERYOR I RS- 1R YRR TR PO | !
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where

WhW?)*lL”3?7W“LUhuUﬁ7)“ &¢(77)

and
‘ _ ’ L/
D(T95) = P(T»%’i) ~ e (7’715)“F14apf7174‘7)

From now on, however, we shall neglect the con;l;_ribqtions to

w ( T,q.'j) which contain only pure pion se;li‘_i_n‘te;r__'actions.
Such contributions are dealt with in [7] .Let w( 7,47,7—)
denote the remaining contributions in Ww/( 7,7,57") . Inserting
(42), and (48) in (38) we obtain the following expression

for _V;I(T,V),'—q_)

N
W) =20 > S = KO .

24 [iiE] C

S TTLFXo oAb Bl

Y, C M=
3 an) | fm)(J) (M)(J) ]/“m
X / ( } (TILmJ(J) X
j:‘:4 Vezyg

w22 2 3SR K] B KTt

N24 r=3 k] [(c)f’] C
r
e ‘ C{‘
S TTLF X A tgm Bl

- i o ‘ () m
x < ’{0 (n)(_;) ) 1 ) ’—I
(e 2 ) ]

N | .
. ’U[Su@.../,;_ :fj ( Tiw X" =y )Jf (51)
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. nf"'ﬂ
where in the first term n -Z P (2—_ Z . Cncm)
n-t") mM=q Vg

and v — S ), , whereas in the second

! YErom (}’d‘, > 3) Cwye i
term nor = 3T g (zi AP ) t Eal (j=t:2%)
"=y J= =g
. | - . and r-—,:Z,:ﬁ(ZVG'“))
with Y, = ;: cr.,“.) . Each term in the first part of (51)

is characterised by a double generalized ﬁart_ition E{)}”:J
and a connection mapping C . It corresponds to a graph
(with no external pion lines, but with possible external

nucleon lines coupled to the sources v) and 7 ) whel;'e
\ I \ N

\\ ’

each vertex ~ e is replaced by a vertex Ez d g, . with
the same number of pion lines ( X°* ) . The connection mapping

C acts on the X'sas well as the Y,s and y,s . The multipli-

city of each type of vertex is determined by fm (M= 4,1;._.,1‘1’).
Similarly each term in the second part of (51) is characterized
by a pair of double partltlons [{) -.-] and [(6‘ )f] , and a
connectlon mapping c . It can be represented by a graph (with

no external pion lines, but with possible external nucleon

Y AN ’
e ' oo
A4

lines coupled to r) and r) ), where each vertex -<—v-<-and ¥

#‘ h" \‘. ‘\...‘
is replaced respectively by a vertex &Mand ‘J‘ with the

same number of legs -(X°).

We consider first the contribution to W (7T ,q,ﬁ) characterized

by the particular double partitions

N
[{)}f] = L ;E {(0) (171,,,)(0”#»:] n:i/«mnm

’ m=4

and

L O3]
[ (e)fT

1

B _\MT{Co)U""')(o)}"”’_]
LTI— [1"‘)P‘]

L=4

i

H rp e sempm e wen

LLL bl ik L e b LT AN} iR oo TP T e il T oem ey
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with n-r=__ HmPlm and Y= ZF v, , By examining the
symmetry factors KL{MLI1 K[fa3f,] » and KLE)]

we can infer that this part of W(T,y,fj} is in 1-1 correspon-

dence with & (7, 7,7).

Let us consider now the contribution to w(7,7,7) arising from
the second part in (51), when the double partltJ.on [(6‘)”] con-
tains at least one partition (& ¢’) with Z -4 . Such par-

.f
titions give rise to vertices of the type S. ¢ _T[:FL'Z___ . How=-
ever, because of (5) S,Ha =-7 and graphs containing at

least one such vertex, therefore, give vanishing contributions

on the mass shell.

Let Aw (:T,q,ﬁ) denote the remaining contributions to (51).
Then

Bwrgg)= 2 S 5 R KO

n21 E{A} ] 'C

S TTEP 2 by At Bty

Xog, C

Z "f“” e tmr¢f) "
XJ}‘T ( ﬂ (T_é:wq), T, /g)))y J> ]I“
-1 - o

h-1 y | M 'y
' N d Z. "~ : X
P 22 SToomtt krogk, 7 GERKLef s
nz24 =1 [{’]},rr] f(s‘)f ] o
/ L_ Lf) “8...{.(;“,) 9/-!’_.,{&(”) d—{,---/y}‘-"‘") F
2/1‘31/17716 M=+t ch)

-ﬂ— ( —L[ ( T C YT I‘"”) ] = (52)
"

(t)

o iz
X. ﬂfsfﬁfr--&;- 7’]— (—T;r;ﬁ') ),.1‘,
=1 .

V=1
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where the sﬁmmations Z ’ indicate that the double generalized
partitions Ef }3: 1 and [fa3f ] should not consist of ge-
neralized partitions of the type {(¢j(+%)(0)] ~ alone. Also
the summation .. ° indicates that the double partition ()]
_should not (i) ‘consist of partitions of the type (15 ) alone,
and (ii) contain partltions of the 'l:ype ( 6! )) w:.th 72: G, I

The ’éQUiva'lénéé between covariant and non-covariant perturba-
tion expansions will be established, if we can show that, up to
terms which contain §® (oY  factors, A\T-'v(fy,r?‘)vanishés identi-
cally on the mass shell In ordéer to prove this we shall make
use of the following list of identities (due to (40), and (41)k

(l) S”;‘-f (xsz)) L"G (x x” é) (t (X ’) ’)¢) T1 (x’)
;.: v %1. :,b) _TLf (x)

G Au i 4) —t'G“‘(x, *39) S'f;m (<" ;p) T 0 54y
| i_Aﬁ.l;_..(x;.P)T;Lf.";(“x)

| | | "cr | . )
i) ALo L (s ) Bhix, x7sp) Ay (xhx 5 4) D gty (%)
' (55)

= (-1) Ai,, (x5 9) izh;;l (%

.. | . | ! -
f[V) _X— o(l.r A;\ ()f,x”; #) B:‘ (x"’x/}#,) AF‘"— { x )4,)
= (—(-)Xf; G (%) A;-t;_ (%) (56)
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The above identitieslshqw the possibl%ty of contractions of
full pion as well as nucleon propagators. ng.faotdgs appearing
on the right hand side of (53) - (56) play a very ;ggqg;apt _
role in the proof of the equivalence theorem. In general we
shall have to examine the change of factors of i in Aw

due to contractions. It is clear that each coﬂtraction reduces

by one the number of vertices of the graph under consideration

leaving, therefore, a factor of 1 (see factors of i in (51)).

In (53) and (54) there is a fagtor of i due to the fact that
full pion propagators always appear in the ﬁorm;fC} gnd not;

simply G . This comes about because of the functional inte-

gral
N- .
— const. 4 ;Eii {(;&;kpv__; l;(;kﬁﬁJgﬁh (57)

[Det (s,,q)1%
where the sum in (57) is over%allrpaséiﬁle-painings ofﬁthelyf;s
Thus every contractlon correspondlng to;; (53) and (54) gives
rise to an overall factor 115ﬂ1_. Equat;ons (55) and (56),
on the other hand; correspond to full nucleon propagator con-

tractions., Now, from (30) it is clear that in order to get‘

v . ot , i _I_:__::
an internal nucleon pnoﬁagatqrgcornaqﬁQnﬁing to ?q“qqﬁ
‘ RO s h
both left and right deriyatives ) and tf— have to
| R AT
act on the same term (ﬁ%) tg(¢)(’7 in the expansion of

eXP]:;(fﬁ)-Ew(Tﬂ)j" . Thus, We pick up ean addltidnal factor
(-1). Taking now into account the factor of ( i) appearing on
the right hand side of (55) and (56) we see that, once again,

the overall factor is 52 = - 1 . Hence we reach the conclu-

bl bbb UL U L R UL LT U LT ) 'Immmr-u-nn‘m--umlm'\rl|||||ml\I?NF'F'!PMWI'Illlll!'ﬂ\l'!!!l"lll!I"IHMWI‘!WM"'F‘!'\P}"}F"f'“"',"'!””‘w"rw'
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sion that every contraction of a full internal propagator

gives rise to a factor (-1), which must be taken into account.

 We remark that (53) and (54) correspond to contractions de-
scribed in ET] . From the work of reference [7]we.know that
the vertices S”‘J. giving rise to contractions arise necessari-
ly from partitions of the type (7,k) k22 . Each partition.

( 1,k ) contained in E(@)f’] gives rise to a vertex factor
St TIi Xt x T . Let X' be comnected to X by

the action of C . Then, either X’ is connected to S

or to a nontrivial T , i.e. TJM (but not T; ) . In ge-
neral we have '
) - A N R ) i 7
__,E‘ *{&-H\ "._E--c— -E-«r_g:::_
(1)a 1),

A vertex or a graph containing S, 5 ("}' of the kind corresponding
to (1)a and (i), is called contractible. Now let us examine
the cases due to internal nucleon propagator contractions. We

note that vertices AE( may arise from the following types
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of generalized partition: (i) {(X™), (0)0)}, (i1){(A™), (o) (137, ]
and (iii) {(0)(0)()(”Jn3}. Each generalized partition

S T | NN

of the type (i) implies a vertex factor VJ“XM&_” A; I_]: (TLWII\ /w},

Let %? be connected to QTJ by the connection mapping C .

Then there exist two possibilities. Either ?”r is connected

to a vertex described by a generalizedg'parti‘tion of the form

{ (o) ()*(“/)n; (A‘”')”j, ! , or to a vertex

{()u,z)h’ ()(m’)n' [)‘(3),)”,} . Graphically we have
b z 3

~ v -
oo o ¥
L
N

[oes \eoot ’
* * o e
LT LT

y: FiEp
or Lo < S @

.
i

"

|

A graph of the first kind containing A" is again called
contractible., Similarly in the case where AE arises from
£(0)(0) (AP ), 1 ‘we have the following two possibilities:

L
N

\g"; \_.g | \.‘"é‘;{' “r;‘, ) ﬁ
AJK¢L——4+———«>—GQR or )li%ﬁﬂg——~—<;———o_§a‘

Again it is only the first kind that leads to contractible ver-
tices (or graph_s)ﬁ. Finally the case where 45 arises from
{(,\,"’)”‘ (o)(,\f”';)n’} leads to no contractible vertices (or

graphs).

In general Aw( 7:7»7) contains contractible graphs. If one
applies the identities (53) - (56) to the contractible vertices
of such a graph, one gets an uncontractible graph. It is under-
stood, of cour"'s‘é, that the comnection mapping of the original

contractible graph has to be restricted to the remaining j‘b«, 5'(7"‘

R R R R L L L L L L T R R L CE R TR T
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and )” . Now (52) shows that this contribution of such a
contractible graph to Aw is equal to the contribution of
the associated uncontractible graph, explicitly present in
(52), a_par't from a sign and a combinatorial factor (due to
the presence of the symmetry factors | K[{]}ﬁ])or |
KLk, 13- K[)t] ~ and the possibility that the diffe-
rent connection mappings of the contractible graph give rise
to the same connection mapping on restriction to the uncon-
tractible graph) . The sign arises in the way described in the
reparks made following equation (56). Following L 7]we re-
maf}; that the uncontractible graphs of Aw give rise to an
equivalence relation among the totality of the graphs. The
equivalence classes consist of all graphs, which, after com-
plete contraction (by means of repeated applications of (53)-
(56), lead to a fixed uncontractible graph. Thus, what we
have to.do, is to deal with a general equivalence class, 8(3«;)
correspending to an uncontractible graph go , and show that
Aw l&.ao) =0 , where AW |8@,,) denotes the partial sum of
AW  taken over the class 8(30). It is shown in [ 7]
’chat; in the case of pure pion selfinteractions alcne the
corresponding class 8(9.,) ,which is in 'general quite large,
can be divided into smaller classes with vanishing partial
sums. The same is true in our case, and this is what we would

like to show in the remaining part of this section
Let g" be an uncontractible graph, and 8(8,,) the class

generated by it. SCSQ) is precisely obtained by doing all

admissible blow ups (a blow up is an operation corresponding

e e ————
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to the inverse application of (53) -l(56)). Let there be No
admissible blow ups on g , then N, = #8{5, . ‘Thus one
way of" d1v1ding5 ( 3) into smaller classes is to divide all
blow ups on 80 into a sequence of 1ndependen'l: types. The
application of a blow up of a given independent type (keeping
everything else fixed) then gives rise to one such a smaller
class. This is in fact the construction of (s,% ) equivalence
classes in E"( ] . To this end we choose a vertex from 80
which allows blow ups. If this choice corresponds to a vertex
arising from pion selfinteractions, then the results of [ 7]
are directly applicable with only trivial modifications. With-
out loss of generality we assume that our choicé corresponds
to a vertex {36};& {(0)(1k)(0)} . Let {¥} be given by
%7 = {(95‘”);,’ (xfz’)ﬁz(*"’)ﬁ}' The vertex {%#] allows, in general,
three types of blow ups with blow up factors given by (i) the
generalized partition {GE(”)H' (0)(0)3 , (ii) the'generalized
partition {(o)(0) (;Ecs))ﬁsj and (iii) a non-trivial T

of the form TJ . Now, let M De the multiplicity

L 'l:_
of {¥} in 4., . Next we proceed as follows. We blow up the
vertices %{;‘E} of go in an arbitrary way. Then we blow up the |
vertices {X] of go arbitrarily except for factors {(x”i’)ﬁ-‘ (0)(o) ¥

g and {(0)(o)(%); 7. Thus, each of the K., partially blown up |

vertices is described by a generalized partition

{ C%(“),—;‘ (1;;2.) L ﬁlxﬁ} ) C;E(zn— }_

”2
with }cz)/ < zz_(z) (5'227 , and S_:xl,c;_)f: Zx(.tz)

L':.-_-y

7
The last relation fixes )Efm uniquely. Next we define

—_— (2,), ' - (2'),
(%(27);’_2 — Pax (4551 nlxnz )

"'""""""‘!""Il,ml'I‘!'”|||‘|'||"|W‘m”'|'|"'“I"|T“|"”l\'”lm"ﬂ“”"'!'_ﬂ'I'NIF‘IIIT‘T"|lwl'|l"lm\N\!‘”W'T"‘l"‘lI‘1|1'11||"|I|II"FWI‘P"]' !I']IIH |q||||"um!‘|n||l‘!lwIrg||r\[!Illl'lllﬁll‘nnumu um\]luuuuw iy IIHIHMIH"”W'”m"m"’"‘“"m mw"w“” I Fpm 'm"l"l'F'l'”""l"‘“" PN ey gy -
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the maximum taken with respect to the lexicographic order of
the partitions - (7% ... W% ) . Let M, of the e Ver-
tices be of this maximal type. They define a double genera-
lized: partition -

Ccxos, (F=), (x93 ]
This set of vertices can be distinguished uniquely from the
remaining - }A{ﬂf Mo non-maximal partially blown up vertices.
We then blow up an arbitfary' set of these non-maximal vertices
in the way that gives blow up factors of the form f(x); (o)(o)}
and f(oy(o) (x‘f’)ﬁz} . Our partially blown up graph is now

described by the following double generalized partition:

[ Mo N, . .
L x5 (0] " (o3 (o) (x5 1" § (X)) (X ™5, (6053

v (2} g (2 Ny =
ECO)Cx( )ﬁz_(%cs)/\h_; M1 {C?E‘”)h', ({( ))ﬁl(oj} 1 {(0> (% (zw)ﬁz(o)}ﬂil

x [{RGTL(R)™] o
where the multiplicitieé are determined by the condition that
the remainder factors [{ R,E"][(RZ)V‘] are disjoint from the
first fe;é'.t'o'r.in (57). The -abt')'ve doub]l.le generalized partition
toge;ther; with a connection mapping Co (specified dﬁring the
blow up pro.'c'éss) define our {x} - éoliapse graph. Define an fx*}-
contfécfion fo be a -contréction on 96 5(5}0) given by one of the
following cases (i) a contract.ion of a vertex f(f“’)z' (0)(0)}
with a vertex [(0)(5(2’).31636‘”)5;? , (ii) a contraction of a .vertex

OIS (X35, } with a vertex { (%) ()T“’")ﬁz (o)}
and (iii) a contractioﬂ of two vertices {(95‘”),7'(0)(0)} and

[0y (X™) ] with a vertex {(o)(?fzgﬁl(o)} . Our {¥}- col-

!

ve— Yy
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lapse graph does not admit any f%}+:¢bmtnactions.uTwo graphs

in 8(56) are called {x} —e-quival.entl, if the‘y‘become equal

(up to.a numerical factor) after peffofﬂﬁngvalluthe apper-
taining f?}-contractions. This eQuivalence relations splits
Efgg)into smaller classes. Each of these classes containg exact-
ly one {%}—collapse graph. Now for each fx}—collapse graph we

can do the remaining blow ups, which give rise to blow up

factors {CK"?@(b)(o)} and {(O)(o)(%‘ﬁh@}‘ . Eagh such blow

up results in a graph, which is described by one of the following

double generalized partitions.

; Ma"‘ U o ’ N:,‘-]"L'I"H-
Efo"’)ﬁ. OO Y fCoror (x5 1  x

— No—s-t-u
N i C}frn)ﬁ_’ . E (2>)ﬁz. (96(3)),7,3 } ~

== 2) M‘! (2) f
A (T, (207 15 [ Gerrn (Fm (>0

)( {(O') (%—"(z))ﬁ%(o)}])ﬁ"u] [{ an}f“, ][ (Rz) rz] | .!(5'3)

with 0%s+t+u <n, . The next step;is to evaluate how
many cohneétion mappings C exlst for a glven double genera—
lized partltion (58), which will give C, after restrlctlon to
the f#%- collapse graph. ThlS is stralghtforward. We obtaln |

the follow1ng factor

s+t -
1) (Metstu )l (W +t 400! (1 ,+s)’ (Nﬁkf)[§&+u)!
N/O! N ! M1 Nt-’ P/. il w

(59)

s+t '
where the factor (-1) arises from the fact that every con-

traction gives rise to a factor i%=-1 . Now it is clear from

L] MO URETTEILSRAL T IO TP PR B TR TU B T TTREE A T
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(52) that we. have to calculate also the symmetry factor as-
sociated with the blown up 5raphs described by (58). It is
important, however, to remember that the disjoint factors

ERJ_HZKL[]glve rise to numerical factors, which are in-

dependent of 8, t, and u, and can, therefore, be omitted.

| Hultiplying the required symmetry factor with (59), and

summing over all the elements of the {x}— class we get:

" Constaht factor independent of s,t,u E no L0t

‘ Mo-s-t-uw) st dlu!
Mo ! ¢+ ofLs+tingng (15~ -0 -

. “ ne ’
~ Cowist . factor (L+1-1-4) =0
Con e :

Ther;e remains the exceptional case where the choice of a ver-

'tex leads to a generalized partition of the form %7 =

fCO)CI:‘”)., (o)} with f‘-'“’“) - £ (1_”_1) . In this case one
WJ.ll proceed in a manner completely analogous to [ 7] . Here
we sketch”the:,i mein steps. First we blow up the vertices #+ fxi
of 3 v Then we blow up the vertlces {z! of 3 except for
the factors _I—Lf S (s belng a fixed given natural number).
Now each of the /‘{17 partlally blown up vertices is descrlbed
by a general:.zed partltlon
e L o
with x(z’:’c xrz) | (c'é.z) | , and 'an:}'.(“/:-if;'fu

which fixes £€z) .. Then we define

. . ’
X2 Az _Fa), -
(22.-.5 5..,n§‘ﬁl)= Max (-2 2 ce S T ‘Wz "2 )

i

and

— ¥ (23 = < —_—
(% C&)) :({%1 L st . —;;2_ ny ) , er,’ zs("-): %5(2; Zz(ﬂ) ___Z% (22

Y IE AR T e ) (11
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where A implies omission and the ﬁaximum is ‘again taken
with resf;ect' to the lexicographic order of the paftitions

(”qzﬂ m£§ Now, let M, be the number of these maximal ver-
tices. They define the following double generalized parti-
tion

<) ¢z €2 °
.[[(07(1}“' s*‘)...ﬁlfﬁl))(o}}n ]

We consider now the remaining p,, "% non-maximal vertices, and
we fix them by blowing an arbitrary set of them in a way that
gives blow up factors -ﬂf._(vs . Thus, our partially blown up
graph is described by the following double generalized parti-
tion |

—(z)

[(s) J[_TT {f°>(1*' s *“’-vl'...“ ‘“z)(oﬁny'_‘{w (60)
< [Fe3" 1T (R0™]

where, once again, [T{g,q" '][:(gl)z] ~are dlSJOlnt from
the flrst two facters in (60). The above.double generalized
partltlon (60) together with the connectlon mapplné (: (spe-
cified durlng the blow up process) deflne our (S{I}) —collapse
graph. Such a graph does not admlt any (s, pe}) -contractlons,
where an (SE*})-contractlon is deflned to be the contraction
in 868(9 y » which contract a vertex (4, s) with a vertex
{(@(1*=4¥“S*z)v —'QKQ}SUCh contractions characterize the
(5,513) equivalence class. Each class contains exactly one
(s,f£7 )=collapse graph. For each (s, {%}’7 —-collapse graph one
can do, now, the remaining blow ups of the remaining n, maxi-
mal vertices, giving rise to blow up factors 7:{;1; . Bach.

blow up result in a graph described by a generalized double

partition
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@2} .
*s‘ IC:’.?
N+Zy(y d 2) ~= (2 4} +{u

| L)' v T TT e (457 ST ""%'T* JOK S
- (61)

—(2)

o Loy (457 B E D )(o)} ][{z "?.].[(Kz)ﬂ]i

%2 | _ o
with £=> 4, and o< <N, + As in the previous case one:
== .

has to evaluate how many connection mappings C exist for a
givén double generalized partitioﬁ (61), which will give rise
to lCo on restrictiqn to the corresponding (s,{xl)-collapse graph.
From [7} we know that this is given by

x;zl-.lf . -*;zj .%s(?..) , o ' tﬂ
)" (N°+§y(’)! ﬂ (n.+ /"') ' T]- (9-6_., +f) v
N".’. ntg! (V.')e" p=1 , (62)

v

Multiplying (62) by the symmetry factor associated with (61),

- and summing over. all the elements in the (S,I*F) —-class one readi-

ly obtains
. *(2 2}

. . . B . { [ 2 xct ?
Const. factor independent of 4, n, | ] ] ( " (X5 )J
v . > _. ) o

Mo ! OéfSﬂa (‘n° e)' v=a 10.)!
Pacy) €=2¢
Const. factor 5 '

= {-14'2‘(")(* ));“o— {(4—1)xtt)}ﬂo:—_—' O

ng.

We have, now, to examine certain cases, when the general
cancellation procedure is not applicable. Supposing forj all
choices of {x]e q, one gets fxEF = [ (RVD),) (0)(0)]

This vertex does not allow any blow ups. Hence ECQ*’) consist
of only one element. In this case g is characterized by the
double generalized partition [-{Ci‘”f") (o)(o)? ICJ&‘““}(o)(o)? M. j

and a con.nection mapplng. The latter gives rise to 'three possi-
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bilities:

(1) Vertices of the type {(f“””)m(UMOJ} form a closed fer-

mion loop. Such a graph is of the <?@7°)—type, and is, there-

fore, disregarded. We remark, however, that such loops may

also occur in graphs containing vertices {—(X(”)ﬁlfkc“Li_(xfn}%}
for which the general cancellation procedure works.,

They formally cancel out. If, however, the graph under consi-

deration contains only such loops besides pure ¢if} or %iﬁ?

vertices, its class é?qg) cohtains just one element and its con-

tribution does not vanish, but can be ignored being of the
é\(a)(o)_type .

(ii) Vertices of the type {(%F”“j)m(o)(o)} are all coupled
to the appertaining nucleon sources. Such graphs give contri-

butions which vanish on the mass shell.

(iii) Some vertices are coupled to nucleon sources and some
form closed loops. Again such graphs are of the yﬁﬂk type and
are disregarded. ' |

The same three possibilities occur, when, for all choices of
f%} Gg , one gets {"?E} = [(D)Co)CfC?JC‘-))nt_'s Once
again the contributions arising from these possibilities are

either of the & “()-type, or vanish on the mass shell.
Finally we have the same three possibilities in the case when

[ = fr0) w (07 £DC) ]
i
Graphically



—_40_

@ - T (» (c)
::-:|""5.1' N ' Lo oo . L (€ ;
The cases r‘(a) and (c) are disregarded being of the § Wo)—type. \

ili::w‘e#é’r‘, it is clear that in case (b) blow ups giving rise

to factors of the form {ox” f")),,,:.h (o) (O.)} _ and
£ (02(0) (X9, o, § can take place, and the general

¢ancéllation procedure is now applicable. - *

We' remark that the ab_;ov:é exceptional cases cover all the possi-

‘Vili%ies for -generalized vertices; which do not allow any blow

" upss/‘We. ¢, ‘therefore, that in the cases, when there exist no
pﬁ‘:’ssfﬁi‘lliﬁie.s for ‘blow ups (and, therefore, the general cancel-
lation procedure does not work), we 'ajlﬁéys get contributions of
the. & ;f)CO}-'type, or contributions  vanishing on the mass shell. .
- We may.conclude that, on the mass '-'shéll', Aw =o up to
, cp_ngnj,bgfl;,ions of the . d“o)-type . This concludes the proof

of the Equivalence theorem.

It ‘i's éasy to classify the graphs, which will contribute to
the cancellation of the non-covariant parts in Aw arisiﬁg

... from a.given graph, 3 ' in 'the‘non-covariant expansion.'First
we assume. th_at g has no extermal nucleon lines. Now, let n>1

and consider all partitions of the form

1 TP YR A [ i LR TAT TS AL RIUTTRE Bt LI Ao Y | 8 S rh HP IR R R 0 LSRR PR S v RSB P RN PP RO | ]




@) (A)an = (Ty )

(g ) (M, = ( WHT p
(P = [;Tj(;&) with fi=p=0

n, ‘
and Z (e~ p_)f:(; =n, , where nN,+1,=7r , Take all the graphs

in 'l:he non—-covarlant expansion, whlch are descrlbed by parti-

tions of the type (X) or (F)

First we shall examine more closely the graphs of the type
() . They correspond to graphs arising from pion-nucleon
interactions only. Let g/ be a graph of this type. Let P(g'),
be the power of F..' associated with 4 . Then

Plg) = Sovh =2n =2 Ls(g)
where Lg(gf) is the I;1’1;mber of pion lines in g’ . In general,
however, /\f(g/)zL(gf),v[gf)Jr»t)where /\f[g’) is the number of
loops in ,g’ , L,(%r) = L [3,)4' L~ (?') with L~ (9/)
being the number of nucleon lines in g’, and V(gf) is the totgl
number of vertices in ? /. Since ?r has no external nucleon
lines LF(%’) = \/(3’) . Hence /\f(g/)—; Ls(g')-;-i }which implies
that

Pl(g)=2n =2 (N(3')-1)=2(N(g)-1)

Thus the graphs of the type (x) are all the connected graphs

with 741 loops arising from pure pion-nucleon interactions.

We proceed now to examine the graphs of the type (F) . Let
9" be such a graph. Then

P(‘a”)" (Z VAV +Z (- Z>P°‘>} == 2n (63)

G = i '
N Ne4n,=2n
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Now V(g ") = V‘(.‘.)[g”) + V(Z)[gl’) )’_ whe;‘e

VH)( g")' is the number of vertices in 3” due to pion-nu-

.cleon interactions and V('“ ( 2 ") the number of vertices

3
due to pion selfinteractions. Also LB(Q”)' = Z (:( 3

1)

where L is the number of pion lines connecting vertices

belonging to the set V“) Lc ’ is the number of pion
lines connecting vertices belonging to the set v , and Lcsn |
is the number of 1ines connecting pairs of vertices one of
which belongs to V" and the other to V. Since (7" has no

ex‘temal nu_cl eon lines

Ng) = LigD-VgDo+1 = LaGg) -V y9,ra (o)

From (63) and (64) we obtain

Pl9)=2n=2Lg(g)-2 v(“(gv) = 2(N(@g)-1)
Thus the graphs of the type ( ﬁ ) are all the connected graphs
with n+ 1oops arising from plon-nucleon as well as pion self-'
interactions. The totality of the graphs of the type (&) and
(g) constitute the class E '

Example:

——— Y Y
____.’ " :
-’ '\_ V4

In general the sum over E2n. of graphs w:Lth non-covariant
vertices is equal (apart from contributions which vanish on
the mass shell, and contributions of the type d (4)-60))

to the corresponding sum of gréphs with covariant vertices.




- 43

Considering the above exemple we have, on the mass shell

) (2(-1)2 g (-1 t(-1)
ot R g ST 93 T T2 9+

. 2 27T -~ ‘
—_ l.z(_f L X -I— (‘ 2 L ; + i'ﬁ(_') ---_é |=+ t.(-f) r t‘ ‘|
2! 3! v . : ' ’,’

We turn now to the case when the given graph g has external

nucleon lines. In order to get all the graphs, which contri-
bute to the canceilation of the non-covariant parts arising
from g , we proceed as follows. First we construct a graph Q"
obtained from f@'by closing the external nucleon lines in an
arbitrary (but admissible way) in order to form loops. Thus 55
has only internal nucleon lines, the number of which is V‘”(g)-
Then we consider the appropriate class E,, s which contains %’
We now split the nucleon loops of every element in Eiu, in
all_possible ways, and select those graphe.which nave the

same number of external nucieon.lineex and‘the_same number of
loops as in 3_. These are.thegraphs'fhat?wili contribqte to
the cancellation of the non-covariant perts in 9 . Let this

set be denoterf by CYQ). We remark that the same element in

6(8) may arise from different elements in the class l;;n(g)
Furthermore the sum over C of graphs with non-covariant
vertices is equal, on the mass shell, to the corresponding

sum of graphs with covariant verticee (up to contributions of
the 5“&0-type).
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