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Abstract: A covariant perturbation schème is 'developed to 

'giiivei ' à Co-ordinate independent perturbation expansion of 

the chiral invariant pion model with nucleons. On thé mass 

shell the covariant approach is shown tô be equivalent to 

the standard perturbation theory.
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INTRODUCTION

In a series of papers jj , 2j| a non-linear chiral SU(2)xSU(2) 

invariant -j; ¡¡PCi-j 5 ^ ® on^y) was

studied within the framework ofr co-ordinate independent per­

turbation expansion;;ftogLs model was,,, then-j:n$|ed tb i calculate in 

a co-ordinate independent manner the phase shifts for pion-

pion scattering at low energies in the effective range appro­

ximation. However, it is clear that the pion—nucleon scattering

problem at low energies as well as the calculations on the cor»» 

rections for the axial; current coupling, constant lie beyond 

the framework of the covariant;formalism developed in £ 1 , 2 J . 

To deal with such problems one has to developed a covariant 

perturbation expansion of SU(2 ¡)xSU(2) invariant Lagrangians 

which are functions of the pion as well as the nucleon fields. 

In this paper we develop such a covariant formalism. Further­

more we show that, on tjhe mass shell, the ciQvarilant foihmailissm 

yields results which are completely equivalent with the re­

sults of the standard perturbation expansion. The on mass shell

equivalence between coivariant -and:' non̂ fC 

theory fpr the case ..of.. :chiral invariant-■'bsif^angi-fchsnfcioh are 

functions of the: pion fields,, only was demonstrated in^ ;|_7 ] .

Our proof for [the equiyalen<?^ jtheprem is ; vesry similar ; to : thé 

one given in J > that is, ■ wp > phew ̂ gplicitly how: one: can

express covariant graphs by contributions of non-covariant

ones and vice versa.

i- ii'M I M"in ' " ' T ' i Mn n ' T -' " n r  111 r ^ ' W 11"?11 ir ' t... ■f i ,r w f r p i ' ' n t f , 'iP'F r«r"'



I. THE MODEL

In this paper we study the chiral SU(2) x SU(2) non-linear 

pion model with nucleons within the framework of co-ordinate 

independent perturbation expansion (Ecker, Honerkamp [j , 2~\ ).

The pion fields, which form an isovector, transform non- 

linearly under chiral SU(2) x SU(2) transformations, and are 

taken to be the co-ordinates of a curbed manifold, which is a 

3-sphere, of radius F_ , F being the pion decay con- 

stant. The nucleon fields, on the other hand, transform in a 

quasilinear manner, and form an isospinor corresponding to 

isospin 1//2 . The 'standard form* £ 3 ] of such a realization 

is given by

a e s u ( 2 > s u p r )  ; t t' ^  tp'=  D ( e u-'i" )'V )U/ <1)

where D is a linear 2-dimensional representation of SU(2), 

and

tt-A tt - A  V

3 e =  e e

where V\ and ( i = 1, 2, 3 ) are respectively the vec­

tor and axial vector generators of SU(2) x SU(2). Any arbi­

trary non-linear chiral realization is obtained from the stan­

dard form (1) by a redefinition of the fields (it , vp ) e.g.

tt — n j (tt) ; (2)

where (̂it) is a SU(2) scalar analytic function of n .

Following the prescription of Callan, Colleman, Wess and 

Zumino [_A~] we write down an SU(2) x SU(2) Invariant Lagran- 

gian with pions and nucleons in the form

“  2 “



l  =  i a i j c r ^ v ' d t ' g i  *  •
: W'.IS )i ■11 ; i i: [ i;r: ¡: i! r: fy: ' ¡':i !:■ rf *! j.:. ! ■

where (ti) . is,the metric- .in (issoisnasse of dphstant

curvature, , ^  % K  ff r

under the, ¡pion :field ̂ (tefinition (2;) , k >■.

forms likp a covariiant .tensor ¡-|_ 5,J . .W^also, remark .¡that A^. 

corresponds, tp.,. ̂ e , o f . . . c o T a r i ^ t  dijffey^aiti^ti^n *6ja|;. 

the nucleon fields IT 4 » “5 . We shall show, later on that all

the interaction terms in £  are due to the curvature, o% <3^ 

and vanish in the flat space limit. However, it is possible 

to add further terms that do not have this property. Such 

terms musti be themselves chiral-invariant, because the mini­

mal form. of the ¡Lagrangian given above , is .already fihirpl-7ln- 

variant. We shall add one such term to the minimal; form for , 

the Lagrangian and take the liajg^angian dehsi^y to he

*t-- J ’ '~” W *
I)

where 'Tt{v>) are 2 x 2  matrices depending on the pion field 

and satisfying itheriCliffprdi,algebra; :; t . ;

** Mxp'inn in r  i r  p  "Him nj« w h | iiipt « (* i"fn F -w ii* » • •  •• T « T l T" f '" '»  1 " 1 " T T T 1 T f i r m ^ n i tr ,T " I iv r -T r  r " i r ? i f f  r i r *!ir— ■if-ri»—IT'l^-'ltir!|if 1'"w*•1
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A representation of this algebra can be obtained in the 

form

f7, i'.-rr} —  ^a i (~rr')

.where 6 dl ( a - i,2., Z>) are dreibein fields satis­

fying

■ & a i  ^ n j )  ( t7 ) =  ^ (j  ^ II. * * * * * 17 ^

i Y i V  =  c U

Like O f T '  r u - n )  transforms as a contravariant 

vector under pion field redefinitions (2) . It is, there­

fore, clear that &C is a co-ordinate scalar.

II. COVARIANT EXPANSION OF THE ACTION

Consider the total action s =/cM >> . Our aim is 
to construct a covariant perturbation expansion of S with
the terms of the expansion transforming covariantly under 

pion field redefinitions of the type (2). To this end we fol­

low j , and write

S> (  TT, l|^  y  )  — S  f ( 7T ) f  ■ ( v r, y, )

where S1 (u) , and S2 represent the contributions

from the first and the last two terms in (5) respectively.

S 1 (n) , of course, corresponds to pion selfinteractions and 

its appropriate covariant expansion can be found in [_ 1 J  .
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Confining oursblvfesV' thereifbrle ̂tbiis Si (hrip, ' we;bihferodmc!e' h 

a classical pion field <j>(x) which satisfies the equation

?S(Tr,o,o) + J-(x) = o (5)
<Stt1o )

where J^(x) is a classical2 source for the field cjo (x) • in'the

S î -i| j . !i

_ w . . 2 - Ground

the classical field cpl . 'L£t ble t|ie .geodesics in

from ¿>l to tt 1 where the parameter! 3 ( o4r ^ 4 $  ) measures the 

length for this curve, and !d (o ) = j>1 , (s) = u i . & t(X)

(i = 1, 2, 3) satisfy the equations

! :. :i i

JIIl + Pkj
A X .

r( 6 )
i; f' .c: i  !ri! : !■'n;: i:

where i"^ are the Christoffel symbols, of the second kind, 

for the metric cjq . Bdtfgg forty i|&$igjaj|£ |hqfev|ar,

it is necessary' to borisider: in somedefalkrrthel, c^y<iPiant spinor 

differentiation. ! : r : : 1 ■; \::

■ ^  1 ' '• : : i.1 i ; • ■■ ! . ] ■ :

Let i^£ be.a ,3- cpmpopent field dpfiijied by .

~  C-abt. H  *-& , "7*, J, Q^eibi —  “ Cba.i )
■ ' r =

: r(3a^.(the. Weyl connection) satisfies., the differential

(7)

wnere, ,u4bfi 

equation |_6, J ...
1.: .

■ es-k~t ~  e&'k?i
rrtn

- vki'ekfo eLXs=x O (8)

(where  ̂s  $£a.kCt^ )• Under the field transformations

cT-rr̂

■ MK-i i>*• n r  h m m t w i p i  ■ « i p t ' T i T ' i r ' " n ' l n r p p i l  l" ’i "' i n  M i r m i n n ' i M 1 iwtn i t h p 1 rrm-ir-n nn . . . . . . . . n r ' p t m t t '* ..  • m « ■* -  -nr r—v  v< •
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4*— > S  if» , n

forms like

n i

71 * we deduce from (8) that trans-

(9)

The c©variant spinor differention (or Weyl covariant deriva­

tive) is, now, given by

It is clear from (9) that ^transforms like y  i.e,

Y-i S  ip.t

Similarly we write

( 10 )

and

r'e = + t +̂

A =  ^yu ̂  ■“ f TT^ (jJ

A ^ t p + =* -h

( 11)

( 1 2 )

(13)

We now turn to the problem of the covariant expansion of 

We introduce two spinorial quantities & 0 }  and satis­

fying the equations

JJk ~ n l k = o
< n  c U  p

¿ s ^ +  y f_ Q £ k <jjrk -  o

dX 3T

where is the matrix element given by

( 14)

(15)

i' m r i i i i w i r i w w i i t ''"»»'1 "t’W R W M t
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•ri 1 'i::

and 3, fo) as £«(<)>) , $ « ( s ) =  ft<(Tr)

■- i; : *:■■• ’ 1

.:i'.] s ¿r:

We remark that In the capse of vanishirkg qujrvarture equations .

^tfe^fer*5ciiliei3&J ihtepi*.
iir i i l i i p I n l : i  „£■;!: \ t ; : i

, IV l t;..; vr:i:ii..., !;/:i"ij!;;; ■.■¡rtj-j!n aii. nul •:
(6), (14), and (15; in»£Plr the atsgnck

: r ............................,
actions arising from the covariant derivative of the nucleon 

fields. The last term in (3) reduces, in tiiis fla4; space limit,

z Ftt 'rfs#t'T  ,

can write •" ^ ■' : :li-’ l_:. T ,:: _ c t J '1- : 1 A ■■ JJ' 1 \  l: ;
(TT, f, y) —  S_2 (^(i) , S(X) >d(\))

y= s

to the gradient coupling term JL- we

(17)

The functional on the right hand side of (17) .is j qI’dinary

function of \ with a Taylor expansion
i

,3 « ,  5w ) = i  : ■

oA J = 0 -2/ J=o

where

- 1 .  . .  d j ? “  ; r
<J&< <¡0 ; SS*

■Ji&u 1-i and right

A- =  i £ i i _  ■+•
d) J > if?1' 

with the arrows indicating

equations (6), (14)» and (15) equation (18"

^ i ) i4 ^ Y jc.S;a))-a.a))1 
T i ' ^ >  ja : ■". A r,

J.l W
¿V l, S>10 IJ U r ( o ) +•

1 ■ .I'll: j I t I;' r I- I - A'C

Using

+■

r • »! 

■ -i i :: 1

(19)

where

A l  (&CA7) =  :̂ L;s k t ^ A V , 5 ^ ) ; ^ 0  5
; CA)

it f  -

' ' W ( \ i  r|-f''11

■»rH|iTiiniii|''i|i- .... ' r 11"1 M!l r pi1!' "P"?’1,,|r tl H’ |i' r t" ■" ' fir |nt,|i'piirt»|'|iiini'iiij|f''-|»,!i n 'i,,1 ’! "M“r r̂ r r11" "HIT ...1,1
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A t . , j ('£»)).= Sd t . t  c£»)) _  n l j  AÎ.uè-at)

A i . i t ï M ) n * y j - r * A
f
of ■ yn ( £ c \ ) )

and so on. Hence by virtue of the fact that ¿ ¿ ‘ I
ja /;u<
_  , _ Pf

p t- d 3 lî~o s 3
where I . is a chiral bivector defined in [ 1] , we get for 2= s

_ : C O

+ Z x  p .‘ p . r !
n- ( 20 )

The corresponding expression for ^( tt) given in ¡j] has the 

form
OO

s^-rr) -  s 1;ki kn r.'... p .

where the covariant derivatives of the coordinate scalar S i 

are defined in the usual manner, i.e.

j i —  j i

^ ~ P c'j

Before closing this section it will be instructive to look 

at the expansion (20) from a slightly different point of view* 

First we observe that any integral curve of (6) is determined 

by a point, which is taken to be the point corresponding to <pL 

and a direction at this point, namely 

Thus we have

d S ^  I =  r ?

a 2 ^

S'1'(A) = £-‘(o)+ £ i  J +  _L T  + ■ ■ ■
s  -2! j y  !uo

The coefficients of 2Z and higher powers in 2 are given by 

(6) by differentiation with respect to 2 and replacing the 

second and higher derivatives of ^~£ by means of (6) and the

ira urifiwumwti* W ivnianmipmranwp i p m  rnwiiMMmmiwwr
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l| . t\ - • ■ L , • , -‘j
resulting equations. Thus by putting-A' =s we finally obtain

TT' . c ! - 7 '  ,* ! tz'. n! ■: f • *.
rk, r ( 2 1 )

i.! :■
where ^  are the generalized Christoffel symbols with

P fcl - - . Similarly we observe that the integral curves of

the first order equations (14), and (15) are determined by a 

point, which is taken conveniently to be ^oc and Jp
“  > re­

spectively. Applying the same procedure as above lire obtain

where

— Joe 4- -Q.Lfe
§

r .*  + 4 pfc.

ipo«. _
+ F  ^

c*
P fe r *  ; 4

3 . !

p f
p;**

~x.$
=  -- .-cat , t1

O  P
= ! i!'' i=-. ^ITî

Al

I f  ; i

%?ki - n f . V ’A A « 5r
1 r*i
££ i .. ; 31-

In general we can write

p = ,  f y  * T - O f L . f- r^l nk»

n^4 yi'. 1

(22)

f « =  f*  ̂

'■ ::i ;i-i—. ;i :ii ' ■ ■)!!: ),. n j:-i3,.i ;m 
n=-t -

}i\: 1

Let tT1 ~ ̂  + ji
. : ■ / : ■ .V: ,■ t l w ,
and expand the functional S  f'Tr, U
■■ : ■;.! \irh, ■ ' +J |-| > : !' .J

I'Ll I ill t

around <j>L . Then
¡■' V -'ll'1

=  5
~  1

l C $ ) - h 2 L  y~r ,kr -kn r̂4>) ^  '■
 ̂—7

7 kn +-

:^4)

From (21) we have
H , t ■ .Jj { ;.s ' ‘1. .> ;

: 'i y. y, :: 

1 ! i ¿;d 1 !! ; :/ t\ I&1' tM-iljd >|i' i; [|| j;r;: :n'M ;:iis:i::id 1«:

T«.............■«■■"ini'i-.iIT I " , .................. . - i n n 1-1, f- -f up-.  "nn'Tiijfiniir"” ,r l[,|T"-|Tir r  • " I* (T IT "  ",i ,Tl" " r ,!'T',r fn i.. l|l|1l,!l'|H*T'"!|-ri1l.. I I IW T  W P I ...T“ ,T " '" ,,I..HU1
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3f*= : . ^ H )  <25>
n ~t

Inserting (22), (23), and (25) in (24) we readily obtain the 

covariant expansion
OO l y

^  Ctt, ) - 5, + 2 L  ^ ; Mr-kn C^) 1 - * *

+■ r a ' . H O h + i i . *  r A . . r >  (2 «)

We remark that in general summation over repeated indices im­

plies integration over their associated space—time co-ordinates,

e*g* > b
*X (*? X(x ' )5 , b b cp) =  Q+xfi4* f2 L  ___ -

4’k'**LV)A J  J  f x
TT—<j!>

and

where
T & C $ ) %  -

**!

(Alt1>j)(x.x')yfyCx')

A L q . x ' ) — <S>? , <J) yj j

<S*tp°V>0 cT̂ (x')

III. COVsARIANT PERTURBATION SCHEME

In this section we shall develop a covariant perturbation

theory, as well as the non—covariant analogue of it, using

functional integral techniques. The starting point is the

generating functional for connected Green's functions, ^

given by

ibJ(j,py)

/Yj  x t *  ji

x ex^> f.f) (x)7r Vx; +- yjjx)+Tfc*) fa

( 2 7 )



loi
-».

-  1 1  -

where >j, yj are spinor sources of the anti commuting type,

and N a normalization factor which is fixed by the con-

¿Lu(o) , j---r1
dition £ ~ 1 . We'remark that the factor , with

^(tt) =  D e i  is required to maintaini a formal in­

variance of the functional measure with respect to pion field
' i ■

redefinitions. In general we have, using a condensed notation,

T T  11 v g o / d v  j i d ̂
VL

: i! 1
(28)

To obtain a covariant perturbation expansion oheiproceedh by 

inserting the covariant expansion for the action (26), and the

expansions (22), (23), and (25) into the expression (27) for
: j

the generating functional. After changing the integration va­

riables from n  ̂  to r? and from ( '(jbt) to ( §?*■ , one ex­

pands all the exponentials exc;ept fen the teirp -that. involves

rrrp o  csi nr ■fhT'i tW p Plating fuhctio]

is 'way bine51 obtains1'1 an ex- 

■ of connected Green> s

functions1 in '^e'd^variMht theory, iwhich we 'd-ëhbtè ' 

. This 'is written-as fdîldWs !:" 1 ' 1 ,! : l "■ 1

i T i v i i r r i i - T ' i i r ’ « i h i...... ... - i  ' r p n i * i r r r u i i " ’ '-
P|M|’ f"p -||I i|, , ] l l|1|rl" V T  ' r  - 'im T 'i ,,T|l''i'i|r, i r , ^ r " , r  7 ......i r j l ' " n,in ' r i T ,M '-Ti'i!!,"|PrTl " ' l " i " ir i " F " l  ,r! ' r"F ’ i r r i i ' | - | i r ||i' *r"TTjT»- •nr.|M |'!H ,l ■»



12

¿r(T,y,y) iCs.c^-hu:
e  — ± _  e

hT

) r . ___ , x  s y. & * (si P.' p .
J J ) r .  e -2

z ' (  ¥ “ A £ (4 > )5 >  +  t}"K + **'i«)

x « p { ( - . z ,  £  *  r» r?») £  JL, J j - S l U f f  r.1-)

CO __

+ ( i Z . j t V X f a r j . r * ) }

1 + I Z
«¿< tOn

. JET
l

n

« c ^ T T  ( r A i . ? A * ) % r ^ ) y +
Vx.j_

+ Z  z  '
n*5 00*

ir

K ( \ x  7 T  C s <:r. p.1“ )

M~r ,

r  f V  K O)n-r Z  K fr)r 77
r r ;  4 - t  ^  C/^K

/<, = * *  =  o

* f r ( W - " r  J
^  r̂ s a)«.,

(29)

where we have used the concise notation of £ 7 J . (A)ft is a 

partition of n , that is, a sequence of natural

numbers ( X  > 0 ) such that ~̂, vA-> :=- n . Such part ions are de­

noted as follows
y--t

(V)n = Z )

Each partition carries its own symmetry number, k Q ) n  , given

b y

k o ) „  =  - n r — '

fr  (» jZ

Wtiltlfn>lIW^lflHTW1WIIWHWI|iP|i|W1WfftHWWff îP



. It isThe index I is a shorthand for indices fc,--- 

clear that, apart from off shell contribution^, the right hand 

side of (29) iS independent of the choice of the pion field co­

ordinates.. We also remark that in (29) we have disregarded con­

tributions of the typé, which arise from the Jacobian

functions , and * as well as from \l ̂

(see (28)). This.is certainly in agreement with the BPH point 

of view. In (29) we neglect all explicit couplings of the
i I. •

sources to non-linear functions of the fields, since these 

terms contain no single particle pole in their matrix elements. 

The functional integral now reduces to a series of functional
* . ; ’ i

integrals that can be calculated in a standard way. These in­

tegrals are either of the Gaussian type [l J , or of the type

J d T x> I e ‘ ■CF ̂  W  i f + ^  + r y  3 K  F --

V iSrj* , L

(50). . .  cT 

and D e l  ((¿A)«}where B is the operator inverse to (¿A ) 

is the functional determinant of (\ A ) . Thus, in order to
• , i L; i; ii: i . : jyn t- : ; j  ; .u; ' \ -  ■ :

calculate the functional 1 C l w e  need to know the vertices

:=  ^i-k, kh i!- ■ r i ^ s ^ y ...

and

At . T n =  . ..fen
ii

h -  1, 2 , . . .

X

From [̂ 2 J we have

(fyltrSaA*h  k K-L*. %  ■ ■; : ̂  tu*.,+  +
n-i

^i- ■ ■ kzn*1
(31)

HH-tr« '•r'ti in •nuir t»r|iJT■’■»•r * iniif ifiwiT '(ITIIII! ’'’V'l'Tir >r f “i1 w w w  ' r?
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where is the Riemann curvature tensor. In. the present

case,where the curved isospace, s S 3, has a constant curvature 

Frr X, we have

Also is the differential operator given by

=  (  £ ¿  3 ^  *  * * , - * ; .

where indicates differentiation with respect to

We shall now obtain expressions for the vertex functions

• From (7), and (11) we obtain

(AlrXf) =  Si +  J- ys fa Cr^t e*/
^ t TT

with

(^ /0* =■ oil 2̂  -  x  C ai /  ^  £t3 , r t

We first calculate 

This is given by

(Ar ).f , =  i . | : r , r j R m W ^ /

Similarly, for

=  ( ^ a sa { ^ i'4>-e) i jk - -Q it ( ( r a) '^ ? r̂  

+  ( (T» ) i e<« 1 ) *

we obtain

11'' i'inv7i|itt»iiriKninBirnNriri wi«aiii| w* in ww«i nnwmririfflwi»wn|iiiiMiwr tup nrpMimmmininnirtri' »IHI
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These results can be generalized to the nth derivative case 

giving"'rise :ti>' title 1.1: nuiE! '-'m ;' : ■ dvr

tzn ($) —  £âbc Î* e* e £ ^  "■ x.

R
1 .ni '! Th

4
(32)

(1

=̂. fs C T é Ù e*i
'' 2 f v

'n-i

¿i^j, Ifj i* X feirt'i

; ; : !';: . ; -, c - *>  it1

and : 5 [ :.

A d -ft,---fez«,., [$) — C'̂ c)tx € a. ^b ^<rn*&(r( ‘
n+(

^k,kirt • - (33):!,

O  > ^ )
1 t v  ' ' - "!- 'i I' . ¡1 ■ , , ,' ! ' ... ■ . I i *

In deriving these formulae we have' used the fact that, due to

the constant curvature situation, the covariant derivatives 

of the Riemann tensor are zero as well as the fact that the
■■ '\ H i! ■■ * 1 "i ' !

Weyl derivative Of the dbeibein field is zero due to equation 

(8). Furthermore owing to the form of the generating functional . 

in (29) only the symmetric part of the vertex functions makes 

a contribution. Therefore, bomplete. symmetrization of the1 

fcf ••• j?n indices is understood in (31), (32), and (53).

In the dreibein field formalism one is not dealing directly 

with chiral tensors ,■ but only with their components along

the dreibein fields themselves, which from the basis functions
.■ i ;! I" ■

of a local 3-D Euclidean space. These components are scalars 

a* given by

"i - r  i r i1 ' h-"^' iTHiip . . . . . . .  ... i i i f ^ ' - w  i i p n "  r r ' r i r r  **r?rrin1' ■■ in" i'T'ir! "mu’ Mm,"irir,,v p N r r r ,- r r f ii ' 'jr r ir irv " fr  • n r»n
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Thus we have

=  es, ■■■ ^1jk, — kn

where the expressions (n>=t) are given in £  2 J . Also

from (32), and (33) we obtain

- * i - *«

where

£*,bc (Tc)Z S ' ^  ... cC2„.i a „-,

■+ y$ ) ^ d *  &2 Sya.f -Jab da, azJ  da.}â  - - T̂ b̂

~ r~*n+i (34)

(A£ ) * , . . .  azn+i =  ( ^ T  p  'Saa.J<Sl*i]&aZt"'

C'1 )n+1 £&bc C L* )f fia, • ■ ■ cQ &2.ri+i ?<P ( 35 )?V>‘

t n  > i -  ~)
and

C A t ) a, =  /* i r a ;«

(36)

2 2*

We remark that under dreibein field rotations, which, of course, 

leave the metric invariant,(S, )ar .. a„ and 2„ transform

like Euclidean tensors.

We now turn to the non-covariant perturbation theory, which 

can be developed along similar lines. The starting point is 

again the generating functional (27). Inserting (24) in (27) 

we obtain

r w r p T T r p i r i i |p ! i fm M ttm n n !p i ,|i iw ir i 'n r i i r w m ! P iB W iir 'i i i
i ip w ii ip in w f f lH W P iip r i’ p i p r v i i w 1 m m \ w i u i n i v T r i i u i i w r i v v i f i r p
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iUJUn - V =  j _ e
at

¿CSyC4>)+ Tip e

in-¥*Ai(<p)fy + ■+ y**!*]

X

n

1 + 2 1 , 2 1  .ZJ< K M n  T J i f - ' A ^ w t p x 1'')'
nz 1 (}}n

*t 2 1  7 L  - ^  K o ; „  f t  ( s t ^  +
CX)yx y=i

n-1

^ 2  2  • * »  ;<(>.),
+Z4-1 r=3 0)n f X 1 ' ' :l : (fÂ  •

f4! — O
y\-r

l / l
<r=-f

:Z7
'' ‘ ' 7 ^  " '■" '

At this stage it is convenient to introduce certain abbrevia­

tions f7] . Let f  TT (Si be the contribution to
X/C Vzi '

the integral / 3 x  exp^  j 7 T  1 ̂ " which corres­

ponds to the connection mapping C associated with the par­

ticular pairing for the %  ' s * It corresponds to a graph with 

no external lines. The vertices of the graphs are fixed by the

partition (l)n (see £7 J ), and C  . describes which vertices
■ i . I ■,,:, i na i ■! '1 .J : in ■¡"■m .L ■■ '■■■' ' ¡i M s

have to be connected by full plon propagators ¿U- ij. (A full pro­

pagator is the one that includes all possible tree insertions).
n ~

Similarly / L  TT ( 40 J  * is the contri-
i'=-{\,\ ¡;; j: mi; J . , , j.! i';}:;j ■-i-iir:,:!; jfei¡' i: i-.' }

bution to the integral fx>X expfi S^,y (pjX X J j£>fDy exp £
•:■■■■ J2_ ,!- i ■■■■vi“ "j! .¡f 'i; Ax i.:.i : , i i i . n o l m  i !.; ; nr

+ ̂ ^+¥'‘‘’1«)/ -I I ( )  which corresponds to the connection
in j,.

mapping C  associated with the particular pairing of the XX s
¡;l ■.

as well as the ^ ,'ijltipf , and pairings. Again this cor-

Tin- ' i | ....r  T i r i i m  .......................................................'T ip  n r  r - p ' - i n 1" !  ■ -ir|'n ii'H,,n ' iH'ih t ' ■■ it mi- ■ -i • n>i «|*in ,,|1," n f" i  i i " H " i'll1 r F i1
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responds to a graph with no external pion lines, but with pos­

sible external nucleon lines coupled to the appropriate nucleon 

sources. Such external lines arise because of (30). With this 

notation we obtain for the expression

/ L J  +  r L u i ^ P

'Z>V
-h KO)» f  JJt (

7 , C

3,

- z  n
n=5 a)v, c 

^, = ¿̂=0

+ L  I  I  ' I J '  « ' ) * /  T T ( r A ï ^ f ^ f \

C z f ,J ,  c "

, z z z  y  z  rf i<ch)r *
n = *  ^  ( r ) f  c

f  77 y> 77 ) ^ r ( s t )
 ̂ ^  f=iX f , f , C

The tree ^ tree as well as the one loop L U -jloop contribu­

tions arise from

¿77 y«A£(4>J + 'f*'}«]

rf
, /

e i  S ' “ J W ' V f  D f D f  e

_ e and Li^oop contain respectively all the tree and one

loop contributions due to pion selfinteractions; they also 

contain some tree and one loop contributions arising from 

pion-nucleon interactions. The remaining contributions of the 

latter type arise from the last two terms in (38).

IP MlM PI || II « IM W Ilw ri
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In a similar manner equation (29) yields the following ex­

pression for the generating functional G (7, /*j)

-h

. 1  I  I  S j v ( ^ ^ r " ) '
-Ï / \ V- ~ 1vi- ?> />)o c

A i -Ai ■* O /T C }

+  2 1 2 7 Z
il * 1 î>)„ c

v»-

Z ZY\- 4 Tri

W-K
«)h-

•ZA.
' K ( a  /_ T T  (?" A h s i f r *')

/ f7-K

. T Ï 7 1

|7X,

V,i,fC **, f r ,

It is clear from (39) that the basic ingredients of the, co­

variant perturbation expansion (for the on shell connected 

Green' s functions) are the covariant vertices S\ ̂ ih (4’)and 

p\ ̂  _ ( h ) given by (31), (32) and (33), and the Kà:i props- 

gators G lJ (<f>) and E>L (^which are the inverses of ^ i j , t j ‘ C ¥ )  
and (VA)i(4>) respectively, i.e.

j r ,•'(, a  B f V *  > ' / f )  = (41)

The full propagators G l J  ( y . y  yp) and &  1 (V,/ can be de­

picted graphically as follows

X

• /■— 11 * < ;
t (j- ( y , y f - <b) = ---------- + ------- r -------- i ------- + - -----------*-------  ,

7 7 -* r j  y r  y  ; y *  y  \ y '  y  • ~- +  •
. Z

I
x

.,„,.,.1 ........ i-*--r<'̂ |'|l11n*(riW!«tTill|«14,l,1̂ rTrrTlf.11|1T1.̂ .wrrrrifllrT.r-,™,.,rr,.
..... . Hf
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Y
* * ? f ' * - j - *

' i ! 1 !
• +  — — i— — -t — + — - * —  •+ v--------*— r- 4  ---------- *-----------  ■
' r  ; y '  y y  ■ / * / ' /  Y'

i
-j ■ a

w h e r e----- x = ̂ <»J , and — ---- —  4 ~*f *.Go and ' are

the limits of G  ‘J and <■ BL respectively^ when the pion source 

7T is taken to zero, Thus

G iJ ( x - ' < ' )  — >  S ^ G o C x - x 1)

where

-  G o ( ^  =  ■ — -̂------ - ■
■4-tr^(x 2~ t o )

and

i ' S H c x - x ' ) ___ ^  c ' S p f K ^ ' )

y

where

s F r * - * ' )  _  J f x - >c' )

IV. RELATIONS BETWEEN COVARIANT AND NON-COVARIANT DERIVATIVES

In this section we shall establish the connection between 

the covariant and non-coyariant derivatives of the total action 

Sj + Sz . For the first part of the action, S f , the required 

connection is given in 7 j • This reads

K ( » »  s u/,:-fr T T ( T l ^ )

( 4 2 )

■ n ip ifritw n  w n iffu n p p ff im iii iii iew iiO T iiiw ifW W iiw fF i W«riiii|w iirm piiinriiFii"t,«miFimiii i  ̂ imihup"piiih w  mwm pwmur
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'f' —rp
. The c o e f f i c i e n t s  <%„ k,--k„ a re  symme-

i I l M:!
w ith  v* = 2 1  ^ ̂

t r i e  in  th e  lower;, i n d ic e s , and.-can, be e x p re ssed  i n : term s of
: ' ’ ' r~t /

th e  g e n e ra liz e d  C h r i s to f f  e l  symbols I 4 . . . 4, » which oc­

c u r  in  (2 1 ) . We c o n fin e , th e r e f o r e ,  o u rs e lv e s  to  th e  second 

p a r t  o f  th e  a c t io n , ' $1 . From (24) and (26) we o b ta in  : •

■■ i oo ■ :i ■,m:i 
4 /
f?°f /FüTi' Z&-Æ :=■ + 2 Z

n=i 
00

—  ^ +-j2H- -il (<£) ^ x”

'(43)

i - f

Now th e  r e l a t i o n s  (2 2 ) , (2 3 ) , and (25) can be in v e r te d l 'td te x -  

p re s s  P.L , lot , and f*  in .'te r jn s  o f  K l: , , and f *  re sp ec -

t i v e l y .  Thus we o b ta in
■I . .

1:
0 0

r :  =  X  X„  / 
= -r

r ;
'• jL > 4»

f r f  = ,  i  j )
( 4 4 )

o'tehr

=  ft

OC

X  1 .
*=f H»'

-  . -ij • f

$ , P’S'k
1 ai ** r . n

10,i;-

fil'HI' I i...

1 l  : .1 i ■ ’! ■ ! si m ! iI'iPihI i M M' i ajit'IJiivi|.|j 4i.ii.M- -1« .[mIii HI ' l l  !l-!i j l l ’.f. J :i !:i ,V\.«1 Mil 1 •Mlitir.i. Illillill . |ji Wn'-lHt' ■- .l**ll <•(*■>■•••«•1 -1 q.»"'..

! ' '• !j T
+ - j~ "  4  . 

:: ■ g p f  •*/ ■

ylt,
' i'i'i . : 11:1

(46)
j ji- ¡sjuiï' .v-I

where
t  f :: : !. ■ '/ - l-'"l 

and ¿jx* iijrjeisljaci ’X

and P
r

p w w j  . l a t i w . ’of;
H  I- 1 ¡1 ; • . J., Ij.'? ¡ . .  ; . ' f i ,

iG&nrse£

has to  be e x p re ssed  in  teapnjs o: 

( 4 5 ) ,  and ( 4 6 ). i n  th e  r i

ÎJîï'flttei !" MWffiL'-lkUiL. Vila 

; o f , arid e q u a tin g

exp re s sions with ¡'the same .pÇ[ ;:oni both'Héli^és o p t h e
'' ■ ;r|i ; j: ;[j ;4 ; ; : ':i :»■ ̂ t-

r 1 _-:.'t|r!l. h N ÎM
rvH«?-

e q u a tio n  we o b ta in  a  formiiii|a anàlS6.gioiüjS|!,to (42) hiàmèly

.... ..... ;i|llprr«,< I'FlT'li .»--I '(!»r> *......r- .. r ~ ... ....."TTlfTTflfflll f
; . j 111

! ! {!■:: !R : :i
: . ■!. m i; ! M ' ■ . ' • ; :

ij'irrüii r it Hip f f I f fP in
!li: ! 1 : Ml! :i i  II : M i : ' ; ! i H ;i t I ■ ; i
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r - A l U í m ,  f - ¿  a í .4 ..v , s '«_
=■ n 

n,-

* TT H ka‘% Tt C J ri" f %
i=< v=/ r

*v t0 v
where v;-=XX and • Following fy 1 we introduce

»=■* vtf ■ • .. 4
the graphical notation shown below:

sii-fy X  

(47)

k;.. /

V
r /
b

<r _

\ n  i
v  / v  - * <

'v-/
V >

—
v / .

V ;

-~Tt

1 zn
kf T At .Tv, a d „ X ! i ,

We can, now, express graphically formulae (42) and (47) for 

small valués of n :

\ i
\  i  \ /

V /v / 
\  /

V =■ b  -+-
té

II
s

•V

-

V I / V I /
\ 1 /
#  +

t

\ \  /  \  I /

§ 1  \ ?  +  w
r 11r

-

t
JI

1 ¡

. 4 . o-«8- 4 * —&o-(ky-

For later convenience we introduce the notion of a generalized 
: ►

partition: A sequence X  > X*,..V X; (i = 1,2,...,M) of natural

numbers X°>o is called a generalized partion of n , if

X, vXy=.h- and n ^ X ^ t  • We denote such generalized par-

titions as follows: =.{(-X ... ) ... (-XX.. )}

The symmetry number associated with {>}„ is denoted by 
M

where K{A}n= T T  k c y tJ)M(. .. It is now possible to rewrite
l = 1

(47) in the following way
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1 (.4’) f f . ^  —  "• K-Pjn -2^«6..Vi; ̂ ¡f-t, -fr ^ { f ,—tr X
£ « .

5_ _  n.- . ... ,li), (48)

x T J  [  f t  ( x 1?. ) r  ]  %
l~1 V̂ -1

where vy = ̂ X ,  (i = 1,2,3) with v ^ o  and : v* =  o 

X  ' =, ¿' and i?/ =  respectively.

V. THE EQUIVALENCE THEOREM

It is desirable to show the equivalence of the non-coyariant 

and the covariant perturbation expansions on the mass shell.

That is, we expect that, on the mass shell, the generating 

functional LdJ and F  ) for connected Green's func­

tions in the non-covariant and covariant theory respectively 

are equivalent up to contributions of the'type it is the

purpose of this section to establish the equivalence in some 

detail. This equivalence will serve as a possible link bêtweèn 

the usual BPH approach and the covariant approach. We shall fol­

low closely the proof of the ̂ Equivalence Theorem' in the case 

of pure pion selfinteractions given in £7] . To this end we 

decompose each contribution from (38) into a sum of contribu­

tions containing (i) the corresponding covariant contribution

from (39) , (ii) contributions which vanish on the mass shell, 

and (*iii) contributions which do not vanish on the mass shell 

and are not covariant. However, it can be shown that contri­

butions of the type (iii) are either of the type S^C0) , or 

they are cancelled out by analogous contributions, which arise 

from the decomposition of a finite set of other contributions 

from (38).

r m i m  *, , , "i|'M i* iir irM i^ »n»m i«* 'tm in i|i |n»w iM 'm 1* p r « r 'i , iT irii r ^ ' f i n i v m i i w r i p M i T f '" T i n w n n i ’r i r ^ 'w i r r i i T 'n f f  PimiwM»ir»i»r|Ti'|ir' .. . . . . . .  .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . M
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To proceed any further we need to introduce the notion of 

a double generalized partition. In £ 7 ~] a double partition, 

denoted by £(X)£J is defined to be the mapping (A)— > 

which assigns to each partition (A) a natural number f*-a} > o 

which is called the multiplicity of Q )  . In a similar manner 

we introduce a double generalized partition , de­

fined to be the mapping {}}— > which assigns to each

the multiplicity > o . Suppose all1 the generalized parti­

tions that occur in J are of form

r -3 v(j )(»*»)

i r ’k = i T T ( < '  ...M L J-1

with m =  1, 2, ...» N . Then

nC»1)
Any* j J
j

- 2 : "j1=1 J
t*l J

hi

where the order n of is given by

/V if 3 n*"0

= X / ^ - ( Z

We also define the symmetry number associated with E{A}£J 

to be

(49)

at

kcojc'u  n  X. (Kir'j )rz ____ * , (50)
m =1 ^ ■ T T r » ! ( ] r f t £  ■'t’rf' /

™-1

tree and ^ i i o o p  coincida

/
The contributions from LlJ 

(on the mass shell) with the corresponding contributions

from ^ t r é e  ■ and ^ H o o p  * ^ence is only necessary 

to establish the equivalence between and âtC?!7 . *7 )

mwm mirmim-
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where

and

W  -  U J  -  L-bJ 4.6«f>(:r'7}P))

&  (  7 > 7^7 ) -  F 7CJ > 7>7y “  ^ i r e e  t 7 ’*)’*))  “  ^ d .  <ù*p ( 717 ' 1  )

From now on, however, we shall neglect the contributions to 

w ( T , ^ )  which contain only pure pion selfinteractions. 

Such contributions are dealt with in £ 7 J . Let ^  )

denote the remaining contributions in . Inserting

(42), and (48) in (38) we obtain the following expression 

for

NT

■»cr.7.1) =21 X  7, k e w ]
[ a i t ]  c

AT

TJ [
X.f’f.C

M.,

> n  c T f  r T . Î . »  x * " "  )
j=< ./«,

. —I M

) ]
1 ru

~h

-h £  S  ¿ T i n  ¿1 21 K D v L ] . ‘ - ’ ft' k L w n
+ rwh] c^f] c

M

* i
% t  f, c '‘Is*

X

K

x /

i '= -t

n - y - r - y  T x , " '  1 1^'* ) ■ f y-, I I ( I ^  / _J
v ' -  -?

(5-1)
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n-fo

where in the first term n = 2 T  f ¿[1 ¿ 7  )
M-'"*? J=-f X-* '

_J *o<>0 ^ °*OCp ______„„and

term
M

0  = ^ 2 ,
rt:Cr>)

•*Î :-y

*

_/ =1

, whereas in the second
H.'i"» J

.*-*- =  2 Z  ( ^ L  Z Z  v X cJ Hm' )  , 'r -c" )7

n,'

= z :  a 5""'» (.¡-.< ,1 ,1 )
tf. r>t -

and r - 2Zp, ( 2Z y<ŝ (t) )
i(. Is* ' *=*

with yl■— ̂ 2Z e^ i< . Each term in the first part of (51)
x=/

is characterised by a double generalized partition £  ( )} C, ] 

and a connection mapping C . It corresponds to a graph 

(with no external pion lines, but with possible external

nucleon lines coupled to the sources n and PT ) where
/ /. w , v--/' wv \.«m . \ i > vjl

each vertex < V  < is replaced by a vertex ,V ^  r with 

the same number of pion lines ( X L ) . The connection mapping 

C acts on the as well as the ip,s and ¡jTjS . The multipli­

city of each type of vertex is determined by jjLm (n= \ . 

Similarly each term in the second part of (5 1 ) is characterized 

by a pair of double partitions £f3}£r] and » and a

connection mapping C . It can be represented by a graph (with

no external pion lines, but with possible external nucleon
V../ \... /

lines coupled to r\ and rj ), where each vertex <V< and V
V#Vu: V \  'o'

is replaced respectively by a vertex - ^ S L ^ ^ a n d  ' ■ ^  -*-1—

same number of legs (X1).

with the

We consider first the contribution to w C x , ^ )  characterized 

by the particular double partitions

C o i r ]  =  [  T T i ( ° H ^ ( 0 ) j ' ‘~ ]  ,

and

L w r . , 1  =  1  T T  {(<■)( 1''” ) (o)}1’’' 1

[ c o n  -  [ t t

finnun-wwi'wiw ........ . i*nniii'iifm»ipiipiiiiT|iipi'ii|
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M AT

with n - r ^ 2 T  H"*” ; and r =  Z I  . By examining the
**̂ 4 ' 1=4l»f -i f » .

symmetry factors K Ü O } *  3 » K ] * and

we can infer that this part of vv ) is in 1-1 correspon­

dence with £>ÎT,yj,̂ y

Let us consider now the contribution to w(7,')fj') arising from 

the second part in ( 51 ) » when the double partition £(&$£] con-

tains at least one partition ( < r w i t h  21 • Such par-

titions give rise to vertices of the type S i . i  ~Ti1iz ... -How­

ever, because of (5) S and graphs containing at 

least one such vertex, therefore, give vanishing contributions 

on the mass shell.

Let A w  ) denote the remaining contributions to (51).

Then

/ **

/'AwfT.y,^) =  X  Y  £ [ { > }  C 7  x

n * 1 C O J H ]  c

y  a s  t F
AT

y  ! — _ « = «
C

]=-< Y=i

4-

^

A l l  21 Z, Æ<f‘Krnrj
n 2 -f ri<  r n r ]  c

«  riA o rt> r - fA/ x

A

X
/  T T  L  Ax-Zr-A.-;

— - WS( 'X, i  f, c 5*1)

J ' 1
AT

f

7 7 T T  ( T r l  *

> y C ’*  j  'J x

X  '  ) gA °  -

( 5 2 )

fV
X
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where the summations Zl indicate that the double generalized 

partitions C f A i J ]  and C D  ] Should not consist of ge­

neralized partitions of the type f (o. j c-f *• )£o) } alone. Also 

the summation ¿L indicates that the double partition C  D )/ J

should not (i) consist of partitions of the type (1^) alone,
n(-

and (ii) contain partitions of the! type ( with 1

The equivalence between covariant and non-covariant perturba­

tion expansions will be established, if we can show that, up to 

terms which contain S ( o) factors, A  vanishes identi­

cally on the mass shell. In order to prove this we shall make 

use of the following list of identities (due to (40), and (41}):

(0  ( x ; f )  ( * ’)

( 53)

=  <' tx ¡ f )  T . L'. (*)

tit) A«.,,... (»-,$) t C L,< ( *. j’) S ,. fii (»", *’ (5 4 )

A ? *—r  ^
=  t A *  ( X ; f  ) I .! . C * )  '

( i V ) "■j>) B j  '(xv,*'■>*) A r 'z-- ■ ( x  $ )

( 5 6 )
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The above identities show the possibility of contractions of 

full pion as well as nucleon propagators. The, factors appearing 

on the right hand side of (53) -■ (56) play a very important 

role in the proof of the equivalence theorem. In general we 

shall have to examine the change of factors pf i m  A w  

due to contractions. It is clear that each contraction reduces 

by one the number of vertices of the graph under* consideration 

leaving, therefore, a factor of i (see factors of i in (5 1 ))» 

In (53) and (54) there is a factor of i due to the fact that 

full pion propagators always appear in the form i &  a1111 not

simply G . This comes about because of the functional inte­

gral

JL [ D X  : ^
tj  C p w f x J

r k t .. y  T " . i
/v  J

=  Const. ^ i Q (57)

O W  ( ^

where the sum in (57) is over all .possible pairings^ o f , the % \, s 

Thus every contraction corresponding to:j {53) and (54) gives j

rise to an overall factor . Equations (55) and (56),

on the other hand, correspond to full nucleon propagator con-
!

tractions, Now, from (30) it is clear that in order to get
i, i--ZjL

an internal nucleon propagator corresponding fo fa.f

both left and right derivatives £ and _ df have to
iSrj**- ' ?cT^

act on the same term C1']) B ^  fij?) in ^be expansion of

exp (^y  B> - (¿yj'j J . Thus, W  pick up an additional factor '

(-1). Taking now into account the factor;of (~i) appearing on '
1 v  <: : j : ■ i

the right hand side of (55) and (56) we see that, once again,

•  2
the overall factor is 2 = - 1 . Hence we reach the conclu-

■ HW'iw, w iwMwiwippw'mfinw w w nmp    m » >iiwf|iwiii»iiip^»ii;i''ipj»»^!>fiMMw|p ip iHiilf!lll"F!,MI '
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sion that every contraction of a full internal propagator 

gives rise to a factor (-1), which must be taken into account.

We remark that (53) and (54) correspond to contractions de­

scribed in £ 7 "] . From the work of reference £ 7 J we ■ know that 

the vertices S1 . ¡y giving rise to contractions arise necessari­

ly from partitions of the type (1,k ) ¿ £ 2  . Each partition .

( 1,k ) contained in gives rise to a vertex factor

S* - ip ~1~t ~Xl 'X^ * Let /If' be connected to ^  by

the action of C . Then, either 50 is connected to S r . 

or to a nontrivial T , i.e. "Ty.. (but not ~7~y ) . In ge­

neral we have

(0;

-------

----

COi

-Bk:c

_£3--o--------‘—

---------

A vertex or a graph containing S, • ¡.j of the kind corresponding 

to O  )«a and ( O b  is called contractible. Now let us examine 

the cases due to internal nucleon propagator contractions. We 

note that vertices A *  may arise from the following types

'inn>tn»in*TCT"'ai‘«?iiN' >*m n r a u r  i <rm
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of generalized partition: (i) { ('Ao;,)*l (0 (̂0)] ,

and (ill) (fo)fo) ( Xc3))n3J . Each generalized partition
, y g *̂l

of the type (i) implies a vertex factor A y TT
—  P . . " 1

Let Y>j} be connected to y by the connection mapping C .

—  f
Then there exist two possibilities. Either f is connected 

to a vertex described by a generalized partition of the form 

f (<0 (\ u>/)n̂  } , or to a vertex

v ?
¿X-o----<-

Graphically we have

^ V  '/  \  V ?
xM
—Cf—

V-Yfr * V‘ i V»

A graph of the first kind containing is again called
¡s

contractible. Similarly in the case where A « arises from 

[ (0 ) (o) f )n  ̂ we have the following two possibilities

Y %
XI

or -o-i&y

Again it is only the first kind that leads to contractible ver-
B

tices (or graphs). Finally the case where A* arises from 

{ C o U V * % }  lea<̂ s to no contractible vertices (or

graphs).

In general contains contractible' graphs. If one

applies the identities (53) - (56) to the contractible vertices 

of such a graph, one gets an uncontractible graph. It is under­

stood, of course, that the connection mapping of the original 

contractible graph has to be restricted to the remaining fi*, w “

*
’ HI IIH IIM 'I I IT !■ mhih n-i Hu
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and /(1 . Now (52) shows that this contribution of such a 

contractible graph to Aw is equal to the contribution of 

the associated uncontractible graph, explicitly present in 

(52), apart from a sign and a combinatorial factor (due to 

the presence of the symmetry factors 1 or

K T f  l]%_r ] - ] and 'the possibility that the diffe­

rent connection mappings of the contractible graph give rise 

to the same connection mapping on restriction to the uncon­

tractible graph). The sign arises in the way described in the 

remarks made following equation (56). Following £ 7 ] we re­

mark that the uncontractible graphs of Aw give rise to an 

equivalence relation among the totality of the graphs. The 

equivalence classes consist of all graphs, which, after com­

plete contraction (by means of repeated applications of (53)- 

(56), lead to a fixed uncontractible graph. Thus, what we 

have to do, is to deal with a general equivalence class, 

corresponding to an uncontractible graph , and show that

h o  = 0
where A w denotes the partial sum of

Aw taken over the class It is shown in £ 7 J

that, in the case of pure pion selfinteractions alone the 

corresponding class which is in general quite large,

can be :divided into smaller classes with vanishing partial 

sums. The same is true in our case, and this is what we would 

like to show in the remaining part of this section

Let be an uncontractible graph, and £ the class

generated by it. Ç*Ĉ o) is precisely obtained by doing all 

admissible blow ups (a blow up is an operation corresponding
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to the inverse application of (53) - (56)). Let there he Afo 

admissible blow ups on g 0 , then rfo = Thus one

way of d i v i d i n g i n t o  smaller classes is to divide all 

blow ups bn Q 0 into a sequence of independent types. The 

application of a blow up of a given independent type (keeping 

everything else fixed) then gives rise to one such a smaller 

class. This is in fact the construction of (s^  ) equivalence 

classes in £*7 J . To this end we choose a vertex from t 

which allows blow ups. If this choice corresponds to a vertex 

arising from pion selfinteractions, then the results of [ 7 J 

are directly applicable with only trivial modifications. With­

out loss of generality we assume that our choice corresponds 

to a vertex ¡X] =£ . Let be given by

} - { C*Ci?>n C*cr)J-}‘ ^he vertex p ?] allows, in general,

three types of blow ups with blow up factors given by (i) the 

generalized partition (o)Co)] , (ii) the generalized

partition { COfo) (xcs))n3 ] and (iii) a non-trivial T

of the form • Now, let ^ " the multiplicity

of in Q,0 . Next we proceed as follows. We blow up the

vertices {£} of in an arbitrary way. Then we blow up the 

vertices of arbitrarily except for factors 

and {C cOOH*°Ui~ J * Thus, each of the partially blown up

vertices is described by a generalized partition

with i/z> (i >2.~) , w

(2) ̂ _
The last relation fixes uniquely. Next we define

=  ¥ a;/
=  m a x  (-1 ’ •

. . . . . . . » W ^ W 'p i |* i i p w i p w < i |llW i i l » i l ^ < f W ^ l | W | i i i ^ i i | P | i i i w w ii w r        \ r    ¡ri-ipi rn i- i |f i" i i  .r .'i |ii |f{.-̂ > i|.,i'i"|  Vi'"

n z. )
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I

the maximum taken with respect to the lexicographic order of

z' z(2} 1 ~ \
the partitions (1 1 «2 n*. ) . Let n0 of the ver-

. tices he, of this maximal type. They define a double genera­

lized partition

■UicK'v*, } "-3

•This set of vertices can be distinguished uniquely from the 

remaining fA^j~n0 non-maximal partially blown up vertices.

We then blow up an arbitrary set of these non-maximal vertices 

in the way that gives blow up factors of the form [(zCi})nt (°)C°) J 

and [ ( o ) ( o )  . Our partially blown up graph is now

described by the following double generalized partition:

* [ i M r , ] [ i ^ ]  (57>

where the multiplicities are determined by the condition that 

the remainder factors O  ̂ -i^1 3 are disjoint from the

first factor in (57). The above double generalized partition 

together with a connection mapping CQ (specified during the 

blow up process) define our - collapse graph. Define an [x]~ 

contraction to be a contraction on g e  S/flo) given by one of the 

following cases (i) a contraction of a vertex f Cxcv)̂ , (o y(o) ] 

with a vertex [to) ( J » (ii) a contraction of a vertex 

f O H o )  ] with a vertex [ C*0’)*, C X Ur)?ix C0 ') }

and (iii) a contraction of two vertices ( 0£c”)fr/oX°)} and 

{ Co)Co) C x n))irr ] with a vertex {(o) C W Cz%^(o?} . Our fe}- col-

■v ..i
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lapse graph does not admit any pfj — contraptions. Two graphs 

in a**e called {%] -equivalent, if they become equal

(up to a numerical factor) after performing all the apper­

taining [%J-contractions. This equivalence relations splits

into smaller classes. Each of these classes contains exact­

ly one fxj-collapse graph* Now for each [x]-collapse graph we 

can do thé remaining blow ups, which give rise to blow up 

factors [ Lo)fo) ] and fCo)Co) if ] . Each such blow

up results in a graph, which is described by one of the following 

double generalized partitions.

r  r > M ^ N . +  S+'U r  M  + l + uLi  fWf»K ]

x i  (o’, ( ^ ) Ti]  L5g)

with o^S4-t + K . < n 0 . The next step is to evaluate how

many connection mappings C exist, for a given double genera­

lized partition (58), which will give C0 after restriction to 

the pf?- collapse graph. This is straightforward. We obtain 

the following factor

s-hi
(- 0  C^o + s-fix):J (A i0 + i + u ) !  (  f i f r - t s ) !  (  f  i h )  l CPi  + u )  l

Wjo! W0! M i l  W, ! ?t \ % \ L \ u !
(59)

where the factor (-i) arises from the fact that every con­

traction gives rise to a factor iẑ -± . Now it is clear from

■ im -vui'hiiini> ii'ii'i* i'iin iM ii"it'i 'iiii* iiiriiirn'Min m r*v' «BTrrmiMii * m * i  .................. i'i iimiriwiM1 |iflf»iiin(iirfirr^fnnpi|niiTiiiiir'*""rtiittniwintiii'i|ii*iniii in  vipi>ri*i ■ n n n  n  i" » '11111 i * i i ih m » i
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(52) that we have to calculate also the symmetry factor as­

sociated with the blown up graphs described by (58). It is 

important, however, to remember that the disjoint factors 

give rise to numerical factors, which are in­

dependent of s, t, and u, and can, therefore, be omitted. 

Multiplying the required symmetry factor with (59), and 

summing over all the elements of the [afj- class we get:

factor independent of s,t,u

n

! (-0
S-fi

o + < nc
(*i0-s-i-t*)! si i l u !

-■ Com-l ■ ~fa.oior f ±  4 ±  - i - ± )"1<> —  0

!

There remains the exceptional case where the choice of a ver­

tex leads to a generalized partition of the form —

f Co) C £ Co) J } with C Z C3-})^^=£ (i*1-) • In this case one

will proceed in a manner completely analogous to £  7 J . Here 

we sketch the main steps. First we blow up the vertices =f=- {)£} 

of . Then we blow up the vertices of ¿j0 except for

the factors 1 ■
:: I "

( s being a fixed given natural number).

Now each of the partially blown up vertices is described

by a generalized partition

f  ( ° )  C 1 5 ... K i V  )(0)]

with f Z )  f

< ..Jf> ( t ' > 2. ) and 2 Z -  5 1  *.
Ci?

which fixes jéP ' . Then we define
¿ = i

A Ci?

- "z 1 )

>'=* f.t 1

VW«
" w w i M * i r i  |1WT,lli..,..,..T,mnnfT,iriiri r|rir
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where A  implies omission and the maximum is again taken 

with respect to the lexicographic order of the partitions
X(Z)'

(z ^ %). Now, let n„ be the number of these maximal ver­

tices. They define the following double generalized parti­

tion

C froo r 1 * 1
v.C2>

S * Hi "i

j

We consider now the remaining non-maximal vertices, and

we fix them by blowing an arbitrary set of them in a way that 

gives blow up factors t- . Thus, our partially blown up

graph is described by the following double generalized parti­

tion

C l?

L> - O

+ v
( 6 0 )

where, once again, ET£ 1 H (  J are disjoint from 

the first two factors in (60). The above double generalized 

partition (60) together with the connection mapping C 0 (spe­

cified during the blow up process) define our (^{*7) -collapse 

graph. Such a graph does not admit any ($,{*}) -contractions, 

where an -contraction is defined to be the contraction

in cje<?C0o) > which contract a vertex (its) with a vertex 

{Co) c Sa£s“~*'._ Such contractions characterize the

equivalence class. Each class contains exactly one 

(s,f*7 )-collapse graph. For each (s, -collapse graph one

can do, now, the remaining blow ups of the remaining n0 maxi- 

mal vertices, giving rise to blow up factors ] cr .. (’s . Each 

blow up result in a graph described by a generalized double 

partition

m m  M in n uniiilliifl'IiiriMTif ... ........................................................................................................................................................................................m i w w i i ......i i i 'iT A W »  ’» irr|iM,«iflirtrii|'i',iiiwi'liMiMini-nii'iirrir- ...................... i i* ......m u " i
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.Cl#

O
’ a ' * ' ''V

i

%ULV 7  7
■ ■• s 5 .. * 7 *  K°)}

Vri

* {(o)r ̂
ïff2)
» ... s ? ’• • ) ¡M f  °^] [ f  «, j 17 ] f a , / 1 ]

(61)

*-5*}
with / = 21 and o < / <  nc , As in the previous case one

V-Y
has to evaluate how many connection mappings C exist for a 

given double generalized partition (61), which will give rise 

to Co on restriction to the corresponding (-£,i*i)-collapse graph. 

From 7 ] we know that this is given by

*?• ■ ■ *SCI" V

+ T~ T T
rr. i '

V-J
(».>)̂ i J

&

(62)

Multiplying (62) by the symmetry factor associated with (61), 

and summing over all the elements in the -class one readi­

ly obtains

Const, factor independent of ^

i

Const, factor

o£ C¿it

77 F-<r (*/’)]
i C 1

3 . =  { (<-0 x’“ T ’=  0
r~ i L

¥e have, now, to examine certain cases, when the general

cancellation procedure is not applicable. Supposing for all

choices of {*.£/<-£jo one gets =  f ( } (o) ]

This vertex does not allow any blow ups. Hence £  C^') consist

of only one element. In this case cJo is characterized by the

double generalized partition [jfc* (i,a%Co  ) • [ U ^ C o K o )  ] • ■ J
*V

and a connection mapping. The latter gives rise to three possi­

r, *INPr1|«PrPP|P',lllinii MW'Min'ii« 'MW'ii<iTiP|irinpp|nii<«iiTi’ininii(i|irmFTiprnnTriPr itffflT
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bilities:

(i) Vertices of the type f } form a closed fer­

mion loop. Such a graph is of the &  (°) —type, and is, there­

fore, disregarded. We remark, however, that such loops may

also occur in graphs containing vertices { (Xcn)«t}

for which the general cancellation procedure works. 

They formally cancel out. If, however, the graph under consi­

deration contains only such loops besides pure or

vertices, its class S  ) contains just one element and its con­

tribution does not vanish, but can be ignored being of the

<£i£,Yo)_type.

(ii) Vertices of the type ( } are all coupled

to the appertaining nucleon sources. Such graphs give contri­

butions which vanish on the mass shell.

(iii) Some vertices are coupled to nucleon sources and some 

form closed loops. Again such graphs are of the o c°)~ type and 

are disregarded.

The same three possibilities occur, when, for all choices of 

f X ] e- , one gets f itj— f (d) Co ) (_ Ci) ct'0n ■ ] Once

again the contributions arising from these possibilities are 

either of the cT^dO-type, or vanish on the mass shell.

Finally we have the same three possibilities in the case when

=  i » " > < • ' o n  * m , i l

Graphically



The cases (a) and (c) are disregarded being of the <^%)_type. 

However, it is clear that in case (b) blow ups giving rise 

to factors of the form [ ° c £ j (o)f o)J and

[ O K c )  C £ C3***) fî) ] can take place, and the general

Cancellation procedure is now applicable. *

We remark that the above exceptional cases cover all the possi- 

trilîtié's for generalized vertices* which do not allow any blow 

u p s W e  see', therefore, that in the cases, when there exist no 

possibilities for blow ups (and, therefore, the general cancel­

lation procedure does not work), we always get contributions of 

the (°/-type, or contributions vanishing on the mass shell.

W<3: mpy conclude that, on the mass shell, A v = o  up to 

cpnbr-ibptions of the -type . This concludes the proof

of the Equivalence theorem.

It is easy to classify the graphs, which will contribute to 

the cancellation of the non-covariant parts in A w  arising 

: from a given graph, ^ , in the non-covariant expansion. First

we assume that g has no external nucleon lines. Now, let n> 1 

and consider all partitions of the form

. . . . . ! » i w ,ni » i i ' r ' i ,"i||,T ' , i f r i i',i''i,'rt|f*i|| h' r ,r ' ' ' i ^ !»i,! 'iim 'T' ( i r f r T " i ^ r ,,,,rrv ’ r r  r 'M i r 'r 'r  r ln .............. 'i»in'»n'inTiwnirtwiiiir'|ii|i|
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(«) C A )z n

<»h.

( f W

nz
and JL.

Wf

y''v )A,

A„ ̂

i n r l V f r )
<T>f 7 With /*» "/a " °

in the non-covariant expansion, which are described by parti­

tions of the type (oc) or (p) .

First we shall examine more closely the graphs of the type 

(¿y) . They correspond to graphs arising from pion-nucleon 

interactions only. Let ^  be a graph of this type. Let

be the power of associated with
2n S •

Then

P^g') -  2 Z  v K  =  ¿ n  — 3 L & (y)

where is the number of pion lines in ^  . In general,

however, ( Q )  = L ^where Ar (%') is the number of

loops in ' , L [%') = L & ( y  ) -h L F  (fl') with L F  ($') 

being the number of nucleon lines in and V[^’) is the total 

number of vertices in ^ ' . Since ^ [ has no external nucleon 

lines —  V(fyf) • Hence ^which implies

that

— 2  (frT(%‘-)-i) =  2 - ( A T ( p - ± )  

Thus the graphs of the type (or) are all the connected graphs 

with rw-1 loops arising from pure pion-nucleon interactions.

We proceed now to examine the graphs of the type (j?) . Let

be such a graph. Then

n,

P(<)= + 2Z ?pr) =  ZY) 

hf+M2 = in

(63)

m m ■ n|imiic*i|*r’'T i»ii|iirrrn |"i'ifl-|i i t ^ , iiiiin| ifir'iiMniiMii,iii 'niipiHitPff f i i  mnin n umi iinpirifpi'iini'i u r r i 'iw ir " r'n"-ii>iiiiii' minin ifrwiMPtwirifm i'imri m u m  hi ihihmhuhiii m «i mi ........ hi pi| i i in Mi 11 (•1111111111 >|i iMi'i'l'iNn ini' u i '  i i n i 'ui1
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Nov VC^') =  V 0,CS ") + V ^ f y )  ; ^

y (i) (^ ") is the number of vertices in ^ " due to pion-nu-

cleon interactions^and V  (Z > ( "  ) the number of vertices

&U")  = Lg (* ")
,"o, ® °

where Lg is the number of pion lines connecting vertices 

belonging to the set V tA> ? L ^ ) is the number of pion
csy

lines connecting vertices belonging to the set V  } and L 6 

is the number of lines connecting pairs of vertices one of 

which belongs to V Ci) and the other to V u\  Since ^  ’ has no
external nucleon lines

L t r ) - V ( ^ + A  =  L R ( y ) - V < » Cr) + ± (64)

From (63) and (64) we obtain

~ 2 LB (g")~2 V  ~  2 ( M  ( § " ) - * )

Thus the graphs of the type ( p ) are all the connected graphs 

with n-H loops arising from pion-nucleon as well as pion self­

interactions. The totality of the graphs of the type (¿*) and 

( ) constitute the class E"2n .

Example :

0 - 0
9*.

In general the sum over E2n of graphs with non-covariant 

vertices is equal (apart from contributions which vanish on 

the mass shell, and contributions of the type )

to the corresponding sum of graphs with covariant vertices.
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Considering the above example we have, on the mass shell

4 i * - i -  r) 
3 7 h + ^  3 *

0 0 ^ 0 4 V i a ?

We turn now to the case when the given graph g has external 

nucleon lines. In order to get all the graphs, which contri­

bute to the cancellation of the non-covariant parts arising 

from g , we proceed as follows. First we construct a graph ^ 

obtained from g by closing the external nucleon lines in an 

arbitrary (but admissible way) in order to form loops. Thus ^ 

has only internal nucleon lines, the number of which is •

Then we consider the appropriate class E ^  , which contains ^

We now split the nucleon loops of every element in E ^  in 

all possible ways, and select those graphs which have the 

same number of external nucleon lines, and the same number of 

loops as In ^ , These are the graphs that will contribute to 

the cancellation of the non-covariant parts in q  . Let this 

set be denote^ by . We remark that the same element in 

CCfl) may arise from different elements in the class S.2n CV  

Furthermore the sum over C of graphs with non-covariant 

vertices is equal, on the mass shell, to the corresponding 

sum of graphs with covariant vertices (up to contributions of 

the <iV)-type).
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