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A general algorithm for computing the quadrupole-hyperfine effects in the rovibrational spectra of
polyatomic molecules is presented for the case of ammonia (NH3). The method extends the general
variational approach TROVE [J. Mol. Spectrosc. 245, 126–140 (2007)] by adding the extra term in the
Hamiltonian that describes the nuclear quadrupole coupling, with no inherent limitation on the number
of quadrupolar nuclei in a molecule. We applied the new approach to compute the nitrogen-nuclear-
quadrupole hyperfine structure in the rovibrational spectrum of 14NH3. These results agree very well
with recent experimental spectroscopic data for the pure rotational transitions in the ground vibrational
and ν2 states and the rovibrational transitions in the ν1, ν3, 2ν4, and ν1 + ν3 bands. The computed
hyperfine-resolved rovibrational spectrum of ammonia will be beneficial for the assignment of exper-
imental rovibrational spectra, further detection of ammonia in interstellar space, and studies of the
proton-to-electron mass variation. Published by AIP Publishing. https://doi.org/10.1063/1.5002533

Precision spectroscopy of small molecules promises
new windows into fundamental physics1 but requires a
detailed understanding of their complex energy-level struc-
tures, including the hyperfine structure due to the interaction
between the rovibronic molecular states and the nuclear spins
of their constituent atoms. Recent advances in high-resolution
sub-Doppler spectroscopy and astronomical observations of
interstellar environments have also triggered renewed interest
in the hyperfine-structure of molecular spectra. For instance,
the hyperfine structure of molecular rovibrational energy levels
is relevant for a variety of applications in precision spec-
troscopy,2,3 ultracold chemical reactions,4–7 highly correlated
quantum gases,8–11 and quantum-information processing.12,13

Shifts of the hyperfine-split energy levels and transition fre-
quencies in time can serve as a useful probe for testing
whether there is any cosmological variability of the proton-
to-electron mass ratio,14–17 predicted by theories beyond
the standard model. Even for spectra with Doppler-limited
resolution, detailed knowledge of the hyperfine patterns of
rovibrational energy levels is very useful for determining
the absolute line positions and verifying the spectroscopic
assignments.18

So far the hyperfine structure of rovibrational energy
levels is described using effective Hamiltonian models,19,20

with only a few exceptions.21–23 However, due to the scant-
ness of hyperfine-resolved spectroscopic data, the effective
Hamiltonian approaches are very limited in extrapolating to
energy levels that are not directly experimentally sampled. For

a)Electronic mail: andrey.yachmenev@cfel.de. URL: https://www.controlled-
molecule-imaging.org.

accurate predictions over a broader spectral range, it is highly
desirable to employ variational approaches, which show much
better extrapolation properties than the effective-Hamiltonian
approaches, e.g., because they intrinsically incorporate all res-
onant interactions between rovibrational states. Over the last
decade, a considerable amount of work has been put into the
development of such variational approaches and their effi-
cient computer implementations.24–31 TROVE25,31 is a general
black-box computational paradigm for calculating the rovibra-
tional energy levels of polyatomic molecules in isolated elec-
tronic states. It is based on a completely numerical approach
for computing the Hamiltonian matrix and solving the eigen-
value problem. Along with its algorithmic efficiency, TROVE
benefits from the use of molecular symmetry, including non-
abelian symmetry groups,32 curvilinear internal coordinates,
and the Eckart coordinate frame.31 Over the last few years
TROVE has actively been employed for computing compre-
hensive rovibrational line lists for a number of polyatomic
molecules important for modeling and characterisation of cool
stars and exoplanets.33

Here, we extend TROVE to include hyperfine effects at
the level of the nuclear-quadrupole coupling. The coupling
is described by the interaction of the nuclear quadrupole
moments with the electric field gradient (EFG) at the nuclei.
The latter is treated as a function of the nuclear internal
coordinates and we impose no inherent limitations on the
number of internal degrees of freedom nor the number of
quadrupolar nuclei. Thus, it is applicable to molecules with
an arbitrary structure. To our knowledge, this work is the first
attempt to create a general approach for computing nuclear
spin effects with high accuracy based on the robust variational
method.
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We apply the newly developed method to compute the
rovibrational spectrum of NH3 with the resolved hyper-
fine quadrupole structure. We use existing accurate potential
energy and electric dipole moment surfaces of NH3

34,35 along
with a newly ab initio calculated electric field gradient tensor
surface. Small empirical corrections were added to the calcu-
lated spin-free vibrational band centers to match the exper-
imentally derived energies from the MARVEL database.36

The resulting calculated data are in very good agreement
with the available experimental quadrupole splittings for the
ground vibrational state37 and the excited vibrational states
ν2,38 ν1, ν3, and 2ν4

39 as well as with the hyperfine split-
tings and intensities of recent sub-Doppler spectral measure-
ments for the ν1 + ν3 band.18 We expect that our results will
aid the spectroscopic analysis of many unassigned overlap-
ping rovibrational features in the spectrum of 14NH3 and
support astronomical detection of ammonia in interstellar
media. The results are also relevant for future laboratory
and astronomical observations of the proton-to-electron mass
variation.14,16

Within the Born-Oppenheimer approximation, the
quadrupole structure of the rovibrational energy levels in
a molecule containing l = 1 . . .N quadrupolar nuclei is
described by the coupling of the electric field gradient
(EFG) at each lth nucleus V(l) with its quadrupole moment
Q(l),40

Hqc =

N∑
l

V(l) ·Q(l). (1)

The operator V(l) acts only on the rovibrational coordinates
and momenta of the nuclei, while the operator Q(l) depends
solely on the nuclear spin angular momenta and fine-structure
constants. The total spin-rovibrational wave functions |F, mF〉

can be constructed from the linear combinations of products
of the rovibrational wave functions |J , mJ , w〉 and the nuclear
spin functions |I , mI , I 〉. Here, J, I, and F denote the quan-
tum numbers of the rotational Ĵ, collective nuclear spin Î, and
total angular momentum F̂ = Ĵ + Î operators, respectively.
mJ , mI , and mF denote the quantum numbers of the corre-
sponding laboratory-frame projections, and w and I stand for
the sets of additional quanta characterizing rovibrational and
nuclear spin states, respectively. The matrix representation
of the quadrupole-coupling Hamiltonian in a basis of func-
tions |F, mF〉 is diagonal in F and mF and can be expressed
as 〈

F, mF
���Hqc

��� F, mF

〉
= (−1)J+I′+F

{
F I ′ J ′

2 J I

}
×

N∑
l

〈
J ′, w ′ 


V (2)(l)


 J , w

〉
·
〈
I ′, I′ 


Q(2)(l)


 I , I

〉
, (2)

where V (2)(l) and Q(2)(l) are the EFG and the quadrupole
moment operators in the irreducible tensor form.

For N > 1 quadrupolar nuclei with spins I1, I2, . . . , IN ,
the nuclear spin basis functions |I , mI , I〉 are unambigu-
ously characterized by the set of quantum numbers I
= {I12, I13, . . . , I1N−1} and I ≡ I1N denoting the eigenstates of
the coupled spin angular momenta Î12 = Î1 + Î2, Î13 = Î12 + Î3,

. . . , Î1N−1 = Î1N−2 + ÎN−1, and Î1N = Î1N−1 + ÎN , respectively.
For N = 1, the quantum number I is omitted. In this basis, the
reduced matrix elements of the quadrupole moment operator
Q(2)(l) can be expressed as〈

I ′, I′ 


Q(2)(l)


 I , I
〉
=

1
2

(eQl)C
(I′I′,II)
l

×

(
Il 2 Il

−Il 0 Il

)−1

, (3)

where (eQl) stands for the nuclear quadrupole constant and
the explicit expression for the coupling coefficients C(I′I′,II)

l is
given in the supplementary material.41

The reduced matrix elements of the EFG operator V (2)(l)
are given by the expression

〈
J ′, w ′ 


V (2)(l)


 J , w

〉
=

1
2

(−1)J−J′
(

J ′ 2 J
−J 0 J

)−1

×
〈
J ′, m′J = J,w ′|VZZ (l)|J , mJ = J ,w

〉
,

(4)

where VZZ is the (Z,Z)-component of the EFG tensor in the
laboratory frame and m′J = mJ = min(J , J ′).

The rovibrational wave functions |J , mJ , w〉 and energies
EJ ,w are obtained from TROVE calculations and are repre-
sented by linear combinations of pure vibrational |v〉 and
symmetric top |J , mJ , k, τ〉 wavefunctions,

|J , mJ , w〉 =
∑
kτv

C(J ,w)
kτv |v〉 |J , mJ , k, τ〉 , (5)

where k = 0 . . . J; τ = 0 or 1 defines rotational parity as (�1)τ ,
and C(J ,w)

kτv are the eigenvector coefficients of the total rovibra-
tional Hamiltonian. To compute the matrix elements of VZZ in
(4) in the basis of the rovibrational functions given by (5), we
employ a general approach,42〈

J ′, m′J , w ′ |VZZ (l)|J , mJ , w
〉
=M(J′m′J ,JmJ )

2 K(J′w′,Jw)
2 (l), (6)

with

M(J′m′J ,JmJ )
2 = (−1)m′J

√
(2J ′ + 1)(2J + 1)

×

2∑
σ=−2

[
T (2)

]−1

ZZ ,σ

(
J 2 J ′

mJ σ −m′J

)
(7)

and

K(J′w′,Jw)
2 (l) =

∑
k′τ′v′
kτv

[
C(J′,w′)

k′τ′v′

]∗
C(J ,w)

kτv

∑
±k′,±k

[
c(τ′)

k′

]∗
c(τ)

k (−1)k′

×

2∑
σ=−2

∑
α≤β

(
J 2 J ′

k σ −k ′

)
T (2)
σ,αβ

〈
v ′

���V̄αβ(l)��� v
〉
.

(8)

Here, V̄αβ(l) (α, β = x, y, z) denotes the EFG tensor in
the molecular frame, the constant 5 × 6 matrix T(2) and its
inverse are the forward and backward transformation, respec-
tively, of the traceless second-rank Cartesian tensor operator
into its spherical tensor representation, and c(τ)

±k are the so-
called Wang transformation coefficients defining |J , mJ , k, τ〉
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= c(τ)
+k |J , mJ , k〉 + c(τ)

−k |J , mJ ,−k〉. Explicit expressions for T(2)

and c(τ)
±k are given in the supplementary material.41

The computational procedure can be summarized as fol-
lows: First we variationally solve the spin-free rovibrational
problem with TROVE and obtain the rovibrational energies
EJ ,w and wave functions |J , mJ , w〉 according to (5) for states
with J = 0 . . . Jmax and energies EJ ,w below a given threshold.
The ab initio computed values of the EFG tensor V̄αβ(l) at var-
ious molecular geometries are obtained from a least-squares fit
by truncated power series expansions in terms of the internal
coordinates of the molecule. In the next step, the matrix ele-
ments K2(l) in (8) are evaluated for the desired rovibrational
states for all quadrupolar nuclei l and stored in a database for-
mat similar to that adopted for spectroscopic line lists.33 The
matrix elements of Hqc in (2) can efficiently be assembled on
the fly from the products of the compactK2(l) andM2 matrices
together with the reduced matrix elements of the quadrupole
moment operator, given by (3). The spin-rovibrational energies
and wave functions are obtained by solving the eigenvalue
problem for the total Hamiltonian, which is the sum of the
diagonal representation of the pure rovibrational Hamiltonian
EJ ,wδI ′,IδI′,I and the non-diagonal matrix representation of
Hqc. Since the Hqc operator commutes with all operations of
the molecular symmetry group, it factorizes into independent
blocks for each symmetry, which are processed separately. The
relevant equations for the dipole transition line strengths and
notes on the computer implementation are presented in the
supplementary material.41

Now, we apply the developed method to compute the
hyperfine quadrupole structure in the rovibrational spectrum
of 14NH3. To compute the spin-free rovibrational states, we
used the approach described in a previous study that gener-
ated an extensive rovibrational line list of NH3.43 We used
the available spectroscopically refined potential energy sur-
face (PES)34 and ab initio dipole moment surface35 of NH3

and truncated the vibrational basis set at the polyad number
P = 14.

The EFG tensor V̄αβ at the quadrupolar nucleus 14N was
computed on a grid of 4700 different symmetry-independent
molecular geometries of NH3 employing the coupled-cluster
singles and doubles plus perturbative triples [CCSD(T)] level
of theory in the frozen-core approximation and the aug-cc-
pVQZ basis set.44,45 Calculations were performed using ana-
lytical coupled cluster energy derivatives,46 as implemented
in the CFOUR program package.47 To represent each element
of the V̄αβ tensor analytically, in terms of internal coordinates
of NH3, we first transformed it into a symmetry-adapted form
under the D3h(M) molecular symmetry group, as

V
(A′1)
1 = V44, (9)

V (E′a)
2 = (2V12 − V13 − V23)/

√
6, (10)

V
(E′b)
2 = (V13 − V23)/

√
2, (11)

V (E′′a )
3 = (2V14 − V24 − V34)/

√
6, (12)

V
(E′′b )
3 = (V24 − V34)/

√
2. (13)

Since the EFG tensor is traceless, the totally symmetric com-
bination V (A′1) = (V11 + V22 + V33)/

√
3 = 0 vanishes. V ij

(i, j = 1 . . . 4) denote projections of the V̄αβ Cartesian ten-
sor onto a system of four molecular-bond unit vectors, defined
as follows:35

ei = (rHi − rN)/rNHi for i = 1, 2, 3, (14)

e4 =
e1 × e2 + e2 × e3 + e3 × e1

‖e1 × e2 + e2 × e3 + e3 × e1‖
, (15)

where rHi and rN are the instantaneous Cartesian coordi-
nates of the hydrogen and nitrogen nuclei and rNHi are the
N–Hi internuclear distances. The Ea and Eb symmetry com-
ponents of the doubly degenerate representations E ′ and E ′′

are connected by a simple orthogonal transformation and can
be parametrized by one set of constants. The remaining three

symmetry-unique combinations V
(A′1)
1 , V (E′a)

2 , and V (E′′a )
3 were

parametrized by the symmetry-adapted power series expan-
sions to sixth order using the least squares fitting. The values
of the optimized parameters and the Fortran 90 functions for
computing V (Γ)

i in (9)–(13) are provided in the supplementary
material.41

The computed rovibrational line list for 14NH3 covers all
states with F ≤ 15 (F = |J − IN | . . . J + IN and IN = 1) and
energies EJ ,w ≤ 8000 cm−1 relative to the zero-point level.
A value of eQ = 20.44 mb for the 14N nuclear quadrupole
constant was used.48

In Fig. 1, we compare the predicted quadrupole hyperfine
transition frequencies for NH3 with the available experimen-
tal data. We have chosen the most recent and easily digitized
experimental data sets, which contain rotational transitions in
the ground vibrational37 and ν2

38 states and rovibrational tran-
sitions from the ground to the ν1, ν±1

3 , 2ν0
4 , and 2ν±2

4 vibrational
states.39 An extended survey of the published experimental
and theoretical data for the quadrupole hyperfine structure of
ammonia can be found elsewhere.39,49 The absolute errors in
the rovibrational frequencies, plotted with circles, are within

FIG. 1. Absolute values of the discrepancies of the calculated transition fre-
quencies of NH3 to the experimental data for (left panel) the ground ν0 and
ν2 vibrational states and (right panel) the ν1, ν±1

3 , 2ν0
4 , and 2ν±2

4 bands. The
errors in the rovibrational frequencies are plotted with circles while the relative
errors of the quadrupole splittings are plotted with stars.
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the accuracy of the underlying PES.34 To estimate the accu-
racy of the predicted quadrupole splittings, we subtracted the
respective error in the rovibrational frequency unperturbed
from the quadrupole interaction effect for each transition.
The resulting errors, plotted with stars in Fig. 1, range from
0.1 to 25 kHz for the ground vibrational state and from 2.6
to 64 kHz for the ν2 state. These values correspond to the
maximal relative errors in computed hyperfine splittings of
0.6% and 1.4% for the ground and ν2 states, respectively.
For other fundamental and overtone bands,50 these errors
are bigger, up to 160 kHz (3.9%); however, the estimated
uncertainty of the experimental data already accounts for
±100 (2.4%) kHz.39

We believe that the accuracy of the quadrupole splittings
can be significantly improved by employing a better level of
the electronic structure theory in the calculations of the EFG
surface. For example, the aug-cc-pVQZ basis set incomplete-
ness error and the core electron correlation effects were shown
to contribute up to 0.004 a.u. and 0.01 a.u., respectively, into
the absolute values of the EFG tensor of the water molecule.51

FIG. 2. Comparison of the calculated (blue line) and observed18 (red dots)
saturation dip line shapes for ∆Ka∆J(J′′, K′′a )τ′′inv

transitions of the ν1

+ ν3 band of NH3 (τ′′inv = s or a denotes symmetric or anti-symmetric
inversion parity of the ground vibrational state). Stems show contributing
to the calculated line shape stick spectrum. The experimental and cal-
culated intensities are normalized to the respective maximal values.
The measured (calculated) zero-crossing wavenumbers, in cm−1, are
6544.321 54 (6544.493 33) for rP(3, 0)s, 6572.853 49 (6572.879 26)
for pP(2, 1)s, 6529.189 69 (6530.047 789) for pP(5, 3)s, 6528.768 57
(6528.514 08) for pP(5, 3)a, 6536.592 80 (6537.317 84) for pP(5, 4)s, and
6537.680 63 (6536.685 12) for pP(5, 4)a.

By scaling these values with the nuclear quadrupole constant
of the 14N atom, we estimate that the electronic structure
errors in the quadrupole splittings of ammonia are as large as
50 kHz.

In Fig. 2, we compare our results with sub-Doppler
saturation-dip spectroscopic measurements for the ν1 + ν3

band of NH3.18 The saturation-dip lineshapes were calculated
as the intensity-weighted sums of Lorentzian-lineshape deriva-
tives52 with a half-width-at-half-maximum (HWHM) width of
the absorption profile of 290 kHz and the HWHM-amplitude
of the experimentally applied frequency-modulation dither of
150 kHz.53 The pP(5, K ′′a ) transitions were recorded with a
slightly larger HWHM53 and we found a value of 500 kHz
to best reproduce the measured lineshapes for these transi-
tions. The computed profiles for rP(3, 0)s, pP(2, 1)s, pP(5,3)s,
and pP(5, 4)s transitions show very good agreement with the
measurement. For pP(5, 3)a and pP(5, 4)a transitions, the cal-
culated profiles do not match the experiment very well. In
the experimental work,18 the predicted double peak feature
of pP(5, 3)a was not observed, while for pP(5, 4)a, it was
attributed to perturbations. Based on the results of the present
variational calculations, the latter cannot be confirmed. It
should be noted, however, that the accuracy of the underly-
ing PES is not sufficiently high in this energy region at 1.5 µm
to unambiguously match the predicted rovibrational frequen-
cies with the measured ones. Moreover, the PES employed here
was obtained by a refinement of the ab initio surface to the high
resolution spectroscopic data of NH3. It is well known that the
PES refinement may cause appearance of the spurious intensity
borrowing effects as well as dissipation of the true accidental
resonances in various regions of the spectrum.54,55 Therefore,
we refrain here from discussion of the possible alternative
assignment of the pP(5, 3)a and pP(5, 4)a transitions. Calcu-
lations of a new, more accurate PES of NH3 are currently
performed and analyzed,56 which, once available, will be used
to generate a more accurate quadrupole-hyperfine-resolved
spectrum.

In conclusion, we have presented the first general-
molecule variational implementation of nuclear-quadrupole
hyperfine effects. Our approach is based on TROVE, which
provides accurate spin-free rovibrational energy levels and
wave functions used as a basis for the quadrupole-coupling
problem. The initial results for 14NH3 are in very good
agreement with the available experimental data. The gen-
erated rovibrational line list for 14NH3 with quadrupole-
coupling components is available as part of the supplemen-
tary material.41 We believe that the computed hyperfine-
resolved rovibrational spectrum of ammonia will be beneficial
for the assignment of high resolution measurements in the
near-infrared.

Calculations based on a more accurate PES and the
extension of the present approach to incorporate the hyper-
fine effects due to the spin-spin and spin-rotation couplings
are currently performed in our group. Due to the general
approach, predictions of similar quality will be possible for
other small polyatomic molecules in order to guide future
laboratory and astronomical observations with sub-Doppler
resolution, including investigations of para-ortho transi-
tions23,57 or proton-to-electron-mass variations.14,17
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26E. Mátyus, G. Czakó, B. T. Sutcliffe, and A. G. Császár, “Vibrational
energy levels with arbitrary potentials using the Eckart-Watson Hamilto-
nians and the discrete variable representation,” J. Chem. Phys. 127, 084102
(2007).
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